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ABSTRACT
The Bayesian outlier procedure discussed by Box and Tiao (1968) which uses
the contaminated normal model is further explored in this report. For a simple
location estimate suggested by their method, the weight given each observation
is expressed explicitly in terms of standardized residuals so allowing compari-

son with M-estimators.
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SBJ SIGNIFICANCE AND EXPLANATION

7 A Bayesian model has been proposed which describes the generation of an
observation by a process whereby with prior probability ]-@l\fpf usually - ai%éa
assumed statistical structure is correct but with small probability /(o it fs
incorrect (for example, the observation has a very large variance). For a

simple location estimate the nature of the down weighting of outlying observa-

tions produced by this model is studied and is compared with that of the

presently popular M-estimators.
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FURTHER STUDY OF ROBUSTIFICATION
VIA A BAYESIAN APPROACH

Gina Chen and George E. P. Box

1. Introduction

Statistics is a science which helps extract meaningful infor-
mation from data which are subject to errors. Two important aspects
of statistical analysis are

(i) The building of probabilistic models, defining the functional
form of a relationship between variables as well as the
distribution of the errors.

(ii) The development of techniques of analysis which are efficient
supposing the data to be derived from the specified model.
Model building begins with preliminary and graphic analysis of the
data. This information- is combined with theoretical knowledge about
the system to produce a tentative model. One desirable criterion
for choosing a model is simplicity. Such a model is easy to inter-

pret and can give greater precision than less parsimonious models

(Box, 1978). An iterative model building procedure is needed which
can move from a perhaps initially faulty model to one which is

adequate for the purpose at hand.'

Two techniques are of value in this process.
(i) Robustification: By employing robust methods (or models)
we are unlikely to be misled by those model inadequacies

guarded against.
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(ii) Iterative fixing: Conditicnal inference can be made

assuming that the tentative model is true, and one can then

make diagnostic checks to reveal possible inadequacies.

If there are indications of inadequacy, the model can be

modified appropriately.

Both techniques have their advantages and limitations.
It is impossible to make a procedure robust against every
possible contingency. On the other hand, situations can arise
where tests may fail to show up inadequacies that could,
nevertheless, cause serious problems. Looking for inadequacies

after the event may not always be successful.

A practical policy is to robustify for one or more
contingencies that seem 1ikely in the context of a particular
application and then to study the residuals to seek for the

unexpected.

The Standard Statistical Models

Consider the standard statistical model

)'.l ' n({:i’g)"'ei i=],...,n (].])

vhere ci's arc independently, identically and normally distri-

buted. In this model, it is assumed that
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(i) The observation Y5 is a function of dependent variables

X; and parameter 6 plus an error €

(i1) The errors €1sEpseeesE  AFE independently distributed.

(i1i) A1l the errors ei's have the same normal distribution

with a fixed variance.

Violations of any of these assumptions can cause problems.
However, this thesis is concerned only with departures from the
third assumption.

It is well known that real data can be affected with dis-
cordant values produced by a mistake or a sudden change of some
unknown factor. It is usually, therefore, unrealistic to assume
that every observation is from the same normal distribution. A
more sensible possibiTity suggested by Dixon (1953) and by Tukey
(1960) is to allow errors to be from two different distributions.
The standard distribution f(e) occurs with probability 1-a
and an alternative distribution g(e) generates discordant
values with probability o. We will call this the contaminated
model. From, for example, the study made in Chapter 3 of this
thesis, it is clear that this is not the only possibility. As
we saw there, a wodel which could be realistic in some cases would
have errors generated from one distribution up to a certain point
and then randomly switching to a different distribution having
ceither a diTferent mean or a different variance or both for a

certain pericd of time and then switching again. A model which




has this property for switches in means was proposed by George

Barnard (1959) in his justification of the cumulative sum chart.

We will cnly consider the contaminated model.

2. A Bayesian Analysis of the Contaminated Model

In those situations where a contaminated distribution is
appropriate, a point estimate may be obtained by taking the mean
of the posterior distribution of the appropriate parameter and
Bayesian intervals can be calculated. The posterior mean takes the
form of a weighted average in which the weights are posterior prob- |1
abilities. The use of the Bayesian posterior mean as an estimatbr
may be justified on the grounds that it minimizes the mean square
error loss.

The formulation of Box and Tiao (1968) can be readily
generalized to include nonlinear models as follows.

Consider a model Y = n(X,6) + e.where Y isan nx1

vector of observations, X dis an n x p matrix of fixed elements

with rank p, 8 isa qx 1 vector of parameters, n(X,9)
fs an n x 1 vector for each given X and 6, and € is an ;
n x 1 vector of random errors. Suppose now that each of the ié
f ‘errors independently comes from either one of theltwo distritutions

— a standard distribution f(e|g,) and an alternative distribution

g(elgz). where &, and g, are nuisance parameters and 6 is

the parameter of interest. '
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Let a(r) be the event that a particular set of r of the

n €'s are from g(cl&z) and the remaining s = n-r from

f(€|€])- Corresponding to a(r), vector € was partitioned

into e(r), e(s); vector Y into Y(r)’ Y(s) and matrix X into
R (r) : e ;

X(r) (s) Let P be the prior probability of event a(r)

P(e.El.Ez) be the prior distribution of the parameters. The pos-

terior distribution is then given by
P(ely) = ({) PagyIYIP(B]a ) y,Y)
r

where P(Bla(r),Y)

IP(e.al,52)%(Y(S)jn(x(s),e)/sl)é(v(r)-n(x(r),e)/ez)da1d£2
Ip(esglsgz)%(Y(s)‘n(X(s)99)/51)é(Y(r)'n(x(r)se)/gz)dgldgzde

where f denotes the product of densities of the elements of

Y(s)'"(x(s)’e) and g that of Y(r)-n(x(r),e). The denominator
is the probability of the event that the e(r) are drawn from
g(elﬁz) and the €(s) from f(eIE]). If we denote it by
h(Y(r)"g’Y(S)"f) then

P(r)h(Y(r)~g;Y(S)~f)
P(o)h(Y(r)~f;Y(s)~f)

P(:)?(X(r)~g§Y(s)”f)
r .
(.Z)P h(¥ ()95Y(5)~F)

=6

P(a(r)lY)=

PG ) E0n0Y 01V )F) ) POy -01Y ()P
P(é)h(Y(s)~f)h(Y(r)~fIY(S)~f) PO (Y () F1¥(5))

L~




where h(Y(S)~ f) is the marginal probability that €(s) is from
f(CIE])- h(Y(r)~ le(s)-f) is the conditional probability that

€(r) is from g(cl&z) given that €(s) is from f(clgl).

