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ABSTRACT

The Bayesian outlier procedure discussed by Box and Tiao (1968) which uses

the contaminated normal model is further explored in this report. For a simp le

location estimate suggested by their method , the weight given each observation

is expressed explicitly in terms of standardized residuals so allowing compari-

son with M-estimators .
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SIGNIFICANCE AND EXPLANATION

A Bayesian model has been pro posed which describes the generation of an

observation by a process whereby with prior probability l-~~~ the usuall y

assumed s tat is t ica l  structure is correct but with small p r o b a b i l i t y  cx, i t is

incorrect (fo r examp l e , the observati on has a very large variance). For a

simpl e location estimate the nature of the down wei ghting of outl y ing observa-

tions produced by this model is studied and is compared with that of the

presently popular M-estimators .
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FURTHER STUDY OF ROBUSTI FICATION
VIA A BAYESIAN APPROACH

Gina Chen and George E. P. Box

1. I n t ro d u c t i o n

Statistics is a science which helps extract meaningful infor-

mation from data which are subject to errors. Two important aspects

of statistical analysis are

(i) The building of probabilistic models , defining the func tional

form of a relationship between variables as wel l as the

distribution of the errors.

(11) The development of techniques of analysis which are efficient

supposing the data to be derived from the specified model .

Model building begins with preliminar y and graphic analysis of the

data. This information- is combined wi th theoretical knowledge about

the system to produce a tentative model . One desirable criterion

for choosing a model is simplicity . Such a model is easy to inter-

pret and can give greater precision than less parsimonious models

(Box , 1978). An iterative model build ing procedure is needed which

can move from a perhaps initially faulty model to one which is -

adequate for the purpose at hand. -

Two techniques are of value in this process.

(1) Robustification : By employing robust methods (or models)

we are unlikely to be misled by those model inadequacies

guarded against.

Sponsored by the Un i te States Army under Contract No. DAAG29-75-C-0024.
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(ii) Ite rat iv2 fix ing : Conditional inference can be made

assuming that the tentative model is true , and one can th en

make diagnos tic checks to reveal possible inadequacies.

If there are indications of inadequacy , the model can be

modified appropriately. -

Both techn iques have their advantages ard limitations.

It is impossible to make a procedure robust against every

possib le con tingency. On the other hand , situa tions can ar i se

where tests may fail to show up inadequacies that could ,

nevertheless , cause serious problems. Looking for inadequacies

after the even t may no t alwa ys be successful .

A practical policy is to robustify for one or more

contingencies that seem like’y in the context of a particular

application and then to study the resiauals to seek for the

unexpected. -

The Standard Statistical Models 
-

Consider the standard statistical model

Yj = ri(x 1,O) + i = 1 ,...,n (1.1)

~:here c i
’s arc independently, identically and normally distri—

hutcd. In this model it is assumed that
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(i) The observation y.~ is a function of dependent variables

and parameter 0 plus an error c1.

(ii) The errors c1,c2,...,e~ are independently distributed.

(iii) All the errors ci ’s have the same norma l distribution

with a fixed variance.

Violations of any of these assumptions can cause problems.

Howeve r, this thesis is concerned only with departures from the

third assumption.

It is well known that real data can be affected with dis-

cordant values produced by a mistake or a sudden change of some 
-

unknown factor. It is usually , therefore, unrealistic to assume

that every observation is from the same normal distribution. A

more sensible possibili ty suggested by Dixon (1953) and by Tukey

(1960) is to allow errors to be from two different distributions.

The standard distribut ion f(c) occurs with probability 1—ci

and an alternative distribution g(e) generates discordant

values with probability ci. We will call this the contaminated

model . From , for example , the study made in Chapter 3 of this

thes is , it is clear that this is not the only possibility . As

we saw there , a model which could be realistic in some cases would

have errors generated from one distribution up to a certain point

and thcn randomly switching to a different distribution having

either a different mean or a different variance or both for a

ccr t~ir~ period of time and then switching again . A model which

—3-
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has this property for switches in means was proposed by George

Barnard (1959) in his justification of the cumulative sum chart.

• We will only consider the contamina ted model .

2. A Bayesian Anal ysis of the Contaminated Model

In those situations where a contaminated distribution is

appropriate , a point estimate may be obtained by taking the mean

of the posterior distribution of the appropriate parameter and

Bayesian intervals can be calculated. The posterior mean takes the

form of a weighted average in which the weights are posterior prob-

abilities . The use of the Bayesian posterior mean as an estimator

may be justified on the grounds that it minimizes the mean square

error lo ss. -

The formulation of Box and Tiao (1968) can be readily

generalized to include nonlinear models as follows.

Cons ider a model Y = n (X ,O)  + c where Y Is an n x 1

vector of observations , X is an n x p matrix of fixed elements

with rank p, e is a q x 1 vector of parameters, ri(X ,O)

Is an n x 1 vector for each given X and 0, and c is an

n x 1 vector of random errors. Suppose now that each of the

errors independently comes from either one of the two distriLutions

— a standard distribution f(cI~1) and an al ternative distribution

where and are nuisance parameters and 0 is

the parameter of interest.

-4- 



Let a (r) be the event that a particular set of r of the

n C ’ s are from g (c~~2 ) and the remaining s = n-r from

f(e IE 1). Corresponding to a (r)~ 
vector c was part itioned

Into c~~~, C
( 5)  

vector Y into 
~(r)’ 

Y(5) and matrix X into

X(,)~ 
X(s). Let p (r) be the prior probability of event

P(0 ,~1,~2) be the prior distribution of the parameters. The pos-

- - 

ten or distribution is then given by

P(OIY) = ) P(a (r) IY)P(OIa (r)~Y)
(r)

where P(OIa (r)~Y) =

0,
~1 ~2)~

(V(S)-n(x(S) ~~~~ r)~~~ (r) 
,e)/~2)d~~d~2 —

fP(o,~1 ~2)~(Y (5)—fl(x (5) ~~~ 
)
~

(Y (r)_Tl(X(r) ,e)/~2)d~1d~2dO

where ~ denotes the product of densities of the elements of

and ~ that of Y(r) _n (X(r)~0). The denominator

Is the probability of the event that the £(r) are drawn from

g(ct~2) and the C(s) from f (c I~1). If we denote it by

h(Y(
~
)
_~~Y(5)

