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ABSTRACT

A number of regression problems requi re finding a paran~~ter vector x~ that

minimi zes an objective function of the form 
~~ 

P~~
(r ( x ) ) ,  whe re r . (x) is the

ith con~~onent of the (generalized) residual vector r (x) associated with the

problem and p. is the ith cri terion function. The examples given include

(linear and nonlinear) least squares, robust regression , logistic regression , arid

Poisson regression . These problems have a common structure which may often be

worth exploiting, especially in cases where r(x) is a nonlinear function of x.

We study this structure and how to use it. This provides an opportunity to discuss

son~ ideas applicable to general unconstrained optimization and , in particular , to

point out the advantages of a model/trust-region approach. For nonlinear r(x), we

recommsnd generalizations of soms techniques that have proven worthwhile on non-

linear least-squares problems in which the optimal residual vector r ( x *) may be

either large or small. Appendices consider the numerical linear algebra

involved in computing a trial change to the parameter vector x and give a new

perturbation theorem on linear least squares that is useful in analyzing the

numerical behavior of the procedure recommended for computing this trial change . 

~~~~
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SIGNIFICANCE AND EXPLANATION

~~—~Many researchers employ mathematical models. Most models contain param-

eters , which may be chosen to make the mode l f it the ava ilable data as well as

possible (in a sense that depends on the model). In this paper we consider the

problem of choosing the parameters for a common class of models in which the

desired parameter vector x~ minimizes an (unconstrained) objective function .

of the form 
~~~

. P
~~

(r
~~

( x ) ) s  where r , is the ith (generalized) residual

the model and p .  is a scalar criterion - functiOn. (Often r . is the model ’s
1 1

error at the ith observa t ion .) -  We br ief ly give some examples of such

problems , then discuss ways to exploit the common structure that these problems

share. This leads us to discussing strategies for solving general unconstrained

minimization problems and to point out the advantages of using a so-called

“model/trust-region approach , ” wherein the change made in the current parameter

estimate is chosen so as to approximately minimize a local model of the objective

function on an estimate of the region about the current iterate where this local

model is reliable . For problems in which the residual vector r (x )  is a non-

linear function of x , we recommend generalizations of some techniques that

have proven worthwhile in nonlinear least-squares problems in which the optimal

resid ial vector r ( x *) may be either large or small. 
- -
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ON SOLVInG ROBUST AND G E N E R A L i Z L D  LI~:i Ap ~ - i :  H-  *

David ~1. Gd.

1. In troduction

A n umber of regression problems requi re  f in d n ~ a r .~~~ 

minimizes an object ive funct ion ~ ]R~ 
-
~ iR of t~~c r or i n

(1.1) g (x )  
i~~l 

~~
. Cr . ( x ) )

where r . 1R~ -
~-lR , p. : IR •iR , and n > p. Off dn r (x) : = Cr Cx) , ,

1 1 —

is the residual vector corresponding to a linear or nordinear inodcl; -
~~~ :-: : Hj

call it the (general ized) “residual vector” even in cases w h er ~ c 1 n i r - i~~n. is

intended to make r(x*) near zero. In the case of robust r- :1 essio~.,  - is sor = -

times called a robust loss function. But ‘ loss” has other rr~~ar i r :s,  Sc s h a l l  ~~-

to p.  as the i th cri terion funct ion.

Problems of the form (1.1) have in common a s t ruc ture  w h i c h , we 5 : - c t  ~t

often prove worthwhile to exploit , especially when the residual vec tor  r (x) is a

linear function of x. After giving examples of (1.1) in th~ nex t s’. ct i or. , .-:

our attention in §3 to the common case where r (x) is an a f f i n :  r c t i c o  of x .

gives us the opportunity to discuss some ideas applicable to general u nc o nst r o c r .-

optimization and , in part icular, to point out the advantages of a nod~ 1. tru st-r~

approach. In §4 we turn to the general case where r(x) is nonlinear m a  r c ~r~~~ni

trying the obvious generalizations of some ideas that have r r o v e n  w o r t h w h i l e  f ~-r om -

linear least squares. Appendix A deals with the numerical linear algebra of scl~.c:.-

the special linear least—squares problems that arise when computing cer t o i n

steps , and Appendix B states and proves a perturbation theorem used in A: A.

• *
Presented at “Nonlinear Optimization and Applicetions ,’ L’Aqulla , Ital~~, lc- .~ C c c-

Sponsored by the United States Army under Contract No. DAA G2O-7~~-C-:~~H 4 .  Th i s
is based upon work supported by the National Science Foundation unj r Arant ~~~ -

Mcs7B-09525.



i x .cm; l o s

i e r : m : s the most commo n l r o ~~lem of the form (1 .1)  is the least—squares problem ,

1:: :o:ich . . ( r )  = ~~ for a l l  i .  This problem may arise, for example , when one

has a model f C x )  that  i r e l i c t s  what  experimental response will be obtained under

r o e  i t ( i  set of conditions , and one measures response y. under these conditions ;

if  caere are lnder-endent , normally distrIbuted errors in the y., then the maximum—

likelihood estinat- .- x~ for the model parameters minimizes (1.1) with r. (x) =

f . C x )  — v . and ~~~. CT) =
1 1 2

Th least—squares crane-tsr estimate can be strongly i n f luenced  by errors in the

data 
~

- . ,  so a number of so-called “robust regression ” techniques have been proposed

for obtaining good estimates of the model parameters in cases where some of the y.

con tain  large errors. One such a~~-roach involves solving (1.1) with p . a robust

criter ion function and r . (x) = ( f . (x )  — y.)/a , where a is a scale parameter that

has he~~n determined by some other means. A number of robust criterion functions have

rot osed , such as the eight choices considered by Holland and Welsch in

[H01W77] . These include the criterion functions of Hube r IHub64),

1 1  2 -
~~~T ~f ~ 

< H

(2.1) - (r) =
1.

( i t i  — H/2)H if t i  > H

of Fair [Fai74],

( 2 . 1)  c (-r ) F E I T I  — F - m CI. + ti/F))

of .-:~ lsc a i — n ~~7~~~,

3) : C t )  = ~~ [1 - ex p ( -T
2

/W
2

) )

ani ~f h in i c h  and Tal= .-ar [H i n T 7 t )

2 if r~ < T

(2 . - i  - C r )  =
1

T
2
/2 if t i  ‘ T -

—2—
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C:: reel os w i t h  smal l  y e s id ua l s , a l l  of these c i r t e r ion  func t ions  behave very much

like t h e  least—s :uar~ s cri ter ion func tion . The tuning  constan ts H , F, W , T of

~.H1-4) na:  I -  chosen to rake (1.1) yeild parameter estimates with a specified level

of effi ciency — a s  [Hol577]

The s e t er a l i z e d  l inear  models of Nelder and Wedderburn [NelW72] give rise to other

! roblens of th  form (1 . 1 ).  In addi t ion to the least-squares problem , these include

lo is t i c  and Poisson regress ion .

