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FINAL TECHNICAL REPORT

TURBULENCE AND STATISTICAL MECHANICS

The Physics of Fluids group at the University of Oregon has been fortunate
in having research support from the Air Force Office of Scientific Research for
a number of years. The period covered by this report is July 1, 1976 to September
30, 1979, during which time our grant was numbered AFOSR-76-2880.

The purpose of this brief introduction is to trace through the period of
the grant several of the principal ideas that have guided our work. The body
of this report consists of publications supported by AFOSR, with related pub-
lications added which round out our total activities and make the report more
complete for the interested reader. On July 15, 1975 we issued the predecessor
to this reporf which covered the period from January 1, 1971 to June 30, 1975.
Obviously a number of ideas from that earlier period find their fulfilment in

the present report.

T. EXPERIMENTAL RESEARCH ON LIQUID HELIUM | 3
Turbulence in classical fluids is considered one of the greatest unsolved
problems in physics and has been receiving a great deal of attention from the
physics community. Years ago Feynman observed that quantized vortex lines in

helium IT might form a turbulent tangle. This was investigated experimentally

by Vinen in a series of papers in the 1950's; moreover, Vinen proposed a simple
theoretical model of this turbulence which is still in widespread use. Much of
the quantitative work on turbulence in He II has been obtained in narrow channels

by a number of investigators, particularly Tough and his collaborators. Wider

channels have been the subject of more recent work by Northley, Moss and their
students. Moss was the first to observe low frequency fluctuations in turbulent

counterflow, which raised in our minds the hope that methods similar to those
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used in classical turbulence might be used with helium II, including power spectra,

phase and coherence measurements.

With direct cooperation from Professor Moss we established some experimental
work in fluctuations in wide channel of both ion and second sound probes. We
experienced considerable trouble in obtaining reproducible results with ion probes,
and gradually turned our attention to second sound resonances in channels of size

of order lcm x lcm x 10cm. The use of several transducer pairs along such a chan-

nel revealed that the attenuation of second sound, and hence the vortex line den-
sity was quite inhomogeneous--being considerably larger at the heater end than the

open end of the channel. Efforts to smooth this inhomogeneity by means of grids

such as in wind tunnels, were generally unsuccessful.

After many trials we finally found that a very long (lcm x lcm x 40cm) channel
had a reasonably homogeneous section near the middle. At the same time we became
concerned about the accuracy of the continuous second sound resonance techniques
we were using: how reliable is the attenuation information about the vortex line 3
density local to the probe (about a lcm3 volume) when the whole channel is in

resonance?

The solution to the question above was to resort to a pulse technique which

completely avoids the channel resonance problem. Preliminary results with this

ﬁ new technique, and a history of our earlier work with ion and second sound probes
I is contained in Michael Cromar's thesis:
"Turbulence in Helium II Counterflow in Wide Channels" by Michael William

Cromar, Ph. D. thesis, University of Oregon, 1977 (unpublished).

The first published report was contained in the proceedings of LT15:
r , Reprint 1? "Turbulent Counterflow: Vortex Line Density," R.M. Ostermeier,
i [ M.W. Cromar, P. Kittel and R. J. Donnelly, J. de Physique C6 Supp #8, Vol. 39 ]
| pp. 160-162, (1978). .
’

*Reprints included in Appendix.
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This was followed by a more complete account

Reprint 2:

"Steady State Vortex-Line Density in Turbulent He II Counterflow,"

by R.M. Ostermeier, M.W. Cromar, P. Kittel and R. J. Donnelly, Phys. Rev. Lett.

41, 1123-1126 (1978).

The above papers have to do completely with equilibrium flow. The dynamical

properties must include a description of fluctuations as well. We were able to
modify the pulse technique in such a way as to allow a local measurement of low
frequency fluctuations. This recently completed work is contained in

Reprint 3: "Fluctuations in Turbulent He II Counterflow," by R.M. Ostermeier,

o S

M.W. Cromar, P. Kittel and R. J. Donnelly (to be submitted).

E II. RESEARCH ON THE EQUATIONS OF MOTION OF He II
Ultimately one believes that the description of turbulent flow must find some

description from the equations of motion of the fluid. More than thirty years

after Landau's original work the problem of the equations of m;tion of He II is
3 : still an open question. A statement of the question itself was included in our
last AFOSR report in an Annual Review of Fluid Mechanics article by P.H. Roberts
and R.J. Donnelly. The resolution of the question based on the most general prin-
cipals of continuum mechanics has been considered by R.N. Hills and P.H. Roberts.
Their work, still under active development, includes the effects of healing and
relaxation missing in the original Landau-Khalatnikov treatment as well as address-
ing the problem of vortices in rotating helium II. Four contributions are
included here:
Reprint 4: '"Healing and Relaxation in Flows of Helium II - I; Generalization
of Landau's Equations," by R.N, Hills and P.H. Roberts, Int. J. Engng. Sci.
15, pp. 305 - 316 (1977).
Reprint 5: '"Healing and Relaxation in Flows of Helium II - II; First, Second
and Fourth Found," by R.N. Hills and P.H. Roberts, J. Low Temp. Phys. 30,

709 - 727 (1978).
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Reprint 6: "Healing and Relaxation in Flows of Helium II - III; Pure Super-
flow," by R.N. Hills and P.H. Roberts, J. Phys. C. 11, 4485-4499 (1978).
Reprint 7: '"'Superfluid Mechanics for a High Density of Vortex Lines," by

R.N. Hills and P.H. Roberts, Archive for Rational Mechanics and Analysis 66,

43-71 (1977) -

Actual calculation of the predictions of these theories requires a precise know-
ledge of the thermodynamics and elementary excitation spectrum of He II at all
temperatures and pressures. The calculation of the healing length, for example,

requires knowledge of the free energy of helium II evaluated at non-equilibrium

values of eg . The way in which this is done is described in
Reprint 8: '"Calculation of the Static Healing Length in Helium II;" by
P.H. Roberts, R.N. Hills and R.J. Donnelly, Physics Letters 70A, 437-440

(1979).

III, Research on the Thermodynamic Properties of Hell

The development of precise data on Hell discussed above has been a long-time
concern to our group. Not only is the data sometimes hard to find, it is impor-
tant for many purposes to know how to integrate over the excitation spectrum to
calculate new quantities, such as the healing length described in Reprint 8 above.
For temperatures above 1K, however, nearly all quantities of interest in the
excitation spectrum are both pressure-and temperature-dependent. The simple
statistical mechanics of non-interacting excitations cannot be used to calculate
thermodynamic properties and new expressions had to be found. The method and
final expressions for handling this problem are disgussed in

Reprint 9: "A Theory of Temperature-Dependent Energy Levels: Thermodynamic

Properties of Hell," by Russell J. Donnelly and Paul H. Roberts, J. Low Temp. -

Phys. 27, 687-736 (1977).
The direct application of this theory to the calculated thermodynamic properties

of He II resulted in extensive sets of tables:




Reprint 10: '"The Calculated Thermodynamic Properties of Superfluid Helium-4"

by J.S. Brooks and R.J. Donnelly, J. Phys. Chem. Ref. Data 6, 51-104 (1977).
The preparation of these tables pointed up the problem of the absence of data in
a number of regions of temperature and pressure, particularly below 1K. New ex-
periments on thermodynamics and inelastic neutron scattering were called for:

Reprint 11: '"Need for More Precise Thermodynamic and Neutron Scattering

Data on Liquid Helium,' by R.J. Donnelly and P.H. Roberts, J. Phys. C.

10, L683-L685 (1977).

IV. Theories of Elementary Excitations in He II.

The properties of 3He-l'He solutions form a vast area of research in themselves.
We have addressed the problem of calculating the shifts of roton energies due to
the addition of 3He in dilute quantities and have used the dielectric model de-
veloped several years ago:

Reprint 12: '"Dielectric Model of Roton Interactions in Dilute Solutions of

3He in AHe," by R.J. Donnelly, R.W. Walden and P.H. Roberts, J. Low Temp.

Phys. 31, 375-387 (1978).
In the same issue of the Journal of Low Temperature Physics we examined the bind-
ing of rotons to impurities such as 3He particles, the positive helium ion and
the negative electron bubble:

Reprint 13: "Bound States of Rotons to Impurities in He II," by P.H. Roberts,

R.W. Walden and R.J. Donnelly, J. Low Temp. Phys. 31, 389-408 (1978).

V. Superfluidity in Narrow Channelg.

Several years ago Donnelly and Roberts advanced several theories on the
nucleation of quantized vortices by the moving superfluid. Recently there has
been very substantial theoretical and experimental work on the properties of thin
films, particularly work stimulated by the ideas of Kosterlitz and Thouless on
two dimensional systems. It seemed useful to examine the predictions of the

older nucleation theories to channel flow. The investigation showed that it is
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necessary to assume a free energy barrier to vortex nucleation which is

present irrespective of any superflow. Flow then modifies the barrier,

and decay of superflow results. This investigation appeared recently in

Physical Review Letters: %

Reprint 14: "Superflow in Restricted Geometries," by R.J. Donnelly, R.N.

Hills and P.H. Roberts, Phys. Rev. Letters 42 725-728 (1979).

VI. Infrared Detectors

Our group has been active in upper atmosphere research, principally with NASA

support. In one important instance, however, the low temperature facilities at

Oregon were important in the development of an 3He-cooled infrared bolometer

detector. The construction of the cryostat is described in the next paper:

1)

2)

3)

4)

5)

6)

7)

Reprint 15: '"Portable 3He Detector Cryostat for the Far Infrared" by
J.V. Radostitz, I.G. Nolt, P, Kittel and R.J. Donnelly, Rev. Sci. Instrum.

49, 86-88 (1978).

Personnel Associated with the Reserach Effort

Russell J. Donnelly, Professor of Physics, principal investigator.

Paul H. Roberts, Professor of Mathematics, University of Newcastle upon Tyne.
Professor Roberts was elected a Fellow of the Royal Society of London in 1979.
Roger N. Hills, Senior Lecturer in Mathematics, Herriot-Watt University,
Edinburgh

James V. Radostitz, Research Associate, constructed the apparatus and assisted
in the experimental set-up.

Richard M. Ostermeier, Research Associate. Dr. Ostermeier is now at Shell
Development Corp., Houston, Texas.

Peter Kittel, Research Associate. Dr. Kittel is now with NASA Ames Research
Center in Mountain View California

Michael W. Cromar obtained his Ph.D. for the work described above and is now
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at the National Bureau of Standards, Boulder, Colorado.
8) Robert Walden obtained his Ph.D. in 1978 for research in fluid dynamics, and

is now at Bell Laboratories, Murray Hill, New Jersey.

Conferences and related activities

The results of this research have been reported at several conferences.

Richard Ostermeier presented the turbulence work at LT15. Research has been
regularly reported at the Washington meeting of the American Physical Society

each April, and in 1978, Russell Donnelly presented an invited paper at a Sym- |

e

posium of the Division of Fluid Dynamics.

In July of 1979, the Fourth Oregon Conference on Liquid Helium was held at
Timberline Lodge, Mount Hood, Oregon. The work described here was reported by
P.H. Roberts and R.J. Donnelly.

In October 1978, Russell Donnelly was a Senior Visiting Fellow of the
Science Research Council (UK) and gave lectures at Newcastle, Edinburgh, St.

Andrews, Birmingham, Manchester, Sussex and London.
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JOURNAL DE PHYSIQUE

TURBULENT COUNTERFLOW : VORTEX LINE DENSITY

en utilisant cette technique sont présentées.

this technique are presented.

Turbulent counterflow in wide channels (Vvicm)
was first studied in detail by Vinen /1/ using a
resonant second sound technique to measure steady-
state and transient properties averaged over the
length of the channel. From his observations he en-
visioned the turbulence as a homogeneous, isctropic
tangle of quantized vortex line satisfying the dyma-

mical balance equation

[ XK
a. _ 1 mg¥Mry ey _ T2 2
Tt'/ 7 XIB va QO Ll/zd) 30 L m

where L is the vortex line density, v is the coun-

terflow velocity, Xi, X2, and B are the usual tem-
perature dependent Vinen/1/ parameters. The factor
in parentheses accounts for the finite size of the
channel (d = diam., a ~ 1), and implies a critical
counterflow velocity for the transition from lami-
nar to turbulent flow. This model has been success-
ful in explaining most experimental results on ther-
mal counterflow. One notable exception concerns the
assumption of isotropy. Ashton and Northby /2/ dis-
/covered that the vortex tangle moves in the direc-
tion of the normal fluid with a drift velocity pro-
portional to v. Though this result contradicts an
assumption of Vinen's theory, it is not surprising
in view of the natural anisotropy of the counter=-
flow velocity. A new theory developed by Schwarz
/3/ takes this into account and gives a vortex li-
ne drift velocity in agreement with experiment.
Implicit in the data analysis of Ashton and Northby
the theory of Schwarz, and the Vinen model is the
assumption of homogeneity. Actually, there is rea-
son to believe that L may not be uniform along the
length of a channel. Induced temperature and pres-
sure gradients will, of course, produce slight in-

homogeneity ; but more important is the problem of

Collogue C6, supplément au n° 8, Tome 39, aoit 1978

R.M. Ostermeier, M.W. Cromar, P. Kittel and R.J. Donnelly

Department of Physics, University of Oregon, Eugene, Oregon 97403 USA

Résumé.- Une technique de "pulse 2e son" a &té développée comme preuve locale de la "vorticité" gé-
pérée dans un "counterflow" thermique dans 1'h&lium II. Les mesures de densité des vortex obtenues

Abstract.- A second sound burst technique has been developed as a local probe of vorticity generated
in thermal counterflow in He II. Measurements of the steady-state vortex line density obtained using

how turbulence is initiated /1/. For example, one
might expect an enhanced vortex line density near
the heater if it is an intrinsic source of turbu-
lence. Measurements of the vortex line density pro-
file were motivated also by the observation of
Ladner, Childers and Tough /4/ of a third flow re-
gime at higher heat currents.

The channel used in our experiments has a
! cm square cross-section and runs down the center
of a “rass rod 3 cm in diameter and 41 cm long. Its
bottom end is open to the bath. The upper end hou-
ses a heater which is insulated from the channel
walls by a Delrin support. The heater consists of
a 9 mm square OFHC copper plate backed with 1008
of manganin wire. Ten pairs of-capncitive-typc
transducers /5/ (“6 mm diameter) are spaced along
the channel's length as shown in figure 1.

To provide a local probe of the vorticity
(necessary for a profile measurement) we developed a
second sound burst technique as schematized in figu-
re 1. A burst generator excites the transmitting
transducer, with the burst interval adjusted to al-
low for complete decay of all echoes. The received
signal is preamplified and passed into a lock-in ope=-
rated in the fast phase-sensitive mode. The burst
frequency and phase are adjusted to maximize the out-
put of the lock-in which corresponds essentially to
the RMS of the received signal. The first trace in
figure | shows, from left to right, the pick-up
hoes. The
ce is the lock-in output. The third trace is a se-

d tra-

burst,and a series of burst

ries of time delay adjustable 20 us pulses which
mark the points in time that the lock-in output is
sampled by the computer. Since the relative attcnua=-
tion (between § on and é off) for a single transit

across the channel is generally quite small, measu-
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rements on the echoes allow considerable improvement

in the uncertainty without substantially diminishing

the local nature of the probe.

Bénst PGulse

en. en. [
.e: heater r

DC. ! ——'>‘ Lock-in
Bias i}

Computer

Fig. | : A schematic of the counterflow channel and
the associated electronics. A cross—section of the

second sound transducer is shown in the lower left-
hand corner.

Since the attenuation B v L, eq. (1) can be

written in the steady state as

8167 = v(1 + /i - 4 /q? @
where, according to the Vinen theory, Y is a func-
tion of temperature only and 6Cl; the critical heat
current, is a function of temperature and channel
width. In figure 2 we plot our data at 1.35 K as
8/Q? vs 6 for four of the transducer pairs. Con-
centrating first on Q A 100 mW/cm? we note that
near the open end at 40 cm a two parameter fit

(y and 6C|) of eq. (2) provides excellent agreement
with our data. If we assume different values of

Y and 6Cl' a similar good fit can be obtained at
20 cm. As one approaches the heater to within 5

and especially 2.5 cm, it becomes impossible to fit
the data to the functional form of eq. (2). Thus

Yy and Qcl nct only depend strongly on the distan—
ce from the heater X, but the shape of the vortex
line density profile changes with 6 as well. This
is particularly evident when comparing data for
6 = 80 mW/cm? with that for 35 mW/cm’ as shown in
figure 3. At 80 mW/cm? there occurs over the length
of the channel a gradual decrease in B of ~ 50 z,

2

whereas at 35 mW/cm® there is a sharp inhomogenci-

—

ty localized near the heater.

r S vy T—r-TTrTrY 3
s t \ e 25cm 4
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9 X . :
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Fig. 2 : A plot of B/Q? at T = 1.35 K for 4 trans-
ducer pairs located at various distances from the
heater. The solid curves are eq. (2) fitted to the
4 sets of data at Q;; and 100 mW/cm®. Q2 indicates
the onset of a new secondary flow.

[ R ———
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Fig. 3 : The attenuation B versus distance from
the heater X for various Q at T = 1.35 K.

The observed dependences of B and QCI on X
and the profile on Q have no ready explanation in
existing theory. An understanding of these pheno-

mena may lie in the aforementioned intrinsic pro-




duction of vorticity by the heater, end effects
and/or presence of a convection term in eq. (1)
arising from the vortex tangle drift velocity.

At large heat currents above " 100 oW/cm?,
we can see in figure 2 that 8 initially increases
faster than 6’ near the heater and more slowly far-
ther down the channel, giving the profile a more
pronounced variation as shown in figure 3. (Note
that the average line density varies approximate-
1y as Q%) For § > ch = 110 nW/cm? we also observe
a sharp increase in the RMS noise of the lock~in
output. These observations strongly suggest the
onset of a new flow regime, possibly similar to
that observed by Ladner, Childers and Tough /4] in

narrow circular channels.
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Steady-State Vortex-Line Density in Turbulent He Il Counterflow

R. M. Ostermeier. M. W. Cromar,'® P, Kittel,'™ and R. J. Donnelly

Deparvimen! of Physies, University of Oregon, Eugene, Ovegon 97403
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We have measured the steady-state vortex-line density in turbulent counterflow using a
second-sound-burst technique as a local probe, Contrary to the Vinen theory and previ-
ous assumptions, we find substantial line-density inhomogeneity and strong departures
from the predicted heat-current dependence,  Anomalous behavior of the line density at
higher heat currents provides evidence for a new secondary flow state.

In a classic series of experiments Vinen' was resonant second-sound technique he measured
the first to study in detail the nature of turbulent the steady-state and transient attenuation aver-
counterflow in wide (~ 1 cm) channels. Using a aged over the length of the channel. On the basis
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of his observations he envisioned turbulent He II
as consisting of a homogeneous, isotropic tangle
of quantized vorticity satisfying the dynamical
balance equation®

dL _x,Bp, a,z[__a._]_m 3
o T -gmg (1)

where L is the vortex-line density, v is the coun-
terflow velocity, B is the mutual friction param-
eter, and x, and x, are parameters of order unity.
The term in brackets accounts for the finite width
of the channel (d = diam, o ~1), and implies a
critical counterflow velocity for the transition
from laminar to turbulent flow.

This model has been successful in explaining
temperature difference® and average steady-state
line-density® behavior. However, serious prob-
lems do remain. As Vinen recognized, the mod-
el does not explain the initiation of turbulence.
His introduction into Eq. (1) of a phenomenologi-
cal term to account for this deficiency provides
no real insight into this problem and is question-
able in view of the theory’s inadequacy in dealing
with transient phenomena. More recently the as-
sumption of isotropy has come under attack. Ash-
ton and Northby* observed that the vortex tangle
moves with a drift velocity proportional to v—a
result not too surprising considering the intrinsic
anisotropy of counterflow. Schwarz® has attempt-
ed to remedy the theoretical situation in his de-
velopment of an equation for the vorticity distri-
bution function. His theory accurately predicts
the average steady-state line density and its mo-
tion down the channel, but it too does not treat
the problem of vortex initiation.

Besides these difficulties, the Vinen model (as
well as Schwarz's theory and other theoretical
discussions and data analyses) assumes homoge-
neous turbulent flow. Actually there are a num-
ber of reasons to believe that turbulent counter-
flow may be inhomogeneous. The channel walls
will almost certainly influence the line density in
a more complicated fashion than described by Eq.
(1). Consideration of the annihilation, polariza-
tion, and concentration of vorticity in the central
stream of the flow suggests a diminishing line
density down the channel. A more interesting
possibility involves creation of turbulence. Since
the buildup of turbulence from thermally excited
vorticity is energetically unlikely,’ it is conceiv-
able that the heater plays a more direct role in
vorticity creation. If this is the case, a study of
the line density in the vicinity of the heater might
prove useful in understanding this phenomenon.

Finally, the observation of a new secondary flow
in circular capillary tubing® and the absence of
such a state in Vinen's observations suggest that
this state might manifest itself in wide channels
as a modification of the line-density distribution.

To test these ideas we have carried out a study
of the local behavior of the line density in steady
turbulent counterflow. Our counterflow channel
is 1 cm square in cross section and runs down
the center of a brass bar 3.8 cm in diameter and
40.5 cm long. Its bottom end is open to the bath.
At the top end the heater, consisting of a 2-mm
X 9-mm-square oxygen-free, high conductivity
copper plate backed by ~ 100 £ of Manganin wire,
is inlaid in a Delrin support that insulates it from
the channel walls. Ten pairs of capacitive-type
second-sound transducers’ (6 mm diam) are
spaced along the channel’s length as shown in
Fig. 1.

To provide a local probe of vorticity a second-
sound-burst technique was develzped. A burst
generator excites the transmitting transducer,
with the burst interval adjusted to allow decay of
echoes. The received signal is preamplified, fil-
tered, and amplified by a lockin operated in the
fast phase sensitive mode. The burst frequency
and lockin phase control are adjusted to maxi-
mize lockin output. The first trace in Fig. 1
shows, from left to right, the pickup burst, the
first received burst, and a series of burst ech-
oes. The second trace is the lockin output cor-
responding essentially to the rms received signal.

e Burs! Pulse
¢ Gen e Gen
. Channel
[ heoter ref ¥
D c -
Bios “ar-
I |
L.—{Am'/ Lock-in Comput
—
bollost b
heoter g ——]
A =i -
. \
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/
b
; At RE S
S Scope
lecm

FIG. 1. A schematic of the counterflow channel and
the electronics for the second-sound-burst technique,
A cross section of the capacitive-type second-sound
transducer is shown at the lower left.
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The third trace is a scries of time-delay-adjust-
able 20-usec pulses preceded by a 200-pusec
pulse. These pulses mark the points in time when
the lockin output is sampled by the computer.
The echoes are analyzed since the relative atten-
uation due to superfluid turbulence is, for a sin-
gle transit across the channel, generally quite
small. Measurements on the echoes thus allow
considerable improvement in uncertainty without
significantly diminishing the local nature of the
probe. A more complete description of this tech-
nique will be published elsewhere.

Since second-sound attenuation g~ 1. and heat
current l:)~ ¢, Kq. (1) can be written in the steady
state as

B G/ A=Q, OVEF, (2)

where 3 is, according to the Vinen theory, a func-
tion of temperature only, and @,. the critical
heat current, depends on channel width and tem-
perature. In Fig. 2 we have plotted our data at
1.45 K for B/Q* vs @ at four positions down the
channel. The data indicate three regions of dis-
tinctive behavior. Concentrating first on values
of Q Qc.~ 100 mW we note that near the chan-
nel's open end at 40 ¢cm a two-parameter fit (y
and ¢,) of Eq. (2). indicated by the solid line,

107 , v VSR ety v
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10® v |
m e [ 5(m b8 A i
| v ; aa,
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® 1 4O0m L ‘
1 |
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' ]
'Ju Q, o
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FIG. 2. B/Q vs (:) al 1.45 K for four positions down
the channel, The solid lines are Fe. (2) Fitted to the
20= and A0-cm data. The open symbols are data taken
in the presence of a new scecondary flow whose onset is
at (:)‘.j.' 100 mW, The light dashed line indicates a
rough estimate of the experimental vesolution,

provides good agreement with the data. A simi-
lar good fit, using different parameter values,
can be had at 25 cm. Closer to the heater the
situation changes considerably. At 5 cm, g/Q*
follows Eq. (2) at higher heat currents, but a dis-
tinct deviation occurs at about 17 mW below which
3/QF increases with decreasing Q. This marks
the onset of a new region of behavior which oc-
curs at higher heat currents as the heater is ap-
proached. At 2.5 cm, for example, the deviation
begins at about 70 mW and continues to the lowest
Q for which 3 is measurable.

The difference in behavior between these two
regimes is evident also in Figs. 3(a) and 3(b)
where line-density profiles are shown for § = 35
and 80 mW, respectively. The enhanced vorticity
near the heater at lower heat currents decreases
rapidly with x, dropping by a factor of 6-8 in 2.5
cm. Farther from the heater and/or at higher
heat currents the line density diminishes by about
a factor of 2 down the length of the channel. This

gradual falloff may be associated with wall effects.

The enhanced density near the heater is possibly
related to vorticity creation by the heater. This
is suggested by the rapid decay, the almost lin-
ear Q dependence of the line density, and the
more pronounced behavior of this effect at lower
heat currents.

The third region, as indicated by the open sym-
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FIG. 3. $/Q" vs distance from the heater at 1,45 K
or @ 35, 80, and 120 mW,
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bols in Fig. 2, is characterized by an anomalous
shift in line density accompanied by an increase
in the signal rms noise. At 1.45 K the onset of
this region occurs at @ ;> 100 mW independent
of x. The shift in attenuation, most evident at
2.5 cm and 100 mW, can occur spontaneously in
either direction, i.e., between the closed and
open symbols. At higher heat currents g/Q° as-
sumes only values shown as open symbols. For
¢ slightly below Q , (for example, 90 mW at 2.5
cm) the larger attenuation can be induced by
mechanical vibration of the cryostat immediately
prior to data collection, but this enhanced density
eventnally decays. Similar behavior, though not
as pronounced, is observed at 5 cm. Farther
down the channel this phenomenon manifests itself
only weakly as enhanced signal rms noise and a
gradual reduction in 8/ * with Q.

The line-density profile above Q. is shown in
Fig. 3(c) for 120 mW. Comparison of this pro-
file with that at 80 mW <Q, [Fig. 3(b)] shows
that immediately above @, a more rapid decline
in line density down the channel occurs. Also the
average 8/Q? appears to decrease slightly above
Q.. This is in contrast to the interpretation of
Ladner ef al.® of their high-Q pressure and tem-
perature difference data which suggests an in-
crease in this quantity.

Ladner, Childers, and Tough® noted a strong
geometry dependence in the second transition,
observing it only in capillary tubing of circular
cross section and not in rectangular tubing. Our
observations in a wide channel of square cross
section indicate a critical Reynolds number R
=p,v,d/n, of about 2800 at 1.45 K. This is at
least an order of magnitude greater than observed
in circular capillary tubing,™® and exceeds by a
factor of 5 the highest Reynolds numbers explored
for the rectangular geometry.® Our value of R is
comparable to that for the transition from lam-
inar to turbulent flow of ordinary fluids in square

channels,® and suggests that the transition at Q,
is the analogous transition for the normal-fluid
component. If this interpretation is correct, the
observed gradual decrease in R with tempera-
ture may indicate an inhibiting effect of the super-
fluid vorticity on the transition.
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FLUCTUATIONS IN TURBULENT HE II COUNTERFLOW-
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Abstract

We have measured the power spectral density and the mean square of
vortex line density fluctuations in steady turbulent counterflow using a
second sound burst technique as a local probe. Our results are compared with

previous measurements and theoretical predictions.
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In recent years considerable experimental and theoretical effort has
been directed at understanding steady turbulent counterflow. The dynamical
aspects of turbulent He II, however, have not received nearly as much atten-
tion. The first investigations were those of Vinen 1 who studied transient
behavior using a resonant second sound technique. Propagation of turbulent
wave fronts in narrow channels has been investigated by a number of authors
including Mendelssohn et al.2 and Peshkov and Tkachenko.3 More recently Moss
and coworkers 4,5 have provided a new and powerful experimental method by
investigating fluctuations in the vortex line density. Following this
approach Piotrowski and Tough ¢ have studied the fluctuating motion of an
airfoil suspended in turbulent counterflow.

In this paper we present measurements of the power spectral density
(PSD) and the mean square (MS) of vortex line density fluctuations in steady
turbulent He II counterflow. We believe our results to be more reliable than
previous measurements for at least three reasons. First, the experiments were
carried out using a local probe designed to measure vortex line density fluc-
tuations directly. Second, measurements were made at different positions
along a relatively high aspect ratio (1 cm square by 40 cm long) channel.
Third, our data acquisition and analyses were superior to that then available
in earlier work.

The apparatus and second sound burst technique were similar to that
used in our line density measurements7. However, burst echoes were suppressed
in order to maximize the available frequency range for optimal PSD determina-

tion. Since second sound attenuation (in non-turbulent HelIl) increases as fz
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(f=frequency),8 this was accomplished by operating at higher burst frequenc-
ies. Thus repetifion rates up to 160 Hz could be attained without signal
overlap.

As shown in Fig. 1 the burst excites the transmitting transducer and
the received signal is preamplified, bandpa#s filtered, and amplified by a
lock-in operated in the fast phase sensitive mode. The lock-in output, as
shown in the second trace, is then sampled by computer at every burst as
specified by the pulses in the third trace. This is done for 100 seconds thus
yielding time series consisting of approximately 16000 data points each.
Since computer memory was limited to transformation of 1024 point time series,
the data were analyzed to produce one low frequency and approximately 16 high
frequency ?SDs. This procedure also allowed an estimation of aliasing
effectsg. These arose from the inability to effectively filter the fluctua-
tion modulated signal, the bandwidth of which was about 160 Hz centered at
anywhere from 50 to 100 KHz, the typical burst frequency.

Two sets of spectra with heat current Q = 0 and 100 mW are shown in
Fig. 2. These data taken at T=1.25K and x=25 cm from the heater, represent
averages of twenty five 16000 point time series. Conversion of the measured
second sound burst amplitude PSD, SA(f)' to the vortex line density PSD,
SL(f), follows from A=Ao exp (-3L) where Z=nkBd/16 u,. For small fluctuations
this gives

s (f) = {s,(1)/a% - s, (F)/A 2V/22, (1)

0 (<}

assuming zero correlation between fluctuations in Ao and L. Here L is the
randomly oriented line density, Ao is the amplitude of the received second

sound signal for 6 = 0, K is the quantum of circulation, B is the mutual
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friction parameter, d is the channel width, and u, is the second sound
velocity. For a given heat current the aliasing is easily estimated from the
degree of overlap between low and high frequency PSDs.9 At (=100 oW, for
example, aliasing is rather negligible until above about 10 Hz where back-
ground noise dominates the signal.

There were three general features observed in the power spectral
densities. First, for all heat currents investigated up to 280 mW all of the
additional power above background occurred at low frequencies, usually below
about 10Hz. Second, a low frequency plateau was always present in the spectra
at sufficiently high heat currents. Finally, every PSD exhibited a roll-off
at increasing frequencies with increasing 6. These features are illustrated
in Fig. 3 where smoothed spectra, taken at T=1.25K and x=25.0 cm, are shown
for Q ranging from 17 to 140 mW. |

Our data differ from Hoch et al.4 mainly in the 1/f behavior they
observed at low frequencies. This may be attributable to a‘combination of
relatively low heat currents investigated and insufficiently low frequencies
examined by them in order to have detected a plateau at those heat currents.
We also did not observe a well defined l/f3 roll-off at higher frequencies as
they did. Instead we found the power of the roll-off varied from about 2 to
4, generally increasing with Q. This roll-off is also inconsistent with the
exponential dependence deduced by Piotrowski and Tough - in their experiments.
The disagreement probably indicates a complicated relation between the fluc-
tuating forces acting on their probe and the local vortex line density.

Observations of line density inhomogeneity7 suggest that low aspect

4-6

ratio channels used in previous experiments may have effected these earlier
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results. For example, in this work we observed that the Q dependence of the
spectra was generally more erratic and anomalous near the heater than farther
down the channel. This is illustrated in Fig. 4 where we have plotted the MS
fluctuation, <6L2>, versus 6 for T=1.25K and x=2.5 and 25.0 cm. In Fig. 4a we
note an abrupt increase in <6L2> at about 100 mW. This is consistent with the
observed anomalous increase in line density at this same critical heat current,
ch, and our suggestion that this may indicate the onset of turbulent normal

fluid flow,’

Associated with this behavior are hysteretic effects as evi-
denced by the upper point at 50 mW. This datum was taken immediatelj after
those at higher heat currents as indicated by the dashed line and arrow. At
lowef heat currents the 6 dependence of the data at 2.5 cm is rather ill-
defined in compa~“son with that observed farther down the channel as seen in
Fig. 4b. Here the solid line through the data indicates a Qz dependence. In
contrast to the data at 2.5 cm, there is no substantial effect evident at ch
= 100 mW, though there is some slight relative reduction of~<bLg> above ch
again consistent with our observations of L.5 This general behavior described
for the data at 25.0 cm prevails over most of the length of the channel, from
within about 10 cm of the heater to the open end.