_f) then

PC IY ) 
p(r)h(x~~ ..g;Y~~ ...f) p(r)h(y g;y~~ .f)

a(r) 
~~~~~((~)~~; (5) ) (~)

_____________________________ - 
P(r) h(Y~~ ...9IYfl..f)

C (O)
C 
P(°)h(Y(r)~fIY (s)~f)

—5—
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where h(Y(5) 
— f) is the na rgi no l prob~~ili ty that C

(~~) 
is from

f(cR1 ), h(Y (r)~~9~
V (s) — f) is the conditional probability that

C(r) is from g(c~~2) given that C
( 5 )  

is from f(c~E 1 ).

3. The Contaminated Normal Distribution

Since all experimental data are subject to unpredic table

mistakes , a probab ility model which would be more realistic than

the standard normal model woul d often be one where with probab i li ty

1—ct, the error is normally distributed with mean 0 and variance

a2 and with small proba bility ci the error has a mean 0 but an

inflated variance k2a2.

One argument in favor of this model is as follows . The

trinined mean has been recommended as a sensibl e estimator for

location parameters by Tukey and McLaughlin (1963), Huber (1972)

and Stigler (1977). More recently M-estirnators have been

recomended by Huber , Hampel and Andrews (Andrew s et al (1972)).

From the study in TSR# 1997 we have seen that the contaminated

normal distribu tions would produce via the Bayesian route estima-

tors which are very similar to those recomended by these authors .

Furthermore , results of TSR~ 2002 suggest that heavy-

tailed distributions are sometimes caused by inhomogeneity in mean

and variance such as might be encountered early in an experim ent

because of start-up difficu lt ies. After such inhornogeneity has

been allo wed for, the observations seem to be adequately repre-
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sented by a cont e:u in~ted norma l distribution. Thus ,for a carefully

planned experiment , a contaminated normal distribution is likely

to be appropriate.

4. Bayesian Inference with Contaminated Normal Model

Consider that the error distribution is a contaminated

normal distribution (l-a)N (O,o2) + czN(O,k2a2). This is the

— _ _ _ _

2 2 2
special case where f(c1~ 1) = _J— e 9(C )

~ 2) = e 2k ~

and p(r) 
= ~

r(l_ ~)
n_r

. Assume ,a priori that the information

about 0 and about a are independent and,as in Box and Tiao 
-

(1968) approximate the locally noninforniative prior by

P(o,a) ~ P(0) •~~ . Then

= P(e,o) ~ P(e)

and if we let W ( )  
= P(a(r)tY) and P( r ) (OIY) = P(OIa ( r ) ~Y) we

have P(O IY) = 

~

with 
r

P(r) (8 1Y) J O ~~~
1) P( O )~XP{~ —S~~~(e~~da

~ P( O ) [ S
u

(o)] 
~

where S(r)(0) 
=

+ I

-7.-
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and

- _ _ _ _ _ _ _ _ _ _ _ _W ( r )  
- 

P(°)h(Y(r)~
f;Y(s)~

f) -

= 
a Ja 1)p(0)k~~e ~

Sfl(0)a
2
dOd

C 1-ct 
~ +1’ -~~ (Y-~(X,0))’(Y-n (X ,0))]~~

2

fa~~ ‘P ( O)e  dOda

r JP(o)[S (~)] 2 dO
= ~~ k~

’ (r) 
______

dO

where c is some constant.

When n is approximately linear in 0 over the range

considered , it would also be reasonabl e to take P(O) as approxi-

mately constant. In such case the above formula becomes

P(r)(OIY) {S(r)(9)} 
2

r f{S (o)} 2de
w(r) = c(~~~) k

-n 

f{(Y-n(x ,6))’(Y-n (x,e))Y ~~
2dO

A robust point estimate for 8 is then given by the posterior

mean

f eP(o~Y)do (
~

) w~~ feP~~ (otY) do

Furthermore, probabilities can be calculated which are useful

In spotting possible bad values. (Observations generated by g.

are referred to as bad values.) If we let W ( r )  be the posterior

probability of event a(r) given the sample Y:

— 8—
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a1 be the event that the observation y1 is from g and all

the others are from f.

a1~ be the even t that the observations y1 and y
~ 

are

from g and all the others are from f.

Then w1, w 1~ are the pos ter ior proba bili ti es assoc ia ted

with a1 and a1

Using these individual probabilities, one can calculate

q1 , the posterior probability that only one observation
n

Is from g is
1=1

q2, the posterior probability that only two observation s

n
are from g is ~ w1. -

j,j=l •~

- •kj

and similarly q3, q4,. .. ,etc.

Also , the posterior conditional probabilities can be cal—

cula ted as follows :

= P(the i-tb observation is from g/ there is only

one bad value) =

q1~,2 
P(the i—th and j-th observations are from g/there

are only two bad values) =

etc.

—9—
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The d is t r i Lj t io n  g is regarded as the sou ,c e of “Lad values ,”

and these p robaLi l i t ie s  can be interpreted as the posterior prob-

abilities that there is one bad value , two bad values ,... ,etc., and

the conditional pr c~abi 1 it ies as the posterior probabilities that t h e

i 1 th, i
2th ,..., i~th observations are bad values given that there

are 2. bad values.

Althou gh the posterior probabilities q~ s depend on the

choices of ci and k, the condit ional probabilities are independent

of ci and rather insensitive to k. It seems that, in praci.ice by

comparing these conditional probabilities one can readily identify

quest ionable observations.

5. Some Further Study of the Linear Model

When n(X,O) = Xe , We have the gener al linear mode’ and

the posterior distribution of 0 can be written as in Box and

Tiao in the fo l low ing way

P(OIY) = 

~~ 

W(r)P(r)(OIY) 
-

wi th 1

W(r) = C~~~~~k~
r 

IX I ( r ) tX ( r) ~~ 
{S~r)} 

- r 
5.1 )

r(~n ) I x ’x -~x ~x i
1
~
’2

P(~.) (OIY) 
Cr) (r)

x + ___

• I ~
(r) J C 5 .2)

— 10—
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w here

0(r) 
= (X~~~~) X~~~~ + 

k

1
2 

X
~ )

X~~~) ( X ( ) Y~~~~+ X~~)Y~~ )

C 5.3)

S~~~) 
= IS(r)(0(r)) ~~~~~~~~~~~~~~~

x (Y(n r)_X (n r)0(r))

+

5.4)

v = n-p and = S~0) . -

The posterior distribution P(r) ( O IY)  is a p—dimensional

multirariate t-distribution with mean 0( r ) ’ dispersion matrix

r ) X_
~~(r) X (r) ) and v = n-p degrees of freedom. It is then

easy to see that the robust point estimate - the posterior ~ean is

equal to 
~ 

W(y~\O(~\~ As mentioned before, the posterior mean
(r) ‘ ‘

is justified because it minimizes the mean square error loss.

The W eiqhtinc Struc ture of this Bayes i an Posterior Mean

A most important feature of a robust estimator is the weighting

pattern it puts on the observations. As expected , for an estima tor

to he insensi tive to outlying observations, the weights given to

ext rc ~:e observations must be small. Different criteria can be used .

In ~~ t~~~tc)rs , the weight given to an observation depends on the

-ii-
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percentage point it takes in the ordered sample , while in M-

es t imators , the weights are de termi ned by the relat i ve di s tanc es of

the observa tions. It is , therefore , informative to study the

weigh ting structure of the Bayesian posterior mean. Two things of

special in terest would be the variables through which the wei ght

for each observation is determined and the roles a and k play

In this est imator.

As stated previously, the posterior mean is 
~ 

W (r) O (r)(r)
with formula for W (r) and 0( r )  given by (5.1) and (5.3).

Box and Tiao (1968) give the following two equations

VS
~r) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- (5.5)

0(r) = 0*~
(X ’XY 1X ’(r) { I4X (r) (X ’ X)

~
1X

~r) }
~

1 (Y (r)
_X

(r) 0) •

(5.6)

Using equation (5.6)

Y (r) _X (r) O (r) = Y (r) _X
(r) O+4

~
X (r) CX ‘X) X ( r) {I•

~i~
X ( r )  ‘

