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SIGNIFICANCE AND EXPLANATION

In recent years a ttem p ts have been made to obta i n “robust estima tors” ;

H that is , funct ions of the da ta which p roduce estimates wh ich are less sensi-

t ive to non -normality of the error distribution and to occas iona l “bad” ob—

servat ions.  Some of the methods pro pose d are hi ghl y em pirical . In this paper

an attempt is made to link the variously proposed robust estimators to partic-

ular models. It is then possible to say of a given est ima tor tha t it wou ld

be applicabl e if some specif ied model were bel ieved roughly to represent

the process of data generation.

J
1

t i f ic.~.tion

I ’

T he responsibi l i ty  for the wordin g and views expressed in this descriptive
summ a ry li es wi th MRC , and not with the authors of this report.
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IMPLIED ASSUMPTIONS FOR SOME PROPOSED
ROBUST ESTIMATORS

Gina Chen and George E. P. Box

1. Introduction

Statistical inferences should depend or the parent distribu-

tion from which the data are assumed to come. The sample mean , for

example, is a good estimator for the location parameter of the normal

distribution, hut is not necessarily good for the double exponential

or rectangular distribution. Therefore , in doing data analysis , one

always faces the difficul ty of making appropriate inferences because

the parent distribution of the data is never known .

The Normal distribution was introduced by Gauss as follows :

(Gauss (1821), also Huber (1972))

“The author of the present treatise, who in the year 1797

first investigated this problem according to the principl es of the

theory of probability , soon realized that it was impossibl e to deter-

mine the most probable value of the unknown quantity , unless the

function representing the errors is known. But since it is not,

there is no other recourse than to assume such a function in a

hypothetical fashion. It seemed most natural to him to take the

opposite approach and to look for that function which must be taken

as a base in order that for the simplest of all cases a rule is

obtained which is generally accepted as a good one, namely , that

the arithmetic mean of several observations of equal accuracy for

one and the ~ me quantity should be considered the most accurate

value. Thi... implied that the probability of an error x must be

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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assumed proport iori~l to an exponcnt i,~l expression of the form

~~~~ and that then just the sa~ne method which he had found by

other considera tions already a few years earlier , woul d become nec-

essary i n general .”

Note that here Gauss introduced the normal distribution to

suit the sample mean — an estimator which was thought to be good.

Over the years , many other estimators for location have been proposed

and cla imed to be good on empirical basis. For each such estimato r,

one could ask the question “Wh ich, d i stri but ion is th i s estimator

suitable for?” or alternatively “What type of distribution does ’

the advocate of the estima tor really have in mind?” We discuss this

problem in this chapter.

We shall considet~ a class of dis tributions capable of repro-

senting a wide~ range of behavior. For each of a number of proposed

estimators, we will then try to find a distribution in this class for
which the estimator is appropriate. We will now be more specif ic.

2. Some Robust Estimators for Location

Robust estimators are estimators which are believed to be

good for a broad class of distributions but not necessarily best

for any one of them . There are different methods for constructing

a robust estima tor.

Suppose x~ ,x 2,.. ~~~ are obser vations drawn from sonic

Unknown cNstri hut icn , and X ,X . ,... ~ are the ordered(1) (2, (N,

~~~ 2~~

-
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observa ti ons. The followi ng arc some of the robust estimators which

have been proposed for the location parameter of a single sample.

(i) “Max imum likelihood type” estimators (rI-estimators )

If the distr ibution is known to be F(~~ -) with density

f(~~~-), then the maximum likelihood estimate of 0 is 
‘
given by 0

which maximizes the follow ing equation:

N x.-O
iI f( 1 )

1=1 °

or equivalently maximi zes

N
~ log f( 1

0 ) .
1=1

O will then satisfy the following equation:

x. -e
N f ’( 1 N x. -O

= 0 or ~ ‘~
( 1 

= 0 with * - T11 f( 1 ~ 1=1
‘ 0 ’

An M-estimator Ce ) was defined by Huber to be the solution of an a~uation
A

N x. -0

~ 
) = 0, wher e ~j’ is some specifically chosen function.

I =1

In general , 0 is solved by iteration, and s is some estimate of the

scale parameter. Some examples of the ~, function chosen for M

estimators are:

— 3-



(1) ~(x) = x (1)
Th is is the special case that
gives as estima tor the sample
mean. — 

,
,,
,/
‘O 

x

(2) Huber ’ s (Huber 1964 , Andrews (2)
et al. l972)~

r_~~, x < - k  
_ _ _ _ _ _ _  

/1
= x , -k < x < k 

~ J/ k 
X

k , k < x
with k= l .5  or 2.0.

~j i (x ~(3) Andrews ’ (Andrews et al.1972) (3)
Ix ! cnn

*(x,c) = 
W.

with c = 2.1 x .6754 0 cir
1.42.

(4) Hampel ’s (c.f. Andr~ws et al .1972) (4) ~(x)
$(x,a,b,c)

• 1 a sgn x 
_____  

X

0 , • 1x I .~c 
. 

‘ 
-

with a = l . 6 9  b = 3 . 0 4  c = 6 . 4 2
or a = l . 4 9  b = 2 . 5 0  c = 3 . 9 3
or a=l.42 b=2.70 c=5 .54

(5) Tukey’s biweight (Beaton & 
• 

(5) * 
*

Tukey (1974))

*(x,c) ~~~~~~~

I 7  *

with c 4.05, 5.40 or 6.10.

-4-
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The values g iven for the constants k, a, b , c , etc . are those most

conrnonly used. In Hampel ’s , Andrews ’ and Tukey ’s M estimators , s

Is usually estimated by median of the absolute deviations from the

median. Such a robust scale estimate has expection .6754o under

normality and Huber standardizes by dividing by this constant. For

compari son purpose, we have adjusted the values of a , b , and c such

that in all cases the scale estimate used has expected value o on

the assumption of normality .

(ii) Linea r combinations of order statistics (L-estimators)

These estimators have the form 
1~1 i (i) where X (1) is the 1 th

order statistics .

r is defined as Na and 0 < c z <~ - for the following estimators .

