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Degree Sequences of Random Graphs

by Gerard Cornuejols i

ABSTRACT
N
A property is said to be satisfied by almost all graphs
on n vertices if the fraction of the graphs that satisfy it

r i
goes to 1 as n goes to =, For almost all graphs on n vertices

the smallest vertex-degree is n/2 —’q/ (n log n)/2 + o (\/ﬁ,'). More

Sg.¢ T 0 3 Se ¢ n
in logn)/e 2 S
generally we estimate the values in the tails of the degree

sequence. We also show that the degree sequence d1 > d2 S e > dn

“

of almost all graphs on n vertices satisfies 4, # d2 £ et dk

and d_ # ..o # d # d  for all k g n%, o < 1/4.
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1. Introduction
In this paper we consider the graphs without loops or multiple edges

n(n-1)/2 such labeled

whose vertices are labeled vl,...,vn. There are 2
graphs. Note that two different labeled graphs may be isomorphic. Given
a graphical property a typical question in graphical enumeration is to

compute the fraction of the labeled graphs on n vertices that satisf: it.

When this fraction goes to 1 as n goes to ® we say that the graphical

property is satisfied by almost all labeled graphs. This notion was

introduced by Erdos and Reyni [4].

Graph theorists have traditionally spent much effort in enumerating
non isomorphic graphs rather than labeled graphs. A '"metatheorem'" of
Harary and Palmer [9] states that a graphical property holds for almost all
non isomorphic graphs if and only if it holds for almost all labeled graphs.
In view of this theorem the remainder of this paper will only be concerned
with labeled graphs. We will often simply refer to labeled graphs as graphs
for brevity. .

There is a useful equivalent probabilistic view of the notion of a graph-
ical property satisfied by almost all labeled graphs. Assume that all labeled
graphs on n vertices are equally likely to occur; labeled graphs drawn randomly
from this uniform probability distribution are denoted by Gn' It is easily
checked that, in a random graph Gn’ each of the possible n(n-1)/2 edges
(vi,vj), i # j, occurs independently with probability 1/2. Given some
graphical property An’ we denote by e Pr[An] the probability that a random
graph Gn satisfies the property An. Note that P, is the fraction of the
labeled graphs on n vertices that satisfy An' So An holds for almost all
labeled graphs if and only if the probability P, 8oes to 1l as n goes to =,

An obvious generalization of this notion of random graphs is obtained when each

of the possible n(n-1)/2 edge occurs independently with probability p, where

D




0 <p<l. A random graph with such a probability distribution will be

denoted by Gn(p). With our notation Gn(1/2) o We say that a property

An holds for almost all graphs Gn(p) if and only if . » Pr[An] goes to 1

as n goes to ». Let us mention also the notion of random graphs used by Erdos

n(n-1)/2

and Renyi [5]. They assume that all ( =

) labeled graphs with n vertices
and m edges are equally likely to occur. Random graphs drawn from this

distribution are denoted by G_ .

n,m

In [5], Erdos and Renyi mentioned the study of the vertex-degrees in

random graphs as an interesting question. As a first step they proved

Theorem. Let dl(Gn,m) be the largest vertex-degree in Gn,m and dn(Gn,m)

the smallest. If m is a function of n such that lim A Izg s @, then
dl(cn m)
for any € > 0 1lim Pr ~l<e}] =1.
d (G )
N n n,m

In [10], Ivchenko gave the limiting distribution of the vertex-degrees
in Gn(p) in the cases when p - 0 as n -~ ® and when p = 1 as n - =, However
his approach is limited by the conditions on p. Recently Erdos and Wilson
[6] made a new contribution to the study of the vertex-degrees with the

following result.
Lemma. Almost all graphs Gn have a unique vertex of largest degree.

In this paper we give further properties of the vertex-degrees in
random graphs. These properties are generalizations of the results of Erdos
and Wilson [6]. Consider a random graph Gn(p) where p 1is a constant

probability, o< p<l. Let q =1 - p. In the sequel we will write

f(n) = o(g(n)) to mean that §%§%'~ 0 as n= o f(n) = 0(g(n)) will mean




3
that %:—:%-c as n - @ for some constant ¢ > 0 and £(n) ~ g(n) will
mean that -;i(-;%-o l as n—- o, where f and g are real valued functions

defined on the set of positive integers and g never takes the value 0.
Given a graph on n vertices, we denote by dl > d2 S 00 > dn its

degree sequence. In section 2 we prove that for almost all graphs Gn(p)

(1) dk-np+ ¥2pq nlogn + o(V-n)

for any k < (log n)c where c¢ is some positive constant. In particular,

whenpa% and k =1 we have

(2) 4 =0/2 + /(n Tog /2 + o( J/ n)

for almost all graphs. This corrects an error that appeared in the lemma of
Erdos and Wilson [6].