~~~~~r) ~~
x (Y (r) _X (r) e)

g 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

x (Y (r)~
X (r)~

) 
- ( 5 7 )

-12-  
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Since 1{I+ct X
~~~

(X ’X )  X
~r) {I_

~
X (r) (X ’X)

~ 
X
~r)
) }

• {I
~4~

X ( r ) (X ’X)
~
1 X~~)

}

= I_4
~X ( r ) (XIX)

_l
X~r)

+
~X(r)

(XUX)
_l

X~r)
= 1  -

It fol lows that

{I +4~X ( r ) (XIX)
_l

X~r ) {I_
~X ( r ) (XIX)

_l
X~r)}

_l 
} =

Equation C 5.7) becomes
A 1 1 A

Y ( r )~X ( r ) 0( r )  {I•4X (r) ( X ’ X )
~ X~r ) )~ (Y ( r ) _ X (r)0)

so Y ( r ) _ X ( r ) 0 - 
{I_ 4X ( r ) (X ’X)

~~
X
~r) }(Y(r) _ X ( r ) 0(r) ). ( 5.8)

- Div iding both sides of equation (5.5) by VS
~r )  and using

equation (5.8), we have

____ = 1~ 
~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
( r )  ( r )

1+ 
~~ 

(Y ( r ) _ X ( r ) e ( r ) ) I 1I _ c
~X ( r ) (XIX )_ l X~r ) }I

( r )
• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1+ ~~~( r ) ~~(r)~(r) 
~~~~~~~~~~~ ( x ’ x )~

1x ’ } 
Y(rY X (r)O (r)

( r )  ( r )  ( r )  S( r )

(5.9)

-13-
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Note that ~~~ and 
~~r) 

are the estimates obtained by

downwe i ghting the observations which under the assumption that

occurs , come from a dis tribution with the larger variance. Also

A

I -X 0
r = 

(r) Cr ) Cr ) is the residual vector for the observationsr S (r)

which are downweighted under such an assumption.

From ,, 5.1), we can write

1 1
( ci ~~~~~~~~~ lx ’xL2 I_s~1~ 

~
W(r) C ~~) IX ’X ~~

X
~r) X ( r ) I 112 L~r)~
1

r
c(1~~) k~

’ 
‘x ’x x ’ x 1/2 ~ ri,.)
I ~~~(r) (r) l

• - IV
• CI_

~
X ( r) (X ’X ) X

~r) }r ( r ) } . ( 5.10)

If we let Z = I_
~X ( r ) (XIX)

_ l
X~r) )~~!L 

, then

I>~>~
l_ 1 IZI = IX’X I~~I I_~X ( r ) (X’X)

~
1X(r)! ~~~ )

r

= 

X’X X
~r) (\)

~~ )
r 

= 

I $X (r) y r

4~
X (r) I X

~r) X X .

= I I I IX X _ X (~)~)X (~) I( - 4~) 
= !X 1X_

~~~r ) X (r) I( !~~
”
~

-14-
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Thus

I~I IX I X’ r)X (r)1 (~~~
)

and
r 1

W ( r )  = c J X ’Xj a r ~~ r 
~~ 

.--1~~~~+ 
~;~

-F r~r)Er(r)) .  —

(5.11) 
- -

This W (r) is proportional to the inverse of a multivariate —

t ordinate at r( r )  with precision matrix E and v-r degrees of

freedom. It is seen then that r ( r )  is an importan t factor which

determines the weight ing structure. If the components of

• which are the standardized residuals for the observations down-

weighted in the process of estimation , are very large, then w( r )

will be large and 0( r )  will be a more influential constituent of

the posterior mean. This is; in some sense, similar to an M—

estimator where the weighting pattern is determined through the

standardized residuals. However , the estimates must be calculated

iteratively in that case.

6. A Method of Comparinc~ the Weights with Those of the M-estimators

Recall that an H-estimate is the solution to the following

equa tion
ii y.- x O y.-x.0) x!( 1 

~~~~~~~~~~~ 0. (6.1)
1=1 — 1  S S

_ _ _ _ _ _



__

y. -x .O
If we write v1 

= l/w( ~~~~~~~~~ ) , then ( 6.1) can be wri t ten as

— ~~x~x~0v 1
1 

= o

or equivalentl y

XIv
_1
Y - X Iv

_l
Xe = 0 

-

where -

V 0 ... 0x l 1
~~x = : V = •

0
0 . . .  0 “ v ,~

The solution ~ is then given by (X ’V xi’x’v~~Y. This is the same

solution as the weighted least square estimates in a linear model

r~i ° i
when Var(Y) Va 2 = 

~~
•
. I~

2 and the weighting function w

[0 v,j  -

corresponds to the weights v 1
1 used in the weighted least square

method. In order to compare the weighting pattern for the Bayesian

posterior mean with the w function in an M-es timator , one needs to

write the posterior mean approximately in the form of

(x ’v 1xi1x’v~ Y and the matrix V will then provide the inforrna-

tion about the weighting structure. It is not always possible to

obtain such a ma trix V for the general lin ear model , and even when pos-
sible , its form is often complicated. However, in the special case

-16 
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of a loca ti on parameter, simp le resul ts can be obta i ned and muc h

insight gained .

The Location Case

Consider the model y1 
= 0 +

1 -.i.d. from (1— a)U(O,c~2)+ ciN(0,k
2a2) , i 1 ,...,n,

Then X’X = n , X
~r)

X(r) = i~ 
I_
~
X(r)(X’X)~

1X
~r) 

= I_ 
~ 

X(~)X~~)

and following (4.5.11) W(r) reduces to

•1
r 

___  Is’c(y~~) k 
r(~ n~) {l+ iiT r(r)

{I_ 
~ 

X(r)X(r)}r(r)} . C 6.2)

Al so from (5.6)

