e N
AD'A079 725  WISCONSIN UNIV=MADISON MATHEMATICS RESEARCH CENTER F/6 1271
BIFURCATIONS OF A MODEL DIFFUSION=REACTION SYSTEM. (U)
NOV 79 R ARIS DAAG29~TS5=C=0024
UNCLASSIFIED MRC=TSR=2019 NL

1 |
|

o




o
EE
i
===
il

I
22 flis e

== 1w [j32 2
= - o 12
Pl

EpE
£
rr

=

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS 1963-A

§
i
b




\ . e s

MRCL chnlcal #umary }iepot 2019

T ———— i S

-

: _ & BIFURCATIONS OF A MODEL
DIFFUSION—REACTION SYSTEM ,

e

PEEST

ADAO7S725

\yﬁ 'T R w/ :

Mathematics Research Center’
University of Wisconsin—Madison

610 Walnut Street

; adlson Wlsconsm 53706(
”_,... «' ;/l o P
Novemimx 1979 | / VARG 29="19-

o

(db)

"{(Received August 13, 1979)

"

N

=
.
o
(=] _
= Approved for public release
Distribution unlimited

sponsored by

v.S. Army Research Office

p.0. Box 12211

Research Triangle Park

North Carolina 27709 /




%

UNIVERSITY OF WISCONSIN - MADISON .
MATHEMATICS RESEARCH CENTER .

BIFURCATIONS OF A MODEL DIFFUSION-REACTION SYSTEM

R. Aris*

Technical Summary Report #2019
November 1979
ABSTRACT
After some general observations on kinetic, compartmental and dis-
tributed systems a model suggested by ROssler is explored. Bifurcations
to unsymmetric steady and uniform oscillatory states from the uniform

steady states are demonstrated and the former are shown to break down

into oscillations of increasing complexity.
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uniform oscillation or non-uniform steady state and that the latter fu

SIGNIFICANCE AND EXPLANATION

The 70's have seen a surge of interest in the behavior of solutions of

systems of differential equations which in some sense model the physics and

chemistry of diffusion and reaction. One line of work has grown from Turing's

approach to morphogenesis, which he saw as arising from stable non-uniform

solutions in an otherwise uniform environment. Another was stimulated by the

Belousov-Zhabotinski reaction, a colorful oscillating reaction of moderately

exotic chemicals, and by the discovery that catalytic reactions were more prone

to oscillation than had been realized. Both lines are obviously connected with

bifurcation theory (the latter particularly with that of Poincaré, Andronov and

Hopf), but the developing understanding of strange attractors has also begun to

play a part.

The present example, basically due to R3ssler, is an attempt to exhibit

this behavior in as simple a system as possible. Two equations with three para-

meters represent a system of two "reactions", only one of which has a mild non-

linearity. One of the parameterc corresponds to the ratio of the characteristic

times in the two equations and has no effect on the position of the steady state

but does control its stability. The character of the solution in one cell,

several coupled cells or a continuum under variation of this parameter is

studied; it is found that the uniform steady state breaks down either into a
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BIFURCATIONS OF A MODEL DIFFUSION-REACTION SYSTEM

R. Aris*

INTRODUCTION.

The bifurcation of solutions to equations representing the interplay of
diffusion and reaction has received a great deal of attertion in recent years
both from a theoretical (1, 2, 3, 4) and from an experimental (5, 6) point of
view, while, since the discovery of chaos (7, 8) many have wondered whether
the strange flickerings and turbulent behavior of quite ordinary systems may
not be ascribed to some such cause. Rdssler has demonstrated how several
types of system might be patient of strange attractors (9, 10) and we wish
to pursue one of his suggestions here. Marek has considered a somewhat
similar system (11) while a bimolecular reaction has engaged Othmer and
Kadas (12).

THE SYSTEMS CONSIDERED.