Since steady-state line density measurements7’lo suggest some valid-
ity of Vinen's phenomenological theoryll sufficiently far from the heater, it
is useful to compare predictions of that theory with the measured PSDs.
Assuming line density fluctuations much smaller than the steady-state L,

- can be linearized to form a Langevin

Vinen's dynamical balance equation
equation. It then follows that

s (£) = g, S, (D/{1 + (£/0)°}, (2)
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where g » 62, f°~ QZ, and Sv(f) is the counterflow velocity fluctuation PSD.
A similar result is also obtained from Schwarz's theory 12. If Sv(f) is
assumed to be flat over the bandwidth of interest, we get the dashed curves
shown in Fig. 3 corresponding to the indicated values of Q. We also find that
<bLg}~ 64 as shown by the dashed line in Fig. 4b.

Although the predicted roll-off frequency, fo’ is of the correct order
of magnitude, the discrepancies between theory and experiment with regard to
plateau amplitude, roll-off slope, and <6L2> suggest that the dynamical aspects
of Vinen's and Schwarz's theory may be incomplete. This is corroborated to
some extent by the inconsistency Vinen noted between his observations of

11

transient phenomena and his theory. On the other hand there is reason to

believe that fluctuations in the velocity may contribute to the observed

3 has deduced an expression

spectra. In considering this possibility Northby1
for SL(f) from the two fluid equations and Vinen's dynamic balance equation.
Taking into account feedback between fluctuations of the velocity and the line
density he finds :

s (£) ~ a/f(e-£)? + b £}, (3)
where a, b, and c are specified but complicated functions of 6. We note that
Eqn. (3) possesses the general features exhibited by our PSD data; namely a
plateau at low frequencies relatively insensitive tb é, a roll-off at higher
frequencies with roll-off frequency and slope increasing with 6, and also the
observed Q dependence of <6L2>. Although a detailed and systematic study
comparing Eqn. (3) with our data has not yet been completedl4 a preliminary

analysis15 suggests that Northby's feedback model may have some basis of

validity at least sufficiently far from the heater.
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FIGURE CAPTIONS
Figure 1: A schematic of the counterflow channel and electronics for the

second sound burst technique. Burst echoes have been suppressed

as explained in the text. In the lock-in output the pick-up
has been eliminated and the received signal maximized by adjust-

ing burst frequency and lock-in phase control.

Figure 2: The power spectral density of the amplified second sound burst
amplitude, SA(f)’ versus frequency for Q = 0 and 100 mW. The i
data were taken at T = 1.25K and x = 25.0 cm. The low and high ‘
frequency curves represent averages of 25 and approx. 400 l

individual spectra, respectively.

Figure 3: SL(f) versus frequency for Q = 17, 35, 70, and 140 mW; respect-
ively. The data were taken at T = 1.25K and x = 25.0 cm. The
dashed curves correspond to Eq. (2) evaluated at the same heat
currents with Sv(f) a constant adjusted to fit the 70 mW data

at low frequencies.

Figure 4a: <6L2>'versus Q at T = 1.25K and x = 2.5 cm. The dashed line

indicates hysteresis as explained in the text.

Figure 4b: 61.2) versus Q at T = 1.25K and x = 25.0 cm. The solid and

dashed lines indicate a QZ and 64 dependence, respectively.
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HEALING AND RELAXATION IN FLOWS OF
HELIUM II-I

GENERALIZATION OF LANDAU'S EQUATIONS

R. N. HILLS .
Mathematics Department, Heriot-Watt University, Edinburgh, Scotland

and

P. H. ROBERTS
Department of Applied Mathematics, The University, Newcastle-upon-Tyne, England

Abstract—The Landau 2-fluid equations for the motion of helium Il are often criticised on two grounds:
they ignore healing of the wave function, and they require the superfluid percentage to change
instantaneously when the thermodynamic state is altered. In 1970 Khalatnikov([4] proposed a way of
incorporating relaxation effects associated with conversion between superfluid and normal fluid. Using this
as our starting point and employing the techniques of modern continuum mechanics, we develop a
thermodynamically acceptable generalization that incorporates both healing and relaxation phenomena.

1. INTRODUCTION

ALTHOoUGH the Landau equations have, for a generation, dominated the theory of the
macroscopic behaviour of helium II, it has been recognized for a number of years that they
contain unsatisfactory elements that cause them to misrepresent certain types of phenomena,
particularly near the A-point. The two most serious omissions of the Landau theory are,
perhaps, healing and relaxation processes.

Healing causes the wave-function to fall to zero at, for example, (infinite potential) walls
confining the fluid. A 2-fluid model ought to recognize this by requiring the superfluid density,
p’, to tend to zero at such a boundary. The Landau theory fails to do so. This may account for
some of the difficulties that have been experienced in reconciling aspects of film flow with
Landau’s equations (see, e.g. Putterman(1], Section 41; Rudnick[2]). There is further evidence
in support of a condition on p* when one considers the energy associated with the superfluid
vortex. By Landau’s law of irrotationality the superfluid velocity becomes large as the
singularity of vorticity is approached and, in classical terms, the energy per unit length of
vortex will be infinite. This suggests that healing occurs at the vortex core and that the
superfluid density tends to zero so rapidly that, despite the rising velocity, the energy is finite.t
However, the boundary conditions stating that the superfluid density tends to zero appears to
be in conflict with the 2-fluid model. The characteristic distance over which healing effects are
important, the so-called “healing length”, increases as the A-point is approached. Thus the
neglect of healing can lead to serious difficulties near the A-point.

Another feature of the Landau equations is their insistance that conversion processes
between normal and superfluid occur instantaneously. Given the thermodynamic state (as
defined by density p, temperature T and w, say), p" and p* are known. No matter how rapidly
the thermodynamic state changes, p” and p* instantly take the values appropriate to that state:
there is no relaxation. It is generally accepted that, though physically implausible, this feature
of the lLandau equations will not usually lead to serious error, simply because the relaxation
time, 7, of the conversion between species is typically very small compared with the
macroscopic time scales over which the gross features of the flow change. This attitude is not
easily defended for small T, — T, because = becomew farge as the A-point is approached.
Dispersion of first and second sound then occurs, not merely at ultra-high frequencies.

These shortcomings of the Landau equations led Khalatnikov and others to seek

tin the case of the quantum vortices, this statement could be contested by invoking a different physical mechanism:
localization. Since strictly p* is a decreasing function of |w|. where w = v* ~ v* is the relative velocity of the superfluid, the
superfluid concentration decreases as the core of a vortex is approached: see Ref. [3).
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generalizations that evaded such criticisms. The most recent of these works (Khalatnikov[4])
sought to develop a continuum theory by expansion in the order parameter for small 7, - T.
The main emphasis was laid on relaxation processes, the aspects dealing with healing being
abandoned during the analysis. Our work not only generalizes Khalatnikov's theory of
relaxation but also retains the healing phenomenon. We use the methods of modern continuum
mechanics, and in particular recent ideas in the theory of mixtures (Miiller[S]). However, in one
respect our theory differs from the traditional treatments. It is usual in the constitutive theory
of binary mixtures to regard the total density as the independent variable and to postulate for
the concentration or the mass supply of one of the constituents. In this paper we wish to
discuss healing phenomena by both allowing a constitutive dependence on superfluid density
gradients and imposing the condition that the superfluid density vanishes at a solid boundary. It
seems, therefore, more natural to reverse the usual roles played by the total and superfluid
densities and regard the superfluid density as the independent variable and postulate
constitutive equations for the total density. This step means that the conservation of mass eqn
(1.3) will now determine the superfluid density rather than the total density as in classical
treatments. Despite this difference in formulation, the theory still correctly reduces to a Landau
form when healing and relaxation are neglected and, as in the Landau theory, irrotational flow
is always a possible solution of the superfluid momentum equation under conservative forcing.

We collect here for easy reference the final governing equations. The notation of the paper
is explained in detail in Section 2 but here we shall employ the following.

Notation
p* = superfluid density, v = superfluid velocity,
1’ = potential of external body force per unit mass b; (= (%),
¢’ = superfluid velocity potential (vi = ¢%),
m* = dp’lat + (p*v!), = superfluid mass supply, r = heat supply function,
p = total density, A = an energy function, S = entropy, ({8))
w; = v — v = relative velocity, T = temperature, p = pressure,
K = thermal conductivity =0, ® = thermodynamical potential,
a,, a, = coefficients of bulk viscosity and shear viscosity of normal fluid (a,=0,
a, +3a;=0),

n = healing coefficient, A = relaxation coefficient (20),
D;, = rate-of-deformation tensor for normal fluid = §(vi + v7)).

The analogous quantities to (1.1),~(1.1)s for the normal fluid are obvious. The equations are

p=p"+p". (1.2)
Conservation of mass
%f +(p v +p'v)).=0. (1.3
Superfluid Bemnouilli equation
1 _q ,,(QA ﬂ)_ . _1dn .
a ta V+A+ ap+ap' P de.mm—!(t). 1.9
Total momentum equation
a%(ﬂ”v-‘ +p'v))+(p"0lo] +p'0lv)), = p" i+ p* Q=P+ Zus (1.5)

. IQ_A_ lﬁé_._ [} _!( th_) PR}
p=p ap+W apl nP P 2 ﬂ"'P dpn P.ap.h

3, = a\D38; + a:Df - nplp
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Energy equation
pr— T{:;’;(pS) + (pv."S).,} ~(KT.):+Am* + a, DD}, + a.D;D;; = 0. (1.6)

Constitutive theory

A=A(p.p’.T), n=1n("). A=A(p".T), S=-3A/dT, an

—6—4 1 2 '_l(.d_l) CPR] .}__
pap-+{zw NP 2 dp' P.:P.J+Am —0.

In (1.1)(1.7), a suffix following a comma denotes differentiation with respect to the
corresponding Cartesian coordinate: repeated suffices are summed. The expression (T, say) in
braces in the last eqn of (1.7) is evidently a function of p, p* and T by the first eqn of (1.7). It
follows that p may be written, if desired, as a function of p*, T and T'.

The boundary conditions required to complete the theory depend on the nature of the
surface under consideration. We will discuss only the case n# 0 since, if n =0, the conditions
differ in no way from those customarily applied to the Landau equations (e.g. see [1]).

Consider a stationary rigid surface 4B with unit normal n. Regarding the wall as an infinite
potential barrier, we have

p' >0 on dB. (1.8)

There is no mass flux into the wall so that
n:(p"v" +p’v’)=0 on dB. (1.9)

When the coefficients of viscosity and thermal conductivity are non-zero, (1.9) is automatically
obeyed since

n-v"=0, p'n-v'=0, on dB. (1.10)

Because of (1.8), (1.10); does not imply that n- v* = 0. In fact n- v* will in general be infinite on
dB although there are no serious dynamical repercussions since the kinetic energy density

2p'(n - v*)* > finite limit on 4B. (1.11)

(A similar situation obtains on the vorticity singularity in the vortex core, where p’ =0, [v’| 5
but p*v*’ is finite.)
The relations (1.10) hold even when the heat flux

q-n=H, ondB, (1.12)

from the surface to the fluid is non-zero. If thermal conduction is ignored (K = 0), the wall is a
source of normal fluid and a sink of superfluid for H >0, and conversely for H <0. Then the
quantities set zero in (1.10) become non-zero, although (1.9) still holds. In all these situations,
no-slip requires

nxv" =0, ondB, (1.13)

though this restriction too must be lifted if the coefficients a., a: of viscosity are set zero.
At a free surface, the total stress associated with the normal, n(p8; —Z;), should be
balanced by the pressure of the vapour above the free surface.
In the present paper the healing and relaxation coefficients are allowed to depend generally
on their arguments. However, a study of the two limiting cases T =0 (see Section 3)and T > T,
(see Khalatnikov[4]) suggests that a good representation of the healing coefficient is

(1.14)
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where m is the mass of the helium atom. A model of relaxation by Khalatnikov [4] assumes that
h!
A= m (1.15)
approximately, where u;, is the velocity of second sound and £ is the healing length.
2. BASIC EQUATIONS -
We refer the motion of the continuum to a fixed system of rectangular Cartesian axes.
Direct tensor notation is used where convenient and also a corresponding suffix notation to |
denote components. We assume that each of the components of helium Il occupies the position |
x at time ¢ and we denote the densities and velocitics of the normal and superfluid by p”, p* and
v, v* respectively. Also, we use the notation
; p=p"+p'. w=v"-v, |
3 m® =3, +V-(p°vi)[" = 3v" +(v* - V)v°, (pR))
D5 =3vi+ vp)=vipn. Wi =305~ vf) = iy,
D
5=0.+(V"V), Wi=Wp-W,;

. : !
where in (2.1) and throughout a superscript a denotes either n or s and 4, denotes |
differentiation with respect to ¢ with x hels fixed.

The basic governing equations for the mixture have been given, for example, by Hills and
Roberts[6]. The equation of mass conservation is
m"+m*=0. 2.2
The linear momentum equations in terms of the partial stresses X* are
V-3 +p°b" +g° =p°f, 23)
where b" is the applied body forces on each constituent and g* is the diffusive force with
gu +gl o= _(mnvn + m’V’). (2.4)
The equation of moments requires that
3" +3 =0, .5
where £° is the axial vector associated with the skew symmetric part of the tensor X*, that is
$r=teuls (26)
The energy equation for the mixture is
DU | s . "pyn s LW
, ! pr—pE-V'q—imwﬂg ‘wH+r(E"D" +3'D)+28 - W=0, (P )]
} -
! where U is the internal energy per unit mass of helium Il, r the heat supply function per unit
: | mass per unit time, q the heat flux vector, tr denotes the trace operator and -
P
' D W 3 ki
| Py = PPV +p'v') - V) 28
- "
o The theory is completed by a statement of the thermodynamical postulate. Previously, in
4
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their studies of the continuum theories of helium I, Hills and Roberts[6] have employed the
Clausius-Duhem inequality in this context. However, we might expect in a theory describing
healing phenomena new terms which will contribute to the entropy flux. Miller[7] has
postulated a thermodynamical inequality with a generalized entropy flux term which is not
necessarily equal to the heat flux divided by temperature. In this paper, we adopt the pointwise
form of Miller's inequality, viz

pT—%s— pr+ TV k=0, 9)

where S is the entropy per unit mass of helium II, T the temperature and k the entropy flux

vector. As in previous studies (Hills and Roberts[6.8]) we do not explicitly assume heat is

carried only by the normal fluid and we refer the reader to the cited works for a full discussion.
If we introduce the Helmholtz free energy F and vector ¢ where

F=U-ST, ¢ =q-Tk, (2.10)
the inequality can be written as
p{le—.SDl} k-VT -V-¢ zmn +g -wHir(2"D" +X'D') +2%" - W=0.
2.1)

The fundamental quantities of our theory are assumed to obey certain invariance
requirements under a change of observer. If p", p°, F, S, g/, 2L, i, q.. ¢ correspond to the
motion in a given frame of reference then we denote the analogous quantities under a change of
observer by the same symbol but with an attached asterisk. We assume

prr=pt, pr=pl, Ut=U, §* =5, T*=T,

2.12
¥ =Q2'Q. q¢*=Qq. g™ = Qg ¢*=Q4, -
where Q is an orthogonal tensor having transpose Q.

The theory is made determinate by proposing the constitutive equations which will reflect
the character of the components. In their development of the constitutive bases for the Landau
2-fluid equations, Hills and Roberts[6] postulated for F, S, p*/p. 2%, g' and q assuming that
these quantities are general functions of p, T, w? and otherwise linear functions of degree one in
D", the gradients of p, T, w? and the vector w. However, for the present theory we consider a
modified set of postulates. Motivated by the requirement that we impose a boundary condition
on p', we take p', not p, as the independent variable and postulate constitutive equations for F,
S, p. ¥ g°, k and ¢. The mass conservation equation then becomes an equation for
determining the superfluid density p* while the momentum eqns (2.4) and the energy eqn (2.7)
provide seven equations for determining v", v* and T.

Before discussing the constitutive theory, we remind ourselves of some features of the Bose
condensate model of helium I1. Since this may be applied only at absolute zero, it can provide
no information about the way the two components of the mixture interact when T >0.
Moreover, the Bose condensate is often considered to be too unrealistic a model of helium,
even at T =0, to be trusted. Nevertheless, it appears to portray healing phenomena reliably,
and it is the incorporation of healing into the Landau theory that is one of the principal
objectives of this paper. Moreover, it is the simplest known model which does so, and our
arguments become more transparent than if we had used an expansion in the order parameter,
such as that used by Khalatnikov[4], even though such an expansion would generally be
considered to represent helium for small T, — T realistically. It must be stressed that our final
results do not depend on the Bose condensate model. even though it is motivated by it.

¥ PHYSICAL MOTIVATION FOR A CONTINUUM THEORY

The healing phenomenon requires the addition of new terms to the energy densities, the
energy flux and the entropy flux. We consider these for the Bose condensate model of helium at
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T=0. This model may be regarded as a sclf-consistent field approximation for the
single-particle wave function, ¥(x, t), which is supposed to obey the non-linear Schrodinger
equation

ihow = — ;‘—mv'w + QMU+ Wy, G.1)

where W(x,t) is the externally applied potential, 2m*V,8(x —x,) is the interaction potential
between two helium atoms (mass m) situated at x and x, and V, is a constant of dimensions
M~'L*T*. We may define mass, momentum and energy densities, p, j and E, per unit volume
by

p=mivl, i=(3)*ve-woen,

§ 3.2
. (5. 2 2
" (2m)'v"" e
where * denotes the complex conjugate. These are (for W = 0) related by
3p+V-j=0, 3j+V-M=0, 3,E+V-Q=0, (33)
where j, I, Q are the mass, momentum and energy fluxes and, according to (3.1),
SR fabayr L Y Wt a'w'} 2
= {ax.» X axox | ox ox “’ax.ax. + Voo bu,
- [y B s 2vg
0= g {2y - 2y} 20, 04

Equations (3.2)~(3.4) may be cast in fluid mechanical form by means of the Madelung
transformation

"
g (ﬁ) exp GmTIH). 3.5)
Then (3.2) gives
l 2 2 hz 2
j=pv=pVT, E= 2PV + Vop +m(Vp) 2 3.6)

the first of which portrays the mass flux, j, as due to an irrotational flow, v, with velocity
potential T. The second exhibits the total energy per unit volume as the sum of three parts: the
kinetic energy ipv’, an internal energy which (for the present case of a condensate) is Vop® and
a quantum energy h*(Vp)’/8m?p.

In translating the fluxes (3.4) into fluid mechanics form we introduce a stress tensor

k> (dp dp
= 2 e LS - 2
S = Vopbu + = ( 36 o pV p&.). (€X))

The first term is associated with the classical kinetic pressure in the gas which (for the present
case of a condensate) is simply V,p®. The final term is the quantum stress. It stands in contrast
to that invoked independently by Grant[9] and Putterman([1] which would give instead of (3.7)

< K ap o FY
= ’ —— —— -—
Bu=Vop'but o (M 2 p-—Lax‘ M). 38)

The difference between %, and ¥, has zero divergence and so does not influence the equatiors
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of motion of the fluid. The form (3.8), although it follows directly from the first of (3.4), does
not appear to be as appropriate to the continuum theory for reasons that will not become
apparent until later.

With (3.7) we satisfy the last two equations of (3.3) by

h’p 9
I, = pvv + 2, Qi = Ev, +Xun, “ﬁa_:. 3.9)

where p denotes the material derivative {dp+(v:V)p} of p. In addition to the quantum
contribution contained in E and X, there is a totally unexpected final term in Q, of quantum
origin.

The assumption of an imperfect Bose gas is contained in V, terms above. If V, is set zero,
the conclusions hold for the one particle Schrodinger equation instead.

4. CONSTITUTIVE THEORY

In this section we construct a theory of helium II which, while capable of describing the
phenomenon of quantum healing and the relaxation processes associated with the A-point,
reduces to the Landau 2-fluid theory away from the boundaries and the A-point. The previous
section suggests that the constitutive equations should depend on superfluid density gradients
and we shall consider only first and second gradients. Moreover, the experiments of Chase(10]
indicate that, near the A-point, there is associated with the material a characteristic time. One
way of introducing such a time into a theory is to allow a constitutive dependence on variables
such as D’p'/Dt or m'. As might be anticipated, the two theories that result from these
alternatives are radically different and will be compared at the end of this section. The final
term in the expression for E in (3.9) appears to favour D’p’/Dt. However, Section 3 was
exclusively concerned with healing and a study of relaxation processes suggests that m* may be
more fundamental.

We generalize the postulates(6] for the Landau 2-fluid model and assume that the free
energy F, the entropy S, and the total density p depend generally on p*, T, w?, (Vp*)?, V’p* and
m*. Thus, if y denotes F, S or p, we have

x = xp’, T, w", 6%, 0,m"), (.1
where
0’ =pp: and o=p} @42

The stress tensors X" and X' are again assumed purely symmetric with extra terms arising from
the dependence on density gradients. We have

o = —pn8; + a\vr, 8y + avly, + aspip + alp’,
2;":) = O‘
Xy == p'8 + Bppi+ Bapln Zin=0, 43)

where the partial pressures p”, p’ are general functions of the set
P ={p', T,w’, 6’ 0,m’},

and the coefficients a,, B; are functions of % but linear in m".

In developing their constitutive theory for the Landau 2-fluid model, Hills and Roberts[6]
employed the Clausius-Duhem inequality where ¢ =0. Their assumptions for the diffusive
force g' and heat flux vector q involved gradient terms that are not necessary in the present
Miiller-type theory. It should be stated that in the context of the Landau 2-fluid theory the
governing equations from the two approaches are the same with only the expressions for the
partial pressures and diffusive forces differing.t However, it will be seen that for the present

tA similar situation arises with the theory of a mixture of inviscid gases(S. 11).

J
:
:
1
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theory ¢ plays a crucial role. We shall assume

g =vpit v:Ti + vaW, ok

k =e€pit el +ew,

where again the coefficients are functions of 2, linear in m’. Adherence to the principle of
equipresencet would require a parallel assumption to (4.4) to be made for ¢. However, with
such a postulate an analysis similar to that indicated below rules out any dependence on m* for
the coefficient of pi. Nevertheless, Section 3 suggests that ¢ should contain a term p'pip’,
p* = D’p’/ Dt, and we assume .

& = nipit 02T+ maws, @“.5)

where 7, depends upon p’, T, w’, 8%, o and is linear in p* while 7,, 1, depend on the set P. We
shall write

m=n+p'ni, p'= %& 4.6)

This completes our constitutive assumptions and it is obvious that these assumptions satisfy the
invariance requirements (2.12).

We now investigate the implications of the thermodynamical postulate (2.11). In doing so we
follow the scheme proposed by Coleman and Noli[1Z] and regard the heat supply 7, the body
forces b” and b’ as quantities that can be arbitrarily assigned. Consequently, at any point, there
is no restriction upon the choice of

p'.T,w,D°W*

and the material and spatial derivatives of these quantities implied by the eqns (2.3) and (2.7).
However, with the constitutive eqns (4.1), the mass conservation eqn (2.2) gives

;’%M(p') +‘—;’$M(T) + ;,%M("") +:7";M(m')+%,M(0’)
+:T‘;M(0)—w-Vp' +p'V v +p"V v =0, e
where
Mo =X+ %'w V. @9
From the definitions (2.1), we obtain the kinematical results
%:M-#f'-vp--p-v.w. (4.10)
DO 29 V5 +Ew - V620" D'V @1

If we regard (4.8) as an equation determining Dw?/Dt in terms of the other variables and
employ the results (4.10), (4.11), the entropy inequality (2.11) can be cast in the form

Dm’
Dt

+w-(a;Vp' +aVT+aVw'+a,\Vm' +a,\V0*+a,,Vo + y;w)

+autrD’ +a,\Vp' - D'Vp' +Bytr(D'P) + a\(trD") + atrD™ 4.12)

+ a,etrD" + autr(D"P) + a;,Vp' - D"Vp' — n,V’T -V, - VT

v - (MMver 4 Mgy + O 1)
Y (”,va + 2090 + 319w7) 20.

2
am' +a,+a,%.+ a, +a,%+a.%+ anVT -Vp' - &(VT)

#This principle states that a variable present in one constitutive equation is present in all unless proved to the contrary.

40
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Whent
K= P:f e Py =p 4.13)
the coefficients a, - a6 take the forms
=u:—:,—p31—f;-%w’—n:a—g"—,:0', a= (n.cr -i'—ﬂ)
wort o o)

1
= g - .224. ..‘?..E+ s +QIL' 2)_ L
ay. p(u “ap' pap, mo ap.ﬂ p'+m,

It is possible to choose DT/Dt, Dm*|Dt, D8°/ Dt and Dof Dt arbitrarily and independently of
all other quantities appearing in the inequality. Hence, @, = a, = as = a, = 0. From these results
with (4.13) we find

e=pp" —p" =M.

=F*p,p" T, 0%,

“.15)
p=p(p', T, w? 6% o,m’),
and}
IERC g .
S= T M= 2p 26 (4.16)
so that
F=A(p,p'.T)- 0’ p=pp', T, W, 0, 0,m"). 4.17)
Applying the same type of arguments to the residual inequality we find
A =A=a = 8n=Au=a0;s=B=1=0,
(4.18)

=nlp", T)+p'ni(p’, T).

Before we make further deductions from the inequality, we consider the implications of the
postulate of irrotationality for the superfluid. By using the constitutive theory and (4.18), we can
write the superfluid momentum equation as

1
Pl = ~p'Vd + a,Vp’ +( ;’; ,-—a—,’—:)VT+y\w+%!,I’.J(VT-Vp')Vp'+p'b'. @.19)

tin writing (4.13), we have tacitly assumed that dfdw’ # 0. It may be objected that changes of p with w? are usually
regarded as small to the point of negligibility This, however, concerns the experimentally accessible derivative aplaw? for
fixed p and T. In (4.13), the vanables held fixed are T, 8%, o, m* and p’, a totally different set. There is no obvious reason
why the derivative of (4.13), should be small especially when it is remembered that in the Landau theory (dp'/aw’),.  # 0.
Further, anticipating (4.17) and (4.25). we find that (4.13), is equivalent to u = (p + §p*w’ + Ap’m*)lp which is evidently
closely related to the pressure, and is positive unless m* is extremely large and negative.

$The variables being held fixed for any partial derivative are implied by the function used, that is aF*/aT =
AF*[aT, ., etc.

WES Vol 15, No $-C
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where
0= A+o(B+28) rno+j e “20)

The condition that, with conservative body forces, the acceleration f* is derivable from a
potential implies

dF a
$=a:=0, p=-p'sEt T 2i=nip"). @21

Adopting the values (4.21) we see that (4.12) requires
am’+a,=0, 4.22)
from which we deduce n? = 0. Consequently, if we introduce the variable 5 by
ni(p") =~ n(p"), @423
the equation for ¢ reduces to
¢ =—np'Vp’ + myw. 4.29)
A comparison with Section 3 (T =0) and Khalatnikov[4] (T - T,) suggests that

‘2
n= m; . (‘25)
To make further progress we need to be more explicit regarding the coefficient a,. As a first
step we shall assume that the constitutive equations for A and p are such that a, is linear in m’,
that is

a.ﬂ—p-‘;%—iw +1'a+%£;,!’;0'=l\(p'. Tym" (4.26)
From (4.22) we see that A satisfies A=0. The constitutive choice (4.26) is to a large extent
motivated by the realization that, when relaxation effects are absent (that is, no dependence on
m®), a, is identically zero. This is the case for the Landau 2-fluid theoryt and for a theory
incorporating only healing phenomena Equation (4.26) represents an obvious generalization
of an cquatnon basic to Khalatnikov’s model of relaxation(4). We observe that, since

A = A(p, p’, T, the constitutive postulate (4.26) implies that the equation for p must have the
form

p= o(p 25;'101«»,\ ) @27

With the assumption (4.26), the reduced inequality requires

G=an=a;=a,=0, <0, a +ia;=0, a=0,
. (4.28)
(a) +ia)Am* - ajs=0.

By the constitutive assumption, a,, depends on m* but (4.28), implies that a,, vanishes with m*
1The Landau equations are usually (6] expressed in terms of the independent variables p, T, w’. These equations can be

obtained from the present theory by setting n ® A =0 and introducing the Legendre dual transformation J(p, T, w') =
Alp.p’. T)~ (p"w'[2p).
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Healing and Relaxation in Flows of Helium Ii.
Part II. First, Second, and Fourth Sound*

R. N. Hills+
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In Part I of this series, a theory of helium Il incorporating the effects of
quantum healing and relaxation was developed. In this paper, the prop-
agation of first, second, and fourth sound is discussed. Particular attention is
paid to sound propagation in the vicinity of the A point where the effects of
relaxation and quantum healing become important.

1. INTRODUCTION

In Part [ of this series” the Landau two-fluid equations governing the
motion of helium 11 were generalized to include healing and relaxation.
The need to incorporate both these effects for a proper theoretical
description was infecred from experimental evidence. For example, there is
a disparity between the observed and predicted velocity of third sound,
which can be understood, qualitatively at least, by supposing the superfluid
density obeys a boundary condition that it vanishes at a wall (sce Ref. 14,
Scction 41). Moreover, the experiments of Chase® dealing with the prop-
agation of first sound near the A point strongly suggest the existence of a
relaxation mechanism (for a recent review sce Rudnick'™). It would appear
that this mechanism is primarily important in the vicinity of the A point,
while healing embraces the whole temperature range of helium 11 In
ceffect, the inclusion of healing recognizes that the superfluid density cannot

*Supported in part by a special rescarch grant GR/A /0556 from the Science Research
Council of Great Britain, and (for RNH) by U.S. Air Force grant AFOSR 76-2880 and
National Science Foundation grant ENG-76-07354,

tPermanent address: Mathematics Department, Heriot-Watt University, Edinburgh, United
Kingdom.

$Strctly, relavation could be important over the whole temperature range if the sound
frequency were sufliciently high.
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change significantly over distances short compared with a certain “healing
length” ¢; the inclusion of relaxation recognizes that it cannot change
significantly over a time short compared with a certain relaxation time 7.
Both £ and 7 become infinite as the A point is approached.

In this paper we study how healing and relaxation processes affect the
propagation of first, second, and fourth sound. We leave the study of
third-sound waves until later. After setting down the governing equations
derived in Part I, we show in Section 2 how an energy function A(p, T, p*)
required by the theory can be obtained as a function of density p, tempera-
ture T, and superfluid density p*. This energy function was also an ingre-
dient of an carlier theory of Khalatnikov,'® which, however, only included
the effects of relaxation. In Section 3 we develop the linearized equations
governing first and second sound of infinitesimal amplitude, and obtain the
cffects of healing and relaxation on the dispersion relationship between w
and k, respectively the frequency and wave number of a plane wave. In
preparation for the study of wave propagation near the A point, we sum-
marize in Section 4 the behavior of the relevant physical quantities as T is
approached. In Scction 5 the dispersion relationship is solved for T T,
when both healing and relaxation are present. In Section 6 similar results
are derived for fourth sound. We find that the propagation of sound waves
is affected by healing and relaxation once ¢k and wr become of order unity
or greater.

In a subsequent paper,” we cxamine the effects of healing more
closely. In particular, we demonstrate that our theory gives a realistic
representation of healing at a plane wall.