A -

- - r ,- -
v (r) - n-rp

where ~ is the sample average and 
~(r) 

is the average of

elements of

The posterior mean is then
1

r -

IC(i~~
) k

_r
(n_

n
r~) {1+ ~!-‘r r (r) (I_ 

~
X
M

X
~~~

)r( )}

X (
~‘ n ’(ri~

’
~ 

. (6.3)

We shall now discuss this formula in the following cases:

(I) when there is at most one discordant observation in the sample,

(11) when there are at most two discordant observations in the

san’ple.
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In-this circum stance , the W a.) associated with two or more

observat ions com ing from the distribution with the larger varianc e

will be negligible. The terms left in (6.3) would then be

• associate d with no bad values and with one bad value.

1c+~~ c(-~~-)k (~~) 
{l+ ~~~~~

-
~~
- r~(l- ~)r~} (

~— ~~ -(y~--~))

c+~~ c(~~~)k(~~ Hl+ ~~~~~~~~~~~~~~~ ~~~~~~~ 
6.4)

where c is a constant such that the weights would sum up to

unity .

Let R1 
= ( 1÷ ~~~~~~~~ ~~~~~~~~~ and R ~- 

-

~

then c + 

J1 

c(~~~)k~~C~~~)
2R~ 1

or equivalen tly 5

1
c + c(~~~)k~~(~~))

2R = 1

which impl ies

c = 1/(1 + ~~~ k
1(~~~)~R) .

Substi tuting c, and R, (6.4) becomes

L - 
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1 1

i~l 
Lc(T )

~
(
~

T) P.i ~~~~~~~~~~~~~~ 
±~~]

J~ Ry.~c(T )k 1 (J~.)
7_i~. ~RY]

= 
1-ct (

~ _~
) 

~~~~~~~ 

~ (R-~R.)y. -

1+ 
~~~~~~~~ 

k~~(~~ -)2 R 
1-

We, therefore , have

1
2

1 — ~~~~~~~~ 
R n R_

~
R
~posterior mean 

~ 
y + i (n-q)R ~“i

1+ ~~_4(1(J!_ ) R  1+ ...~_4(i(JL) R

6.5)

- - - n R-~R.
Let Y0 = y ordinary mean , V1 

= 

~ 
(nq~ ~

‘i

and Q = 
1 

1 
-

1+ k (~~) R

the posterior mean QY
0 + (l-Q)Y 1

it is clear now that the posterior mean can be written as a

convex comb inatio n of two location estimates , V0 — which is the

condit iu ’i~l posterior mean given that there is no outlier — and

— is-.

_ _  _ _ _ _  
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— whic h i s the condi ti onal posterior rican given there is exactly

one outlier. The quantity Q is the posterior probability that

there are no outl ie rs, and l-Q is the posterior probability that

there is exactly one outlier. The crucial quantities here are

which are the inverse of the t—ordinates of r1 s. If a particul ar

observation y.~ is abb erant , the correspond ing residual r~ will

be large. By taking R~ as the inverse of the corresponding

t-ordinate, contrasts with other R
i

’s will be exaggerated. Thus

R4R. -
(n-~)R 

will be made relatively small. The quantity V1 will then

put littl e weight on y1. Also if there is a discrepant observa-

tion , R will be large which will make Q small and the poster-

b r  mean close to 11. Conversely, if there are no discrepan t

observations, the posterior mean will lie close to Y.

The value of Q depends not only on the sample through R ,

but also on values of a and k. If one assumes a larger prior

probability a of outl iers, then the posterior probability of no

outlier could be smaller. Notice too that the posterior mean

depends on a only through Q so that the role that a plays

Is only to adjust the overall weight associated with fixed numbers

of outl iers.

When k is fairly large , ~ = 1 - would be close to
k2

1 (~ 
= .96 when k = 5). From the formula of and ( 6.5), it

-20-



seems that would be rather insensitive to k since it involves

only q and so is R. If we let G = 
~~ k 1 and approximate

by 1, then the posterior mean involves only one constant G. One

interpretation associated with G is the following.

A ssume y1 is an observation from (l-a)N(0 ,c~2)+aN (O ,k2 c~2 )

then G is the ratio of the posterior probability that y1 is

from N(0 ,k2 o2 ) to the posterior probability that y1 is from

N(0,a2) given that y-1 = 0.

P(y1—N(0,k
2a2)/y1=0) — 

P(y1 N(O,k~a
2),y1=e)

P(y1—N(0,a2)/y1=0) 
— 

P(y1—N(0,a
2) ,y1 8)

— 
P(y1 0/y1 (0,k2c~2))P(y1 (0,k2cr2))

P(y1 0/y1-N(0,a
2))P(y1-N (0,a

2))

1
y’�~ ka - ~ - G1-a k

(1-a)

G can also be viewed as

G = 
expected value of Jinformation from N(O ,k2a2)

expected value of Anformation from N(O,a2)

probabi lity of an observation being from N(O,k2 y2)

• ,4nformation in N (O.k2e2)
probabil ity of an observation being from N (O,o2)

• Anformation in N(O,o2)

_ _ _  ~ 1
7~2 T~~~ k

-21 -
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So for k large , we need to determine only one pa rdmeter in

the model, namely C.

The Weighting Pattern

In the case of a single location parameter ,

n
(X’V Xi~X’V~~Y 

= 

~ 
1 y. . Thus the weighting function

1=1 
~ ~~

—l ~

v~
1

V 1 
= ~. used in obtaining the weighted least square

estimate is proportional to the weight given to each observation.

It is, therefore , possible to write the posterior mean in the form

of ( X ’ V X )~~X ’ V ~~Y and compare V 1 with the weighting patterns

used in the H-estimators. -

If we assume at most one outlier , the posterior mean is

QY + (1-Q)Y 1 
as shown above. It can also be written as

n R4R.

1~l ~~ 
+ (l-Q) (n - 4 )R  ) y1 . Therefore ,

1 R-~R. -

v c~~~~- +  (l-Q)

The right-hand side is a function of r~; we can thus obtain the

weig h ting pattern of this Bayesian posterior mean in tenns of

the st n~a rd izn d residu als. This weighti ng pattern is sample de—

• ~ ill uct nte ~:i th a t -an~cm samp) e of si ~e 10 iro~1 t~(O ,1).

— 22— 
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Ten observations generated from a computer random sampling

routine ard the corresponding residuals ri
’s and wei ghts

(v~~)’s with a = .05 and k = 5.0 are listed in Table 1.

It is seen that the weight given to each observation is approxi-

mately constant and close to .1. The weights change when a

discrepan t observation is present. We have added in turn 1 , 2, 3,

4, 5, to the seventh observa ti on and aga i n calc ulated the r1 and

the resul ts are also shown in Table 1 .

If we plo t v~ versus r7, with 0, 1 , 2, 3, 4, 5 added

to y7, we found that they lie on a smooth curve and such a curve

is comparable with the weighting function of the M-estimators since

they both determine the weights given to observations as a function

of properl y standardized residuals. Figure 1 gives plots of

v~ v ersus r7 for a = .01, .05 and .10 and k = 5.0. In terms

of ~~, they are weighting curves for C = .002, .01 1 and .022.

The weighting curves for H-estimators are shown in Figure 2.

Examinat ion of Figure 1 shows that the weights are roughly equal

for residuals between zero and one and start to descend as they go

farther and farther away from the center. Th~ larger a is (or

the larger C is) the sooner and faster the ~eights decrease.

Coi:pariny w i t h  Figure 2 this weighting pattern has the desired

pr oi~ar ty  ([‘eaton ar.d Tukey , 1074) that it is almost as constant in

— 23—
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k= 5 .O

u = .01 a= .05

weig ht 
C .002 weight C .011

Oo icc 2cc 0cc icc

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
:: 

~T~
°
~

a
,cc

1.0 2.0 3.0 4.0 5.0 6.0 1.0 2.0 3.0 4.0 5.0 6.0
- 

r1 - 
r~

weight C = .022

Oa icc

S i _ _  

-

1.0 2.03.0 4.0 5.0 6.0 r1

FIgure 1 Weighting curves for different ci(G)
values wi th k = 5.0.
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1 1 2 3 4 5 6 
• 

7 8 9 10

y1 — .21 .23 .17 -1.24 -1.09 1.23 .52 — .18 1.16 .92

r1 -.47 .10 .03 -2.15 -1.85 1.54 .48 -.43 1.42 1.04

.10 .10 .10 .10 .10 .10 .10 .10 .10 .10

add 1 to 7-th observation y
7 

= 1.52

r~ — .54 — .03 — .09 -2.03 -1.77 1.21 1.65 -.50 1.11 .79

v 1 .10 .10 .10 .10 .10 .10 .10 .10 .10 .10

add 2 to 7-th observation y
7 

= 2.52

r1 — .55 — .12 — .17 —1.75 —1.55 .88 2.78 — .52 .81 .56

.10 .10 .10 .10 .10 .10 .09 .10 .10 .10

add 3 to 7-th observation y
7 

= 3.52

r1 — .54 — .18 -.22 —1.50 -1.35 .64 3.87 — .52 .58 .38

.10 .10 .10 .10 .10 .10 .07 .10 .10 .10

add 4 to 7-th observation -y7 
= 4.52

r1 — .52 - .22 - .26 -1.31 -1.19 .46 4.90 — .50 .42 .25

.11 .11 .11 .11 .11 .11 .04 .11 .11 .11

add 5 to 7-t h observation y7 5.52

— .50 - .25 — .28 -1.16 — 1 .06 .34 5.85 — .49 .30 .15

.11 .11 .11 .11 .11 .11 .02 .11 .11 .11

Tabl e 1 The correspondences among y1, r1 and v~
wi th a = .05 , k = 5 . 0

— 2 5 -
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( I )  Nor ; :j l (lv) Hampel ‘ s
a = 1.42

w(x) w(x) b = 2.70

_ _ _ _ _ _  - - 