(1) Trimed Mean (Crow & Siddiqui 1967)

1 N-r
TN(ct) 

= (N-2r) ~ X
l=r+1 1

If r is not an integer, the following form is taken

(Andrews et al ,1972)

i = 

(1+tr )X([r+l])+X([r+2])+~~
+ 
(1 ([~~N N (l-2ct)

(2) Winsorized Mean (c.f. Crow & Siddiqu l , 1967; Tukey, 1962)

When r Is an integer,

1 t(-r-1
= 

W~~
r+1)(X(,..~.l)

+X (N_ r))+~~~2 
X(~~

1 1 -5- 

_______
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if N is odd and a = 
EN-i) then WN(ct ) is the median.

(3) Linearly Weighted ~iean (Crow & Siddiqui 1967)

(Smoothly Trimmed Mean I (Stigler 1973))

When r is an integer , N = 2n

LN(~
) =

.+(2n-r-i)(X(~)+X(~~1))]

N=2n + l

LN(a) [(n~r)2+ (n~r+1)2]
l [X (r+l )

+X (N r)+3(X (r+2)~X ,N r÷l ))

+...+(21—2r_1)(X(l)+X (N l+l ))+... + (2n_2r_1)

x(X~~
.i
~X(+ 2))+(2n-2r+1)X(~~1)]

In particular , when a = 0, r = 0

(+1)2 
[
~ 

1(X (1)4X (2fl...1))4flX(~)~ N = 2n+1

~~~~~~~~ [ni(x (l)+X (2fl÷l~~ ))]~ N = 2n.

H . (Crow 1964)

(4) Smoothly Trir~imed Mean II (Stigler 1973)

H N
* L,,(a) 

~

‘ W .X with
i=1 •i (1)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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(I -~~)c jf

= (
~ 

+ 
~~~ 

if r < j < U-r

(N-i+l - ~)c if N+1-r < i < N+l -

- 
0 o.w.

where c is a normalizing constant

N r 2
~~~~r +~~r

This is expressed differently from the form given by Stigler

for consis tency in nota t ion , however , the criterion is the same •

(5) Squared Weighted Mean (Crow 1964)

SN 
= 

n(2n2+1) [~ 
j 2 (x

H+x~~~~~) +fl 2x (~~ N = 2n-1

~[n+l)(2n+l] ~~.i2(x +x~~~~~ N = 2n

(6) Cubic Weighted Mean

CN 
= 

2 
~~~ 13 (X (j ) +X (2fl 1) )+n3 X (fl)1 

N = 2n-l

n 2 (n+1)2 i~ 1 
{i3 (X (1)+X (2~+1~~ ))] N = 2n

-7- 
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(iii) Estimator de rived from rank test s ( R-es t ima to r )~~

Consider a 2-sample rank test for shift. 
~l’~

•
~ ’~n 

and

z1,...,z are two independent samples with distribution F(x) and

F(x— L~) respectively. To test ~ = 0 agains t ~ > 0, the following

test statistic can be used

= 

I 2n

where V 1 
= 1 if the 1th smallest entry in the combined samp le is

a y, and V 1 = 0 otherwise. And J is some function defined on

[0,1) such that J ( l—t) = —J (t).

An estimate for the location parameter can be deri ved from
such tests. Determine estimate ~~~~~~~~~~~ such that

= 0

(iv) Adap tive estimators (c.f~ Hogg 1974)

This is a class of estimates which will adapt to the data .

For example, sel ecting the trinining proportion of a trimed mean

after the sample is drawn.

We shall consider only 1-estimators and M-estimators in this

study , but as we have seen even in these classes there are a confus-

Ingly large number of candidates. One way of better understanding

~their relative merits is as follows .

-8- 
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The orig inators of these estimates seem to believe that the

parent distributions of the real world are likely to be non-normal

and in particular to be heavy tailed. It would be valuable if these

implied bel i efs could be brought out i nto the open , examined and

perhaps compared with practical reality. In order to do this we

need first to be able to para meterize non-normality.

3. Distributions

In past studies of robust estimators , for example Crcw (1964),

Crow and Siddiqui (1967), Gastwirth and Cohen (1970), Andrets et al.

(1972), distributions employed have varied from light-tailed distri-

butions such as the rectangular to heavy—tailed distributions such

as the double exponential , Cauchy and contaminated normal distri-

butions. A convenien t class which includes both light and heavy

tailed distributions which we will empl oy in our study is the

exponential power family (c.f. Box and Tiao, 1973), the density

functions for which are given by:

P(y IO ,a,~) = w(~)o l [ (~) j
~~~

j
2I(l+~
)]

where c (s ) = ~~~~~~~~~~~~~ d 
~(~) 

= _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

0 > 0  , 
, -l <~~ 4:l

-9-
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In the above expression , 0 is a location parameter and a is a

scale parameter. The parameter 8 can be regarded as a measure of

kurtosis indicating the extent of ‘non-normality ’ of the distribu-

tion. As 8 goes from -1 to 1 , the distribution goes from platy-

kurtic to l eptokurtic. In the limiting case 8 -
~ -1 , the distri-

bution tends to the rec ta ngular , for 8 = 0 it i s normal and for

8 = 1 it is double exponen tial di stribution.

4. What do estimators imply about P(8)

Suppose it coul d be assumed that the parent distr ibut ion was

a member of the exponential power family and that a prior distri-

bution coul d be written down for P(8) which represented the prob-

abili ty of occurrence of different values of B in the particular

experimental situation in the study. Then after putting a non-

Informative prior on 0 and a and following the Bayesian pro-

cedure and integrating B and a out, the posterior distribution

of 0 woul d be obtained . A point estimate of 0 would then be

given by the pos terior mean which minimizes squared error loss.

Minimization of other loss functions could be achieved by using

othcr features of the posterior distribution , but we shall suppose

throughout this study that the squared error loss function is

appropriate.

Now if for a particu lar ad hoc estimator of 0, we coul d

fin d a prior distr ibuti on P(13) such that the resulting posterior

-10-
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mean clo:~ely a;~proximate s this estimator , then we could say that in

using this esti mator the stat ist ic ian behaved as if he believed that

P(B) represented this distribution of distributions in the real

world. This P(c3 ) could then be considered for its reasonableness

and possibly for its concordance with distributions that actually

occurred in the real world. In this case we shall say that we have

found “A Bayesian formulation associated with the estimator. ”

Contaminated Exponential Power Distribution

Greater flexibilit y in the assumed form of distribution

could be obtained by allowi ng for contamination in the following

way.

Consider a distribution w ith densi ty

P
~
(yIO ,a,B,a,k) (l-ct)P(y~0,ci,B) + cxP(yfo ,ka,B) -

That is , with probability (1— ct ) the observation comes from an

exponential power distribution with kurtosis parameter 8, mean

o and variance a2 and with probability a the observation comes

from an exponential power distribution with the same parameter 8,

mean 0 but a much larger scal e parameter ka.

Posterior Distribution of 0

Consider the distribution P
~

(y!0 ,a ,8
~

a,k) with prior

distribution P((3) on (3. A u m ~ that f3 is distributcd

— 11 —
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independently of 0 and a, so that the prior distribution for

0, a, 13 is P(0 ,a ,i3) = P( (3 )P( 0 ,ci). Adopt as noninformative prior

for (0 ,a); P(0 ,a) a~~. Then the joint posterior distribution

of (0 ,a,13) for a chosen a and k is

a~~P(B)1TP~(y1 !0,a,8,ct,k)

P(0,a ,BfY ,c*,k) = — 
1

fffa~~P((3)~;P~(y1 I0 ,o,8,a,k)dOdadB

Also the marg inal posterior distribution of 0 given a and k is

a 1P(8)1rP
~
(y1 I0 ,a,(3,ct,k)

P(OIY,a,k) 1 
1 dad13

J) fffa P(
~~

1rP
~

(y1l0 ,a ,8,a,k )d0dcYd(3

t P(0 ,B,Y Ic t ,k) — 
( P(

~ ,Yk,kI P(0,B,Yk,k) d
J P(Y~a;k) 

dB — j  P(Yj a,k) P (BY [~
•
~
•)
~

J P(8lY,ct,k)P(0~Y,8,a,k)d(3

Thus the posterior mean of 0 with a given prior P(13) is the

weighted average of the posterior mean for each given B value

with the weighti ng function P(BfY ,ct,k). Also if the sample size

Is not large there will be littl e 3nformation about B coming from

the sample and P(t3~Y,ct,k) can be approximated by P(13). The

results are not particularly sensitive to k (Box and Tiao (1968))

and we set it equa l to a constant 3 for this part of the study.

For the time being therefore the parameter k is treated as a

known constant and dropped from the formulas.

-12-
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~pproximat ion of a Posterior Mean by a Linear Combination of
Ordered Observations

To compare the es tima tes gi ven by linear comb inations of

order statistics with the posterior mean derived from a particula r

parent distribution , we need to first approximate the posterior

mean wi th a weighted average of the ordered observations. Suppose

the parent distribution is F (yIO ,a), then given n ordered obser-

vations Y = (y(1) ,.. ~‘~ (n)~’ 
we can calculate the posterior mean

M~. If, for any sampl e Y from F(yIO ,a), M~ is approximately

n
equal to ~ w.y(.) for some fixed set of w., then we can say

i=l ~
F is “a distribution associated wi th the estimator ~i=l 1 ~1

In particular , the posterior mean for a normal distribution is

always equal to the sampl e mea n = ~~ Y (j ) .  Thus we can say that

a distribution associated with the saripl e mean is the normal dis-

tribution.

To obtain an approximation more generally one can proceed

as follows:

Given a distribution , take a random sampl e of size n from

the distribution, and denote the ordered sample by Y1 = (Y 1(1)~
calculate the posterior mean M~ . Take a second

‘I

random sampl e and have them ordered and denoted by ‘
~2 

= (Y 2(1)~

•••
~ ~~~~~ 

then calculate the posterior mean M~ . Repeat the
2



procedure m times; we get m sets of ordered sun pl e Y1 ,Y2,..

and their corresponding posterior means , fl~, , . . .  ,M,~, . The
1 2 m

relationsh ip we ’d like to establish is Ii

where 11 is the posterior mean of the sample (y()),. .

l~ re specifically, we are trying to find a set of weights (w1,

~~~~~ such that for any sample from F(y~0,a) the posterior

mean is approx imately the weighted average of the ordered observa-

Mvi
tions with this set of weights. Regressing M~ = on

m
IY ~

y = • 

~~ , we get a set of estimated weights (w 1 ,.. .
/

Obviously , these estimated weights ~~~~~~~~ depend on the

m sets of random samples chosen , the w1
’s would be differen t

If different samples had been taken. However , it is shown in

Appendix 2.A that there is a set of limit ing estimates cf the

weights as m ÷ and that these limiting weights are the same

as those weigh ts that give rise r~~ the Ordered Linear Unbiased

Minimum Var iance Estimator (OLUMYE). These weights can thus be

calculated wi thout going through the above sampling procedures .

(The method of calculation -is given later.) And from now on

-14-
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we should keep in mind that the posterior mean is approximate ly the

OLIIMV estima tor for sampl es from i(y~0 ,o) .

So for a con tariinated exponential power distribution with

fixed (3,ct, the posterior mean is approximately

where ~~~~~~~~~~~~ are the

weights for the OLU M V estimator , Furthermo re , if a prior P(B)

was put on (3, then the posteri or mean can be written as

M = feP(eIY ,a)de

fe (f P(0 IY ,(3,a)P(~~Y ,ct)d~~d0

= fP(8jY ,a)(feP(OIY ,(3,a)de)d$

= JP((3IY~a)(w1~~y(1)+w2~ Y(2)+. . .4~W~~ .Y(~))dB

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

When the sampl e size is not large, the posterior distribution

P((3IY ,a) will be dominated by the prior P(8), and P((3IY,a) ~~P(B).

In this case, the posterior mean is approximately w1Y(1)+...

+W Y ( )  with w
~ 

= fP((3)w1~~d(3. We then conclude that

is a good estimator for the contami nated expon-

ential power distribution with prior P(8) on B and parameter a.