Throughout this paper our notation is as follows: p* is the superfluid
density, v} is the superfluid velocity, Q° is the potential of external body
force b; per unit mass (b; =5), ¢° is the superfluid velocity potential
(0,! = ¢,si)v and

m* =p*+(p'v;), = superfluid mass supply 1)

Similar quantities are defined for the normal fluid (superscript n). In (1)
the superposed dot denotes time differentiation holding the spatial variable
fixed; a subscript following a comma denotes differentiation with respect to
the corresponding Cartesian coordinate: Repeated subscripts are summed.
We also have the following: r is the heat supply per unit time, p is the total
density, A is an energy function, § is the specific entropy, w; is the relative
velocity v —vj, T is the temperature, p is the pressure, K is the thermal
conductivity (=0), ® is the thermodynamic potential per unit mass, a; and
a, are coeflicients of viscosity (a2>0, a;+3a2=0), n is the healing
coefficient, A is the relaxation coefficient (=0), Dj = (v}, + v}i)=rate of
deformation tensor for normal fluid, and ¥, is a stress tensor.
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In the fust paper of this scries”* the following equations were
obtained:

p=p"tp’ ()

pH"vl +p'vi), =0 (3)

: vy +oju, = (Q - @), @)
(0"07 +p"0})+("0iv] +p 0iv)) = p " Qi p Ui = p+ Y, )

T((pS)+ (pSul).) = (KT, )i+ Am’Y +aa DD}y (6)
+a, DD+ pr

p(0AL0p*)+I =0 (7)

P=3w’ tAm* —np’,—2dn/dp*Yo'p} ®)

Equations (3), (5), and (6) are, respectively, the equations of mass, total
momentum, and cnergy balance; (7) and (8) form a constitutive relation
governing the healing and relaxation of p'. The viscosities «; and a; and
the thermal conductivity K depend on p, T, and p*; the relaxation
coclficient A is a function of p* and T, while the healing coefticient
depends only on p®. Since the superfluid flow is irrotational, we can
intcprate the superfluid balance law (4) to obtain the Bernoulli equation

S Y rD-0 =g(1) ©)

where the arbitrary function g of time ¢ can be absorbed into ¢° if desired.
We also have

S=-aA/dT (10)
G- A+pOALop)-(Cw’ +Am®) (11)
p=p @A ap)—p* Gw’ +Am*)~inpp}; (12)
Y= DLS, +a Dy —nplp (13)

The energy A depends on p, T, and p* alone and we shall assume that it bas
a minimum with respect to p* at f(p, T), say; that is,

(M) 0 (14)
P /o* fp.T)

Thus f is the cquilibrium superfluid density in bulk helium. The only
property of A required for linearized cquations, such as those governing
*We take this opportunity to coriect misprints in Hills and Roberts”. K should be replaced by

K in (1.6). (4 37), and (4.43). T should be replaced by Y in (3.5), (3.6), and two lines below
(3.6). The derivative of A in (4.44) should be with respect to p*.
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first, second, and fourth sound, is

22
A

A= (——*,—1) >0 15

1 =0 (ﬁ(p')" i ( )

In what follows, we often adopt the models

n={p' A=l (16)

-where I =1I(T) and ¢ is a constant (:= h2/4m2, where 27h is Planck’s

constant h, and m is the mass of the helium atom). The utility of the model
(16) is established by the solutions presented in Hills and Roberts.®

2. MODEL FOR THE ENERGY FUNCTION A

The Helmholtz free energy o(p, T) of stagnant helium is known
accurately; a recent tabulation is included in the compilation of Brooks and
Donnelly.” Donnelly and Roberts® have shown that </, can also be
obtained satisfactorily as the sum of a ground-state energy G (p) and an
excitation free cnergy x(p, T) computed from the dispersion curve e(p)
for the p and T concerned. (In this section, p stands for momentum). One
may conclude confidently that, to the same accuracy, «(p, T, w?) could
also be computed for moving helium from &(p) by the usual prescription
[e.g., Ref. 9, Egs. (1.13) and (2.2)]

sA(p, T, w?)=Ai(p) +A(p, T, w?) o))
.Cflg = _HI In(1+n)d3p (18)
4
. 4 -1
n=[exp (F22) ] (19)

We shall not follow Donnelly and Roberts® by computing </ from the
most accurate available e(p). Instead, we shall, like many authors, be
content with the simple Landau approximation in which & (p) is represen-
ted by a linear phonon branch, with d¢/dp the velocity of sound a, and a
parabolic roton branch with minimum A at momentum p,. We shall ignore
interactions between quasiparticles, although Donnelly and Roberts® show
that intcractions can be well accounted for by permitting € (p), or a, po, A,
and the roton cffective mass u, to depend on T as well as p. Then, as shown
by Khalatnikov [Ref. 9, Eqs. (2.13) and (2.14))

2\ -2
aptpfy-Y n-kﬂ-Pw
Ae=p 'F, m.(l a’.r) +p P,..((pow sinh T (20)
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where
. 4 .2 ) o ~IBaqd
Fuo, T~ - () K+ Pt T2 (P20

(21)
are the phonon and roton free energies, which depend implicitly on p
through a, po, &, and u; in (21), k and ) arc the Boltzmann and Planck
constants. The normal fluid density, generally given by

p"/2p = —dadfaw’ (22)
is according to (20) :
4l:nh ( “’2 : l:l'nl Pow k’r ” Pow
et N ;) et [ osh = —-———sinh - 2
p a’ a’ w? e kT pow e kKT 23)

It is casy to sce that p® vanishes at a critical velocity w = w,, which for small T
is

awh \V3 27k T\¥37'/2
wa1-(E5) (55) £
If w< a and w< kT/p,, we may expand (20} in a Taylor series
di=p ' L FATIW" 25)
with
(26)

By assuming that differentiation of (25) does not destroy its convergence
for w < a and w <« kT/py, we find that (22) and (25) imply

«w

p"==2 ZlnF}x(T)W"" " (27

which may be inverted to give

proadt g o BBy g e OB MR o
W 4F2(I7 f) 32,;.;(” /) -+ ]28F; (0 f) . L0

where f(p, T)=p +2F(p, T). The quantity A(p.p*, T) we require is
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related to o by the Legendre transformation
A=s+(p"/20)W® (29)
so that by (17), (25), and (28) we have

A= e, T AL D1 o, D+ 22D 0, TP+
(30)
where
Aolp, T)= () +Folp, T)/p,  Ailp, T)=~1/8F:(p, T)
Ax(p, T)=3pFs(p, T)/64[F:(p, T)),  etc. 31
Since ¥ <0, Fy, <0, and F,, <0, it follows that, for allp and T,
Ap<0, A >0, A,>0 (32)
The simplest viable model truncates (30) after the quadratic term: i j
A=Adp, T)+(Ai/20)lp" o, TII (33)

The critical velocity is then w. = (2A gy

1 Because of the large size of &g (see Brooks and Donnelly %), the first
terms on the right-hend sides of (30) and (33) dominate the remainders.
The subsequent convergence of (30) is not rapid in all circumstances. For
example, near an infinite potential barrier (p°=0) at temperatures near
absolute zero (f=p), the ratio of the third term to the second is .
p|Fsl/4F3 = O[ph®a®(kT) *], which is obviously large compared with 1 for
sufficiently small T. For this rcason we refer to (33) as a “model” for A.
Nevertheless, the convergence of (30) should be rapid near the A point,
where p* —f is always small, and this is the regime in which we are mainly
] : interested. Also, (33), like (30), has the necessary attribute that A is
¢ : stationary (a minimum) for p* = f: See (14) and (15).

3. FIRST AND SECOND SOUND

We consider the propagation of infinitesimal disturbances in an equil-
ibrium state with density po, temperature To, and superfluid density
f(po, To), all constant. We neglect the effects of viscosity and thermal
conductivity. We set p =po+p, T = To+ T, etc., substitute into the basic
equations of Section 1, and neglect the squares and products of v, v*, w, 5,
and T in the usual process of linearization. After suppressing the subscript

1 -——— ———
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zero, we obtain from (1), (3)-(8), and (30)

' =p"+p'vi; (34)
pHp VL +p0ii=0 (35)
pUf =P +pST,+pAm’; (36)
p"ol +p ol =P, +p A, (37)
pS+Sp+pSoli =0 (38)
A =N =npl, -Am’ (39)
where we have wiritten for short
P=p>aAlap : (40)

a “thermodynamic pressure’ ditfering from the actual pressure (12) only

by p*Am® in this linearized theory. In (34)-(39) and below, p* and f are

used interchangeably, but, of course, 5 and f have to be distinguished.
By (34), (35), and (38) we have

wm=p P S (41)

where 7 = pS/p" is the entropy per unit mass of normal fluid. It also
follows from (35) and (38) that

pS =—p'S(! —v}),. P (@7 —0))=—pST,~p" A,
whence, using (41),
pS = ('S’ /0" VT (0" V0" A 01T “2)
Also, (35), (37), and (41) give
B Pu—10"Y 0 N pSI1F @3)
Equations (39) and (41) give
p &%= f~r(") pSI¥ (44)
where ¢ is the healing length and 7 is the relaxation time, defined by
E=n/A, 1=AA, “s)

We now seek solutions in the form of plane (longitudinal) waves supposing
all variables proportional to exp [i(kx —wt)]. If p, &, and p* are chosen as
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independent variables, (43), (42), and (44) now give, respectively,

2 0P 2) __afiwAp*(e") 3-”7) o
et e ) BNp 225000 @6
("’ ap k" Jo-k ( P oF P L (45)

n S22 - A < ni2
% ~ T p.
4 S(w"*‘psﬂkz)p'“%[f)—-wz—g—f—' 1_1k2+lwAp (p ) kz]y
PP ap P p" oS 2

s aT
-—,;(w2+p’$—;k2)ﬁ’ =0 (7
P ap

" . ny2 ,
L. 4 [-9[-+—~—"°’(” ) ]57’+ (.;9’—,— 1 —§2k2)p" =0 B
ap o pS Jap

The dispersion relationship linking @ and k 2 is the determinantal condition
that these three equations admit a nontrivial solution. The partial deriva-
tives entering (48), which use p, %, and p* as independent thermodynamic
variables, are not casily interpreted and we therefore consider two other
triples, namely p, T, p* and p, T, I where T is given by (8). To make it
obvious which variables are to be held constant during differentiation, we
introduce the following notation. If x is any one of the dependent ther-
modynamic [unctions, we write

x@, %,p)=x0, T,p)=x(p. T.T) (49)

so that, for example, 3x/dp means that T and I" are held fixed and not &
and p*, or T and p°.

When we transform to new variables, certain combinations of deriva-
tives arise with some regularity, for instance

oS oS 0P (9_92) -1

aT op aT ap

aT ap aT (50)

These can often be expressed more succinctly in terms of other triples. For
example, if (P, T,p") are used as independent variables in place of
(p, T, p*), the combination (50) is simply (05/dT)»,+. For this reason we
introduce two specific heats at constant pressure, Co, é»; two adiabatic
compressibilities, K., Ks; and two coefficients of volume expansion dw, d».
In fact we define

per®),, ant®) ik

i (2], ae=—p(2) 5.2
KT =p (6p y  Qp =P ((JT o 3“&T
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:
The corresponding definition for the “hatted quantities” with I' held
constant instead of p* arc obvious. We wish to stress that we dcfine these
functions purely for mathematical convenience and do not imply that they
are the corresponding experimentally measured quantities, for which p
rather than 2 would scem to be the correct pressure to use. In similar
fashion we define adiabatic and isothermal speeds of first sound and two
closely related velocities of second sound,

 fOP o 0P | SSET ¥ fSPT
ay = (‘,‘ ) S uy == (_"‘, a% = 'p—;,T", ug = e‘;‘:‘ (52)
dp /s ap p Co p Co
and similarly for @,, d,. i, fi;. In the usual way we can obtain
A, T oo er B T
Cy ‘C’)’-'AT.zv a, :lf+_§—: (53)
P Uy P Cy
and similarly for the hatted quantities. Also
AT ()f)
€= €y 54
b (OT (54)
0
ir = +pA, (--(f) (55)
dp

Since we expect é, to be positive, (54) places a restriction on A ;.
Returning now to (46)-(48), we find that the consistency condition is

6o/ —w k(a7 +ad) vk iaiia3)
—-f k“[w o k7 ((7, +ﬁz)+k ﬁ?ﬁ%]
—iwr(ad — be)—iwvk*mp*(@"a +p'e)/p =0 (56)
where

a=w> -k’ ( e——,—,}()
pp'c

v

bonlp SR D, D)

s 5 e n_ s - L LS o ,“ n ‘.’
B A, TS e
» ap’lr pc,lp p p ap/T

d=—w'+ k’p"p {A - T["cw\ ("’) ] }
peulp oT

2,k -‘?’i’.‘(é iy

- n
Co

(N 4

¢
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The solution of (56) is clearly an arduous task in general. We shall
undertake it only in the vicinity of the A point: Sce Section 5. However, we
note here that it is readily solved when relaxation effects are ignored,
particularly in temperature ranges where y = 4 =1, so that a, = i@, d, = ita,
etc. Then (56) reduces to

(C)é w2 — @tk w? - a2k + k2 (w? - a1k ) w® —d3k%)=0 (58)

It is evident that the two propagation speeds approach d, and d; as k& >0,
and @, and d, as k¢ »>c0. When k& = O(1), the situation is more compli-
cated but we note that if #; < @&, and 4« i, we have

w? = k3 (E,d} + 6tk E)/ (6o +ELED) (59)
and

w?E k(G743 +E,a1a3KE7)/ (.47 +EaTKED) (60)

4. PHYSICAL PROPERTIES AT THE A TRANSITION

Relaxation processes become significant near the A transition and can
be experimentally detected by the attenuation they create in sound waves.
We refer the reader to a recent review of sound propagation by Rudnick."®
In order to study this phenomenon by the theory of Section 3, we will need
to know the asymptotic behavior of the thermodynamic variables as T -
T,. Fortunately, a considerable body of information is available, since
helium is one of the few substances that can be studied very close to the
transition, a fact that has been fully exploited experimentally (for a recent
review, see Ahlers'). The use of this knowledge raises certain problems in
our theory, which we wish to ~xplore here.

Most properties of helium Il are measured in static or quasistatic
conditions in which T'=0 or I is small. The A “line” can then be defined
unequivocally as T = T\ (p), where

flo. Ti(p)) =0 (61)

Moreover, since the distinction between p and 2 disappears for small T',
we may unambiguously define T = Ta (@) by

flol®, T, T\(?) =0 62)

and believe that T = T,(2) is given by direct physical measurement. All
hatted quantitics in the theory of Section 3, such as é», é,, ¥, ks, K1, @9, [3,
d,, @3, iy, iy, are required for I'= 0 and these are preciscly- the quantities
readily accessible from experiment.
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The theory of Section 3 also requires us to consider variations per-
formed so rapidly that p* is almost constant and I' is large. These are, of
course, totally different. It is not impossible for p* to be nonzero at
temperatures greater than T, if the variations are exccuted rapidly enough.
We now sce that when time variations are important, we have not a A line
but a A “surface” Ta(p, I'), which we may define by

P'lp. Ti(p, 1). 1} =0 (63)

or

flo. Tu(p, DIA[p, Ta(p, )] =T (64)

which correctly reduces to (61) when I' = 0. The distinction between p and
2 may now be important, and, although we may define 7,(2, I') in analogy
to (62), it is by no means obvious that it is directly measurable. What then
is to be done about the quantities ¢, to 4, appearing in the theory of
Section 3? It scems to us that the only straightforward method open is to
define ¢, to i1, from &, to 4, through general relations of the form

oot i N R N T 5

ap ap al'ap’  aT aT ol'aT’  op° ol ap° 2
where we can readily obtain the I' derivatives on the right from (7) and
(30), viz.

I'=~Ap'-N)+00" ~f) (66)
This gives, for I'=0orp° =f,
o (Y a_ .fzf_) o __
T '(op)»,-’ ar A'(aT g (67)

It was in this way that rclations (54) and (§5) were derived. Similar courses
are open to us when, for example, #, T, and I are the independent
variables; cf. (53).

We now attempt to carry out the program mapped out above, starting
first with the simplest, hatted, quantities, Let

e=T\(P)-T (68)

Clow and Reppy® deduced from the behavior of persistent cutrents near Ty
that

f=0@E""), &0 69)

a result confirmed by subsequent researchers: See Ahlers,' Maynard,'? and
Donnelly and Roberts.® There appears to be general agreement that (16) is
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correct at all p* and since experiments give

E=0E"), r=0E""), -0 (70)
we see from (45) that
A =0, A=0@E"), -0 (71)

As is well known, éa diverges logarithmically,® whereas the compressibility
&p remains finite in the experimental range of temperatures. However,
it may be shown by an obvious generalization of the so-called Pippard-
Buckinghain-Fairbank relations (sce, for example, Ahlers'), using (71),
that £, and d, must eventually diverge as T - T, since they are pro-
portional to ¢y, i.c.,

éo, k1, 8 = O(In ), e->0 (72)
and we will suppose that
énB=0(), €-0 (73)
as appears to be consistent with the cxperimental observations. From (51)
and (52) we now obtain
@2=0(@ne)”", di=0(1), ¢€-0 (74)

Differentiating (69) and using (74) and (72), we see that
M\ _ .-t 1 _‘1/:) & ~1/3
(;7),= 0t "t ey . = =0E), e20  (5)
Relationships (69)-(75) remain valid if we replace (68) by
e=T(p)-T (76)
Care is nceessary with respect to the first of relations (75). When this is
derived from (69) using (76), we must not forget that
e dTA aTA a? 1
— D 0 . 0
(0[))1' ap P ("p (ln ‘) . i (77)

by the first of relations (74); note that dT,/d? = O(1). Variable (76) is, of
course, more convenient than (68) when applying (65). We now obtain

ép Ry dp=O0(ne), &, 8=0()
.2 -1 -2 &0
u|=()(ln:r) ¥ a,=0(l)

exactly as for the hatted quantities; the constants of proportionality are, of
course, different.

(78)
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Relations (72)-(75) and (78) are the basis for our analysis in Scction 5
of the dispersion relationship (56) near the A point. One further subtlety
should not be overlooked. In establishing the dispersion relation (56), we
encountered derivatives such as

It is tempting, but incorrect, to follow Khatatnikov'” and use the fact that
p"=p-—-f->1 as £->0 to argue that (79) is asymptotically a8/dT. The
derivative is asymptotically

_«?S_é‘(_«z.f,)
aT p\aT/,

The first term is O(1) by (68) but the second is O(s /%) by the sccond of
rclations (75).

5. THE PROPAGATION OF FIRST AND SECOND SOUND
NEAR TIIE A POINT

The dispersion relationship (56) can be simplified considerably if
appeal is made to the asymptotic dependencies of Section 4 to retain only
the largest contribution to every coeflicient @”k? as & - 0. In this way we
obtain

a3, (iwmp' - & as)k"

. s~ 2,22~ . ~2~2~ 2424 4
-(iw Tp ¢, @ & a6, - iwtd1asC, +diasé, )k

@ (¢ + iwrdré, —d 18K + 0 (iré, —E,)=0 (80)

a relation we now seek to solve for given w. In (80), d@, = ix/a, and
similarly for d,. The results depeand, of course, very much on the size of
in relation to . For example, if o is sufliciently large, the term ¢, in the
final parcntheses of (80) will be negligible compared with the term iwrd,
and the roots k7 will correspondingly assume a different form from the set
obtained for small @, where the é, dominates. It is thus profitable at the
outset to identify the ranges of w in which the coefficients of & in (80) are
dominated by one term or another. In conformity with Scction 4, we
suppose that

Co Gy, @y =0O(1),  dy dr=0[¢"(ne)""?)

i =O0[(ne) '’l,  €-0 (81)
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and*
p'=0(E?), n=0("), £=06"""), A=0@E"""),
r=0@E"), e-0 (82)

Case A: w « Ofe/(In€)'’]. In cach coefficient of k” the final term
dominates and we discover that to leading order

: 2 o 2 didsé, 1
Emen K=op K=-—obg——x (83A)
a) az aaxc, &

Case AB: @ = O[e/(In€)"?]. The final terms in the k¢, k2, and k°
coefficients are still dominant, but the second and fourth terms in the k*
coefficient are equally dominant. We obtain

ki=w?d:, ki=a, ki=p - (83AB)

where a, B (a > B) are the (real) roots of the quadratic cquation

A% a2ia 2
w’ :‘if 12 l) i, w 5
= I 15
“lcufaz

It is easily seen that 8 <0,

Case B: O[¢/(In€)'’] <@« O(¢). Again the final terms in the k°,
k2, and k° coeflicients are dominant, but now the second term in the
coefficient of k* is the only one that survives. We find

2 w2 2 wz 2 é%éu 1
ki=—3, k=23, k= 5 (83B)
a; as aw, &

Case BC: w=0(r.). In this range the final two tcrms in the
coeflicient of k? and both terms of the k° coefﬁcicnt assume equal
dominance; as in case B, the sccond terms of the k® and &k * cocthcncnts are
all important. Now the roots are

2 @ (c. —uu'rc.,) K2=? K2 ot 46, 1
e = =—5 -3
(alc‘  —iwrdic,) as’ E &t

‘ (83BC)

Case C: O(e)<w« O(¢'*/Ing). The second term in each of the
coefficients of k°, k*, and k” is the greatest, while in the k° coeﬂicient it is

* The an.«lym below would be somewhat simpler if we supposed instead that
A=0(e "Yae).r= 0@ 'Ine)for ¢ »0. It would be difficult to distinguish cxperiment-
ally between such laws and the last two relations in (82). Nevertheless, we take the
conventional position in (82).
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the first that dominates. The result (83BC) is altered to
k*=w?ldl, K'=0%ld;, k’=iot/E (83C)

Case CD: =~ O(:'""/Ine). Now both terms in the cocflicient of
k® are of equal order with the other cocflicients as in case C. We now find

193 i 4222 11 -
L e 1+5—q~3] K=" (83CD)
a) mmp L wmmp '3

9 3 : ks
Cuse D: @ »O(e"/Ine). The dominant terms for the coefticients
. R e b ]
of k® and k" are the first, and in the coetlicients of k* and k2 the first or the
second (or both). Thus the roots are, to leading order,

K =w?ldl, k=it lmp’, kP=iwr/E® (83D)

The first of the roots (83) corresponds to first sound. We sce that if
w » O(e), it travels with, to leading order, no dissipation and with the
high-frequency adiabatic sound speed ;. If w < O(¢), it travels with the
low-frequency velocity @j. The trausition from one speed to the other is
cficcted in the range BC where @ = O(e) and here first sound is dispersed
and dissipated. It appears that in all cases the (complex) first-sound speed is
well approximated by

(@i
(6, —iw7é,)

as indeed Khalatnikov'® implied. For a discussion of this dispersion rela-
tionship, sce Landau and Lifshitz,"* Section 78.

In first sound, superfluid and normal fluid share (to a good approxi-
mation) a common motion. Sccond souad is, however, a temperature wave
that relics on conversion between spevics to supply its thermomechanical
restoring force. When the frequency of the wave is large compared with
7', or more precisely large compared with ¢"?/In &, the conversion of
species cannot be properly accomplished in the period of the wave, and
second sound does not occur. This accounts for the behavior of the second
root in the cascs CD and D. In the remaining ranges, the second root,
which yiclds second sound, is little affected by relaxation: Note that = does
not appear in lcading order before the case CD. There is, then, little
attenuation. Dispersion occurs importantly in case AB, which separates the
high-frequency scecond-sound wave, moving with velocity a», from the
low-frequency wave traveling with speed @,. In the transition regime AB,
the root a corresponds to the second-sound wave and approaches the low-
(high-) frequency roots in the limit as o decreases (increases). Of course,
this propagating mode suffers dissipation because of higher order terms not
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included in (83AB). In contrast to the results of Khalatnikov'® for first
sound, we have found totally different behavior for second sound. This may
be attributed partly to his neglect of healing effects and partly to his
treatment of the terms (79).

In each of the above cases, the third root of (83) represents a non--
propagating wave that is predominantly associated with healing (and
relaxation, for case BC onwards) and gives a |k| that becomes infinite as
£-0.

6. FOURTH SOUND

When helium I is contained in a porous solid matrix with pore size
much smaller than a viscous penetration length, the normal fluid is locked
in position. However, a sound wave is still able to propagate through the
motion of the superfluid. This wave is termed fourth sound and was first
discussed by Pellam."? The governing equations for this wave are obtained
by discarding equation (6) due to the viscous domination, setting v, =0,
and then linearizing (3), (4)-(8), and (30) about an equilibrium state as in

Section 3. After again suppressing the subscript zero we obtain
m*=p*+p'vi; (84)
pt+p'vii=0 (85)
Oi =—fitpAm (86)
=0 (87)
A"~ )= b~ A’ (88)

where we have set

u= ("—%A—))" . a=eS (89)
and again we use p* and f interchangeably but distinguish between 5° and
f. These equations combine in a straightforward manner to give (87) and
p+p AP —p)i—p i =0 (90)
f-p+E55—1("~$)=0 1)

We seek longitudinal plane wave solutions and suppose that all vari-
ables arc proportional to exp [i(kx —wt)]. In view of (87) the most con-
venient triples to take as independent variables are (p, o, p*) and (p, o, T)
and we usc the notation

x=x'.o,p')=x"(p,o,T) 92)

_..-... s

 S—
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Then cquations (90) and (91) yield

.‘ ’
ﬁ(/)’fikz--p’/\imkz—w )+ "p’(——k + Aiwk ) 0 93)
ap

ﬁ(gg—mﬂ)+p (:’{ 1-£%k* +lw")=0 94)

The condition for compatibility of these two equations gives the dispersion
relationship

S
0 (l ~~--,'-!;)(; Lt )+£ k ( 2y —w’)—iwrp‘nk‘
ap ap ap

2 d
+im-r{m e ["“ i A,-(£+A,(]—if—)]} 95)
ap ap ap ap*

We can rewrite this equation using the triples (o, T, p*) and (p, T, T') [see
(49)] as

0= (4./¢ ) (ka3 — )+ £k (k*a} - w?) - iwrp nk* +iwr(w’ - kg)
(96)

where

_._uz

g=dat ,::Jlgv “2Aw [(i{)r +(%)o(p€50 i :;Z'Z-:)] =

When relaxation effects are ignored we find that

S( -f ZST"{) p" ~2 a2 p’ A2 2ST

===t i == (li
p

k* = w?(é, + E76K) (63 + E'K7Ea0 98)

so that the propagation speed approaches d4 and dg as k¢ - 0 and k& >,
respectively, as we would expect.

To discuss the case with relaxation effects present, we need to solve
(96) for k*. With (96) bcing a quadratic in k?, there is no difficulty in
determining cxplicitly these roots. However, they are extremely complex
and we prefer to obtain the qualitative features of the equation by an
asymptotic analysis of the sort in Section 5.

Using the assumed behavior set out in Section 4, we find that g = I
and we write (96) as

k*(£7a% - p'nrie) + kX (Euiif ¢~ Ew” ~ iwrd3) — (Cw’ [E, ~itw®) =0
(99)

¥
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Case A: @<« O(e). The dominant tcrms in each of the coefficients
are the first and the roots are

2 P
1
Pl Pt 100A
A & al € P

Case AB: o =O(e). In this range all three terms in the coefficient
of k? and both terms in the coefficient of k® are of cqual importance. The
first term in the coeflicient of k* is the only one we need consider. The
roots arc

e __(92(6., —iwté,) ¥ e _(c’vt‘if —iwrc',ﬁ.“;_) 100AB
T (Gds —iwré,a) 3 £¢,a4 ( )

Case B: O(e)<w <« O(c'"). The dominant terms are the first in
the coefficient of k* and the second in the cocflicients of kZ and k°. The
roots then are .

kX=w?/di,  kP=iwr/E (100B)

Case BC: == O(c'"?). The first and sccond terms in the coefficient
of k* are now of equal importance. The dominant terms for the coefficients
of k2 and k° are as in the previous case. We find, to leading order,

. ip* Aw\ ™! , ot

=2 (1-22%) & - (100BC)
Case C: w>»O(¢"%). In all the coefficients the second term

dominates in this range. The roots are

K =iw/p*A,  k’=iwr/€ (100C)

In cascs A-BC the first root (100) represents fourth sound. We
immediately see that the range AB represents the transition between the
low- and high-frequency sound speeds d4 and d,. At higher frequency (BC)
the wave is dissipated and dispersed uatil, for frequencies w » O(e Y3, the
wave will disappear. Since fourth sound is primarily a variation in
superfluid density, we might expect this behavior at frequencies sufficiently
high for the superfluid density to be unable to change.

The second roots (100A) and (100AB) are associated with healing.
However, the second of relations (100AB) marks the transition of this
“healing wave” into a “relaxation wave™, the second of relations (100BC).
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Healing and relaxation in flows of helium II
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Abstract. In part I of this series, a theory of helium II was developed incorporating quantum
hcaling and relaxation effects. In this paper the healing phenomenon is studied for steady
superfluid flows in stagnant normal fluid, that is, persistent currents. These include recti-
linear flow down uniform pipes, the thinning of films by superfluid motion and rectilinear
vortex structure.

1. Introduction

Healing is the term often used to describe the depletion of superfluid density of helium Il
in the vicinity of boundaries and vortex cores. It is a phenomenon that is thought to be
important, for instance in thin films and to be related to the observed reduction of the
velocity of third sound riding on that film (c.g. Rudnick and Fraser 1970). Relaxa-
tion, a term of universal use in physics, has particular significance in helium II near the
J point where the conversion between superfluid and normal fluid (consequent on
changing the thermodynamic state) may occur slowly compared with the period of high
frequency second (or first) sound. The resulting relaxation then has measurable effects
on the sound propagation.

Unfortunately Landau theory does not contain healing and relaxation effects. There
have been scveral attempts to generalise the Landau equations correctly to include
them. One of the most recent of these attempts is our own (Hills anc Roberts 1977). It
appears to be the simplest of such generalisations possible and has the added advantage
that little information need be sought, over and above that required by Landau theory,
in order to make concrete predictions. The thermodynamics of the two theories are
essentially identical and all that is required for our theory to work is knowledge of a
healing parameter and a relaxation parameter.

Since our theory is so readily applied it is also readily tested and we have initiated a
programme of research with the object of measuring our theory against experimental
data, to determine whether our ‘simplest’ approach can succeed or whether it lacks
physical ingredients that makes necessary its generalisation to a more difficult variant.
We have published a discussion of the propagation of first, second and fourth sound
(Hills and Roberts 1978a) and in the present paper, the third of the series, we examine
some situations involving pure superflow. Other consequences of our theory have been
worked out by Johnson (1978a, b) and by Roberts et al (1978).

0022-3719/78/0022-4485 $02.00 ©1978 The Institute of Physics
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After setting down the basic equations of our theory (§2), we show (§ 3.1) that, even
though static and dynamic healing effects will cause the superfluid and total densities
to vary across an isothermal system containing a persistent current, our theory will admit
such persistent currents in all circumstances. The proof is not trivial since, at first
inspection, the problem appears to be overdetermined. In § 3.2 we set up the problem of
Poiseuille flow for our theory and, for the particular cases of flow between planes and
down a circular pipe, we obtain the relationships between mass flux, superfluid velocity
and channel size. We obtain conditions for the absence of superfluidity. In §4 we address
the problem of film thinning and whether, as suggested by Putterman and Rudnick
(1971), the stresses associated with healing will break the force of Kontorovich’s (1956)
argument that a moving film will be thinner than the corresponding static one. For
reasons adumbrated by Goodstein and Saffman (1975) we find that this is not the case,
although healing in thin films causes differences in detail from Kontorovich's result,
even allowing for the average depletion of superfluid density in a thin film. In §5 we
look at the structure of the superfluid vortex in our theory and are able to expose
explicitly the pressure gradient that causes vortices to attract and trap ion impurities
(c.g. Donnelly and Roberts 1969).

In all these developments (except §2 and parts of § 3) we adopt a simple quadratic
form for the Helmholtz free energy A. We believe that this should be an adequate
approximation sufficiently near the 2 point. As a later part of our programme, we hope
to present results at other temperatures using the full thermodynamic data available
(see also Roberts et al 1978).

2. Notation and governing equations

We refer the motion to a rectangulac Cartesian coordinate system and employ a direct
tensor notation. A superposed dot denotes time differentiation holding the spatial
variable fixed. Throughout the paper the following notation is employed:

p* = superfluid density; v* = superfluid velocity;

Q* = potential of the superfluid external body force b* per unit mass
(b* = V),

¢* = superfluid velocity potential (v* = V¢*);

m* = p* + V.(p**) = superfluid mass supply;

r = heat supply per unit mass per unit time; p = total density;

A = a specific energy function; 5 = specific entropy: 2.1)

® = thermodynamic potential per unit mass; T = temperature;

p = pressure; k = thermal conductivity (=>0);

a,, a, = coefficients of viscosity (x, > 0, a, + ja, > 0);

n = healing coeflicient; A = relaxation coefficient (=0);

w =" — p*; ¥ = stress tensor;

D" = rate of deformation tensor D, = 3(v} ; + v} ).

The corresponding definitions to (2.1) for the normal fluid are obvious. The governing
equations of our theory were derived in Hills and Roberts (1977)} as

p=p"+p% (22)

t See also Hills and Roberts (1978a).