~~~~~~~~~~ c= 5.54

—tO ~8 -6 -4 -2 0 2 4 6 8 10 —10 -8-6 -4 —2 0 2 4 6 8 10

(Ii) Huber ’s k = 2 (v) Tukey’s c = 5.4
w (x ) w (x )

- -

~~~~~~~~~~~~~~~~~~~~~~~ _

—10-8-6 -4-20 2 4 6 8 10 —10—8- 6 -4 -2 0 2 4 6 8 10

(lii) Andrews ’ c = 1.42 
• (vi )  Tukey ’ s c = 4.05

w(x)  w(x)

—10-8-6 -4 -2 0 2 4 6 8 10 —10-8 -6 -4 -20 2 4 6 8 10

FIgure 2 w-functions for various H-estimators.

_ _  
_ _  _ _  

- 

- 
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the cc - :~ter (nuM-~ l -1~~e) as liuber ’ s and Hampel ‘s and reduces to

small va lues as sr~oothly as Andrew s ’ and Tukey ’ s. Smooth ness

F: may be another dc-sired property since a sudden change in the

slope is rather artif icial and one does not have reason to expect

such a change. -

Figure 1 depends on a particular sample. However , in  all ,

totally f ive samples were drawn . All of the weighting patterns are

simil ar and those in Figure 1 are typical.

As discussed before , when k is large , C seems to be the

only relevan t parameter to be determined. Figure 1 has shown

the weighting patterns for G = .002, .011 and .022 where

systematic changes have been observed. With this same sample , one

can also fix C and calculate the weights for different a and

k values. Figure 3 exhibits five weighting patterns all with

C = .011 and the following pairs of a and k values.

a .050 .095 .136 .174 .208

k 5.0 10.0 15.0 20.0 25.0

All five curves look very much alike with the greatest

discrepanc y being that for the values (a ,k) = (.05, 5.0). This

confirms our conjecture that C is the only critical parameter

when k > 5.

At ?5st T~:o Discor d.: nt Observations Present

As we have seen , the terms in (6 .3)  corresponding to

r!r; ~ v~1in~s ~:nd nn(~ 1-ad va lue can be wri tten as c~ and

-27-
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C = .01 1
a .050 5 a .095

weights k 5.0 weights k = 10.0

0 1.0 2.0 3.0 4.0 5.0 6.0 r~ 0 1.0 2.0 3.04.0 5.0 6.0 r1
u .136 u .174

weights - k = 15.0 weights k = 20.0

0 1.0 2.03.0 4.0 5.0 6.0 rj 0 1.0 2.0 3.0 4.0 5.0 6:0 r~
a .208

weights k = 25.0

0 1.02.0 3.0 4.0 5.0 6.0 r1

Figure 3 Weigh ting patterns for fi x ed C
and different a,k va ’ues .
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1
1 n R-~R. -

c 
~~

-

~~~

-— k (~
-
~~

-) R 
~ 

In~~~ 
y .  - The term corresponding to two

bad values is
1 1

fl 2~~~ ~-(n-1)

~ 

~~~~~~~~~~~~~~~~~~~~~ 
k (~

—
~~

-) (1+ 
~~~~~~~~ 

r~~(I_ ~~
- X
~~

)r
~~
)

~.3 .
2x - n-2q ‘ij~

’
~ 

I
ir ~

fl 2 - fl fl
= 

~~ c( -j -~~) k 
~~~~~ ~4~- r~j 

-
~~ r

i4

~~ i
.__ ’!— - 2~ -
‘n-2q ~

‘ - n-24 ~
‘ij

(6.6)

w:ere 

i::. 

= 

(

-

~~
) , r~~ = 

Y~~O~~ 
, r~~ = 

~~~~~

yli = 1
2 

J~ , and and s1,~ are estimates obtained by

weighted least squares in which the i-th and j-th observations are

downweighted. 
1~~~~~~~~~~~~~~~~~~ .~~~(n-1 )

If we let T1~ =[i+~~r r
~i ~

~-(n-l)
= 

~
j
~c ((r~~)

2
+(r~~)