Th4 lejist ic regression problem arises if one models the probabil i ty it . of

r , Cx)
success in an ex~eriment under the ith set of conditions by ir ./(l - it .) = e

If the experiment  is repeated v . times under these conditions and a . successes

occur , then (under reasonable assumptions) the probability of the observed outcomes is

- )  n c . s — a .
‘(1 - it .) 

1 1
, and choosing x* to maximize (the logarithm of) this

i=l ~-

t r obabili ty  amounts  to min imiz ing  ( 1.1) wi th

(1 . 5) c .  (r) = v . ln ( l  + e’) - t a . -1 1 1

Analogous reasoning motivates the Poisson regression problem. Suppose one

observes n independent Poisson processes and obtains a count of v . for the ith

— 1 . r . (x)
process , an event of probability e 

1 ) .
1

/ ( v . !) .  If one models A . = e , then

f i n d i n g  a maximum likelihood est imate x~ for x amounts to min imiz ing  (1.1) with

I(2.6) p.(r ) = e — u . r -1 1

With the exception of ( 2 . 4 )  , all of the above criterion functions are continuously

d i f fer en tiable . The discontinu i ty  in the p~ of ( 2 . 4 )  causes no serious trouble for

the i ter a t i v e  schemes considered below , at least so long as r ( x )  is continuously

d i f fer e n t i a b l e , since (as is easily seen) , points of discontinuity are not points of

a t t r a c t i o n  for those- schemes. The discontinuity in the Huber p? (2.1) causes no

r = L l r s ’:i th ’e r , so we will refrain from further discussion of the continuity of the

~~r 1 t - r ’ r  f unc t ions  and w i l l  assume them to be at least twice d i f fe ren t i ab le  in what

foll a-;c .

— 3 —  
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3. Linear Problems

Often when the problems sketched in ~2 arise , r(x) is a lin ear or if f ir. -

mapp ing :

(3.1) r(x) = Ax - b

n xp n
~‘here A E ]R (i.e., A is an n x p matrix) and b ]R . In this case-, to ’

and Hessian of g have particularly simple forms :

(3.2) V~ (x) A
T 

p ’(r(x)) and

( 3 . 3 )  V 2 
~ (x) = AT V(p ” ( r ( x ) ) ) A

where p ’ (r(x) ) = (p ’(r (x)), c ’Cr Cx)) 1
T and V (t ” (r C x ) ) )  = diag (c ‘C r (x)),

1 1  n n 1 1

,p~~(r (x) fl
T 

is the diagonal matrix whose ith diagonal element is ~~‘(r . (x)) .

Since (3.3) has such a simple form , it is reasonable to consider using the da n r e c i

Newton ’s method

(3.4) x
k+l 

= 
k 

- Ak V
2 
~ (x

k)
l v~ (x

k
)

to construct a sequence of iterates which , under reasonable conditions , converge to

a (possibly local) minimizer x~ of (1.1). In (3.4), A
k 

is a step length rararret -1

chosen to assure ~ (xk~~) < ~ (x
k) when V~ (xk) ~ 0. It is unnecessary to choose .

~~ so

as to (nearly) minimize (xk41); indeed , it is nowadays generally recognized as

inefficient to attempt this. But it is important to make ~ (x ) - ~ (x ) large

enough that the iterates do not converge to a noncritical point of ~~. See IPow7 -

[Gi1M74), and §6.3 of [DenS79) for discussion of efficient ways to do this.

If is the least—squares criterion function , A has rank F, and =

then (3.4) converges in one iteration (when exact arithmetic is used). In this case ,

(3.4) amounts to the normal equations : x~ = (A
T A) 1 A

T b. When finite-precision

arithmetic is used , explicitly computing AT A and AT b and solving AT A x* = 0

works well if A is well conditioned , i.e. , if the condition number

T T -1 1/2 -
K = ((IA All ((A A) II) of A is not too large. For large values of ‘ i t  is

—4—

_ __ __ __ __ _  _ _ _ _ _  - -- ——--~~~~ - ----~~~~~~~~~~~~~~~



F— :~
- -

~~~ 

— ---

~~~ 

- - — - - —  ----- _ _ _ _ _ _ _ _ _ _

usually much more accurate to employ a tjH factorization of A , i .e ., 00 f a ’ or A

nxp
as QR , where Q r IR has orthonormal column s and R IP is : ~r TriO: c Ht,

and then solve P x* = Q
T b — see (Lawi-1741. (This costs roughly a 

2 
- ~ 3/3

mul tiplications and a s imi lar  number of addi tion s, versus rouqhly n .2/. + /5. for

explicitly solving the normal equations , so using the QR factorizatior, less t1ao

doubles the arithmetic overhead).

For other criterion functions having p? > 0 for all i, such as (2.2), (2.5) ,

and (2.6), we can readily convert the task of computing the Newton direction

—V 2 g (~k) l V~ (x
k
) into that of solving a linear least—squares problem by settlos

(3.Sa) Ak = V (p*(r(x
k
))l/2)A and

(3.5b) bk V (p (r(x
k
))~~~

2)p (r(xk ) )

where V (p0(r)±l~
’2) = d i ag (p~~(~ 1

)~~~
”2, . . . , p ”(r )~~ ”~) , so that =

k T  k k k T k  k(A ) A and Vp (x ) = (A ) b . Using a properly computed QR factorization of A

will then usually lead to a more accurately computed value for the Newton direction .

There are three commonly used ways to compute a QR factorization for use in

solving linear least—squares problems: triangularization via Householder transforma-

tions (elementary reflectors), triangularization via (standard or fast) Givens

transformations (plane rotations), and the stabilized Gram-Schmidt process — see

(LawH743. While all three yield similar numerical accuracy on a broad range of

problems, use of the first two techniques on (3.5) can sometimes lead to a severe loss

of accuracy in cases when p ” (r) has a component near zero. This point is discus~ea

in detail in Appendix A , where it is shown that the stabilized Gram—Schmidt process

does not share this drawback.

Some cost functions , auch as (2.3), can have p ’~(r. (x)) K 0 for certain i, so

it is possible for the Newton direction —V
2 
~ (x)V ~ (x) to be uphill , nonexistent , or

nearly orthogonal to the gradient V~ (x). One way to overcome this difficulty is to

— 5 —
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rep lace 5
2 
g(x

k
) in (3.4) by a jositive definite matrix H

k
, so that (3.4)

become s

- k+l k k - i  k(3.e) x = x — A
k

(H ) V~~(x

For solving robust regression problems , Huber [Hub75] has considered choosing

(3 . 7 )  Hk = A
T A .

Since Hk remains the same for all k , this choice lets one avoid computing new

matrix factorizations after the first iteration. But it often converges slowly.

Holland and Welsch [HolW77] advocate using an H
k 

that is generally attributed to

Beaton and ‘Pukey (BeaT74):

(3.Ba ) ~
k 

= A
T 

V (w(r(x
k ) ) ) A  , where

(3.8b) w(r) = (c~~(r
1
)/r

1
. .