3. The Contaminated Normal Distribution

Since all experimental data are subject to unpredictable
mistakes, a probability ﬁode] which would be more realistic than
the standard normal model would often be one where with probability
1-a, the error is normally distributed with mean 0 and variance
o? and with small probability o the error has a mean 0 but an
inflated variance k?%o2.

One argument in favor of this model is as follows. The
trimmed mean has been recommended as a sensible estimator for
location parameters by Tukey and McLaughlin (1963), Huber (1972)
and Stigler (1977). More recently M-estimators have been
recommended by Huber, Hampel and Andrews (Andrews et al (1972)).
From the study in TSR# 1997 we have seen that the contaminated
normal distributions would produce via the Bayesian route estima-
tors which are very similar to those recommended by these authors.

Furthermore, results of TSR# 2002 suggest that heavy-
tailed distributions are sometimes caused by inhomcgeneity in mean
and variance such as might be encountered early in an experiment
because of start-up difficulties. After such inhomogeneity has

been allowed for, the observations seem to be adequately repre-




sented by @ contaminated normal distribution. Thus,for a carefully
planned experiment, a contaminated normal distribution is likely

to be appropriate.

4.  Bayesian Inference with Contaminated Normal Model

Consider that the error distribution is a contaminated

normal distribution (1-a)N(0,0%) + alN(0,k?0%). This is the

g2 g2

2 2 2

e 20 § g(slgz) = 1 e 2k g
2Ta ko

special case where f(e]g]) =

and P(r) = ar(l-a)"'r. Assume,a priori that the information
about © and about o are independent and,as in Box and Tiao

(1968) approximate the locally noninformative prior by

P(0,0) « P(8) -%-. Ther

P(esglagz) = P(e,c) < P(e) %

and if we let Wee) = P(a(r)lY) and P(r)(e[Y) = P(ela(r),Y) we

h P(ejY) = P 6]Y
o R iy Mk 10
with

® -(n+] T
P(r)(e]\r) « (j) o (n+ )p(e)exp L- —2;-2- S('r)(G} do
-7
« PO)S (o))

vhere s(r)(e) = (Y(S)-n(x(s),0))'(Y(S)-n(X(S),9))

1 ’ ' ’
+ ;;-(Y(r)—n(k(r).O)) (Y(r)‘n(x(r)‘o))




P(r)h(Y(r)~9;Y(s)~f)

Spor P(o)h(Y(r)~f;Y(S)~f)
- 1g (6)0-2
- o) fc'("+])P(?)k'”e clel T Y ;
" -l (Y-n(X,8)) " (Y-n(X,8)) 15"
o (11 Tpgpe “ZECN0O Onkeod )l
B
a o o Plalsge] © de
= c(35) K ~
: k [P(O)[(Y-n(X,8)) " (Y-n(X,8))1" ™ “de
E. where ¢ 1is some constant.

When n 1is approximately linear in 6 over the range
considered, it would also be reasonable to take P(6) as approxi-
mately constant. In such case the above formula becomes

ol

P(r)(QIY) L {S(r)(e)}

~j s

ONE
JLY-n(X,8)) ' (Y-n(X,8))}" ™2de

A robust point estimate for 6 is then given by the posterior

r
W(r) = C(Tl—?'&') k-r

mean

[ eP(8]Y)do = (z) w(r)jep(r)(elv)de a

Furthermore, probabilities can be calculated which are useful

in spotting possible bad values. (Observations generated by g

| are referred to as bad values.) If we let w(r) be the posterior

probability of event a(r) given the sample Y:




ek o, ¢

ai be the event that the observation Y; is from g and all

the others are from f.

aij be the event that the observations ¥; and yj are
from g and all the others are frem f.

Then Wis wij are the posterior probabilities associated

with ai and aij'

Using these individual probabilities, one can calculate

> the posterior probability that only one observation

n
is from g is Y v,
j=1 |

9, the posterior probability that only two observations

n

are from g is )
i,3=1

i<j

le

and similarly A3» q4,...,etc.

Also, the posterior conditional probabilities can be cal-

culated as follows:

91 P(the i-th observation is from g/ there is only
one bad value) = wi/q]

%4;/2 P(the i-th and j-th observations are from g/there
are only two bad values) = wij/q2

etc.




——

The distritution g is regarded as the source of "bad values,"

and these probabilities can be intcrpreted as the posterior prob-
abilities that there is one bad value, two bad values,...,etc., and
the conditional probabilities as the posterior probabilities that the

£he LEh s ilth observations are bad values given that there

Tyt
are &£ bad values.

Although the posterior probabilities q{s depend on the
choices of o and k, the conditional probabilities are independent
of o and rather insensitive to k. It seems that,in practlice by
comparing these conditional probabilities one can readily identify

questionable observations.

5« Some Further Study of the Linear Model

When 1(X,8) = X8, We have the general linear mode! and
the posterior distribution of 6 can be written as in Box and

Tiao in the following way

P(elY) = P 61y

with ]
‘ 1/2 . .
r ' g >
v = c(__‘}_) k‘r lX Xl { (Y‘)} (s.])
(r) 1- ) : 73 |
. 1/2
r 7 X'X- X IX
P(r)(OIY) = bkt (E)] (r)'
1 , P
r('z‘v)('n\’szr) :
A viy ‘v \ a -~ o '2"n
I O L AL Y I () LA (Y
) (s.

-10~-
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vhere

£ b il ; §EP s ¥ ..
r) KX 0-n " 7 X X)) Haen)Yo-m)t 2N V()

{ 5.3)

1 5y Sl i .
Str) = WS(r)(8(r)] ’V%\(n-r)'x(n-r)e(r))

* ) Hn-r® ()
1 a ' o
Mol e DL ‘Y(r)'x(r)e(r>§

( 5.4)

Vv = n-p and gt = s{o)
The posterior distribution P(r)(eIY) is a p-dimensional
multivariate t-distribution with mean e(r), dispersion matrix
s2 X'X- ' -1 e ol £ ; -
(r)( X ¢x(r)x(r)) and v = n-p degrees of freedom. It is then

easy to see that the robust point estimate - the posterior mean - is

equal to ({) w(r)o(r)‘ As mentioned before, the posterior mean
r

is justified because it minimizes the mean square error loss.