2
- ~~~~~~~~~~

and I = -
~
. 

~ T~~. 
( 6 . 7 )

I ;fj
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(6.7) reduces to
1 -

fl 2 “ 2 2 
____1J_ 1 c~ -~~) k (-~~- )  ~~~~~~~~ - 2

l.(j

1 -

= C ~~~~~~~~~~~~~~~ ~-~~~y~-c 
~~~~~~~~~~~~~~~
i<j

x

It is easy to see that ~~ 
= T~1 so

n n n
~ 

T~.(y~-i-y.) = 
~~ ~~~~ + 

~~ T. 1y .
l,j =1 ~ i ,j=l ~ j -,j= 1 ~~ I S

i<j 1.(j j <j

= 

J.1
Tij Yi + ~~~~ = 

i~ 1 ( ~~~~~~ ~,
l<j i>j j / i

- 
- The above formula can now be written as

1
fl 2 2  2 fl 2~~~c ~~(~~~

) k (~4~ ) T n-2~ ~~~~~~~~~ ~ i~~ p) 
~~~ ~~~~ Y.~

= c(~~~)
2

k 2 (~~~ 1 
•~ (

~ 
~~~~ ~

(T_ ~ ] ~
-— ( ~ )~~

_2
( ~ ) T “ ____c - l_~ 

i~ 1 (~~~ )f~~~Yj .
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Thus the poste rior mean w ill be

.
~ 

- 

•1 (i_d1
i
~ )

c + c  ~~~ k 1 (~~~) R ~~~~-~~~ y i + c(~~~)
2
k 2(~~~ ) T ~~ (n~Li ~~~

We have
1 1

4 2 2 2
C + C ~~ k~ (~-~~

) R + c(-~-~~) 
k 2(~~24~

) I =

which implies 1

= 

~ 
~~~~~~~~ k~~(~~~) R  + (~~~)

2
k~2( n

)T)

If now =

- n (R- R~)

~‘l 
= - (n-~ )R ~“ i

n
T-4 ~, T..

3=1 13

— j~i
2 

— 

(n-2q)T ~ 
‘

we can write the posterior mean as

1 1 0

1+ ~~~~~~~~ k~~ (~~~ ) R + (~~~)k
-2(~r2~

) I

1

a -1 n 2
-a fl - ô

1 ~ 
‘1

2 2
1+ 1~~~k (

~~~
) fl + (~1~

Q_) k (— !~-~~~) I
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r 5- -

1
2ci -2 n

~~~ k~~(~~~)R + ~~)
2~~2 n 2 

2

Again , let C = 
~~~~~~~~

- 
~~

- and
1

“

1 1 ’ l  1 1 ’

1+G(jj~~.)R+G
2 (~~2~) T  l+G(~!!~.)R+G2 ( fl~~24~

) T

= 1 - Q - 
Q1,

the posterior mean is then a weighted average of three estimators ,

Q0Y0 + Q1Y1 + 

~~~ ~here is the conditional posterior mean

given that there are exactly i bad values and is the

posterior probability that there are i bad values.

Generalization to t he case of 2.-ba d va lues is not difficult

but is tedious. In general , however, -

(1) The posterior mean for 2.—outliers is a weighted average

Q Y + ... +Q~~2 of L+1 estimators where 
- 

is the

conditional posterior mean given that there are exactl y

I bad values and is the posterior probability of

bad values.
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(2) If k is large then ~ can be taken to be 1 and C is th _

on ly parameter to be determined in advance in the model.

(3) Each Y 1 itself is a weighted average with the weight for the

j—th observation heavily dependent on the series of quantity

~~~~n-l)

~~ ~~~~~~~~~~~ : ~~~~~~~~~

L ~~~~~~~~~~ J
= +

-~ !(n..l)
— ( r . .  . +r.. - + +r) - )

~~n 
~~~~~~~~~~ ~~1” ~~~~ 

33 1” 3 i — 1  “J
(6.8)

for all possible combinations of j 1,j 2 , . . .  ‘~ i l •

In this expression , r . .  . -is the residual vector for

observations y. , y . ,. .. ,y. calculated from the estimate
3 

~~—i
where these observations are down weighted. If the j-th

observation itself is a bad value ,then (6.8) will always

be large since r3 . . will be large. When {y.,33V”3i— 1
y4 , .. .,y . } are exactly the i bad values in the samp le ,
9 ~1-1
the above quantity reaches its maximum. This will result

in a small weight for the j-th observation. If the j-th

-33- 
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observation is not a bad value then no matter how we choose

~~~~ ~~~~~ the expression (6.8) will never reach its

maximum and so the weigh t given to the j -th observation

will not be very small.

(4) Equation ( 6.8) is a direct extension of ( 6.7). From the

form of (6.7), it is seen that,if the absolute values of

~~ and ~~ were fixed , the value of ( 6.7) would be

larger when they were both posit i ve or both nega ti ve and

smaller when they had opposite signs. This implies that S

If there are two bad values -in a sample , these bad values -

will have less weigh t if they fall on different sides of

the mean and more weight if they fall on the same side. For

the case of £ bad values , similarly , equat ion (6.8)

indicates that the bad values will have less weight if they

are equally spread on both sides of the mean and more weight

If more of them are concentrated on the same side.

Example: Darwin ’s Data

We illustra te how obs~�rva tions are weighted in such a Bayesian

analysis using Darwin ’s data concerning fifteen differenc es of the

heigh ts of cross- and self-fertilized plants quoted by Fisher

(1960, p 37). Our interest here will be to examine more closely

the ~icicjhting structure of the Bayesian posterior mean , and to fur—

tL -r d~.v~:1op the ar a1ys i~ of 1~ox and Tiao (1963).

- — - -5-5 5—- —  
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The da ta consist of measure ments on 15 pairs of plan ts , cacti

pair contained a self-fertilized and a cross-fertilized plant

grown in the same pot. The 15 differen ces y.~ 
were recorded i n

Table 2 in ascending order.

