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ABSTRACT

A number of regression problems require finding a parameter vector x* that
minimizes an objective function of the form Zi oi(r(x)), where ri(x) is the
ith component of the (generalized) residual vector r(x) associated with the
problem and pi is the ith criterion function. The examples given include
(linear and nonlinear) least squares, robust regression, logistic regression, and
Poisson regression. These problems have a common structure which may often be
worth exploiting, especially in cases where r(x) is a nonlinear function of x.
We study this structure and how to use it. This provides an opportunity to discuss
some ideas applicable to general unconstrained optimization and, in particular, to
point out the advantages of a model/trust-region approach. For nonlinear r(x), we
recommend generalizations of some techniques that have proven worthwhile on non-

linear least-squares problems in which the optimal residual vector r(x*) may be

either large or small. Appendices consider the numerical linear algebra
involved in computing a trial change to the parameter vector x and give a new
perturbation theorem on linear least squares that is useful in analyzing the

numerical behavior of the procedure recommended for computing this trial change. /%,\\\\
/&
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SIGNIFICANCE AND EXPLANATION

-t y
"= Many researchers employ mathematical models. Most models contain param-

eters, which may be chosen to make the model fit the available data as well as
possible (in a sense that depends on the model). In this paper we consider the
problem of choosing the parameters for a common class of models in which the
desired parameter vector /x;ﬂ minimizes an (unconstrained) objective function,

of the form zi pi(ri(x)), where r, is the ith (generalized) residua}»of)

‘ the model and CH is a scalar criterion-function. (Often ri is the model‘s

H error at the ith observation.;; We briefly give some examples of such

problems, then discuss ways to exploit the common structure that these problems
share. This leads us to discussing strategies for solving general unconstrained
minimization problems and to point out the advantages of using a so-called
;hodel/trust-region approach,t wherein the change made in the current parameter
estimate is chosen so as to approximately minimize a local model of the objective
function on an estimate of the region about the current iterate where this local
model is reliable. For problems in which the residual vector r(x) 1is a non-
linear function of x, we recommend generalizations of some techniques that

have proven worthwhile in nonlinear least~squares problems in which the optimal

| Accession For 5
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residual vector r(x*) may be either large or small.

fﬂlﬁ;asponsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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ON SOLVING ROBUST AND GENERALIZED LINEAR REGRESSION PROELEMS*

David M. Gay

1. Introduction
A number of regression problems require finding a parameter vector x which
minimizes an objective function ¢ : Rp -+ R of the form 4

CL.L) v(x) =
&

Il o5

o.(ri(x)) '
it X

where ri C Rp -+ R, pi F VRIS SandiSndeinl o Oftent i ilx) ) =l (0t T, B

is the residual vector corresponding to a linear or nonlinear model; we shall ther

call it the (generalized) "residual vector" even in cases where minimizing ¢

intended to make r(x*) near zero. In the case of robust regression, o, 1is some-

times called a robust loss function. But "loss" has other meanings, so we shall re:

to pi as the ith criterion function.

Problems of the form (1.1) have in common a structure which, we suspect, it will

|
|
|
often prove worthwhile to exploit, especially when the residual vector r(x) 1s a non-
linear function of x. After giving examples of (1.1) in the next section, we restri
]
]

our attention in 83 to the common case where r(x) 1is an affine function of x. This

gives us the opportunity to discuss some ideas applicable to general unconstrained |

]
)
'
TRy n P v

optimization and, in particular, to point out the advantages of a model/trust-recion
approach. In 84 we turn to the general case where r(x) is nonlinear and recommend
trying the obvious generalizations of some ideas that have proven worthwhile for non-

linear least squares. Appendix A deals with the numerical linear algebra of solvinc

Aot &
Newton

the special linear least-squares problems that arise when computing certain

steps, and Appendix B states and proves a perturbation theorem used in Appendix A.

-~ - 3 -
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2. Examples
Perhaps the most common problem of the form (1.1) is the least-squares problem,

: 12 for all 1i. This problem may arise, for example, when one

in which p. (t) = =
l( ) 2
has a model fi(x) that predicts what experimental response will be obtained under
the 1ith set of conditions, and one measures response Yy under these conditions;
if there are independent, normally distributed errors in the Yoo then the maximum-

likelihood estimate x* for the model parameters minimizes (1.1) with ri(x) =

£.x) =y, and p.fl1) = % TR
4 i i 2

E The least-squares parameter estimate can be strongly influenced by errors in the
data Yi' so a number of so~called "robust regression" techniques have been proposed

for obtaining good estimates of the model parameters in cases where some of the yi

. contain large errors. One such approach involves solving (1.1) with Di a robust

5 criterion function and ri(x) = (fi(x) = yi)/c, where ¢ 1is a scale parameter that

‘ nas been determined by some other means. A number of robust criterion functions have .
been proposed, such as the eight choices considered by Holland and Welsch in

” [HolW77]. These include the criterion functions of Huber [Hub64],

! [ 1B

£ 4f || zm

(2.1)

(o]
~

-

i
Sty

(o)l e e i e ol e

of Fair [Fai74},

(2.2) p (1) = Fllt] - F - In@@ + [t|/®)1 ,
of Welsch [DenW78]},
(2.3) oi(r) = %-Wzll - exp(-rz/wz)] '

and of Hinich and Talwar [HinT75],

(2.4) ci(r) =

=J=




On problems with small residuals, all of these cirterion functions behave very much

like the least-squares criterion function. The tuning constants H, F, W, T of

(2.1-4) may be chosen to make (1l.1) yeild parameter estimates with a specified level

of efficiency - see [HolW77].

The generalized linear models of Nelder and Wedderburn [NelW72] give rise to other
problems of the form (1.1). In addition to the least-squares problem, these include
logistic and Poisson regression.