Conversely, if we are given an 1-estimator W1Y(1)+...+W~Y(~)~ it

Is also possible to find a prior distribution P((3) and a value a

such U~~t w1 ‘~ f P ( 6) w ~~~d(3. This P((3) and a will then lead

—15 —
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to a poster ior mean close to W
1Y (1) + . . .+W~Y(~). Such a prior is

of course not unique. For simplic ity therefore we proceed by

supposing that P(S) belonged to the family of beta function priors

r(p+g+2) q 
< 1— 2 .c (p+ 1) r (q +1 ) ~ 2 ‘ 2 

— B

This family contains two adjustabl e parameters p and q. At this

point in the invest igation therefore the class of non-normal distri-

butions is defined by three parameters which could be conveniently

thought of as a and the mean and variance of P(B). (Recall k

was fixed at 3). A comprehensive numerical investigation however

showed that the crucial factor wa s where the prior was centered , the

variance of the prior distribution did not have much influence on the

weights. In what follows , therefore, we shall employ a po int prior

for the distribution for 13.

Simplifi ed Problem

Fixing the variance parameter for P(13) at zero , we were

left with a point prior at (B,a). It was thus possible to fi~d a
-

‘ single contaminated exponential power distribution for which the

Bayesian posterior mean was almost the same as the 1-estimator. In

many cases where the likelihood function is almost symmetric, the

posterior mean is essentially the same as the maximum likel i hood

estimate. We subsequently concentrated therefore on finding a con—

taminated exponential power distribution associated with each 1—

estirr.ator.

— 16—
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5. The Contaminated Exponential Power Distribution Associa ted

wi th the L-estinator

The problem now reduces to the followi ng :

Given an L-estimator I = ~~~~~~ .+W~Y (~ )~ 
fi nd a

and B such that I is approximately OLUMV estimator for the

contaminated exponential power distribution wi th parameters a and

B.

Method of Computi ng the Weights for OLUMVE

Suppose Y = 
~~~~~~~~~~~~ 

is an ordered sampl e from

a distribution F(~~~)~ Let U(1) 
= 
Y(1) 0 

, then U = (u (1)~

is an ordered sampl e from F(y). Set

= ( )  a = EU V = Var(U) = (v~~)

3 ~~ where
nxl .

Vj j  = .Cov(u (~)~
u (~) )

A = ( 1 , a ) .

Then V = 01 + aa + a(U-a)

~ A(s) + c E(c) = 0 V(c) = a2V .

By the Gauss-Markov Theorem , the best linear unbiased estimator ‘

(minimum variance) Is given by

-- —~~~~ -- — — —  ~~~- —~~ ~~- ~~~-4-”  —~~~-~~“
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~ 

) = (A’V AY~A’v
1v

i ’v _ l y
In particul ar, when F is symmetric, 0 =

i’v i

When the sampl 3 size is fixed , a numerical method for calcula ting

the variance and covariance matri x (V) was given by Lund (1967).

When V is known , the weights for the OLUMV estimator is then given

isv _i

by —l Thus we are able to find the weights of OLUMV estima-
liv i

tors for contaminated exponential power distributions wi th parameters

B and a. The value of B lies between -l and +1, and the value

of a is between 0 and 1. However, a is the probability of an

observation coming from some distribu tion with large variance , and

a is expected to be small. The weights which produce OLUMV estima-

tor when the sample size is 10 are actually calculated for all pairs

of (B,a) with a = 0, .01 , .025, .05, .075, .1 and B = — .99,

— .75, -.5, -.25, 0, .25, .5, .75, 1.0. A plot of the first five

weights W
Ia(3~~• • . $ W5a(3 (W~~(3 

= W(l1_i) ct(3 for 6 < I < 10)

and their values are shown in Figure 1. From the figure , it is

clear that the weights change smoothly as ((3,a) change, it is

then appropriate to use polynomial interpolation to get the weights

for any other ((3,cx) with 0 <a  < .1 and - .99 < B < 1.0.
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Given an L-estirator T = W1Y (1) 4. ..+~l0Y(~)~ the con tami r~~cd

exponential pokier distribution assoc iated with I (if there is one)

woul d be the one w ith parameters (B,a) such that

~~~~~~~~~~~~~~~~~~~~ 

4-

or equivalently

• W1~~~ W
~~B

.
I•
~~~~ W~~~ .

To find ((3,ct), we used nonl inear regress ion w ith w~~s as the

dependent variables, the coefficients of th~ interpolated polyno-

mial (for predicting the weights for fixed ct ,B) as independent

variables and a 
, B as the regression coefficients to be deter-

mined. The least square est imates (~,a) then specify the

distribution associated with T =

5. The Resul ts

I
The following robust 1-estimators were included in this

study wi th n = 10:

(1) Trimmed mean: a: 1%, 2%, 2.5%, 5%, 10%

(2) Linearly weighted mean: a 0, 10%

(3) S~oothly trin~icd mean II: a 20%

-25-
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(4) Squared weighted mean

(5) Cubic weighted mean

(6) Winsori zed mean: a = 10%.

For each of the above L-estimators , following the procedure

in the previous section , a distribution (specif ied by (~3 ,c~) ) is

found in the family of the contaminated exponer .tiel power distri-

butions associated wi th this estimator. The parameter k has been

fixed at three throughout the study . Figure 2 shows the corres-

portdence between the L-estimators and their associated distribu-

tions. Each point in the (3-a space has a coordinate (B,a) and

this in turn represents a distribution in the family of contami nated

• exponential powe:- distributions . For exampl e, the squared weight ed

mean takes coordinate (.558, .006) and it is associated with

.994P(y~O ,o,.558) + .006P (y IO ,3a ,.558 ).

Table 1 shows a comparison between the we ights of the

robust estimators and the weights produced by the distributions

associated with the estimators . In general , the two se ts of

weights, to our satisfact ion , are very close.

Examination of Figure 2 shows that all the trimmed means

( 1% — 10%) and also smoothly trimmed mean have relatively small

values of (3. Further insight is gained by plotting the approxi-

mate confidence contours for the least square estimate (~ ,a)

corresponding to each L-estima tor (Figure 3). It is seen that

for the trimmed means , smoothly trimmed mean and linear ly trimed

-26-
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Heights for Value of (3,a Heights for
1-estima tor for OLU~W

1-estima tors estimators ((3,a)-estima tor

. 

.102 .102 .103 .102
~~~~ 