The Weighting Structure of this Bayesian Posterior Mean

A most important feature of a robust estimator is the weighting
pattern it puts on the observations. As expected, for an estimator

to be insensitive to outlying observations, the weights given to

extrene observations must be small. Different criteria can be used.

Tn L-cstimators, the weight given to an observation depends on the

-11-




percentage point it takes in the ordered sample, while in M-

estimators, the weights are determined by the relative distances of

the observations. It is, therefore, informative to study the

weighting structure of the Bayesian posterior mean. Two things of

special interest would be the variables through which the weight
for each observation is determined and the roles o and k play
in this estimator.

As stated previously, the posterior mean is (z)w(r)e(r)
with formula for Y(r) and e(r) given by (5.1) and (5.3).

Box and Tiao (1968) give the following two equations

- 5 (] 1 '1 [} ‘1 =
Vszr) = VSZ-¢(Y(r)'X(r)e) {I-¢X(r)(X X) X(r)} (Y(r)'X(r)e)
' { 5.5)
- = B ] ‘] ] ' ‘1 ' '] &
G(r) o 9-¢(X X) X(r){l‘¢X(r)(x X) X(r)} (Y(r)'X(r)e).
(5.6)

Using equation (5.6)

a = X ' '] ' ¥ '] ' -1
) X()0(r) = Y(r) X (r) 80X () (XKD Xy 10K () (XX) X ()
ORI

o 1Ry (X7 X UK 0T 7Y

*(Y(r) X)) - . (5.7)

w10




Since -1 =) -]
{I+¢x(r)(X'x) xzr){1-¢x(r)(X'x) x&r)} }

. {I-¢x(r)(x'x)“xzr)}
= 1-¢x(r)(x'x)"xir)+¢x(r)(x'x)"xzr)
=1

it follows that

{I+¢X(r)(X'X)'1X'r){1-¢x(r)(X'X)'1Xir)}']} = {1-¢x(r)(x'x)“x&r)}‘l

Equation (5.7) becomes

A ! --l : _1 -
M OO B O R G LA RO

% = ] "1 ] = . B
SO Y(r)'X(r)e i : {I"¢X(r)(x X) x(r)}(y(r)-x(r)e(r)). ( J.8)

- Dividing both sides of equation (5.5) by vsir) and using
equation (5.8), we have
g2

- Al |‘]' '1 “
—= 14 -f—-(v(r)-x(r)e) {I-¢x(r)(x X) x(r)} (Y(r)-x(r)e)

i)

= ¢ i (] ’ ‘] [} '

n‘]n"1 |‘]| ' Y
-{I-¢x(r)(x X) x(r)} {I-¢x(r)(x X) x(r)}(v(r)-x(r)e(r))

Y, =X, 10, | Yok,
é (r) ") () e rpy Tyt (r) “(r)"(r)
1+ %( ) ){1 Xy (X'X) x(r)}( ) ) :

(5.9)




y——

Note that 6( ) and S?r) are the estimates obtained by

r

downweighting the observations which under the assumption that a(r)

occurs, come from a distribution with the larger variance. Also

~

Y -X 8
r(r) « Ar) (r) (r) is the residual vector for the observations

ey
which are downweighted under such an assumption.

From {(5.1), we can write

) 1
¥ z’(f"
nry = syt KT —IXX 7z )=
W kel L)
:
r '
= c(]? y k" [ TI 72 0+ 2y
N ] v (r)
1y
. {1-¢xm(x'x)“xm}r(r)}2 . (5.10)
If welet I = ¢(1-¢x(r)(x'X)“x2r))"'T'” , then
PexIT izl = e 1ox g 0007l 58 0
= e xir) (!:L ¢)r = ¢x(l‘) (!:E ¢)r
LIRS )

L ' = r - ‘' ' = r
IIIIX X-X(r)¢X(r)|(!;£ gl = lX x-¢x(r)x(r)'(23£ $) .




Thus

and

W(p) c[x'xi(%) k

This w(r) is proportional to the inverse of a multivariate-
t ordinate at r(r) with precision matrix Z and v-r degrees of
freedom. It is seen then that r(r) is an important factor which
determines the weighting structure. If the components of r(r),

which are the standardized residuals for the observations down-

weighted in the process of estimation, are very large, then w(r)
will be large and e(r) will be a more influential constituent of

the posterior mean. This is; in some sense, similar to an M-
estimator where the weighting pattern is determined through the
standardized residuals. However, the estimates must be calculated

iteratively in that case.

6. A Method of Comparing the Weights with Those of the M-estimators

Recall that an M-estimate is the solution to the following

equation
n Y:=X:8 ¥y.-X.0
y xi(—tljw(~—=la) = 0, (6.1)

i=] ~1 S S




y.-x.0
If we write v; = 1/w( i ~] ) , then (6.1) can be written as

n
nyv e

iy @y, = 0
<A o-is

11

or equivalently

vl - xvlxe = o
where
x] v] 0\ lee 0
? 0 %
X = v = e N - >
: 0 A -
EI'I \ ./ Vn

The solution § is then given by (X'V'1X)']X'V'1Y. This is the same

solution as the weighted least square estimates in a linear model

V] 0 : £ E

when Var(Y) = "

"

0 and the weighting function w

0 va

-1

corresponds to the weights Vi used in the weighted least square

method. In order to compare the weighting pattern for the Bayesian
posterior mean with the w function in an M-estimator, one needs to
write the posterior mean approximately in the form of

(X'V-]X)']X'V'1Y and the matrix V will then provide the informa-
tion about the weighting structure. It is not always possible to
obtain such a matrix V for the gencral linear model, and even when pos-

| sible, its form is often complicated. However, in the special case




of a locatiqn parameter, simple results can be obtained and much

insight gained.

