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FINAL TECHNICAL REPORT

TURBULENCE AND STATISTICAL MECHANICS

The Physics of Fluids group at the University of Oregon has been fortunate

in having research support from the Air Force Office of Scientific Research for

a number of years. The period covered by this report is July 1, 1976 to September

30, 1979, during which time our grant was numbered AFOSR—76—2880.

The purpose of this brief introduction is to trace through the period of

the grant several of the principal ideas that have guided our work. The body

of this report consists of publications supported by AFOSR, with related pub-

lications added which round out our total activities and make the report more 
- 

-

complete for the interested reader. On July 15, 1975 we issued the predecessor

to this report which covered the period from January 1, 1971 to June 30, 1975.

Obviously a number of ideas from that earlier period find their fulfilment in

the present report.

I. EXPERIMENTAL RESEARCH ON LIQUID HELIUM

Turbulence in classical fluids is considered one of the greatest unsolved

problems in physics and has been receiving a great deal of attention from the

physics community. Years ago Feynman observed that quantized vortex lines in

helium II thight form a turbulent tangle. This was investigated experimentally

by Vinen In a series of papers in the 1950’s; moreover, Vinen proposed a simple

theoretical model of this turbulence which is still In widespread use. M ch of

the quantitative work on turbulence in He II has been obtained in narrow channels

by a number of investigators, particularly Tough and his collaborators. Wider

channels have been the subject of more recent work by Northley, Moss and their

students. Moss was the first to observe low frequency fluctuations in turbulent

counterfiow , which raised in our minds the hope that methods similar to those

_ _ _ _ _  

-
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used in classical turbulence might be used with helium II, including power spectra,

phase and coherence measurements.

With direct cooperation from Professor Moss we established some experimental

work in fluctuations in wide channel of both ion and second sound probes. We

experienced considerable trouble in obtaining reproducible results with ion probes,

and gradually turned our attention to second sound resonances in channels of size

of order 1cm x 1cm x 10cm. The use of several transducer pairs along such a chan-

nel revealed that the attenuation of second sound, and hence the vortex line den-

sity was quite inhomogeneous——being considerably larger at the heater end than the

open end of the channel. Efforts to smooth this inhomogeneity by means of grids

such as in wind tunnels, were generally unsuccessful.

After many trials we finally found that a very long (1cm x 1cm x 40cm) channel

had a reasonably homogeneous section near the middle. At the same time we became

concerned about the accuracy of the continuous second sound resonance techniques

we were using : how reliable is the attenuation information about the vortex line

density local to the probe (about a 1cm
3 
volume) when the whole channel is in

resonance?

The solution to the question above was to resort to a pulse technique which

completely avoids the channel resonance problem . Preliminary results with this

new technique, and a history of our earlier work with ion and second sound probes

is contained in Michael Cromar’s thesis:

“Turbulence in Helium II Counterflow in Wide Channels” by Michael William

Cromar, Ph. D. thesis, University of Oregon, 1977 (unpublished).

The first published report was contained in the proceedings of LT15:

Reprint l~ “Turbulent Counterflow: Vortex Line Density,” g.M. Ostermeier,

M.W. Cromar , P. Kittel and R. J. Donnelly, J. de Physique C6 Supp #8, Vol. 39

pp. 160—162 , (1978).

*Reprints included in Appendix.

;, 
I
II
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This was followed by a more complete account

Reprint 2: “Steady State Vortex—Line Density in Turbulent He It Counterf low,”

by g.M. Ostermeier, M.W. Cromar, P. Kittel and R. J. Donnelly, Phys. Rev. Lett.

41, 1123—1126 (1978).

The above papers have to do completely with equilibrium flow. The dynamical

properties must include a description of’fluctuations as well. We were able to

modify the pulse technique in such a way as to allow a local measurement of low

frequency fluctuations. This recently completed work is contained in

Reprint 3: “Fluctuations in Turbulent He II Counterf low,” by R.M. Ostermeier,

M.W. Cromar, P. Kittet and k. J. Donnelly (to be submitted).

II. RESEARCH ON THE EQUATIONS OF MOTION OF He II

Ultimately one believes that the description of turbulent flow must find some

description from the equations of motion of the fluid. More than thirty years

after Landau’s original work the problem of the equations of motion of He II is

still an open question. A statement of the question itself was included in our

last AFOSR report in an Annual Review of Fluid Mechanics article by P.H. Roberts

and R.J. Donnelly. The resolution of the question based on the most general prin-

cipals of continuum mechanics has been considered by R.N. Hills and P.H. Roberts.

Their work, still under active development, includes the effects of healing and

relaxation missing in the original Landau—Khalatnikov treatment as well as address-

ing the problem of vortices in rotating helium II. Four contributions are

included here:

Reprint 4: “Healing and Relaxation in Flows of Helium II — I; Generalization

of Landau’s Equations,” by R.N. Hills and P.H. Roberts, Int. J. Engng. Sd .

15, pp. 305 — 316 (1977).

Reprint 5: “Healing and Relaxation in Flows of Helium II — II; First, Second

and Fourth Found,” by R.N. Hills and P.H. Roberts, J. Low Temp. Phys. 30,

709 — 727 (1978). 

~~~~ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
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Reprint 6: “Healing and Relaxation in Flows of Helium II — III; Pure Super—

flow,” by R.N. Hills and P.H. Roberts, J. Phys. C. 11, 4485—4499 (1978).

Reprint 7: “Superfluid Mechanics for a High Density of Vortex Lines,” by

R.N. Hills and P.H. Roberts, Archive for Rational Mechanics and Analysis 66,

43—71 (1977)

Actual calculation of the predictions of these theories requires a precise know-

ledge of the thermodynamics and elementary excitation spectrum of He II at all

temperatures and pressures. The calculation of the healing length, for example,

requires knowledge of the free energy of helium II evaluated at non—equilibrium

values of e5 . The way in which this is done is described in

Reprint 8: “Calculation of the Static Healing Length in Helium II;” by

P.H. Roberts, R.N. Hills and R.J. Donnelly, Physics Letters b A , 437—440

(1979).

III. Research on the Thermodynamic Properties of Hell

The development of precise data on Hell discussed above has been a long—time

concern to our group. Not only is the data sometimes hard to find, it is linpor—

tant for many purposes to know how to integrate over the excitation spectrum to

calculate new quantities, such as the healing length described in Reprint 8 above.

For temperatures above 1K, however, nearly all quantities of interest in the

excitation spectrum are both pressure—and temperature—dependent. The simple

statistical mechanics of non—interacting excitations cannot be used to calculate

thermodynamic properties and new expressions had to be found. The method and

final expressions for handling this problem are discussed in

Reprint 9: “A Theory of Temperature—Dependent Energy Levels: Thermodynamic

Properties of Hell ,” by Russell J. Donnelly and Paul H. Roberts, J. Low Temp.

Phys. 27, 687—736 (1977).

The direct application of this theory to the calculated thermodynamic properties

of He II resulted in extensive sets of tables:

~ 
.~:
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Reprint 10: “The Calculated Thermodynamic Properties of Superfluid Helium—4”

by J.S. Brooks and R.J. Donnelly, J. Phys. Chem. Ref. Data 6, 51—104 (1977).

The preparation of these tables pointed up the problem of the absence of data in

a number of regions of temperature and pressure, particularly below 1K. New ex-

periments on thermodynamics and inelastic neutron scattering were called for:

Reprint 11: “Need for More Precise Thermodynamic and Neutron Scattering

Data on Liquid Helium,” by R.J. Donnelly and P.H. Roberts, J. Phys. C.

10, L683—L685 (1977).

IV. Theories of Elementary Excitations in He II.

The properties of 3He—
4
He solutions form a vast area of research in themselves.

We have addressed the problem of calculating the shifts of roton energies due to

the addition of 3He in dilute quantities and have used the dielectric model de-

veloped several years ago:

Reprint 12: “Dielectric Model of Roton Interactions in Dilute Solutions of

3He in 
4
He ,” by R.J. Donnelly, R.W. Walden and P.H. Roberts, J. Low Temp.

Phys. 31 , 375—387 (1978).

In the same issue of the Journal of Low Temperature Physics we examined the bind-

ing of rotons to impurities such as 3He particles, the positive helium ion and

the negative electron bubble:

Reprint 13: “Bound States of Rotons to Impurities in He II,” by P.-H. Roberts,

R.W. Walden and R.J. Donnelly , J. Low Temp. Phys. 31, 389—408 (1978).

V. Superfluidity in Narrow Channels.

Several years ago Donnelly and Roberts advanced several theories on the

nucleation of quantized vortices by the moving superfluid. Recently there has

been very substantial theoretical and experimental work on the properties of thin

films, particularly work stimulated by the ideas of Kosterlitz and Thouless on

two dimensional systems. It seemed useful to examine the predictions of the

older nucleation theories to channel flow. The investigation showed that it is

~~lI. ~~~~~~ — —  _ . _. ._ _ _  ..~~~. .. ... . _.. ._ _
~~ .. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ..~~.
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necessary to assume a free energy barrier to vortex nucleation which is

present irrespective of any superf low. Flow then modifies the barrier,

and decay of superf low results. This investigation appeared recently in

Physical Review Letters:

Reprint 14: “Superf low in Restricted Geometries,” by R.J. Donnelly, R.N.

Hills and P.H. Roberts, Phys. Rev , Letters 42 725—728 (1979).

VI. Infrared Detectors

Our group has been active in upper atmosphere research, principally with NASA

support. In one important instance, however, the low temperature facilities at

Oregon were important in the development of an 
3He—cooled infrared bolometer

detector. The construction of the cryostat is described in the next paper:

Reprint 15: “Portable 3He Detector Cryostat for the Far Infrared” by

J.V. Radostitz, I.G. Nolt, P. Kittel and R.J. Donnelly, Rev. Sci. Instrum .

49, 86—88 (1978).

Personnel Associated with the Reserach Effort

1) Russell J. Donnelly, Professor of Physics, principal investigator.

2) Paul H. Roberts, Professor of Mathematics, University of Newcastle upon Tyne.

Professor Roberts was elected a Fellow of the Royal Society of London in 1979.

3) Roger N. Hills, Senior Lecturer in Mathematics, Herriot—Watt University,

Edinburgh

4) James V. Radostitz, Research Associate, constructed the apparatus and assisted

in the experimental set—up .

5) Richard M. Ostermeier, Research Associate. Dr. Ostermeier is now at Shell

Development Corp., Houston, Texas.

6) Peter Kittel, Research Associate. Dr. Kittel is now with NASA Ames Research

Center in Mountain View California

7) Michael W. Cromar obtained his Ph.D. for the work described above and is now

_ _ . .
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at the National Bureau of Standards, Boulder, Colorado.

8) Robert Waiden obtained his Ph.D. in 1978 for research in fluid dynamics, and

is now at Bell Laboratories, Murray Hill, New Jersey.

Conferences and related activities

The results of this research have been reported at several conferences.

Richard Ostermeier presented the turbulence work at LT15. Research has been

regularly reported at the Washington meeting of the American Physical Society

each April , and in 1978, Russell Donnelly presented an invited paper at a Sym-

posium of the Division of Fluid Dynamics.

In July of 1979, the Fourth Oregon Conference on Liquid Helium was held at

Timberline Lodge, Mount Hood , Oregon. The work described here was reported by

P.11. Roberts and R.J. Donnelly.

In October 1978, Russell Donnelly was a Senior Visiting Fellow of the

Science Research Council(UK) and gave lectures at Newcastle, Edinburgh, St.

Andrews, Birmingham, Manchester, Sussex and London.

Acknowledgements

Our project monitors at AFOSR during the period of this grant were Dr.

William D,rnntll and Dr. Thomas Collins. We are grateful to them for their

encouragement and support .

Much of the research reported here has had concurrent support. In particular

Russell Donnelly has had a grant for the Division of Materials Research, National

Science Foundation and Pau l Roberts and R.N. Hills have had grants from the

Science Research Council of the United Kingdom.

-
-

LL. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_  _ _ _ _ _ _ _ _



- -~~~~~~~~~~~~~~~~~ --- -- ~~~~~~~ _ _ _ _ _ _ _

10

APPENDIX

Reprint 1: “Turbulent Counterflow: Vortex Line Density,” by R.M. Ostermeier, 12

M.W. Cromar , P. Kittel and R. J. Donnelly, J. de Physique C6 Supp #8, Vol. 39

pp. 160—162, (1978).

Reprint 2: “Steady State Vortex—Line Density in Turbulent He II Counterf low,” 15

by R,M. Ostermeirer, M.W. Cromar, P. Kittel and R. J. Donnelly, Phys. Rev. Lett.

41, pp. 1123—1126, (1978).

Reprint 3: “Fluctuations in Turbulent He II Counterflow,” by R.M. Ostermeier, 19

M.W. Cromar , P. Kittel and R. J. Donnelly (to be submitted).

Reprint 4: “Healing and Relaxation in Flows of Helium II — I; Generalization 33

of Landau’s Equations,” by R.N. Hills and P.H. Roberts, m t .  J. Engng, Sci.

15, pp. 305—316, (1977).

Reprint 5: “Healing and Relaxation in Flows of Helium II — II; First, Second, 43

and Fourth Found ,” by R.N. Hills and P.11. Roberts, J. Low Temp. Phys. 30, pp.

709—727, (1978).

Reprint 6: “Healing and Relaxation in Flows of Helium II — III; Pure Super— 62

flow,” by R.N. Hills and P.H. Roberts, J. Phys. C. 11, pp. 4485—4499, (1978).

Reprint 7: “ Superfluid Mechanics for a High Density of Vortex Lines,” by 77

R.N. Hills and P.M. Roberts, Archive for Rational Mechanics and Analysis 66,

pp. 43—71, (1977).

Reprint 8: “Calculation of the Static Healing Length in Helium II,” by P.R. 106

Roberts, R.N. Hills and R.J. Donnelly, Physics Letters 70A, pp. 437—440, (1979).

r



_ _ _ _ _ _  - 

.. -.

11

Reprint 9: “A Theory of Temperature—Dependent Energy Levels: Thermodynamic 110

Properties of He TI,” by R.J. Donnelly and P.R. Roberts, J. Low Temp. Phys.

27, pp. 687—736, (1977).

Reprint 10: “The Calculated Thermodynamic Properties of Superfluid Helium—4,” 160

by J.S. Brooks and R.J. Donnelly, J. Phys. Chem. Ref. Data 6, pp. 51—104, (1977).

Reprint 11: “Need for More Precise Thermodynamic and Neutron Scattering Data 214

on Liquid Helium,” by R.J. Donnelly and P.H. Roberts, J. Phys. C. 10, pp. L683—

L685, (1977).

Reprint 12: “Dielectric Model of Roton Interactions in Dilute Solutions of 217

311e In 411e,” by R.J. Donnelly, R.W. Walden and P.R. Roberts, J. Low Temp. Phys.

31, pp. 375—387, (1978).

Reprint 13: “Bound States of Rotons to Impurities in He II,” by P.R. Roberts, 230

R.W. Walden and R.J. Donnelly, J. Low Temp. Phys. 31, pp. 389—408, (1978).

Reprint 14: “Superfiow in Restricted Geometries,” by R.J. Donnelly, R.N. Hills, 250

and P.M. Roberts, Phys. Rev. Letters 42, pp. 725—728, (1979).

Reprint 15: “Portable 3He Detector Cryostat for the Far Infrared,” by J.V. 254

Radostftz , I.G. Nolt , P. Kittel and R.J. Donnelly, Rev. Sci. Instrum. 49, pp.

86—88, (1978).