(1) is a property of the tail of the degree sequence in the sense that
it deals with dk where k is small compared to n. Another property of the
tail of the degree sequence proved in section 2 is that almost all graphs

Gn(p) satisfy

3) G Ra>"

for all positive integers k and £ such that k g n® and 2 < nﬁ where
2 q+8 <%' . By setting k=4 =1 in (3) it follows that almost all graphs
Gn(p) have a unique vertex of largest degree.

Recently the study of asymptotic results in random graphs has received
a great deal of attention as a tool for analyzing some hard optimization
problems on graphs. See, e.g. Grimmett and McDiarmid (8], Posa [14], Karp

[11], Chvatal [1], [2], McDiarmid [12], Pulleyblank [15]. Our motivation
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; for the study of the degree sequences of random graphs also found its roots
in analyzing an optimization problem on graphs: given a graph G = (V,E)

and a positive integer k <n = |V|, find k vertices of G that cover

the maximum number of edges. This edge covering problem is analyzed in

' Cornue jols, Nemhauser and Wolsey [3]. It can be formulated as the following

; integer linear program:

zZ=max < X

ecE ©
X, S5, + : for all e = (u,v)€EE
xe-Oorl for all e €E
: ¥y * Oor 1l for all vev .
The linear programming relaxation obtained by replacing the integer valued

variables by real variables in the interval [0,1] gives an upper bound

H

§ ¥ z, on the value z e A lower bound 2z, can be obtained by applying the
| following simple heuristic: pick k vertices with largest degrees in the

graph G and let zy be the number of edges that they cover. It is shown

in [3] that 2, =z =2, whenever the graph G satisfies condition (3)
with 4 = k. Thus the heuristic and the relaxation find an optimal solution
i to the edge covering problem for almost all graphs Gn(p) and all

k < na, a<l/6.

2. Vertex-degrees in random graphs
The vertex-degrees in Gn(p) are identically distributed and have a
binomial distribution B(n-l,p). Furthermore note that there is a small

positive correlation between the degrees of any two vertices v, and v

i J




since both degrees are increased by 1 if the edge (vi,vj) occurs in the
graph, by 0 if it does not.

The general approach in this section will be, using the normal approxima-
tion to the binomial distribution, to solve a simplified problem with no
correlation, then to introduce the correlation. It is interesting to
parallel this approach with the work of Moon [13] on the maximum score in
random tournaments. (In this problem there is a small negative correlation
between the scores of any two players.)

Our first theorem will give the range of the degree sequence in a random

graph Gn(p). It is a consequence of the following lemma.

Lemma 1. Let xl,...,xn be n identically distributed random variables having
the binomial distribution  B(n-1,p). Then the values of Xi, i=1,.0050,

all lie in the interval ([np - Vqun log n, np +/2pdn log n] with a

probability that goes to 1 as n goes to .

X;-(n-1)p
Proof: Consider the normalized random variables X{ & e—————— , Let
Vpq (n-1)
XT = max X*¥. By Boole's inequality, for any value x_,
1] i n
i=l,...,n
4) Pr[X'fl] > xn] <o Prxy> xn] .

By the theorem of large deviations, Feller [7], for any fixed ¢ > 0 and for all
1/6

x = ® such that x =o(n ") ,
n n
2
-x_/2
L+ ¢ *a
() Prixf > x ] Smn\/ e .

Choose

(6) x_ =V2 logn .

n




Then (4)-(6) yield PriXf; >/2 logn] < 2_1 +ﬂc m——. SO

Pr[xfl] > J 2logn] -0 as n~ =, i,e., with a probability that goes

X.., - (n-1)p
L1 < ¥2 log n . The upper bound

¥Yraq(-1) 2

X[I] < (n=1l)p + Y2 p q(n-1) log n follows. Keeping only the highest order

tolas n goes to o,

terms we get X[I] L np +12pq n-'Iog n. A similar analysis. of

Xfi\] = min XH{ yields the lower_ bound np - VZ pqnlog n .

i=l,...,n

Theorem 1. For almost all graphs Gn(p) the vertex-degrees all lie in the
interval ([np- f 2pqnlogn , np +\/ 2pgqnlogh ].