The logistic regression problem arises if one models the probability L of
success in an experiment under the ith set of conditions by ni/(l - ni) = e

If the experiment is repeated vy times under these conditions and 0, successes

occur, then (under reasonable assumptions) the probability of the observed outcomes is

=]
“
<
|
e}

Lo, TR =) l, and choosing x* to maximize (the logarithm of) this
i=1

probability amounts to minimizing (1.1) with
& T
(2..5) p.(t) =v, In(l +e) - 1T o, .
i al i

Analogous reasoning motivates the Poisson regression problem. Suppose one

observes n independent Poisson processes and obtains a count of vi for the ith

=X M, £, (%)
process, an event of probability e + Ail/(vi!). If one models Ai = e = , then

finding a maximum likelihood estimate x* for x amounts to minimizing (1.1) with

(2.6) Di(r) = v, T -

With the exception of (2.4), all of the above criterion functions are continuously
differentiable. The discontinuity in the pi of (2.4) causes no serious trouble for
the iterative schemes considered below, at least so long as r(x) is continuously
differentiable, since (as is easily seen), points of discontinuity are not points of
attraction for these schemes. The discontinuity in the Huber p; (2.1) causes no
problems either, so we will refrain from further discussion of the continuity of the

criterion functions and will assume them to be at least twice differentiable in what

follows.

-3=-




3. Linear Problems
Often when the problems sketched in %2 arise, r(x) 1is a linear or affine
mapping:

3.3) r(x) =Ax -b ,

nx : : % n ) 5 ’
vhere A e R P (i.e., A is an n x p matrix) and b e R . 1In this case, the gradien

and Hessian of ¢ have particularly simple forms:

(3.2) W (x) = AT p'(r(x)) and
(3.3) v o =aT D" (r(x A
Ll — " - - ° [ T " = e o~ M
where p'(r(x))= lpl(rl(x)>, ' on(rn(x))] and D(p"(r(x))) d1°g(”1(r1(X))'

G -,p;(rn(x)))T is the diagonal matrix whose ith diagonal element is ;;(ri(x)).

Since (3.3) has such a simple form, it is reasonable to consider using the dam

Newton's method

(3.4) xk+l = xk ~ Xk V2 \l’(xk)-l V¢(xk)

to construct a sequence of iterates which, under reasonable conditions, converge to
a (possibly local) minimizer x* of (1.1). 1In (3.4), Ak is a step length parameter

+
chosen to assure ¢(xk 1) < ¢(xk) when Vw(xk) # 0. It is unnecessary to choose X

Lo o it & e
as to (nearly) minimize ¢(xk l); indeed, it is nowadays generally recognized as

: PN =l S T 3 k+
inefficient to attempt this. But it is important to make ¢(xk) = g% l) large

enough that the iterates do not converge to a noncritical point of ¢. See [Pow7l],
[GilM74], and §6.3 of [DenS79] for discussion of efficient ways to do this.
If Di is the least-squares criterion function, A has rank p, and * =1,

then (3.4) converges in one iteration (when exact arithmetic is used). In this case,

(3.4) amounts to the normal equations: x* = (AT A)-l AT b. When finite-precision

arithmetic is used, explicitly computing AT A and AT b and solving AT Ax:= & &k

works well if A 1is well conditioned, i.e., if the condition number

Agyte

K = (IIAT Al II(AT &Y of A is not too large. For large values of «x it is

sC




usually much more accurate to employ a QR factorization of A, 1i.e. » factor

X SEas )
as OQR, where Q ¢ Rn P has orthonormal columns and R ¢ RI 4 is upper triancular,

2
and then solve R x* = QT b - see [LawH74]. (This costs roughly n p - p

LR : k1 M e 2 3 =
multiplications and a similar number of additions, versus roughly n p /2 + pJ/e for
explicitly solving the normal equations, so using the QR factorization less than

doubles the arithmetic overhead).

w

For other criterion functions having p; >0 for all i, such as (2.2), (2.

and (2.6), we can readily convert the task of computing the Newton direction

2 k, -1 k 5 "
=V we) V¢ (x') into that of solving a linear least-squares problem by setting

(3.5a) 2 = gl b1 %2 ana

(3.5b) B = o ™ 0 i), i
where p(o"(r)¥1/?) - diag i@yt 2, <5 p;(rnﬁl/z) R LR

(Ak)T Ak and Vv(xk) = (Ak)T bk. Using a properly computed QR factorization of Ak

will then usually lead to a more accurately computed value for the Newton direction.

There are three commonly used ways to compute a QR factorization for use in
solving linear least-squares problems: triangularization via Householder transforma-
tions (elementary reflectors), triangularization via (standard or fast) Givens
transformations (plane rotations), and the stabilized Gram-Schmidt process - see
{LawH74]. While all three yield similar numerical accuracy on a broad range of
problems, use of the first two techniques on (3.5) can sometimes lead to a severe loss
of accuracy in cases when p"(r) has a component near zero. This point is discussec
in detail in Appendix A, where it is shown that the stabilized Gram-Schmidt process
does not share this drawback.

Some cost functions, such as (2.3), can have p;(ri(x)) < 0 foxr certain i, so
it is possible for the Newton direction -V2 ¢ (x) V% (x) to be uphill, nonexistent, or

nearly orthogonal to the gradient Vg (x). One way to overcome this difficulty is to




|
b
,

2 " 3 k
replace V ¢(xk) in (3.4) by a positive definite matrix H , so that (3.4)
becomes

(3.6) otk ok Ak(Hk)‘l v (x5)

For solving robust regression problems, Huber [Hub75] has considered choosing

(3.7) B at

; k : . 2 : ¢
Since H remains the same for all k, this choice lets one avoid computing new
matrix factorizations after the first iteration. But it often converges slowly.
k ; 3
Holland and Welsch [HolW77] advocate using an H that is generally attributed to

Beaton and Tukey ([BeaT74]:
(3.8a) B = AT pw(r(¥)))a , where
(3.80) w(r) = (0! (r)/r, = =+, p'(r)/r)T
g LSS0 ) e o Pt I 3

This converges more rapidly than (3.7) but more slowly than Newton's method (near the

solution) [HolW77]). (Since p;(O) = 0 for robust criterion functions, (3.8) amounts

o;(ri) = p;(o)
to replacing p!(r,) in (3.3) by the finite difference w, (r,) = —————— > 0.)
BUNE L et ri -0
With this choice of Hk, it is again possible to compute the step direction,
k. =T . k Y k k
-{H") V¢(xk), by linear least squares, since Wi(x ) = A" D(w(r(x )))r(x ); when

done with Ak =1, this is known as iteratively reweighted least-sguares. Byrd and

0
Pyne [ByrP79] have proven the remarkable result that 1lim Vﬁ(xk) = 0 for an x
ko>

with this approach. Because robust regression problems are likely to have a number of