~~~~~~~~~~~ ~~~~~~~~~~~ ~~~ - —_. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ...-.- .-- -.,- -- -- 
~~~~~~~~ 

.. 

£4.

JOURNAl. DE PHYSiQUE Colloque C6. supplement au n 8, Tome 39, soul 1978

TURBULENT COUNTERFLOW : VORTEX LINE DENSITY

R.N. Ostermeier, H.W. Croma r, P. Kittel and R.J. Donnelly

D.pa i.tstent of Physics, (/niuer8ity of Oregon, Eugene, Oregon 97403 USA

Résumó .— Un. technique de “pulse 2e aon~’ a dtd développde comee preuve locale de is “vorticité” gé—
n~r~e dens un “counterf low” thermique dan. l’hélium II. Lee masures de densit4 des vortex obtenues
en utilisant cette technique sont pr4.entées.

Abstract.— A second sound burst technique has been developed as a local probe of vorticity generated
n therma l counterl low in He Ii. Measurements of the steady—state vortex line density obtained using
this technique are presented .

Turbulent counterf low in wide channels (4.1 cm) how turbulence is initiated /1/. For example , one

was first stud ied in detail by Ym ca Ill using a might expect an enhanced vortex line density near

resonant second sound technique to measure steady— the heater if it is an intrinsic source of turbu—

state and transient propertie s averaged over the lance. Measurements of the vortex line density pro—

length of the channel . From his observations he en— file were motivated also by the observation of

visioned the turbuleace as a homogeneous. isctropic Ladner , Childers and Tough /4/ of a third flow re—
tangle of quantized vortex line satisfying the dyna— giu,e at higher heat currents.

mical balance equation The channel used in our experiments has a

I cm squa re cross—section and runs down the centerX KdL _ I ~~ s/s 
~~ 
) — ~ 1.2 . (I) of a ‘rass rod 3 cm in diameter and 41 cm 10mg. Its

~ ~~~ 
—~ vi. — 

L~~
’2 d 

~~ bottom epd is open to the bath. The upper end hou
where 1. is the vortex line density , v is the coun— ses a heater which is insulated from the channel
terflow velocity, Xi.  Xa . and B are the usual tem— walls by a Delrin support. The heater consists of
perature dependent Vinen/I/ parameters. The factor a 9 me square OFUC copper plate backed with 4.1000
in parentheses accounts for the finite size of the of manganin wire . Ten pairs of capacitive—type
channel (d diem., n 4. I ) ,  and implies a critical transducers /5/ (‘~6 diameter) are spaced along
counterf low velocity for the transition from lami the channel’ s length as shown in figure 1.
nar to turbulent flow . This model has been success— To provide a local probe of the vorticity
ful in explaining most experimental results on ther— (necessary for a profile measurement) we developed a
mel counterf low . One notable exception COflC~ Xfl5 the second sound burst technique as schematized in figu—
assumption of isotropy. Ashton and Northby 121 die— re I. A burst generator excites the transmitting
covered that the vortex tangle moves in the direc— transducer , with the burst interval adjusted to at—
tion of the norma l fluid with a drift velocity pro— low for complete decay of all echoes. The received
portional to v . Though this result contradicts an signa l is preamp lif led and passed into a lock—in ope—
assumption of Ym ca ’s theory, it is not surprising rated in the fast phase—sensitive mode. The burst
in view of the natural anisotropy of the counter— frequency and phase are adjusted to maximize the out-
flow velocity. A new theory developed by Sthwarz put of the lock—in which correspond s essentially to
/3/ takes this into account and gives 5 vortex hj the RMS of the received signal . The first trace in
ne drift velocity in agreement with experiment . figure I shows, from left to right , the pick—up
Implicit in the data analysis of Ashton and Northby bu r st ,and a series of burst echoes. The second tra—
the theory of Schwarz, and the Ym ca model is the cc is the lock—in output. The third trace is ~
assumption of homogeneity. Actually, then, is rca— rice of time delay adjustable 20 ps pulses which
son to believe that L may not be uniform along the mark the points in t ime that the lock—in output is
length of a channel. Induced temperatur e and pres— sampled by the computer. Since the relat ive attonua—
sure gradients will , of course , produce sligh t in— t O n  (between 4 on and Q off) for a single transit
homogeneity ; but more important is the prob lem of across the channel is genere ily quite small , meaau—
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rements on the echoes allow considerable improvement ty localized near the heater.

in the uncertainty without substantially diminishing
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Fig. 2 A plot of B/à.~ at T — 1.35 K for 4 trans—

Fig. I : A schematic of the counterf low channel and ducer pairs located at various distances from the

the associated electronics. A cross—section of the heater. The solid curves are eq. (2~ fitted to the

second sound transducer is shown in the lower left— 4 acts of data at 
~CI 

and 100 mW/cm ~~ indicates

hand corner, the onset of a new secondary flow.

Since the attenuation ~ 
4. 1., eq. (I) can be

wri t ten  in the steady state as 10 1 
. • • •

125 mW crvr2
- y(I + (2) T 1.35 K a 80 mW cm 2

e • 35 mW cnr 2
where, according to the Vinen theory, ~‘ is a func-

tion of temperature only and the critical heat

current , is a function of temperature and channel e
.

width. In figure 2 we plot our data at 1.35 K as S
C

vs Q for four of the transducer pairs. Con— .2 -

~~IO 2 a~~~~a a
centrating first on 4 .

~, 100 mW/cm2 we note that 
. a a

a a
U

near the open end at 40 cm a two parameter fit .

(y and 4~ ) of eq. (2) provides excellent agreement
with our data. If we assume different values of

y end a similar good fit can be obtained at

20 cm. Ag one approaches the heater to within . 
I . f U

and especially 2.5 cm , it become s impossible to fit 
•

the data to the functional form of eq. (2). Thus 0 $0 20 30 40
y and not only depend strongly on the dist .an— Distonce from Heater z (cm)
cc from the heater X , but the shape of the vortex

line density profile changes with Q ac well. This Fig. 3 : The attenuation B versus distance from
is particularly evident when comparing data for the heater X for various 4 at T 1.35 K.

Q — 80 mW/c,,2 with that for 35 mW/cm ’ as shown in

figure 3. At 80 mW/em’ there occurs over th e length The observed dependences of B and on X

of the channel a gradual decrease in ~ ~ 4.SO ~~, 
and the profile on 4 have no ready explanation in

whereas at 35 niW/cm’ there i s  a sharp inhor,ogenei— existing theory. An understanding of these pheno-

mena may lie in the aforementioned intrinsic pro—

I. , , 
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duction of vorticity by the heater, end effects 
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and/or presenc e of a cunvection term in eq. (I)
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pronounced variation as shown in figure 3. (Note

that the average line density varies approximate— 
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and Tough,J.T.,

ly as 42 ) For 
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> ~ 110 mW/cm
2 we also observe 

~~ Sherlock,R.A. and Edwards,D.O., Rev. Sci. Instr.
a sharp increase in the RMS noise of the lock—in 41 (1970) 1603

output. These obsevvatiOfle strongly suggest the
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onset of a new flow regime, possibly simi lar to

that observed by Ladner, Childirs and Tough /4/ in
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Steady-State Vortex-Line Density in Turbulent He H Counterfiow

Il. M. Ostermeier. M. W. Croinar,~~ P. Kittel,
th) and R. J. Donnelly

fl ~’f ~ar l m euF of I’hv.sics. ~~~~~~~~~~~ ot Orsg m. Eugene. O,vgon 97403
(hi , • ~pI vt~ I 22 August 3978)

W, hay, n,. :, siivt• I th ,~ st, a~Iv—st: *U V.IFt(X hlfl ( density in turbulent counterfiow using a
- hu rst tt hnlqti. . :Is a his :iI probe . ( .~ntrary to the Vinen theory and prev i—

I 
,,,is ~~~~~~~~~~~~ we f ind siil ,st ;iiginl l ine—densit y inhiomogeneity and strong departures
ir~,in the pi t , h i e t t ~ l heat - eI,rn’nt dri,endenrt . Anomalous behavior of the line density at
h ighe r heat eu l I- ,~IILs i~rI’vuIes , ‘vj ck ne,~ for a new secondary flow state .

In a classic series of experiments Vinei~’ wa.s resonant second-sound technique he measured
V 

the first to study in detail the nature of turbulent the steady-state and transient attenuation aver-
- counterf low in wide (— 1 cm) channels. Using a aged over the length of the channel. (~ i the basis

© 191$ 1 he American Physical Society
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of his observations he envisioned turbulent He II Finally, the observation of a new secondary flow
as consisting of a homogeneous, isotropic tangle in circular capillary tubing6 and the absence of
of quantized vorticity satisfying the dynamical such a state in Vinen’s observations suggest that
balance equation2 this state might manifest itself in wide channels

as a modification of the line-density distribution.
— 72] _~~~~L 2 , (1) To test these ideas we have carried out a study

‘4’ of the local behavior of the line density in steady
where L is the vortex-line density, , is the coun- turbulent counterf low. Our counterf low channel
terflow velocity , B is the mutual friction param- is 1 cm square in cross section and runs down
eter , and y~ and X2 are parameters of order unity. the center of a brass bar 3.8 cm in diameter and
The term in brackets accounts for the finite width 40.5 cm long. Its bottom end is open to the bath.
of the channel (d = diam, ~ — 1), and implies a At the top end the heater , consisting of a 2-mm
critical counterflow velocity for the transition X 9-mm—square oxygen-free, high conductivity
from laminar to turbulent flow, copper plate backed by — 100 11 of Manganin wire,

This model has been successful in explaining is inlaid in a Deirin support that insulates It from
temperature difference3 and average steady-state the channel walls. Ten pairs of capacitive-type
line-density2 behavior. However , serious prob- second-sound transducers1 (6 mm diam) are
lems do remain. As Vinen recognized, the mod- spaced along the channel’s length as shown in
el does not explain the initiation of turbulence. Fig. 1.
His introduction into Eq. (1) of a phenomenologi- To provide a local probe of vorticity a second-
cal term to account for this deficiency provides sound-burst technique was devel:~ed. A burst
no real insight into this problem and is question- generator excites the transmitting transducer,
able in view of the theory’s inadequacy in dealing with the burst interval adjusted to allow decay of
with transient phenomena. More recently the as- echoes. The received signal is preamplified, fil-
sumption of isotropy has come under attack. Ash- tered. and amplified by a lockin operated in the
ton and Northby4 observed that the vortex tangle fast phase sensitive mode. The burst frequency
moves with a drift velocity proportional to v—a and lockin phase control are adjusted to maxi-
result not too surprising considering the intrinsic mize lockin output. The first trace in FIg. 1
anisotropy of counterflow. Schwarz’ has attempt- shows, from left to right , the pickup burst , the
ed to remedy the theoretical situation in his de- first received burst , and a series of burst ech-
velopment of an equation for the vorticity distri- oes. The second trace is the lockin output cor-
bution function. His theory accurately predicts responding essentially to the rms received signal.
the average steady-stat e line density and its mo-
tion down the channel , but it too does not treat
the problem of vortex initiation. ~~~~~ i~~~~iBesides these difficulties , the Vinen model (as
well as Schwar z ’s theory and other theoretical heale r ret
discussions and data analyses) assumes homoge-
neous turbulent flow. Actually there are a num- - -

ber of reasons to believe that turbulent counter- Amp Lock- in Computer

f low may be Inhomogeneous. The channel walls - -

will almost certainly influence the line density in bal l ast

a more complicated fashion than described by Eq. heoler

(1). Consideration of the annihilation, polariza- -

tion , and concentration of vorticity In the central - - V

stream of the flow suggests a diminishing line ______

density down the channel. A more Interesting -

possibility involves creation of turbulence. Since -
, V

the buildup of turbulence from thermally excited —

vorticity is energetically unlikely ,2 it is concelv- ..~—.. Scope

able that the heater plays a more direct role In FIG. 1 . A schematic of the counterfiow channel and
vorticity creation. If this is the case, a study of the electronics for the second-sound-burnt technique.
the line density In the vicinity of the heater might A cross sect ion of the capacitive-type second-sound
prove useful in understanding this phenomenon. transducer La shown at the lower left . 
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The third trace is a series ot tim e—d elay—adjust— provides g(x)d agreement with (he data. A simi—
able 20-gisec pulses preceded by a 200-fisec lat’ good lit , using different parameter values,
pulse. These pulses mark the points in time when can be had at 25 cm. Closer to the heater the
the lockin output is sampled by the computer. situation changes considerably. At 5 cm,
The echoes are analyzed since the relative atten- follows Eq. (2) at higher heat currents , but a dis-
uation due to superfluid turbulence is , for a sin- tinct deviation occurs at about 17 mW below which
gle transit across the channel , generally quite ~4 ‘(~~ increases with decreasing (~~. This marks
small. Measurements on the echoes thus allow the onset of a new region of behavior which oc-
considerable improvement in uncertainty without curs at higher heat currents as the heater is ap-
significantly diminishing the local nature of the proached . At 2.5 cm, for example, the deviation
probe. A niore compl ete description of this tech- begins at about 70 rnW and continues to the lowest
nique will be published elsewhere. Q for which jJ is measurable.

Since second-sound attenuation ~~~
— I. and heat The difference in behavior between these two

current (,) — s . Iq. (1)  ran he wr i t ten in the steady regimes is evident also in Figs. 3(a) and 3(b )
state as where line-density profiles are shown for ~ 35

Q~ 
(- -4 ) 1 1 $ (1 _

~~~~ , 
(:~

)
~‘ I~. (2) and SO mW , respectively. The enhanced vorticity

near the heater at lower heat currents decreases
where ) is . according to the Vineii theo ry , a tune- rapidly with x , dropping by a fac tor of 6—8 in 2.5
lion of temperature only , and ~) , . the critical cm. Farther from the heater and/or at higher
heat current , depends on channel width and tern-  heat currents the line density diminishes by about
perature. In Fig. 2 w e  have plott ed our data at a factor of 2 down the length of the channel. This
1.45 K for  L I ( ,)~ vs (? at four positions down the gradual I alloff may be associated with wall effects.
channel. The data indicate three regions of dis- The enhanced density near the heater is possibly
tinctive behavior. Concent rating first on values related to vorticity creation by the heater. This
ol (,‘ 4~ 