R
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p+ V.(p"" + p*v’) =0, @3
4+ (. V) = V(@ — ) ' 24)
phit + Pt = p"VQ" + VO — Vp — V.E, 25)
5., = "0 + P — Ze X; =D} 5, + a, Dy —np 0t (2.6)
TS) + V.(pSo") = pr + V.(kVT) + m* + a,(trD")? + a,tr(D™), 2.7
,,%‘, +T=0, A=A(p.T.p) T =4iw>+Am -V’ %%,"‘.(VP’ Loy

Equations (2.3), (2.5) and (2.6) are the balance equations for total mass, momentum and
energy respectively. The equation (2.8) forms a constitutive relation governing the
healing and relaxation of p*. Generally the viscosities a,, a, and thermal conductivity x
depend on p, T, p*: the relaxation coefficient A is a function of p* and T, while the healing
cocfficient depends only on p*. In what follows we often adopt the models

n=Up, A=) (29a,b)

where | = I(T) and { is a constant (=h?/4m?, where 2nh is Planck’s constant h and m is

the mass of the helium atom). !
We can derive from (2.4), in the usual way, the superfluid Bernoulli equation

¢+ 107+ 0 — 0 = g0 .10
where the arbitrary function g of time ¢ can be absorbed into ¢* if desired. We have also
S = —2A/CT, p = p20A/dp — pEw? + Am®) — In(Vp¥)?, (2.11)

® = A + pdAjdp ~ Bw? + Amd), (2.12)
o}, = — (p'/o)[p — p"Gw? + Am')] 6, — np* P’ (2.13a)
oy = —(p"/p)[p + p'Gw? + Am)] 8, + a, D)5, + o,Df; (2.13b)

I Hills and Roberts (1978a) developed a Taylor series for the energy function 4 from
' the quasi-particle picture which truncated after the first three non-vanishing. terms,
namely

T ,
A= o7+ Dy 2D g7 214

‘ where f = f(p, T) is the equilibrium superfluid density in bulk helium. The functions
r Ay A, A, were related to the ground state and excitation free energies and it was
found that

A, <0, A, >0, A, >0. (2.15)
The simplest viable model truncates (2.14) after the quadratic term
A(p, T
, A=Ap.T)+ -—L(;’;——’ -1 (2.16)

We close this section with a brief mention of the boundary conditions appropriate
10 pure superflow. Hills and Roberts (1978b) have rccently given a fuller and more
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general discussion of boundary conditions for helium paying particular attention to the
interfacial conditions between a liquid and its vapour when either evaporation or
condensation is present. At a solid boundary 0B we assume that (see Hills and Roberts
1977, Johnson 1978a, b)

pn.v=0, =0 on JB. (2.17)

At the interface between a liquid and its vapour in thermodynamic equilibrium, we have
(see Hills and Roberts 1978a, b)

Pr=0, pHnVpR =ps, @+ =% + 0¥, (2.18)

where a superscript g denotes the quantity associated with the vapour which in this
paper is taken to be an inviscid fluid.

3. Superflow solutions

3.1. Persistent currents

One comforting confirmation of the consistency of the above theory comes from seeking
hydrostatic solutions or more generally solutions in which only a steady persistent
current of the superfluid is present and the material is under the action of a conservative
force field Q (=" = Q"). The total momentum equation (2.5) shows that

P+ (P + k) = e, 3.1

Since the superfluid motion is irrotational, v; ; = v, and from the total mass equation
(2.3) V.(p"*) = 0, we may use (2.12) to rcwnte (3.1) as

V[p20A/0p + (V0] — 0)PVp* = pVR. (32
But from the constitutive equation (2.8) we have
poA[op" — qV2p* — Hdn/dp)(Vp%)? + ()2 =0 (3.3)

so that, dividing (3.2) by p, multiplying (3.3) by Vp* and adding, we find

i) A a aA a dA
- A vT - A|Vp =VQ. (34
2p (p ap + )Vp + aT( ) + P‘( p + ) ) 34)

However, from (2.10) and (2.12) we have

a4
p»‘j’; + A — § = constant. 3.5)

By taking the gradient of this equation and comparing with (3.4), we see that VT = 0 or
T = constant. 3.6)

In other words, a necessary condition for the supposed ‘hydrostatic’ state, with the per-
sistent superflow, is that the helium is isothermal. The variation of p and p* over the
system can only be found by solving (3.3) and (3.5) in conjunction. We show how this
may be done in simple cases below. We note that the result (3.6) is derived without
appeal to the postulate (2.14) and is thercfore true for all forms of A. No theory that failed
to survive the present test could be seriously considered as a model for healing.

€5
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3.2. Healing at a plane wall

We illustrate the utility of our model for 4 by a simple example. Let stagnant helium II
in complete thermodynamic equilibrium fill the half-space z > 0 and be bounded at
- = 0 by a wall. As we have just seen, T is a constant. We may suppress the temperature
dependence everywhere and assume that all quantities spatially depend only on :z.
Inz > 0, we must satisfy

A + pdAjdp = C,, 3.7

p%0A(3p + n(dp*/dz)* = C,, ' (38)

pdA/dp* — n(d*p*/dz?) — (dn/dp)(dp*/d2)* = O, (39)
and

pr=0 onz=0 p*>f asz— oo, (3.10)

where C, and C, are constants. By using (3.7), we can show that (3.8) is the first integral
of (3.9) and so we can discard (3.9); (see § 3.1 above). Adopting (2.9) and (2.16), we rewrite
(3.7) and (3.8) as

A, + pdAJop — AfIdp)R? — f) + 404,/0p)(R* — f)* = C,, (3.11)
2{(dR/d2)* = C, — C,p + pA, + 4,(R? — f)?, (3.12)

where A, A, and f depend on p alone and R? = p*.
The solution of (3.10)—(3.12) is far from trivial. Suppose, however, that

A, < p|A,), (3.13)

which,as emphasised in Hills and Roberts (1978a), is the only circumstance ih which (2.14)
and (2.16) are likely to be acceptable. Then, we may proceed by iteration. To leading
order, (3.11) gives

A, + pdA,Jop = C,, (3.149)
which implies to the same accuracy
p = constant = p, say. (3.15)

The coeflicient A, in (3.12) is now constant and that cquation, together with the boundary
conditions (3.10), yield

pt=fytanh?Z,  Z =z/2, ~(316)
where f, = f(p,) etc: and ¢ is the healing length defined by
& = L/(fA,)o. (.17

It is interesting to note that the solution (3.16) exhibits non-zero normal stress
difference, a phenomenon that is usually associated with viscoelastic materials and their
anomalous behaviour. We find that, if the total stress tensor T is defined by

T,=-pé,+Z, (3.18)
then
T.—T,=0, T, ~T = —(fA,)sech*Z (3.19)

and that, cven on the plane wall z = 0, the second difference is non-vanishing. We will
return to this topic in § 3.3.
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We can obtain the first correction to (3.15) by substituting (3.16) into (3.11) to obtain

) a
p=py— f-‘% (Alf ::%) sech’Z + ;(fz 541)0 sech® Z, (3.20)
0

p

where u,, is the isothermal speed of sound defined by

é{ 5 (?AQ)
= — - (3.21)
@p (p ap P=po

By using (3.21) in (3.12), we discover a refinement to (3.16) viz:

u

S

oy 27 Goh 2 VAW xe,0.00,
p* = fytanh® Z — (2p/ug fA ), tanh Z sech? Z{| A4, f Z+|fA, tanh Z
), dp p ],

A \? gy
+ (§ iz —af) (tanh Z — 1 tanh® z%l (3.22)

V]

This process of alternation between (3.11) and (3.12) can evidently be continued
indefinitely. A

It may be objected that it is inconsistent to carry out the expansion in this way because
as each new term is added to (3.20) we ought to add also a new term in the expansion
(2.16) of A. The A4, term of (2.14) should, for instance, enter (3.22), the second term in the
braces being replaced by

&f 6A, Aul
fs( 4, ;% i —3—2;29)0 tanh Z. (3.23)
It is often sufficient to take only the leading order of approximation by which we mean
results analogous to (3.15) and (3.16).

The solutions of this subsection reflect the crucial role of the postulates (2.14) or
(2.16). In a paper now in preparation, (Roberts et al 1978) rather than adopt these
postulates we have used the tabulations of Brooks and Donnelly (1977) to determine
the healing length in stagnant helium directly from the energy spectrum. These results
suggest that the models (2.14) and (2.16) cannot be considered too trustworthy far from
the 4 point.

3.3. Superflow in parallel ckannels

The method of solution used in the last subsection may readily be adapted to determine
the structure of p* in a uniform pipe of arbitrary cross section, ., when there is uni-
directional superflow v* = ve, along the axis Ox of the pipe; it is supposed that there is
zero pressure gradient in the pipe, so that the normal fluid is at rest. Since the superfluid
moves irrotationally, v is constant over .. Of particular interest is the flux, Q, of super-
fluid.

Equation (3.7) holds as before while (3.9) requires an additional term ;vz on its left-
hand side. It is not in general possible to integrate (3.1) in a form like (3.8) although this
can be done in §3.3.1 below. The itcration procedure outlined in § 3.2 can, and will, be
used. We will restrict our attention to the leading-order problem.

b/
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We scale the cquations by introducing
v=(UAR)E pL =f(1 =024, f), v=u4,/)? (329

Clearly the dynamic healing length, v, reduces to the static healing length ¢ when v = 0.
The density p2, is p* in the bulk and is closely approached in the centre of the channel
if its dimensions greatly exceed v. We now transform (3.1) by setting

PP =p R, x, = [2vs, (3.25a, b)
where the suffix 1 refers to the coordinates (y, z) in . We obtain
VIR = R(R? - 1), : : (3.26)

where it is understood that differentiations are performed with respect to s,. We solve
(3.26) subject to the healing boundary condition

R=0 onC, 3.27)

where C is the periphery of &.
The flux down the pipe is

Q= Ae J R*d%,. (3.28)
Al L

Following Mamaladze and Cheishvili (1966) we note that in addition to the case v = 0,
Q can also vanish for non-zero velocities. To obtain this latter state of destruction of
superflow, we note that if R is negligible over & then (3.26) may be written

where we have temporarily re-instated x, as space variable. The equations (3.29) and
(3.27) constitute an eigenvalue system for l/2v and the smallest eigenvalue l/2vo deter-
mines v, the critical v at which superfluidity is destroyed. As we will see from examples
below, v approaches zero as the scale (a, say) of the pipe is reduced and, no matter what
vis, all supcrﬂmd is excluded from pipes of scale smaller than some a, > 0. We will see
this more clearly in the following examples.

The lack of isotropy of the stresses (2.13a) due to healing is reflected in parallel lows
by a difference in normal stresses that can be readily found in the examples considered
below: for the first (see (3.32))

2k*(1 — k?)*  snu
(ps )2
4 (1 + k)* dnucnu

T =T T T—_

> » sz yy

]. u=s/(1+ k)"
(3.30)

In the flow of viscoelastic fluids such stress differences give rise to the phenomenon of
die swell. The fluid extruded from a pipe swells (or constricts) as it emerges into the
atmosphere. For a dctailed discussion of the theory see Josephs (1974). It is natural to
wonder whether the stress differences (3.30) will cause superflow emerging from a pipe
into its vapour to change its cross section similarly and, if so, whether the effect could
be detected. It is not hard to show, however, that all surface conditions on the jet
cmerging from a plane Poiscuille or circular Poiseuille flow (§§3.3.1 and 3.3.2 below)
are satisfied if the jet continues without change of cross section from pipe to atmosphere.
Whether there are other solutions showing die swell which also satisfy all conditions of
the problem is problematical but not easily established. Of course, if the thermo-

VIR = —(1/2V)R, (329)
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dynamic potential ® in the vapour is not continuous with ® + 10? at the edge of the jet,
the cross section of the jet will change due to evaporation or condensation (see Hills
and Roberts 1978b).

3.3.1. Flow betwecn parallel planes. Let the fluid be confined between planes z = +a,
so that V2 = d%*/ds® in (3.26), where s = z/,/2v by (3.25b). Equation (3.26) may be
integrated once to give

(dR/ds)* = }(RZ — R*)(2 — R2 — RY), (3.31)
where R isRats = 0. As Ginzburg and Pitaevskii (1958) and Mamaladze and Cheishvili
(1966) have noted, (3.31) may be solved at once in terms of elliptic integrals:

R = R_cd[s[l +&3)'?}, R, =[2k*/1 +k}]'?,

al2'?v = (1 + k?)"2K(k), (3.32a, b, ¢)

where the argument k (0 < k < 1) in cd (= cn/dn) is obtained by solving the last of (3.32),
in which K(k) is the complete elliptic integral of the first kind.

Since (3.32¢) is a monotonic increasing function of k for 0 < k < 1 and K(0) = n/2,
we obtain a critical velocity

v, = 24, NV2[1 - n2E/2a2]'7, (3.33)

and see that superfluidity is completely destroyed in channels whose widths are less than
2'2n¢. We may regard this as defining the depression of the A point in channels as

» n2[ o0 1 ;
AT, = 5.3 [b-,f(/l.f)]r: T‘. (3.39)
Instead of (3.28), we may compute the flux, , per unit y length across the channel, i.e.
g- vf p*dz = f2)24, /) *[2u(1 — w)(K(k) — EQ)1 + kK], (3.39)

where E(k) is the elliptic integral of the second kind. In figure 1 we show the maximum
value of §, in units of f(2a)(24, f)"/?, attainable for given gap width 2a, in units of ¢.
The corresponding value of v, in units of (24, .f)''?, is shown also.

02 /:05
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e 03y
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2a/y
Figure ). The dependence of the maximum flux Q and its associated velocity v on the gap
width 2a for low 1n a parallel channel.
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3.3.2. Flow in a circular pipe. Let the fluid be confined in a pipe 0 < s < 4, where (s, 0, x)
are cylindrical polar coordinates with axis Ox centred on the pipe. Then (3.26) becomes

d’R _ 1dR 5
= = - .36
dsz + s ds R(R l)’ (33 )
which must be solved numerically. The simplest method is to assume a value of R_(<1)
for R at s = 0 and integrate until R falls to zero at some s = s, = a/,/2v.

If we assume that R < 1 throughout the pipe, we can solve (3.36) as R = R_J (s)
and the first zero j,, = 2:3041 of the Bessel function J, gives

v, = (24, N1 - 2j3,&/a*])'"?, (3.37)
so that a, = " 2¢j,,. as Mamaladze and Cheishvili (1966) have already noted.

6-0

ostxy(2/4,) %
L w ~ w
(=] (=] D (=]

=
[~ 18

-2 30 40 50
' a/j2v

Figure 2. Relationship between the flux Q and the radius a for flow in a circular channel

As is clear from (3.25b) and (3.28), all solutions of the pipe problem fall on one Q(a)
curve provided Q is measured in units of 4n{(2f/4,)"*u and a in units of /2v. This curve
15 given in figure 2. The actual radius and flux for given u are then

l -— e S0
a=t¢ —‘12%9—‘——2-, Q = fra*(24, f)'? Z‘Li‘!‘__) R%sds. (3.38)
(1 — u?y)Y . s5 A
In figure 3 the maximum attainable Q, in units of f(ra?)(24, f)"/?, is shown as a function

of ¢, in units of £&. The corresponding value of v, in units of (24, f )'2, is also shown.

4. Film thinning

Kontorovich (1956) has given an argument using the Landau two-fluid theory according
to which a moving film ought to be thinner than a stationary film, even though conditions
‘at infinity" in the vapour are the same for each. Experimental confirmation of his
predictions has been equivocal: the work of van Spronson et al (1973), Williams and
Packard (1974), Graham and Vittoratos (1974) are in accord with Kontorovich’s
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prediction but Keller (1970) and Telschow et al (1975) observe film thicknesses inde-
pendent of their states of motion. There have been a number of suggestions for theo-
retically explaining this apparent cxperimental conflict. Putterman and Rudnick (1971)
proposed that an explanation of the Keller and Telschow observations may result from
a theory incorporating healing. Goodstein and Saffman (1975) have contested this,
making the point that for films with thickness much larger than the healing length,

02 alsy 06
v/2A)"
04
] % S

: 3 o 3
- /xta’2A )" s

S 02

L 40 50 60 70 89
o/

Figure 3. The dependence of the maximum flux Q and its associated velocity v on the radius
a for flow in a circular channel.

Kontorovich’s argument should again apply at the edge of the healing layer where the
superfluid density has its bulk value and should then lead to the same ans'wer. These
last named authors sought to explain the thinning and non-thinning by a theory
incorporating an intrinsic relaxation time. Recently, however, two studies have been
published (Graham 1977, Kwok and Goodstein 1977) which cast serious doubts upon
the experiments that report no reduction in thickness. Nevertheless, it is interesting to
explore the Putterman and Rudnick suggestion further and study the influence of
healing on a moving film. It will be of special interest to see whether there will be
departures from Kontorovich's theory for films with thickness of the same order as the
healing length.

Consider a superfluid film moving with a steady velocity v in the x direction
occupying the region 0 < z < h(v) and held to the plane wall z = 0 under the action of
gravity and a van der Waals potential Q%(z). Then, the total potential (z) is given by

) =gz + (), Q@)= —a/z3, 4.1

where a is a constant. The thickness is assumed to be small enough that the normal
fluid is clamped by viscosity. The film and overlying vapour are at a uniform temperature
T, which we again suppress in the analytical details below. The vapour is modelled by
an inviscid perfect gas and we assume that it is at rest with pressure p* and thermo- |
dynamic potential ®* determined by L

p* = p, exp(mQz)/kT),  @* = ?-:"Im r. + Q) (4.2, b)
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where m is the molecular weight of the vapour, # the universal gas constant and p_ the
constant pressure at infinity.

The conditions of phase equilibrium at the liquid-vapour interface are (2.18) viz:
p=0, p+ndp/dz) =p,, @®+l?=0% on z=h, (4.3a,b,¢)
together with the continuity of the temperature. In (4.3) the quantities on the left-hand
side are evaluated in the liquid. The superfluid Bernoulli equation (2.10) gives

® + 1v? — Q(z) = constant, 4.9
and. by reference to (4.2) and (4.3), we evaluate the right-hand side to find

)] +2v —-Q(z)=g}lnpm, 0O<z<h 4.5)

The fact that the right-hand side of (4.5) is independent of v is crucial to the subsequent
analysis.

The total mass equation (2.3) is identically satisfied while the total momentum
cquation (2.5) reduces to

dQ dp d dp‘)2 i

dz dz dz

We now suppose that v is small and attempt to evaluate the increase 6h = h(v) ~ h(0)
in the thickness of the film owing to the persistent current. Like 5k, the Eulerian change
dp in p resulting from v is also O(v?) as v — 0. According to (4.3a), we have

{rel@) |=qr+ (@) |+ [&fr+{2)}]

= op* + (ﬂf_') 6h on z=h, ‘ 4.7
dz v=0

46)

where Ap denotes the Lagrangian change in p resulting from v. By (4.2a) and (4.6)

dp*\? dp"\? dQ _ fdQ , o
dp+ "(a?) ] 5 “[" z "(?z‘) ] i ”(a:),..”' o a)..."’“ o
(48)

We shall assume that p* < p so that we simply require

s\ 2 s\ 2
A[p + "(%%) ] = é[p + q(‘:—:-:—) ] + p(‘;—?) oh =0, on z=h 49
z=h

Consider first the Kontorovich argument. This makes use of the Landau two-fluid
theory with

b |1 oo oo "
0 = 2 (—-— = - — TR - — R e -——p =p" — ¢p*
Op, T, w?), 7=y or S, Fw 2% w=0"— o 4.10)

Taking the Lagrangian variation of the appropriate Bernoulli equation (2.10) to order
v* on z = h we get Kontorovich’s result

P
Sh Zp(dz) o, @.11)

F2

S ——
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Since Q(z) decreases with increasing z, ok is negative and the film thins.
We now turn to our theory incorporating healing. From equations (2.12) and (2.13)
we have

0A dp*\> 04 dp*\?
=A4 AR 2‘ o1 A~ PRk <2
® +pap v p+q<d ) P’ Pl i +§11(dz . (4.12a, b)
and then (4.5) gives
0A 2T
A+p———Q(z)-———~lnp 4.13)

ap
Taking the Lagrangian variation, using (4.9), (4.12) and the fact that Ap* = 0 we obtain

Sh= — 2;13[ (‘;‘; )2] <%‘z3>;. (4.14)

Clearly everything now depends on the value of A[n(dp*/dz)?]. To evaluate this we use
the solutions of § 3.3 which are based on the model (2.16).

Suppose first that h > v where v is the dynamic healing length of (3.24). We see
from (3.25b) that the superfluid density is given by

s s 2 z—h s vZ
p* = p, tanh e L =M11- 5;4— (4.15)
1

so that with (2.9a) we have
n(dp*/dz)* = {pt ¥2, (4.16)

and, to order v?,

AP(%:_:)’] = —fo?. @.17)

Recalling that p* in (4.11) is the superfluid density in the absence of healing and f is
(apart from terms that would produce only v* correction to 5h) the superfluid density
outside the healing layers, we see that (4.14) and (4.17) give (4.11) once more. We conclude
therefore that when v < h, the speculation of Putterman and Rudnick (1971) that the
healing terms could remove the thinning predicted by Kontorovich is, as conjectured
by Goodstein and Saffman (1975), not correct, at least in so far as our theory is a realistic
representation of healing processes. To substantiate the Goodstein and Saffman point
when v < h, condition (4.9) applies with good accuracy at the edge of the healing layer
next to the bulk helium and of course (4.13) can equally well be applied there (as anywhere
else in the film). The argument then becomes almost identical to that used for the Landau
theory. The final term of (4.12b) is negligible at the edge of the healing layer, but the
penultimate term is to good accuracy —épfou’, so that we obtain

[ 2*A aA

e 4 -
Pzt ? 7p]Ap 1fp? = 0, (4.18)

and the result (4.11) follows as before.
If h and v are comparable, instead of (4.15), we have (ignoring compression due to
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van der Waals force) the solution (3.26) and L
d'\'] - 44,K6) ; 2
).~ w o
so that, to first order in v?, : : #
i —_iz_ daf T KL (Q).I
oh = 2 (‘ T kz)z]( ) ." = 2\ & e v 4.20)

Thereducnonmthmmduwtmehmwlymwwsa
reduction mthemndcnﬂty. 7,

dz=Pn_(K-E
?sidopdz (l+k‘)( t). “2)

due to healing. To illustrate the point, we have prepared table 1. The fact that fC cannot

Table 1.
k? (] 005 ol 03 oS 07 09 095
C 0 01814 03306 07101 08889 09689 09972 09993

My 44429 46112 47832 S22 64227 76535 100513 114870

e, O 00479 00921 02410 03620 04726 06016 06517

be replaced byﬁ‘ln(4m)slon|uuppoﬂfor?mmndlmwk‘smm
healing effects are not negligible.

S. The rectilinear vertex

As Glaberson et al (1968) and Glaberson (1969) have observed, Landau's theory meets
an obstacle in vortex dynamics. Considering the rectilinear vortex for simplicity, they
noted that, since v* oc x/2xr, where r is the distance from the lime, there is a critical
distance, r_, within which w = ¢" — ¢ excoeds the maximum, w,, for which superfluidity
exustslnbndmnheoqthenlon.thmr<r of a vortex must contain normal
Nuid alone, or conceivably helium I. As was shown by Ginzburg and Pitacvskii (1958),
however, in their by now classic paper, healing climinates these abrupt changes (at least
so long as we make the choice (2.9a) for n); p* decreases monotonically with decreasing
r and is O(r?) for r — 0. Ginzburg-Pitaevskii theory is, however, unable to say more,
and this is also true of extensions presented in the recent review by Ginzburg and
Sobaynin (1977). There are clearly other questions that deserve answers.

First, one would like to know how the total density varies through the vortex.
Second, one may recall that the theory (Donnelly and Roberts 1969) of the mast useful
experimental technique of ion trapping by vortex lines is based on Land:w's theory, and
may wonder how its predictions are affected by healing. One should notix: here that
trapping depends on a gradient of pressure, caused by the Bernoulli effect. 10 Landau's
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theory the Bernoulli reduction in pressure,

W = 1pt 'lz—zj'Rz P = fRE (ER
zp 2P el Mg Qr s p*' = JR*, -1,

is the only one opcrative, and this becomes infinite as r — 0: the depth of the trapping
well is infinite. To counter this, Donnelly and Roberts (1969) included a substitution
energy that recognised that the kinetic energy of the flow would be reduced as the ion
approached r = 0 because of the volume occupied by the trapped ion. In healing,
however, we have an alternative effect that prevents the infinite growth of (5.1). It is
readily seen from (2.13) that the total stress normal to the axis is

04 R\? dR
(-] e

The final healing term in (5.2) grows as r — 0 at cxactly the same rate as (5.1), so that
their difference is O(r2).

In computing P, we adopt only the first step of the iteration scheme proposed in § 3,
and evaluate P — p  where p_ is the pressure at great distances, only to order A, in the
expansion of the free energy. Our results could, then, only represent the real pressure
field near a vortex when T, — T is small. There would however be no difficulty in
principle in performing the calculation for large T, — T though then full knowledge of
A(p, T, pY) as a function of p* would be requu'ed rather than simply A4,(p, T); see Roberts
et al (1978). For A, f? < p|A,|, we can again solve (3.7) approximately as

2 [, 8 i L)
f"l’o+;g[4|;7;(l’ -f)—igpi(l’ f)’]pm. (5.3)

Using this to evaluate p20A4/dp in (5.2), we see that

Af? R)\? dR\?
e G B

o*/f

od
06
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Figure 4, The variation of the superfluid density p* with the distance r from the axis of a
rectilinear vortex. The dependence of the total stress P in the radial direction on r is also
shown.
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where p_ = (p?0A/dp), . Figure 4 shows 2p(p, — P)/A, f? as a function of r/a where
a4= JZC \/(ZC/fA,) is the same healing Iength as was employed by Ginzburg and
Pitaevskii (1958). It is clear that P decreases with decreasmg r, for all r and reaches its
minimum value of p_ — A, f 2/2p at r = 0. Also shown in figure 4 is p*/f. This figure
was prepared from a fourth-order Runge-Kutta integration.

Finally we should emphasise that the choice (2.9a), or of any other n(p®) asymptotic
10 (2.9q) as p* — 0, implies either that the vortex circulation is an integral multiple, n, of
x = h/m and the superfluid density p* is analytic as r —+ 0 [p* = O(r*")], or that the
circulation is non-integral and p* is non-analytic for r — 0. Since the latter possibility is
unphysical, in this sense our theory can truly be said to govern a quantum fluid.
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Superfluid Mechanics
for a High Density of Vortex Lines

R.N. HiLLs & P. H. ROBERTS

Communicated by C. TRUESDELL

Abstract

There are two well known theories to describe the motion and thermody-
namics of superfluids when a large number of quantized vortex lines are present
and when the phenomena under study are on scales large compared with the
vortex line spacing. These works have been criticised on the grounds that their
governing equations for the smoothly varying, spatially averaged, fields do not
satisfy the accepted invariance principles basic to modern continuum mechanics.
This paper demonstrates one way in which such theories can arise from a
properly invariant continuum approach and indicates the presence of hitherto
unconsidered terms that bring them closer to the generally accepted microscopic
picture. The resulting theory has applications both to rotating helium Il in the
laboratory, and to rotating neutron stars (pulsars).

1. Introduction

According to the current view, helium 11 is a material which is capable of
simultaneously undergoing two motions. With each of these is associated an
effective mass, and the sum of these masses is the total mass of the fluid. The
velocity fields ascribed to these motions are termed the normal and superfluid
velocities, and that portion of the fluid moving with the normal fluid velocity is
termed “the normal component™. The superfluid component of the mixture is
defined similarly. The ideas underlying this two-fluid model were developed by
LONDON (1938), TiszA (1938) and LANDAU (1941), but it was LANDAU (1941)
who presented the first set of governing equations for the macroscopic de-
scription of flows in helium Il to be accepted. One of the central postulates of
LANDAU’s hydrodynamical model is that the superfluid should move irro-
tationally. Experiments involving steadily rotating buckets of helium suggest,
however, that the superfluid can often appear to rotate in some manner,
apparently in defiance of LANDAU’s law of irrotationality. FEYNMAN (1955)
explained this by arguing that the superfluid in the bucket does not rotate in
bulk but, rather, such vorticity as it possesses is tightly concentrated into
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quantized vortex lines. Picturing the superfluid as a continuum, one must
suppose that all the superfluid vorticity is concentrated into singularities of a é-
function character.

The circulation in a quantum vortex line is x=h/M where h is Planck’s
constant and M is the mass of the helium atom. Higher integral multiples of this
circulation, though possible in principle, were rejected by FEYNMAN (1955) from
an energy argument. On the continuum picture, a vortex line may be envisaged
as having a core of radius a few Angstroms (10~® cms), in which the density of
the superfluid is depleted and falls to zero on the singularity of vorticity. There
may also be a local enhancement of the normal fluid density in the core. It
appears today that, despite earlier doubts (ANDRONIKASHVILI & TSAKADZE
(1965), (1966)), the overall density, p, of the fluid is little influenced by the
presence or absence of these lines (ANDELIN (1967), SMITH et al. (1967)). The
vortex lines in the rotating bucket are approximately parallel to its angular
velocity, 2. Their number and spatial distribution have been the subject of
several theoretical studies (e.g. FETTER (1966). (1967), FETTER & DONNELLY
(1966), STAUFFER & FETTER (1968)). They have also recently been photo-
graphed by WILLIAMS & PACKARD (1974). Roughly speaking, the distribution
of lines is such as to minimize the mean square difference between normal and
superfluid velocities, and in consequence there are approximately n=2Q/x
vortices per unit cross-sectional area of the bucket. When £ is large so is n, and
the mean spacing between neighbouring lines is small compared with every
other length associated with the flow or container. Clearly the superflow will
then be of considerable complexity and, particularly when the vortex array is
disturbed by wave motions thermally or deliberately produced (HALL (1960)) or
j by heat currents (CHANG, CROMAR & DONNELLY (1963)), there is little hope of
[ a practical description in complete detail. It is, however, precisely in such
[ circumstances that a theory might be tenable in which the tightly packed vortex
E array is represented by a continuum, and its associated microscale flow by new
% macroscale stresses.
y
{

:
|
r
l

There have been a number of simplified theories that aim to describe helium

I1 in the presence of a high density of vortex lines. The work of HALL & VINEN

(1956), HALL (1960) and BEKHAREVICH & KHALATNIKOV (1961) (denoted

henceforth by HVBK) all envisage a theory relating fields and flows averaged

over spatial scales small compared with the macroscale, such as container

dimensions, but large compared with the mean vortex spacing. Thus, while the

actual superfluid velocity varies rapidly with position on the scale of the vortex

separations, the average superfluid velocity, v*, changes smoothly on the macro-

t scale; while the actual superfluid vorticity is either infinite or zero depending on
: whether a vortex core does or does not pass through the point concerned, the
i average superfluid vorticity, w’=¥ x v* varies continuously; while when the
E normal fluid is absent the vortex lines must move with the superfluid in accord
f with Helmholtz's theorem, the average vortex line velocity, of, could not be
:

’ expected to coincide with the average superfluid velocity, ¢*; and while the
‘ actual interactions between elements of vortex lines is non-local in character
, (e.g. see BATCHELOR (1967), §24), it may be expected that the dominant
i . contributions arise from neighbouring lines and would therefore be represented
’
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at high vortex line densities by an average force local in character. No effort was
made to derive equations by averaging LANDAU’s equations directly, but two
plausible consequences of such an averaging were inferred and incorporated as
postulates into the theory. The first of these was the recognition (BEKHAREVICH
& KHALATNIKOV (1961)) that the rapid circulatory flows round each vortex
core would contribute significantly to the energy budget. A term proportional to
* was therefore included in the energy density. Second, it was realized that the
excitations comprising the normal fluid would collide with the vortex lines to
influence the motion of each. HALL (1970), for example, has provided an
interesting insight into the nature of this complicated interaction. In the mean
HVBK sense, it is represented by a smoothly varying ‘diffusive force’ that not
only causes the normal iluid to move with an average velocity, v", different from
that in the absence of vortex lines, but also makes the vortex lines move with an
average velocity, v%, that differs from the self-induced velocity they would have
in the absence of the normal fluid. HALL & VINEN (1956) based their postulates
for this diffusive force on a microscopic picture of the collision process, and the
form of v* was then determined by balancing forces on a vortex core, a
reasonable procedure since the inertia of a vortex line is smaH.

As an example of the governing equations we cite the linear momentum
equation for the superfluid in the BK theory':

' M0, P (0 Yo} = — g DD~ x Ul 18 +G, Ly

where p* is the superfluid density, w*=curl v* the superfluid vorticity, @ a
thermodynamic potential and G is

G=-Bo'x(@*xA)-B w'w'xA+B" (0 A) &,
Al B (w—u’-l, Vx(}.u‘)’)), & =,
2pw p

(1.2)

v" being the normal fluid velocity and p" the normal fluid density. These
equations are in conflict with a basic tenet of modern continuum mechanics, the
‘principle of material frame indifference’; the material properties must be the
same for all observers and quantities such as temperature, the surface forces, the
internal energy and the entropy have an intrinsic meaning independent of the
observer. The principle is a powerful tool. It can be employed to deduce the
continuity and momentum equations, as well as the symmetry of the stress
tensor, from the frame indifference of either the total power (NOLL (1963)) or the
energy balance (GREEN & RIVLIN (1964)). In constitutive theory it excludes
certain quantities from the list of possible independent variables. For example, it
can be shown that the stress tensor of a Stokesian fluid cannot depend upon the
vorticity tensor (see NOLL (1955)). The principle would similarly rule out
equations of the form (1.1) and (1.2). Consider the ‘diffusive force’ G in (1.1). The
vorticity vector for a stationary observer differs from that seen by a rotating
observer by 2r where Y is the angular velocity of the rotating frame. The

! See §5, equation (5.14).
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principle requires that the G for the two observers should differ only in
orientation but, evidently, the form (1.2) does not conform.