Proof: This is a direct consequence of Lemma 1 since the vertex-degrees in

Gn(p) are identically distributed with the binomial distribution B(n-1,p).

Note that the range of the degree sequence can be slightly tightened by

choosing x, = )/ 2 logn - (1_‘)_25__123_11 in equation (6) of the proof of
8 log n
Lemma 1. This yields

Proposition 1. For any ¢ > 0 and for almost all graphs Gn(p)

n
d, <np + V2pqnlogn - (1-¢) Slogs log log n and
d - Yipeniogn (1= )\/p--—-q“ tog 1
n>1'll=' Pq g n € 8 logn og log n .

A consequence of Theorem 1 is that, for almost all graphs Gn(p), the

vertex-degrees are integers from a range of at most 2\’ 2pqnlogn values.
Thus

Corollary 1. The degree sequence of almost all graphs Gn(p) contains a

n
subsequence of at least 8pq logn identical values.




The next theorem provides the values of the k largest vertex-degrees

i in Gn(p). In order to prove the theorem we need the following lemma for

f independent random variables.

! Lemma 2. Let Xl,..., Xm be m identically and independently distributed

random variables having the binomial distribution B({,p). Assume that

| 4 th
be the k order statistic, i.e.,

- ® as m=®, Let X
(log m) (1]

Xu] S eee > x[k] S e > x[m]. Then with a probability that goes to 1l as n goes to =,

) % sbptipal Giimn - {c+2)log log m ,
(’] 4 ‘F ¢ V2 log m

for all k < (log m)_c where c¢ 1s a positive constant;

(8) X[k]>zp+ JyapqZllogm

for all ksna where §+ a<l.

X, ~4p
Proof. Consider the normalized random variables X¥ = . . By

Ypat

Boole's inequality, for any value x

9 prizn, € ) £ Goy) Bt g L I

To bound the right side of (9), note that

| (10)

(_kml_) < mk & ek logm
5 2
l-¢ -xm/2
j and that Pr(X* <x ] =1 -Pr(X*>x] < 1- e for all ¢ > 0 and
Ii : q m 1 m xmqin

X, = o(l.]/6), by the theorem of large deviations. Since 1 - y ¢ eV for all

values of y,
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m-k+1 - (m-k+1) l-¢  -x2/2
(11) Pr[)clfsxm] <e —— B

3]

xm2

To prove the inequality (7) when k < (log m)c, take

2 = TS - (e+2) log log m

m

« Then (9)-(11) yield, when m = o .
;/2 log m 3
1 (log m)c * 2
+1 . =%
(log m)® V=
Pr[X’fk] < xm] <e e ¥
Th

S x’[‘k] > x Wwith a probability that goes to 1 as m goes to w, (7)
follows.

Similarly, to prove the inequality (8) when k < na, take

. va logm . (9) - (1) yield, when m = o 5
T l-a/2

—_—— m

o =
m-log m 5 ==
Pr[X’fk] Sxlge M e V2nalczm

ThusPr[X‘fklsxm]-oOas m - a for a<1-§-

Theorem 2. Almost all graphs Gn(p) satisfy the following two pProperties

(12) dk=np + Vqunlogn -O(R)
for all k < (log n)c where c¢ 1is a positive constant;

(13) np +V apqnlogn <« dk<np + V2pqnlogn

for all ksna where §+a<1

Proof. Consider an arbitrary subset Sn of the vertices of Gn(P) that

has cardinality m= 1 (Wnn)z J « For a vertex v, in s

" let a(vi) be the
number of vertices not in sn

that are adjacent to vy Let ak be the kth

largest a(vi). Finally let s(vi) be the degree of vertex v, in the subgraph

induced on Sn‘ Note that

PR Rt G .




(14) dk > ak + v::iéxsn s(vi) ~

Applying Theorem 1 to the random subgraph induced on Sn yields
(15) min s(v,) >mp ~ V2pqmlogm

v, €S i

i n

for almost all graphs Gn(p). Since the random variables a(vi) are
independent and identically distributed with the distribution B(n -m,p),
Lemma 2 can be applied to bound C
For almost all graphs Gn(p) and all k < (log n)c

(16) a > (n-m)p +V2pq(n-m) (Vlog m - o(1)).

(14)«(16) imply that d
order terms have been kept in the right side. Equality (12) of Theorem 2
follows from this lower bound and the upper bound of Theorem 1.