S : 0
local minima, Holland and Welsch [HolW77] recommend starting from an x that

minimizes ||Ax - le =

[(ax - b) . |.
i L

1

Il o~

In connection with general unconstrained minimization, a number of other choices

k 5 . :
for H have been considered in the literature. Greenstadt, for instance, has proposed

2

replacing negative eigenvalues of ¥ w(xk) by their absolute values [Gre67]. Murray

has proposed an interesting modified Cholesky factorization [Mur72], 2and Moré and




Sorensen [MorS77] have proposed modifying the eigenvalues of the block diagonal matrix

2

in the Bunch-Parlett [BunP71) factorization of V w(xk). Unfortunately, all of these

1 V¢(xk) which are nearly orthogonal to

: : Rt
schemes can generate search directions =-(H)
. ; ; 2 k / s :

the gradient in certain cases when V™ ¢(x ) is poorly conditioned. This can cause
slow convergence.

Secant update methods (see [DenM77], where they are called quasi-Newton methods)

A Sl o k
provide another way to generate a reasonable positive definite substitute H for

i

: 2 k : - - :
' V" ¢(x ). They offer the advantage of less arithmetic overhead per iteration than

methods which deal explicitly with V2 ¥, but they also converge more slowly than
these methods. They should be faster than (3.7), and at this writing it is unclear
how they fare in comparison with (3.8).

Starting with Fletcher and Freeman [FleF75] and McCormick [McC77], there has been

considerable interest of late in exploiting negative curvature. The idea is to replace

the single search direction —(Hk)_l Vw(xk) in (3.6) by what Sorensen [Sor77] has
éf termed a descent pair (sk, dk), in which sk = —-(Hk)n1 Vv(xk) for some positive
: definite Hk and (dk)T V2 s':(xk)dk < 0, with equality only if 72 v(xk) is positive
semidefinite. 1In such a scheme, xk+1 = xk is a linear combination of sk and dk:
Goldfarb [Gol77] suggests a combination of the form uz sk + dk, while Moré and

Sorensen [MorS77] prefer a sk + a2 dk. The choice of sk recommended in [Gol77]

and [MorS77] can be nearly orthogonal to the gradient in some cases (and the higher

the arithmetic precision, the more nearly orthogonal sk and the gradient can be),

so these schemes need further study.

The model/trust-region approach offers a more elegant way of dealing with cases

2 o o i i
! where VYV~ ¢ may not be sufficiently positive definite. This approach can generate

k+1 k, T 1
X -

) PRI e

steps in a direction of negative curvature (i.e., (
is possible), but in some ways it is simpler than the schemes that deal explicitly

with negative curvature. Moreover, it avoids the slow convergence that can result

from search directions nearly orthogonal to the gradient, and it can converge faster

- 1

e

it s il mnihe .




e

than (3.8), because it reduces naturally to Newton's method near a strong local

O et e

bR 2 % b g o
minimizer (one where V~ ¢ 1is positive definite).

Among the first to consider the model/trust-region approach were Marguardt

[Mar63], who did so in connection with rzialinear least-squares, and Goldfeld, [uancr,

and Trotter [GolQT66], who considered general unconstrained optimization prokblems.

| (Levenberg, whose work [Lev44] is often mentioned in the same breath with Marguardt's,
actually considered a different approach.) These authors did not attempt to control
the trust-region radius ék directly, but worked instead with the Lagrange multiplier
Af mentioned below. By contrast, Powell specified ék explicitly in [Pow70a-d].

When Hk is positive definite, his dogleg strategy produces an easily computed

approximation to the step discussed below, but this strategy is of no help when

Hk = V2 ¢(xk) and V2 \p(xk)“1 Vp(xk) is a direction of negative curvature or is

undefined. Hebden [Heb73] appears to have been the first to give a practical algorithm

k| (and computer program) using the model/trust-region approach in the form which will now

be described.
y i : k k
This approach works as follows. We pick a convenient model gq (s) for ¢ (x +s)
. ; 3 : ; k
and choose a neighborhood Tk, called the trust-region, in which we believe g to

5 k ; R n o
be reliable. We then compute a candidate step s by (approximately) minimizing

k k k k
k| g (s)  on Tk (or on an approximation to Tk). If ¢(x + s ) < ¢(x), then
| k+ +
b4 § = xk 2 sk; otherwise xk = sk and we choose a smaller trust-region Tk l. This E
k+1

descent rule (together with a reasonable choice for T ) makes convergence to a
local minimizer quite likely.
5 ’ ‘ . k &
In this section we consider only one choice for g , a quadratic model of the

| form

: k
(3.9) Qo) =l w8 WX + % e s,

in which Hk is either V2 w(xk) or some approximation to it. The choices for Tk 1

usually considered depend on a step bound ék (which will be discussed later) and




have the form

(3.10) ™ = {s e ¥ : lpsll < &}

P

where D 1is a diagonal matrix having Dii > 0., While choosing D = I, the identity

matrix, works well on well-scaled problems, a proper choice of the scale matrix L

can lead to significantly faster convergence on problems where the components of x
are expressed in sharply contrasting units. For the linear problems of present con- !
cern, choosing Dii to be some convenient norm of the ith column of A 1is usually
reasonable.
If the norm ll+ll in (3.10) is the max-norm (i.e., lyll =1lyl_ =
max {Iyi| : 1 <1< p}l, which at first is appealing if one wishes to consider
generalizing to problems having simple bounds, such as nonnegativity constraints, on
some components of x), then computing the optimal sk amounts to solving a guadratic
programming problem with particularly simple constraints. Unfortunately, if Hk has
some negative eigenvalues, then this quadratic programming problem can have a number
of local minima (as many as 2P,

ek o S Shit ks - k
Even when H is positive definite, it is often possible to compute s more

rapidly or more accurately if I+l in (3.10) is the 2-norm (i.e., Iyl =yl =
by 1/2 . k A k } k