On the basis of (1.1) and (1.2), it is frequently claimed that the principle of
frame indifference is not universally true and, in particular, that equations
obeying such a principle cannot be constructed that explain superfluids in
motion. This view gains added force from superficially similar violations in the
kinetic theory of gases. Recently, however, TRUESDELL (1977) has exposed the
fallacious reasoning behind these criticisms from kinetic theory. It is our
principal purpose to show the non-invariant HVBK theories can be replaced by
an equally satisfactory, but invariant, alternative.

It should be admitted that occasionally one encounters the view that the
HVBK theories are invariant in their present form. Underlying such statements is
a confusion regarding the interpretation to be given to the symbol @* appearing

-in, for example, equation (1.1). In the application of the HVBK theories to

specific problems «* is unambiguously identified with the vorticity of the
superfluid. However, when the equations are claimed to be invariant, @* is said
to be related to the density of vortex lines, and, since the number of lines should
remain unaltered under a change of observer, the @* is therefore invariant. This
latter view clearly gives to the symbol a meaning other than @*=V x v* and it is
certainly not obvious that the two interpretations for @* are compatible. In our
resolution of this dilemma we attach to the symbol * the classical meaning
(¥ x v*), but also introduce a continuous axial vector field { which we term ‘the
vortex density vector’ {. As the name suggests, the magnitude of { is pro-
portional to the density of quantized vortex lines. More precisely, if we adopt
the usual right-hand rule, we can use the sense of the circulating flow created by
any vortex line to give a direction to that line. We may assign a vector to every
point of the line, whose magnitude is k, the circulation, and which is directed
along the tangent to the line at that point. Then, if we consider a small element
of surface area with unit normal parallel to the i-axis and enclosing a point #,
we may picture {; at 2 as the sum of the i"-components of all these vectors
divided by the area itself. With this physical interpretation in mind, we assume
that the vector { is frame indifferent and we attempt to develop a theory with
as a new fundamental variable. One might hope to recover conservation laws of
the form (1.1) and (1.2) but with the crucial difference that { replaces w*. The
resulting equations would be frame indifferent.

This solution of the invariance problem introduces a new difficulty: the
theory is no longer complete. An evolutionary equation for { is needed, but
there is absolutely no guarantee a priori that such an equation can ever re-
instate the HVBK theories. In §4, however. we discover a properly frame
indifferent equation for { which, in the ine . frame, admits as a particular
solution

(=o', (13)

and in subsequent sections we are able to show how the HVBK theories can
result from our more general theory using (1.3).

The experimental evidence suggests that, provided some critical relative
velocity between the normal and superfluid is not exceeded, vortex lines do not

80




Superfluid Mechanics

T

appear spontancously within the fluid (see, for example, ROBERTS & DONNELLY
(1974), p. 196fT.). Changes in { at a point must then be represented purely by the
advection of { by the vortex line velocity, v%, i.e.

d
o 1¢-ds=0 (14

for all surfaces, 2, convected with velocity vt. The theory we derive must allow
(1.4). At the same time, it should be flexible enough to deal with generalizations
of interest. In particular, the theory should be capable of dealing naturally with
situations where vortex production occurs and in which (1.4) is violated.

The structure of a vortex core, its interaction with its environment and
particularly the exchange of material in its interior with the ambient fluid are
topics of considerable complexity. On the microscopic level, the circulating
superflow created by the vortex line enhances and polarizes rotons in its vicinity
(GLABERSON, STRAYER & DONNELLY (1968), GLABERSON (1969)). This leads to
the idea that normal fluid is localized by a line (ROBERTS &.DONNELLY (1974))
and that the core of the line may well consist of completely classical fluid (He I).
Whether one should regard this fluid and the surrounding excitations as
imparting inertia to the line clearly depends on the efficiency or otherwise with
which they are exchanged with the ambient flow in which the vortex lies, a topic
addressed by HALL (1970) and HILLEL et al. (1974). It seems reasonable to
suppose that some mass per unit length should be associated with the line and
that therefore, in the present continuum description of an array of lines, a mass e
density, p%, should be associated with the flow v“ and that a mass exchange
between all three parts p", p*, p* of p should be envisaged. The vortex fluid, like
the super and normal fluids, will be subject to balance laws for linear and
angular momentum. Recalling, however, that the dimensions of the core are
small, we may anticipate that the inertia of the vortex fluid will be slight. Indeed,
we later derive equations of the HVBK type from the general theory by ignoring
the inertia of the lines entirely. We should perhaps mention, however, that
WANG etal. (1975) have recently studied a technique by which vortex lines
could be visualized by decorating them with tiny glass beads (of radius of order
10~*cms.). Such beads would clearly enhance the inertia of the lines con-
siderably and so alter the wave properties of the system. It seems that such
matters could readily be investigated by slight modification of the theory
developed below. It would appear from the work of TSAKADZE & TSAKADZE
(1973) that another application of the theory lies in the study ol pulsars. These
authors demonstrate that there is a possibility of simulating some properties of
pulsars by a study of rotating helium II with the quantized vortex lines parallel
to the axis of rotation.

To sum up, when a large number of quantized vortex lines are present in
helium II, we will adopt a model that is non-classical in the sense that the
complete description of the mean flows requires, in addition to the normal and
superfluid velocity fields, the specification of the fields »* and {. In the termi-
nology of modern continuum mechanics, the vortex fluid added is a polar
material. We shall assume that the fields v and { contribute to the total energy
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of the system and the dissipation occurring within it. It is hoped that, with this
approach, many of the salient features of quantized vortices en masse will
emerge from the subsequent development through the constitutive assumptions.
For example, the interaction of the vortices with the normal and superfluid
components will appear as a postulate for the supply of linear and angular
momentum. ,

We shall construct the theory using thermodynamic variables associated
with the fluid as a whole. The first such formulation of a general mixture theory
of non-polar materials was given by GREEN & NAGHDI (1965). More recently,
HiLLS & ROBERTS (1972) demonstrated that, with a suitable constitutive model,
LANDAU's two-fluid equations could be obtained from the general framework
built by GREEN & NAGHDI. We shall generalize our earlier paper by adding a
polar fluid component. The theory is based on postulated conservation laws for
the linear and angular momentum of each constituent, together with a con-
servation law for the total energy and an entropy production inequality for the
mixture as a whole. We hope that by making use of the methods of modern
continuum mechanics, we can make abundantly clear precisely what ingredients
and assumptions are required to make up a proper theory of the HVBK type. It
might seem to the casual reader that our theory relies for its success on a
plethora of postulates. We believe, however, that the HVBK theories depend on
certainly as many assumptions, though they are not always explicitly stated. One
advantage in making the postulates clear is readily appreciated when we
generalize the HVBK theories in §5. The need to probe the HVBK theories
more deeply has been highlighted by SNYDER (1972) who, in trying to reconcile
preliminary experiments on Couette instability with the HVBK theories, was led
to believe either that, ‘the HVBK theories do not describe the flow ... or that
the accepted values of B, B’ and A are grossly incorrect.’

The basic notation of this paper is introduced in §2, and in § 3 we postulate
the fundamental balance laws and entropy inequality. By taking notice of the
constitutive basis of LANDAU’s theory for vortex-free helium and by incorporat-
ing ideas of HALL & VINEN on the forces of interaction between vortices and
normal and superfluid, we select in §4 a constitutive class. The implications of
the entropy inequality are studied. In addition we indicate the modifications to
the theory that would result if the mixture were assumed incompressible in the
sense that the total density, p, remains constant.

In § 5 we show that theories of the HVBK type can be recovered from our
work when the limit p* -0 is taken. The linear momentum equation for the
vortex fluid then becomes a balance of forces as in the work of HV (1956).
Although we find it most convenient to compare with the single paper of
BEKHAREVICH & KHALATNIKOV rather than with the earlier writings of HALL
& VINEN, we do find that, in agreement with the latter writers, the term
involving B” in (1.2) proposed by BEKHAREVICH & KHALATNIKOV (1961) does
not arise naturally in our theory. This question is raised again in our attempts to
generalize the HVBK theories. We regard these generalizations as the subsidiary
objective of our work and they fall into two categories. In the first, we adhere to
the conservation of {-flux (1.3) and consider modifications to our postulated
heat conduction vector and diffusive force for the vortex fluid. These changes are
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motivated by the thought that the interaction of heat currents and vortex lines
may not hitherto have been adequately included in the theory. One effect of our
new terms on the superfluid momentum equation (1.1) is to replace the ex-
pression (1.2) for A, by 4 where
v pn p’ n s__l AS & & s
=L [r-r x0T e xVT], (L5)
and B, and B, are new diffusive coefficients.

The other category of generalizations briefly considered in § 5 are those that
do not preserve {-flux, although (1.3) is still allowed. We give two examples. In
the first of these we demonstrate one way in which the B” term can be restored
to (1.2), but only at the expense of violating (1.4). Our second example is, we
believe, related both to the phenomenon of vortex nucleation and to the
diffusive force proposed by GORTER & MELLINK (1949).

Finally, it is perhaps appropriate to catalogue briefly the main accomplish-
ments of this paper. We have shown how the apparently non-invariant HVBK
theories can arise from a properly invariant framework and have generalized the
HVBK theories to include the inertia of the vortex lines, an effect not negligible
in the experiments planned by WANG et al. We have demonstrated why a three
fluid model is necessary, and for the first time given the constitutive theory for
such a model. In doing so we have exposed the interactions between the three
components. Finally, we have proposed the addition of new mathematical terms
representing neglected physical effects and, for the first time, we have shown
how nucleation effects might be incorporated into the theory.

2. Preliminaries

As we have indicated we attempt to model the behaviour of helium II when
there is a high density of vortex lines by means of a ternary mixture. Two of the
components are called the normal and superfluid and the third the vortex fluid.
The motion of the continuum is referred to a fixed system of rectangular
Cartesian axes and we assume that each point within the mixture is simul-
taneously occupied by each of the three components. Direct tensor notation is
used where convenient and also a corresponding suffix notation to denote
components. Let x" be the position of a typical particle of the normal fluid at the
current time ¢; then its position at a previous time t is x"(t) and

x"(t)=x"(x", 1,t), x"=x"(1)) —oo<TSL. (2.1)

Similarly, for a typical material point of the superfluid and the vortex fluid, we
have respectively
X’(f) ap- l,(xxs T, l)! x’ o xl(l)v —<LT § "

xt(r) =y (xt, 1), xt=xM(1), -—-oco<1st e

The velocity vectors for these materials are

n D* L
(1) = il)')'? x"(r), ()= Be x(7), v"(t)=l;—t xk(1), 2.3)
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where g_r- denotes differentiation with respect to t keeping x" and ¢ fixed and bD—:
L

and g—— are similar operators for the super and vortex fluids. The acceleration
T

vectors at time t are denoted by f™(z), f(t) and f(x) where

D" D* D" .
FO=5:00 LEO=5-00, [0=500) @4

Associated with the material point of the vortex fluid at time t there is the
vortex density vector, {(t), and

{@=¢Ghn0, ={0, —oo<zst (2.5)

We shall assume that the three material points being considered occupy the
same position at the present time ¢ so that x"=x’=x" and at this point we have
the three rate fields v",v*, vt together with the axial vector {. The rate of
deformation tensor D" and the vorticity tensor W" have components

Dy=4(v} UL 0= 30 i ”’1' h (2.6)

where a subscript j following a comma denotes partial differentiation with
respect to the space variable x]. The tensors D*, D* and W? W' are similarly
defined.

At time ¢ the operators of (2.3) can be written as

D" : D* D*- 0

D'—al+(.’ 'P)l _D—t-'-al+(v"7)v 'D_t—al+(u 'V)) (2.7)
where 9, denotes partial differentiation with respect to time holding the space
variable fixed. If the densities of the normal, super and vortex fluid components
are p", p’, and p' respectively, the total density p is given by

p=p"+p'+p", (2.8)

and we can define the operator % by

D S ”D“ (] D* LDL " s L L

.l—);.-p Dt+p B;+p Bi =p0,+[(p"V"+p'v* +p v")-F]. (2.9)
We shall consider a change of the frame at time t in which the vectors x*, {*

are transformed into %%,{* by a rigid transformation of the form

()=a()+ Q@ [x"()-a®],  {(x)=Q()¢(), (2.10)

where here and throughout the superscript « stands for a, s or L, @(t) and a(t)
are vector functions of t and Q(t) is a time dependent proper orthogonal tensor.
Under proper orthogonal transformations the distinction between axial and
absolute (polar) vectors is lost. However, it will be necessary to distinguish
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between these vectors when considering the constitutive theory. The equation
(2.10), tells us that the vortex number density should remain unaltered under
change of observer.

The vectors and tensors of (2.3), (2.4) and (2.6) are defined in terms of the
original frame. We denote the analogous quantities for the second frame by the
same symbol with a superposed tilde. Then it is easily shown that

D’=QD’QT. "Vx=waQT+r’ (211)
where Y=0Q"=—YT and Q=Q(¢), etc.

3. Balance Laws and Entropy Inequality

For a fixed closed surface 4 enclosing a volume V we postulate for the linear
momentum of each constituent

3,§ p*0*dV + [ p*v*(n-v)dA = [ (p*F* +G*)dV + | T*ndA, (3.1)
[ 4 A 1 4 A

where the superscript a represents n, s or L. In (3.1) F* is the external body force
applied per unit mass to the a-component, T* is the stress tensor associated with
the a-component and G” is the density of the supply of linear momentum to the
a-component.

Next we postulate a moment of momentum equation for each constituent.
We assume

&, fxxp v dV+[{xxp'v’}(n-v*)dA
[ 4 A

3.2
=[xx(p’F+G)dV+[xx T*ndA+ [ I*dV, B
| 4 A v

where I'* is a supply term.
We recall that the changes in { are advected with velocity »* and we assume
that the balance law for § is

0 f +CdV+ [ iln-vtdA=[(X+n)dV +[ TindA (3.3)
4 A 1 4 A

where {={/(, 2 and nf are the external and intrinsic source terms, T¢ is a stress
tensor associated with the extra kinematical freedom and the coefficient 4 in the
density term 4{ will be the subject of a constitutive postulate later.

By applying the divergence theorem with the usual conditions of smoothness,
we can obtain the pointwise form of the equations (3.1)+3.3) as

P =pF*+g"+V-T°,

r+27=0,

ADYC

S 2=y K4V T,
¢ i Y+ X+V-T

85




R o —xi'-——‘— -——-’——-———__.
b .

R.N. HiLLs & P.H. ROBERTS

where T® is the axial vector associated with the skew-symmetric part of T,
1;'=§¢un 5 and

i Aot
mn=a a 7_4 @ 3 ).=__ i A gl
w47t MA=a,(7)+7- (), =
“ =G‘_ml’l, ,(='C__Mlcl
For the global postulate for the energy balance we assume
0,§ (U +3p" v +4p*v" +4p" V"’+A()dv+£ {n-(p"0"+p*v* +plo)U
4
+1p"0" (n- ) +40* v (- o) +1p v (- 0Y) + A (m - 0")} dA 3.6)

=[{pr+p"F v"+p'F* -0 +p FL- ot + - {}dV
v

+[{o"T'n+0" T'n+o"-T'n+{ - T'n—n-q} dA.
A

In (3.6) U is the internal energy per unit mass of helium II, .r is the heat supply
per unit mass per unit time and ¢ is the heat conduction vector. As such, (3.6) is
a generalization of the balance law of GREEN & NAGHDI (1965) when a polar
fluid is added to a binary mixture.

In setting down the balances (3.6) and (3.3) we have made a statement
regarding the densities of the energy and the number density. Of course, we do
not know a priori what these densities should be and the relevance of the
postulates can only be judged in the light of the predictions of the theory. In this
paper we demonstrate at least that the form we have chosen for these densities
is closely linked to the HVBK theories. BEKHAREVICH & KHALATNIKOV
(1961) included a term 1|V x v*| in their energy density.

It is perhaps worth noting that the inclusion of A{ and 1p"v** does not count
energy twice. The A{ qualitatively represents the energy of the microscopic
circulations round the vortex cores, which are averaged out when v* is formed,
and is not contained in }p*v*". It is, however, distinct from the kinetic energy of
the motion of the mass trapped by, or moving with, the vortices. In § 5 when we
consider the limit p* —0 of negligible line inertia, the energy 4 p*v"* disappears
but A{ does not.

We are now in a position to apply the standard invariance arguments. We
shall assume that under a change of reference frame for the proper orthogonal
tensor Q

P =p" U=U’ §=0Qq, §.=Qg.v f‘=nl‘,
1'=01Q", (F-fM=QF -f) =4 ¥F=0% 3.7
ADIT ADY
reore (@-;)-e(F-5)
Then, by first considering (2.10) with

a(r)=btr, a(r)=0, Q(r)=1, -oo<tSst
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where b is an arbitrary constant vector and I is the unit tensor, we deduce from
(3.6), (3.4) and (3.5) the pointwise forms

m*+m* +m" =0, (3.8)
g +g+gh=—(m"v"+mv* +mbot). (39)
If we now coasider (2.10) with
i(=a()=0, Q=1 Q=T
where I is an arbitrary skew-symmetric tensor, we deduce
r+r:+rt=o. (3.10)

We can use these results to write the pointwise form of the residual energy
equation as

pr—P%lz}—-%m‘W’—%m‘u‘-m‘c—v‘q+c=0, (.12

where
m* =0, +F-(1v"), (3.13)
0=g"w+gh - u—y"-L+t(T"D"+T'D*+ T'D + T*Z)+ - W+T“.C  (3.14)

w=0"—0’, c=vl—0v', u=v"-—o",

W=W—W., C=W'-W, Z,=l, e

and the trace of a tensor A is denoted by tr(A4).

: : D )
It is useful at this stage to record that _p’ m®,mt and m* can be written as

Dt
or==om v (5)-rev ()
—=—pw-V (=) =pc-V (=) =p"P-v"—p*P- v* ~ pt¥- ot
Dt p-v(p pcpp pV-v'~pF-vt,
D (p°\ p'Dp p" o e
e LA TR el T RS sl w. p.
Di p)+th pc Vp pwVp+p v, =
3.16)
D pL p"Dp pL pu (
T ANl | A Lot el — e Vplt-"—w.Ppt Lp. oL
m th(p)+th+(l p)c p p" petp Vv,
D L L]
e p (%)+i—-’3+ (l—p—)c-V).—p—w-V).+).l’-v".
Dt p Dt P P

Because of the curious thermodynamic properties associated with helium II,
it might be expected that the choice of the entropy inequality would be ail
important. Bearing in mind that we are dealing with a mixture theory employing
thermodynamical variables for the mixture as a whole, this would seem to be
especially true. For a mixture of ideal gases the approach of GREEN & NAGHDI
(1965), using the Clausius-Duhem inequality, led to incorrect expressions for
the partial pressures according to the kinetic theory. There are two ways of

o ‘
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surmounting this difficulty. GREEN & NAGHDI (1968) introduced a gauge
transformation while MULLER (1968) used a more general entropy inequality.
(For a review of the situation, see ATKIN & CRAINE (1976).) However, for liquid
helium the situation is less clear: it is certainly not a mixture of two ideal gases
and it is often imprudent even to think of it as a conventional mixture. For
example, there is no question of ever being in a position to separate the two
components. When in an earlier paper we discussed the Landau two-fluid
equations of helium, we used the Clausius-Duhem inequality and we obtained
the accepted partial stresses. In the spirit of the generalization of this paper, we
again employ the Clausius-Duhem inequality without subsequent gauge
transformation*. Thus we have

0, pSAV +[n-(p""+ 9o +p"+")SdA~ 5” dv+j 284420, (17

where T denotes the local absolute temperature which is assumed strictly
positive and S is the entropy per unit mass of helium II. Looking at the second
integral in (3.17) the reader may have qualms that our .entropy production
inequality conflicts with the accepted picture that, in a heat current, entropy is
carried only by the normal fluid. The apparent conflict is illusory. A full
discussion is given by HILLS & ROBERTS (1972) who also present an alternative
physical picture of heat conduction in a superfluid and deduce the usual
equation for entropy conservation from the energy postulate.
From (3.17) and (3.12), with the usual assumptions of smoothness, we get

—-p (‘l’)’: +s£) {m’w’—{m"u’—m“(+Q——Tv—Z>0 (3.18)
where A is the Helmholtz free-energy function defined by
A=U-ST. ' (3.19)

The theory is made determinate by proposing constitutive equations which
are intended to reflect the character of the components and their mutual
interaction. We will postulate equations for A4, S, 4, g°, g, ¥, the symmetric part
of the stress T, ie. T;, I'™, I'", T%, q and the concentrations p*/p, p"/p. With
these postulates, the concentration p"/p is given by (2.8) and the total density is
determined from (3.8). The equations (3.4) provide twelve equations for v", v*, o*
and the vortex density vector {. The skew-symmetric stress components T, are
given by (3.10) and the diffusive force g”" is derived from (3.9). As usual, the
temperature distribution is determined from the energy equation (3.12) and the
entropy production inequality will, in general, provide restrictions on the
constitutive equations.

The specific assumptions made for the constitutive theory are directly
influenced by the model of HiLLs & ROBERTS (1972) for the Landau two-fluid
equations. We again assume that the material has a centre of symmetry. This
requires that the relations (3.7), _g hold for Q@ a member of the full orthogonal

* Our results could easily be modified to include such gauge transformations. Also we do not
claim that the more general Miiller inequality has no relevance to helium I, In a forthcoming paper,
HiLts & ROBERTS (1977), we have demonstrated that the Miiller inequality (or equivalently a non-
zero gauge transformation) is essential in order to explain an observed phenomenon in another flow
regime of helium.
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group. In addition, in place of (2.10), and (3.7)_,, we now assume
(=500 ¥F=sQF. T=sQT*Q",

)

where s=signdet(Q;)).

4. Constitutive Theory

The development of the constitutive theory is principally motivated by
experiments with rotating helium IL It is natural to hope that the resulting
system will reduce to the equations governing the eminently successful Landau
two-fluid model of non-rotating helium in the limit of zero vortex-line density,
that is, when

pt—=0, (-0 (4.1)

This has been the attitude of all previous authors that have constructed theories
of the present type, and it will be our attitude also. Nevertheless, the argument
loses force when it is recalled that (although we do not explicitly perform any
averaging process) our fields are supposed to be means of corresponding
microscopic variables over distances small compared with macroscales, such as
container dimensions, but large compared with the intervortex spacing. If the
vortex-line density is sufficiently reduced as must happen as the limit (4.1) is
taken, such averages lose all meaning. In other words, the regime in which
Landau’s model and the regime in which the HVBK theories or ours apply are
mutually exclusive. By insisting that these theories recover the Landau equa-
tions in the limit (4.1), it is implied that, in some ill-defined qualitative sense,
they will describe flows in which few vortex lines are present.

The constitutive model of the Landau theory to which our present theory
must reduce under (4.1) is (HiLLS & ROBERTS (1972))

A=Alp, T, W), s=se. W) Z =L Tw,
p__,04 __9d 4 =0

1 o Zawz, S= 3T A=A 7 w,
Tin= —p"5,,-+;l.v‘,',,5,1+2112v{',-,,,, 72?n= —P'(su,

ol O G _ (.0 (p—p°) ,)
p'=p (”ap+2pw)' p'=p (pap 3 we),

n 'S " ad

Tin="Tin=0, p=p +P'=P$.

A )

g =—BVT+p*TSw.
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These equations were obtained from a general postulate employing the principle
of equipresence', the entropy production inequality and the condition that the
superfluid equation admits irrotational solutions

o'=V xv*=0.

The coefficients u,, u,, B are general functions of p, T and w? and were shown to
satisfy
#220,  3p,+24,20, p20.

For the present model we generalize the postulates (4.2) for the free energy A,
the entropy S, the coefficient 1 and the concentrations p*/p and p"/p by allowing
these quantities to depend generally on density p, temperature T, the relative
velocities* ¢ and w together with the vortex density {. By making use of the
invariance requirements (3.7), _s and (3.20), we can show from the results of
SPENCER (1971) that this dependence reduces to a dependence on the set »#
where :
= {P. 1:“'2’ CZ’ w-e, sz(" 2 C)z —Czwl, (C 2 C)z—zztz.

(0-E)le-E)=L2(w- b w-(e X ).

At this stage, rather than be specific regarding the dependence of the functions
g, 8% ¥, T3, ", I, T; and g, we assume that these functions depend generally on

9. Tw,c,{, D",

(4.3)

and possibly the gradients of the quantities of the set ). Then, with (3.16), the
entropy production inequality (3.18) becomes

DA DT ,D (p* 3B p“) D (2 :
Pt ~PS I {ow Dr (p) tou m(p LS (;)+Q 20, (44)
where 2

’_ ___l__ L,2 2 _D_P__}__z s n® 3 L
Q=0 ZP{P“‘FP'W +21C}Dt zp“{(p pYe—p"w}-Pp

+il;wz{p‘¢-'+p"~}-Vp'—%(((p—p")c—p"w}-Vl—ip'W’V-V' 4.5)

—4(p ut +240) V- u"—q'TVT.

It is convenient now to introduce a modified free-energy function of defined by

1 1 1
A=A——(p-p)Wi+—ptut+-1(, 4.6
2p(p ()] pr F 4 (4.6)

! This principle proposes that a variable present in one constitutive equation should be present
in all unless forbidden by subsequent mathematical analysis.

* It is possible to show using the invariance requirements that a dependence on ¢, ¢*, »* must
reduce to a dependence on ¢ and w.
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whereupon the inequality (4.4) can be written as

DT Du? Dw® _D{

el N el — Y p—-p)—+i—=4+0'>

P pS ot oo —p) -+ A+ 0 20. 4.7
From the constitutive postulates, we note that of is a function of the set ¢,
defined by (4.3), and the term Q' is independent of %% where y is any member of

the set . In studying the implications of the inequality we follow the scheme
proposed by COLEMAN & NOLL {1963) and look upon the heat supply r, the
body forces F", F*, F- and the source $2° as quantities which may be arbitrarily
assigned. Then the usual arguments (see for example HILLS & ROBERTS (1972))
allow us to deduce
o =s(p, T,u?,w?,{),
ool I x4 ood ot 4.8

= —_—— —_—— L— e =
s B Gt g Ao

3
Clearly, the tacit assumption that l—p—, p" and A are positive places a
restriction on the form of . p

We emphasize that the results (4.8) have been obtained under very broad
constitutive assumptions for the diffusive forces g*, gt, the stress tensors, the heat
conduction vector and for y*. However, in order to progress further we need to
be more definite regarding these constitutive postulates. One possible course is
to use the assumptions we have made in conjunction with the invariance
requirements to write down equations which are the most general allowed by the
principle of equipresence. The work of SPENCER (1971) shows that the generality
of this approach leads to a proliferation of terms which might obscure our
present purpose. We prefer to sacrifice this generality in order to obtain a
measure of reassurance that our model contains the necessary ingredients.

The model we present has its roots in the postulates (4.2) and in the work of
HALL & VINEN (1956). As explained our postulates must reduce to (4.2) in the
limit (4.1). This is achieved naturally for the normal and superfluid stress tensors
by postulating the same form as (4.2) but with the partial pressures p" and p*
modified in a way suggested by the replacement of & of (4.2)s with of of (4.6).
Thus we obtain

7:?;)= "Pnaij"’#l ”:.réij'*'zl‘z"?i.nv 7;7;)=0- (4.9)
Tin= -0, Tin=0,
with
" S
p"=% {p"é;Hp"wsz‘u‘HC}.
(4.10)

=%{p’ %%—i(p —p)wi+iptu? +AC}-

BK introduced an extra stress for dissipation through vortex motions. This
consisted of two parts: a ‘pressure’ term and a vortex filament tension. In our
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theory, we include these through the stress tensor T* by writing

T = —p o+, 028+ 2,0: (4.11)
with
pt( o 2 L z} 4 L
=" dpt—4ipw—YHp-p il ——(p— " 4.12
o p{p P 0w —Hp—-p s “.12)
We observe that, as before, the total pressure p=p"+ p*+ p" satisfies
o
-t
p=p e 4.13)

The diffusive forces are perhaps the hardest to postulate since they must
correctly represent an extremely complicated microscopic interaction between
components. In addition to the terms obtained from generalizing (4.2),;, &°
should contain an interaction between superfluid and vortex lines. Following
HV (though replacing @* by {), we add a term —p*{x¢ which is the classical
Magnus force, and so obtain

=V (%') +p'SPT+4u?V (p—:{i) —iW’V{;’ (l —%)}+CV(1—;’:) —p'{xe.
@.19)

In writing g* we are guided by HV’s picture of the interaction of the normal 4
fluid excitations with the vortex core: .

grery (5)srtrrtere (15 e (BF)-co f3(1-5)]

+allxct+aslxutaglx(Cxu)+a,{l- u). (4.15)

The term involving a, is motivated by the BK theory and was not discussed in
the HV development. Other possible terms suggest themselves and would appear
in the most general theory consistent with equipresence. We leave a discussion
of generalizations of (4.9)(4.15) until § 5.

The final term of the constitutive equation (4.2),s recognizes the thermo-
mechanical transmission of heat in helium II. The way in which this mechanism
is influenced by the presence of the vortex lines does not appear to have been
given much attention although some recent work of LHUILLIER et al. (1972)
would appear to have some bearing. At this stage we simply propose

g=—-BFVT+p'STw+pta,, Tu, (4.16)

and leave the question of the interaction of heat currents and vortex lines until
§5.

In constructing the constitutive equations for y* and T* we recall that we will
be required to satisfy the {-flux conservation condition (1.4) which may be
written

3,j¢-ds={ DG g ot 4 Coot, b ds,=0 417 3
'I 3 Dt JYij iYjJ | S ( . )
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By comparing (4.17) with the conservation equation (3.4);, we are led to propose
Y =agl xC+agD " +a,,LV-v", T =0. (4.18)

The coefficients pu,, u,, a; (i=1,2,...,11), B, are at present assumed general
functions of g, T, w?, u? and {. Then it is easily verified that the equations (4.9)-
(4.16) and (4.18) satisfy the invariance requirements (3.7), _g and (3.20).

If we substitute these constitutive equations into the inequality (4.4) we find
that

%(VT)I+u.(th")z+2uztr(D"’)+(az—a9)C-D"C+(a|-ano)C’er& 19)
+(ag —p?)w-(§ x €) —ag(§ x u)? +ot(u-§)? +p“as —aty ) u- PT 20.

Assuming that the coefficients are continuous functions of their arguments, we
can deduce by reasoning similar to that of HILLS & ROBERTS (1972)

a;—a,0=0, ay—ag=0, a—p*=0, a3—a,,=0,

(4.20)
2,0, a,20, £,20, p,20, 3p,+24,20.

To obtain further information about the coefficients «;, we recall the moti-
vation given in the introduction and we give substance to the terms ‘vortex fluid
density’, ‘vortex fluid velocity’ and ‘vortex density vector’ we have used there to
describe p*, vt and {. In what follows we shall assume that the prescribed body
force F* and source $2* are zero. By use of (4.9); and (4.14) the superfluid
momentum equation (3.4), for p*+0 becomes

f=-Vd-{xc, (4.21)
where
o= +p/p, 4.22)

is the modified Gibbs free energy or thermodynamic potential. Moreover, by use
of (4.18) the equation (3.4); governing { may be written

L
%DD—tc=a8§xc+a2D"C+a,CV~v". (4.23)
This bears a remarkable formal resemblance to the curl of (4.21), viz:
D'’ L L £l
T =V x{{-o)xv'} (" V) -')+(( - V)v"={V-v"+0v"“P-{. (4.24)
- In fact, if we choose b
_as=az=—al=-c-‘ (425)

and subtract these equations we obtain

DL
-D—,(C—w")= =V x{(-o) x v} + (" V)~ ') =" V- —0) + i x @',  (4.26)

which admits the solution
{=0’ 4.27)
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provided of course, as we shall suppose, that this is not in conflict with the
boundary conditions. (We return to this topic in our discussion of boundary
conditions below.)

The step just taken, of postulating (4.25) and selecting solution (4.27), is
analogous to the way the Landau theory is constructed to admit the solution
*'=0 in the inertial frame; see HILLS & ROBERTS (1972). Moreover, it is
evident that, when (4.25) and (4.27) hold, (4.23) satisfies the condition (1.4) of
{-flux conservation.