This converges more rapidly than (3.7) but more slowly than Newton ’s method (near the

solution) (Ho1W77I. (Since p~~(O) = 0 for robust criterion functions, (3.8) amounts
1

p~~ ( r . )  — p~~( O )
to replacing o~’(r.) in (3.3) by the finite difference w .(r . ) = 

i 1 — 1 
> 0.)

With this choice of H
k
, it is again possible to compute the step direction ,

_ (Hk)
l 

Sg (x
k
), by l inear least squares , since V~~(x

k ) = AT V (w(r(x k)))r(x k ) ;  when

done with A
k 

= 1, this is known as iteratively reweighted least-squares. Byrd and

Pyne [ByrP79) have proven the remarkable result that lim V~~(xk) = 0 for ~~~ x°

k-~*~
with this approach. Because robust regression problems are likely to have a number of

local minima , Holland and Welsch LHolW77] recommend starting from an x0 tha t

minimizes I)Ax — b0
1 

= 

~ 

I (Ax — b ) . j .

In connection with general unconstrained minimization , a number of other choices

for H
k 

have been considered in the literature . Greenstadt , for instance , has proposed

rsr:lacinq negative eiqenvalues of i
2 
~~(x

k
) by their absolute values fGre67I. Murray

has :roposed an interesting modified Cholesky factorization IMur72]. And More and

-6—
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Sorensen (MorS77) have proposed modify ing the eiqenvalue s of the block diagonal matr ix

in tb bunch-Parlett [BunP7lJ factorization of 72 ~~(xk) Unfortunately, all of these

schemes can generate search directions _ (Hk)
l 

V~~(x
k
) which are nearly orthogonal to

the :risiicnt in cer tain cases when V2 ~~(x k ) is poorly condi tioned . This can cause

slow convergence.

Secant update methods (see [DenM77], where they are called quasi—Newton methods)

provide another way to generate a reasonable positive definite substitute for

.2  
(x
k
) They offer the advantage of less arithmetic overhead per iteration than

methods which deal explicitly with V
2 

~~~, but they also converge more slowly than

those methods. They should be faster than (3.7) , and at this writing it is unclear

how they fare in comparison with (3.8).

Starting with Fletcher and Freeman jFleF75) and McCormick IMcC77], there has been

considerable interest of late in exploiting negative curvature . The idea is to replace

- - - k-I. k -th5 sioqle search direction —(H ) V~~(x ) in (3.6) by what Sorensen tSor77) has

t e r m e d  a descent pa i r  (5k, d
k
), in which 5

k 
= _ (Hk)

l gg (~ k) for some positive

- _  k k T  2 k k - . - ,~2 k -d e f i n i te  H and (d ) V g (x )d  < 0, with equality only if g (x ) is positive

serridefinite . In such a scheme , x
k
~~ — 

k 
is a linear combination of and d

k
:

Goldfarb [Gol771 suggests a combination of the form a
2 
5
k 

+ a dk , while More and

Sorensen [MorS77] prefer a 
k 

+ a
2 

d
k
. The choice of 

k 
recommended in EGol77)

and [‘~orS77) can be nearly orthogonal to the gradient in some cases (and the higher

the arithmetic precision , the more nearly orthogonal and the gradient can be),

so these schemes need further study.

The model/trust-region approach offers a more elegant way of dealing with cases

where 
2 may not be su f f i c i ently positive defir,ite. This approach can generate

- . - - . k+1 k T  2 k k+l k
steps in a direction of negative curvature (i.e., (x - x ) V ~ Cx ) (x — x ) < 0

is possible) , but in some ways it is simpler than the schemes that deal explicitly

with negative curvature . Moreover , it avoids the slow convergence that can result

frc ,rr , search directions nearly orthogonal to the gradient, and it can converge faster

-7- 
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than (3.8), because it reduces naturally to Newton ’s method o a r  a etro:. l- ~oc1

minimizer (one where V
2 
~ is positive definite)

Among the first to consider the model/trust-region approach we r-~- - ar ~ -~.r-:’

[Mar63 ] ,  who did so in connection with r .,linear least—squares , and G .lcfell ,

and Trotter (G01QT66), who considered general unconstrained o~.tinizatiot. l~reel- 0 :

(Levenberg, whose work [Lev44) is often mentioned in the same breath aith :- .arc .e - :T

actually considered a different approach.) These authors did not att .- ro( t tc~ 00t.Trc l

the trust—region radius 5
1( 

directly, but worked instead with the La- rat-ce nultil ic

mentioned below. By contrast, Powell specified explicitly in [Po-i7Da-d .

When Hk is positive definite , his dogleg strategy produces an easily computed

approximation to the step discussed below , but this strategy is of no hell: when

H
1K 

= V
2 
~ (x k) and V2 ‘(x

1K
)

1 
~p (x

1K) is a direction of ne gative curva ture or is

undefined. Hebden [Heb73] appears to have been the first to give a practical alocratho

(and computer program) using the model/trust—region approach in the form which will no

be described.

This approach works as follows. We pick a convenient model q~~ s) for  0 (xk ~

and choose a neighborhood T1K
, called the trust-region , in which we believe q

1K 
to

be reliable. We then compute a candidate step S
1K 

by (approximately) minimizing

q
1K (s)  on Tk (or on an approximation to T

k
). If g(~

k 
+ ~

k) < ~ (x
k) ,  then

x
k+l 

= x
1K 

+ S
1K
; otherwise ~

k 
= 5

k 
and we choose a smaller trust-region T

k+l
. This

descent rule (together with a reasonable choice for T
1
~~
1) makes convergence to a

local minimizer quite likely.

In this section we consider only one choice for qk, a quadratic model of the

form

(3.9) qk(5) := ~(x
1K) + 5

T V~ (x
1K) + ~ 5

T 
~
k 
5
k

in which Hk is either V2 ~ (x
k) or some approximation to it. The choices for T

1K

usually considered depend on a step bound (which will be discussed later) and

—8—



have the form

‘ ( 3 . 10 )  Tk 
= { iR1

~ : li Ds ))

where D is a diagonal matrix having D . . > ).  While- choosing D = I , . -

matr ix , works well on well—scaled problems , a proper choice of t b -  sOOle mtrcx 2

cart lead to significantly faster convergence on problems where the corr o : ca t s  c- f x

are expressed in sharply contrasting units. For the linear problems of [rese at cc:-

cern , choosing D . - to be some convenient norm of the ith column of A is J 5 O a l]~:ii

reasonable.

If the norm I i • ii in (3.10) is the max-norm (i.e., l i y U  = Cy )) =

max {~ yj : 1 < i < p), which st first is appealing if one wishes to consi der

generalizing to problems having simple bounds , such as nonnegativi ty constraints , en

sorse components of x ) ,  t e n  computing the optimal 5
k 

amounts to solving a ccadr o:

programminc problem with j-articularly simple constraints. Unfortunately, if H
k

some ne-- ative eigenvalues , then this quadratic programming problem can have a nuni o r

of local minima (as many as

Even when H
1K 

is positive definite , it is often possible to compute nc-re

rapidly or more accurately if 11 . 11 in (3.10) is the 2—norm (i.e ., 1( y )) = I i y i 2 =

(y ’P ~yJ
)~ In this case , any that minimizes q

k
(5) subject to s T

k

sat isf ies

(3.11) [H
k 

+ At D
2)sk = —V~~(x 1K

)

- 

- where At > 0, makes H
1K 

+ A~ D~ posi tive semidef inite , and = 0 ~~~

UD 5
k 11

2 
< 5

k (see [Gay7 9] ) . In practice , if is posi tive , then it usually cannot

be determined exactly,  and attempting to approximate it with high accuracy would be

inefficient. Good performance is usually obtained in this case if is cltcsen to

satisfy (3.11) with replaced by any that yields a ~k 
~~~ D 

~~~2 
~ for

some fixed a K 1 and B > 1. (Hebden [Heb73] and More [Mor78] choose ~t = and

B = 1.1, while Dennis and Schnabel [DenS79 ] suggest a = 0 .7 5  and = 1.5. In

— 9 —
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context of NL2SOL iDenGW79I, we felt that the former choice gave sligh tly better

performance than the latter. ) Art acceptable can usually be obtained in one or

two tries usi ng an itera tion p ropose d independently by Hebden [Heb7 3) and Reinsch

[Rei7l ] together with Mor~ ’s variation [Mor781 of Hebden ’s safeguarding scheme .

A simple Wa-: of detecting and handl ing  the e xceptional case where H
1K 

+ xt D2 is

near ly  (or actually) singular is described in [Gay 79).

- k 2 1K - . -In cases where i’ (r. ) > 0  for all i and H = -; ~(x ) ,  it is possible to

avoid computing  2 

~ (x 1K
) explicitly and to work with a QR factorization of

PC . ~(r(xk ) ) ) l
~
/’2 

A by carrying out calculations in the way described by Morë~ [Mor78] .

The discussion above and in Appendix A about carry ing Out S QR factorization in

connection with (3.5) applies here to the initial QR factorization (for each k

where ~~ (r(x
k
)) has one or more components near zero).

Let us now consider the new trust-region radius ~k+1 • Various choices for

~k+l  
have been suggested, such as those in (Pow7Ob ,d], [Heb73) , IMor78] , [DenGW79I.

They generally have the form ~~~~ = ~k 5
k 

or 5
k+l 

= ~k CD 5
k

11 and the decision

whether to choose k 
K 1 or 1k 

> 1 is generally based on whether

(3 .12) g (x
k
) - ~ (~

k 
+ ~~~ < c