• .091 302 .102 (3 = .011 .091 .101 .103
~~~~ 

, ,~ tnmrne~j i a = 00080mean _j_ t I I I  . 1

.104 .104 
- 

.105 .104
2) 2% trimed .083 .104

1 
.104 : :g~?62 

.084 JOl .106

.105 .105 .107 .105
~~ 

• ~ .078 .105 305 8 = .026 .079 .102 .107• .~, ~~ Lr ura1~eUmean 1 1 I IJ_ tL = .0021/ I i i

- 
.111 .111. .114 .109

at  r~ • .056 .111 .111 8 = .050 .057 .104 .114
~ trimmeu

mean _L I 1 1 _[ a — .0055.. _L I I I I

.126 .126 .123 .123
• 5) 10% trimmed .000 •1r6 .126 : 

~~~2O 
.002 .l~27 .125

mean i - I i I I
‘ I Tabl e 1 Left side : first five weights of the

1-estimator• Right side: first five weights of OLUHV
estimator for the contaminated exponent ial
power dis tribution (with parameters ((3,a)
associated with the estima tor.
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Weights for Value of B,cz Weights for
I-estimator for OLUMV

1-estimators estima tors ((3,a )-estir~3tor

.169
.132

.167 — 
1)92

6) linearly weigh~ 1)33 -r 
~ 

:~~~99 .072

.211
• 

, .156 155.211
• 100 - 1)99

7) 
~e ’

~
’
~~ 

.000 
~ 

( : :06865 -1)12
weighted mean

4- .143 .145
.143 .143 .147 .146

8’ 200k . thi .071 (3 .052 .073
• ‘ 

tr~mI~~
°
mea~ 

.00(L I a = .08849 -.cfl~ L

- 
.227 227

.145 .146
,~ ~~~

. ~ 1)82 I (3 = .558 ‘ .074
~, square~ w.~g .- 1)36 I I a = .00633 .042

teu mean .0Q9 I L..L .010 ~~
.278 .275

.142 .150
1)60 .054

10) cubic weigh- .002.018 

~ 
[ 

~ 
(

.~~0 .100 
4-
. .180 .094

11) 1O% w insor i zed t1°i •~°° 
- 

~ : :&4~l .02 
~ 

.124 .081

Table 1 co ntinued ’
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- 
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-

Figure 2 Values of ((3,ct) associated with
various 1-estimators
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mean , the contour s are rather e1on~ated in the direction of upper

left to lower right , sug gesting some trade-off between a and B.

This is especially true when trir~iing is involved . Therefore , it

might be possible to fix (3 at zero and find an cx such that the

distr ibution corresponding to (0,a) would approximately produce

the trimmed mean as the posterior mean. In other words , for each

trimmed mean we may be able to find a contaminated normal distri-

bution for which the use of such trimmed mean is appropriate.

Restricting (3 = 0 and repeating the procedure used , the

contaminated normal distribution associated with each trimmed mean

and smoothly trimmed mean were found and similar to Figure 2 and

Tabl e 1 , we now have Figure 4 and Table 2 Table 2 compares

the trinried means and the estimators produced by the contami nated

normal distributions. The clos~ness of the two sets of weights

shows that estimators from contaminated normal distributions can

closely approximate trimmed means. Figure 4 gives the

position each trimmed mean takes on the a-axis. Figure 5 com-

bines the results of Figure 2 and Figure 4 with all the trimed

means restricted to the a-axis, and with the other estimators allowed

to take any position in the space.

7. Interim Sun~i~~~

For each robust L-estimator considered , a distribution

model has been found for which the Bayesian mean approximates the

estirii tor . A nu~iher of conclusions may be drawn as follows.

-31 -
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3 .28 

-

.26 •‘ 25% trimmed mean

.24

.22

.20

.18

• 20% trimmed mean

.16

.14

.12

.10 -

• 20% smoothly trimmed mean

.08 -

.06

04 • 10% trimed mean

I
S

o ~ 1%-5% trirned mean

- . FIgure 4 . Values of a associated with various
1—estimators , B is restricted to be zero .
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Weights for Value of a for Weights of
1-Estimator 0LU~1V

1—estimators estimator a-estima tor

.102 .102 .105 .101
.091 .102 .102 1)93 .101 .101

1) 
~~~~~~~~ 

. I I I I I = .000893 I I 1 1 I
.104 .104 .110 .101

• .083 .104 .104 .086 .102 .101
~j 

~~~~ tr imeu — .5

mean i l I l l  t h u
.105 .105 .112 .102

3) 2.5% trimmed .078 .105 .105 
= 00524 .082 .102 .102

mean ~i I I I 1  a .  I I h I . I _
.111 .111 

• .125 .104
4) 5% trimmed .056 .111 .111 — 

.062 .105 .104
mean 

~J I  H i H i t
.126 .126 .128 .121

5) 10% trimmed 1)00 .126 .126 
— 04380 

— .002 .134 .119

mean 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

a . 

~I I 1 I
6) 20% trimmed 

- 

. 6 .16 
a = .17454 

— .017 

~~~ ]

l69

.198
• .000 •‘~~~ .110 .210

7) 25% tri mmed 1)00 .1001 a = 26307 —.000
mean I .014 I

.143 .143 .157 .138
.071 .143 .074 .145

8) 20% smoothly .000 
I -

~~~~ 09871 — .015
trimmed mean - I I

Table 2 Left side: first -five weights of the 1-estima tors
Right side: B restricted to be zero , f i rst f i ve

• weights of OLWIV estimator for ~ne contaminatednorma l distribution (with parameter a)
associated with the estimator o~ the left.
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a
.28

.26 25% trimmed mean

.24

.22

.20 -

.18
20% trimmed mean

.16 
-

.14

.12

10 ~
_ 20% smoothly trirried mean

•
C.,

.08
10% trimmed
li nearly weighte d

.06 mean 
-

10% tr immed mean 
-

10% winsoriz ed .04~
!1C~Ifl 

• 
. cubic

we t qh ted
.02 linearly squared 

~ean1%—5% trimmed weighted we ig hted
mean •mean •mean

— ----4----- ~
4-

~~~~~~1~~
__

~~~~~~ 
__________________ 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

- .3 - .2 — .1 0 .1 .2 .3 .4 .5 .6 .7 .8
Fiqu ro !~ CorHuing results of Figure 2.2 and

Figurc /.~ :.
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1) The study has been effective in bringing into the open

implied model assu;1ptions inherent in the estimator. Such

implied assumptions can thus be studied , crit icized and , where

approprizite applied to other problems. For example if trimmed

means perform well for single samples , this implies the appro-

priateness of the contaminated normal distribution. This model

may therefore w it h equal log i c be used for more general models

which traditionally emp loy the normal assumption.