(y" y) ). In this case, any s that minimizes gq (s) subject to s ¢ T

satisfies

(3.11) w* + 2% b2k = cw )

where AE > 0, \f makes Hk + At D2 positive semidefinite, and KE =08 SF

k k :
ID s H2 < § (see [Gay79]). In practice, if Ai is positive, then it usually cannot

be determined exactly, and attempting to approximate it with high accuracy would be

; o . & . : : e
inefficient. Good performance is usually obtained in this case if s is chosen to

; : ; K
satisfy (3.11) with Ak replaced by any Ak that yields a 5k <lpb skI!1 <8 6 for

*
some fixed a <1 and B > 1. (Hebden [Heb73] and Moré [Mor78] choose a = 0.2 and

B = 1.1, while Dennis and Schnabel [DenS79] suggest a = 0.75 and £ = 1.5. In the

=G




context of NL2SOL [DenGW79], we felt that the former choice gave slightly better
performance than the latter.) An acceptable Xk can usually be obtained in one or
two tries using an iteration proposed independently by Hebden [Heb73] and Reinsch

[Rei71] together with Moré€'s variation [Mor78] of Hebden's safeguarding scheme.

. ; y y k .
A simple way of detecting and handling the exceptional case where Hk 5N D2 is

nearly (or actually) singular is described in [Gay79].

: k 2 k k7 :
In cases where n;(ri) >0 forall i and H = ¥V ¢(x ), it is possible to

avoid computing 72 ;(xk) explicitly and to work with a QR factorization of

D" (x (£5))) /2

A by carrying out calculations in the way described by Mor€ [Mor78].
The discussion above and in Appendix A about carrying out a QR factorization in

connection with (3.5) applies here to the initial QR factorization (for each k

-~ " k
where ("(r(x )) has one or more components near zero).

k+1

Let us now consider the new trust-region radius § . Various choices for
k+1
) have been suggested, such as those in [Pow70b,d], [Heb73], [Mor78], [DenGW79].
= Siale
They generally have the form 5k+l = uk ék or 6k L uk D skH, and the decision

whether to choose uk <X oxr uk > 1 is generally based on whether
(3.12) 20 - v + ) <o @ -

for some fixed c - (Usually ¢ = 0.25 or 0.1, and sometimes < is changed to
< in (3.12).) When (3.12) holds, Moré [Mor78] chooses

(3.13) uk = max{0.1, min{0.5, 8*}} ,

where ©5* minimizes the quadratic polynomial that fits vy(0), y'(0), and y(1) for

(3.14) YOy =i = 6 &%

i.e., 6*-= %‘Y' 0)/(y"(0) + y(0) - y(1)] (for (1) # y(0) + y'(0)). (This idea

for &5* stems from [Fle71].) Hebden [Heb73] also uses (3.13), but his 6* minimizes

the cubic polynomial that fits y(0), y'(0), y"(0), and y(), i.e. 6* =

E=y"(a) + v (Y"(O))2 + 2ny' (0)1/n, where n = 6[¢(xk + sk) - qk(sk)]. Both schemes seem




reasonable for the problems at hand. For cases where (3.12) fails, many choices
for .k have been proposed. A new one in the spirit of (3.13) is

(3.15) uk = max{l, min{4, 6*}} ,

where ©* has one of the values just described. The relative merit of (3.15)
remains to be seen.

In cases where \k > 0, it may be reasonable to replace (3.14) by
k
(3.16) y(8) = ¢(x + s(8)) ,

where s(3) minimizes qk(s) subject to ||Ds||2 < ollD skllz. Since
s'(0) = llp skH2 072 7 ¢y/p7t ¥ ;(xk)nz, the y of (3.16) has

@ = -0t v e, - b sN1,, and since 5" v o () = 0,

=2

Y"(©) = lIp skﬂz Yol BV ee) BT e v ¢(xk)H§. Note that

k
((0) = ¢(x) and Y(@) = ~:(xk + sk) are readily available.

In addition to working well in practice, choices for 6k i of the sort just
discussed make it possible to prove convergence theorems. Indeed, it is easily shown
: k =2 k : k
that if H = 7 ¢(x) and some iterate x comes close enough to a strong local
minimizer x*, i.e., a point where Vg¢(x*) = 0 and ‘72 ¢(x*) 1is positive definite,
then the iteration soon reduces to Newton's method and the iterates converge
Q-quadratically to x*.

Let us briefly consider what can be said more generally about convergence.

Powell has studied a large class of model/trust-region algorithms in which

<, ik < gt ey rSk when (3.12) holds and 'Sk & 6k+1 =< 6k otherwise (with
0 < Sy S8y < 1 and Cy = 1), and in which Hk can be any symmetric matrix in
x il k
B P (such as 77 ¢s(x ) or an approximation thereto produced by a secant update)

that satisfies the bounded deterioration condition IHX I S oo+ Yo s'll.

> %0
k .max ; . 5 é
1 2 6" £ 96 for all k and if ¢ is bounded and uniformly continuous on
; ma
Ix ¢ RP lx = yll <6 ¥ for some y with e(y) < ¢(xk)} (which is easily seen

-11-




R

to be the case for (2.1-6)), then Theorem 1 of [Pow75] asserts that

(3.17) lim inf Il’]c(xk)ll =0
k » =
; k. k+1 k.
If the rule for updating x is changed so that x = x if (3.12) holds and

xkﬂ' = xk + sk otherwise, then (3.17) is easily strengthened to lim T,:(xk) = 0.

k
Let X* denote the set of limit points of the sequence xo, xl, x2, i iy generated
using the modified xk updating rule. Continuity of ¥7¢ implies 7¢(x*) = 0
for all x* ¢ X*, and if X* contains just one point x*, then 1lim xk = x%. If

kK

k k 5 S 2 s s
H = Vz ¢(x’) and X* contains more than one point, then 7 ¢ (x*) 1is positive

semidefinite and singular at each x* ¢ X*. Although pathological cases where X*
contains two or more points are extremely unlikely in practice, I know of no easy
way to exclude them in theory. So far as the rule for updating xk is concerned, it
may be better in practice to set x]w1 = xk + sk whenever »c(xk + sk) < v‘(xk).

since (in our experience) this leads to faster convergence more often than not.