Similarly (13) is a éonsequence of (14), (15), (8) and Theorem 1.

Theorems 1 and 2 state that some properties of the degree sequence in

- °R +V2pgnlogn - o(‘)—n'), where only the highest

Gn(p) have a probability that goes to 1 as n goes to «. They are proved

by lower bounding the probability by a function of n and showing that the

bounds are asymptotically equal to 1. These bounds provide interesting

information for medium size random graphs also,as shown in Table 1.

ey more than 957 of the graphs ratizs of Theorem 1 | 2Ore than 957 of the
have a range smaller than g graphs have a range
larger than
100 [32, 67] [35, 64] [40, 59]
1,000 [435, 564] [441, 558] [457,542]
10,000 [4771, 5228] [4785, 5214] [4834, 5165]

i A

k
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The last theorem will show that in the tails of the degree sequence
the vertex-degrees are all distinct. Actually it provides a lower bound
on the difference between consecutive values in the tails of the degree

sequence. To prove it we need a technical lemma.

Lemma 3. Let n be a positive integer, 0 <p<l,q=1-p, 0« 8 <%
and 0 < @ < 2. Define 8 and h to be the integer parts of np and

' 248 o n, i n-i2
‘,/apq nlogn respectively, and p,=n i=§+h[( i JPa "]°. Assume that

a> 8+ 3/2. Then pn4~0as n=o.

n .
Proof. In the sum I [(:) pan-i]Z bound each of the first h terms by
i=4&+h

-§= -8--2h
[(6-31) P&H‘qn 6 h]2 and each of the remaining terms by [( - ¢+2h n-8--2 ]2. Thus

2+8 n, 8+h n-6-h,2 n . &2h n-§-2h.2
Bos (“‘6+h)P q 1" +n [(&-I-Zh)p ') =«

When n 1is large, an estimate of the binomial probabilities is available, see

e.g. Feller [7].

+p
D $+r n-4rr 1 2pqn &
(&er)p q = = e
Vznpqn
where ]p | < r2 + 2x So
T T 2
. Jah
o g Eie L R R e g B o s sy
2mpqn 2npgqn

S\/alogn n3/2+a-a+ 1 2+8-4a
25 r_pq 2np

Y1 +o(1)) .

Now p =0 as n-~e if3/2+8-a<0and2+8-4a<0. Both

inequalities follow from the assumptions of the lemma.
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Theorem 3. Almost all graphs Gn(p) satisfy

4 ~dpy>é

for all positive integers k and £ such that k < n®* and 4 < ns where
1

2a +8<y3 -

Proof. Given a vertex v of Gn(p) and a set of m vertices that does

not contain v, b(i;m,p) = (‘:) piqm-i is the probability that v is incident

with exactly i of the m vertices. The probability that two given vertices

have respective degrees s and s + t is
p b(s-1; n-2,p) b(s +t - 1; n - 2,p)
+ qHs; n-2,p) b(s + t; n - 2, p) 5

Thus, given the positive integers s and 4, the probability that two
given vertices of Gn(p) have respective degrees s and s + t for some
t, 0<ctgdis
4
P(s,4) = p b(s-1;n-2,p) Z b(s+t-1; n-2,p)
t=0
4
+ qb(s-1;n-2,p) T b(s+t;n-2,p)
t=0
(b(i;m,p) is assumed to be 0 if i y m). For any positive integer r < n-1
the probability that at least two vertices of Gn(p) have respective degrees
s and s+t for some s> r and some t, 0 <t < 4, is upper bounded by
n-1
" n(n-1) T P(s,q) .
s=r

Thus the probability that dk - dk-l < 4 for positive integers k and 4

satisfying k ¢ n” and £ < n® is at most

P[ <r]+ﬂn .

4l
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Now we assume that r is the integer part of np+ Va pqnlogn ,

where a > 0 and 4;-+ a < 1. Then by the property (13) in Theorem 2

3

4

!
u

Pr[dk+1 <r] -0asn=-=® To bound m ~note that b(s;n,p) is a

decreasing function of s for s >npe. Thus, for all s >r,

P(s,4) < P(L+1) b(s -15n-2,p)° + q(4+1) b(s;n - 2,p)>
2
< (L4+1) b(s-13n-2,p)

n-1 2
Therefore TS n(n=-1)(4+1) sztb(s-l, n=-2,p) . By Lemma 3 and the

aééumption that 2¢:';+B<:,]E",'rrn = 0as n=o,
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