The vector x may be thought of as a vector of compositions in
with components xl,xz,...,xn. It may exist in three contexts which are
worth comparing: the kinetic, where it is a function only of time, x(t);
the compartmental, where it also depends on an enumeratiwve index, X5 (t),
j=1,...,N; and the distributed, where (for simplicity) it depends on one
position variable, z say, as x(z,t). The three habitats will be distin-
guished by their equations:

Kinetic system: x = £(x) (K)
Compartmental system: x. = D(x =2x. + x. .) + fi(x.) (C)
" i o B Uy e ~3
% = % Iy T %y
Distributed system: X = Dx,, *+ f(x), x, =0, 2=0,L. (D)

We observe that all three systems are closed except in so far as the function
f may contain terms which imply the removal or supply of any species. The
kinetic system is the single compartment; the distributed is the limit of an
infinite number of compartments if D is made proportional to (N/L). Of
course there are more subtle ways of approximating the distributed system by
a discrete one and we shall use a Galerkin method in calculations on D.

The equilibrium or steady state of K is X, given by

f(x) =0 (1)

and if x = xe + ¢ the linearization about this state is

g = d¢ @)
where J is the Jac bian matrix Vf(x,). Local stability is then determined
by the eigenvalues f J. These solutions are also steady states of (C) and
(D) with x5 =x%,, , =1,...,N, x(2,t) = %X, 0 <z <L, and will be called
uniform steady states. If Ky j=1,2,...,N are eigenvalues of the NXxN
matrix

*This report, written during a summer appointment at MRC, is based on the Ph.D.
dissertation of C. R. Kennedy. It will be presented at a conference on dynami-
cal systems (Asilomar, Dec. 9-14, 1979) and published as a joint paper by SIAM.

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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then those of the linearization of the uniform state of C are given by
A1+ xjg -3l =0,3=1,2...,N (3)

Since the «j are distinct positive numbers with k3 = 0, the first equation
gives the eigenvalues of (K) and the remaining (N - 1)n eigenvalues depend
on D. Thus the stability of (K) is a necessary, but not sufficient, condi-
tion for the stability of (C). Moreover it is differences of diffusivity that
destabilize (C) when (K) is stable, for if D = DI the nN roots of (3) are

Ai - KjD, demsless S Y=t Yan o g Nog

where ); are the eigenvalues of J. Similarly the linearization about the
uniform steady state of (D) is

$~Dg, + 3¢ (@)

and a perturbation of the form cektcos(nwz/L) is stable if
A1 + (nn/L)zg -J|l=o0 (5)

has roots with negative real parts for all n. It follows that the stability
of the uniform steady state of (D) bears the same relation to (K) as does (C).

(C) and (D) also have non-uniform steady states unrelated to those of (K).

They appear in symmetric pairs, for if xej satisfy

= 5 - £ i 5
¢ 9(5913"‘1 23903 ?"e']‘l) v E(l‘erj) o

then so do ;*

: d i v
] 5e,N+1-j' and if §e(z) satisfies

0=D(x),, +flx) (7)

2 (X, £
so does x*(z) = x (L - z).
~e e

If (K) has periodic solutions x(t) = p(t) = p(t + T), then (C) and (D)
will also have uniform periodic solutions independent of j and 2z respec-
tively. Similar remarks apply to the linearized stability which must of
course be determined by the Floguet multipliers.

ROSSLER'S MODEL

For the model system proposed by R&ssler (10) we will take x = (u,v)
and then (K) is

ce
[}

u+l-=uv/(k + u) (8)

viou = v) (9)

<.
1}




and has three parameters «,v, and 0. On the first and last of these the
steady state depends and is unique and "physical" (i.e. u, > 0, v > 0)

when o0 > 1

L B Z -
v, = o =zt (L + k) + /0 + )2+ dklo - 1)} (20)

It can be most easily found as the intersection of the line v = ou with the
hyperbola v = u + (1 + k) + ku~l as shown in Fig. 1.