The Location Case

Consider the model ¥ = 8 + €

€ i.i.d. from (1-a)N(0,02)+ oN(0,k%62) , i=1,...,n

'y = t = 4 ' -1 ' = $ [
Then X'X = n, X(r)X(r) = T4 I-¢X(r)(X X) X(r) = I- K X(r)X(r)

and following (4.5.11) Yir) reduces to

'—n

l{n-l)

a 5 =-r ( !
C(T_‘&‘) k (n I"¢) {1+ (Y‘){I (Y‘) (r)}r(r)} o 6.2)

Also from (5.6)

A
-

S T
%) = Y were YY)
where y is the sample average and i(r) is the average of

elements of Y(r).

The posterior mean is then
1

# Z Q(n-l)
(E)C(T%f) ; r(n_-%) 1+ 521 iy 1= ¥ (r)"‘(r)}

X (7 joas ()9 - (6.3)

n-rg

We shall now discuss this formula in the following cases:
(1) when there is at most one discordant observation in the sample,
(11) when there are at most two discordant observations in the

sample.

-17-




Only One Discordant Obsorvaticn Present

In-this circunstance, the W(r) associated with two or more

observations coming from the distribution with the larger variance
will be negligible. The terms left in  (6.3) would then be

associated with no bad values and with one bad value.

1 ]
g . 5 ={n-1) _ g
c+1§]c(%&)k ](n'_‘Q)Z{H Lo (- 9re (G- H%(yi_y))
1
5 1
. ¥ 2 A 5(n-1) _ b ‘
I e LI I AT = L (R O DR )

i=1

where ¢ 1is a constant such that the weights would sum up to

unity.
_L n_é 2 ]2_(n"]) n
Let R, = (1 T ri) and R = iZ]R1
n Ve
O y,=1, N 42 i
then ct iZ] C(Tl_—a)k (ﬁ') R’i = ]
or equivalently
1
@y 122 -
c+ C(T_—a—)k (I'l"q)) R 1

which implies
]

c = {1+ T%a-k-j(ﬁga)ﬁﬁ) .

Substituting ¢, R, and R, (6.4) becomes

=18«




1 1
| n 2 F |
: a y,=1,.n n - ,a -1, n ¢ |
I LR ER) Ry R ek ) Ry g s i
H . |
i . 1 1 i
i & o y,=1,n A 1, n 1 :
: = LN R s ielidh ) e R
i 1
‘ 2
a -1, n 1
1 k ( ,) -C n
= 1-a n-¢ n_? .z](R‘¢R1)y1 .
T R L
We, therefore, have J
1 |
5 :
| . | C R ReeR,
b posterior mean = T yt 1 izl (n-6)R Vi
I a,-1, n 2 a, -1, n 3
Rl g B Mok g B

(6.5)

1 n R-¢R.
i Y =y = i = L
| Let Y, =y = ordinary mean, Y, izl R Yi °

and Q = L

N =

‘ a -1, n
| l+-.-|-_ak (W)R

I . .

i the posterior mean = Q?o + (1-Q)§1 .

It is clear now that the posterior mean can be written as a

t convex conbination of two location estimates, Y° — which is the

i congiticnal posterior mean given that there is no outlier ~ and

«18-
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Y] — which is the conditional posterior mean given there is exactly

one outlier. The quantity Q 1is the posterior probability that

there are no outliers, and 1-Q 1is the posterior probability that

% there is exactly one outlier. The crucial quentities here are Ri's, i

which are the inverse of the t-ordinates of ri's. If a particular

observation ¥; is abberant, the corresponding residual rs will ]
be large. By taking Ri as the inverse of the corresponding

t-ordinate, contrasts with other Rj's will be exaggerated. Thus :

R-¢R. > ’
h ] £ o - o
TA-oR will be made relatively small. The quantity Y] will then

put little weight on i Also if there is a discrepant observa-

tion, R will be large which will make Q small and the poster-

ior mean close to ?]. Conversely, if there are no discrepant

observations, the posterior mean will lie close to VY.
The value of Q depends not only on the sample through R,

but also on values of o ard k. If one assumes a larger prior

probability a of outliers, then the posterior probability of no
outlier could be smaller. Notice too that the posterior mean
depends on a only through Q so that the role that a plays

is only to adjust the overall weight associated with fixed numbers
| of outliers.

| When k is fairly large, ¢ =1 - é%- would be close to

1 (¢ =.96 when k =5). From the formula of R; and (6.5), it

-20-
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seems that ?] would be rather insensitive to k since it involves

only ¢ and so is R. If we let G = T%a-k'] and approximate @

by 1, then the posterior mean involves only one constant G. One
interpretation associated with G is the following.

Assume y, 1is an observation from (1-a)N(6,02)+aN(6,k20?)
then G 1is the ratio of the posterior probability that 2 is
from N(9,k%0%) to the posterior probability that N is from

N(6,0%) given that Yy = 6.

P(y]~N(G,k202)/y]=6) P(y]~N(6,k202)sY1:e)

P(y]'-N(G,Uz)/ny) P(y]“N(e,Uz),.Yfe)

Ply,=0/y,-N(6,k%0%) )Py, ~N(8,k%?))
P(y]=e/y1~N(9,022)P(y1~N(6,02))

. 5
v21ko e el o
R 1-a k 5
(1-a)
V2o

G can also be viewed as

G = expected value of /ﬁnformation from N(0,k2%c?)

expected value of /anormation from N(0,02)

probability of an observation being from N(0,k20?)

. ¢4nfonnation in N(0.k%a?)
probability of an observation being from N{0,02)

« Jinfornation in N(0,02)

R 47 e S |

2]~




So for k large, we need to determine only one paremeter in

the model, namely G.

The Weighting Pattern

In the case of a single location parameter,

O "i.1
5 AT R RS Ll y. . Thus the weighting function
T
B
v;]
v o= . used in obtaining the weighted least square
-1
n

estimate is proportional to the weight given to each observation.
It is, therefore, possible to write the posterior mean in the form
1

-1 1

of (X'V"X) X'V''Y and compare V~' with the weighting patterns

used in the M-estimators.