2) It becomes clear that the Winsorized mean is appropriate for

a contaminated distribution which -is slightly light—tailed.

Therefore unless one had confidence that such were the case,

the Winsorized mean would not be appropriate since it puts

heavy weight on the next to most extreme observations.

3) Linearly-weighted , squa red-weighted or cubic weighted means

Imply that distributions met in practice are heavy-tailed

with perhaps a small proportion of contamination.

4) Trimmed means , however , are app ropria te if with probabil ity

1—a observations are from a fixed normal distribution and

• with probabili ty a observations are from a normal distri-

bution with the same rnear~ but a larger variance. The trim-

ming proportion depends on a. . •
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8. Tnp]jed Ass u~ptions of the N-estimator

Al though some of the L-estimators have proved to be useful

in the loca ti on es ti ma tion problem , their developers have found it

hard to generalize them directly to cover ,for exampl e , regress ion

models, genera l linear model s and non-linear models. M-estinators

are more flex ible in this respect. To find the assumptions that

would render appropriate each proposed ti-estimator , the most

natural way would be to try to find a distribution f which would

make the ti-estimator a maximum likel i hood estimator. Let ~p(x )

be associated with some ti-estimator; then the distribution f(x)

for which M will be maximum l ikelihood must be such that

~ 
.
~ — 

. d 2.og f(x)
4i~ X , dx

Log f(x) = - J~p(x )dx + C

f(x) ~~~~~~~

If < 
~~~ , we can prope rly standardize f and this

would then be the precise assumption which woul d make the M-

est mator a maximum likelihood estimator. As we will see , however ,

this integral condition is not satisfied by all proposed ~
p

functions.
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The Vs assoc iated with different ~‘ ‘s

(-: ) ~P(x )  = x -=> f(x) = e 
- 2

which is the normal distr ibution.

( i i )  Huber t s

x < - k
*(x,k) X 1( < X < k

Lk k < x

. C
1 e 2 for 14< k

J (2it) /

‘

~ c1 — kIx I+ ~~2

• 1/2~ 
for I x I > k

. ( ~~~~)

C
1 

is a constant such that f f(x)dx 1.

(iii) Andrews ’

ç sin(x/c) lx i < cit
q ’(x, c ) =

L 0 o.w. -

I ae 4C cos(x/c) lxi < ~~
~ f (x) =

~~~

L ae~ otherwise

a Is some constant.

L _  

- - -

~~~~~~~ 

- 

• • 

~~~~~~~~~~~~~~~~~~~~~

_ _ _  - - - - - - 4-- ”- 4 - -~~~ ~~~~~~ -----— - — •.4---•—4-—-— • . - .- - - -4-



Note that f f (x)dx = ~o f(x) is not a proper density .

(iv) Hampel ’s

clxI 0< lx i < a
I a a <  lx i < b

~p(x ,a,b,c) = sgn x .~ 
—

a b <  lx i < C

Lo J x J > c
x2

de 2 0 <  lx i < a

_ a Ix I+ ~~
- a2

de 2 a < J x J < b
: f(x) = ac~ ~ 

a ab + 1 z
de ~~~

b I X I ~(c_ bJ X 2(c- bJ ~~
- a 

b < lx i < c

ac 2 
+ ab2 

+ 1 2
de 2

~~~~
1 2(c-bJ ~- a  

lx i ~.c

d Is some cons tant .

Since f f(x)dx = , 1(x) is not a proper density .

(v) Tukey ’s biweight

lx i < c  -

ip (x ,c) =

1 0 o.w.

Ide 
2 2c 2 - 

6c~ lx i < c
=

L 6 otherwise
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Since f f (x) dx = , 1(x ) is not a proper density .

A plot of these f’s i s g i ven in Fi gur e 6. For Andrews ’ , Hampel ’s

and Tukey ’ s , the tai ls are constant which make theni improper. But

notice that their constant parts have very small values and one pos-

sible way to make the densities proper is to trunca te the func tions

for very large deviations .

To allow comparison with our previous results , we attempt

to obtain contaminated exponential power distributions which yield

maximum likel ihood estimators that are as close as possible to the

M-estimators. One way to proceed is to look for a ‘I’ = - — within

the contaminated exponential power family which approximates the ~‘

function of the estimator of interest. To obtain better approximation ,
we shall in addit ion al low k to vary.

The density for the contami nated exponential power distribu-

tien is

f(y) = (1-a)P(y~O ,a,B) + aP(yIO ,k~,~)

1 r 0 21(1+Bfl
where P(y jO ,a ,B) = w(B)cr exp [c(~)l~~

-_
~ ._! 

—
~ 

< <

- 

r[~(l+B)] 
l/(l+B) (r[~(l+~)]}~~

2
c(B) = 1 and w(~) 

2
(l+B) {r [~-( l+~ ) J )

Wi thout loss of generality , set 0 = 0, a = 1
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H (I) Huber ’s k = 2.0

-

~~ 
_ _

-10 -9-8 -7-6 -5-4 -3-2 -1 0 1 2 3 4 5 6 .7 8 9 10

(Ii) Andrews ’ c 1.42

cons tan~
=

—10-9-8 -7-6-5-4 :.3_2 —l 0 1 2 3 4 5 6 7 8 9 10

(III) Hampel ’s
a = 1 .42 , b = 2.70 , c = 5.54

• ç~~st~nt~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~constant

—10—9-8 -7-6-5- 4—3-2 -1 0 1 2 3 4 5 6 7 8 9 10

(Iv) Tukey ’s c = 5.4

j :~:~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 4-

Figure 6 Function f corresponds to each
N—estimator .
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[ t hi
f(x) = (l_a)w(

~
)exPLc(E

~
)I xi ~ j

+aw(~)/k ex~[-c(~)l~ l J
1-8

-f’(x) = (1~a)w(~)c(8)exp
(
~c(8)lx!~~~

)
(thixI 8)

1+8 /
+aw(B)/k’c(~)/k exP[-c(B)I~-I j j - ~

-
~-F~I for x > 0

~(x) =

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(
~~~~i

th
)ex~[ c i ~ i~~~

(1-a)exp[c(~)IxI~~] 
+ ct/k exP[c(~)I~ f~~]

x > O

and the 4, function is antisyrnetric about x = 0.