Of the conditions for stability one (that the product of the eigenvalues
be positive) is automatically satisfied and the other is satisfied when

v > g(k,0) = (uz - K)/ue(K + ue) (11)

where ue 1is given by (10). The dotted lines in Fig. 1 are contours of v
and in Fig. 2 the surface g is shown. If the parametric point lies below
the surface shown in Fig. 2 the unique steady state is unstable. Moreover as
we cross this surface the eigenvalues are

< & : i
tiw ilvaue K) 2k + u_ + ku )/u (u + K) (12)

Applying the criterion for stability of the bifurcating limit cycle shows that

it is stable for v < g(x,0) and in the neighborhood of that surface. Thus

as Vv decreases the steady state loses its stability and sheds a stable limit
cycle. Fig. 3 shows this for o = 2.5, k = 0.144 for which ug = 0.87,

Ve = 2.18 and g = 0.7; 1limit cycles for v = 0.6, 0.5 and 0.3 are shown.

These become larger and more triangular as v - 0.

STEADY STATES OF ROSSLER'S MODEL IN COMPARTMENTS.

For N = 2 the equations are:

B = o, - 9) +1 4= w0 /ix+ul (13)
61 = u(v2 - vl) + v(ou1 - vl) (14)
ﬁz = E:(u1 — u2) +1 + u, - u2v2/(n + “2) (15)
62 = u(v1 - vz) + \)(cu2 - v2) (16)

For the moment we will follow ROssler in considering only the exchange of the
second chemical species and so put & = 0. Since (14) and (16) are linear

they can be solved for the steady-state vle and v2e in terms of ule and
u2e
LR ou R e an
je vedy g6 TV EIn et Y H Il =LA a7)

Substituting into (13) and (15) then gives

Ve F(ule)'u

S F(uze)




O ]

Figure 1

The u, v-plane for the system (K) showing the loci of steady-states
for various k. These curves must be intersected by a line of slope
o through the origin. The broken lines show the loci of critical
stability for various values of v.
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Figure 2 Surface in «,v,o0-space below which (K) is unstable.
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FPigure 3 Steady-state and three limit cycles for the system (X) with o0 = 2.5
¥ = 0.144. The critical value of v is 0.7 and the numbers on the
limit cycles are the values of wv.
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where

k20 K Ol oAl
F(u) = = {E + [1 -0 . z]u + 1 + K}, a = N (19)

The equation uje = F(F(uje)) breaks down into two quadratics, the first
of which is the one already encountered giving the uniform state uje = Ugq,
Vje = Ve where ue and Ve are given by (10). The second is

2 (1 + «) (o + 2) k(o +2)
o Rl 5 e v P S T ) (20)

When the two roots of this quadratic (u, and u_, say) are both positive we
have a symmetric pair of non-uniform solutions

u., =u,v. =fu), a =ua,v. =fu)
le + le + 2e 2e (21)
Pre T %t g flu ), Bow ™ Myt Vo6 f(u+)
where f(u) = 1 + u)(k + u)/u (22)
It is not hard to see that such solutions can only obtain if
o+ 2 a + 2
S R e (23)

The stability of the solutions is governed by the eigenvalue of the matrix

gl -h1 o s
vo =(v+yu) . u 24)
. - 9, —h2
= u vo =(v+p)
where
2
, 2l =g, /le+u, ), hp=ma /flk+a,.) - (25)
93 je Je' ' 73 je je

For the uniform steady state, the characteristic equation has two
quadratic factors:

“2 + (v-g)X 4+ vich - g)}H2 + (v=-g+2u) + v(ch-g)=-2ugl=0. (26)