If we assume at most one outlier, the posterior mean is

Q?o + (1-0)'Y.1 as shown above. It can also be written as

5 (2 i
izl (n + (1-0) (d?gjﬁ) Ui Therefore,
R-¢R.
-1_Q 4
Vi o h + (1-Q) W)R
The right-hand side is a function of r;; we can thus obtain the

weighting pattern of this Bayesian posterior mean in terms of

the standardized residuals. This weighting pattern is sample de-

pendent. We illustrate with a random sample of size 10 from N(0,1).

el T ——
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Ten observations generated from a computer random sampling

routine and the corresponding residuals ry's and weights

(v;‘)'s With == .05 and k= 5.0 are Tisted in it o0l

It is seen that the weight given to each observation is approxi-
mately constant and close to .1. The weights change when a
discrepant observation is present. We have added in turn 1, 2, 3,
4, 5, to the seventh observation and again calculated the r and

v-]

i the results are also shown in Table 7.

If we plot v;1 versus ro, with 0, 1, 2, 3, 4, 5 added
to Y75 we found that they lie on a smooth curve and such a curve

is comparable with the weighting function of the M-estimators since
they both determine the weights given to observations as a function
of properly standardized residuals. Figure 1 gives plots of

-1

v, versus ry for a = .01, .05 and .10 and k = 5.0. In terms

]

of G, they are weighting curves for G = .002, .011 and .022.

The weighting curves for M-estimators are shown in Figure 2.
Examination of Figure 1 shows that the weights are roughly equal
for residuals between zero and one and start to descend as they go
farther and farther away from the center. The larger o 1is (or
the larger G is) the sooner and faster the weights decrease.
Comparing with Figure 2  this weighting pattern has the desired

proporty (Ceaton and Tukey, 1974) that it is almost as constant in |

=23=
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1.0 2.0 3.0 4.05.0 6.0

A 2

Figure

Loaoaomo&oéor

1

T

= 5.0
a= .05
weight 6 = -01
0c 1o
10 20
30
.05 b
4o
5a

1.0 2.0 3.0 4.0 5.0 6.0

Fy

Weighting curves for different a(G)

values with k = 5.0.
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¥ 2 3 4 £ B 7  ® 8 I

Yo =R N SN 83 T2 82 s8 108 92

ry =47 .10 .03 -2.15 -1.85 1.54 .48 -.43 1.42 1.04

v;’ Jd6 0 e 18 A8 0 30 3 - G

add 1 to 7-th observation ¥y = 1.52

y eBl <03 w08 -2003 <17 LA LEE B BN .99

v;‘ A6 W 10 a0 a0 0 10 .30 .16 .1g

add 2 to 7-th observation y7 = 2.52

¥ =85 0B - 1S N5 B B8 -2 Bl 6

v;‘ A6 30 0. 18 .10 W10 .09 .10 16 .10

add 3 to 7-th observation y7 = 3.52

r, -.54 -.18 -.22 -1.50 -1.35 .64 3.87 -.52 .58 .38

vi' .0 .0 .00 .00 .10 .0 .07 .10 .10 .10
1 add 4 to 7-th observation Wy * 4.52

ry -.52 -.22 -.26 -1.31 -1.19 .46 4.90 -.50 .42 .25

v;‘ oA N . o e
‘ add 5 to 7-th observation ¥y = 5.52

Py =50 -.25 -.28 -1.16 -1.06 .34 5.85 -.49 .30 .15

=

v, . A1 A 41 0 M N N

Table 1 The correspondences among Yis Ty and v
with « = .05, k =5.0

=25




(1) MNormal (iv) Hampel's
a=1.42
w(x) w(x) b=2.70
c = 5.54

— ! TN

-108-6-4-20 2 4 6 810

! ‘ (i1) Huber's k=2 (v) Tukey's c=5.4
i : w(x) w(x

B 1.

. x —
-10-8-6-4-20 24 6 8 10 086420246870
(11§) Andrews' c=1.42 (vi) Tukey's c = 4.05
| w(x) Y w(x)
) s X b - — X .
<10-8-6-4-2024 6 810 -10-8 -6-4 -20 2 4 6 8 10

Figure 2 w-functions for various M-estimators.
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the center (normal-like) as Huber's and Hampel's and reduces to
small values as smoothly as Andrews' and Tukey's. Smoothness

may be another desired property since a sudden change in the

slope is rather artificial and one does not have reason to expect

such a change.

Figure 1 depends on a particular sample. However, in all,
totally five samples were drawn. A1l of the weighting patterns are

similar and those in Figure 1 are typical.

As discussed before, when k 1is large, G seems to be the
only relevant parameter to be determined. Figure 1 has shown
the weighting patterns for G = .002, .011 and .022 where .
systematic changes have been observed. With this same sample, one
can also fix G and calculate the weights for different o and
k values. Figure 3 exhibits five weighting patterns all with

G = .011 and the following pairs of o and k values.

a .050 095 .136 174 .208
k 5.0 10.0 150 2.8 25.0
A1l five curves look very much alike with the greatest
discrepancy being that for the values (a,k) = (.05, 5.0). This
confirms our conjecture that G 1is the only critical parameter

when k > 5.

At tost Two Discordant Observations Present

As we have secen, the terms in (6.3) corresponding to

ne bad values and one bad value can be written as cy and

wi e




G = .011
a= 050 i a = .095
weights k =5.0 weights k = 10.0
.10 .10
.05 .05
0 1.02.03.04.05.06.0 s 0 1.02.03.04.05.06.0 ry
a= .136 a= .174
weights k = 15.0 weights k = 20.0
.10 :
005'

0 1.02.03.04.05.06.0 r,

; 0 1.0 2.0 3.0 4.0 5.0 6.0 r

a= .208
weights k = 25.0
.10 i
.05}

e K} (s 1

0 1.02.03.04.05.06.0 r

i

Figure 3 Weighting patterns for fixed G ' =
. and different a,k values. ;
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r'T———"“E ' L e

1
k']( 2 R g i Y The t&rm corresponding to two -
] ln ¢i -
bad values is
1
n 2 2 -(n'l)
a -2, n ¢ v
iZ-IC(T;E) k (n—_2¢ {]+ Y‘ (I XJ)I“ }
237
i< ! = 1
X (y = Ez'%&)- (y]J'.Y))
1
1 g ¢, 2N
n n n
-2 n [ 1
. c(+= ( } A1+ ——=r r
i.§-1 l—a n-2¢ n-1 "1j b E:QJ ij
i< n n
n_ - 26 -
i (n-2¢ y n-2¢ le )
(6.6)
.y « -
ij .i yi'ei- j y.-ei.
ket T e Ty e
' . 1J 1
1
y.ty.