y1 ~
‘2 y3 y

4 y5 y6 
y
7 y8

-67 -48 6 8 14 16 23 24

~
‘9 ~‘io ~‘ll  ~“l2 

y
13 y

14 ~“l5
28 29 41 49 56 60 75

Tabl e 2 Darwi n ’s Data

Inspection of the data indicates that two observations -67 and -48

are remote from the rest . We shall assume there a~e at most two

bad values in the sam ple and k = 5. Then the posterior mean

0 = 
~~~~~~~~~ 

+ Q1Y1 
+ Q2Y2. Appl ying these results to Darwin ’s da ta

we find that 20.97.

To calculate Y 1, we need r — the standardized residual ,

R4R. —
R , R and (n cp)R 

- the weig ht Y 1 puts on the i-th observation.

These values are given in Table 4.3 resulting in the value

= 24.65

-35—
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1 1 2 3 4 5 6 7 8

Yj —67 -48 6 8 14 16 23 24

-2.33 -1.83 - .40 - .34 — .18 - .13 .05 .08

34.75 7.11 1.08 1.06 1.02 1.01 1.00 1.00

R = 59.05
R-$R.

(n-q)R .03 .06 .07 .07 .07 .07 .07 .07

1 9 10 11 12 13 14 15

y1 28 29 41 49 56 60 75

r .19 .21 .53 .74 .93 1.04 1.43

1.02 1.02 1.16 1.34 1.58 1.77 3.13

= 59.05

R-$R .
(n-q )R .07 .07 .07 .07 .07 .07 .07

Tabl e 3 Necessary information for calculating 
~~

Note that is very insensitive to r~ when ! r 1  is

between z ero and one and dramatically increases when 1 r 1

• 

- 
becomes larger. For this sample R1 is much larger than the

others and results in a small weight for y1.

The calculation of Y2 is more complicated ; we need r~3
,

fl
r1~ , T~~, T , and 

~ 
Ii . . Tab le 4 gives all the relevant

U j=i 3
j~i

quantities. Sincc,by syn~netry T~ T,~~, we use the upper

-36- 
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right half of the tal-l e to record ~~~ r~1 , and

and the lower left half to record (r~~)~ (rj ~~)2 (r~~ + rj ~~)2

and A~ = 1 — ~~~~~-~- ((r~~)2+(r~~)
2 

- 
~~‘ (r~ + r~~~)2 ) .  Their

corresponding positions are explained at the bottom of Table 4.

For each i , ~ T~. is given in the last row and T is shown
j l  ~
j~ i

at the lower righ t corner. From these quantities , one can then

T-q~~~T~ S

calculate —ç
~~~~ 

, the weight applied to the i—t h observation

(Table 5) and 
~
‘
2 

= 30.74.

1 1 2 3 4 5 6 7 8

y,~ -67 -48 6 8 14 16 23 24

T4~ T.
j1

.007 .017 .075 .075 .075 .075 .075 .075

1 9 10 11 12 13 14 15

y 28 29 41 49 56 60 75

T_ ~~~~T
~

5

.075 .075 .075 .075 .075 .075 .073

Tabl e ~
- The weiqht ap1;l i~d to each obs ervat i on in

-3S- 
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We aga in noticed that T1~ wh ich is p ro por ti onal to the

inverse of a t ord inate at ~~~~ r~~) is not sensitive to

and r~ when they are both between zero and one. But they

increase at a very fast rate if ei ther one gets large (over 1.5,

say), and even faster if both are large. In Table 4

is larger than average for all j since the standardized residuals

(r~~~)’s are all larger than 1.5. T2~
’s are even larger but

still not as dramaticall y large as T~ for all j . And the

dominating term is really T12 where both r~2 and r~2 are

n n
large. Under such circu mstances , ~ T1 and ~ T~ . are much

j= 1 ~ j=l ~
j~1 i12

n
larger than all other ~ T1 . since they ~re the only two which

.j./ -i
include T 12 in the sur ri~ation. This results in the small weights

for y1 and y2 in Table 5. 
-

So far we have V 0 
= 20.93 , = 24.65 , = 30.74 and

fur the rmore we can ca l cu late

Q 
1 

_ _ _ _ _ _ _ _ _

i+G • 61.04 + G2 .4720.35 1
= 

G•6l 01_____ 
G = 

~~ 
.j
~
.

‘1 l-~G 61.04 + 62 .4720 .35

(~
2 • •‘~7? 0 .35

1~C, • 61 .04 -
~

- G~~472 0.35
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r
The val ues taken by Q0, Q1, Q2 depend on R , I and C. T he

larger C and I are , the larger Q2 will be, the larger R is,

the larger Q1 will be. Since R and T are fixed once obser-

vations are obtained , and k is fixed at 5 for this example,

the only th ing we can change now is a (or G). Table 6 gives

~~ 0
’ 

~~ 
and pos terior mean Q0Y0 + Q1Y1 + for different

a (or G) values. 
-

a .01 .05 .10 .20

G .002 .011 .022 .050

Q0 .875 .462 .213 .063

.108 - .297 .289 .193

.‘017 .242 .497 .744

Q Y + Q 1Y 1+Q2Y2 21 .50 24.41 26.89 28.95

Table 6 Q0, Q1, Q2 and posterior means for di fferent

a (or G) values.

It is seen that different choices of a, and hence of C,

greatly influence the value of and hence change the emphasis

on Y0, Y1, and 
~2’ leading in this example to different results.

When there are no bad values or very obvious bad values , the

results are not particularly sensitive to the choice of a. In

pract ice , it may be worthwhile to actually run the analysis on the

computer and change the value of a (or C). Estimates which are

-40-
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very sensitive to different choices of -~~ (or C) ind~cat~ str~~3 1,~,

as in this example , the presence of Lid v~i1u~~.

Empirical Study of the Dep ionçy _of t he_ Post~ r io r _~~~n o n G

Recall we concluded that C is the only irport~nt parar:et~:r

the results depend on when k is large. In the case of one b~d

value, we have shown that this is generally true for k > 5. ror

the general case of 2.- bad values , we believe this is still true

but we probably will need a lar ger k.

Box and Tiao listed posterior ~eans for Darwin ’s da te w i t h

different choices of a and k ; f rom these we can calculate 6

corresponding to each posterior mean , as shown in Table 7.

a k 5 6 -  7 8 9 10

.01 21.50 21.45 21.40 21.35 21.31 21.27
(.0020) (.0017) (.0014) (.0013) (.c~ i 1 ) _ j .0oio)

.02 22.2 1 22.11 22.00 21.89 21.79 21.71
(.0041) (.0034) ~~o~gg) ( . 0025)  ( .C f l ?3 )  ( .022 0 )

.03 22.97 22.84 22.67 22.50 22. 5 ~2~.22
(.0062) (.0052) (.0044) ( . c 9 3 ~j_(.0~~ Lj.2 -~~j.04 23.71 23.56 ~~T5 23 .14 22.~ -; 2~ .76
(.0083) (.o 9) ( .c-os9 ) ( .O O5 2~~~~.CC- ’-2~ (.0o~?)

.05 24.41 24.26 24.03 23.73 23. 4 23.32
(.0105) (.0033) ( .007 5) ( . 0006 ) ( .oo 5~°) (. no~3)