When we adopt (4.25) and (4.27) the governing equations tb=come

o p+V-(p"v"+p*v* +pLol)=0, . (4.28)
P =p"F +m'w+mtu—p"V(®+4w?)—{(p"+p")S+p a;} VT (429)
+ V- (py (tr D) 42, D")— 005 00° X 8 — 2 0° X (@° X ¥) — o, @ (@* - u), :

=-VP-'xc, (4.30)

prfl=—pLV{®+4(w* —u?)} +pL(a3—S) P T—w* x V x (Ad°) + p*®’ x ¢
+ a0’ X u+as0° x (0 x u)+a,0'@ - u), (4.31)

pr—T[3(pS)+V-{pSv"+p (a3 —S)u}] + V- (B, ¥ T)+p,(tr D")

+ 241, te(D") — (@ X u)? +2,(u- %) =0, (5

with the equation (4.23) being superfluous. As can be seen, these equations
involve the vector @'. Indeed, the superfluid ‘momentum’ equation (4.30) is
precisely that given by HALL & VINEN (1956, eq. 20) [see also BEKHAREVICH &
KHALATNIKOV (1961, eq.27)]. However, it must be emphasized that the system
(4.28)4.32) represents a particular solution in the inertial frame of the general
theory of this paper. No violation of the principle of material frame indifference
has been perpetrated since our theory has been developed in terms of the
objective variable { rather than the non-objective variable w®.

We now turn to the conditions to be imposed on solutions at a boundary
0B, and to ensure that these are not in conflict with (4.27) we at once insist that
in the inertial frame

{=0' on 0B. (4.33)

Whether we are considering the stress conditions at a free surface, or whether we
wish to evaluate the stress or couple on a rigid surface, we need knowledge of
the total stress on dB. The literature contains two conflicting prescriptions.
GREEN & NAGHDI (1968) propose that the total stress T be the sum of the
partial stresses T®, where a designates the different components. TRUESDELL &
TouPIN (1960) take instead

T;= Y [T +p°(v] = v)(v] = )], (4.34)
a
where v=p~'Y p*v® is the barycentric velocity. Whenever n-v"=U on 0B for

a
all a, the total surface force for both prescriptions become identical. In the

94




" AD=A079 757 OREGON UNIV EUGENE DEPT OF PHYSICS F/6 7/4
TURBULENCE AND STATISTICAL MECHANICS.(U)
; NOV 79 R J DONNELLY AFOSR=76=2880

AFOSR=TR=79-1357

'\ UNCLASSIFIED




|||| 10 K g

38 32
il P2

—— 3
i
Lo "" 2.0
e —
LT —

I'. I
L - e

lizs s pos

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-1963-A




———— q’ .

Superfluid Mechanics

present application

Lin_pl s L
T,=T}+T;+T;+ w,+p (pp £ )u,u,—-p: (wiu;—wju). (4.35)

p'(p—p°)
w;
P

When the viscosities and thermal conductivity of the fluid are neglected, it is not
generally true that n-v* and n-v" are zero on 0B, and the predictions of the
TRUESDELL & TOUPIN condition differ from those of GREEN & NAGHDL
Experiments with ‘heat currents’ in non-rotating helium have long confirmed
the correctness of TRUESDELL & TOUPIN’s conditions, and the additional
stresses p”"p*w;w;/p required to explain the experiments are usually called ‘heat
stresses’ (see, for example, ROBERTS & DONNELLY (1974)). We imagine that in
rotating helium (with zero viscosity and thermal conductivity) the additional
heat stresses shown in (4.35) would also be required. From now on, however, we
will retain viscosity and thermal conductivity and will find that, as a con-
sequence of (4.38) or (4.41), the difference between the prescriptions evanesces.
Ignoring Kapitza resistance, we find that the thermal boundary conditions are

T, B,n-VT continuous on 0B, (4.36)
if B is thermally conducting and

n-VT=0 on 3B, 4.37)
if it is insulating.
Turning next to the mechanical conditions, suppose first that the surface is
rigid and moving with velocity U. Bearing in mind the no-slip condition on ¢"
we have

"=U, n-(-U)=0, n-(v'=U)=0 on B. (4.38)

In deriving other conditions we treat the cases n - @*+0 and n - ®*=0 separately.
In the former case it is clear that the physical nature of the boundary will
impose further conditions on v%. When the surface is ‘completely rough® we may
expect that the vortex lines will be permanently attached to the points at which
they meet 0B so that

(n- oY) x(®'-U)]=0 on dB, (4.39)

while for a ‘perfectly smooth’ surface the lines will always have to meet B
perpendicularly, i.e.

(n-0')[w*xn]=0 on JB. (4.40)

To emphasize that (4.39) and (4.40) are, and shall be, vacuous when n - * is zero,
we have included n - @* as a factor in both left-hand sides. In the general case of
continuously varying «*, and ¢B with continuously turning tangent plane, n - ®*
will vanish on 0B only on isolated curves, arbitrarily close to which (4.39) or
(4.40) holds. The experimentalist commonly considers, however, cases in which
n - ' vanishes over a two-dimensional subspace B’ of dB, as for example on
the curved surface of a cylindrical container rotated about its axis. Moreover, in
such a case @' is unidirectional on dB’ and, although an unwarrantably long
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digression would be required here to support it, a further boundary condition is
needed to determine the flow. This condition is @*=0, and indicates the
existence of a vortex-free region adjacent to 5"

For a free surface the corresponding conditions are

S -n=p. .:"'..gu -,
(T"+T*+TYn=—1IIn, 4.41)
(n- @)[n x @] =0,

where IT is the constant pressure of the vapour above the free surface. The
condition (4.41), expresses the balance of surface forces normal to the free
surface and the last condition insists that the vortex lines should be normal to
the free surface. In stating these boundary conditions we have used physical
considerations. It is, of course, not yet feasible to state whether these conditions
make any flow problem mathematically well-posed in the sense that they ensure
existence, uniqueness and continuous dependence. For a further discussion of
boundary conditions see KHALATNIKOV (1966, § 16).

In spite of the special nature of the constitutive postulates (4.9)—(4.16) and
(4.18), the equations (4.28)—(4.32) represent a complex system of partial differen-
tial equations. It is, therefore, appropriate to consider a somewhat simplified
theory in which the total mixture is assumed incompressible in the sense that the
total density p is constant. This will have the effect of filtering out first sound
and introducing into the theory a pressure p which is no longer given by a
constitutive equation but is instead determined by solving the governing equa-
tions subject to the boundary conditions. In addition we simplify the con-
stitutive model. Firstly, we assume that A, S, p*/p, p'/p and 4 are linear
functions of u?, w? and { and general functions of the temperature T. Then, from
(4.8), we deduce

$ 3 L L
a=4am, L=Lm, LLm, i=iam),
ot AR (4.42)
S=So+S, u+8, w2 +8,(,
where
dA 1 dp* 1 dp* 1di
s°=—d_T' s"‘ﬁﬁ- 1==3, aT" T 4.43)

Moreover, we assume that the constitutive equations (4.9), (4.11), (4.16), (4.18)
hold but with

P=p"2 p=pP-4p'w, pt=ptP-$ptut-il,

p 1o 1p*
#="4+-EwE
p 2p 2p

ul +£ c (4°“)
p Y

and

= [ap-'+p's+§u= ”;' ot -4 (1 -i”’:) wip¥ +{ %' 1'] PT-p'Cxe, (4.45)

-y
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L L s _P_L L zp_" s _ _’_’f '
g [?p +ptay—4u (l p)p +iw 2 P C(l p)).]l?T s
t+ag{xctagl xu+aglx(Cxu)+a,i(-u),

where a dash denotes differentiation with respect to the temperature T. Then the
theory can be developed as before and the resulting equations are (4.29)-(4.32)
but now with

V-(p"0"+p’v'+pt oh)=0, 4.47)
and
: 1pt , 4
SR (1—"—) wiizl s o=+l (4.48)
p 2 [ 2p p [

We note that, under isothermal conditions, the densities p", p*, p* and the
coefficient 4 become constants. This represents a substantial simplification of the
more general theory.

5. Relations with Previous Theories, and Possible Generalizations

The density p* was introduced in §1 to allow for the fluid trapped in and
about the vortex core. It was noted that, unless the cores are decorated by
necklaces of glass beads in the way proposed by WANG et al. (1975), their inertia
will be small and we expect that only a small error would be made by setting p*
zero. Therefore, we take the limit of the system (2.8), (4.8), (4.13), (4.28)—(4.32) as

¥ pt—0 (5.1)

uniformly, assuming that the velocity field, vortex density field and their
gradients remain finite. There result the approximate equations

p=p"+p’ (5.2
oA =d'(p, w0, S= ——q'i,
oT (5.3)
ST ARG '
p= paw2' =p aw,v p"P ap ’
o,p+V-(p"v"+p*v)=0, : (5.9
P [ =p"F +m'w—p" V(& +3}w?)—pSVT+V (u, tr(D") I +2p,D") (5.5)
—0g @' X U—0ag @ X(0° X u)—a,w' (@ - u),
[i=-VP -w'xe, (5.6)

0=—-'xVx(lo)+p' o' xc+os @0 Xxu+a,0 X (@' xu)+a, o' (@ u), (57

pr—TL(pS)+ V- (pSY)]+V (B, FT)+p,(tr D")* + 2p,(tr D)
—ag(w* x u)? +a,(u - 0*)?=0,

(5.8)
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o=l 103 e L (59)
p 2p [ [
In the limit (5.1), since @* +0 in general, equation (5.7) may be solved directly to ’
give
B p* Bp" .
ay=0, --(1- 2p).4 Sy XA (5.10)
where
A-f—f—%?x(l&'), (5.11)
2pp’ag @’ 2p [ P'(p* —as)
= — '] A =— l—-—-—T———-r . (9. -
B=—rr—ar i T | —agrraiar ) G2

Again, we assume that the solution does not conflict with the boundary
conditions (see later). Since u=v"—v", equation (5.10), gives v" explicitly in
terms of v" and v’. After the limit (5.1) has been taken »" assumes a partially
kinematic character, there being no unique way of deciding what is meant by
‘the’ velocity of the lines. This arbitrariness is reflected by an indeterminable,
but dynamically ineffective, multiple of @* which could be added to u in solving
(5.7) but which we have chosen to omit from (5.10),. In the limit

las] >0, ag——00 (B-oO, 52%.--»1)

of strong interaction between vortex lines and normal fluid, (5.10), gives &=0
] (v"=v"Y) as it ought. In the limit of weak interaction a5 —0, ag—0(B—0, B'—0), it
gives u=A which implies that o* differs from v* only by a self-induced motion
that vortex lines have when bent, reflected here by the final term of (5.11).
Using (5.10), we may rewrite the momentum equations (5.5) and (5.6) as

P [ =p" F"+m* w~p" V(& +4w?) = pS VT+V -(u, (tr D) +2p,D") -G, (5.13)

P fi==p'V® -0 xV x(1d")+G, (5.19)
where
Bos _Bro
G-——zp—afx(a'x,{) 2 o' xA. (5.15)

The total momentum equation, obtained by adding (5.13) and (5.14), is
0" +p' V) +(p" VI vj+p" Vi V),

5.16
: 0 e (i O b4 2y B p A = A b))
;: ! The energy e ation (5.8) may be cast in the form
¢\ _R

[ a,(pS)+v-(ps.~+T) 3 .17
] 1’. 1

i

|
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where ¢'= — B, VT is the molecular component of the heat conduction vector

(4.16) and R includes the dissipation rate from both the viscous and frictional

forces, viz:

Bp"p’
2p

+2u, te {(D"—-Lu D" D).

R=pr+§1—f T+ @*(@° x A)* +(u, +$u,)(tr D")?

(5.18)

We now compare these equations with those of BEKHAREVICH & KHALAT-
Nikov. However, in the original paper of BEKHAREVICH & KHALATNIKOV
(1961) the complete system of governing equations is not formally stated, so for
ease of reference we shall use the account of the BK paper given in DONNELLY
(1967). The relevant equations in DONNELLY are (4.124)-(4.129)". We observe
two differences. Trivially, our @' is their @. In addition, a term Vh included in
the account of DONNELLY is absent from (5.14). This term arises from the
assumption that the stresses acting on the normal and superfluid were as
postulated by KHALATNIKOV (1956). It was noted, however, by ROBERTS &
DONNELLY (1974) that these could be included only by broadening the con-
stitutive basis of LANDAU's theory in a far from obvious way. In this paper we
have postulated viscous stresses appropriate to a Newtonian normal fluid, but it
would be a straightforward matter to generalize our approach using the work of
ROBERTS & DONNELLY (1974) if this seemed desirable. It is, of course, a simple
matter to obtain from (4.42)-(4.48) a simplified HVBK theory for an incom-
pressible fluid.

As with the general theory of §4, we need only consider the mechanical
boundary conditions. At a rigid surface B moving with velocity U we assume

(= v'=U, v-n=U-n, ) (5.19)
with
(n- ') @* x (vt —U)=0 if the surface is rough, (5.20)
and '
(r- o)’ xn=0 if it is smooth. (5.21)

The discussion below again indicates that when «* is unidirectional and parallel
to a finite area B’ of 0B, then w* is zero thereon. If 4B is a free surface, then the
appropriate conditions are

{=w', v'-n=0'-n=U-n (n o) xn=0,

(T"+T*+TYn=—1In, N

where IT is the constant pressure of the vapour above the free surface. We have
not imposed any condition on the component of v* parallel to @ since, as we
have seen in obtaining the solution (5.10),, this component has an associated
arbitrariness in the limit pt —0.

* Equation (4.125) of DONNELLY (1967) contains a typographical error in the sign of the term
with coefficient B.
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This concludes our discussion of the BK theory. The corresponding com-
parison with the HV theory is too similar in spirit to be given here.

One may naturally wonder whether, despite their complexity, our equations
or those of the HVBK theory, embrace all the fundamental phenomena of
highly rotating, or more generally highly vortex laden, flows. The essential
feature of the model (4.9)(4.16), (4.18) is that it allows the solution (4.27) and we
feel that any generalization should also allow this solution. In this context, we
note that the solution (4.27) is obtained irrespective of the form of the vortex
fluid momentum equation. Consequently, there would appear to be a measure of
freedom in the postulates we make for g“ and T ,. However, the entropy
inequality (3.18) must be satisfied and this restriction rules out a number of
possible generalizations. For example, using the representation theorems given
in SPENCER (1971), we might try and add to the expression for g* the terms

Vilx(Cxe)+v L xwHvyiIx(Exw), : C(5.23)

where, as with the a;, the coefficients v,, v,, vy are assumed general functions of
p, T, w?, u? and (. But, by use of (3.18), it is an easy matter to show that v, =v,
=v,=0. Nevertheless, some generalizations are possible. Of particular concern
is the heat conduction vector (4.16). When, for example, a temperature contrast
is set up in a direction perpendicular to the angular velocity vector in a highly
rotating flow of helium II, the counter current will be deflected by the vortex
lines and impeded by the friction between normal fluid and vortex cores; there
will also be corresponding reaction forces on the lines which, il they are not
pinned on the end walls, will tend to move. Although some of these effects may
already be included in our governing equations, it is by no means obvious that
amendments to ¢ and g" are not required. It seems, therefore, to be of some
interest to observe that terms of the right type can be included using the
representation results in SPENCER (1971). For example, we may change (4.16) to

9=-B,VT+p'STw+p o), Tu~B, T{xu+B; T{x({xu)+B {xVT (5.24)
where again- the coefficients B, — B, are assumed general functions of p, T, w?, u?

and {. No concomitant difficulty with the inequality (3.18) arises provided the
postulate for the diffusive force g is changed to

L_ ﬁ L i L __p_':
gt=pV (p)+p ayVT-4u V{p (l p)}
1y (PEP) ¥ ;
+iw 7( - ) cv{a (1 p)}+a.€xc (5.25)
+agixutagi{xCxu)+a,{ - u)+p{xVT+p,{x(ExVT)
We observe that, with (5.24) and (5.25), the superfluid equation is unaltered and
the solution (4.27) is again possible assuming (4.25). The equations (4.29) and

(4.31) are then modified in an obvious manner and the energy equation (4.32)
becomes
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pr—T{0(pS)+V -[pSv"+p (a;—S)u+p,w"xu
—f0* x(@*xu)—B,*xVT]}+V-(B,VT) (5.26)
+py(tr D) + 2, tr (D) — g (0 X u)? +atq(a - @) =0,
For the theory obtained by taking the limit (5.1), the effect of making the

postulates (5.24) and (5.25) is to replace the vector 4 in equations (5.15) and
(5.16) by the vector A where

o | i Bs
A=0"—v——FV x(Ad)+—= PT+— &*xVT. 5.27
p (Aa) o o (5:27)
The equation (5.17) becomes
6,(pS)+V-[pSn"+§—,+Bzw’xu—-B,w’x(w'xu)—ﬂ‘w‘xVT]=;,(5.28)

where R is obtained by replacing 4 by 4 in (5.18).

Recently, a series of experiments have been performed (VIDAL et al. (1971),
(1974), LYNALL & MEHL (1973)) which indicate that whenever vortices are
present in liquid helium, the velocity of second sound decreases.
LHUILLIER et al. (1972) seek to explain this phenomenon using a simplified
model in which the diffusive force of the superfluid equation contains a term
proportional to VT and the heat flux vector is also modified. In a later paper
LHUILLIER & VIDAL (1974) have shown that this approach gives a reasonable
agreement between the experimental and theoretical results. An analysis of
sccond sound for the equations of our theory also provides a possible expla-
nation and will be published elsewhere.

We conclude with a brief discussion of questions raised by the addition or
removal of vortex lines inside a container of helium. If the speed of a rotating
cylinder is altered, we expect the number of vortex lines to change. Mechanisms
of vortex production have aroused much interest in the past years with attention
being concentrated on processes that tend to bring the normal fluid vorticity o"
into equality with the mean superfluid vorticity. These are often called nuc-
leation processes (see, for instance, DONNELLY & ROBERTS (1971)). It is evident
that continuum theories satisfying (1.4) rely on the walls of the container to
supply or absorb vortex lines. Consider the HVBK theories obtained in the limit
pt—0. In the general case in which n - ®*=0 only on an isolated curve € on 9B,
" causes the points where the vortex lines meet dB to move away or towards €,
lengthening or shortening the lines in the process. We note that v® is determined
in these theories from v" and »* by (5.10). Hence, implicit in these continuum
theories is a mechanism which can create or remove new lines at ¥. Con-
ceivably, this process could be accommodated by a ‘vortex mill’ of the kind
envisaged by GLABERSON & DONNELLY (1966).

In seeking an alternative mechanism for the creation and destruction of
vortex lines, we shall consider two generalizations of the constitutive postulates
which relax the {-conservation law (1.4), but which preserve the solution (4.27) in
an inertial frame and are such that the entropy inequality is still satisfied. When
such ‘intrinsic mechanisms’ are present LANDAU's equations cannot be recovered
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in the limit (4.1). The first of these generalizations is probably not a nucleation

process in the sense described above. We observe that if the postulates (4.9) are
altered according to

7
g8+ au gi-gt-pla A, T— - (E) ;2 € Uy,
(5.30)

F-f~a,,V (‘2:) xu, a;=a,,(p, Tw?ul]),

where A is defined by (5.11), then the entropy inequality is unchanged and (4.21),
(4.23) and (4.25) are replaced by

fi=—V®-{xc+a,u (5.31)
DLC c L L
E—=Cx +D*C—CF - vt + ¥ x(a,, u). (5.32)

Following the same procedure as before, we find that these admit the solution
(4.27) in the inertial frame, but (4.17) is now

T 16 dS=[7 x(@300-45, (5.33)

so that {-flux is not generally conserved.
If we consider this generalization in the limit (5.1), we have in place of (5.7)

0=a'x[p’A—(p*—as)u+as0’xu]+a.(0* - w)o*—p*a;, A, (5.34)

an equation which can be solved for u to give

i By PR B i
G=-—0,— & x (@ xA) === @' x A+ 2= @ )@, (539)
where
200" ag(@” +ai,)
=— 5= 5.36
P (Fan e P i
pait [ Qe -eeniddy |
[ 0" [(p* —as5)* +ag ] (5:36)

2 2pp°a a

=p"w’[(p’—:,)’l-:-a: P [P’*“s L LIP) +;":f.1]-
It is interesting to note that the B” term in the mutual friction G, shown to be
zero in the simplest form of the theory, has for the first time made an
appearance. If this is the only method by which this term can arise, it indicates
that this effect is present only in experiments in which a,, is significant, and in
which {-flux is not conserved.
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The second intrinsic mechanism we consider appears to have a definite
relation with nucleation processes. Instead of (5.30), we now generalize the
model according to

2 A
gog+p 2,34, 75‘"2 LEL VT s el T (E) i

a13=a13(P- 1:“’2, uzr c)' (5‘37)
where 4 is again defined by (5.11). To the left-hand side of the entropy
inequality must now be added p*a,, 42, and we deduce that

2,3 20. (5.38)

Equations of the form (5.31)—(5.33) follow as before but with a,;u replaced by
a,3A. Thus, again, {-flux is not preserved but (4.27) holds in the inertial frame.
The term p*a, ;A4 in the new expression for the diffusive force g* appears to be
related to the force kp”" p*|w|* w proposed by GORTER & MELLINK (1949) from
experiments on turbulent heat currents in straight annular channels. This
geometry, in which w and A4 are parallel in an average sense, cannot critically
distinguish between these two diffusive forces although it may be possible to use
it to provide experimental information about a, . It would evidently be of some
interest to compare the predictions of the two diffusive laws in experimental
situations in which w and 4 are not parallel.

To interpret physically the terms added to Tj and ¥* in (5.37), we consider
the evolution of {-flux. Taking (4.27) we find

d 7 x (16"
E{m‘-dS:{{a,,[(w"-— ’)—Vx(——’%’—w—))]+7a,,le}-ds. (5.39)

We expect a,;, like a;,, to be sensitively dependent on w and T and to be
negligible for slow flows and low temperatures. If, however, we face a situation
in which a,, is significant, the sign (5.38) of a, 5 is that which favours nucleation.
Consider, for example, an experiment with a rotating bucket in which the
normal fluid rotates as a solid body with the walls. If we take X to be in a plane
perpendicular to the rotation axis, (5.39) gives approximately

d
- g o - dS= ga,,(w" -")-dS, (5.40)

and vortices will be nucleated to bring »” and w* into coincidence.

It is, of course, possible to combine the modifications (5.30) and (5 }7) into a
composite law that gives both nucleation and a B” coefficient. Even these
examples do not exhaust the thermodynamically admissible generalizations of
the HVBK theories.
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CALCULATION OF THE STATIC HEALING LENGTH IN HELIUM Il

P.H. ROBERTS !, R.N. HILLS and R.J. DONNELLY
Institute of Theoretical Science and Departinent of Physics, University of Oregon,

Eugene, OR 97403, USA

Received 28 November 1978

The healing length for stagnant liquid helium I at an infinite plane boundary is calculated from the Hills—Roberts
cquations. A new thermodynamic function needed to complete the calculation is derived from neutron scattering and
thermodynamic data. Results for the healing length arc obtained from absolute zero to about a tenth of a degree from
the lambda point, and at all pressures. Comparison with experimental evidence is presented.

Experiments on the propagation of third sound
in thin, unsaturated films of helium Il show that the
superfluid behaves as though it had a lower areal den-
sity than that given by the product of the superfluid
density, p%, and the film thickness at the same tem-
perature, T. Rudnick and his collaborators [1,2] as
well as other groups, have associated this reduction

“in density with ‘“healing”, the notion that the super-

fluid density decreases near a boundary. Hills and
Roberts [3—5] have formulated a two-fluid theory
to describe healing and relaxation which rests on ac-
cepted macroscopic balance laws for mass, momen-
tum and energy together with a postulate for entropy
growth. This theory is entircly hydrodynamical, valid
over the whole temperature range and allows a con-
stitutive dependence on density gradients. Near T,
these equations in a sense contain the Ginzburg--
Pitacvskii order parameter model [7]. The boundary
condition applicable to p* is not known a priori but
in this letter we explore the consequences of setting
pS equal to zero on an infinite plane boundary and
compare the results with available data. The healing
length we define is analogous to the “layer thickness”
of boundary layer theory.

Consider stagnant helium in complete thermody-
namic equilibrium, filling the half-space z > 0 above

! permanent address: School of Mathematics, University of
Newcastle upon Tyne, Newcastle upon Tyne, UK.
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a plane boundary z = 0. The governing equations arc
(see egs. (3.7)—(3.10), ref. [5])

A+p(dA[dp) =), A=A, T, 0%, (1)
p2(34/3p) + (n*(8m’p%) (dp*ld2)* = P, @)

where 4 is a free energy function, &, and P, are the
Gibbs free energy and pressure at great distances from
the wall and m is the 4He mass.

It is difficult to solve eqs. (1) and (2) simultane-
ously for general A(p, T, p%): the superfluid density
pS can range independently from zero to the bulk
value, £ (f = f(p, T)), at iarge distances from the wall;
the total density p may itself vary near the wall. Ac-
cording to Brooks and Donnelly [6], however, 4 is
dominated by the ground state free energy 4 (0),
which is ~ 15 J/g whereas the excitation part Ag is
at most 0.4 J/g. This suggests an expansion in small
Ay /A whereupon eqgs. (1) and (2) give

(#?(8m’ %) (do*/dz)? - py APy, T. 0%)

=—py Aoy .1, 3 3
where p, is the value of p far from the wall.

We must solve eq. (3) subject to the conditions
p*=0 on z2=0, pS—>/ as z->oo, 4)

the latter of which has in essence been incorporated
in eq. (3). We obtain
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R
2= (hf12omM)' [ [AGRY) - 4] R, (5)
0

where we have suppressed the suffix on p, replaced
pS by fR2, and written Ap(p, T, p%) as A(fR?), the
other arguments (pg and T) being constants. We note
that for small ¢, ¢ = T, - 7, it should be possible to
write to a good approximation

A(p, T, 0%) = Ay (p. T) + A, (0. T [p* ~ f(p, DI*/2p.
(6)

In this case eq. (5) yields a familiar solution obtained
in the work of Ginzburg -Pitacvskii [7], viz:

o* = ftanh®(z/D), D =njmiA N )

There are various possible definitions for the term
“healing length”. For instance, it can be that value
of z for which p® attains 90% of its bulk value, that
is R =+/0.9. We shall use as our measure the “dis-
placement thickness”, 8, which is defined to be that
distance for which f3 is the superfluid mass (per unit
area of wall) “displaced” from the wall through heal-
ing: in other words, the hypothetical density distribu-
tion

pt=0, z<8,
t,

z29, (8)

should have the same net superfluid mass as the ac-
tual solution. For the density distribution (7) the dis-
placement thickness is D.

For a general energy function 4, eq. (5) can be
evaluated only by numerical integration and p$ will
not follow the tanh law (7) except for small ¢. The
displacement thickness is

6= [ (1 - RY)dz = (@2 f120m)' 2
0
1
X [ (1 RHIAGRY) - 4]~ R ©)
0

No theory of fluid flow can be practically useful
until the thermodynamic state functions are avail-
able. Neutron scattering and thermodynamic meas-
urements properly analyzed sive an . xcellent account
of A(p, T, f) but say virtr 'y othing about A(p, T,
p%) when p3 # f. It is a puacipal aim of this letter to
see whether onc obvious theoretical method of com-
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puting A(p, T, p°) will yield useful results when used
in conjunction with predictions such as eq. (9) of
the Hills—Roberts theory.

It is well known that the state functions of the
Landau theory depend not only on p and T, but also
on w2, where w =vf —v$ s the relative velocity be-
tween components. Also, the normal fluid density
p"(= p — p®) can be obtained from the Helmholtz
free energy F(p, T, w?2) by differentiation,

p"2p = —3F[ow?. (10)

For sufficiently small T and density excitations n(p),
F): can be accurately obtained by using the classical
expression for a non-interacting Bose gas:

Fy, = KkTJoh®) [1n {1 — exp[~(e(p) — p-w)/KT] }d*p,
(n

where €(p) is the energy of a quasiparticle of momen-
tum p in stagnant helium. Donnelly and Roberts [8]
have shown that the equilibrium state functions such
as F'(p, T) may be obtained to within a tenth degree
of T, provided the dependence of e(p) on T (and,
of course, on p) is consistently incorporated. When
t is sufficiently small or w? sufficiently large, the
rise of n and the concomitant quasiparticle interac-
tions make eq. (11) suspect.

The energy function A of the Hills—Roberts theo-
ry is given by the Legendre transformation

A=Fy - wiaF [ow?, (12)

and was numerically evaluated using the Brooks-
Donnelly tables [6] . However, at low temperatures
this scheme suffers a setback. When p" is evaluated
for TS0.6K, using eqs. (10) and (11), we find that
p" achieves its maximum, p'l", at the Landau veloci-
ty, wg, but p|| <p although 3p"/dw? > = asw > w/
(i.e. as w > w_ from below). The severity of this dif-
ficulty is extreme for small T, when eqs. (10) and
(11) yield

ot =P uk ) ), u=8telop?,

where { is the Riemann zeta function and w; and
py_ are obtained by solving, in the usual way, w; =
e(py)Ipy, = (d¢/3p)y for the Landau critical state.
Evidently p{ 0 as T - 0. To surmount this diffi-
culty we recognize that wy_divides the states of ther-
mal equilibrium, w <w, , from the states w > w at
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Fig. 1. The free encrgy function A at density p = 0.1481 g/
em? for six values of pS/f.

which quasiparticle production rates are infinite and
equilibrium is impossible. Thus, w = w; marks a
point where any value of p" between pff and oo is
admissable. To evaluate A for p" > p'i we may sim-
ply use the relation p(d4/9p%) = - w2/2 and integrate
to get

Ag=A +wlo} -2 (0°<p})- (13)

This model allows us to treat the range TS06K.
For T = 0 its consequences arc particularly elemen-
tary. The solution of eqs. (3) and (4), though de-
manding a careful treatment too lengthy to report
here, yields

5 ->h/8mw , T~0. (14)

This remarkably simple result gives § =2.12 A at
T=0. Since w| = A/py, it demonstrates that § cou-
ples to the reciprocal of the gap (and therefore the
structure factor) and not to the interatomic spacing.
Fig. 1 shows A as a function of T and it will be
noticed that, for each p%/f, the curve appears to con-
verge on one value A, of A at T, . The behavior of
8 as a function of T for several values of the pressure
is shown in fig. 2 *!. We find an incrcase of ~ 27%
in & on going from 0 to 25 atm. Steingart and Glaber-
son [9] have shown that the vortex core parameter

1 1t may be noticed that, according to ¢q. (2), it is the total
pressure and not the kinetic pressurc that is constant
through the healing layer. The fact that we have used tabu-
lations at constant P might therefore scem to be dangerous.
It may be shown, however, that the resulting crror in 6 18
only of order Ap:5/A¢;, and is no worse than the neglect of
Ap/AG )2 terms already discarded in the derivation of eq. (3).
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Fig. 2. The displacement thickness 6 for six pressures 7 inatm.

ncreases by 27 + 4% over the same pressure range.
The vortex core parameter is a dynamic rather than

a static healing length. Near T = 0, it can be evaluated
in a manner analogous to the discussion of eqgs. (13)
and (14) and yields 091 A or about 0.435. In fig. 3
we compare our results for & with various experi-
ments and the solid curve assumes that healing takes
place at both the substrate and the free surface of

T T T T T T T T
> SCHOLTZ ET AL (2} a
6} o RUDNICK B8 FRASER (1)

® TELSCHOW (11)

0 YANG (10)

8 (ATOMIC LAYERS)

0 =
- oy
o 000 606006008

T(K)

Fig. 3. The total displacement thickness at P = 0 compared to
the results of various authors. The solid line corresponds to
25, i.c. healing on the substrate and the free surface. The
lower dashed line corresponds to 1 + 8, i.e. healing at the edge
of the solid layer and none at the free surface. The upper
dashed line corresponds to 1 + 26, i.e. healing over the solid
layer and at the frec surface.
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a film. The agreement is within 20% of the measure-
ments throughout; our calculations, however, have
no adjustable parameters.

There is considerable evidence that something of

the order of one atomic layer on the substrata is solid.

The dashed curves in fig. 3 show that two healing as-
suiiptions treating the solid layer as an infinite po-
tential barrier less consistent without calculations
than healing on the substrate and free surface. On
the present theory it is the increase in p" which re-
duces p%. The data suggest that the solid acts in much
the same way as excess normal fluid in reducing pS.