e 2 ; :
yij ——?-l-. and eij and sij are estimates obtained by

weighted least squares in which the i-th and j-th observations are

downweighted.

n-¢ —(n 1)
- n “n
If we let Tij {: j 3 n- ) 13j
n n
{1

" S ; n-1)
. : j
S CA(ORRIGRNY ij)ﬁ
and T = % z T » (6.7)
i3
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(6.7) reduces to

1
n 2 )'.Y
@ -2, n_ - 2¢
§ 1 C<TTE) k (ﬁ-2¢) (n 26 1 " i 2 )
1<
1
e § T Ly e byl
1=t T-a’ © ‘n-2¢ n-2¢ yi j J_] 1-a n-2¢
i<j

It is easy to see that Tij = T.: SO

Ji
it = 0 i
T..(y.+y.) = Ranky # T..y
S AR A R T R
i<j i<j i<j

n
Z TTJ i Z-lTI.)y’l 7

- 1,3=1
i< 1>J It
The above formula can now be written as
} L}
2 n
a2 -2 ._D_. 1 & 0 ¢
1
e ol 83242, 0 3¢ 1 ¥ d
s k) e L (r-¢ PR EZ
J#i
n
1 T-d)_): TJ
o 2, -2, n 2 = %;}
g = e -

=30
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Thus the posterior mean will be

'—l

fg

)
S '2_ n R-¢R, 141
cjve g K ) R )R Vi * o <-4 an)TZ-'(n—z—q,WY-

We have

Pa
Pd

. 'I g
c+cyqgk ( ) R+ (i a) k™ (n 2¢) T 1

which implies 1 1
? ?
c=1/1+ ( )R+(,a)k(n2¢)T
If now ?o =y
5 n (R-R;)
oo L TR
(THT )
n J‘]

Y. = ) J#i y
2 i=] (n‘2¢§T i s

we can write the posterior mean as

1 -
: P
8 n
1+ 7 k’ (n ¢) R + (] u) k™ (n 2¢) T
1
e
ok ( —) R
1-a n-24 -
+ %. T Y,
Z
- 2 =
1 T v (2 ) T

«3] =

WAL TR e BRIl N i, \




i |
2
-2
(l?u) k (njao) T =
6 T T T
2 2 2
a ,-1,n a 2, n
T+ yo k (m) R+ (15) k (m) T
: 1
Again, let G = —:;-E and
Y
; 6(=—2-) R
- 1 N n-2¢
% - T | Tta T %
2 2 2 2
1+G( ) R+G (n 2¢ 1+G( ) R+G (n 2¢) T
Qz =] - QO w Q]s
the posterior mean is then a weighted average of three estimators,

QOYO + Q1Y1 + QZYZ s where Yi is the conditional posterior mean
i given that there are exactly i bad values and Qi is the

posterior probability that there are 1 bad values.

Generalization to the case of 2-bad values is not difficult

t but is tedious. In general, however,

(1) The posterior mean for g2-outliers is a weighted average

QOY°+...+Q£Y£ of 2+1 estimators where Yi is the

conditional posterior mean given that there are exactly

{ bad values and Qi is the posterior probability of i

bad values.




(2)

(3)

If k 1is large then ¢ can be taken to be 1 and G 1is thc
only parameter to be determined in advance in the model.

Each ?i itself is a weighted average with the weight for the

J-th observation heavily dependent on the series of quantity

1
e ¢ g
n n
e : :
L g T, I B ) T
S e
n n
& ¢ ( J 2., N 2 Ji 2
= + S T .
{] RAREH Jia) T Ji—])+ A R
' ]
g o i - go-il
- < (r,. . otr, . RS 2 . )ﬁ
B dgeeedpey Hyreden Hyee-dia
( 6.8)

for all possible combinations of jq,Jps---sd; ¢

In this expression, r..

JJ]"'ji-] is the redeual vector for

observatibns YorT i seksgl calculated from the estimate
S Ji-1
where these observations are down weighted. If the j-th

observation itself is a bad value,then (6.8) will always

be large since rgjl"'ji-l will be large. When {yj,

y'j],...,yj ]} are exactly the 1 bad values in the sample,
j-
the above quantity reaches its maximum. This will result

in a small weight for the j-th observation. If the j-th

-33-




observation is not a bad value then no matter how we choose

jl""’ji-l’ the expression  (6.8) will never reach its

maximum and so the weight given to the j-th observation
will not be very small.
(4) Equation (6.8) is a direct extension of ( 6.7). From the
form of (6.7), it is seen that,if the absolute values of
; A

ri and rgj were fixed, the value of (6.7) would be

larger when they were both positive or both negative and
smaller when they had opposite signs. This implies that

if there are two bad values in a sample, these bad values’
will have less weight if they fall on different sides of

the mean and more weight if they fall on the same side. For
the case of 2 bad values, similarly, equation (6.8)
indicates that the bad values will have less weight if they
are equally spread on both sides of the mean and more weight

if more of them are concentrated on the same side.

Example: Darwin's Data

We illustrate how observations are weighted in such a Bayesian
analysis using Darwin's data concerning fifteen differences of the
heights of cross- and self-fertilized plants quoted by Fisher
(1960, p 37). OQur interest here will be to examine more closely
the weighting structure of the Bayesion posterior mean, and to fur-

thor dovelop the analysis of Box and Tiao (1968).

«He
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The data consist of measurements on 15 pairs of plants, each
pair contained a self-fertilized and a cross-fertilized plant
grovwn in the same pot. The 15 differences y; were recorded in

Table 2 in ascending order.

R T T T T e
-67 48 6 8 14 16 23 24

Yoo Y10 Y11 Y12 N3 Ve s
26 8 AT ‘B9 86 & 75

Table 2 Darwin's Data

Inspection of the data indicates that two observations -67 and -48
are remote from the rest. We shall assume there are at most two

bad values in the samb]e and k = 5. Then the posterior mean

0 = 0070 * Q]?] + QZ?Z' Applying these results to Darwin's data
we find that ?0 = 20.97.