The first of these is the same as for (K) and oh - g >0, 0 > 1. Since
u > 0 we now have the conditions

v >Max{g,2ug/ (ch - g)!} 27
for stability.
Again we expect interesting behavior as Vv decreases and the bifurcation

picture will be governed by the order in which the coefficients in the two
quadratic factors change sign. There are two possibilities which can best be




illustrated by Fig. 4 which is drawn for the same fixed values of « and o

as Fig. 3. The exchange parameter u is also held constant so that decreas-
ing Vv 1is represented by a parametric point travelling horizontally to the
left. The uniform steady state is stable to the right of ABC and if the para-
metric point cross AB the uniform state loses its stability to the uniform
periodic state in which the two compartments behave exactly as in (K). The

line (0)BC is v = 2ug/(ch-g) so that, if the parametric point cross BC, the
last coefficient in (26) changes sign first and the system loses stability by
one real eigenvalue becoming positive (rather than a pair of complex conjugates
passing across the imaginary axis, as in the crossing of AB) and the bifurcating
solution is a stable non-uniform steady state. 1In the region DEBC the non-
uniform steady states are stable and the same state obtains over any ray through
the origin, since u; and u_ depend only on Vv/u, as shown in Fig. 5. They
lose their stability across the curves DE and EB as will be discussed after a
look at the steady states of the system with N > 2.

For N=3, a quadratic equation can be found for uje (at the expense
of considerable algebra) and further equations for wuj., uz,. They give rise
to three classes of steady solution:

I. uniform steady state (ue,ue,ue)
4 i tat :
II asymmetric steady states (ule'uZe'UBe)’ (u3e,u2e ule)’ u1e7‘u3e
III. symmetric steady states (ule'uZe'u3e)' Yo ™ Bl

We shall not give the formulae but show in Fig. 6 the solutions that make
all the u,;, positive. For this set of parameters only Class I can obtain
for v/u >1.45; I and III are allowed for .57 < v/u < 1.45 and all three
are possible for v < ,57u.

For large N we can simplify the picture by being more general and
allowing the exchange of both components i.e. & # 0. Then, by (3), the
stability of the uniform steady state is governed by N quadratics, j=1,...,N,

Az + {v-g+ Kj(& + WIix + vich - g) + Kj(muxj + @V - ug) =0

Since k3 = 0 and the ki, j > 1, are positive the coefficient of ) changes
sign first for j =1 as’ v becomes less than g. If all the constant terms
are positive, as will be the case when @& and u are sufficiently small, the
uniform steady state gives rise to a uniform periodic one. Across the line

ch - g + mx%

- J e
U= v Min caeact Y Min M, (28)
i1 § T3 j j>1
+
there is a bifurcation to a non-uniform steady state. (Min is the least

positive value.) Since we are primarily interested in the dynamic behavior we
will not try to explore this complex picture, but choose & so as to simplify
it. We note that j = 2 may not be the minimizing value of j in (28). For
example with N =10 and & = 2 only one of the expressions in (28) is posi-
tive and we have a diagram like that in Fig. 4. The non-uniform steady states
in the DEBC region are the same along rays of constant v/u. Three examples
are given in Fig. 7.




o / g z
Uniform periodic
state stable

Figure 4 Bifurcation diagram in the yu,v-plane for HN=2,
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Figure 5

Uni

~ and non-uniform steady states as functions of v/u.
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Figure 6

2 Vi

Uni form and non-uniform steady states for N = 3. I denotes the
uniform steady state, II denotes the axisymmetric steady state, III

the symmetric one.
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Figure 7 Non-uniform steady states for N=10 and three values of the ratio v/u.
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DYNAMICS OF ROSSLER IN COMPARTMENTS.