1
tq

1K (0) — q
k
(5
k ) ]

for some fixe d c
1
. (tisuall; c1 = 0.25 or 0.1, and sometimes K is changed to

in (3.12).) When (3.12) holds , Mor~ [Nor78] chooses

(3.13) ~k = max~O.l , min {0.5, 0*))

where -.* minimizes the quadratic polynomial that fits y(0), y ’ ( 0 ) ,  and y(l) for

1K k(3 .14) y ( O )  = g (x + 0 s )

i.e., -~ = y’ (0)/[y ’ (0) + y ( 0 )  - y(1)I (for yCI) ~ y ( O )  + y ’ (0)). (This i~~ a

for o~ stems from [Fle7l].) Hebden fHeb73) also uses (3.13), but his 8* minimizes

the cubic polynomial that fits y(0), ‘ (0), i” ( O ) ,  and y(l), i.e. 0* =

(— “ ( 0) + ~ (~~~~ ( 0 ) )
2 

+ 2~
-y ’ (0)1/ 9, where ri = 6 [~~(xk + s1K) — q~

(
(5k ) ]~ Both schemes seem

—10— 
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reasonable for  the problems at hand.  For cases where ( 3 . 1 2 )  fa i l s , many choice s

for  , k 
:5cc been proposed. A new one in the spi r i t  of ( 3 . 1 3 )  is

(3.1 5)  p = max~l , min :4, . * } }

where - *  has one of the values jus t described. The relative merit of (3.15)

remains to be seen.

In cases where :1K 
> 0, it may be reasonable to replace (3.14) by

(3.16) ~( 0 )  = g(x1K 
+ s ( - 3 ) )