To calculate ?], we need ri - the standardized residual,

R-¢R, -

Ri' R and T5:57% - the weight Y] puts on the i-th observation.

These values are given in Table 4.3 resulting in the value

Y] = 24.65 .

=36«




.08
1.00

.07

i 1 2 3 4 5 6 7
2 -67 -48 6 8 14 16 23
ry 2.9 SNBE = A0 = 3% - .18 = .13 .05
R, %75 7.11  L.08 106 .1.02 1.01 1.00
| R = 59.05
: R-¢R.
1
Tl .03 .06 .07 .07 .07 .7 SR ¢
i 9 10 1 12 13 W 15
2 28 29 41 49 56 60 75
| ry .19 .21 .53 .74 .93 1.04 1.43
Ry 1.08 1.02 3.6 1.3 LS 177 313
E ‘R = 59.05
R-4R. -
L .07 .07 .07 .07 .07 .07 .07

n-9)R
Table 3 Necessary information for calculating ?]

Note that R; 1is very insensitive to r, when [r.| fis
between zero and one and dramatically increases when lri|
becomes larger. For this sample R] is much larger than the
others and results in a small weight fér ¥

The calculation of 72 is more complicated ; we need r:j,

n

rg. Ties Ty and 3 Tij' Table 4 gives all the relevant
=1
Jfi

quantities. Since, by symmnetry Tij = Tji’ we use the upper

«36=
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s Do and 8.,

s - i J
right half of the table to record rij’ r].j i ij

o T2 J 2 i J 2 i
and the lower left half to record (rij) I (rij) E (rij + rij) |

= _._Q_ 1.2 j2 __@_ i j2 s
and Aij 1 = ((rij) +(rij) - (r'ij + rij) ). Their

corresponding positions are explained at the bottom of Table 4.

n
For each i, } T;; 1s given in the last row and T s shoun
3=l
iti
at the lower right corner. From these quantities, one can then
a | 4
T-¢ J T..
=i
j#i

calculate Th-2aJT the weight applied to the i-th observation

(Table 5) and ?2 = 30.74.

i 1 2 3 4 5 6 7 8
s 67  -48 6 g 2 B 3 o
I n
‘ .
{ ’Tﬁ%%%TT' .007 .07 .075 .075 .075 .075 .075 .075
i g A6 W 1 W e 15
¥4 B A e ek s 7S
n |
T"‘:»jZ]T]J
-i Gty 075 075 075 .075 .075 .075  .073
| Table & The weight applicd to cach observation in ?2 i




He again noticed that Tij wiich is proporticnal to the

inverse of a t ordinate at (r} rd

and Y. when they are both between zero and one.

L)

: e, i
o T n n o
j? 13) is not sensitive to ry

But they

increase at a very fast rate if either one gets large (over 1.5,

say), and even faster if both are large.

is larger than average for all j since the standardized residuals

(r}gj)‘s are all larger than 1.5.

still not as dramatically large as le for all j.

In Table 4 T

15§

sz's are even larger but

And the

dominating term is really le where both r}z and r?z are

n n
large. Under such circumstances, J T,. and } T,. are much
' =1 4 =14
A jf2

n
larger than all other J
J=1
J#i

include le in the surmation. This results in the small weights

for Y and Yy in Table 5.
So far we have ?o = 20.93, Y

furthermore we can calculate

R 24.65, Y

Q - ’
0 1 2
14G « 61.0% + G*+4720.35
0. = G+ 61.04
*1
146 « 61.04 + 6*+4720.35
i2 « 4720.35
02 . --.,.A.-.( i 0.35

4G« 61.04 + G7+4720.35

2

Tij since they are the only two which

= 30.74 and




The values taken by Qo’ Q], Q2 depend on R, T and G. The
larger G and T are, the larger 02 will be, the larger R is,
the larger Q] will be. Since R and T are fixed once obser-

vations are obtained, and k 1is fixed at 5 for this example,
the only thing we can change now is « (or G). Table 6 gives

Qo’ Q], Q2 and posterior mean Qo?o + 017] + 0272 for different

a (or G) values.

a .01 .05 .10 .20
G .002 0N .022 .050
Qo .875 .462 .213 .063
Q] .108 - w297 .289 193
QZ 017 .242 .497 744

Q°Y°+Q]Y]+QZY2 21.50 24.41 26.89 28.95
Table 6 Qo’ Q], Q2 and posterior means for different
a (or G) values.
It is seen that different choices of «, and hence of G,

greatly influence the value of Qi and hence change the emphasis

on Yo’ Y]. and ?2, leading in this example to different results.

When there are no bad values or very obvious bad values, the
results are not particularly sensitive to the choice of a. In
‘ practice, it may be worthwhile to actually run the analysis on the

computer and change the value of a (or G). Estimates which are

0=




very sensitive to different choices of « (or G) indicate strongly,

as in this example, the presence of bad values.

P Empirical Study of the Dependency of the Posterior Mean on G

Recall we concluded that G 1is the only important parameter
the results depend on when k is large. In the case of one bad
value, we have shown that this is generally true for k > 5. For
the general case of & bad values, we believe this is still true
%E but we probably will need a larger k.

Box and Tiao listed posterior means for Darwin's date with

different choices of a and k_; from these we can calculate B
corresponding to each posterior mean, as shown in Table 7.

& k 5 6 - 7 8 9 10
A 2156 2185 2t 2135 211 A2
(.0020) (.0017) (.0014) (.0013) (.0011) (.0010)
A2 2.2V 20T T datEr C2Les 2.l o 21,71
(.0041) (.0034) (.0029) (.0026) (.0023) (.0020)
P R S N T R I
(.0062) (.0052) (.0044) (.0039) (.0034) (.0031)
A T R3TY Casbe 8.0 el 4 Bg 9% 22.76
(.0083) (.0069) (.0059) (.0052) (.0046) (.0042)
A0  28.4F 24,46 26003 ¢ Z3.B . 23.54 0 23.32
(.0105) (.0088) (.0075) (.0066) (.0058) (.0053)

A6 2508 24,90 24.66 24.38  A4.13 23.8]
(.0128) (.0106) (.0091) (.0080) (.0071) (.00G4)
A 25.59 5,47 25,24 24.96 24.68  24.41
(.0151) (.0125) (.0108) (.0094) (.0C34) (.0075)
A8 2008 20,99 5.7 Eh.aAY B BT 2492
(.0174) (.0145) (.0124) (.0109) (.0097) (.0087)
JAY 2001 26,85 £6.29 . #9.98  25.69  &5.40
(.0198) (.0165) (.0141) (.0123) (.0110) (.0099)
.10 26.89  26.86  26.67/ 26,42 26.13  25.85
(.0222) (.0185) (.0159) (.0139) (.0123) (.0111)

Table 7 The posterior mean for Darwin's data with
different o« and k and the corresponding
G given in the bracket undor the posterior mean.