This 4’ function (only the positive half, the other half

is obtained by antisymmetry) is plotted in Figure 7 for different

combinations of 8, a and k. Observe that as 8 becomes

larger, the curve increases faster in the neighborhood of zero and
then slows down to reach its maximum, as a Increases , the

curve drops sharper after reaching its maximum and as k increases

the 4, function gets closer to zero and s tays smaller for a longer

period. Except for 8 = 1, all the 4’ functions for contaminated

exponential power distributions eventually increase to infinity .
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8 ~ - .1

1 2 3 4 5 6 7 8 9 1 0

- ~(x)

8 = 0
• 

. 

—4-. .

.

. . -
1 2 3 4 5 6 7 8 9 1 0

- 4 ’ (x)

4-
-

1 2 3 4 5 6 7 8 9 1 0

~(x)

.05
k 10.0 

.

1 2 3 4  5 6 7 8 9 1 0 .

Figure 7 (a) ~
p functions for con taminated exponential
power distributions with different a, 8
and k va lues . .
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FIgure 7 (a) continued

-43-

________________________ .- -“



_ _  - .  4-

4’ (x)

1 2 3 4 5 6 7 8 9 1 0

‘p (x)

8 5 
-

- -

• 1 2 34 5 6 7 8 9 1 0

Figure 7 (a) continued
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Tukey ’s c = 4.05
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Andrews ’ c = 1.42 
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- 
*(x

Cauchy
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Figure 7 (b) 4, functions for various P1-est imato rs .
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Even so the ordin ate can remain small within a very wide range ,

say between ±5 and ±10 and , therefore , for realistic data sets

will produce similar resul ts as those ~p functions which are

associa ted with those proposed ti-estimators . Tukey ’s and Andrews ’

estima tors have ~ functions w ith sha pe somew ha t s imilar to those

in Figure 7. Comparison shows that Tukey ’s est imator with

c = 4.05 is similar to the maximum likel i hood estimator for a con-

taminated normal distribut ion with 8 = .1, a = .1 and k = 10.0.

As mentioned before , to obtain a better approximation in the tail

of the 4~ function in this study of ti-estimators, the value of k will

no longer be fixed at three as in the study of L-estimators.

An Alternative Approach

A different interpretation that can be attac hed to the

N—estimators is from the point of view of the weighting function.

I’ x. —O
Write w (x) = , equation z~p( ~ = 0 is equivalent to

x. -e
x. -O x. -8 Ex .w( 

~ ) (Beaton &
~( a )w( ~ ) = 0 and 0 = 

X(O Tukey 1974)

w (x) can , therefore , be viewed aS the weight of the estima tor

given to the observation.

With this approach , each ti-estimator is then being

characterized by the w-function. The following are some wei ghting
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functions for the M-estir~~tors , the plots of which are shown in Fi gure

9. In terms of weight functions , w (x)  =

(i) normal w(x) = 1

(ii) Huber ’ s

x < - k

w(x,k) = 1 — k < x < k

Li k < x

(iii) Andrews’

çsin(x/c)/x lxi < cn
w(x,c) = 

—

1 0 o.w.

(iv) Hampel ’s

flxl/x
I a/x a <  lx i < b

w(x ,a b c )  = sgn x .c? lx i 
—

~ 
C
c_ b aix b c  Jx J

L o  Ix i c

(v ) Tukey ’ s biweig ht

~

_• 

( l_ (~~)
2

)
2 

l xi < c
w (x ~c) = ç

L. 0

Correspond ing to each contaminated exponential power distribution,

there is also a w-func tion w(x) = , and this again can be

~in t ’ icLin~j ni t the distribution that woul d lead to the robust
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(1) Normal (Iv) Hampel’s a = 1.42
b = 2.70w (x ) w (x) 
~ =

• 4 - • - . x  _ __ _

—10 -8-6 -4-2 0 2 4 6 8 10 — 10 —8-6 -4 -20 2 4 6 8 10

(11) Huber ’ s k = 2 (v) Tukey ’s c = 5.4

- 

w(x) w(x )

—10 -8-6-4 -2 0 2 4 6 8 10 —10-8 -6 -4-2 0 2 4 6 8 10

(i ll) Andrews ’ c = 1.42 (vi ) Tukey’s C = 4.05

—10-8 -6-4 -2 0 2 4 6 810 —10-8 -6 -4-2 0 2 4 6 8 10

Figure 9 w—functions for various ti-estimators.
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N-estima tor proposed . The w-functions are plotte d (Figure 10) for

contami nated exponential power distribtuions with a = .025, .05,

.075, .1 and 8 = 0, .2, .4, and also k = 1.0, 2.0 , 4.0 , 6.0 , 8.0 ,

10.0. From the formul a for the w-function , it is easy to see that

for 8 > 0, w (x) is a lwa ys infinit y at x = 0. Al though this can

cause troubl e when actually solving for the estimate for some data

set, comparisons are still possibl e wi th the weigh ti ng function of

the M—estimators .

Comparing Figure 9 with Figure 10, we can make the

following matchings.

1. Huber ’s es timator - 8 = 0 a = .05 k = 2.0

2. Hampel ’s estimator - 8 = 0 a = .10 k = 8.0

or mayb e 8 = 0 a = .05 k = 4.0

3. Andrews ’ estimator - 8 = 0 a = .10 k = 4.0

4. Tukey ’ s estimator 
- - 2 a = 10 k = 10 0(c = 4.05)

or maybe 8 = 0  a .1O k 4.O

5. Tukey ’ s estimator — 2 — 025 k — 10 0(c = 5.40) 8 — . a — . — .

The correspondence is far from exact, the w-functions for these

estimators simply cannot be reproduced very closely by our family of

distributions . However , we do know that estima tors of this kind are not

very sensitive to minor discrepancies in the shape of the functions ,

in that similarly shaped weight functions wil l produce very close

estima tes .
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Q = 0

w ix) w(x) w(x)

__

-~~4 -6- 2 0 ~~~~~~~ -~-~~-4 2 o  ~ 4 ~ ~x ã 5 ~~~20 2 4  
-
~~ kX

8 = 0  8= .2 8 4

FIgure 10 w functions for contamina ted exponential
power distributi ons with different  a,
8 and k val ues.
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Ciqurc 10 continued
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Figure 10 continued
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Figure 10 continued

- 

-53- 
- 

-



* k = l O

’.