1K - k -where s(5) minimizes q Cs) subject to V DsU
2 

< Oi) D 5 Ii
2~ 

Since

s’ (0) = I)D 5
k11 ~—2 g(xk )/))~~~l V g(~ Io ) ) ~

2
, the y of (3.16) has

(0) = —))D~~ S ~r (x
k

))l
2 

CD ~~ and since s , , ( 0) T g(x
k
) = 0

= li D 
k~ 2 [,;(x

k
)
T 
D~

2 ~.2 
~~~~~ D

2 V g ( x 1K ) ] / I ) D 1 
7 g (x~ )II ~~. Note that

(0) = xk ) and ~- (l) = ~~(~~
k 

+ 5
k
) are readily available .

In addition to working well in practice, choices for of the sort jus t

discussed mak e it possible to prove convergence theorems. Indeed , it is easily shown

that if H
k ~2 .i~

k
, and some iterate comes close enough to a strong local

minimizer x~ , i.e., a poin t where Sg(x*) = 0 and .2 
g (x*) is positive definite,

then the iteration soon reduces to Newton s method and the iterates converge

Q—quadratically to x~ .

Let us briefly consider what can be said more generally about convergence.

Powell has studied a large class of model/trust—region algorithms in which

c
2 

1K k+l 
c
3 

. k 
when (3.12) holds and < ~k+l < c

4 
~k otherwise (with

0 c
2

c
3

< l  and c
4

> l ) ,  and in which H1K 
can be any symmetric matrix in

‘ ~ (such as .2 g (x 1K
) or an approxima~ ion thereto produce d by a secant update )

that satisfies the bounded deterioration condition I N 1K ii < c5 
+ C

6 ~ ii s~ i l .

If ~k ~max 
for  all k and if ~ is bounded and uniformly continuous on

- : li x — y 1 1  ~maX for some y with g (y) < ~t(x
1K
)) (whirh is easily seen

-11-
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to be the case for (2.1—6)), then Theorem 1 of [powl5) asserts that

(3.17) lim inf  I L : g ( x 1K ) I )  = 0 .
k

- 1K - k +l 1K -If the rule for updating x is changed so that x = x if (3.12 ) holds and

= ~~ + 5k othe rwise , then (3.17) is easily strengthened to u r n  -:g(x1K ) = 0.
k -’-o-

Let X~ denote the set of l imi t  points of the sequen ce x° , x
1

, x
2 , generate d

using the modified updating rule . Continuity of 7~ implies :;(x*) = 0

for all x * ~ X~~, and i f  X~ contains just one point x~ , then lim = x~. If
1K ---

H
1K 

= 
.2 ~r(x

k ) and X~ contains more than one point , then .2 (x *) is posi tive

semidefinite and singular at each x~ £ X~ . Although pathological cases where X~

contains two o r more points are extremely unlikely in practice, I know of no easy

way to exclude them in theory . So far as the rule for updating xk is conce rned, it

may be better in practice to set ~
k+l 

= x
1K 

+ 5k whenever ~ (~
k 

+ 
1K~ <

since (in our experience) this leads to faster convergence more often than not.

When iterative methods are used to solve a p roblem , the overall time required to

find an acceptable solution may be less for a more slowly convergent method than for

a more rapidly conve rgent one that requi res more work pe r ite ration . One way to

reduce the work per iteration in the above model/trust—region approach is by some-

- - k—i . k— l  1K
times choosing H to be H or a cheaply updated version of H . If H is

pe riodically chosen to be V
2 
~r(x

k ) and is otherwise set equal to Hk l  (w - i c~-

Traub suggested in §11.3 of [Tra64 1) ,  the n it is possible to use Brent’s ideas Br. ‘3]

to optimize the asymptoti c efficiency of the iteration once it has reduced t:. (3.6)

with ‘,,~ = 1. In practice , i t  might be better to use an i~~ a of Todd )SaiT7S~ 
-

pe riodically choose Hk to ~~ .~2 
g ( ~k ) and otherwise obtain Hk by l - e rf or - ~~og  a

secan t update on 11k 1~ A similar ide a is possible with H1K given periodi call’.- h

(3 .8) .  At this point i t  is not clear just which combination of the ideas p r e s en t~~~

in this section will minimize the time needed to f ind an acceptable local mini~u z e :

of (1. 1) when r ( x )  has the form ( 3 . 1 ) .
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4 4. Nonlinear Problems

In this section we generalize the discussion in ~3 to the case where the rc-::ci -~al

vector r ( x )  is a twice d i f f erentiable funct ion of x. In place of (3.2) and (3.3),

we then have

(4.1) 2~ (x )  = J(x )
T ( r ( x ) ) and

(4.2a )  .~2 
~r ( x) = G ( x )  + S(x )  whe re

(4 .2b )  G ( x) = J (x ) T V( “ ( r ( x ) ) ) J ( x )  and

n
(4. 2c) S Cx) = ! Cr. Cx ) ) ..,2 r. (x)

Amide f rom di rect search algorithms ( i . e . ,  patte rn searchers , such as the method

of sirnplices (Ne 1M65)) ,  most minimization algorithms require a good approximation to

the gradient of the objective function. It is usually possible to obtain an acceptable

approximation by finite differences. For the objective function ~ of present

conce rn , it is slightly cheape r to compute a f i n i t e — d i f f erence approxi mation J (x , h i

to J ( x) and then compute the approximate gradient

(4 . 3 )  V~~(x , h )  = J (x , h ) T 
c (r(x))

than it is to approximate V~r ( x) directly by f in i t e  d i f f erence s , since the criterion

functions need only be evaluated at r (x )  when (4 .3 )  is used. Thus i t  is reasonable

to assume that a good approximation to J ( x )  is available , and to simplify tne

following notation and discussion, we henceforth assume that J ( x )  i tself  is avai lable .

Because of S(x) in ( 4 . 2 ) ,  algorithms expli cit le ’ using . 2 ;( x ) would be

di f f i cult to implement and expensive to run.  On prc -~ lems where S ( x )  is l ikely to be

small at the desired solution , it is reasonable to discard S(x) and thus replace

~.2 c(xk ) by its Ga uss—Newton approxi mation H1K 
= G ( x k ) .  Using th i s  H1K in the

methods of §3, we obtain the Gauss-Newton analogs of these methods.

For many nonlinear probleme , G ( x k ) gives on ’~y a poor approximation to

V2 ~ (xk ), and better performan ce may well be obtained i~ H1K is generated by a

—13—
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secant update method [DenM77). However, since the Gauss-Newton part G(x
k
) of the

true Hessian ~2 x
1K
) is readily available , it  seems reasonable to approximate only

the expensive part S(x
1K
) of (4.2) by a secant update scheme . This works well in

the pa rticular case of nonlinear least-squares ID enG W 7 9I ,  and i t  is natural  to expect

that the obvious generalizations sketched below of the techniques reconunended in

[DenW78l and [DenGW79 ] may prove worthwhile for other problems of the form ( 1.1) .

Let us f i rs t  conside r how to update a current approximation S1K to S( x1K ) .

Suppose step has been taken (i.e., x
1K
~~ = x1K 

+ ~k ) As in [D en GW 79) ,  i t  seems

reasonable to require that s
k
~~ 

~k S( x ~~
1 )s 1K

, and

k +l  k k +l  2 k+ l  kS( x )s = ) Cr . Cx ) ) 7  r . Cx )s
- — 1 1 1
i=l

Cr . (x 1K
~~~) )  [V r . ( x ~~

1) — V r.(x1K)]

= [J(x ~~
l ) — J (x1K)] P ’ (r(x1K

~~))

so we shall require

(4.4) s~~
1 k 

= 
1K 

[J(x~~
1) — J(xk)] p ’(r(x1K~~))

While there are many ways of obtaining an S
1K
~
1 

that satisfies ( 4 . 4 ) ,  the reason ing

in 13 of [DenGW79l and in EGay76 l suggests using

k k+l k(4 .5a )  ~ g := Ve’(x  ) —

(4 . 5b)  v1K 
: 

~~ 
g

k
/ ( ( 5

k
)

T ~~ gk j

1K k k k(4 .5 c)  z := y  — S  s

1K k 1 k T k k(4 .Sd)  w = z — [ ( z  ) s lv

k+l k 1K k T  k k T(4 .Se) S := S + v (w ) + w (v )

at least whe n (5k ) T gk 
> o• To han dle cases where and ~ g

k are nearly

orthogonal , it seems reasonable to replace (4.5b) by

—14—
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k 0 if
(4.6) V

1K - k T  k k T . k r 1K k- g /]sign ((s ) \ g )max ( Cs ) .. g , c
5
)Cs 

2 ~ g

otherwise ,

where c
5 

is a small positive numbe r (such as lO~~ or io
.6

.

For the nonlinear least—squares problem, it proved worthwhi le to size ~1K

before updating it, i.e., to replace in (4.5) by min{l, e1KH sk , whe re

F k k T  k k T  k 1K
(4.7) (y ) s /[(s ) S s

Hul tiply ing S1K by shi fts its spectrum (interval from minimum to maximum

eigenvaiue), making it more likely to overlap that of S(x~~
1 ) ,  which has the happy

effect of making S
k
~~ small in cases where S(x~~

1
) is small.

While working with nonlinear least-squares problems , we tried several other

candidates for t-
k 

including Welsch’s proposal in IDenW78], and concluded that (4.7)

looked best on the problems considered. Whether the same conclusion holds for the

more general problems of interest here remains to be seen.

Our expe rience with nonl inear  least-squares suggests using a model/trust—region

Spproach in which there are two models : the Gauss-Newton model, in which

H1K 
= G ( x k ) ,  and the augmented mode l, in which Hk 

= G(x
1K ) + S1K

. To decide which

mode l to use in determining x~~
2
, we found the following rule adequate : if

k 1K k 1K - k k  k k-
(4.8) q Cs C — ~e (x + a ) I  < c 6 Iq (s ) — ~T(x + s ) i

where q~
’
~ is the current model and is the alternate mode l , the n retain the same

model pre ference ; otherwise switch models. (We found c
5 ‘ ‘2 to work well in (4.8),

though we did not experiment much with this constant.) This is called adaptive

modeling .