- 100 rnW we note that near the chan- is suggested by the rapid decay , the almost lin-
nel ’s open end at 40 cm a two-parameter fit (y ear 4) dependence of the line density, and the
and (~~ j  of Eq. (2), indicated by the solid line , more pronounced behavi or of this effect at lower

heat currents.
The third region, as indicated by the open sym-
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bols in Fig. 2 , is characterized by an anomalous channels,° and suggests that the transition at 4)c2
shift in line density accompanied by an increase is the analogous transition for the normal-fluid
in the signal rms noise At 145 K the onset of component. If this interpretation is correct , the

this region occurs at 4)c~~ 
100 mW independent observed gradual decrease in R with tempera-

of x. The shift in attenuation, most evident at ture may indicate an inhibiting effect of the super-
2.5 cm and 100 mW , can occur spontaneously in fluid vorticity on the transition
either direction, i.e., between the closed and We acknowledge useful discussions with F. Moss,
open symbols. At higher heat currents ~~/4)

2 as- K. Schwarz, and J. Tough. This work has been
sumes only values shown as open symbols. For supported by National Science Foundation Grant
Q slightly below 4) c2 (for example , 90 mW at 2.5 No. DMR 76-21814 , and by U. S. Air Force Of-
cm) the larger attenuation can be induced by fice of Scientific Research Grant No. A FOSR-76-
mechanical vibration of the cryostat immediately 2880C.
prior to data collection, but this enhanced density 

______________

eventually decays. Similar behavior , though not
as pronounced, is observed at 5 cm. Farther (a) Present address: Department of Physics, tlniver-
down the channel this phenomenon manifests itself sity of Rochester, Rochester , N. Y. 14627.
only weakly as enhanced signal rms noise and a 1t’

~ Present address: NASA Ames Research Center,
gradual reduction in j 3 / Ø

2 with 4). Moffett Field, Calif. 94035.
The line-density profile above Q~~ 

is shown in 1W. F. Vinen, Proc . Roy. Soc. London, Ser. A 240 ,

Fig. 3(c) for 120 mW. Comparison of this pro- 114 , 128 (1957).

file with that at 80 mW<Qc2 (Fig. 3(b)1 shows 2W. F. Vinen , Proc. Roy. Soc. London, Ser. A 
~~443 (1957) , and 243, 400 (1957).

that immediately above Q~2 a more rapid decline 
~R. K. Childers and J . T. Tough, Phys. Rev. B 13,

In line density down the channel occurs. Also the 1~~~ (1976) .
average ~ /4)

2 appears to decrease slightly above 1L A. Ash~ n and J. A. Northby, Phys. Rev. Lett,
4)c2. This is In contrast to the interpretation of 35, 171 (1975).

Ladner et c!.6 of their high-4) pressure and tem- “
~K. W. Schwarz , Phys. Rev. Lett. 38. 551 (1977),

perature difference dat a which suggests an in- and to be published.
crease in this quantity. ‘ D. R. Ladner , R. K. Childers, and J. T. Tough,

Ladner , Childers , and Tough8 noted a strong Phys. Rev. B !~. 
2918 (1975).  ThIs transition was ap-

parently also observed earlier by D. F. Brewer and
geometry dependence in the second transition, D. 0. Edwards . Philos. Mag. 6. 775, 1174 (1961), and
observing it only in capillary tubing of circular 7 , 721 (1962); and by G. van der Heljden , W. J. P. de
cross section and not in rectangular tubing. Our ~.oogt. and H. C. Kramers , Physica (Utrecht ) 59, 473

observations in a wide channel of square cross (1972).
section indicate a critical Reynolds number R 

T R. Will iams , S. E. A , Beaver , J. C. Fraser , R. S.

=p ,,v5d/i~,, of about 2800 at 1.45 K. This is at Kagiwada , and I. Rudnic k, Phys. Lett. 29A . 279 (1969);

least an order of magnitude greater than observed R. A. Sherlock and D. 0. Edwards , Rev. Sd . Instrum.
41 1603 (1970).

in circular capillary tubing,6’ 8 and exceeds by a ~~~~~~~ R. LadDer and J. T. Tough, Ptiys. Rev . B 17,
fac tor of 5 the highest Reynolds numbers explored 1455 (1978) .
for the rectangular geometry .8 Our value of R is 5H s ,hllc~ting, In Bosrndar) ’ Layer Theory, edited by

comparable to that for the transition from lam- H. Schllebting (McGraw-Hill, New York , 1968), pp.
m a r  to turbulent flow of ordinary fluids in square 575—578.
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FLUCTUATIONS IN TURBULENT lIE II COUNTERPLOW

R. H. Oste rmeier ~~~~~, H. W. Cromar p, Kittel (c)

and R. 3. Donnelly

Department of Physics

University of Oregon

Eugene, Oregon 97403

Abstract

We have measured the power spectral density and the mean square of

vortex line density fluctuations in steady turbulent counterfiow using a

second sound burst technique as a local probe. Our results are compared with

previous measurements and theoretical predictions.

(P.A.C.S. 67.40.llf)
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In recent years considerable experimental and theoretical effort has

been directed at understanding steady turbulent counterf low. The dynamical

aspects of turbulent He II, however, have not received nearly as much atten-

tion. The first investigations were those of Vinen who studied transient

behavior using a resonant second sound technique. Propagation of turbulent

wave fronts in narrow channels has been investigated by a number of authors

including Mendelssohn et al.2 and Peshkov and Tkachenko.3 More recently thioss

and coworkers have provided a new and powerful experimental method by

investigating fluctuations in the vortex line density. Following this

approach Piotrowski and Tough 6 have studied the fluctuating motion of an

airfoil suspended in turbulent counterfiow.

In this paper we present measurements of the power spectral density

(PSD) and the mean square (l’IS) of vortex line density fluctuations in steady

turbulent He II counterflow. We believe our results to be more reliable than

previous measurements for at least three reasons. First, the experiments were

carried out using a local probe designed to measure vortex line density fluc-

tuations directly. Second, measurements were made at different positions

along a relatively high aspect ratio (1 cm square by 40 cm long) channel.

Third, our data acquisition and analyses were superior to that then available

in earlier work.

The apparatus and second sound burst technique were similar to that

used in our line density measurements1. However, burst echoes were suppressed

in order to maximize the available frequency range for optimal PSD deterinina-

tion. Since second sound attenuation (in non-turbulent Hell) increases as f2

. 5
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(f=frequency) ,8 this was accomp lished by operating at higher burst frequenc-

ies . Thus repetition rates up to 160 Hz could be attained without signal

overlap.

As shown in Fig. I the burst excites the transmitting transducer and

the received signal is preamplified , bandpass filtered, and amplified by a

lock-in operated in the fast phase sensitive mode. The lock-in output, as

shown in the second trace, is then sampled by computer at every burst as

specified by the pulses in the third trace. This is done for 100 seconds thus

yielding time series consisting of approximately 16000 data points each.

Since computer memory was limited to transformation of 1024 point time series,

the data were analyzed to produce one low frequency and approximately 16 high

frequency ‘SDs . This procedure also allowed an estimation of aliasing

effects9. These arose from the inability to effectively filter the fluctua—

tion modulated signal, the bandwidth of which was about 160 liz centered at

anywhere from 50 to 100 KHz, the typical burst frequency.

Two sets of ’spectra with heat current = 0 and 100 mW are shown in

Fig. 2. These data taken at T 1.25K and x25 cm from the heater, represent

averages of twenty five 16000 point time series. Conversion of the measured

second sound burst amplitude PSD, SA ( f ) , to the vortex line density PSD,

sL
( f) ,  follows from A=A exp (—XL ) where X nKBd/16 u2. For small fluctuations

this gives

SL(f) (SA(f)/A
2 

- SAO (F ) / A O )/Z , ( 1)

assuming zero correlation between fluctuations in A0 and L. Here L is the

randomly oriented line density , A0 is the amplitude of the received second

sound signal for 4 = 0, K is the quantum of circulation, B is the mutual
~~I1

~ I ’  
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friction parameter, d is the channel width, and u2 is the second sound

velocity. For a given heat current the aliasing is easily estimated from the

degree of overlap between low and high frequency PSDs.9 At ~~I0O mW, for

example, aliasing is rather negligible until above about 10 Hz where back-

ground noise dominates the signal.

There were three general features observed in the power spectral

densities. First, for all heat currents investigated up to 280 aM all of the

additional power above background occurred at low frequencies, usually below

about 10Hz. Second, a low frequency plateau was always present in the spectra

at sufficiently high heat currents. Finally, every PSD exhibited a roll-off

at increasing frequencies with increasing 4. These features are illustrated

in Fig. 3 where smoothed spectra, taken at T l.25K and x 25.0 cm , are shown

for 4 ranging from 17 to 140 mW.
Our data differ from loch et al.4 mainly in the 1/f behavior they

observed at low frequencies. This may be attributable to a~ combination of

relatively low heat currents investigated and insufficiently low frequencies

examined by them in order to have detected a plateau at those heat currents.

We also did not observe a well defined 1/f3 roll-off at higher frequencies as

they did. Instead we found the power of the roll-off varied from about 2 to

4, generally increasing with ~~~ . This roll-off is also inconsistent with the

exponential dependence deduced by Piotrowski and Tough 6 in their experiments.

The disagreement probably indicates a complicated relation between the fluc—

tuating forces acting on their probe and the local vortex line density.

Observations of line density inhomogeneity1 suggest that low aspect

r ratio channels used in previous experiments4 6  may have effected these earlier

. 5
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results. For example, in this work we observed that the 4 dependence of the
spectra was generally more erratic and anomalous near the heater than farther

down the channel. This is illustrated in Fig. 4 where we have plotted the MS

fluctuation , (óL2�, versus Q for T 1.251( and x=2.5 and 25.0 cm. In Fig. 4a we

note an abrupt increase in <6L2> at about 100 mW. This is consistent with the

observed anomalous increase in line density at this same critical heat current,

~c2’ 
and our suggestion that this may indicate the onset of turbulent normal

fluid f low.7 Associated with this behavior are hysteretic effects as evi-

denced by the upper point at 50 mW. This datum was taken immediately after

those at higher heat currents as indicated by the dashed line and arrow. At

lower heat currents the 4 dependence of the data at 2.5 cm is rather ill—

defined in compa-’ son with that observed farther down the channel as seen in

Fig. 4b. Here the solid line through the data indicates a 4
2 dependence . In

contrast to the data at 2.5 cm , there is no substantial effect evident at 
~c2

100 mW, though there is some slight relative reduction of- <aL2) above 
~c2

again consistent with our observations of L.5 This general behavior described

for the data at 25.0 cm prevails over most of the length of the channel, from

within about 10 cm of the heater to the open end.

Since steady-state line density measurements7’1° suggest some valid-

ity of Vinen ’s phenomenological theory’1 sufficiently far from the heater, it

-is useful to compare predictions of that theory with the measured PSDs.

Assuming line density fluctuations much smaller than the steady-state L,

Vinen ’s dynamical balance equation” can be linearized to form a Langevin

J equation. It then follows that

SL(f) = g0 S~
(f)/{1 + (f/fo)21, (2) -

- 5
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where g — 4
2 f _  4

2 and Sv (f )  is the counterf low velocity fluctuation PSD .

A similar result is also obtained from Schwarz’s theory 
12 If S

~
(f) is

assumed to be flat over the bandwidth of interest, we get the dashed curves

shown in Fig. 3 corresponding to the indicated values of 4. We also find that
(~L

2>
~. 4
4 as shown by the dashed line in Fig. 4b.

Although the predicted roll-off frequency, f0, is of the correct order

of magnitude, the discrepancies between theory and experiment with regard to

plateau amplitude, roll-off slope, and (6L2)I suggest that the dynamical aspects

of Vinen’s and Schwarz’s theory may be incomplete. This is corroborated to

some extent by the inconsistency Vinen noted between his observations of

transient phenomena and his theory.1’ On the other hand there is reason to

believe that fluctuations in the velocity may contribute to the observed

spectra. In considering this possibility Northby13 has deduced an expression

for SL(f) from the two fluid equations and Vinen
’s dynamic balance equation.

Taking into account feedback between fluctuations of the velocity and the line

density he finds

SL(f) ~‘. a/((c-f2)2 + b ~~~

where a, b, and c are specified but complicated functions of 4. We note that

Eqn. (3) possesses the general features exhibited by our PSD data; namely a

plateau at low frequencies relatively insensitive to 4, a roll-off at higher

frequencies with roll-off frequency and slope increasing with 4, and also the

observed 4 dependence of (6L2>. Although a detailed and systematic study

comparing Eqn. (3) with our data has not yet been completed’4 a preliminary

analysis’5 suggests that Northby’s feedback model may have some basis of

validity at least sufficiently far from the heater.

T
’
~~. 
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FIGURE CAPTIONS

Figure 1: A schematic of the counterfiow channel and electronics for the

second sound burst technique. Burst echoes have been suppressed

as explained in the text. In the lock-in output the pick-up

has been eliminated and the received signal maximized by adjust-

ing burst frequency and lock-in phase control.

Figure 2: The power spectral density of the amplified second sound burst

amplitude, SA ( f ) , versus frequency for 4 = 0 and 100 mW . The

data were taken at T = 1.25K and x 25.0 cm. The low and high

frequency curves represent averages of 25 and approx. 400

individual spectra, respectively.