~~

,
,,
,
.f.

~~

\4- 
~~~~~~~ 

a = l

-8-6 -4 -2 0 2 4 6 8 -8-6 -4 -2  0 2 4 6 8 -8-6  -4 -2  0 2 4 6 8

k = 8

j k ~~~~~~ .JL .
—8 - ,6 -4-2 0 2 4 6 8 -8-6 -4-2 0 2 4 6 8 -8-6-4 -2 0 2 4 6 8

k = 6 ~~~~~~~~~~~~~ 

_ _ _ _
— 8-6 -4 -20 2 4 6 8 -8-6 -4 -20 2 4 6 8 -8 -6 -4 -2 0 2 4 6 8

_  
_ 

~~~~~ ~~~L.
—8 -6 - 4 - 2 0 2 4 6 8  -8-6 - 4 - 2 0 2 4 6 8  -8-6 — 4 - 2 0 2 4  6 8

k *  2 ‘ . 
—

-&~ C •4 - 20  2 4 6 8 -8-6 -4-2 0 2 4 6 8 —8 -6—4 -2 0 2 4 6 8 ‘

~ C) p ~ .2 B .4
~~~~~ 10 contInued

- - . - - - ----4---  -- 4- ~ —J

.4-  — _ _ _ _ , ___ ff_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- - - --4-- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 4 -

The comparison does provide an approximate idea of the

nature of these estimators in terms of the 8-a space. The

F 8-coordinates are close to zero strongly suggesting that estimators

with proportions similar to the ti-estimators studied above will be

produce d by the contaminated normal model .

9. Summary of the present chapter

Model s for the (8,a) family of distributions have been

found which generated estimators similar to published L-estimators

and ti-estimators . The contaminated normal model can produce esti-

mates similar to trjn~’ned means and to the ti-estimates of Huber ,

Tukey . Hampel and Andrews . Among the L-estinators , linearly-

weighted , squared-weighted and cubic-weighted means impl ied the

need for the assumption that the parent distribution had heavy tails

In addition to some contamination. The W insorized mean implies

that the parent distribution was somewhat light—tailed with

contamination.
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Appendix A

Proof that “the limiting weights obtained in Section 2.4

as m -
~~ are the same as weights for OLUMV estimators .”

Let us assume a random sampl e of size n is taken from a

distribution P (Y IO)  and the ordered observations are Y (y1,

~~~~~~~ 
Al so assume P(YI0) is symmetric about 8, so that a

linear combination of order statistics will be unbiased if and

only If the weights are symmetric about its center.

- 
Let ~% be the set of all symmetric weights , ~IJ be the

sampl e space, a1y1+. . .+a
11
y1,~ -Is the OLtJMV estimator, then we have

f (a1y1+. . .+a~,y~— 0 )2 P (Y !O)dY

= mm f (A~y,+.. .+A y -8)2 P(Y I0 )dY
(A ,...,A )c4’~ 

‘

What we have done in Section 2.4 is to take m sets of random

sampl es 
~ fl ’•••’~th~ 

I = 1,... ,m and find weights that mini-

mizc ~~(A1y 1+...+A~y 1~-M~~
)2 as m or, equivalently,

minimi ze

~ lyil n~in MY j~~ 
as m + ~ .

This is the same as finding weights that minimize
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f (A 1y1+...+A1y~-M~
)2P(YI0)dY

‘V -

— f (A1yi+~•~
+Anyn

_0 +0_ My )2 P(!
~

0)d
~-

= J (A 1y1+...+A~y~
_o)2P(!tO)d! + f (o-M~

)2P(Y!e)dY

+ 2 f (A 1y1+.. .+A~y~-8 )(0-M~)P(Y I8 )dYy. - (A.2. )

Let I = A1y1+...+A~~~; then the second and third terms of

(A.2 ) become

I (041y )2 P(!I8)dY + 2 f (T— e)(o —M~)P(Y1o)d’(

— I (02—2eMy4~M~1.2Te_2e2_2TMy420My)P(YI0)d!
= I (M~-0 2+2Te-2TM~)P(Y Ie )dY

Since M~—0 2 does not depend on ~~~~~~~ we want to find

weights that mini mize

I (A1y1+.. .+A
~
y
~

_0 )2 P(!I0)d! + 2f T.(e-M~)P(YIe)d!
lv- 

. 

~1 
-

If we now put a prior on 0 , P(e) = — c < 0 < c, we are

look ing for wei ghts that minimi ze

~ 
(A1y1:...+A~y~_ O ) 2 P(Y LO )~~~,dO

+ J f T(e-M~)P(YIo)~— dY dO .—c t,. — 
C (A.
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Now if c is large enoug h , after proper standardization ,

P(Y~o) .
~~~~~~~

- will be very close to the posterior distribut ion with

noninforma tive prior P(O) constant. Changing the order of

Integration in the second term of (A. 3), we have
- 

C
f (O_t4~)P(YIO)~~ dO -

~~ 0 as C -,

-c —

so

1 T(8-M~)P ( Y I O) ~~ dO dY + 0 as c
-

Thus the second term of (A.2.3) drops out as C + ~~~ .

The limiting weights will minimi ze

C

f f (A1y1+.~ .+A y _ O ) 2 P(Y I O) ~
!_ dY dO

—c~~ _ n f l  — C —

when c is large enough. Since f (A 1y1+. . .+A~y~-8)2P(Y~O)dY

Is Independent of 0, this is the same as minimizing

f (A 1y1+. . .+A~Y —e)2p (yLo)dy . which leads to the same result as

“1 • 

-

(A. 1). Therefore a1,... ~~ are our limiting weights.
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