.06 25.03 24.90 24.65 24.39 24.13 23.~ 7
(.0 128) (

~_QiP6) LP221 ) ( .~~~~~~~~~~~~
) ( . P

~~~ ?_i_)__ LJ1~~~~~~1

.01 25.59 25.i17 25.24 24.96 2 4 . ( - -3 24 .4 1
— 

(.0l5~,L(.
0l25 ) (.0103) ( .Oc ( .P02- ~) L C2~~

)
.08 26.08 25.99 25.77 2~.49 25.2 1 24 .~ :?

(.01 74j _j.0l45) (.0124) (.q] o~~ J_.000fl (. 022- 7
.09 26.51 26.45 26.25 25.98 25.i~J ~~~~~~~~~~

- -)

(.0198) ( .0 1__
(.0 141) (.o1 (.o110~~~

(.- 2 ~2
.10 26.89 26.36 2o.67 26.42 2b .13 ~~~~

(.0222) (.0l$5j ~.oi .ol~~JJ . ol .p1jjj
Table 7 The posterior rean  for  Darwin ’s data with

- 
di ffercnt ct and k and t h ~ correspen~~iC given in t h~ bracLet un2~ ’ the po~t~ ri ~r ~‘- c an .

t -41-
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it is clear fro;a the table that for fixed (
~, the posterior

means are in general not too different , for cxa n p le ,

6 = .0111 (a = .10, k = 10.0) 25.85

C = .0110 (a = .09, k = 9.0) 25.69

C = .0109 (a = .08, k = 8.0) 25.49

C = .0108 (a = .07 , k = 7.0) 25.24
C .0106 (a = .06, k = 6.0) 24.90

G = .0105 (a = .05, k = 5.0) 24.41

But there is a systematic change as k decreases indicating the

dependency on k. It is also seen that such a change is smaller

when k is larger. For this example, it seems that we need to

have k at least as large as 7 for the results to be essentially

dependent on C. -

In general , this property would depend on the ratio

~ ~~~ns . The larger this ratio is , the larger k

must be for C to be the dominant parameter.

The 22 Fac torial Design

S It is much more difficult to obtain results in terms of

weighting as soon as we deal with more complicated designs. As a

simple example , consider the 22 factorial design with the linear

r~odel 
-

V = X o + 5
t-,here

-42-
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— 5 5 -  5

1 —1 — l y1~
1 + 1  -1

— 1 - 1 +1 y3
1 +1 +1 y4

If we assume there is at most one bad value , we can obtain the

posterior mean as follows:

Let p =

k2

0(0) posterior mean given there are no bad values

1 r~i ~~ 
-

= 

~
- I-si +Y2 ~~~~~~~ ~‘4I
[-p1 •~i2 ~~~~ 

+_
~4j S

0(1) = the conditional posterior mean given that y1
Is a bad value

1 
r2pyl +(p+1 )y2 +(p+1)y3 + 2py4 j

— 6p+2 I_2 PY 1 + 2py2 -(p+1 )y3 + (p+1)y
41

+ 2py3 + (~+ 1)~4j

0(2) the conditional posterior mean given that y2
Is a bad value

1 r(P+1)yi +2py2 + 2py3 +(p+l )y4~
~- 2py1 +2py2 -(p+l)y3 +(P+1)y4 1
[_ (P+1 )~1 -2py2 +(p+1 )y3 + 2~ 4J

H _  
_ _ _ _

_ _ _ _ _ _ _  _ _ _ _ _ _
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0(3) the conditional posterior mean given that y3
is a bad value

+ 2py2 +2py3 +(p+l)y4J

6p-I-2 ~_ (P+1 )y1 +(p-3-l)y2 -2py3 + 2py4
[— 2py 1 -(p+1 )y2 +2py3 +(~ + l ) ~4j

0(4) the conditiona l posterior mean given that y4
is a bad value

1 r 2py1 +(p+1)y2 +(p+l)y3 
+2py

4~

6p+2 ~_ (p+l )y1 +(p+1)y2 
- 2py3 +2py

4J
- 2py2 +(p+l )y3 

+2~~4J

and from (5.10) we have

w1 = the posterior probability that the i-tn observation
is a bad v~1ue

~ c~~~
1 8 {1 + ~r~(l-—a (4-q~)~-3(4-~)-2 1 1

1
= ~ 

8 {1 + ~(l- ~-q )r ~}
-a (4-~)~—3(4-~)-2 - 

1

The quantity w0 is the posterior probability that there are no

bad values and is equal to c. Then , 
-

4 A

the posterior mean = 
~ w .8
I =0

To see how this posterior mean weights each observation , we write

the posterior mean as

-44-
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1

1 1 1 ~ v~ 0 0 0~ -1 -1 

~ri 1 1 1[v~
1 0

-l +1 -1 +il 0 v~
1 0

~ 
0 ~1 +1 -1 -1 +1 1 +i ! 0 v~ -l 

0 
l~

2
~

-l -l +1 +1 
0 -l +1 -l -l +1 +1 3

- ~ o 0 0 v~~j [~ +1 ±1 L I 0 0 0 V4~~~~(:

then v~ is the weight applied to the i-th observation in this

Bayesian procedure .

By equating the above foniiula w i t h  the posterior mean , we

can solve for v 1 and we have

— 1 1
V ~1 ~4-4w1

--w )p+4w
1
+w 

-

V 2 f4-4w
2
-w
0
lp-I-4w

2
+w
0

—1 1
- V

3 ~ (4-4w 3 -w0 )p+4w 3+w0

—l 1
“4 (4-4w4-w0)p+4w4

+~~

Since p = which i s usuall y smal l, we can approx ima te p by zero
k2

and have approxi m a tely

— l 1 — 1 
_ _ _ _V 

~~~~~~~
— V ~~~~~

-1 4w 1+w 3 4w3+w~
—1 1 —1 - lV2 4~2+w 

V
4 ~ 4w4+w0

The results are not surprising because we would expect that the

weight given to the i-th observation woul d be sm-~11 , if the posterior

probabili ty ind icat c-~ th~tt the i-th observ ation is bad. 

_ _ _ _ _ _ _ _ _ _ _  
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For the genera l linear model t-iher~ we do not have orthogo-

nality , no general interpre tat ive resul ts of the k i nd poss i ble for

simple cases occur. However , of course , the Bayesian procedure des-

cribed by Box and Tiao (1968) can still be carried through.

8. Summa ry

The Bayesian procedure proposed by Box and Tiao (1968) has been

studied in further detail. We conclude that

(I) The posterior probability that a particular set of obser-

vat ions is discordant depends on the inverse of the

multivar iate-t ordinate of the standardized residuals

correspond ing to those observations.

(ii) In the location case , the posterior mean can be written S

- as Q0Y0 + Q1Y 1 +...+ Q2.Y2. if we assume at most 2. bad

values present. The quantity V 1 is the posterior mean

given that there are i bad values and does not involve

a. The quantity Q1 is the posterior probability of

I bad values which involves both a and k. 
S

(-iii ) If k is large enough so that c~ is approximately one,

does not depend heavily on k , and Q1 depends

almost exclusively on G 
~~~~~~~~~~~~~ 

. Thus , as an approxi-

mat io:-i , one can talL about this procedure in terms of one

6 only. For this to be true in the loca tion

L _

- 
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ii

case where there is only one bad value in a sample of size

10, simulation shows that k must be larger than f ive. As

the number of bad values beco mes larger rela ti ve to the sam p le

size , a larger k value seems to be needed.

(iv) Bad values are given less weight if they are more evenly spread

on both sides of the loca tion parameter and more weight if

they are more concentrated on either one side.

(v) For a 22 factorial design , it is shown one can also write

the posterior mean in a weighted least square form. In

this case , the weight for the i-th observation is 
-

approximately proportional to 4w 4w .

-47-
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