Figure 3: 
~~~~ 

versus frequency for 4 17, 35, 70, and 140 mW; respect-

ively. The data were taken at T 1.25K and x = 25.0 cm. The

dashed curves correspond to Eq. (2) evaluated at the same heat

currents with S (f) a constant adjusted to fit the 70 mW data

at low frequencies.

Figure 4a: <61.2> versus 4 at T = 1.25K and x = 2.5 cm. The dashed line

indicates hysteresis as explained in the text.

Figure 4b: <6L2> versus 4 at T = 1.25K and x = 25.0 cm. The solid and

dashed l ines indicate a 4
2 and dependence , respectively.
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HEALING AND RELAXATION IN FLOWS OF
HELIUM Il—I

GENERALIZATION OF LANDAU’S EQUATIONS

R. N. HILLS
Mathematics Department . Her iot—Walt University. Edinburgh, Scotland

and

P. H. ROBERTS
Department of Applied Mathematics, The University, Newcasele-upois.Tyne. England

Abaftad—The Landau 2-fluid equations for the motion of helium II are often criticised on two grounds:
they ignore healing of the wave function, and they require the superfluid percentage to change
instantaneously when the thermodynamic state is altered. In 1910 Khalatnikov(4) proposed a way of
incorporating relaxation effects associated with conversion between superfluid and normal Iluid. Using this
as our starting point and employing the techniques of modern continuum mechanics, we develop a
thermodynamically acceptable generalization that incorporates both healing and relaxation phenomena.

I. INTRODUCT ION
ALTHOUGH the Landau equations have, for a generation, dominated the theory of the
macroscopic behaviour of helium II, it has been recognized for a number of years that they
contain unsatisfactory elements that cause them to misrepresent certain types of phenomena,
particularly near the A-point. The two most serious omissions of the Landau theory are,
perhaps, healing and relaxation processes.

Healing causes the wave.tunction to fall to zero at, (or example, (infinite potential) walls
confining the fluid. A 2-fluid model ought to rccogniie this by requiring the superfluid density,
p~, to tend to zero at such a boundary. The Landau theory fails to do so. This may account for
some of the dt(l~cu%ties that have been expenenced ta reconci%ing aspects of film flow with
Landau’s equations (see, e.g. ~‘utterman(iJ, Section 41; Rudnick[2J). There is further evidence
in support of a condition on p’ when one considers the energy associated with the superfluid
vortex. By Landau’s law of irrotationality the superfluid velocity becomes large as the
singularity of vorticity is approached and, in classical terms, the energy per unit length of
vortex will be infinite. This suggests that healing occurs at the vortex core and that ihe
superfluid density tends to zero so rapidly that , despite the rising velocity, the energy is finite.t
However , the boundary conditions stating that the superfluid density tends to zero appears to
be in conflict with the 2-fluid model. The characteristic distance over which healing effects are
important, the so~caIled “healing length”, increases as the A-point is approached. Thus the
neglect of healing can lead to serious difficulties near the A-point.

Another feature of the Landau equations is their insistance that conversion processes
between normal and superfluid occur instantaneously. Given the thermodynamic state (as
defined by density p. temperature T and w, say), p1 and p’ are known. No matter how rapidly
the thermodynamic state changes. p1 and p’ instantly take the values appropriate to that state:
there is no relaxation. It is generally accepted that, though physically implausible, this feature
of the I .andau equations will not usually lead to serious error, simply because the relaxation
time, r, of the conversion between species is typically very small compared with the
macroscopic time scales over which the gross features of the flow change. This attitude is not
easily defended for small T~ 

-- T, because r becom’e,-,large as the A-point is approached.
Dispersion of first and second sound then occurs, not merely at ultra-high frequencies.

These shortcomings of the Landau equations led Khalatnikov and others to seek

tin the case of the quantum vortices , this statement could he contested by invoking a different physical mechanism:
localization - Since strictly p is a decreasing function of wi. where w — — v~ is the relative velocity of (he superfluid, the
superfluid concentration decrea ses as the core of a vo rtex is approached: see Ref. f 31.
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generalizations that evaded such criticisms. The most recent of these works (Khalatnikov(41)
sought to develop a continuum theory by expansion in the order parameter for small T~ 

— T.
The main emphasis was laid on relaxation processes, the aspects dealing with healing being
abandoned during the analysis. Our work not only generalizes Khalatnikov’s theory of
relaxation but also retains the healing phenomenon. We use the methods of modern continuum
mechanics, and in particular recent ideas in the theory of mixtures (Muller (51). However, in one
respect our theory differs from the traditional treatments. It is usual in the constitutive theory
of binary mixtures to regard the total density as the independent variable and to postulate for
the concentration or the mass supply of one of the constituents. In this paper we wish to
discuss healing phenomena by both allowing a constitutive dependence on superfluid density
gradients and imposing the condition that the superfluid density vanishes at a solid boundary. It
seems, therefore, more natural to reverse the usual roles played by the total and superfluid
densities and regard the superfluid density as the independent variable and postulate
constitutive equations for the total density. This step means that the conservation of mass eqn
(1.3) will now determine the superfluid density rather than the total density as in classical
treatments. Despite this difference in formulation, the theory still correctly reduces to a Landau
form when healing and relaxation are neglected and, as in the Landau theory, irrotational flow
is always a possible solution of the superfluid momentum equation under conservative forcing.

We collect here for easy reference the final governing equations. The notation of the paper
is explained in detail in Section 2 but here we shall employ the following.

Notation
= superfluid density, v = superfluid velocity,

0’ = potential of external body force per unit mass b (= fl~~
),

= superfluid velocity potential (v =

m’ = ap’Iat + (p ’v ) .. = superfluid mass supply, r = heat supply function.
p = total density, A = an energy function, S = entropy, (1.1)

= v ’ — v = relative velocity, T = temperature, p = pressure,
K = thermal conductivity ~ 0, ~ = thermodynamical potential,

a , O~ coefficients of bulk viscosity and shear viscosity of normal fluid (az~~O,

= healing coefficient, A = relaxation coefficient (~‘0),
rate-of-deformation tensor for normal fluid = 4(vj’ , + vi) .

The analogous quantities to (l.l)~—O.l), for the normal fluid are obvious. The equations are

p p ” +p,. (1.2)

Conservation of mass

~~+(p vr +p ’v~).1 = 0. (1.3)

Superf luid Bernouilii equation

-

~~

- + ~v”—fl ’ 4 A 
~~~~~~~~ 

— —— ~~~p~p~~ f(t). (1.4)

Total momentum equation

5. ~~~~(P~~V~~ + p ’v~) + (p vr v.’ + p ’vv) . 1  P”0
~ 

+ p’IE — p.. + !. ~, (1.5)

z JA • 8A , 11 ‘±1.’ ’ ’~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Energy equation

pr — r{~ (p s) + (p v ’S).e} — (KT.,).4 + Am ” + a ,D~’,D~ + a2D ~D~ 0. (1.6)

cons: it utive theory

A = A(p, p ’. T).  i = sj(p ), A A(p’, T), S = —aAI 8T,

p 

~~ 
— ?7p~g ~~~~ Am ’] = 0.

In (l.l)—(I.7). a suffix following a comma denotes differentiation with respect to the
corresponding Cartesian coordinate: repeated suffices are summed. The expression (F, say) in
braces in the last eqn of (1.7) is evidently a function of p,p ’ and T by the first eqn of (1.7). It
follows that p may be written, if desired, as a function of p’. T and r.

The boundary conditions required to complete the theory depend on the nature of the
surface under consideration. We will discuss only the case s~� 0 since, if ~ = 0, the conditions
differ in no way from those customarily applied to the Landau equations (e.g. see (lfl.

Consider a stationary rigid surface ~9B with unit normal a. Regarding the wall as an infinite
potential barrier , we have

p’-4O on aB. (1.8)

There is no mass flux into the wall so that

n- (p”v~+p’v’)=0 on aB. (1.9)

When the coefficients of viscosity and thermal conductivity are non-zero, (1.9) is automatically
obeyed since

n’ v’ = 0, p’n’ = 0, on dB. (1.10)

Because of (1.8), (1.10)2 does not imply that n’ v’ = 0. In fact a ’  v’ will in general be infinite on
t9B although there are no serious dynamical repercussions since the kinetic energy density

~p ’(n v’)’—. finite limit on 8B. (1.11)

(A similar situation obtains on the vorticity singularity in the vortex core, where p’ —.0, Iv’I_e OD
but p ’v” is finite.)

The relations (1.10) hold even when the heat flux

q ’ n = K , on aB, (1.12)

from the surface to the fluid is non-zero. If thermal conduction is ignored (K = 0), the wall is a
source of normal fluid and a sink of superfluid for H >0, and conversely for H <0. Then the
quantities set zero in (1.10) become non-zero, although (1.9) still holds. In all these situations,
no’slip requires

n x v~ = 0, on aB, (1.13)

though this restriction too must be lifted if the coefficients a,, a, of viscosity are set zero.
At a free surface , the total stress associated with the normal, n3(p ö., — L1). should be

balanced by the pressure of the vapour above the free surface.
In the present paper the healing and relaxation coefficients are allowed to depend generally

on their arguments. However , a study of the two limiting cases T— .0(see Section 3) and T— ’ T~(see Khalatnikov(4J) suggests that a good representation of the healing coefficient is

*2 (1.14)

—V—— V
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where m is the mass of the helium atom. A model of relaxation by Khalatnikov (4J assumes that

A= (1.15)
2,n p ~u,

approximately, where u2 is the velocity of second sound and ~ is the healing length.

2. BASIC EQUATIONS
We refer the motion of the cont inuum to a fixed system of rectangular Cartesian axes.

Direct tensor notation is used where convenient and also a corresponding suffix notation to
denote components. We assume that each of the components of helium II occupies the position
x at time t and we denote the densities and velocities of the normal and superfluid by p ,  p’ and
?, v’ respectively. Also, we use the notation

p = p ~+p’. w = v ” — v ’,
m = 8,p +V ~(p v ),t = d,v +(v V)v , (2.1)

= ~(u ~~+ vf l ~~ ~~~~ W’~ = ~(o~— v~)

= .9, + (v . V), W,~ = t4~7 —

where in (2.1) and throughout a superscript a denotes either a or s and .9, denotes
differentiation with respect to : with x hel~ fixed.

The basic governing equations for the mixture have been given, for example, by Hills and
Roberts(6]. The equation of mass conservation is

m~ +m ’ =0. (2.2)

The linear momentum equations in terms of the partial stresses £ are

(2.3)

where b” is the applied body forces on each constituent and g is the diffusive force with

g” +g’ = — (m~v” + rn ’s”). (2.4)

The equation of moments requires that

(2.5)

where t is the axial vector associated with the skew symmetric part of the tensor 2~, that is

(2.6)

The energy equation for the mixture is

pr—pq~ — V ’ q — ~ rn ’w~+g’ ‘w +  tr(~,”D~ +~~‘D’)+2i’ W=0 , (2.7)

where U is the internal energy per unit mass of helium It, r the heat supply function per unit
mass per unit time, q the heat flux vector , ir denotes the trace operator and

p~~ = pa,+((p’v~+p’s”)~V). (2.8)

The theory is completed by a statement of the thermodynamical postulate. Previously, in
S
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t heir studies of the continuum theories of helium II. Hills and Roherts l6 l have employed the
Clatusius—Duhein inequality in this context. However , we might expect in a theory describing
healing phenomena new terms which will contribute to the entropy flux. Multer[7j has
pos ulated a thermodyn~tmical inequality with a generalized entropy flux term which is not
necessarily equal to the heat flux divided by temperature. In this paper , we adopt the pointwise
form of Muller ’s inequa lity. v iz

p T~~~—p r + T V ’k > 0 . (2.9)

where S is the entropy per unit mass of helium II, T the temperature and k the entropy flux
vector. As in previous studies (Hills and Robertsf6 . 81) we do not explicitly assume heat is
carried only by the normal fluid and we refer the reader to the cited works for a full discussion.

If we introduce the Hetmholtz free energy F and vector ~ where

F= U - S T . ~ =q— Tk, (2.10)

the inequality can he written as

(2.11)

The fundamental quantities of our theory are assumed to obey certain invariance
requirements under a change of observer. If p’, p ’, F. S. g , ~~~~,. ~~~~~

, q,, ~~, correspond to the
motion in a given frame of reference then we denote the analogous quantities under a change of
observer by t he same symbol but with an attached asterisk. We assume

p n * p~~p ’* p ’ U * U SS S T* T,
(2.12)

~ ‘ * Q ~~Ql, ~* Q ~ * =Qg~ ~~* Q4,

where Q is an orthogonal tensor having transpose Q’
The theory is made determinate by proposing the constitu tive equations which will reflect

t he character of the components. In their development of the constitutive bases for the Landau
2-fluid equations, Hills and Roherts[61 postulated for F, S. p ’Ip. r. g’ and q assuming that
these quantities are general functions of p. T. w’ and ot herwise linear functions of degree one in
D’. t he gradients of p. T, s, ’ and t he vector w. However , for the present theory we consider a
modified set of postulates. Mot ivated by the requirement that we impose a boundary condition
on p ’. we take p ’, not p. as the independent variable and postulate constitutive equations for F,
S. p, . g ,  k and ~~~. The mass conservation equation then becomes an equation for
determining the superfluid dens ity p’ while the momentum eqns (2.4) and the energy eqn (2.7)
prov ide seven equations for determining v’, v’ and T.

Before discussing the constitutive theory, we rem ind ourselves of some features of the Bose 
V

condensate model of helium II. Since this may be applied only at absolute zero, it can provide
no information about the way the two components of the mixture interact when T >0.
Moreover , the Bose condensate is often considered to be too unrealistic a model of helium,
even at T 0, to he trusted. NXeverthe tess , it appears to portray healing phenomena reliably,
and it is the incorporation of healing into the Landau theory that is one of the principal
objectives of this paper. Moreover, it is the simplest known model which does so, an d our
arguments become more transparent t han if we had used an expansion in the order parameter ,
suc h as that used by Khalatnikov l4 l. even though such an expansion would generally be
considered to represent helium for small TA — T realistically. It must be stressed that our final
resu lts do not depend on the Rose condensate model, even though it is motivated by it.

l’ lIYN1(~~~l M t ) t l V A r l o N  FUR A ( ‘ONT INL: LJM T H EO RY

The healing phenomenon requires the addition of new terms to the energy densities, the
energy fl its and the entropy f lits. We consider these (or the Hose condensate model of helium at

V
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T =0. This model may be regarded as a self-consistent field approximation for the
single-particle wave function, 4.(x , I), which is supposed to obey the non-linear Schrodinger
equation

iItd,* = — ~—V~ i +(2m 2V44c12 + W)çb, (3.1)

where W(x, t) is the externally applied potential, 2m2 V.S(x — x~) is the interaction potential
between two helium atoms (mass m) situated at x and x0 and V0 is a constant of dimensions
M ’L’T 2. We may define mass, momentum and energy densities, p. j and E, per unit volume
by 

-

p = mIt, j = (~.)(**v# —

2 
(3.2)

E = (~~)Ivi~I2 + v~~,

where ~ denotes the complex conjugate. These are (for W = 0) related by

a,p+V ’j =’ O, d,j +V JI”O , a,E + V ’Q~r 0 , (3.3)

where j , H, Q are the mass, momentum and energy fluxes and, according to ,(3.I),

&2 f ~~J ~~~,* ~ 2 g~ ~~,$  . 31 .  ~~~~~~~~~~TI - — J ,.~Z !. it .,..,. ~~~~~ ~~ - ,_~~~~~~ L ~j1 s” I o~
) 

~‘4rn t. ,3x .9x1 dx,3x1 8x, ox1 dx,8x1 .i

Qi = 
~~~~~~ {

~~~~_V2~~i — ff V~4c*} + 2 V0pj .. (3.4)

Equations (3.2)-43.4) may be cast in fluid mechanical form by means of the Madelung
transformation

= 
(;

~~
)I

l2 

exp (imT/*). (3.5)

Then (3.2) gives

= p v = p VT, E = ~pv 2 + V0p 2 + ~ ‘T (V P)2, (3.6)

the first of which portrays the mass flux, j , as due to an irrotational flow, v, with velocity
potential 1. The second exhibits the total energy per unit volume as the sum of three parts: the
kinetic energy ~pv 2. an internal energy which (for the present case of a condensate) is V~p

2 and
a quantum energy h2(Vp) 218m 2p.