When iterative methods are used to solve a problem, the overall time required to
find an acceptable solution may be less for a more slowly convergent method than for
a more rapidly convergent one that requires more work per iteration. One way to
reduce the work per iteration in the above model/trust-region approach is by some-

times choosing Hk to be H = or a cheaply updated version of Hk-l. If Hk is

periodically chosen to be Vz ¢(xk) and is otherwise set equal to Hk’l (which
Traub suggested in §11.3 of [Tra64]), then it is possible to use Brent's ideas [Bre73]
to optimize the asymptotic efficiency of the iteration once it has reduced to (3.6)
with )‘k = 1. 1In practice, it might be better to use an idea of Todd [SaiT78):
periodically choose Hk to be Vz ¢(xk) and otherwise obtain < by performing a
secant update on Hk-l. A similar idea is possible with [»!k given periodically by
(3.8). At this point it is not clear just which combination of the ideas presented

in this section will minimize the time needed to find an acceptable local minimizer

of (1.1) when r(x) has the form (3.1).

-12-




4. Nonlinear Problems

In this section we generalize the discussion in 33 to the case where the residual
E | vector r(x) is a twice differentiable function of x. In place of (3.2) and (3.3),

we then have

4 4.1) Te(x) = 3T o' (r(x)) and
; (4.2a) Vz ¢(x) = G(x) + S(x) where
(4.2b) Gx) = (0T D(e"(r(x)))JI(x) and
! n
(4.2¢) st = J pllr, 7 ()
i=1 1 b S X

Aside from direct search algorithms (i.e., pattern searchers, such as the method

of simplices [NelM65]), most minimization algorithms require a good approximation to

the gradient of the objective function. It is usually possible to obtain an acceptable

approximation by finite differences. For the objective function ¢ of present
concern, it is slightly cheaper to compute a finite-difference approximation J(x, h,

to J(x) and then compute the approximate gradient

@.3) Telx, h) = J(x, h)T o' (x(x))

than it is to approximate V¢(x) directly by finite differences, since the criterion
% functions need only be evaluated at r(x) when (4.3) is used. Thus it is reasonable
| to assume that a good approximation to J(x) 1is available, and to simplify the
following notation and discussion, we henceforth assume that J(x) itself is available.

Because of S(x) in (4.2), algorithms explicitly using T2 ¢(x) would be

difficult to implement and expensive to run. On prchlems where S(x) 1s likely to be
small at the desired solution, it is reasonable to discard S(x) and thus replace
Vz ¢(xk) by its Gauss-Newton approximation Hk = G(xk). Using this Hk in the

methods of §3, we obtain the Gauss-Newton analogs of these methods.

k . : -
For many nonlinear problems, G(x ) gives only a poor approximation to

V2 ¢(xk), and better performance may well be obtained if Hk is generated by a

=19
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secant update method [DenM77]. However, since the Gauss-Newton part G(xk) of the

true Hessian v2 ;(xk) is readily available, it seems reasonable to approximate only

the expensive part S(xk) of (4.2) by a secant update scheme. This works well in
the particular case of nonlinear least-squares [DenGW79), and it is natural to expect
that the obvious generalizations sketched below of the techniques recommended in
[DenW78] and [DenGW79] may prove worthwhile for other problems of the form (1.1).

; : : : k
Let us first consider how to update a current approximation sk ko Silx ).

Suppose step sk has been taken (i.e., xk+l = xk + sk). As in [DenGW79], it seems

reasonable to require that Fh ko S(xk+l o

)s , and

n
s 1 ot 8PP £ 6"
e 1 ¥ s
i=1
o k+1 k+1 k
2 ) pllr(x NIV (x ") -Vr (x)]
A 1 b 2 XL 1
i=1
K+1 ok K+1
= (a6 - 306d) ereadty
so we shall require
k+l k k @ k+1 k ¥ k+1
(4.4) S stisiysas | Ok ) =g )] pfilelx D) .

While there are many ways of obtaining an Sk+1 that satisfies (4.4), the reasoning

in §3 of [DenGW79] and in [Gay76] suggests using

(4.5a) Byt o= Ve - et
(4.5b) F =8 16T 8 g
(4.5¢) zk := yk - Sk sk

(4.54) W m 2® - % [(zk)T sk]vk
(4.5e) sk+1 - 8* vk(wk)T + wk(vk)T '

at least when (sk)T (i qk > 0. To handle cases where s* ana & gk are nearly

orthogonal, it seems reasonable to replace (4.5b) by

=14~




f k
" lor ff Kg =0
(4.6) v o= {
k.1 k k k
(4 qk/[siqn((sk)T A qk)max{}(s V- cSHs "2 s g H2]
otherwise,
: P -4 -6
where c, is a small positive number (such as 10 or 10 ).

5

- : : k
For the nonlinear least-squares problem, it proved worthwhile to size S

: k k
before updating it, i.e., to replace sk in (4.5) by min{l, |t |}S , where

4.7) Me T Eapah F N L

Multiplying Sk by rk shifts its spectrum (interval from minimum to maximum

+ g
eigenvalue), making it more likely to overlap that of S(xk 1), which has the happy

= s
effect of making Sk+1 small in cases where S(xk l) is small.

While working with nonlinear least-squares problems, we tried several other

candidates for rk, including Welsch's proposal in [DenW78], and concluded that (4.7)

looked best on the problems considered. Whether the same conclusion holds for the
more general problems of interest here remains to be seen.

Our experience with nonlinear least-squares suggests using a model/trust-region
approach in which there are two models: the Gauss-Newton model, in which

k= G(xk) + Sk. To decide which

k
Hk = G(x ), and the augmented model, in which H

’i model to use in determining xk+2, we found the following rule adequate: if

k k k -k k k k.|
(4.8) N R B 1 I ol Cu S ) R
i where qk is the current model and qk is the alternate model, then retain the same
i model preference; otherwise switch models. (We found c6 = /5 to work well in (4.8),

| though we did not experiment much with this constant.) This is called adaptive

1 modeling.