ROssler gave several examples of the dynamics with N = 2 and we shall
follow his lead by systematically varying VvV for N = 2 before increasing
N. In particular we keep «k = 0.144, 0= p = 2.5 and ® = 0, so that we
move to the left on the line (L) of Fig. 4. To the right of F there is only
the uniform state uj; = up = 0.87, vy = vp = 2.18. Between F and G the
non-uniform steady states can be followed in Fig. 5, but at G this becomes
unstable by a Hopf bifurcation, Vv being 0.755. The kind of oscillation
that arises is shown in Fig. 8 for which v = .75 (point H in Fig. 4). At
v=.696 (point J of Fig. 4), this oscillation loses its stability as a
Floquet multiplier passes out of the unit circle through -1, and a stable
periodic solution of twice the period arises; this solution, for Vv = 0.690,
is shown in Fig. 9. By tracking the critical Flogquet multiplier as in Fig. 10,
we find a bifurcation which again doubles the period to about four times the
original one. The stability of this quickly breaks down and the period again
doubles.

At this point it becomes difficult to keep track of what is happening for,
even when there is an attracting orbit, it takes an unconscionably long time
to lock onto it. We tried recording the values of everything each time wu;
passed through a maximum and this poor-man's-Poincaré-map gives clear support
for the picture just drawn. There was less clear evidence of period 3 oscil-
lations but much indication of irregular behavior, though whether this is
chaos or a solution of long period cannot be determined empirically. It may
be that as v decreases we have a sequence of bifurcations such as is known
(12) to obtain for =xp+] = Axpn(l - xn) or there may be a Hopf bifurcation of
the Poincaré map to a torus and so on. It is also possible that the successive
bifurcations cease altogether for, when v < 0.515 (point K in Fig. 4), the
uniform periodic solutions are stable. There would thus appear to be a locus
EKM in Fig. 4 such that the uniform periodic solution is stable in the region
OABEKM. The structure of left hand part of the zone MKEGD is as complex as
it is mathematically erogenous.

Explorations for N = 10 give evidence that the same general behavior is
to be expected. 1In the case k = 0.144, u =250, @® =2, o0 = 2.5 the stable
non-uniform limit cycles in five cells of the symmetric system are shown
in Fig. 11 for v = 0.6. By V = 0.57 the solution has already bifurcated
twice. For yet smaller values of Vv the solution is shown in Fig. 12, where
the smaller ripples (only uj; is shown) are mear' the uniform periodic solution
and the large departures 'near' the non-uniform. Since the uniform periodic
solution is ultimately stable the scheme of things would seemto be as sketched in
Fig. 13, where as Vv decreases the increasing stability and attractiveness of
the uniform orbits tears the non-uniform orbit apart. This is in keeping with
ROssler's observations (10).

ROSSLER DISTRIBUTED.

Here we will take ¢ = z/L and work with

u_ = +1+u-=-uv/(ck + u) (29)

T 33
+ viou - v) (30)

<
]

il |

= e I




First Cell
Concentrations (u},v,)

Second Cell
Concentrations (uz,v2)

Figure 8
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Non-uniform oscillations of period -~T in the two cells.
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Figure 12 Time variation of the concentration u; for an orbit which spends
most of its time near the uniform periodic solution.

-18-




unstable

uniform stable

periodic orbit nonuni form

s'on:::e periodic orbit
netics.

bifurcated ~2T
periodic orbit

increasing
interaction
of the orbits

uniform

orbit becomes ———

the stable

| (attracting) /
' solution

Figure 13 Schematic of how the attracting orbits evolve.
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with

u, =v,_ =0 t = 0,1 B

£ £ at ¢ ' (31)
The uniform solution ue(€) = ue, Ve(E) = ve is still given by (10), while by
(5), its stability is governed by

2

2
¥ 4 (v-g + (G+RN2T)X + [uich-g) + n°w (a2 v du+Gv-ug)] =0  (32)

If ® and . are non-zero, these eigenvalues tend to —nznza and -nznzp

(i.e. to -») as n > »,” but if ® = 0 one tends to g and the other to
+o, We shall avoid the case of ® = 0 for this reason.