We are grateful to Professor 1.M. Khalatnikov for
discussions of this problem. This research was sup-
ported under grants NSF ENG 76-07354, NSF DMR
76-21814 and AFOSR 76-2880.
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A Theory of Temperature-Dependent Energy Levels:
Thermodynamic Properties of He I1*

Russell J. Donnelly and Paul H. Roberts

Department of Physics and Institute of Theoretical Science, University of Oregon, Eugene,
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The statistical mechanics of interacting bosons is considered for cases where
the interactions are sufficiently strong that the observed energy levels are
dependent upon temperature. An approximate method is developed to handle
the theory when energy levels are known from experiment. The results are
applied 1o the thermodynamic properties of He II using Landau’s theory of
elemenuary excitations. This theory is assessed in several levels of approxima -
tion, and the results are compared extensively to measured thermodynamic
properties. The relationship of neutron inelastic scattering measurements to
these problems is discussed.

1. INTRODUCTION

Landau first sketched the S-shaped dispersion curve for the elementary
excitations of He II in 1947.' While his theory for the thermodynamic and
hydrodynamic properties of He II had many notable successes, it was the
advent of inelastic neutron scattering measurements which made the basic
truth of his assumption on the dispersion curve evident to all. We have
recently reviewed the hydrodynamics of He Il in an effort to assess the
present state of superfluid mechanics and to identify problems which are
likely to need more work in the future.” This paper is an attempt to do the
same for the thermodynamic properties of He II, more from the point of
view of an assessment rather than as a comprehensive review; and we shall
see that the overall success of the quasiparticle model as applied to ther-
modynamics leaves much to be desired.

Our interest in the thermodynamic properties goes back to the publica-
tion of Experimental Superfluidity,® which contained a set of tables of most of
the known properties of Hell, including the results of early neutron

*Research supported by the National Science Foundation and the Air Force Office of Scientific
Rescarch undcr grants NSF DMR 76-21X814 and AFOSR 76-2880.
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scattering experiments in the form of the Landau parameters of the spec-
trum. More recently, we have been preparing a comprehensive set of tables
of the properties of He II as a function of temperature and pressure, which is
to be published in the Journal of Physics and Chemistry Reference Data.*
Since there is nowhere near sufficient experimental data to fill these tables, it
was natural to try to use the Landau elementary excitation model as a way to
supplement direct thermodynamic measurements by data from inelastic
neutron scattering. There is a long history of such attempts. The first
systematic neutron studies of He II at the vapor pressure by the Los Alamos
group® brought forth the reassuring conclusion that the Landau theory was
applicable up to temperatures of the order of 1.8 K providing one used the
actual dispersion curve for the calculation rather than the Landau approxi-
mation of roton and phonon branches.® Subsequent thermodynamic studies,
such as are surveyed in Wilks' monograph,” however, contained disturbing
discrepancies, such as differences between neutron and thermodynamic
quantities (roton effective mass, for example) which could be as great as a
factor of two.

Since that time, neutron scattering measurements have had two princi-
pal thrusts. The Chalk River group has extended measurements to higher
energy and momentum, revealing a richness in the dispersion spectrum
heretofore unsuspected;® and the Brookhaven group has produced systema-
tic studies of the roton spectrum over the entire temperature-pressure
plane.’ The latter report, however, which we shall refer to as DGHP,
showed that there exist very serious discrepancies between thermodynamic
measurements of the entropy at finite temperatures and pressures and the
values deduced from neutron studies. The discrepancies are serious enough
to render the excitation theory all but useless except for order-of-magnitude
estimates. It appears that difficulties arise whenever the linewidth of the
scattered neutron group becomes finite, and one is led to suspect that there
might be a serious problem with the statistical formulation of the ther-
modynamics whenever the observed energy levels are broadened. Further
complications involve the existence of temperature-dependent energy
levels. To appreciate the magnitude of the temperature dependence, note
that the roton energy parameter A/k (see Fig. 1) changes from 8.54 K at
1.26 Kto4.61 K at 2.1 K.

Aside from linewidth and temperature-dependent energy level prob-
lems, other experimental evidence prompted some serious questions. For
example, if one plots the molar volume of He II as a function of the number
density of phonons at low temperatures, one concludes that the addition of a
phonon expands the liquid by about 3 A*. Conversely, if one plots the
molar volume of He 11 as a function of the number density of rotons at higher
temperatures, one concludes that the addition of a roton to the fluid
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contracts the liquid by about 3 A”."'! The question then arises: Does the
P8V work involved in the addition of a quasiparticle at pressure P, accom-
panied by a volume change 8V, have to be taken into account explicitly in
estimating the energy transfer by a ncutron? (As we shall see below, it does
not.)

In this paper we shall present a new theory of temperature-dependent
energy levels for Bose excitations, which allows the calculation of the
thermodynamic properties of He II whenever the exact energies of the
elementary excitations are known from experiment. A preliminary letter has
already appeared on this subject.'” With this new theory it will prove
possible to deduce quite accurately what the effective values of A must be to
‘““explain” the thermodynamic results. Below 1 K, these values of A corres-
pond to the neutron data. Above 1 K, these values systematically depart
from the parameters deduced from neutron scattering. The discrepancies
described above are not resolved in this paper: Some investigators would
claim that they never can be. We believe that the experimental results
indicate that there exists an “effective sharp dispersion spectrum,” which it
should be possible to deduce from neutron scattering data. Indeed, Maynard
at UCLA, in a related research project (described in Section 10, below) has
reached a quite similar conclusion."*

The plan of this paper is as follows. We discuss in Section 2 the statistical
mechanics of interacting bosons in a manner which is independent of our
later considerations of the elementary excitation or quasiparticle picture of
He I1. The main results on temperature-dependent levels are derived and
stated there. Since these results require differentiation of energies with
respect to temperature, pressure, and wave number, we discuss ways of
representing the spectrum of elementary excitations of He II in Section 3.
The actual situation in liquid helium as probed by inelastic neutron scatter-
ing is not as simple as one has in mind doing the statistical mechanics. Our
experimental knowledge of the dynamic structure factor, quasiparticle
energies, and some of the associated experimental problems are outlined in
Section 4. The underlying cause of at least some of the temperature
dependence and linewidth problems is the long-range interaction between
rotons, which is recognized to be dipolar. Section 5 contains a summary of
some of the important results on these problems. With a more complete idea
of the situation in He 11, we compare in Section 6 the results from neutron
scattering experiments with the formulas for entropy and the equation of
state derived in Section 2. We find the situation at the saturated vapor
pressure relatively clear-cut, but at higher pressures and temperatures
increasing discrepancies between calculated and observed results are noted.
The concept and use of an effective spectrum are reviewed in Section 7.
Sections 8 and 9 show the results of calculations with the simple and
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generalized Landau approximations to the spectrum, and Section 10 con-
tains a brief discussion of an alternative, but related, approach to the
representation of the spectrum.

2. STATISTICAL MECHANICS OF INTERACTING BOSONS

The object of this section is to develop a self-consistent approximation
for the statistical mechanics of a set of interacting bosons. It will be supposed
that the energy 3

E=E@m, V) (1)

of the system is a known function of the setm=(n, n,, . . ., nn) of occupa-
tion numbers of the bosons in N discrete modes (the assumption that N is
finite being made purely for presentational convenience). The approxima-
tion that will be developed exhibits clearly the single postulate that is needed
to interpret and justify the often-used idea of temperature-dependent
energy levels. We point out a number of pitfalls that can arise if that idea is
applied too superficially. Our treatment has points of similarity with the
earlier discussions of Rushbrooke,'* Elcock and Landsberg,'® and Bendt ez
al.® (BCY). It contains, however, a number of significant differences.

In the first instance, we do not consider that the energy ¢, of level a
depends on T, but introduce the more general definition

e

€a(n, V)=8E(m, V)/on, (2)

which we apply whether the system is in thermal equilibrium or not. In the
particular case in which all ¢, are independent of n, (2) implies

E=Ey(V)+}Y n.e.(V) 3)

a familiar result but one which we cannot use when de,/ang # 0. Here Eo(V)
is the ground state energy.

The probability #(n, V, T) that a system at volume V in the ensemble
should have occupation numbers ny, . . ., ny inthe fevels e,,...,en 18

P, V,T)=C"exp[-BE(m, V)] 4)
where C is chosen so that 2, a probability, summed over n, is unity,

C=Yexp[~-BE(m, V)] (5)

and B = 1/kT.

o
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Of particular interest are the mean values of quantities such as entropy
S, energy E, etc., when thermodynamic equilibrium prevails. We define such
means, for any quantity Q(m, V), by

Q(V, =X #@m, V,)Q(, V) (6)

By analogy with the usual expression for ? in Bose statistics, Z(m, V, T) is
the greater, the smaller the n,. If, however, Q increases with n,, then the
terms of (6) making the greatest contribution to Q are not those nearn = 0.
We will suppose, in fact, that in calculating the averages of interest below,
the terms making the largest contributions to the relevant sums are those for
which the set n is in the vicinity of some other set w, and that the terms for
which the truncated Taylor expansion

E®m, V)=E(w, V)+X (n, — w,)€q(w, V) 7

is seriously in error make a negligible contribution to these sums. At the
moment, the set w of (7) is unknown. Later we will suggest a criterion for
optimizing the choice of w.

On substituting (7) into (4), we obtain

Pm, V,T)=Z"[lexp[-Bnac.(w, V)] ®)

where Z is a partition function

Z =[] X exp[—Braca(w, V]=]]{1-exp[-Be.(w, V)]} )

We may obtain A, from (6) by a standard argument

gk _ 30 na exp[—Bnaca(w, V)]
Ao =ZnP0, V. 1= "0 b (~Bnutaton, V)]

¥ .
—6(36..) In %: exp [—Bn.c.(w, V)]= B [ae, In Z]m - (10)

Using (9), we obtain

A, = {exp [Beq(w, V)]-1} ' (1
a result which may also be obtained by maximizing an entropy,

S=kY[(1+n)In(1+n.)—n. Inn,] (12)

for given E, V, and T. The equilibrium entropy
S=Y[kIn(1+4,)+A.q(e0 V)/T] (13)
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can be obtained by differentiating the Helmholtz free energy F=—kT In Z
with respect to T, holding V and the set w constant, or simply by substituting
(11) into (12).

What is the optimum choice of w? We postulate that the best choice of
 is the one that maximizes the equilibrium entropy S in (13) holding V, T,
and E constant. We note that by (2) and (7),

(£29) —se@n(3E) +3@-on(22Y) a9
while by (11) and (13)
(B89 _L5(®) a@w as)

It follows that [provided the multipliers are the same as appeared in (8),
which can in fact be shown to be the case], the condition for an extremum of
Sis

. dea (@, V)\ _
X (A wa)( . ), =0 (16)
for all y, i.e.,
w, = A, (17)

[The possibility that the matrix de./dw, in (16) is singular need not be taken
seriously. For example, when ¢, is independent of n, (7) is exact for all
choices of @, and the fact that (17) does not then follow from (16) is
physically correct.]

Using (17) with (11), we obtain

n, ={exp[Be.(m, V)]-1} ' (18)
and the equilibrium entropy is
S=Y[kIn(1+n,)+n.e,/T] (19)

where we have dropped the overbar on §, A, and &, = &, (@i, V). Note that
(18) is identical to the classical expression which holds when &, is known and
the right side of the equation can be calculated to give n, at once. When ¢,
depends on nin some assigned way, (7) is not exact and the right-hand side of
(18) depends, through &,, on #,. Thus (18) is an implicit equation for #,,
which could be solved by iteration and would then give the particular Taylor
expansion (7) that maximizes the equilibrium entropy. Once 7, has been
determined in terms of V and T, all equilibrium fields can be expressed in
terms of these variables. In most cases of interest ¢, (n, V) is unknown, and
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only &.(id, V) is known from experiment; then ¢,(#, V) is replaced by
€.(T, V) and substituted into the right side of (18) to give 7, directly, as in
the classical case.

A word of caution is appropriate here about the way the theory
developed above might be misapplied. Although the optimal choice of @
turned out to be dependent on T, the entire argument supposed w was fixed.
Thus, for example, when obtaining the form (18) for 71, using (10) we hold @
constant during differentiation before applying (17). This proviso becomes
crucial when differentiating the free energy F=—~kT InZ to obtain the
equilibrium entropy (19). If (17) is applied to (9) before differentiating with
respect to T, and A, is treated as a function of T during that differentiation,
then a seriously incorrect result for § would be obtained instead of (19).

We now switch to continuous variables using the transition '

vV (® ;
Togel, v @

and express (19) in terms of variables P and T for comparison with
experiments on He II:

S=(V/21r2)j [k In(1+n)+ne/Tlq* dq (21)
0
which, on integrating by parts, may be written
SRR AT
Integration of (22) over T for fixed P gives for the Gibbs free energy

¢=%(P)+#LTK;’—TK§(Z—:) q'dq (23)

P.T

where ®y(P) is the corresponding ground-state free energy. Writing V= ®;
for the molar volume at absolute zero, we obtain the integral equation of

state
V= Vy(P)- E}F LTVT“T Lm e[(:—;',) T.‘+'£3‘1(:_;'.) ”]q: dqg (24)

which implies that a = V'(@V/aT), is

=gzl AP, TG e o

At first sight the appearance of the an/dq terms of (24) and (25) is
unexpected. Their necessity follows from both mathematical and physical
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reasoning. By the former we note that when differentiating (23) with respect
to P we must not forget to differentiate V under the integral sign, and so
introduce the isothermal compressibility x = — V(3 V/aP). The remaining
term under the integral sign in (24) follows on integration by parts over q,
once use has been made of the fact that, since n =n(e/T),

d (€ on d (€ on

[aP(T aq)]r [aq(T aP)]r - (2%
The physical argument recalls that the momentum #q., corresponding to
state a, arises from g, = m,/L, where L = V'’* is the mean periodicity of an
isotropic substance and m, is the set of integers defining mode a. Thus, when
one replaces ¢,(P, T) by &(P, T, q), one should recognize that the latter is
really e(P, T,mV '’") and that m rather than q should be held constant
during differentiation. Since V= V(P, T),

d€ o€ 1 il
o) = qoi= el
(aP) Tm (aP) Taq 3Kq(aq)p1‘ (27)

and this is the expression that should replace (d¢./dP)r in the discrete analog
of (25), viz.

SE Ly

when the transition (20) is made. For completeness, (27) and a number of
similar relations are listed in Table 1.

A wide variety of thermodynamic functions can be derived in the
manner just described. These are summarized in Table II, in which E, W, F,
and ® are internal energy, enthalpy, Helmholtz free energy, and Gibbs free
energy; and Cy and Cp are the specific heats at constant volume and

TABLE 1
Transition from the Discrete to the Continuous

(064/3T)y =+ (/3T v,

(3€,/3T)p > (3e/3T)p,, ~ (aq/3)(3e/3q)p.T
(08,/3V) = (36/dV) 1o —(a/3V)(9€/3q)v.7
(3€./3P) 1= (3€/3P) 1., + (xq/3)(3€/3q)p.T
(0€4/0S)y = (36/3S) v o

(3£,/38)p = (3€/3S) p.q — (aTq/3Cp)(3e/3q)p.s
(3€4/3V)s > (3e/3V)s 4 —(a/3V)(9/8q) v.s
(3€,/3P)s = (3€/dP)g o + (kCyq/3Cp)3e/3q)p s
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pressure. This table also displays both the summation and integral expres-
sions, since, for the reasons just described, the transition from the former to
the latter is not always immediate. In view of the work by Goodstein et al.,'®
one point arising from Table II deserves emphasis. The discrete analog of
(24) is

T eafon
= Vol P)— _°(_:

V= Vo(P) L};T ) (29)

If ¢, is independent of T, we have, recalling again that n, = n,(e./T),

T e on, de, (7 ea L de,
T 3P =P 3 Fn.dT—-—n.ﬁ (30)
and (29) becomes

V= Vo(P)+5 n, % 31)

«  dP

Taken literally, this expression for V implies that, when ¢, depends on P
alone, the volume occupied by a boson in energy level a is de,/dP, as
conjectured by Donnelly.'” The present analysis provides a more direct
confirmation of this calculation than the external field argument of
Goodstein et al.,'* discussed below. _

Consider next the effect of applying some “external field” to the system
as a result of which the mean occupation number of a particular mode,
labeled by p, is held at the population 7,, not necessarily close to the 7,
derived in the theory above.'® The probability (4) is now replaced by

P(m, V, T)=C"exp[-BE(m, V)+Bun,) (32)

where u is a multiplier or chemical potential, chosen so that for the
particular mode p

r,=Y n,Pm, T, V) (33)

The normalization constant C follows in analogy with (5). The mean of a
quantity Q is still given by (6) but is now evidently a function of V, T, and A,
On adopting (7), we derive results closely similar to those obtained above.
For example, (18) holds for all modes except mode p, for which

ni, ={exp[B(e, —u)—-1]} " (34)

with &, =¢,(@®, V)=¢,(V, T, #,) and u=u(V, T, A,). The entropy (12)
reduces in equilibrium not to (19) but to

S=k[(1+n)In(1+n,)=n, Inn, ]+ [k In(1+n,)+n.e./T] (35)
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where the prime on the sum indicates that the term a = p is excluded, and we
have dropped the tilde over n, as we have omitted the bar over n,. The
expression for S given at the head of Table II is modified to

TE(QZ':
T\oT

and other entries in that table are similarly affected. It follows from (18),
(34), and (36) that

S=k[(1+n,)In(1+n,)—n,In n,,]+):'j ) dT  (36)
a J0 V.n,

TdS =Y e, dn,—udn, (37)
Since we have, by (1) and (2),
dE=Y e,dn,—PdV (38)
it follows that 4
dE=TdS—-PdV+udn, 39)
By a Legendre transformation, we obtain
dd=-SdT+VdP+udn, (40)

Many ‘*‘Maxwell relations” follow from expressions such as (39) and
(40), and similar expressions for dF and dW. We note here that by (40)

2
iy oy

u=e,—kTIn(1+n,) (42)

G~ ). . “

Relation (43) holds generally and it might at first sight be supposed that
by selecting 7, to be the mean population 7, of state p in the absence of the
field, and summing over all modes p, (31) would follow generally. This is not
the case. The external field may be regarded as a mathematical device that
allows 7, to deviate from 7, even in statistical equilibrium, so that one can
explore what happens when i, is 71, + 1 rather than 7, say. When such a field
is applied, the change in V will indeed be (3¢,/3P),,  as implied by (43); but
(when &, depends on n or equivalently when &, depends on T) this unit
change in population of the state p will alter all other energy levels in the
system and hence all thermodynamic properties, and a/l occupation number

and since by (34)

it follows from (41) that
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of all other levels. The volume changes corresponding to these altered
occupation numbers of every level are included in (43). The concept that an
elementary excitation expands the fluid by (d¢,/3P)r depends, however, on
the idea that one additional excitation appears in one particular mode p, the
population of all other modes being unchanged. Clearly this can only be
accomplished by an external field in the very special case in which e,
depends on P alone and not on n,. And it is only in this case that one is
justified in summing (43) over all modes to obtain (31). Because of the
practical difficulty in realizing, in laboratory conditions, an external field
having the above properties, the present “Gedanken experiment” and its
consequences such as (43) are of insignificant interest except in the special
case €, = €,(P).

We digress to note here that for familiarity of presentation we have
begun with the internal energy E as defined in (1), so that the energy levels
could be defined as in (2). We could, however, equally well have begun with
the enthalpy W,

W=W(, F) 44)
and have written

0 d )
dw = (5:—5)’,4,., + (-5!) dP= (E Jdn.+VaP  (45)
Then (36) has the same form except that (3n,/3T)y.,, in the second term is
amended to (3n,/8T)p.._; (37) still holds, and defining

€a =(OW/on,)p (46)
we have from (45) and (37)
dW=TdS+VdP+udn, 47)

The definition of ¢, by (46) is important in neutron inelastic scattering
experiments, which are done at constant pressure rather than constant
volume: We see that ¢, is precisely defined as the energy transfer to the fluid
at constant pressure.

Itis apparent that our method of developing the theory of temperature-
dependent energy levels depends on an approximation, namely (7). We
cannot be dogmatic about the success of the theory until we have found a
quantitative measure of the inaccuracies introduced by (7), e.g., by compar-
ing the consequences of (7) with those that follow from the next level of
Taylor truncation:

E(.v V)=E(“o V)+2:ea(“" V)(nll —mn)

HI bes (00, VI, — . Ntp — 005)




143

Russell J. Donnelly and Paul H. Roberts

where ¢.s = dg. Without loss of generality. The labor involved in doing so is
formidable. We note, however, that (48) resembles the central postulate

Em, V)=Ey(V)+Y ea(V)n, +} ZB fas(VInang (49)

of Fermi liquid theory,'” where f.s = fsa. Comparison of (48) and (49) shows
that

E()( ‘/) £ E((l). V) _Z Ea (wv ‘,)wu + % Z ¢aﬂ(wv V)wawﬂ (50)
o a,B

ea(V)=£,(0, V)~ L dup(@, VIwgy (51)
B8

and
fas(V) = dop(w, V) ) (52)

Thus (49) is a somewhat special form of (48), namely the case =0, and
requires

F‘,(W, V)=ea(v)+§fnﬁ(v)w8 (53)

The form (7) is less general than (49) in the sense that it requires that f,; =0,
but it is more general in the sense that ¢, is not necessarily a linear function
of w as (53) requires. Postulate (49) has the philosophical advantage of
specifying E(n, V) unambiguously, whereas (7) and (48) give slightly differ-
ent values of E(w, V) depending upon the w selected for the Taylor
expansion.

3. THE SPECTRUM OF ELEMENTARY EXCITATIONS
AND ITS REPRESENTATION

Before proceeding with the discussion of excitations in real liquid
helium, we shall indicate how our knowledge of the excitation spectrum can
be represented in such a way that the expressions of Table 11 can be used in
practice. Every thermodynamic quantity listed there requires a knowledge
of e(q) and the associated equilibrium population

n(q)=h Yexp[e(q)/kT]-1}" (54)

More significantly, differentials of ¢ and n over V and T or P and T are
needed. Our experimental knowledge of the excitation spectrum comes
from an analysis of inelastic neutron scattering data, as will be discussed in
Section 4. The errors introduced by direct differentiation of data taken,
necessarily, at a few discrete P and T are unacceptable, and it transpires that

{
{
|
1
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the encapsulation of the available data on e(q) requires very careful
handling. The representation used in this paper is that of Brooks and
Donnelly'""'*; later we shall discuss a different approach by Maynard."* It
cannot be too strongly emphasized that, while these spectra have been
developed with some physical reasoning in mind, the final forms of e(q)
should be seen as no more than convenient representations of a functionina
finite interval, in much the same spirit as the representations of the common
transcendental functions listed in Abramowitz and Stegun.'® The reader
who prefers to adopt some different representation that fits the data as well
should not obtain significantly different thermodynamic results. The dangers
of representing &(q) too crudely are well illustrated by a proper comparison
of Landau’s approximation with experiment as given in Section 8.

At sufficiently low temperatures it is clear from (54) that only the states
of lowest energy £(q) will be significantly occupied and contribute to the
thermodynamics. There are two regions of special significance. The first
contains the small-momentum states near (a) in Fig. 1; the second is the
region around the energy minimum labeled (c). Though the energy
minimum £ = A at momentum p, is large, the density of states is also large,
and this gives the “‘roton minimum® significant statistical weight at all except
the lowest temperatures T <1 K, where the “phonon excitations” near
p =0 are the more significant. Note that the energies and circular frequen-
cies are connected by ¢ = hw, and the momenta and wave numbers by
p = hq. Landau showed that a fairly good account of the thermodynamics
could be made by a two-branch dispersion curve

E=u,p, p=0 (55a)

e=A+(p—po)’/2u,  P=Po (55b)
This is the “simple Landau approximation,” originally conceived of as
applying for T so small that the quantities u,, A, p,, and u in (55a) and (55b)
are constants, different of course for each pressure. They are tabulated in
Section 8.
The simple Landau approximation may be extended by permitting u,,
A, po, and u to be functions of temperature and pressure. Bendt et al.®
recognized that this step was not sufficient to predict thermodynamic
variables, and they added a third branch at (b) in Fig. 1, which required a
further three constants for its specification, making seven in all. Further
piecewise continuous approximations to the dispersion curve were proposed
by Brooks and Donnelly’® and Maynard.'® At least two continuous rep-
resentations have been proposed'®?'; that of Brooks and Donnelly is a
simple polynomial in p of degree eight with the constant and quadratic terms
omitted. The details of the choice of this function are described in Brooks’
thesis.'' The assumptions used in this method, which seeks to generalize the
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Fig. 1. A schematic diagram of the excitation spec-
trum for helium 1. The simple Landau approxima-
tion (55a)-(55b) consists of the phonon and roton
branches shown by the linear and parabolic curves.
The polynomial for £(p) in the appendix gives the
solid curve A plus the dotted curve beyond the point
(d) (of momentum p.) where the slope becomes
equal to u,. The model dispersion curve of the
appendix consists of curve A plus the dashed line C,
rather than the observed branch B, whose parame-
ters as a function of pressure are as yet unknown,

spectrum for all T and P by the use of known constraints on certain energies
and momenta, are discussed in Refs. 11, 18, and particularly in 4. They are
summarized in the appendix. An exampie of such a dispersion curve is given
in Fig. 2, compared with neutron scattering data, and Figs. 3a and 3b show
how the spectra vary for various T and P. We might call a representation of
the complete spectrum with temperature- and pressure-dependent variables
*‘the generalized Landau approximation.” Some results of this approach are
described in Section 9.

Even when this type of representation has been selected, the handling
of the data raises perplexing questions, some which will be described in
subsequent sections.

4. THE DYNAMIC STRUCTURE FACTOR AND
QUASIPARTICLE ENERGIES

Up to now all our discussions have assumed that the spectra as functions
of energy & for given momentum p are delta functions: We may speak of
such spectra as “sharp.” Our information on the situation in real liquid
helium comes from inelastic neutron scattering measurements, and we shall

e
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Fig. 2. The experimentally determined excitation spectrum
at 1.1 K, SVP. The dots are the neutron scattering data of
Cowley and Woods®; the solid line is the model dispersion
curve of the appendix. The error bar is the smallest experi-
mental error and is not to be associated with any one data
point.

attempt to describe some of the procedures used in obtaining these data,
which are not generally appreciated by those outside the neutron scatter:ne
community. Besides DGHP,’ the reader is referred to articles by Cowley
and Woods,"* which contain comprehensive accounts of the progress and
problems in this field.

The most common spectrometers used in neutron inelastic scattering
experiments in liquid helium are the triple-axis crystal spectrometer and the
time-of-flight spectrometer, the majority of reported measurements using
the former. In both cases some general principles are involved, which we
shall illustrate by reference to the time-of-flight apparatus of DGHP, since
that was the apparatus used to determine the roton parameters of most
interest to us in this review. Using the notation of DGHP, the intensity of
scattered neutrons measured at an angle 8 with respect to the incident beam
is called I,(r) since the energy of the neutrons #’k*/2m,, m, being the
neutron mass, is given by the time of flight of neutrons over a fixed path. The
scattered intensity /,(hw), measured in energy units, however, is related to
the double differential scattering cross section by the van Hove relation

I,(hw)xd’o/dQ dE < k,S(q, ®) (56)

where (1 is the solid angle of scattered neutrons, k; is the wave number of
scattered neutrons, and S(q, w) is the dynamic structure factor, which is the
Fourier transform of the density—density correlation function characterizing
the physical process causing the inelastic scattering of neutrons. The scat- .
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Fig. 3b. The pressure dependence of the model dispersion curves at

tered neutron intensity is related not to energy but to time of flight. Those
spectra are related by I,(t) o k7I,(hw). Thus

(57

Near T = 0 the inelastic scattering amplitude of a neutron of incident
wave number k, and final wave number k; by a single phonon of frequency
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w(q) is given by a 8-function in energy

510, 0) =3 D Cl@)blhe + ho @] +8lho ~ho(@]  (58)

where hw(q) is the dispersion relation for elementary excitations near T =0,
and the two terms represent, respectively, annihilation and creation scatter-
ing processes [C(q) is a normalization factor]. At finite temperatures, the
theoretical form of S;(q, w) is not known, and this leads to an uncertainty in
unfolding the data, which we shall illustrate by some examples. DGHP
assume a Lorentzian form

g
Silaw) =5 T C@)
hl'(q) hT'(q)
WTq)+[hw + ha(@T * KT2@) +[he —hw(Q)lz} ©9)

where hI'(q) is the half-width at half-maximum (HWHM). Note that (59) has
the same effect as (58) in the limit where AI'(g) - 0.

When the linewidth is very narrow, there is little complication in
unfolding expressions like (59) to find the dispersion relation. When the
linewidth is larger, as it is at higher temperatures and pressures, the tail of
the annihilation peak overlaps the creation peak, and this combines with the
Boltzmann factor exp (—hw/kT) to shift w(q) away from the scattered
intensity peak. We illustrate these effects in Fig. 4 in the reverse of the
experimental order of events. Experimentally, one observes the scattered
distribution Z,(¢) and proceeds to unfold the frequencies w(q), with due
regard to the factors described above and the experimental resolution
function. Figure 4a shows the roton creation and annihilation peaks for an
energy transfer of hw(q) =6.04 K as if there were no collisions. Figure 4b
shows the effects of Lorentzian broadening, (59) without the factor Aw/[1—
exp (—hw/kT)], corresponding to an observation of DGHP at T=2.11K,
P=1atm, where A'/k =2.67 K. The delta functions of Fig. 4a are now
broadened and the intensity maximum is shifted to 6.02 K, or down by
0.3%. In Fig. 4c we have included the thermal factor #hw/[1-
exp (—hw/kT)], which almost eliminates the annihilation peak and shifts the
intensity maximum to 6.52 K or 8% higher than sw(q). Figure 4d shows the
added effect of the k| factor in (57), which leaves the intensity maximum at
6.36 K, or 5.3% higher than hw(q). Further adjustment by adding the
instrumental resolution function and transforming to the time axis would be
required to reproduce the observed spectrum Iy(¢), but one can already see
that the unfolded frequency w(q) lies 0.32 K lower than the intensity peak,
due principally to the thermal population factor.
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Fig. 4. (a) The line shapes S(q, ) at low tempera-
tures, where collisions can be neglected, Eq. (58). (b)
Modification of (a) by introducing Lorentzian
broadering as in Eq. (59). (c) Further modification of
(a) and (b) by introducing the factor Aw[1-
exp (—hw/kT)] as in Eq. (59). (d) The effect on (c) of
adding the factor k,* as in Eq. (57).
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The assumed form of broadening in (59) is not unique and leads to
uncertainties in unfolding @ (q). To illustrate the point, we have repeated the
analysis of Fig. 4 with a damped harmonic oscillator line shape quoted by
Passell er al.>* The term in brackets in (59) is replaced by

W'Tw® }

l [hZ e T ”2w2(q )]2 &+ h‘r}wZ
Here we find that the broadened intensity peak is shifted to 6.0404 K, or up
by 0.007% ; the thermal factor shifts the peak to 6.1657 K, or up by 2.1%;
and the k; factor leaves the maximum at 6.1279 or 1.5% higher than Aw(q).
Put another way, the assumption of the Lorentzian shape in (59) means the
unfolded energy hw(q) is 0.32 K lower than the intensity peak, while the
damped harmonic oscillator form (60) would put the unfolded energy only
0.088 K lower than the intensity peak, and the line shape assumptions alone
imply an uncertainty in the unfolded frequency of order 0.23 K or 4%.
Clearly the unfolded linewidths AT" will also depend on the assumed shapes.
Passell er al. have given a very interesting discussion of this problem for spin
waves in Eu0.?

It is worth emphasizing here that there is no mystery as to why the
scattered intensity peak is displaced from the underlying energy fiw(q).
Although there is as yet no theoretical basis for the form of §;(q, w) in (59), it
seems inevitable that the broadened creation and annihilation contributions
must be unfolded, with due regard for detailed balance population factors,
and the example of Fig. 4 shows that this is enough to ensure the displace-
ment we have been discussing.

There is a still further consideration in the form of S(q, w). When
experiments are done at low temperatures, one observes a one-phonon
creation peak S;(q, ) such as has been described above, broadened only by
the instrumental resolution (kI';/k =0.5K in the case of DGHP®). For
q=0.4 A ' we find that there is, in addition to the sharp phonon peak,
scattering at higher energy transfers, which is peaked around an energy
transfer of ~25 K, and extends to the order of 60 K.*?? This so-called
“multiphonon” scattering is of great interest to the understanding of He II,
but has little effect on the thermodynamic properties because the energies
are so high. The total structure factor consists of the one-phonon and the
multiphonon parts. At high temperatures and pressures, when the widths of
the lines are comparable with hw(q) itself, the division into one-phonon and
multiphonon parts may not be a simple matter.