An important practical detail is the matter of deciding when an acceptable

solution has been found. The discussion in 56 of [DenGW79] generalizes readily to

i -15-
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objective functions of the form (1.1). Specifically, if %y (x*) = 0 with .'(r(x*)) #
then (4.1) implies that ' (r(x*)) is orthogonal to the columns of J(x*), which

suggests checking for cosine convergence, i.e.,

ot e ENT 3, o | :
4.9)  max - —: M &M, 26 . Ls<ic<prcc
lp* (x(x )H2 HJi(x )“2

where Ji denotes column i of J and EJi >0 1is a tolerance used to decide whether
Ji should be regarded as a zero vector. Except for the choice of the €317 test
(4.9) has the advantage of being unaffected by how the components of x are scaled.

On problems where o' (r(x*)) = 0, a test of the form (4.9) may fail no matter how

) T s " ;
close x is to x*, so it is also necessary to check for generalized residual

convergence, i.e.
k
(4.10) o' (x(x NIl < Erii

which unfortunately is sensitive to the scale of r(x). To handle cases where € and

£p are too small for the precision of the arithmetic being used, it is advisable to

check for X convergence - whether sk is small relative to xk when sk is rejected,

i.e., when xk+1 = xk. One way to do this is by checking whether
|£1 (x’i‘ + 5 - x]i(!
(4.11) max = Pl D aen

lx: + S:i + |x§{

where fl(-) denotes the computed value of (-). This X convergence test is

independent of the scale of the componients of xk and sk, but may have trouble if
xt = 0 for some i. We can, of course, replace the componentwise test (4.11) by one
of the form

k
(4.12) Iorer (e + &%) - K < 1D KU,

which is scale-invariant if the scale matrix D 1is chosen properly and only fails to

perform properly if x* = 0. (We may wish to change D from one iteration to the

next - see 57 of [DenGW79].) It may also be reasonable to consider a generalization
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of the variability convergenct test described in [DenGW79]. Although it may not

n

2 ’
always be clear how to generalize the scale factor Z ri(x ) /maxil, n = pi
i=1

used

for nonlinear least-squares, it is clear that the alternate interpretation of the

variability convergence test in the case of a full Newton step generalizes to a test

on the predicted change yet possible in the objective function. To handle cases

where sk is not a Newton step (i.e., Hk sk # —V¢(xk)), it may be best to check

whether, say,

(4.13) ety - minig®6®) L e e < - b0

which if true, might be called function convergence. For reasonable values of Epr

it is likely that (4.13) would be satisfied sooner than (4.9-12).
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Appendix A: Computing (D A) (D 2 b)

In this appendix we consider in more detail a problem in numerical linear
. . = nxp e | e v .
algebra from i3 : given A ¢ R of rank p, b ¢eR , and D = diag (dl' s 8.}

with di >0, 1 <i <n, compute a good approximation s to

(A.1) s*= ATpA) PATH
using finite-precision arithmetic. Let

(A.2a) A=0"?3 ana
(A.2Db) e BN E

- T ;
so that (A.l1) amounts to s* = (AT A) i A  b. How easily we can compute a good s

depends largely on the condition number « of A, i.e., the ratio of largest to
smallest singular value of A, which is given by

1/2

H2 c

( T T =]
@.3) <= 1A% al, 1a" A

Let fl(-) denote the result of computing (*) in the available finite-precision
arithmetic. We assume this to be floating-point arithmetic, so that if op denotes
one of the four elementary arithmetic operations and « op B is defined and in range,

where ¢ (the

then fl(xop 8) = (xop 8)(1L + n) for some n with [n] < — ——

"machine epsilon") depends only on the arithmetic being used. (If binary floating-point

: . ¢ 4 P y 5 -t
arithmetic having t bits in the fraction is used, then EMACH is generally 2
1-t i .
or 2 , depending on whether results are rounded or truncated. It is often
satisfactory to define €wacy 25 the smallest positive floating-point number such
that f£1(1 + EMACH) >1 and fl1(1 - EMACH) < Lle)
If « is sufficiently less than E\_diéfl' then the most efficient way to compute

an acceptable approximation s to s* is to explicitly compute f£1 (I.\T D A) and
solve fl(iTD A)s = f1 (XT b) by computing a Cholesky factorization of £l (iT DA). A
roundoff analysis of this procedure leads to a relative error bound analogous to

2

(A.10) below ovi ¢ € i .
) (provided that « ‘wacy 1S not too large)

-18-
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Unfortunately, people often overspecify their models, which can easily lead to

=342

SN ; L -
> MACH® In this case it is possible for fl(A D A) to be indefinite or singular,

! i -1/2 -1
and the procedure just sketched can break down or yield a poor s. if EMACH £k < EvacH'
then, as indicated in §3, it is usually possible to obtain a much better s by

1 = : .
properly computing a QR factorization of A =D 2 A and approximately solving

Rs = QT b. We now consider how to properly compute a QR factorization in cases

where some di may be near zero.
In general, if A € RnXp and the columns of A are readily available, it is
common practice to compute a QR factorization of A by means of Householder transfor-

mations (elementary reflectors). In this case Q amounts to the first p columns of
5L SE TR0

2 k £ k. kT +
the product Q1 (AR QP, where Q = I-2(lluk||§) i), o =
OF e e =10
for T ¢ R, and 1.1k € Rn is chosen so that Ak+1 = Qk sl Q:L A has
k+1 3 . ; : 1 e .
Ai 3 =0 for i> j, 1< j< k. Starting from A" := A, this is accomplished by
'
choosing

a Uf 1<k

n 1/2
u’i‘ a I\t,k + siqn(A::'k)ILjZk (Aj'k);'] LE Uek

k
5 ig 1 > s
Al,k 3 i k

With this scheme, QT b is the first p components of the bp+l computed by

bt = b, BT = B - 20F02) 19T bX1u® for 1< k < p. Unfortunately, if

dk = 0 for some k < p, then this scheme can lead to severe cancellation errors in

components k through p of fl1 (Qp SRS Qk+l bk). Suppose for example that
’/ o /1 \
A= {.01 2|,b=|1 , and D= diag(.01, 1, 1), so that
s S o2
A2 ) | / 100
(A.4) A= .01 2 and b = { 1 .