An impor tan t  practical  detail is the matter  of deciding when an acceptable

solution has been found. The discussion in §6 of [DenGW79l generalizes readily to

—15—
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objective functions of the form (1.1). Specifically, i f  7; (x *) = 0 w i t h  ‘ ( r ( x ~~.~ $

then (4.1) implies that e ’ (r(x *)) is orthogonal to the column s of J ( x ) ,  ,.bi c[

I - suggests checking for cosine convergen ce , i.e.,

( r ( x k
) )

T J . (x 1K )
(4.9) max 

k 1K 
: 1IJ. (x

1K
)11
2 

> r
,~~. 1 < i .~ . .

~
.

IL- ’ (r(x )I)
2 

))3
1
(x )11

2

where J. denotes column i of J and r . > 0 is a tolerance used to decide whet:-- er
1 J i—

J should be regarde d as a zero vector. Except for the choice of the 
~Ji

’ test

( 4 . 9 )  has the advantage of being unaffected by how the components of x are scaled.

On problems where o~ (r(x*)) = 0, a test of the form (4.9) may fail no matter how

close x
k 

is to x*, so it is also necessary to check for generalized residual

convergence, i.e.

(4.10) Do ’ ( r ( x 1K ) ) Il < i-~~

which unfor t unately is sensitive to the scale of r ( x ) .  To handle cases where c and

are too small for the precision of the ari thmetic being used , i t  is advisable to

check fo r X convergence — whether 5k is small relative to x
1K when ~1K is rejected ,

i.e., when xk4i = ~
k 

One way to do this is by checking whether

k 1K k~f l ( x . + a.) — x.

(4.11) max 
1K 1K k 

i < i  p
x. + S . ) + Ix .

1. 1. i

whe re f1( ~ ) denotes the comp uted value of C . ) .  This X con vergence test is

independent of the scale of the components of ~
k and ~k but may have trouble i f

x
k 0 for some i. We can , of course , replace the componentwise test (4.11) by one

of the form

(4. 12) 1ID[fl (x1K + ~k ) - xk ]ii .
~~ 

c
~ 

ii ~ x
1K iI

which is scale-invariant i f  the scale matr ix D is chosen properly and only fa i l s  to

perform properly if x* 0. (We may wish to change 0 from one iteration to the

next - see ~7 of [DenGW79I.) It may also be reasonable to consider a generalizatian

-16—
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of the variabil i ty convergenct test described in I D e n G W 7 9 ) .  Although i t  may not

always be clear how to gene ralize the scale factor 
~ 

r
1 

(xk)2/max l , n — 
~~; used

for nonlinear least—square s , it is clear that the alternate inte rpretation of trie

variability convergence test in the case of a full Newton step generalizes to a test

on the predicted change yet possible in the objective function. To handle cases

where is not a Newton step (i.e., H
k 5

k 
~ -V ~ (x1K ) ) ,  it may be best to check

whethe r , say ,

(4.13) ~ (x
k ) — min{q1K (s 1

~) , ~ (xk 
+ ~

1K )} ~~ 
. 

~ (x
1K ) I

whi ch if t rue , might be called function convergence. For reasonable values of

i t  is likely that (4.13) would be satisfied sooner than (4 .9—12 ) .
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Appendix A: Computing (0 A) CD b)

In this appendix we conside r in more detail a problem in numerical linear

al gebra from §3 : given A En p  of rank p ,  b € Rn and D = diag (d
1
. d

n
)

with  d . > 0 , 1 < 1  < n , compute a good approximation s to

(A.l)  5* = (AT D A) 1 
A
T 

~

usi ng f ini te-precision ari thmetic.  Let

(A. 2a )  A = D
1/2 

A and

(A.2b) b = ~
_l/2 

~

so that (A.l) amounts to s~ = (AT A) 1 
A
T 
b. How easily we can compute a good s

depends largely on the condition n umber < of A , i.e., the ratio of largest to

smallest singular value of A , which is gi ven by

C 1 1/2
(A. 3) = h A T All 2 II (AT A) 1))

2

Let fl ( .)  denote the result of computing (~~) in the available finite -preci sion

arithmetic. We assume this to be floating—point arithmetic, so that if denotes

one of the four elementary arithmetic operations and a B is define d and in range ,

then fl  (a ~~ I) = ( .~ 22. 5) (1 + ~) for some ~ with I n  I ~~. 
C
~~ CH~ where C~~ CH 

(the

“machine epsilon ”) depends only on the ari thmetic being used. (If binary floating—point

ar i thmetic  having t bits in the fraction is used , the n C
~~ CH 

is generally

or 2l t  depending on whether results are rounded or truncated. It is often

satisfactory to define C
~~ CH 

as the smallest positive floating—point number such

that fl (1 + CMACH) > 1 and fl (1 — C
~~ cH

) ~ 1.)

If is suf f i c i en tly less than then the most e f f i c i ent way to compute

an acceptable approximation s to s~ is to explicitly compute f l (A T D A) and

solve fl (A
T
D A 5  = fl (AT b) by computing a Cholesky factorization of fl (A

T 
~ A). A

roundoff analysis of this procedure leads to a relative error bound analogous to

(A.lO) below (provided that K t
~~ CH 

is not too la rge) .

— 18—
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Snfor tuna t ely , people of ten overspecify their  models , which can eas i ly  lead to

In this case it is possible for fl (A T D A) to be indefinite or singular ,

and the proced ure jus t sketched can break down or yield a poor s. If <

then , as indicated in §3 , it is usually possible to obtain a much better s by

p roperly computing a QR factori zation of A = ~l/2 A and approximately solving

= Q
T b. We now consider how to properly compute a QR factorization in cases

where some d. may be near zero.

In general , if A K R
n and the columns of A are readily avai lable , it is

common practice to compute a QR factorization of A by means of Householder transfer—

mations (elementary re f lec to rs ) .  In thi s case Q amounts to the f irst  p columns of
—1 -T if i~~~ O