In translating the fluxes (3.4) into fluid mechanics form we introduce a stress tensor

V0p 2& + ‘
~ 

(
~ 

. — p~ ’2~~~~~
). 

(3.7)

The first term is associated with the classical kinetic pressure in the gas which (for the present
case of a condensate) is simply V,~p

2. The final term is the quantum stress. It stands in contrast
to that invoked independently by Grant (9) and Putterman[lJ which would give instead of (3.7)

. L =  ~~~~~~~~~~~~~~~~~~ (3.8)

The difference between ~~ and L has zero divergence and so does not influence The equatior1s

J ,

I~~~~

.
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of motion of the fluid. The form (3.8), although it follows directly from the first of (3.4), does
not appear to be as appropriate to the continuum theory for reasons that will not become
apparent until later.

With (3.7) we satisfy the last two equations of (3.3) by

fl .~ =pv~v~ +~~~~, Q = Ev, +~~ jkVk 
~~~~~~~~~~~~~~~ 

(3.9)

where p denotes the material derivative {.9,p + (v ’ V)p} of p. In addition to the quantum
contribution contained in E and ~~k, there is a totally unexpected final term in Q. of quantum
origin.

The assumption of an imperfect Bose gas is contained in Vo terms above. If V0 is set zero,
the conclusions hold for the one particle Schrödinger equation instead.

4. CONSTITUT IVE THEORY

In this section we construct a theory of helium II which, while capable of describing the
phenomenon of quantum healing and the relaxation processes associated with the A-point ,
reduces to the Landau 2-fluid theory away from the boundaries and the A-point. The previous
sect ion suggests that the constitutive equations should depend on superfluid density gradients
and we shall consider only first and second gradients. Moreover , the experiments of Chase(l0J
indicate that, near the A -point, there is associated with the material a characteristic time. One
way of introducing such a time into a theory is to allow a constitutive dependence on variables
such as D’p’IDt or m’. As might be anticipated, the two theories that result from these
alternatives are radically different and will be compared at the end of this section. The final
term in the expression for E in (3.9) appears to favour D’p ’IDt. However , Section 3 was
exclusively concerned with healing and a study of relaxation processes suggests that in’ may be
more fundamental.

We generalize the postulates (6! for the Landau 2-fluid model and assume that the free
energy F, the entropy S. and the total density p depend generally on p’, T, w2, (Vp’)2, V2p’ and
m’. Thus, if x denotes F, S or p, we have

x x(p’. T, w2, 8~, o~ ,n’) , (4. 1)
where

82 = p~p~ and (7 = p~~
. (4.2)

The stress tensors ~~~
‘ and ~~~

‘ are again assumed purely symmetric with extra terms arising from
the dependence on density gradients. We have

— — p ”S,~ 
+ a ,v~,S,, + O~ V.,,, + a3p ~p ’, + a4p ,,

~~ii =0 ,
= P & 1 + $ p~p~ + 

~~2P ,. ~~~~~ = 0, (4.3)

where the partial pressures p~. p’ are general functions of the set

and the coefficients a,, (3, are functions of ~ but linear in in’.
In developing their const itutive theory fur the Landau 2-fluid model , Hills and Roberts[6)

employed the Clausius—Duhem inequality where ~ = 0. l’heir assumptions for the diffusive
force g’ and heat flux vector q involved gradient terms that are not necessary in the present
Mu ller-type theory. It should be stated that in the context of the Landau 2-fluid theory the
governing equations from the two approaches are the same with only the expressions for the
part ial pressures and diffusive forces differing.t However , it will be seen that for the present

IA similar situation arises with the theory of a mixture of irviscid gase stS. III.
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theory • plays a crucial role. We shall assume

R~ YsP~+ 72 T + 73W1,

lc~ = e,p~ + e2T., + E WE,

where again the coefficients are functions of ~~, linear in m’. Adherence to the principle of
equipresencet would require a parallel assumption to (4.4) to be made for #. However, with
such a postulate an analysis similar to that indicated below rules out any dependence on in’ for
the coefficient of p’

~
. Nevertheless, Section 3 suggests that ~ should contain a term p’p’Jp’,

p’ — D’p’IDt, and we assume -

= xp,p~+ 1)ZT., + 7m w 1, (4.5)

where ,~ depends upon p’, T, w 2, ~ 2
, ~ and is linear in p’ while 712, ,~, depend on the set ~~~. We

shall write

~ .~ ..11u 1?i +PTh , p = . (4.6)

This completes our constitutive assumptions and it is obvious that these assumptions satisfy the
inva~h*.nce requirements (2.12).

We now investigate the implications of the thermodynamical postulate (2.11). In doing so we
follow the scheme proposed by Coleman and Noll 1121 and regard the heat supply r, the body

forces b~ and b’ as quantities that can be arbitrarily assigned. Consequently, at any point, there
is no restriction upon the choice of

p’,T,w,D~.W

and the material and spatial derivatives of these quantities implied by the eqns (2.3) and (2.7).
However, w ith the constitutive eqns (4.1), the mass conservation eqn (2.2) gives

$M(p ) + ~~M(fl + ~fj M(w 2) + ~~~M(m ’) + ~~ M(82)

Vp’ +p’V v +p”V ? ~‘0, (4.8)

where

M(~
) ~~~~+ e.7, . V~~. (4.9)

From the definitions (2.1), we obtain the kinematical results

(4.10)

2Vp’ . Vp’ +~ -w VGa _2Vp . D’V p’. (4.11)

If we regard (4.8) as an equation determining Dw2IDt in terms of the other variables and
employ the results (4.10), (4.11), the entropy inequality (2.11) can be cast in the form

a,m ’ + Oj + a;~J+ a4~~~- + a,~~ - + a1~~~+ a12VT . Vp’ — e2( VT) 2

+w~ (a7Vp’ +a,VT+ a,Vw2 +aioVm ’+ aiiV82 +anVu+yaw)

+ a 4 1r D1 + a15Vp’ ‘D’Vp’ + $2tr(D’P) + a1(trD”)2 + a3trD” (4.12)

+a,6trD ’ + a4tr( D P)+a,Vp ‘D Vp — 7m2 V2 T— Vipz~ VT

—Vp’ . ~~~~~~~~~~~~~~~~~~~~~

tThii principle Stales that a variable present in one constitulive equation is present in all unless proved to the contesry.

I
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Whent

(4.13)

the coefficients a, — a,~ take the forms

a1~~~~~~
4_ p _

~~ w 2 _ s m
~
o.

~~~~~~~o
2
, ~~~~~~~~~~~~~

op OF o~ oF Op O F t ,aa = - j — P ~—~—PS. a — — p ~--- , ~~~~~~~~~~~~~~~
0p OF lap \ ,,aF a~a6 =~ .~~~— — p ~~

— , a7 =~i~~—~— l j — p  ~~~~~~~~~

— ~&p
’ Op O71~ — — 

,tzp’ Op 
—

~~~~~~~~~~~~~~~~~~~~~~~ Cj. U9 — p öw~ Ow 2’

a = -
~~~~~

— 
~~~~~~~~~~~~~~ (4 14)a,,, — 

p Om ’ Om ’’ Ii 
~‘88~ 

P 08Z ~~~i,

_ ,&tp ’Op O,~ . (  Oip ,a ,7 — ——— ————— , a .5— 5 e, +
P Oo- aU ‘ a

a ,4 = ~~ — ~~~~~+~~$+ a~~o’ ÷~~ o2) — p ’ + y~ ,

ais = i — 2(iL~~~
_

p f r ~)~ a ,6 =~ip’—p ~ — t ~,.

It is possible to choose DTIDt, Din’I Dt, Dt9’IDt and DolDt arbitrarily and independently of
all other quantities appearing in the inequality. Hence, a1 = a4 = a5 = a6 = 0. From these results
with (4.13) we find

F I~ (p, p ’, T, 8~) ,
(4.15)

p = p(p’, T, w 2, 8~, ~~~ in ’),
andt

OP , OPS = ’ - ~y ?7 _ 2 p~~ r, (4.16)

so that
F = A(p, p ’. T ) -  ~~~~~~ p = p(p ’, T, w2 , 8~, u, m’). (4.17)

Applying the same type of arguments to the residual inequality we find

(4.18)
m = ‘m?(p’, T)+ p ’~~(p ’, T).

Before we make further deductions from the inequality, we consider the implications of the
postulate of irrotationality for the superfluid. By using the constitutive theory and (4.18), we can
write the superfluid momentum equation as

p’f’ = —p ’V~ + a1V p’ # 
~~~ + Yz _

~~~~‘)vi + y5w 4 
~~~~~~~~~~~~ 

Vp ’)V p~ +p’b’, (4.19)

tIn wr it ing (4 .1 3), we have tacitly assumed that Jw ’ 0. It m~iy be objected that changes of p w ith w’ are usually
regarded as small to the point of negligibility This, however . concerns the experimentally accessible derivative Jg~~w’ for
u sed p and T. In (4 13), the variables held fixed are T, 8’ , o , or ’ and p.  a totally different set. There is no obvious reason
why the dc,,vative of (4.1 3) , should he small especially when it is remembered that in the Landau theory (tp ’18w ’),. r � 0.
Further , anticipating (4 17) and (4 .2S) . we find thai (4 ,1)), is equivalent to ~r ~ (p + lp ’w ’ + Ap’m ’) Ip which ii evidently
closely related to the pressure , and is positive unless m~ is exlremrly large and negative.

rrhe variable, being held fired for any partial derivative are implied by the function used, that is ~1F’ !,3T =
aF’I~Tl,.’ ,. .,.  

etc.

tj es vo lt. No S—C

~~~~

I
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where
(4.20)

The condition that, with conservative body forces , the acceleration f ’ is derivable from a
potential implies

= a7 = 0, y~ = — p’fç + ~~~ = 
~ 

(p ’) . (4.21)

Adopting the values (4.21) we see that (4.12) requires

(4.22) -

from which we deduce ,
~ 

= 0. Consequently, if we introduce the variable 
~ 

by

(4.23)

the equation for + reduces to

(4.24)

A comparison with Section 3 (T =0) and Khalatnikov 141 (T -. T5) suggests that

(4.25)

To make further progress we need to be more explicit regarding the coefficient a,. As a first
step we shall assume that the constitutive equations for A and p are such that a1 is linear in m’,
that is

a, — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = A(p’, T)m’. (4.26)

From (4.22) we see that A satisfies A ~ 0. The constitutive choice (4.26) is to a large extent
motivated by the realization that, when relaxation effects are absent (that is, no dependence on
m ’) , a, is identically zero. This is the case for the Landau 2-fluid theoryt and for a theory
incorporating only healing phenomena. Equation (4.26) represents an obvious generalization
of an equation basic to Khalatnikov’s model of relaxation(4). We observe that, since
A = A(p, p’, T), the const itutive postulate (4.26) implies that the equation for p must have the
form

(4.27)

With the assumption (4.26), the reduced inequality requires

a,=a, =a, =a4 =0. ~~~~ a1 +~a7 a0, a~~ 0,
(4.28)

(a,+ .a5)Am’ —a~1~~O.

By the con stitutive assumption, a,~ depends on nt ’ but (4.28). implies that a,, vanishes with .n’

tThe Landau equations are usually K’) eapressed in terms of the independent variablea p, T, a”. These equations ci. be
obtained from the present theory by setting ‘~ 

. A — O and introducing the Legendre dual transtormatson 4(p~ T. a”) =
A(p,p ’. T) — (p ’w’!2p ) .

t
~~

~ 

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ..
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Healing and Relaxation in Flows of Helium H.
Part H. First, Second, and Fourth Sound*

R. N. lu st

Ph v.i:”-~ 7 ),‘~v4rlPn .’,Il. L Jniv,r.tily of (Jrt.goii, Fugv,,~. o regon

and P. U. Rolserts
I) .. ,?uOPn..F,t , ‘( ,t p~’tird A tath,.niai , c.s . I liC (“Pr, i- .~rc~ty . Newc,istl, upon True . J ~ ,gtand

(Rcc~~~ed August 2~ . 1977)

In Part I of this .cerie’s , a theory of helium 11 incorporating the effects of
quantu m healing and relaxa t:oii was developed. In this paper , the prop—
agateon of fir.ct, second, and fourth sound is discussed. Particula r atten non is
paid to suzu:d pr opagation in the vicinity p,f  the A point ;vhere the effects of
relaxu li on ((PU! quantum healing become important.

1. INTRODUCTION

In l’art I ol this series7 the Landau two-fluid equations governing the
motion of helium 11 were generalized to include healing and relaxation.
The need to iiscoi’pr~rate both these etlects for a proper theoretical
description was inferred (torn experimental evidence. For cxarnple. there is
a disparity between t he observed and predicted velocity of third sound.
which car, be understood . qualitatively at least , by suppos ing the superfluid
density obeys a hound;try condition that it ~ar iislses at a wail (Sec Ref. 14,
Section 4 1). Moreover , the experiments (If Chase4 kalirsg with the prop-
agation of fiist sound near the A point strongly suggest the existence of a
relaxation mechanism (for a recent review see Rudnick~~). It would appear
that this mechanism is primarily important in the vicinity of the A point ,.!:
while healin g embraces the whole temperature range of helium 11. In
effect , the incltis is,n of healing recognizes that the superfluid density cannot

tSuppos ted ~ p~i I t  by 1 siiec,al rese,, I cli gi list G RI A /05 S(~ from the Science Rescardi
Council of ( 1 1 - I l  It r ut ~iin , ;iii,t (f~’r RNH) by tJ .S Air Force grant AFOSR 76.2SS() and
National Science h,undjti~in c~r int ENG—7(..O7 .~~4 .

tI’crmai,enu ai fd ress : Mathematics 1)epartmenr . I ler iot—W unt University, Edinburgh, United
Kiuigdoin .

— *Structls . n h  s i t  oil ciiiild l,~ illipo, laifi over thi~ wti,,le temperature raii~e if the’ sound
frequency 55cr,’ siuflici~ntly high.

liii.’ 2 2 : 1 1 .’ PS I1 . l1.I) l i IJxiPs . m i;o S i  97$ i’I ,poo, P,,i,I,,h,,,~ (‘,‘fl ’,sti, ’n

,~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~
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change significantly over distances short compared with a certain “healing
length” 4; the inclusion of relaxation recognizes that it cannot change
significantly over a time short compared with a certain relaxation time r.
Both 4 and i’ become infinite as the A point is approached.

In this paper we study how healing and relaxation processes affect the
propagation of first, second, and fourth sound. We leave the study of
third-sound waves until later. After setting down the governing equations
derived in Part I, we show in Section 2 how an energy function A(p , T, p5)
required by the theory can be obtained as a function of density p. tempera-
ture T, and superfluid density p5. This energy function was also an ingre-
dient of an earlier theory of Khalatnikov,’° which, however, only included
the effects of relaxation. In Section 3 we develop the linearized equations
governing first and second sound of infinitesimal amplitude, and obtain the
effects of healing and relaxation on the dispersion relationship between w
and k, respectively the frequency and wave number of a plane wave. In
preparation for the study of wave propagation near the A point, we sum-
marize in Section 4 the behavior of the relevant physical quantities as TA is
approached. In Section 5 the dispersion relationship is solved for T-* T5
when both healing and relaxation are present. In Section 6 similar results
are derived for fourth sound. We find that the propagation of sound waves
is affectcd by healing and relaxation once 4k and wr become of order unity
or greater.

In a subsequent paper,8 we examine the effects of healing more
closely. In particular, we dem onstrate that our theory gives a realistic
representation of healing at a plane wall.

Throughout this paper our notation is as follows: p’ is the superfluid
density, v is the superfluid velocity, 0’ is the potential of external body
force b per unit mass = O.~~), ~~~

‘ is the superfluid velocity potential
( v = ~~,), and

- m 9 1i’ + ~p
9v 7) , e superfluid mass supply (1)

Similar quantities are defined for the normal fluid (superscript n). In (I)
the superposed dot denotes time differentiation holding the spatial variable
fixed; a subscript following a comma denotes differentiation with respect to
the corresponding Cartesian coordinate: Repeated subscripts are summed,
We also have the following: r is the heat supply per unit time, p is the total
density, A is an energy function, S is the specific entropy, ,v1 is the relative
velocity v ’ ~~

‘ v , T is the temperature, p is the pressure , K is the thermal
conductivity (~ O), D is the thermodynamic potential per unit mass, a1 and
a2 arc coefficients of viscosity (a2~-O , a,+~a2 �O), 17 is the healing
coefficient, A is the relaxation coefficient (~ O). D~ ~(v~1 + v7.) = rate of
deformation tensor for normal fluid, and 