We again ask how the uniform solution bifurcates and again have a diagram
as in Fig. 4 for which the line OBC is

n> (g - Elnznz)nzn2 n>0

2 .2

u= [Mint h-grare ]v = [Min+ M(n)]v (32)
Since g <1, a necessary condition for instability by violation of (32) is
@m < 1. If u is small enough, reduction of v will take the solutions of
the quadratic for n = 0 into the unstable half plane as a pair of complex
conjugates. If p is above the point B, a disturbance of wave number (ng,
say) that minimizes the right hand side of (31) begins to grown. This will be
illustrated by some numerical examples, but we mention in passing that, using
the usual type of analvsis, a criterion to distinguish between sub- and super-
criticality was obtained. It is too complicated a formula to permit a general
conclusion, but it is suspected that as v decreases the uniform steady-state
gives up its stability to the non-uni form and that, whilst the uniform state is stable,
stable non-uni form states do not exist when n, isoddbut doexist when n; iseven.

Three cases were calculated, with o = 2.5, «x =0.144 and & = 0.01,
0.02 and 0.05. When & = 0.01, 0O < M(2) < M(1), M(Mm) <0, n > 2, so that
the minimizing ng is 2 and we should expect a symmetric solution to arise
first and perhaps give its stability to an unsymmetric one as Vv decreases
further since M(1) is also positive. Fig. 14 is the result of transient
calculations which converged to the stable non-uniform steady states. Though
these are far from the transition it is the larger v that gives the sym-
metric state (n = 2). There is an analogy with the case of three compart-
ments where, as Vv decreases, the symmetric solutions (class III) are
superceeded by the unsymmetric (class II).

For & = 0.02, ng=1 and M(n) <0 for n > 1. The non-uniform
steady states depend only on the ratio u/v and three are shown in Fig. 15
that correspond to the rays in Fig. 16. The eigenvalues of the linearization
about the non-uniform steady-state were calculated and it was found that
stability was lost, by the real part of a pair of complex conjugate eigen-
values becoming positive, on the line BED. Since it was confirmed that the
uniform periodic solution was stable for small enough v, it seems likely
that there is a region of complex behavior, KED, just as in the case N = 2.
Calculations with & = 0.05 concur and the agreement between calculations
for N =10 and (D) give some confidence that this case of (C) gives a good
indication of the dynamics of (D). Cexrtainly the worst can be expected of
(D) for which Pismen (13) has shown how chaos may arise.

-20=

et . i i




‘1070 03 Tenba © Y3TM wWA3SAs paNqTIISTP ay3 I0J sa3jels-Apeals oTijaumise pue orajzaumihs pT 2Inb1d

(SRR 5 = BRSO, ¥ |
6 )k B
-
o — T R
B s e e e
qz
Tz
aﬂﬁu“..ﬂ.ma&:ianw s iv
3)n

sz=0'vw10=x"‘Sz=r ‘10020

¥
- t./
n ————— A ———— .v.llll l-lf':lc \ .'l.n ,




Q'O i Nonuniform Steady 1
::m 9 Solutions-Distributed
System 1
Z 8 k # 1 7423 1
: i: 2 1,50000
< ST 3 | 2.59862 ]
=3 o :
=0,02
E 4 K =0,144
O3
P
[®) 2
LR W G . S, SR
ok 0 e Ye
] 0,2 04 (03 LO
&-DISTANCE
er , E
W
T '
2
3+ -
-
< 3
a3 )
-
z — o -
82 SR R R Y ==——=""1Ve
P4
8| -
o 1 I - 1 1 1 1 1
o 0.2 0.4 0.6 0.8 1.0
& -DISTANCE

Figure 15 nsymmetric steady-states of the distributed system for &= 0.02.
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The presumed bifurcation diagram for the distributed system. The
rays labeled 1, 2, and 3 are the loci of the solutions shown in
Figure 15. The uniform solution is stable to the right of ABC,
the uniform periodic solution to the left of KABA. The non-

uniform steady solutions are stable within the arms of DEBC and
a region of exotic behavior exists in KED.
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