1 1 \2

«1G=




If we use 3 decimal rounded floating-point arithmetic (= = .005) and obtain

MACH
from a QR factorization of A computed as above (using division by f1 (ut . A: k)
X o Vel s Kk, -2 k k -1
in place of multiplication by 2llu ¢|2 = (u.k . Ak k) ), then we get
’

[ 2.51226 \‘

/ 3.53
=! \ , whereas s* = |
\ -.518 \ .487439/

s . If the components of A, b, and d had

been ordered to make r:l3 the small one, then the computed s would have been much

more accurate. For example, if we interchange rows 1 and 3, so that

1 il 2\
(A.5) A= 01 2 and b = 1 ) '

.01 .01/ 100 /

2.52
then we obtain s = < ) This illustrates a way of avoiding disasterous cancel-
.490

lation errors when using Householder transformations: we cound introduce row pivoting,

i.e., before generating Qk, we could arrange that |A:: k| = max{ iA}: T PR TR o
’ ’

il
i 4 k :  k 5 "
by interchanging two rows of [A” : b'] if necessary. (Equivantly, we could use a
permutation vector in the obvious way.)
A QR factorization computed using Givens transformations (plane rotations) can
also suffer disasterous cancellation errors in some cases. With this scheme, Q is

.
the first p columns of a product of matrices Qk'l of the form

L
cosek' if i = jJek or 4= j=1

sin SR'Q if i

"
=
5
[N

.

"

-

Q’.::;=4-sinek”‘ if i=1¢ and j =k

1 if e #i=3#k

( O otherwise.

If A and b are given by (A.4), for exa.mple,‘ and we compute s using the Givens

trans formations Ql’2 Ql'3 Q2'3 computed in the same 3 decimal arithmetic as before,

2.35
then we obtain s = < > . The substantial error in this s comes about because
.650
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t)1,2

is far from + m/2, which results in a significant cancellation errcr in
T ; < 5 o
f1(Q" b).  Here again appropriate row pivoting can greatly reduce the critical cancel-
lation errors. For instance, if A and b are given by (A.5), then we obtain
2.51
s = .
.487

The stabilized Gram-Schmidt process gives good performance without any row

pivoting. 1In this case we compute a QR factorization of A by the following

algorithm, in which qk denotes the kth column of Q and Akj denotes column

,[‘ j of Ak. b
i Al := A 1
H For k=1,2, -+ ,p
!“
k
Rk,k "A”kllz
k k
T =Rk Xk
| For j=%k 1, ° e
| k. T k
. = (@) A
Pkl] A -]
k+1 k k
A u= A L= y
S0 e T Ty 9

2,51

On both (A.4) and (A.5) this leads to s = < ) when 3 deciman arithmetic is used
.487

as before.

We may use floating-point error analysis to justify the above claim about good

performance from the stabilized Gram-Schmidt process. It will be useful to introduce

the notation °, P(-r) to denote a quantity such that 0 < OF p(’l‘) < 1T ° tlny p) for
’ ’
some low order polynomial g(n, p) and all t > 0. 1In this notation, the conventional
bi o i (0] := C
g is 0(1) ol,l(ﬂ

When we compute a QR decomposition of A and an approximation v to QT b

using one of the schemes sketched above, it is generally possible to show that

i =21~

R e




‘ (A.6a) A+ E=QR and

} (A.6b) T E =0 :

|

i FEl = . | £l = € || i £ i
where |(IE|ll = On,p(:HACH lall) and £ on,p(‘MACH IIbll), provided n EwacH 1S
small (e.g. n - e .01). Wilkinson [Wil65] does this for Householder transfor-

ot et YOS AP BU . 1.0 ) 20 T i s Yyt o o i 5 it
3
o

mations, Gentleman [Gen73] does this for (standard and fast) Givens transformations,

i and BjB8rck [Bj867) does this for the stabilized Gram-Schmidt process. Relatively

! little error occurs when we compute s by solving Rs = v; we could take this small

error into account by adjusting E and £, but doing so would not change the

character of the bounds on E and f, so we shall assume this error to be zero.

| Another source of error with the stabilized Gram-Schmidt process is the fact that the
columns of the computed Q are usually not truly orthonormal. Since this fact also
does not change the nature of the perturbation bound (A.10) given below (see [Bj&671),
we shall ignore it too. Thus we consider that the computed s exactly solves a

& modified problem: s = (A + E)f(b - Qf), where (A + E)$ = [(A + E)T(A + E)]_1 (A+E)T

denotes the pseudoinverse of A + E, which, like A, we assume to have rank p.

In discussing the difference between the computed s and the desired one,

i.e., s -s*= (a+E) (b- of) - Al b, it is useful to use the notation PA for

orthogonal projection onto the column space of A : PA =aa = A(AT A)’1 AT. In

|
z{ this notation, 1I - PA denotes (orthogonal) projection onto the orthogonal complement
!
|

of the column space of A.

When A and b come from a general linear least-squares problem,
JIGES= PA)blI/IIPA bll is often not too large, in which case the perturbation bounds
that Stewart derives in [Ste69] are quite satisfactory: Theorem 6.2 of [Ste69] shows

1 for, say, « P, El/IAl <1/2 that

1P, EIl 2 Iz -PA)bll II'(x -PA)E”

& 2
I(A+E) b=-a bl A % . 3 II(z PA)EII
' . e, bl Tal

0l 2
a2

(A.7) ~
| la bl

= Ol =Tal

where ¥ 1is given by (A.3). When A and b come from (A.2), however,




I - pA)bH/HP\ bl and therewith the right-hand side of (A.7) can be arbitrarily

large. Fortunately, the left-hand side of (A.7) only depends on A, E, AT b, and

ET b. Indeed, we prove in Appendix B that if, say, « HPA El/llall < 1/2, then

3 t w d 12 T
(a.8) fita wim) hi=iAT bl (2_ HEH+ IE™ bl +iK2“E” Il (A + E) bM)
i a2 bl Fatl NAHHPAbHJ HAD MAHHPAbH
! It is straightforward to modify the derivations in [Bj667] to show that
T il
9 = e 5
(A.9a) lE” bl on,p(tMACH a’|b]) and
‘ (2.9b) lgll=o0 (e -« - a|b|/lal)
i n,p MACH

for the stabilized Gram-Schmidt process, where a ¢ R® has ith component

|
L
(A.6) and (A.8), this may be used to show that

e J- T
(3.10) I (A + E) (b‘- 0f) - A ):>II= 5 .<2 oo '( a |b Gl
tal Bl n,p MAcH | llall IlpA bl