~~~ 
is a stress tensor.

“I



-~~

4S

Ilesiliug si,d ReIa~alion in FIow~ of ¶ I~liiim II . Psri II

In the lii ~t paper of this series ”~ t ime following equations were
obtained:

(2)

p -I- (p ”v~ -I- p ’u )., -
~ 0 (3)

t3 + = (~~
‘ --(1)),, (4)

~~~~~~~~~~~~~~~~~~ f ~~~~~~ +~~
‘
~~~4)~ = p ”fl’+p ’fl’, 

~~ ~~~~~~ 
(5)

TI ( p S) +(p Sv ’ ), ,] — (KT ,)~ + A( in ’) 2 - 1 I)~D~ (6)

+a2f)~,D~ +pr

p( ~it/ a p ’) ~ l’= 0 (7)

I’’~ ~w ’ I Am’ — ~~~ - -  ~(d ~/ dp ’)p ’,p ’, (8)

I2(l UZt liOllS (3). (S), and (6) are , respectivel y, the equations of mass, total
momentum, and energy balance; (7) and (8) form a constitutive relation
governing the healing amid relaxation oi p ’. The viscosities a 1 and a2 and
the thennal conductivity K depend on p. T, an d p~; the relaxation
coelhcicnt A is a functioti of p ’ amid 1’. while the healing coefficient ~
depends only on p’. Since the superfluid how is irrotational , we can
integrate Ihe superfluid balance law (4) to obtain the Bernoulli equation

4” -I- 
~.(v ’F + ~J) —fi’ -= g(:) (9)

where t he arbitrary function g of time t can he absorbed into fi ’ if desired.
We also have

S= - iA/ i ~T (10)

(I) A + p(~)A/ 1p)—( w rAm ’) (11)

p - ‘  p 2 ( i lA/ i tp ) —p ’( ~w 2 + A,n ’) — - ~~~~ (12)

~,,  ($ i D ,,&, +a 2 i) ~ 
— (13)

rue etw rgy A depends on p, T, and p alone and we shall assume that it has
a minimum with respect to p’ at f(p, T), say; that is,

(
~

‘
~
) - - 0 ( 14)

a1 ,. fl ,.. 1)

Thus f is ti me cqtiilihrititn superfluid deumsity in bulk helium. The oniy
property of A required for line~iriied equations, such as those governing

Wc t.,kt this ta p ‘i tunity to cort ~‘ct in st ir l iS t s  Pfl I hith s .i nd Roberts ’. K should be replaced h’~
~ in (I Ii). (4 17), and (4 .43). 1 shouhil l,e reph,ced by Y in (3.5), (3.~s), and two tines below

(1 
~

) Th’ dcniv.i t ive of A in (4 44) should he w ith respect to 
~~~

. 5



--— -..-— .- - --—- -.- - -
~~~~

-—.- - -
~~
-,- -

~~~~~~ 
_  ____

— 4

46

It. N. h ills tunl P. II. Roberts

first, second, and fourth sound, is

~~~~~~~~~ >0 (15)it (p ) i’

In what follows, we often adopt the models

i~-~~’/p
’, A~~ 1/ (p ’) ”2 (16)

where 1 = 1 ( T )  and ~ is a constant (~~h
2/4rn 2, where 2ir h is Planck’s

constant h, and ~n is the mass of the helittm atom). The utility of the model
(16) is established by the solutions presented in Hills and Roberts .8

2. MODEL FOR THE ENERGY FUN~ TJON A

The Helmholti. free energy ~~~~ T) of stagnant helium is known
accurately; a recent tabulation is included in the compilation of Brooks and
Donnelly.2 Donnelly and Roberts6 have shown that ~c10 can also he
obtained satisfactoril y as the sum of a ground-state energy .~o(p ) and an
excitation free energy .clu(p, T) computed from the dispersion curve e~p)
for the p and 7’ concerned. (in this sect ion, p stands For tnomentum). One
may conclude confidently that, to the Same accuracy, .~~(p, T, w2

) could
also he computed for moving helium from dp) by the usual prescription
fe.g., Ref. 9, Eqs. (1.13) and (2.2)]

,~‘(p 7’ w 2 ) ~ (p ) + c4 (p  T, w 2 ) (17)

~~~
=_

~iJ ln ( 1 + n ) d ~p (18)

[ (F~P)—P .w) ~ (19)

We shall not follow Donnelly and Roberts6 by computing ~c1,? from the
most accurate available f’~p). Instead, we shall, like many authors, be
content with the simple Landau approximation in which 

~
p) is represen-

ted by a linear phonon branch, with ~sv/ ap the velocity of sound a, and a
parabolic roton branch with minimum A at momentum p

~
. We shall ignore

interactions between quasiparticles, although Donnelly an d Roberts6 show
that interactions can he well accou nted for by permitting ~(p), or a, pt, , &
and the roton effective mass ~~, to depend on T as well as p. Then, as shown
by Khalatnikov fRcF. 9, Eqs. (2.13) and (2.14)~

~~~ji~~~~~~~ ~~~~~~~~~~~ +p 1F~.11(~~T)sinh~~~ (20)
a P oW kT

it. I,,

IirI~ ~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ - - . - ~~~~~~ ---~~---
_-~~~~~

..
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where

F 111, (p, T )  
4ut 

( kT)
3
kT F~, 1 (p , T)- ’ ---~~ -~ ~~~~~~~~~~~~~

(21)

are the phonon and roton free energies, which depend iniplicitly on p
t hrough a, 

~~~~ 
& and ~i; in (21), k and /z are the Boitzniann and Planck

constants. ‘Fhe nortnal fluid density, generally given by

p72p -= -—a cJ / i iw (22)

is according to (20)

. 4F~, / it ’ \ 
•
~ !‘ r ,t  F p,~w kl’ . pti w1 

,— t  l s 1  ~~~~ i cosh ’- — s inh--—- i (23)
a \ a / w I kf  P ii14 kT

It is easy to ~.c that p’ vanishes at a critical velocity w = w,., which for small T
is

I f IT/i \“5 f 2 ~r kT\ 413 1t12
is’, = al 1 —- ( — — ‘ ——  I I ——— — I (24)

I \4Spa / ‘ ha / -

If ms’ a and ;v + k l’/po, we may expan d (20) in a Taylor series

F5 ( T) w ” (25)

with

. , , - 
2F~~ F,, 1 1 pi\

2 
— 
3F~h Fr,ii ( P o \4

F0 — ~~ 4 1’,,,,. l’~ ~~~~~+ 
~~ 

F2 -- ---~-+ j
-~~\~~~)

(26)

By assuniluig that differentiation of (25) does not destroy i ts convergence
for te ~ a at id is’ ~ kT/p~, we find that (22) and (25) imply

p ” = -— 2 , :F ; , (T)w~~ ~ (27)

which may he inverted to give

I , 3F1 , 9F ~ — 4F2 F4 ,w — ( ~ • f) ~~~~~~~ (p - f)  .
~ ~~~

-
~~

-—-. (p --- f ) 4’ ... (28)

whc,’e f(p. ‘1’) -- (I ‘I- 2F1(p, ‘1’). ftc q11~tt1 t iLy A(p. p ’, T) we require is

is I
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related to .cl by the Legcndrc transformation

A = d + ( p ”/ 2p) w 2 (29)

so that by (17), (25), and (28) we have

A = Ao(p, T)+
A

~~~
. T)

1
~~. — ftp, T)]2 ~~~~~~~~~ —f(p, T)f+.~~

(30)

where

Ao(p, T)= .ci0(p)+F o(p , T)/p ,  A, (p,  T ) = — 1/ 8 F 2 (p ,  T)

A2(p, 7’) = 3pF 3(p , T)/ 64[F z (p ,  T)13, etc. (31)

Since ,si~ <0, F,,,, <0, and F10, <0, it follows that, for all p and T,

A0<0 , A, >0, A2 >0 (32)

The simplest viable model truncates (30) after the quadratic term:

A A0(p, T)+(A ,/ 2p ) [p ’— f (p, flJ’ (33)

The critical velocity is then w~ = (2A ,f) ”2 .
Because of the large size of ~ o (see Brooks and Donnelly2), the first

terms on the right-hrnd sides of (30) and (33) dominate tile remainders.
The subsequent convergence of (30) is not rapid in all circumstances. For
example, near an infinite potential barrier (p’ 0) at temperatures near
absolute zero (f* p), the ratio of the third term to the second is
p~F3J/ 4F ~ O[ph 3a5(k T) 4 j ,  which is obviously large compared with I for
sufficiently small T. For this reason we refer to (33) as a “model” for A.
Nevertheless, the convergence of (30) should be rapid near the A point,
where p ” —f is always stnall, and this is the regime in which we are mainly
interested. Also, (33), like (30), has the necessary attribute that A is
stationary (a minimum) for p’ =f: See (14) and (15).

3. FIRST AND SECOND SOUND

We consider the propagation of infinitesimal disturbances in an equil-
ibrium state with density po~ 

temperature T0, and superfluid density
f~po, T0), all constant. We neglect the effects of viscosity and thermal
conductivity. We set p =po +f5, T= To + T, etc., substitute into the basic
equations of Section 1, and neglect the squares and products of v~, i”, w , ~~,

and T in the usual process of linearization. After suppressing the subscript

‘ - 5
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zero, we obtain from (1), (3)—(8), and (30)

nit ’ =~~~~
‘ +p ’l : ,i (34)

g5 + p ’v ’, +p ’v , 0 (35)

P V -~P 1 + p ST , 4- p S.ih ’, (36)

p ”t)~ +p
’n~ =- —~~~, +p ’ Itiii ’, (37)

p S -F S1 ’~ -1- p Sv ’, -~ (1 (38)

(39)

where we have written for short

~P = p 2 i I A / r ’)p . (40)

a “thermnod~narnic pressure ” ditter imig from the actual pressure (12) only
by p 3 Am ’ in this linearized theory. In (34)—(39) and below , p ’ andf are
used interchangeably, but , of course, ~~

‘ and f have to he distinguished.
By (34). (35), and (38) we have

(41)

where .9’ p S/p ” is the entropy per unit mass of normal fluid, It also
follows from (35) and (38) that

p~ —p ’S(v7 -- m~ ), , p ” (v ’ — m~ )~- -- pST , — p ’ Ath~,

whcncc , using (41),

(pp ’S7p ’ )i1,, 4- [ (p ’ )2p ’ /~/p] 9’ , (42)

Also, (35), (37), and (41) give

—— I (p ” )‘p ‘ A/pS]4’,,, (43)

Equations (39) and (41) give

7 -i r (p ’ ) 2 /p S ] ~~ (44)

where ~ is the healing length and r is the relaxation time , defined by

~
2 -,7/ A , ,  r~~A/A , (45)

We now seek solutions in the form of plane (longitiudinal) waves supposing

— 
all vat j imbles proportional to cxp [i(kx — wt )] .  If p, .9’, an d p’ are chosen as

- 5  

~~~~~~ ‘—~ _ _ _ _ _ _
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independent variables, (43), (42), and (44) now give, respect ively,

(
~~~

_
~ _ k2)~ — k2(~~~~~~~~~~+ _ k 2

~~~~~ = 0 (46)

P S I  -, ~)T 
2\ - [p

f l 
2 ~~

‘
~~

2 
~T 2 ioA P~P) 2 —

—~~~w —pS
7

k ) P+~
- ’w — -- --

~~~~~~~ k + ~ k ~

_ 4 (w 2 +p 5s~~~k2) ii~=o (47)

+ [!~
÷ 

•
~~p~)2

J (~~ — 1 _ek2)f;5 = 0 (48)

The dispersion relationship linking w and k 2 is the determinantal condition
that these th,i-ee equations admit a nontrivial solution. The partial deriva-
t ives entering (48), which use p .9’, and p ’ as independent thermodynamic
variables, are not easily interpreted and we therefore consider two other
triples, nauiiely p. T, p’ and p. T, r where r is given by (8). To make it
obvious which variables are to be held constant during differentiation, we

introduce the following notation. If x is any one of the dependent ther-
modynamic functions, we wr ite

(49)

so that , for example, a,~/~1p means that T and r are held fixed and not 9’
and p5. or T and p ’.