the product Q1 Q
2 . . Q

P, where = I — 2 (l) u
1Kfl 2)~ u

k
(u
k
)
T
, i~~ 

=

0 if -r = 0

for I € R, and u K Rr
~ is chosen so that A := Q • 9 A has

A
k+l 

= 0 for i > j ,  1 < j  < k. Starting from A
1 

:= A , this is accomplished by

choosing
0 i f  i < k

u~ = A
k k  

+ sign (A~~k)[~~ 
(A~~ 1K)2J if i = k

A . if i > k

With thi s scheme, 9
T b is the fi rst p components of the b~~~ computed by

b1 
:= b, b

1K
~~ := b1K — 2(llu

k )l~~) [( u k)T b1K
)u

1K fo r 1 < 1 K  < p .  Un fortunately , i f

0 for some k K 
~~ ‘ 

then this scheme can lead to severe cancellation errors in

components 1K through p of f1 (QP . . . Qk+l bk ) .  Suppose for example that

- 

/ 1  
1\ 

- 

(l

’
\

A = .01 2 , b = 1 , and 0 = diag (.Ol , 1, 1), so that

F 1 1 ~2/ -

-‘ .~~~~ .01 / 100

(A.4 ) A = (. O 1  :)
~~~~~~~~~~~~~~~~~~~~~~~~~~~J
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If we use 3 deci mal rounde d floating-poin t ar i thmet ic  c - MACH = . 0 0 5 )  aid obtain s

from a QR factorization of A computed as above (using division by fi (u~ 
.

in place of multiplication by 211 u 1 2 (u
k 

. A
k ,k

) ) ,  the n we get

( 3.53 / 2.51226 
-

s = I , whereas s~ . If the components of A , b, and d had
‘\ — .518 \ .487439 /

been ordered to make d
3 

the small one , then the computed s would have been n-uch

more accurate. For example , if we interchange rows 1 and 3, so that

1 l \

(A .5)  A = .:i : ) ~~d b 

~~ lOO ~

/
then we obtain s = ) . This illustrates a way of avoiding disasterous cancel-

\ .490/

lation errors when using Householder transformations: we cound introduce row pivoting,

i . e . ,  before generating Qk , we could ar range that IA~ k I = max { I A~ 1K 
: k < i < n ;

by interchanging two rows of (Ak b1K ) if necessary. (Equivantly , we could use a

permutation vector in the obvious way.)

A QR factorization computed using Givens transformations (plane rotations) can

also suf fe r  disasterous cancellation errors in some cases. With this scheme , 9 is

the fi rst p columns of a product of matrices Qk~~ of the f orm

cos 0
k ,i. 

if j = j  = k or i = j  = 9.

sin 8 if i. = k  and j =~~

k , 9. . k ,i. .9. = —sin 8 if i = 9. and j  = k 
I 

-

1 if 9.~~~i = j � k

0 otherwise.

If A and b are given by ( A . 4 ) ,  for e xample , and we compute s using the Givens

transformation s Q1’2 Q1’3 
Q

2 ’ 3 computed in the same 3 decimal arithmetic as be fore ,

/ 2.35 ’\
then we obtain a = ) . The substantial error in this s comes about because

\ ,65O/
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~1,2 is far from ÷ r/2, which results in a significant cancellation err~ r in

f1 (QT b). Here again appropriate row pivoting can greatly reduce the criti cal cai -; 1-

lation errors. For instance , if A and b are given by (A.5), then we obtain

/ 2.51

\ .487
The stabilized Gram-Schmidt process gives good performance without any row

pivoting. In this case we compute a QR factorization of A by the following

algorithm, in which qk denotes the kth column of 9 and Ak denotes column

j of A1K
.

A1 : A

For k = l , 2,~~ , p :

~k,k 
IIA

IC
1K II 2

k k
q :=A

k / R k k

For j = k + 1 ,~~ , p :

(qk ) T Ak
J

k+l k kA - : A  . - P , .q.,J .,J K ,J

/ 2 .5 l \
On both (A.4)  and (A .5)  this leads to s = ( ) when 3 de ciman arithmetic is used\ .487/
as before.

We may use floating-point error analysis to justi fy the above claim about good

performance from the stabilized Gram-Schmidt process . It will he useful to introduce

the notation O
n p (r) to denote a quantity such that 0 

~ °n 
(r) < -r • ç(n , p) for

some low order polynomial ~(n , p) and all > 0. In this notation , the conventional

big 0 is 0 ( r )  :=

When we compute a QR decomposition of A and an approximation v to 9
T 
b

using one of the schemes sketched above , it is generally possible to show that
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(A.6a ) A + E = çO.: and

(A.6b) v + i = Q
T
b

whe re ~E : ~~= 0
n ,P~~~:.~ACH I l A ~~) and l) f ll = 

n,p~~ NACH 
)~~f l ) , provided n is 

- -

small (e.g. n 
~MACH 

< .01). Wi lkinsOn [Wil65) does this for Householde r transfor-

mations , Gentleman [Gen73J does this for (standard and fast) Givens transformations,

and Bj8rck [Bj867) does this for the stabilized Gram—Schmidt process. Relative ly

little error occurs when we compute a by solving Rs v; we could take this small

error into account by adjusting E and f, but doing so would not change the

character of the bounds on E and f, so we shall assume this error to be zero.

Another source of error with the stabilized Gram-Schmidt process is the fact that the

columns of the computed 9 are usually not truly orthonormal. Since this fact also

does not change the nature of the perturbation bound (A.lO) given below (see [Bj~ 671),

we shall ignore it too. Thus we consider that the computed s exactly solves a

modified problem : s = (A + E)~~(b - Qf), where (A + E) = [(A + E)T(A + Efl
1 

(A+E)
T

denotes the pseudoinverse of A + E, which , like A , we assume to have rank p.

In discussing the difference between the computed s and the desired one ,

i.e. , a — s~ = (A + E) (b — Qf )  — A b , it is useful to use the notation for

orthogonal projection onto the column space of A : = A A = A(AT A) 1 
A
T
. In

this notation , ~ - P~ denotes (orthogonal) projection onto the orthogonal complement

of the column space of A .

When A and b come from a general linear least-squares problem ,

11 ( 1 - P
A

)bhl /))P
A 

bU is often not too large , in which case the perturbation bounds

that Stewart de rives in (Ste69] are qui te  satisfactory : Theorem 6 .2  of [Ste691 show s

for , say , ) ) P ~ E U / C A ) )  < 1/2 that

(A.7) 
I) (A +E)

:
b _ A  b 

~~~o ( K.
11
~~~~ 

~~
lI
+K

2.
)I (~ 

_ P
A ) b I l  11 (1 - C E  1)

3 11 (1 _ P
A )E 11 2

1A b:~ 
A 

~A HA ))

whe re ‘ is given by (A.3). When A and b come from ( A . 2 ) ,  however ,
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(I — P
A
)b /II t b i )  an~ the r e w i t h  the r i g h t — h a n d  side of (A . 7 )  can be arbitrarily

large . FortunatelY , th e left-hand side of (A.7) only depends on A , E, A
T 
b, and

E
T 

b. Indeed , we prove in Appendix B that if , say ,  ‘1
~~A 

El) /II A II < 1/2 , then

t T ~ ~2 T
IC (A + F) b — A b II 2 I lI E )) l IE b II 2 h E l l  II (A + E) b II 4

(A.8) 
IA bil 

= 0CC ‘L~
iT + h A l l  b h l 

+ K UA T , (All 1
~~A 

blI

It is straightforward to modify the derivations in IBj667l to show that

(A . 9 a)  H E T 
b I l = 0n ,p~~~MACH 

. a~
’

L i I ~ and

(?.9b~ l I f  II = O
n ,p

(r
~~ aj 

.

for the stabilized Gram-Schmidt process , where a € Rn has i th component

= m ax - ]A~ 
~~ 

: 1 < j  <p }  and Ib i E ]I9.
n has i th  component b . I .  Together w i t h

(A.6) and (A.8), this may be used to show that

(A.lo) 
II (A + 5) (b

•
- Qf) - A b i l  

= O
n p(C

2 
C

~~~~c~~ 
. 