& = max{iAi 15 < 3¢ = pil’and |b| € R® has ith component ]bil. Together with

. - <
(for, say, « « g ° &, p) <1/2).
While I suspect that (A.9) usually holds when Householder or Givens transforma-
tions with row pivoting are used to compute a QR factorization, at this writing I

am unable to obtain satisfactory bounds for these procedures.
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Appendix B: Bounding (A+E) b-AaA b

In this appendix we may gain some generality by allowing A, E, and b to Lave

(=]

nx = n-p N =
complex components. Thus we assume that b < C p' EeC€ -, and that A

rank p. Superscript H stands for conjugate transpose, and [ - denotes the Euclidean

vector norm lIxIl = HxH2 i= (xH x)l/2 or the corresponding induced matrix norm:
Al := max{iaxl : Hxll=1}. As before, « denotes the condition number of 2, i.e.,
K = [IIAH AIIlI(AH A)_lﬂ]l/z, AII~ = (AH A)-l AH is the pseudoinverse of A, and
P = A A& denotes the operator that projects orthogonally onto the column space of A.

A

It will be convenient to use the notation
(B.1la) 8 := « ILEI/NAl

(B.1b) 81 =kl B Ell/llall .

It will also be convenient to exploit the fact that A has a QR decomposition:

A = QR, where Q ¢ P has orthonormal columns (i.e., QH Q =1I) and R = o F

is upper triangular with IRl = lal, I27H = Ia'l = /Il wote that P = g 0"
Theorem B.3 below rests heavily on Lemma B.2, which in turn relies on the

following simple lemma:

nxp

Lerma B.1 Assume F < (T and let F, = P_ F. If lIFlll <1, then (Q + F)H(Q + F)

il A
is nonsingular and

2 2 '
lF !
4||Flll + el + 2 Fl ]

(B-2)) HI-QHF— FHQ- [(Q+F)H(Q+F)]-1|l < 5
a-lr )
1.
Proof: For any x ¢ Cp,
H H
FQ + F)xll > 197 + F)xll=l(x + 9 Fxll > @ - e, i,
so the smallest eigenvalue of (Q + F)H(Q + F) is at least (1 - Hl-‘llJ )2, whence
(Q + F)H(Q + F) 1is nonsingular and
2

(8.3) e + o fo+ o™ < a-uen? .



Now [(Q+F)H(Q+F)][I-QHF‘-F‘H O = F = (QHF‘ +F‘H Q)(QH?+ zy‘ D) +

H
+ P P(I - QH F - F‘HQ). so

H -1
R L N
$hed) H =1 H H H H H H H
= o) @+R)) [ F+F 0O P+FQ) +F FE =90 F=F 2] ,
and (B.2) follows readily from (B.3), (B.4), and the fact that lQ" Fli= IF" pi=r . ®
Lemma B.2 let F = ER I, F, =P, F, and assume £ <1. Then Ifll <1,
(A + E)H(A +E) 1is nonsingular, and if PA+E is the orthogonal projection onto the
column space of A+ E, i.e., P = (A+ E)(A + E)_, then

A+E

H H H 1

“PA(pAHZ - PA)bII <HF (T -900Q)bll + HFl ITHE" bl + [2IF ll?lll +
2 2 |
@ + I|F||)(4||F1H + IFl® @ + 2HF1|I)) 5 |

+ 5 1@ + F) bl
1 - lIFlll)
(B.S) e % & ]
2 iar (e (T -p)bll+ & IIE™ b Il +
1+ 8104 ai+52+2sl 8% : :
+ (2BB. + ) Il +E) bl . :
2 Q- 812 |
1
Proof: We have |IF,ll =P, E | _<_NR-]'|| ey Ell < < lip, B/l = 3, so

Q + F)H(Q + F) and (A + E)H(A + E) = RH(Q + F)H(Q + F)R are nonsingular by
Lemma B.1l.
et M= [+ PP +m1 - 1-o%F - F 0]. Since

= H -1 H
PA+E_ Q@+ F)[(Q+F) (Q+ F)] "(Q+F), we have

.- =@+B)I-0"F-rPolo+mP-go+ o+ rmp+mt
(8.6)

[I‘QQHIF(Q+F)H+QFH(I—QQH)-QFHQFH+

stgerm-rir s g pF

Now lighh=1, PA =0 QH, and PA(I - PA) = 0, so the first inequality in (B.5)




.

!
|
|

follows from (B.6) and Lemma B.l (which bounds I/IMIl). As above, we have IIFlll <8

1

and similarly IIFl < « llEI/lAl = & (see (B.1)); because of these inequalities and
H H 4 H H
the facts that [IF (I - Q )bl <« lE(T - P ObI/IAL and H1(Q + F)" bl <
sx<llh@+ E:)H bll /lAll, the second inequality in (B.5) follows from the first. ®
We may now prove the main result of this appendix:

Theorem B.3: If B8, <1, then

1

T + A/l Ell + «liE
If (A +E) b-A bl < K >/ A o H
i3 ht 5 (L + BIIE bl +

la bl 1= B \ Ihal al e, vl [ 1

L L+ 6rta g+ 8% w26 g 5
+ (288, + e+ e ol)) .
1 2
- s8)
Proof: From (4.8) of [Ste69] we have
(B.8) (A+E) b-A b= (A+ PA E) [PA(PA+E = PA)b + PA EA b] .

- -
By (6.5) of ([Ste69], ll(a+p, E) Il<lall/q - B,). This combines with (B.8),
+ + =
Lemma B.2, and the facts that « = llallllall, P,=AA, and la bl Z_IIPA bli/llal  to
give (B.7). =
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