\Vhcn we transform to new variables, certain combinations of deriva-
tives ar ise w ith some regularity, for instance

a.~ aS~~~~
)(a ~~~~\ - ’  

50
it i iip ar \ ap ) ( )

These can often be expressed more succinctly in ternis of other triples. For
example, if (

~~
, T,p 5) are used as independent variables in place of

(p, T, p ”), the combination (50) is simply (a S/ a T) , ,,,’. For this reason we
introduce two specific heats at constant pressure, ~~~, ~

,‘; two adiabatic
compressibilities, is,, ~~

,; and two coefficients of volume expansion ~~~ , d).
In fact we define

- / aS\ , ( i ~S~\ -c~ = ~~~~~~~~ c11 1k
~
i), 

~
- -I a~’5 ‘ 

- , a~)”~ ‘ - - , ~tpKs =p 
~~~~~~~ 

“,~r P  (
~

-‘-
~ 

, a’. =—p (—i) , 
~~~~~

(51)

Js
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The corresponding definition for t he ‘‘hatted quantities ’’ with r held

— 
constant instead of p ’ arc obvious. We w ish to stress th at we define these
functiOns purely for m athem atical convenience and do ~- m t im ply that they
are the corresponding expemimentall y m easured quatit it ics , for which p
rather than (

~“ would seem to be the correct Pressure to use. In similar
fashion we define adiabatic and isothermal speeds of first sound and two
closely related velocities of second sound,

•? (iI~~\ -:‘ -2 p~S
2T -2 p ’S 2 T

(L I 
k~ ) , Ui - ‘ ~~~, a 2 = -—-,,- — - , U2~~~~~~~ ; (52)

h o  c ,. p C,~ p C~

and similarly for a,, 
~~2. d1, d~. In the usual way we can obtain

- - f3~~~T -2 - 2
Cr C1, —

~~~
-;i, a, =u , + —y; -- (53)

p U i P Cu

and similarly for the hatted quantities. Also

- A, Ti af ’,
2

Cu S - e u ~~~~ J (54)
- p ~ aTi~~

u~~=a ~~+p A,~~ -~ (55)
~P r

Since we expect ~u to be po~it ivc , (54) places a restriction on A ,.
• Returning now to (46)—(48), we find that the consistency condition is

— — 4 2 2 .2 .2 4 . 2 — 2
(c ,./c,,)(a — w k (a , -F u 2)  4-k 14 1 U2 I

--
~~~

2
k

2
Iw

4 
— w
’
k
’( i~~ + ,~~

)+ k 4
ii ~~ zi~~

— iwr ( ad -- hC ) --- iwk 4
rflp ’tp ”a +p ’e )/ p  ~~() (56)

where

2 21 7 p S i ( ~a ~~ (U — k  I a ,  4 — ~~~~~-
‘ PP C,

b 

~~
k
~

/ 1 tp ’ 1~~T(±f.~ {1’~~÷A m~~~~~ 1-,X -~ .±~!( ~1( ’v \~4 T / p p ” \iii ’141.l \cmp / i  p c,, \~ F/ ,,

C~~~~~(,) k~~~~~A ,(~~) 
- 

P
~~~~ 1[ s ±AJ ’~) 1~~ (57)

p p ilp 1 p c,, p p 1 p \ap i-i

d- •  —
~~~~~ i ~~~~~~~~~ F -

~~ [~~~.FA I( 
.
~1) ]2}

p pC , p iii ,~

2 k ’SI ’ / f i  p ’S
e~~

. o, 4 . - - • ( •-

c ~p p

_ _ _ _ _  -~ -
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The solution of (56) is clearly an arduous task in general. We shall
undertake it on ly in the vicinity of the A point: See Section 5. However, we
note here that it is readily solved when relaxation effects are ignored,
particularly in temperature ranges where j  * * 1, so that a, = i~ ,, a2 =
etc. Then (56) reduces to

~~~~~~~~~~~~~~ — d~k
2)+k2

~
2(w 2 —d~k

2)(w2 —â~k 2)~z 0 (58)

It is evident that the two propagation speeds approach á~ and a2 as k~ ~ 0,
and a, and a2 as ke—s co. When k~ =O(1) , the situation is more compli-
cated but we note that if a2~< a, and a2~ ü,, we have

2 
k

2
(e~ d~~ +6a~~k

2

~~~

2
)/(e~ +~~~

,.k 2e) (59)

and

‘ 2 “ ‘ — 2 —2 2 2 .2 — —2 2 ‘
w

’
~~~ - k  (c~a1a~ +c,a,azk ~ ) / ( c~,a, +c ,,a,k ~~) (60)

4. PH YSICAL PROP ERTIES AT TI lE X TRANSIT ION
Relaxation processes become significant near the A transition and can

be experimentally detected by the attenuation they create in sound waves.
We refer the reader to a recent review of sound propagation by Rudnick.’~
In order to study this phenomenon by the theory of Section 3, we will need
to know the asymptotic behavior of the thermodynamic variables as T -*
TA. Fortunately, a considerable body of information is available, since
helium is one of the few substances that can be studied very close to the
transition, a fact that has been fully exploited experimentally (for a recent
review, see Ahiers’). The use of this knowledge raises certain problems in
our theory, which we wish to “xp lore here.

Most properties of helium Ii are measured in static or quasistatic
conditions in which r = 0 or r is small. The K “line” can then he defined
unequivocally as T = fA (p), where

f [P, t4~P ) j - 0  (61)

Moreover, since the distinction between ,‘ and 9 disappears for small I’,
we may unam biguously define T — ‘fA (i~) by

f (p [9b, i~(c~) J , 1~(3~)~ - 0 (62)

and believe that T = t4(IP) is given by direct physical measurement. All
hatted quantities in the theory of Section 3, such as ~~~, i,,, ‘~~, 

,
~,, 

gb., 
~~~

, j3,

~~J , a2, a,, ~2, are required for r=o and these are precisely, the quantities
readily accessible from experiment.

L -
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The theory of Section 3 also requires us to consider variations per-
for m e d  so rapidly t hat p ’ is almost constant and I’ is large. These are , of
course, totally different. It is not impossible for p’ to be nonzero at
temperatures greater than TA if the variations are executed rapidly enough.
We now see t hat when time variations are important, we have not a A line
but a A “surface ” TA (p, I’), which we may define by

p 5Ip , ~ ~p, F) , I~ 0 (63)

or

t ip , T4( p,  F) ) A ,f p ,  T4 (p, “)l F (64)
which correctl y reduces to (61) when F 0. The distinction between p and
P~ may now lx~ important , and, although we m a y  define TA(9, I’) in analogy
to (62), it is by mm means obvious that it is directly measurable. What then
is to he done about the quantities 

~
,, to u2 appearing in the theory of

Section 3? It seems to ItS th at the only stra ightforward method open is to
define ê,, to ü2 from 

~ 
to z22 through general relations of the form

a~ al a.~’ — 
a,~ ~1X at ii~ ’ 

— 
at’ 

6S)- 

~I~i ill ap ’ aT — 

aT aF aT ’ ap 5 -

~~ ar ap ” -

where we can J-ea (lily obtain the r derivatives on the right from (7) and
(30), vi-,.

l ’ —A i~p ’—f ) + O ~p~ --f )2 (66)

This gives, for I’ 0 or p’ =1,

(67)(
~f J ~ ~ at’ <IT ,,

It was in th is cvay that relations (54) and (55) were derived. Similar courses
arc open to us when, for example, ~~, T, and F are the independent
variables; cf. (53).

We now attempt to carry out the program mapped out above, start ing
first with the simplest , hatted, quantities, Let

(68)

Chow and Rcppy~ deduced from the behavior of persistent cut rents near TA
that

f - ~ Of r 213 ) , ~ -~0 (69)

a result confirmed by subsequent researchers : See Ahiers,’ Maynard,’2 and
• Donnelly and Roberts. <’ There appears to he general agreement that (16) is

~~~~~~~~~~~~~~~~~~~~~~~
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correct at all p ’ and since experiments give

~~~
= O(e~~~~~~~~), ‘r= O(e ’) , ~-s0 (70)

we see from (45) that

A, =~O(~
2
~ ), A =O(~~

”3), e-+ 0 (71)

As is well known, 4, diverges logarithmicahly,~ whereas the compressibility
,2
~ 

remains finite in the experimental range of temperatures. However,
it may he shown by au obvious generalization of the so-called Pippard—
Buckinghatn—Fairbank relations (see, for example , Ahiers’), using (71),
that s2r and i’ ,,. must eventually diverge as T -~ TA since they are pro-
portional to 6.. i.e., -

4,,~~r,~~~~~ O(hn e ) , ~
- -* () (72)

and we will suppose that

~~~~~~~~ c-s O (73)

as appears to be consistent with the experimental observations. From (51)
and (52) we now obtain

,2~ -“ O(ln E’ ) ‘, d~ = 0(1), c— ’ O (74)

Differentiating (69) and u sing (74) and (72), we see that

(
~~~~~T 

o(F ’1~(ln e) ‘ I, (
~~)~

= Q(~~~hI3), e -*0 (75)

Relationships (69)-(75) remain valid if we replace (68) by

~~:TA(p ) -T (76)

Care is necessary with respect to the first of relations (75). When this is
derived from (69) using (76), we must not forget that

IOe \ dTA aTAa9
t —’- I =—— =---- — ---—- =O(ln~~) , r-.O (77)
“~P’T  Op 09

by the first of relations (74); note that dTA/d~P 0(1). Variable (76) is, of
course, more convenient than (68) when applying (65). We now obtain

4 , 7,c~,= O(lne), c ,,~~=0 (l) ~I (78)
= O(ln .‘~~~~

‘ , d~ = 0(1) )

exactly as for the hatted quantities; the constants of proportionality are, of
course, different,
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Relations (72)—(75) and (78) are the basis fur our analysis iii Section 5
of the thspersiomi relationshi p (56) near the A point. One further subtlety
shoukl not he overlooked. In establishing the dispersion relation (56), we

encountered (lerivatives such as

(79)

It is tempting. hut incorrect , to follow ~~~~~~~~~~~~~~ and use the fact that
p ’ = p -- f — > 1 as m~ -> 0 to argue that (79) is asymptotically OS/ OT. The
derivative is asymptotically

as~ S( Of \
01 p \aTJ ~

The first te ir im is 0(1) by (68) hut tIme second is 0(~ 
‘‘ i) by the second of

relations (75).

5. ‘I’IIE PIwPAGA’rIoN OF FIRST AND SECOND SOUND
NEAR TIlE X I’OINT

The dispersion ,-elationship (56) can he simplified considerably if
appeal is mn~ule to the asymptotic dependencies of Section 4 to retain only
the largest contribution to every coefficient ~~~~~~ as e -* 0. In this way we
obtain

d~i ,,( i~ r ijp ’ - ~‘ñ ) k ”

- (iw~7m~p
’
~, ~~~~

‘d 4  —ür d~d~4+â~d~4)k4

(80)

a relation we now seek to solve for given ~~. In (SO), a2 = u,u2/a, and
similarl y For s,’. i’hc results depend, of course, very much on the size of w
in relation to i- . For exam ple, if o is sufl iciently large, the term 4 in the
final parent heses of (80) will be negligible compared with the term iwr4,

and the roots k ” will correspondingly assume a different form from the set
obtained For small w, where the 4 dominates. It is thus profitable at the
outset to identif y the ranges of ~i in which the coefficients of k in (80) are
dominated by one term or another. In conformity with Section 4, we
suppose t hat

~r. a m ,  a, 0 (1) ,  d1, â~ 0fr ’’~Qn F) ’”2 1

d,, t~,= 0[(IflE) ’” I. ~
- —a () (81)
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and5

= Q(~
213) 1) = 0(e - 2/i) ~ = 0(e 2”), A = 0(e’”3 ),

i~~0(c ’) e-’ O (82)

Case A: w << Ofe/(ln e)”12j. In each coefficient of k” the final term
dominates and we discover that to leading order

2 ~~ 2 _  ~ 2 I1~d~4 Ik = -~ , k -~ -~ , k = — -
~~~

-
~~~

- -  ‘-
~~ (83A)

Uj  a2 a ma 2 CV c

Case AD: w Ofr/(ln e)t12
~. The final terms in the k 6, k 2, and k °

coefficients are still dominant, but the second and fourth tcrnis in the k 4
coefficient are equally dominant. We obtain

k 2 r =w 2/J~, k 2 a, k2 =~ 
• (83A3)

where a, fJ (a > /3) arc the (real) roots of the quadratic equation

2 ~~~ 2 
~ 2C~ 1 \ d~4 w 2

X
- a2 a ,a2c5~~ a ,c,~~~a2

Ii is easily seen that ~ <0.

Case B: 0[E/(ln e) ”2Joz w < O(c). Again the final terms in the k 6,
k 2, and k ° coefficients arc dominant , hut now the second term in the
coefficient of k 4 is the only one that survives. We find

2 2
2 2 a1C,, ~k =-~~~, k — -~ , k = —-fl - -- —

i (83B)
a1 a~ a1c,~~~

Case BC: w 0(r). In this range the final two terms in the
coefficient of k

2 and both terms of the k ° coefficient assume equal
dominance; as in case 13, the sccond terms of the k6 and k 4 coefficients are
all important. Now the roots are -

2 w2( 4 — iw’r4 ) 2 
2 

2 ~~ á~4 1
k y~-- ’~~~~~~, k~~~~~,

(83BC)

Case C: 0(e)~<w ~~0(e”~/ln c ). The second term in each of the
coefficients of k 6

, k
4
, and k 2 is the greatest, while in the k ° coefficient it is

$ The analysi s below would be so mewhat simpler it we supposcd instead that
A = “ In r ). r -~ O(e In ~) for r -‘0. U would be difficult to distinguish caperiment-
ally hctwccn such laws and thc last two relation, in (82). Nevertheless, we take the
convcntitrnat pI)oiion in (82),

I
t. 

~1 _
~~~~~~~~

_
~
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the first that domiiiate,~. The result ($311(’) is altered to

k~ ~ w 2 / á~. k 2
’~o,2 / â~, k 2 io r/ ~~ (83C)

Case CD: o -
~
- 0(r ”~/ln r). Now both terms in the coefficient of

k 6 are of equal order with the other coefficients as in case C. We now find

~~~~~~~ k
2
=~~~~~~~~~~ [l+~~~~~_~~~~~

J ,  
k 2 =~~~ (83CD)a, rr~p ~orV 7p

(‘use I): w > 0(r “/ln i-) . The dominant terms for the coefficients
of k~

’ and k° are the first , and in the coellicients of k 4 and k 2 the first or the
second (or both). Ihus the roots are, ho leading order,

k
2 w 2/a~, k

2 iw~
2/ r r ~p ’, k 2 ici) T/ ~~

2 (83D)

lime first of the roots (83) corresponds to first sound. We see that if
w >~ 0(r) , it travels with, to leading otder , no dissipation and with the
high-frequency adiabatic sound speed 7 ,. If ~ ~< 0(r), it travels with the
low-frequency velocity a 1. The transition from one speed to the other is

• effected in the range BC where w = Ofr) and here first sound is dispersed
and dissipate(l. It appears that in all cases the (complex) first-sound speed is
well approximated by

iwra 1 e~) 1’ ”2
a

as indeed Khalatnikov ’° implied. For a discussion of this dispersion rela-
tionship, S ( C  I andau and I .ifshitz ,’ ‘ Section 78.