[ H A  II b i l  + 1])

(fo r , say, K . C
~~~~CH 

ç(n , p) < 1/2).

While I suspect that (A.9)  usually holds when Householde r or Givens transforma-

tions wi th  row pivoting are used to compute a QR factorization , at this wri t ing I

am unable to obtain satisfactory bounds for these procedures .
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Appendix B: Bounding (A + E)~~ b - A~~ b

In this appendix we may gain some generality b~ allowing A , h , an-i - -

complex components. Thus we assume that b ‘ E
n P c f

n 
~~, ~nd t:.at A

rank p. Superscript H stands for conjuga te transpose , and II• b~~~ -~~te.. -

vector norm II x l l  = II xfl 2 := (~~ x) 1”2 or the corresponding i n - 1uc~ I matr i x norn :

h A l l  max{llAx )l : lI x )) = 1) .  As before , . denote s the con dit ’- -n n imhe-r of A , i . e - . ,

= [II A
H 

All II (AH A)~~h l ] 1”2 , A = (A
N A) 1 

A
H 

is the pseudoinver3c- of A , and

= A A denotes the operator that projects orthogonally onto the-- col-j xnn space of A.

It will be convenient to use the notation

(B.la) F K ll FJ h / l I A ) J

(B.lb) F
1 

: K ‘
~~A 

ElI /11 Al)

It will also be convenient to exploit the fact that A has a ~(F decomposition :

A = QR , where Q € E~
”<
~ has orthonornial columns (i.e., 9 = I) and R €

is upper t r iangular  wi th  l l ph l = I lAl l  , IIg
1

lI = HA II = K/HAIl . Note that = 
~

Theo rem B .3  below rests heavily on Lemma B.2, which in t urn relies on the

following simple 1emma~

Lemma 8.1 Assume F ‘~ and let F
1 

= 
~A 

F. If 11F 1
) l < 1 , then (~ + F) ’)2 + F)

is nonsingular  and

H 1 411 F 1)
2 

+ HF ) )  2 (1 + 21 1 F I)
(B . 2 )  I l i  — 9 F — F

H 

9 — f ( Q  + F) H (Q + F ) ]  I) 
-
~~ 1 1

(1 —

Proof:  For any x e

11 (9 + F) x II II QH (9 + F) xll = II (I + 9
H 

F
1
) x II (1 - II F111 C I I  x II ,

so the smallest eigenvalue of (Q + F)
H (Q + F) is at least (1 — l IF 1

l ) ) 2 , whence

(9 + F) H (Q + F) is nonsingular and

(B.3) 11 1 (9 + F) H (Q + F ) ] 1
1) < (1 - IIF

1
I))

2
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Now [ (9  + F) H (Q + F)J [I — 9
H 

F — F
H 9) = - (Q

H 
+ ~

H ~ )(ç
H 

F * 1 ” 2)

+ F
H

P ( I _ Q H F _ F H
Q), so

- 9
H 

F - F
H 
Q - [ (9  + F) H (Q + F)]

1 
=

(B.4) 

1(2  + F) R (Q + F ) ]  1 [ ( Q H F + FH 9)(Q
H F + FHQ) + FH F ( I  - F - F

H

and (8.2) follows readily from (B.3) , (B.4), and the fact that  I l ç ~ F H  = I F ” 
~- = i F

1 
.

Lemma 3.2 Let F = E F
1 

= p
~ F , and assume 

l 
< 1. Then )~F1

lh -
~ 1,

(A + E) H (A +E) is nonsingular , and i f  
~A+E 

is the orthogonal projection onto the

col umn space of A + E, i.e ., 
~A+E 

= (~‘~ + 5) (A + E) • then

Il 
~A 

1
~~A+E 

— PA
)b II I) FH (I — Q

H )b  Ii + ( IF
1 II )) FH b H + [2)) Fl) IF

1
)) +

(1 + II FU ) (4 1 F
1
H2 + I) FU 2 (1 + 2H F

1
11) ) 

H
+ 

2 1 11 (2 + F)  b l l
(1 — ) IF

1l l )

(8.5)

~~ H Al) [II E
H (I — P

A
) bl l  + 15H bl l +

2 2 -[l+~~~] [4 o +~~~ + 2~~ .~~)
+ (2BB

1 
+ 

2 ~ I ) (A + E) H b Il]
[1 —

Proof: We have 11F 111 = CP
A 
E R 1 II < I)R~~ Ih “PA 

El) < K ‘
~~A 

Ell /II AII = F
l

(Q + F) H(Q + F) and (A + E) 11
(A + E) = P

H (Q + F) H (Q + F)R are nonsingular b~

Lemma B .l.

Let M = [ (9  + F) 0(Q + F)] 1 
- [I - Q

H 
F - F

H 9].  Since

~A+E = (Q + F)[(Q + F)H (Q + F ) J 1(Q + F) H, we have

P
A+E 

- 

~A 
= (9 + F)  [I - 9

H F - FH QJ (9 + F) H 
- 

~~ 9

H 
+ + F ) N ( Q  + F) H

(B.6)

= [I — Q Q
8IF ( Q  + F) H + 9 F

H
(I - 9 9

H
1 - 9 F

H 
9 +

Now 19 11 = ~~ 
~A 

= 9 Q
H and 

~A
’ — 

~~ 
= 0, 50 the first inequality in (3.5)
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follows from (B .6 )  and Lemma B.l (which bounds MU ). As above , we have 11r 1l)

and similarly )l FI l < e- II EII /II AII = F (see (B. 1 ) ) ;  because of these inequalities and

the facts that llF ~
’(I — 9 Q

H )b  II < e II E
H (I — P

A
)bII/II AH and ( ( 9  + F)

H 
b II

I ) (A + E)
H bI) / II A )) , the second inequality in (3.5) follows from the first.

We may now prove the main result of this appendix:

Theorem 3 .3 :  If 
~l < 1, then

II (A + E) 

b II 

A b I I 

~ (1 
~l ~~ 

~A 
E l i + CII E l  

+ II A II “ P A b II [~~ 
+ B 1) Il EN b II +

(3.7) 
[1 + 5114 5

2 
+ 5

2 
+ 2 ~

2 

~~ H
+ (2B5

1 
+ 

1 
2 ) lI  (A + E) blI]

(1 —

Proof:  From (4.8) of [Ste69] we have

(B.8) (A + E) b - A b = (A + 
~A 

E)
~~

[P
A

(P
A E  

- P
A

)b  + 
~A 

~ A b]

By ( 6 . 5 )  of [Ste69],  lI (A + 
~A 

E) Ib < II A lI /(l — 

~~~~~~ 

This combines with (3.8),

Lemma B.2 , and the facts that € = II A II IIA II , = A A , and IA bl l > “PA 
blI / I lAl l to

give (B . 7 ) .  •
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