4]




It is clear from the table that for fixed G, the posterior

means are in general not too different, for cxample,

G=.0111 (a=.10, k=10.0) 25.85
G=.0110 (a=.09, k= 9.0) 25.69
G=.0109 (z=.038, k= 8.0) 25.49
G=.0108 (a=.07, k= 7.0) 25.24
G=.0106 (a=.06, k= 6.0) 24.90
G=.0105 (a=.05 k= 5.0) 24.4]

But there is a systematic change as k decreases indicating the
dependency on k. It is also seen that such a change is smaller

when k is larger. For this example, it seems that we need to

have k at least as large as 7 for the results to be essentially

dependent on G.
In general, this property would depend on the ratio

number of bad values
nuniber of observations °

The larger this ratio is, the larger k

must be for G to be the dominant parameter.

-

2

The 2° Factorial Design

It is much more difficult to obtain results in terms of

weighting as soon as we deal with more complicated designs. As a

simple example, consider the 22 factorial design with the linear
model

Vgt e
where
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If we assume there is at most one bad value, we can obtain the

posterior mean as follows:

Let p = —

6(0) = posterior mean given there are no bad values

¥y g Yy
R e
'.y'l "yz +.Y3 +.Y4

6(]) = the conditional posterior mean given that 2
is a bad value

2pyy +(p+l)y, +(ptl)y; + 2py,

1
iz |72t 2y, -(prldyg + (pH)yy
-2pyy-(ptl)y, + 2py5 + (p+l)y,

the conditional posterior mean given that Yo
is a bad value

%)
] (p+1)y, +2py, + 2py5 +(p*l)y,

= iz |T 2PYp t2ey, ~(pHl)yg +(pHl)y,
-(p#1 ).V] -2py2 +(p+] ).Y3 . Zp.YQ

i3




6(3) the conditional posterior mean given that Y3
is a bad value

(PHl)y, + 2py, +2pyy +(ptl)y,

gﬁ%g- -(pt1)yq +(p+l)y, -2py; + 2py,
- 2py; -(ptl)y, +2py; *(p+l)y,

n

the conditional posterior mean given that Yg
is a bad value

4)

] ; 2py; +(ptl)y, +(p*1)y; +2py,
tprz  |~(Pr1yq +HpHl)y, - 2py; +2py,
-(p+1)y; - 2py, +(ptl)y; +2py,

=
n

and from (5.10) we have

the posterior probability that the i-th observation
is a bad value

¥

1
I G 8 ' 3
L {1+ ¢ri(1- 20)r)

K (4-¢)2-3(4-¢)-2

1
: : 4
a 1 8 3 .
=c T {0+ ¢(1- 3¢)r2} .
l'a k (4_¢)3_3(4_¢)_2 4 ' 1

The quantity w

N is the posterior probability that there are no

bad values and is equal to c. Then,

the posterior mean = { w18(1)

To see how this posterior mean weights each observation, we write

the posterior mean as

e
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411400 9v ?] 0|1 +1 -1 T 0v, ?] 0 yZ;
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_0 0 0v4~-]+1+L _ bo 0 0v4__fd
then v;1 is the weight applied to the i-th observation in this
Bayesian procedure. J

By equating the above formula with the posterior mean, we |
can solve for v;] and we have ;
!

el e 1

Q. -\ A 3

1 (4 4h] ”o)p+*”]+wo {

v-1 = | B
2 (4-4w2—wd)p+4w2+wo

-1 1
(4—4w3-w0)p+4w3+w0

v-l & 1
el =W T §
4 (4 4h4 wo)p+4h4+wo

Since p = :%— which is usually small, we can approximate p by zero

and have approximately

-1 1 o R

b B R
1 Quytwy 3 dwgtuy
v-] 4 1 v...l o« .'___]_._.._._
2 Iw2+wo 4 4w4+w0

The results are not'surprising because we would expect that the
weight given to the i-th observation would be small, if the posterior

probability indicates that the i-th observation is bad.

5.




Y

For the general linear model where we do not have orthogo-
nality, no general interpretative results of the kind possible for
simple cases occur. However, of course, the Bayesian procedure des-

cribed by Box and Tiao (1968) can still be carried through.

8.  Summary

The Bayesian procedure proposed by Box and Tiao (1968)has been

studied in further detail. We conclude that

(i) The posterior probability that a particular set of obser-
vations is discordant depends on the inverse of the
multivariate-t ordinate of the standardized residuals
corresponding to those observations.

(ii) In the locatioﬁ case, the posterior mean can be written

"~ as Qo?o + Ql?l Lot Qg?g if we assume at most 2 bad

values present. The quantity Yi is the posterior mean

given that there are 1 bad values and does not involve

a. The quantity Qi is the posterior probability of

i bad values which involves both « and k.

(iii) If k is large enough so that ¢ is approximately one,

?i cdoes not depend heavily on k, and Qi depends

almost exclusively on G = T%E“% . Thus, as an approxi-

mation, one can talk about this procedure in terms of one

para.oter Goonly.  For this to be true in the location

86
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(iv)

(v)

case where there is only one bad value in a sample of size

10, simulation shows that k must be 1arger than five. As

the number of bad values becomes larger relative to the sample
size, a larger k value seems to be needed.

Bad values are given less weight if they are more evenly spread
on both sides of the location parameter and more weight if

they are more concentrated on either one side.

For a 22 factorial design, it is shown one can also write

the posterior mean in a weighted least square form. 1In

this case, the weight‘ for the i-th observation is

approximately proportional to

+
4w1 Wy
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