The ‘“most representative’ roton gap is at 1.1 K at the SVP, the
conditions adopted for convenience in most preliminary experiments on
Hell. The neutron determination of Yarnell et al.’ gave A/k=
8.65+0.04 K at 1.1K, while Cowley and Woods® obtained A/k =

(60)
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8.67+0.04 K at the same temperature. DGHP’ found A/k =8.54K at
T=1.26K, P=1atm, which, extrapolated to SVP and T=1.1K, gives
A/k =8.66 K. There is a completely independent way of finding A. It is
known that Raman scattering from liquid helium at low temperatures gives a
peak at 17.022+0.027 K at 1.2 K and 16.97+0.03 K at 0.6 K. This peak is
identified by Greytak and his collaborators as a loosely bound state of two
rotons.’2*" An exact quantum mechanical solution to the one model for this
state, by Roberts and Pardee,”* gives the binding energy of the rotons as
0.290 K. Thus the single-roton energy should be (17.022 +0.290)/2=
8.66+0.02 at 1.2 K and (16.97+0.29)/2=8.63+0.02 at 0.6 K, in good
agreement with neutron measurements. We note parenthetically that when
the linewidth is instrumentally limited (h[';//k =0.5 K), different assump-
tions on line shape shift the unfolded peak by less than 0. 1%.

5. INTERACTIONS AMONG ELEMENTARY
EXCITATIONS IN He Il

The evidence from inelastic neutron scattering experiments described
in Section 4 is that quasiparticle energies are sharp only at low temperatures.
At higher temperatures and pressures, the corresponding peaks, described
by S:(q, @), become both broader and shifted downward in energy. The
question then is, What can we say about quasiparticle interactions to account
for these observations? A recent review of such questions is givenin Ref. 22.

Returning to our discussions of Section 2, it is clearly desirable to
understand the relationship of f,; to the empirically determined departures
8¢, of £,(m, P) from the zero-temperature energy level e, (P). To this end,
the mode labels a and B appearing in (49) and (50) and the corresponding
summations should be understood in a rather general sense. There is danger
of error when n, is regarded as simply the total number of excitations in
mode a, for the interaction between two quasiparticles depends not only on
their momenta q, and qg, but also on their vector separation r, —rg. For
example, the energy of interaction of two‘rotons at large distances is often

24,2

supposed to be dipole-dipole in form,” " i.e.,

AV Qe s 3(Qa - (ra )M qs * (Fa —1g)]
fas = ¥ 3 (61)
4" 'ru —'Hi Irﬂ -rﬂl
It is therefore necessary to regard a as a label describing excitations with
momentum g, at location r,, and to extend the series over @ and B in (49)
and (50) to space (with obvious transitions to integrals when the continuous
description is adopted). There is a further complication. The presence of
roton g at r, tends to polarize the momentum q, of a second roton lying in
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its vicinity at rs. We must then replace (53) by
€a("'- V)=¢¢( V)+£ [."2(‘.- ﬁi fay 'B)w’ (62)
8

where %, is the conditional probability density that a quasiparticle q is
situated at rg when another with momentum g, lies at r,. (For rotons, %, is
given to sufficient accuracy by a Maxwell-Boltzmann factor incorporating
the interaction potential.) The evaluation of expressions such as (62) is the
principal thrust of dielectric theory. For example, the recent calculations of
Titulaer and Deutch,”® developing an earlier theory by Feynman,?’ and of
Donnelly and Roberts™ gave for the roton energy gap

po e-1
16mpa’ 2¢ +1

where a (=1.98 A at P = 0) is a hard-core cutoff for the dipole interaction
(61) and £ = p./p is the effective dielectric constant. The agreement between
(63) and experiment is impressive. One notes, for example, that at suffi-
ciently low temperatures, for which 2¢ +1 =3, (43)

54 =A(T, P)-A(0, P)=(—p}/48mp°a‘)p, (64)

which is hard to distinguish from the empirical result of Donnelly,”® who
postulated that §A is proportional to p,T/p.

It is possible, as this result by Titulaer and Deutch shows, to postulate
an f,a such as a cutoff version of (61), and to compute a corresponding d¢,
against temperature. It is considerably harder to reverse the process, i.e., to
use an experimentally determined ¢, (7)) to determine the form of £,z and we
make no attempt to do so here. We note, however, that by postulating the
form (7) we have side-stepped some of the difficulties associated with the
“dielectric” properties of the fluid, without sacrificing the essential idea of
Fermi liquid theory, namely that quasiparticle interactions should be recog-
nized by the quadratic terms in the expansion (49); see (53).

The considerations above make it plausible that energy should depend
upon temperature. Physically, for rotons, we picture an individual roton
producing a dipolar flow which tends to polarize surrounding rotons; the
surrounding rotons react back on the original roton to produce a reverse
flow, which lowers its energy by the p-v, interaction. The higher the
temperature, the greater the number of neighboring rotons, and hence the
greater the “*‘Onsager reaction flow™ and correspondingly the greater the
lowering of the energy.'”

What can we say about the observed line broadening? This problem has
been considered by Roberts and Donnelly by modeling rotons as point
doublets with the dipole moment of rotons obeying the dynamics dictated by

A(T,P)=A(0,P)+ (63)
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the Landau roton dispersion parabola.”* Working from this Hamiltonian,
they have developed equations of motion for colliding rotons. For the case of
zero total momentum, they are able to find the critical impact parameter
dividing forward and backward scattering, and hence to estimate the roton—
roton scattering cross section to be given by

o = nT(3)(p5/8mok 1) (65)

where I'G) = 2.679. The average collision frequency for rotons experiencing
large-angle collisions is

r '=kT/n)?aN, (66)

where N, is the number density of rotons, and the linewidths (2I') may be
estimated by the uncertainty principle as A/kr. Using the result of DGHP®
that po/h=3.64p'* A ', they find the half-width #I'/k to be given by

nl/k =6.50x10 *N,/u'?p*°T"® (67)

The agreement is quite satisfactory (see Table III), considering: (a) the
unfolding difficulties discussed in Section 4—the unfolded values of #I" are
sensitive to the assumed line shape; and (b) the theory does not predict a line
shape and uses a simple uncertainty argument to obtain the quoted

TABLE Il

Comparison of Unfolded Linewidths #I'/k (HWHM) (Reported by
DGHP?) with the Expression of Roberts and Donnelly, Eq. (67)**

P, atm T.K AT/ K)oos K (AT/K) i K

1 2.11 2.0 2.1
1 2.13 3.1 23
1 2.15 35 e

5 1.68 0.7 0.59

5 1.82 1.2 0.99
5 2.05 2.6 Bl

10 1.68 0.81 0.70
10 1.81 1.5 1.2
10 2.00 2.8 23

15 1.68 0.93 0.90
15 1.82 1.6 1.5
15 1.95 2.8 25

E 20 1.47 0.7 0.48
20 1.68 1.3 1.1
20 1.90 2.8 2.6

. 24 1.46 0.7 0.58
24 1.67 1.6 14
24 1.82 2.6 29
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linewidths. Much larger linewidths have been reported by Henshaw and
Woods at the vapor pressure, exhibiting a quite different temperature
! dependence."” DGHP® have observed that this discrepancy arises because
Henshaw and Woods were reporting observed linewidths rather than
unfolded linewidths.
Neutron linewidths are often estimated by using the Landau-
Khalatnikov roton collision formula, which results from assuming a §-
function interaction for the rotons of amplitude V:

' =2pou| Vo’N.h ™ (68)

where Khalatnikov®' reports |Vo| to be about 1.9%107*® ergcm® from
comparison with viscosity data. Generally |V,| is estimated by a fit to
linewidth data. By combining (66) and (68) it is possible to estimate |V
from the Roberts—Donnelly approach and give the pressure dependence as

well:
z_ﬂ'r(_’l;)h‘ -2_k—1-)|/2 p‘Z) 2/3
Vol = 2pop ( m (81rka) 69

We list in Table IV values of the pseudopotential | V| for future reference at
a number of pressures. Its temperature dependence is not great.

Measurements of the linewidth of two-roton bound states®’ are in
reasonable accord with neutron linewidths (cf. Fig. 14 of DGHP®). At P=0,
the observed Raman widths correspond to | Vo|=1.73x 10 ** erg cm®. The
agreement with the value from Table IV is certainly satisfactory, but may be
fortuitous: The collision that breaks up the bound state at higher tempera-
tures must be between a roton and the bound pair of rotons. The dynamics of
such a collision is likely quite different from that between two rotons. Indeed
at 0.6 K, (67) would give a very small linewidth for the collisions, whereas
Murray et al.*' report a width of 0.11 K.

It is the general agreement between observed unfolded line widths as
shown in Table III and the theory of roton collisions which supports the idea
that the broadening of the one-phonon peaks is principally due to collisions,
: which should produce symmetric broadening. If that is true, then there is
: some hope that representative sharp frequencies for the phonons might

exist.
} TABLE IV
Vaiues of the Landau-Khalatnikov Pseudopotential |V;| for Roton Collisions at
k 1.2K
F
P, atm ({] S 10 15 20 2§

10Vl ergem' 2,69 212 2717 2.82 2.88 2.95
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6. COMPARISON OF THE FORMULAS OF TABLE 11
WITH EXPERIMENT

In order to appreciate the force of the formulas introduced in Section 2,
note that by integrating (21) for the entropy over T for fixed P we may write
the Gibbs free energy as

V= : V {7 (8
¢=¢.;(P)—£2—J’ ln(l+n)q“dq———ZI [ n(-i) dTq’ dq
217' 0 277 0 J0 Pq

aT
(70)

a form which clearly separates the classical expression, the first two terms of
(70), and the present theory, which includes the third term in 3¢/aT.

To compare the two possibilities, let us calculate § = —(a®/aT)p from
(70) using neutron scattering data at the vapor pressure. We construct model
dispersion curves according to the Brooks-Donnelly scheme of the appen-
dix using the data of Yarnell et al.” and Henshaw and Woods.*® The roton
energies from these references have been smoothed by a power series in N,
and are presented in Table V. The resulting dispersion curves are as close to
the available neutron data as present methods permit.

If we calculate the entropy from the full expression of (70), we obtain
the middle curve of Fig. 5, which is seen to be in excellent agreement with the
thermodynamically determined entropy of Van den Meijdenberg et al.’’
The classical expression for entropy comes from omitting the final term of
(70) and using dispersion curve parameters for T = 0, which we call £¢°. The
result is the lower curve of Fig. S, which is seen to depart systematically from
the data. It might be tempting to use the finite-temperature parameters as a
way of “improving” the classical expression for ®. Such a procedure is
obviously mathematically inconsistent; that it is physically of no aid is seen
by noting that the upper curve of Fig. S results, which also departs systemati-
cally from the thermodynamic data.

A similar test may be made with the equation of state, as shown by Fig.
6. The correct expression for the molar volume V is given by (24). If ¢, is
independent of T, we have shown that (31) results, which in continuous
variables reads

V [* [[0€ Kq (9
v [ 2 ea o
N T ), "INaPl." 3 Naglel! ¥ (1)
TABLE V
Neutron Determined Values of A/k at the Vapor Pressure, from the Data of Refs. § and 30,
Smoothed
T.K 1.0 1.1 1.2 1.3 1.4 155 1.6 1.7 1.8 LY 234 31

A/k,K  B.614 B608 B.596 8577 B.548 8.503 8.444 8.355 8.220 8.006 7.615 6.827




"

Thermodynamic Properties of He Il

1.0

S (Joules/ gm-K)
05

Fig. 5. Experimental data on entropy (Ref.
37) compared to the entropy derived from the
new expression for free energy (70) (middle
curve), the classical expression consisting of
the first two terms of (70) with dispersion
parameters at T =0 (lower curve), and the i

classical expression with finite temperature 0 100 2.00
dispersion data (upper curve). TK)
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Here we are at a considerable disadvantage because (24) and (71) require
knowledge of (de/dP),. which cannot be extracted from existing data at the
vapor pressure with satisfactory accuracy. We have, therefore, used a fit to
the DGHP’ neutron data that appears in Eqgs. (11) and (12) of Ref. 4 to
construct model dispersion curves at P = 7.5 atm. The middle curve of Fig. 6
is calculated from our new equation of state, (24). It lies satisfactorily close
to the empirical equation of state of Brooks, which is a best fit to all
published experimental data on molar volume (some of which are in mutual
conflict''). Equation (71) has been used to generate the upper curve, which
clearly varies too slowly with temperature, and the attempt to use
temperature-dependent parameters in an inconsistent way in (71) produces
the lower curve, which varies too rapidly with temperature. While the
accuracy of these data is not as good as for the entropy, an extensive
numerical investigation supports the conclusion that the formulas of Table I1
are in considerably better agreement with experimental neutron and ther-
modynamic data than the classical ones, and that a very practical advance
has been made in dealing with temperature-dependent energy levels.
While the tests described above indicate that the temperature depen-
dence can be successfully dealt with, there remains a problem when the
linewidth becomes large. This is best illustrated in Fig. 7, which shows the
entropy calculated from (21) compared with the experimentally determined
entropy. Using the neutron data of DGHP® to generate the dispersion
curves, one can see that at high temperatures and pressures, the calculated
entropy lies significantly higher than the measured entropy whenever the

\
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Fig. 6. Molar volume of He II at P =7.5 atm according
to the empirical equation of state of Brooks, ' i compared
to that derived from the new expression for the molar
volume (24) (middle curve). The upper curve is the
classical expression (71) with dispersion parameters at
T =0. The lower curve is (71) with finite-temperature
dispersion data.

lines broaden significantly, as tabulated in Table I1I. DGHP have noted the
same trend in Fig. 17 of their paper® (although they performed an extra
integration over the linewidth). The molar volume results such as are shown
in Fig. 6 become progressively less accurate as the pressure increases.

The question may be asked: Considering how successful the ther-
modynamic analysis of BCY® and indeed our analyses of Figs. 5 and 6 are,
why is it that the deconvolved energy levels of DGHP® give such poor
agreement? There appear to be two reasons for this: First, experiments at
the vapor pressure have the smallest linewidth, and hence are least liable to
corrections from the effects discussed in Section 4; and second, the DGHP
scattering data have been unfolded with the assumed Lorentzian line shape
of (59), which, as we have shown, shifts the frequency w(q) from the
observed intensity maximum. The earlier data on which Table V is based
were not subject to such an analysis.
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Fig. 7. Comparison of the measured entropy of van
den Meijdenberg et al.'” compared with calculations
based on Eq. (21) with model dispersion curves
generated from the neutron data of DGHP.° The
calculated entropy (solid lines) lie significantly higher
than the data at the higher temperatures and pres-
sures. (O) P=0,(A) P=5.(O0) P=10, (@) P=15,
(&) P =20, () P=25atm.

7. AN EFFECTIVE SHARP SPECTRUM FOR
THERMODYNAMICS

Since the failure of the neutron data to yield thermodynamically
significant energies occurs at higher temperatures and pressures, it is likely
that the origin of the discrepancy is uncertainty in the exact energy of the
roton minimum. Brooks'' was the first to suggest that because of the
exponential dependence of most quantities on the roton gap, a relatively
small adjustment of A, keeping all other parts of the dispersion curve the
same, could bring the calculated and experimental data into mutual accord.
The precise value of u comes from A through the relationship quoted in the
appendix. This spectrum assumes that there is some effective sharp fre-
quency (that is, I' - 0) for each value of ¢; since there is but one adjustment,




i e e w

Russe!l J. Doanelly and Paul H. Roberts

the resuiting effective spectrum is unique. The effective spectrum at P =0
appears in the appendix and for all P and T in Ref. 4. An extensive
numerical investigation has demonstrated the great utility of such a spec-
trum. We have found:

1. The effective spectrum is capable of yielding accurate ther-
modynamic results over all pressures, and temperatures to within 0.1 K of
T, (P). All quantities czlculated from Table IT and this spectrum appear to be
in reasonable agreement with experiment, as detailed in Ref. 4.

2. The effective spectrum is consistent with the observed functional
form of the spectrum obtained by neutron scattering. It coincides with the
neutron spectrum within experimental error at low temperatures, and at
high temperatures the difference between the observed and effective values
of A is less than AI. This is illustrated in Fig. 8.

3. Since the effective spectrum is unique, an exact value of A can be
chosen by reference to more than one thermodynamic quantity. We have
used entropy, expansion coefficient, and normal fluid density.

4. The points listed above and the discussion of interactions in Section
5 allow one to guess that the effective spectrum is probably a reasonable
representation of the energies of the elementary excitations of He II.

10
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Fig. 8. The difference between the effective roton energy parameter A,/k and the neutron
parameter A/k (solid lines). The dashed lines are calculations of the half-width Al'/k, based
on Eq. (67).
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The reader may well object that if the spectrum is adjusted to fit the
entropy at all temperatures and pressures, Maxwell’s equations are sufficient
to guarantee the consistency of much of the other thermodynamic data,
including the expansion coefficient. The answer to this objection comes by
noting that the adjustment concerns only the precise value of one constraint,
A, on the dispersion curve. At higher temperatures there is substantial
occupation of states over most of the dispersion curve, so that it is unlikely
that terms such as de/dP and de/dq in Table II could accidentally work
successfully over such a large part of momentum space. Further, as we have
emphasized in Section 3, the representation of the dispersion curve may be
accomplished in a number of different ways. We discuss in Section 10 an
alternative scheme, which, although quite different in its emphasis and
details, yields quite similar results.

DGHP have noted that the thermal weighting factor is the principal
cause of the shift of observed frequencies compared to earlier neutron data,
and we have illustrated how this comes about in Fig. 4. We have made
estimates of the effect of omitting this factor on the quoted roton energies,
and it appears that the effective roton energies lie closer to the peaks of the
original spectra (of the order of #°I"2/2kT higher in energy) than do the
energies quoted by DGHP.® Maynard'? has reported the same observation.
It is difficult to understand why this should be so.

At low temperatures and pressures, the agreement between the neut-
ron energies and thermodynamically significant energies is well within
experimental uncertainties, as shown in Fig. 8. Under such conditions the
inelastic scattering creates a phonon in a weakly excited state of the liquid.
At higher temperatures and pressures there is already present a substantial
excitation density, the lifetimes of quasiparticles are severely limited by
collisions, and it is no longer clear just what the neutron scattering event is
probing.

We are not aware of any fundamental way to connect the neutron
scattering observations to the thermodynamic properties of He II at finite
temperatures.

8. THE SIMPLE LANDAU APPROXIMATION

We have defined the simple Landau approximation as a theory using
the two-branch dispersion curve of Fig. 1 and Eqgs. (55a) and (55b), and in
which u,, A, py, and u are functions of pressure only. Itis the most frequently
used method of obtaining information on the thermodynamics of He II. As
we have remarked above, the only consistent parameters to be used are
those for T=0 when temperature dependence is to be neglected. The
relevant parameters are taken from the tables of Brooks and Donnelly for




Russell J. Doanelly and Paul H. Roberts

T=0.1K, the lowest calculated temperature.® We list these parameters
in Table VI for the convenience of those using the simple Landau approxi-
mation, together with the formulas for the phonon and roton contributions
to the excitation density, entropy, specific heat, expansion coefficient, and
normal fluid density. Values of A in Table VI were obtained by extrapolating
neutron scattering and effective spectrum data from higher temperatures.
As we shall see, the values of dA/dP are not well-behaved, but at present
there is no way of knowing values of A at T =0 more accurately, nor what
function of pressure they should be.

The advantage of the simple Landau approximation is its ability to
illustrate the physics at hand in a compact way. One of the motivations for
our investigation has been the observation that plots of the molar volume V
are roughly linear when displayed as a function of the number of phonons
per mole (n,, = N, V) at low temperatures, and the number of rotons per
mole (n, = N,V) at high temperatures, as shown in Figs. 9a and 9b. These
data suggest that the addition of a phonon will change the molar volume by

27584 —

27583 -

V(cm¥mol)

27580 - .
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npn (x107"°) phonons/mol

Fig. 9a. The molar volume of He I1 at low temperature (Ref. 42)
plotted as a function of the number of phonons per mole.
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Fig. 9b. The molar volume of He II at higher temperatures
(Ref. 42) plotted as a function of the number of rotons per
mole.

anamount dV/dn,,=12.8 A3, whereas the addition of a roton will contract
the liquid by about dV/dn, =-2.5 A”.

The pressure dependence of d V/dn in two temperature ranges is shown
in Figs. 10a and 10b. In Fig. 10a we have plotted a(dT/dN,,), where the
thermal expansion coefficient a is taken from the data of Boghosian and
Meyer." Since the uncertainty in a is in some cases as large as a itself, the
pressure dependence of dV/dn,, is not accurately determined, although it
appears to decrease with pressure. We see in Fig. 10b similar data taken
from the molar volume data of Elwell and Meyer’® and analyzed to
determine the pressure dependence of the volume change on adding a roton.
Within estimated error, dV/dhn, rises with pressure for rotons. The absolute
values in Figs. 10a and 10b should be received with caution. For example,
determination of dV/dn, from expansion coefficients gives a similar pres-
sure dependence, but all values are about 1 A? larger than those determined
graphically. At P = 0, the molar volume result shown in Fig. 9ais 3 A* higher
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than that determined by expansion coefficients shown in Fig. 10a. The error
bars are merely indications of graphical uncertainties.

In the Landau approximation, the long-wavelength part of the spec-
trum is given by & = u,p = u,hq. Now the population of thermal phonons is
large near ¢ =0.1 A~!, where the quantity 8¢/8P = hq 6u,/8P <8 A® for
T < 1 K. Similarly, in the roton region, the quantity 5¢/8P = 50/6P = —8 A®
at T= 1.6 K. These difference quotients are of the right dimensions, mag-
nitude, and sign to be connected with our observations on thermal expan-
sion. Donnelly'” postulated from these considerations that the volume
change per excitation is equal to the partial derivative (8¢,/8P)r for each
excitation a of the system. In the present notation, his postulate reads

.-G, e

[see (43)].

g

3

©o
L4

T=0.6K

~ @

[

»

(7

Volume Change Per Phonon (R%)
2]

N

T

$

) 1 1 L. i gl
(o} 5 10 15 20 25

Pressure (Atm)
Fig. 10a. The pressure dependence of dV/dn,,, from
experiment (Ref. 39) and from Eq. (80). Experimen-
tal uncertainties are larger than the limits shown, as

discussed in the text. The solid line is the result of the
simple Landau approximation, Eq. (80).
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I -IOr‘
T=1.6K

Volume Change Per Roton (%)

Fig. 10b. The pressure dependence of dV/dn,
from experiment (Ref. 38), as discussed in the
text. The solid line is the result of the simple
Landau approximation, Eq. (8G). The max-

flged H imum is a reflection of uncerta‘nties in the
% 5 10 15 20 25 quantity dA/3P in Table VI. The (ashed line
Pressure (Atm) is from the exact expression (24).

Making the passage to continuous variables as in the discussion above
(27), we recognize that the right-hand side must be (3e/3P)rm, and hence

a (86) +l (68)
d ~xq(= 73
(al‘l/) T.P aP T.q 3Kq aq T.P ( )

The first term on the right appears to be consistent on dimensional grounds; i
the second, which is much less familiar, may be thought of as due to the
excitation pressure increase on adding a phonon. [The second term was |
recognized by Donnelly, but not as an automatic consequence of (72).] |
Following a lecture at Caltech in which the postulate above was described by
one of us (R.J.D.), Feynman suggested the external field argument stated in s
Section 2 and subsequently published by Goodstein et al.,'® which puts (72)
on a firmer theoretical basis. We have observed in Section 2 that if &, is
independent of T, (72) can be used to compute the molar volume as in (31)
and this leads to (71). When ¢, does depend on T, this simple idea fails and
our new expression (24) must be used.
Substituting (55a) in (71) for the phonon branch, we find

Voa V‘,(P)+V‘kn g (l Bu, 1 )

(hul) 30 Uy aP 3
‘kT 1 aul 1
FENHE ”30;(3)(“, P 3 )”"" \oe

_,-_.1 —— e — . o ———

.

-]
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where
R =N V= Va 2(kT/hu)*¢(3) (75)

and N, and {(3) are defined in Table VI. Equation (74) shows at once the
linearity noted in Fig. 9a. Substituting (55b) in (71) for the roton branch, we
find

v

V=VolP)+5s

® [9A_p—Podpo_(P—po)’ du « ae]
XI""P % P 2% P 3’ p dp

The right-hand side of (76) involves four averages over the distribution n.
We note that the average Q of a quantity Q that depends on p in magnitude
but not direction is

(76)

Q= I nQd’p =4n(exp (-A/kT)] J; Q(p) exp[—(p—po)*/2ukT)p* dp

an
where we have used the Boltzmann distribution for n, a legitimate step since
kT« po/u In the same approximation we may, with an error of order
exp (—p3/2ukT), replace the lower limit of (77) by —c0. By expanding p>Q
ina power series about p = p,, we then obtain an expression for Q in powers
of ukT/p}, the first nonvanishing terms of which are

kT
0=wN{opo+3[% £ o] el 0w
P'Po
Applied to the four terms of (76), only the first corresponds to nonzero
Q(po), and for the remaining three the second term of (78) is required. We
obtain to leading order

v= V.,(P)+(‘9A 2po,p 13,0 kT)n, 19)

oP po oP 2 aP
showing the linearity in n, = N,V noted in Fig. 9b. Continuing to ignore
variations of py, i, 4, and u, with T, when evaluating dN,/dT, we obtain the
expression for the expansion coefficient listed in Table VI which coincides
exactly with the expression obtained by Atkins and Edwards.*° Of course, a
may also be obtained directly from (25) as well.

If we consider the entire spectrum to be given by (55a) and (55b), then
the total change in volume 8V = V — V{;(P) may be written

sV = (%)n,h+(§9n, (80)
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assuming n,, and n, are small. We see from (80) that strict linearity of 6V in
n,y, will only occur at very low temperatures where N, < Ny, and conversely
for rotons at high temperatures.

We show as solid lines in Figs. 10a and 10b the calculations of 6 V/én,,
and 8V/én, obtained from (74), (79), and (80) with §V = V — V,(P) and
én,, = n,n, etc. They lend some support to Donnelly’s original idea of a
certain volume per added excitation, and account for the general magnitude
and sign of the results. Note that the calculated maximum in Fig. 10b is due
to problems in the derivative (9 V/dP)r-, mentioned in connection with the
data of Table VI. We show as the dashed line in Fig. 10b §V/én, as
computed from the generalized Landau approximation and Eq. (24), the
latter being our exact result, which does not use the assumption (31).

The changes in volume 8 V' per quasiparticle are really quite large if one
realizes the atomic volume of He I1is 45 A® at P = 0. At finite pressures, the
addition of a phonon will be accompanied by work done by the external
source of an amount P8V, For example, if P = 10 atm, 6V =4 A’, P&V/k =
0.29 K. Early in our work we had speculated that such corrections to the
energy transfer might be needed at finite pressures to obtain correct values
of &,. The discussion of Section 2 shows that this is not so: ¢, is exactly the
energy transfer to the fluid at constant pressure, (46), and is the same ¢, as
enters the expressions for the internal energy of the fluid in (1) and (2).

Let us now turn to the assessment of how well the simple Landau theory
works for thermodynamic properties. We show in Fig. 11a the entropy
calculated from the expressions and values of Table VI, on a logarithmic plot
from 0.25 to 2.0 K at P =0. We see that below 1 K the calculated entropy
lies somewhat higher than the tabulated entropy. This is because of positive
phonon dispersion, a detail which is, of course, absent with a simple phonon
branch, Eq. (3a). Above 1 K the simple Landau theory falls progressively
lower because the actual roton energy levels are decreasing with increasing
temperature. In order to appreciate the magnitude of the discrepancy, we
show in Fig. 11b a linear plot of the entropy, which shows that the simple
I.andau theory is low by 21% at 1.5 K, 33% at 1.9K, and 42% at 2.05 K.
The normal fluid density shows much the same behavior at P = 0 and similar
discrepancies are present at higher pressures for both quantities.

The discussion of this section shows that the simple Landau approxima-
tion is still a useful tool for preliminary analyses of new problems and
general orders of magnitude. It should no longer be regarded as having any
quantitative significance.

9. THE GENERALIZED LANDAU APPROXIMATION

By the ‘‘generalized Landau approximation' we mean a scheme of
calculation using a full representation of the dispersion curve, with
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Log Entropy (Ergs /Gm-K)
\

3 L
(o) | 2
Temperature (K)
Fig. 11a. The logarithm of the entropy S, + S, calcu-
lated from the simple Landau approximation as

shown'in Table VI. The tabulated data are from Ref.
4.

temperature- and pressure-dependent parameters. It is still an approxima-
tion because it does not take into account the details of the observed energy
levels, such as their linewidths, and because (at least at higher T and P) we
need to use the effective spectrum. In spite of these deficiencies, a remark-
able amount of information can be calculated from this approximation,
using, for example, the coefficients of the model dispersion curves tabulated
in Ref. 4. :

We show in Fig. 12 the phase velocity w/q as a function of q for several
pressures. We see that the model curve exhibits positive dispersion below
10 atm and is in satisfactory agreement with the data. The low-temperature
specific heat is displayed in Fig. 13, and again the effects of dispersion at low
temperatures and pressures is seen, and the calculations are in satisfactory
agreement with calorimetric data.

We illustrate in Figs. 14-16 the entropy, normal fluid fraction, and
expansion coefficient, which again are all in quite reasonable agreement with
the experimental data shown. The generalized Landau approximation,
together with the formulas of Table II for temperature-dependent energy
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Fig. 11b. A linear plot of the entropy shown in Fig.
11a above 1 K.

400 > = = 5

. p=24
E 3501
{ 5 300 -1°
[ $ 2s0}e:0
[ Fig. 12. The phase velocity at 1.2 K for vari-
’ ous pressures using the series representation
v. of Brooks and Donnelly.* The neutron meas-
3 200 urements are: (®) Svensson et al.> P=
: 24 atm; () Henshaw and Woods,*® P=
l 25 atm; (x ) Cowley and Woods,* P =0 atm.

1 Note that the positive dispersion is greatest at

, 08 t2  P=0.isncarly absent at P = 10, and is com-
q (&) pletely absent at P = 24 atm.
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Fig. 13. The specific heat C,/ T as a function of T°. The
solid lines are calculated from the series representation
at the pressures (from top to bottom) P =0, 2.5, §, 10,
15, 20, and 25 atm. The symbols &, O, B, A, @, 0, and
¥ represent the data of Wicbes** and are the above
respective pressures. The symbols %, +, @, and O are
from the data of Phillips er al.’® and represent the
corresponding molar volume 27.580, 26.277, 23.790,
and 27.128 cm’/mole, respectively.

levels, appears to be able to give a quite adequate account of the properties
of He II over a remarkable range of temperatures and pressures.

10. DETERMINATION OF THE THERMODYNAMICS OF He Il
FROM SOUND VELOCITY DATA

Quite recently there has been a new approach to the thermodynamics of
He II by a group at UCLA. In the first of two papers, precision measure-
ments of the velocities of first, second, and fourth sound were reported at all
temperatures above 1.2K and at all pressures.*’ The precision of the
velocity data was of order 0.2% and over 400 points were measured for each
sound mode. Maynard has made use of these data to produce tables of the
density, expansion coefficient, normal fluid fraction, entropy, specific heats,
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ENTROPY (J-g"-K")

Fig. 14. The entropy of Hell as a function of pressure
temperature calculated from the series representation of the
appendix and the coefficients tabulated in Ref. 4. The data
for 0.3< T<1.6K are from Weibes>* and those for 1.6 <
T <2.05K are from van den Meijdenberg et al.>’

compressibility, and sound velocities.'* The basic program of the analysis
was to first find p using u, then to use a parametrized dispersion curve and
effective spectrum to generate S and p,/p, and subsequently to fit u, and u,.

The model dispersion curve consisted of (a) a phonon branch for the
region 0=g=<1.1 A" (recall here that p = hq):

e(p)=u,p+ap’>+bp* (81)
(b) a maxon branch for the region 1.1 A" '<g=<gqo,—0.1A7":
e(p)=€mm—c[p—(1.1A P +d[p—(1.1 A")AT (82)
(c) a parabolic roton branch for the region go—0.1 A '<g =gq.:

£(p)=A+(p—pd)’/2u (83)
and (d) a straight line of slope u, for g. <q<3.0A"":
e(p)=[A+(1/2u)(p. = po)’ 1+ u\(p - po) (84)

The coefficients a and b were determined by the conditions (1.1 A") =
€max and (de/dp), 14 +=0; ¢ and d were chosen so that ¢ and de/dp are

—
w
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TEMPERATURE

NORMAL FLUID RATIO

Fig. 15. The normal fluid fraction as a function of temperature for
different pressures, calculated from the generalized Landau
approximation and the coefficients of Ref. 4. The data are from
Maynard.""

continuous at the junction between (82) and (83). The parameters p, and u
were taken from DGHP®’;, ¢o=3.64p"*A' and p/u.=
140.35[1—(T/T,)’), where u, was taken from a best fit to the data as a
function of pressure.

The parameters €., and A were both treated as variables to determine
the effective spectrum and were assumed to be given by the expressions

A AA 2/3 2 & n]
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kT kTA DZJE +D|"€ Ine+De+e¢ ,,;o D,.<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>