In first sound, superfluid and normal fluid share (to a good approxi—
Illation) a comnmoil motion. Second sound is, however, a temperature wav e - -
that relics on conversion between spe~ics to supply its thci-mnomechanical
restor ing force . \Vhen the frequency of the wave is large compared with

or more precisely large compared with r “‘/ ln r, the conversion of
spec ies cannot he properly accomplished in the period of the wave , and
second 501111(1 does not occur. I’his accounts for the behavior of the second
root m the CaseS CI) and I). In the remaining ranges, the second root ,
which yields second sound, is little affected by relaxation: Note that r does
not appear in leading order before the case CD. There is, then, little
attenuation. l)ispersion occurs importantly in ease AU, which separates the
high-frequency second-sound wave, moving with velocity a2, from the
low-frequency wave traveling with speed a2. In the transition regime All.
t ime root a corresponds to the second-sound wave and approaches the low-

• (high-) frequency roots in the limit as o decreases (increases). Of course,
this propagating mode suffers dissipation because of higher order terms not

LH~~. _ _ _  _ _ _ _ _ _ _
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included in (83A8). In contrast to the results of Khalatnikov’° for first
sound, we have found totally different behavior for second sound. This may
be attributed partly to his neglect of healing effects and partly to his
treatment of the terms (79).

In each of the above cases, the third root of (83) represents a non- -

propagating wave that is predominantly associated with healing (and
relaxat ion, for case BC onwards) and gives a IkI that becomes infinite as

~ -* 0.

6. FOURTH SOUND

When helium Il ls contained in a porous solid matrix with pore size
much smaller than a viscous penetration length, the normal fluid is locked
in position. Uowever, a sound wave is still able to propagate through the
motion of the superfluid. This wave is termed fourth sound and was first
discussed by I’ellam.” The governing equations for this wave are obtained
by discarding equation (6) due to the viscous domination, setting v,, = 0,
and then linearizing (3), ~4)—(8), and (30) about an equilibrium state as in
Section 3. After again suppressing the subscript zero we obtain

rn5 —~ ’+p ’v 3 (84)

~+p
’v7,~ =0 

(85)

(86)

(87)

Ai(fi’— f)~~~Iwi’,,- — A t h ’ (88)

where we have set

~8(pA ) \ cr pS (89)
~ ap ‘p,T

and again we use p’ and f interchangeably but distinguish between ~5’ and
J. These equations combine in a straightforward manner to give (87) and

~ +p’A(j3’ —~i).~ — p ’gi,, =0 (90)

(91)

We seek longitudinal plane wave solutions and suppose that all van-
ables arc proportional to exp ( i ( k x—ø t ) ~. In view of (87) the most con-
venient triples to take as independent variables are (p, a, p5) and (i,, a, I’)
and we use the notation

(92)

- - 5

L --=-~~~~-
- -~~~~~~

- 

-~
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Then equations (90) and (91) yield

~i(p
5
~~~~k

2 --p~Aiak 2 _
~~ 2) .+ I5

5p5(~4k
2 + Aiwk 2) = 0 (93)ap 

~~~~
_ üor) +~~5(~~~~_ i _ e 2k 2 + iwr) = 0 (94)

The condition for compatibility of these two equations gives the dispersion
relationship

o=( l ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ UC) T{ ~.) 2 p sk 2[ ~~~ ±~~ 3 _A , + A l (J  —
~~

]} (95)

We can rewrite this equation using the triples (p, T, p 5) and (p. T, 1’) [see
(49)1 as

0 “( ~,,/ ~ ,,)( k 2d~ —w 2 )+ ~
2k 2 (k 2 d~ --w 2 ) — iwr p~’qk 4 +iwr(w 2

~~k 2g)
• 

- (96)

where

-2 ~‘f -, 2STl~\ P -2 ~ 2 P 1  ~2 2ST~\ () 
~2a4 --i,~a1 

_—;---j )- U2, (1.1 =- -—~ a,  -—-
~~~~j +- - - - U2

g :ã~ f -~~~ 
‘~~~~2AiP 1[( ~~ )  ÷(-

~
) (4~—~-~)1 ~97)C,, dp r aT 0p c ,, PC~

When relaxation effects are ignored we find that

k 2 w 2 (c~,, ±~
2
~.k

2 )/ ( e,,a~ +~
2k 2M~) (98)

so that the propagation spec(l approaches ~~ and a~ as k~ -*0 and k~ -*~~,
respectively, as we woul(l expect.

To discuss the case with relaxation effects present, we need to solve
(96) for k

2
. With (96) being a quadratic in k 2, there is no difficulty in

determining explicitly these roots. However, they are extremely complex
• and we prefer to obtain the qualitative features of the equation by an

asymptotic analysis of the sort in Section 5.

Using the assumed behavior set out in Section 4, we find that g*â~
and we write (96) as

k 4(ed — p ’~riw ) I- k
2
(~~,á~~/4 ~~~~~~ iwra~ ) — ( e,,i..~2

/ 4  — iiw3
) ’ 0

(99)

. 5  
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Case A: w ~< 0(e). l’hc dominant terms in each of the coefficients
are the first and the roots are

2 •
~ w 2 c,, a4

K 
~~f,  K =
a4 c,, a 4 ç

Case AB: w 0(E). In this range all three terms in the coefficient
of k 2 and both terms in the coefficient of k° are of equal importance. The
first term in the coefficient of k 4 is the only one we need consider. The
roots arc

2 w2(c~,,— iwr4) 2 (4â~ —iwr4i~~)
k • 

-- --
~~~~

--, k = — —-—--
~~

—
~~

—-— (IOOAB)
(4a 4 —ua rc ,as ) ~ C,,a~

Case 8: 0(e ) << w << 0(e ~~~~ The dominant terms arc the first in
the coefficient of k 4 and the second in the coefficients of k 2 and k °. The
roots then are -

k.2 =to~/ ã ~, k 2 iwr/ ~
2 (IOOB)

Case BC: w Ofr n/3 ). The first and second terms in the coefficient
of k 4 are now of equal importance. The dominant terms for the coefficients
of k 2 and k ° arc as in the previous case. We find, to leading order,

k 2
= ( 1 ~~~~ .~~~) ,  k2 =~~

t (100BC)

Case C: w >> 0(e ~~~~ In all the coefficients the second term
dominates in this range. The roots arc

k 2 iw/p ’A, k 2 =iw~/e
’ (100C)

In cases A—BC the first root (100) represents fourth sound. We
immediately see that the range AR represents the transition between the
low- and high-frequency sound speeds L~ and a4. At higher frequency (BC)
the wave is dissipated and dispersed until, for frequencies w ~~ 0(e 1~ 3), the
wave will disappear. Since fourth sound is primarily a variation in
superfluid density, we m i g ht expect this behavior at frequencies sufficiently
high for the superfluid density to be unable to change.

The second roots (IOOA) and (IOOAB) are associated with healing.
However, the second of relations (IOOAB) marks the transition of this
“healing wave” into a “relaxation wave”, the second of relations (IOOBC).
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Abstract. In part I of this series, a theory of helium 11 was developed incorporating quantum

healing and rela~tat ion effects. In this paper the healing phenomenon is studied for steady
superfluid flows in stagnant normal fluid, that is, persistent currents~ These include recti-
linear flow down uniform pipes, the thinning of films by superfluid motion and rectilinear
vorte x structure.

1. Introduction

Healing is the term often used to describe the depletion of superfluid density of helium II
in the vicinity of boundaries and vortex cores. It is a phenomenon that is thought to be
miportant, for instance in thin films and to be related to the observed reduction of the
velocity of third sound riding on that film (e.g. Rudnick and Fraser 1970). Relaxa-
tion, a term of universal use in physics, has part icular significance in helium H near the

~ point where the conversion between superfluid and normal fluid (consequent on
changing the thermodynamic state) may occur slowly compared with the period of high
frequency second (or first) sound. The resulting relaxation then has measurable effects
on the sound propagation.

Unfortunately Landau theory does not contain healing and relaxation effects. There
have been several attempts to generalise the Landau equations correctly to include
them. One of the most recent of these attempts is our own (Hills an~ Roberts 1977). It
appears to be the simplest of such generalisations possible and has the added advantage
that little information need be sought, over and above that required by Landau theory,
in order to make concrete predictions. The thermodynamics of the two theories arc
essentially identical and all that is required for our theory to work is knowledge of a
healing parameter and a relaxation parameter.

Since our theory is so readily applied it is also readily tested and we have initiated a
programme of research with the object of measuring our theory against experimental
data, to determine whether our ‘simplest’ approach can succeed or whether it lacks
physical ingredients that makes necessary its generalisation to a more difficult variant.
We have published a discussion of the propagation of first, second and fourth sound
(Hills and Roberts 1978a) and in the present paper, the third of the series, we examine
some situations involving pure superfiow. Other consequences of our theory have been
worked out by Johnson (1978a, b) and by Roberts et al (1978).
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Alter setting down the basic equations of our theory (~2), we show (
~ 

3.1) that, even
though stat ic and dynamic healing effects will cause the superfluid and total densities
to vary across an isothermal system containing a persistent current, our theory will admit
such persistent currents in all circumstances. The proof is not trivial since, at first
inspection, the problem appears to be overdetermined. In § 3.2 we set up the problem of
Poiseuitle flow for our theory and, for the particular cases of flow between planes and
down a circular pipe, we obtain the relationships between mass flux, superfluid velocity
and channel size. We obtain conditions for the absence of superfluidity. In §4 we address
the problem of film thinning and whether, as suggested by Putterman and Rudnick
(1971), the stresses associated with healing will break the force of Kontorovich’s (1956)
argument that a moving film will be thinner than the corresponding static one. For
reasons adumbrated by Goodstein and Saffman (1975) we find that this is not the case,
although healing in thin films causes differences in detail from Kontorovich’s result,
even allowing for the average depletion of superfluid density in a thin film. In § 5 we
look at the structure of the superfluid vortex in our theory and are able to expose
explicitly the pressure gradient that causes vortices to attract and trap ion impurities
(e.g. Donnelly and Roberts 1969).

In all these developments (except § 2 and parts of § 3) we adopt a simple quadratic
form for the Helmholtz free energy A. We believe that this should be an adequate
approximation sufficiently near the . point. As a later part of our programme, we hope
to present results at other temperatures using the full thermodynamic data available
(see also Roberts et al 1978).

2. Notation and governing equations

We refer the motion to a rectangular Cartesian coordinate system and employ a direct
tensor notation. A superposed dot denotes time differentiation holding the spatial
variable fixed. Throughout the paper the following notation is employed:

p’ = superfluid density; a’ = superfluid velocity;
= potential of the superfluid external body force b’ per unit mass

(b’ =
= superfluid velocity potential (a ’ =

m’ = p’ + V. (p’v’) = superfluid mass supply;
r = heat supply per unit mass per Ltnit time; p = total density;
A = a specific energy function; S = specific entropy~ (2.1)

= thermodynamic potential per unit mass; T = temperature;
p = pressure; ,~ = thermal conductivity (~~0);

coefficients of viscosity (a
~ ~ 0,z~ + Fx2 ~ 0);

q = healing coefficient; A = relaxation coefficient (~~0);
w = t” — a’; ~ = stress tensor;

= rate of deformation tensor = ~(i’~ + v~ ~
).

The corresponding definitions to (2.1) for the normal fluid are obvious. The governing
equations of our theory were derived in Hills and Roberts (1977)~ as

(2.2)

t See also Hills and Robert s (1971ta).
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~ + V . (p~v” + p’v’) = 0, (2.3)

~~
‘ + (a’. V)v’ = V(fl — cD), (2.4)

p”i~ + p’i
~
’ = p”Vf)” + p’VQ’ — Vp — V. L’, (2.5)

= p ”v ’v,” + p’v~v~ — s,,. E~ = + a2D~ — ip ’~ p’,, (2.6)

T[j Sj + V.(pSv ”) = pr + V. (K VT)  + rn ’2 
+ c*1(trD~)2 

+ a2tr(D”), (2.7)

+ r = 0, A = A(p, T,p ’), r = ~w2 + Am — qV2 p’ — 4~~~(Vp~)2. (2.8)

Equations (2.3), (2.5) and (2.6) are the balanee equations for total mass, momentum and
energy respectively. The equation (2.8) forms a constitutive relation governing the
healing and relaxation of p’. Generally the viscosities a1, a2 and thermal conductivity PC

depend on p. T, p’: the relaxation coefficient A is a function of p’ and T, while the healing
co,~flicient depends only on p’. In what follows we often adopt the models

= c/p’, A l/(p’)’12 , (2.9a, b)

w here I = 1(T) and ~ is a constant (= h2/4m 2, where 2ith is Planck’s constant It and m is
the mass of the helium atom).

We can derive from (2.4), in the usual way, the superfluid Bernoulli equation

~~
‘ + iv” + ‘It’ — f).’ = g(t), (2.10)

where the arbitrary function g of time t can he absorbed into ~ ‘ if desired. We have also

S = —VA/ fl;  p = p23A/ Op — p’(~w
2 

+ Am’) — ~,~(Vp’)2, (2.11)

• = A + pM/ ~f3 p (~w2 + Am’), (2.12)

= — (p’/p)[p — p”~ w2 + Am’) ] ö~, — i~p’~p’~ (2.13a)

= ~~(p fl /p)[p + p’(’1w2 + Am’)] ö~, + + a2D~. (2.13b)

Hills and Roberts (1978a) developed a Taylor series for the energy function A from
the quasi-particle picture which truncated after the first three non-vanishing, terms,
namely

A = A0(p, T) + 
A 1(P. T)

E. — f ] 2  + 
A2( p , T) 

~~ 
— 

~
j3, (2.14)

where I = f(p, T) is the equilibrium superfluid density in bulk helium. The functions
.4~ , A 1, A 2 were related to the ground state and excitation free energies and it was
found that

A0 <0, A 1 > 0, A 2 > 0. (2.15)

The simplest viable model truncates (2.14) after the quadratic term

A = A0(p ,  T) + ~!~L~~~!![p ’ — f] 2 . (2.16)

We close this section with a brief mention of the boundary conditions appropriate
to pure superfiow. Hills and Roberts (1978h) have recently given a fuller and more
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general discussion of boundary conditions for helium paying particular attention to the
interfacial conditions between a liquid and its vapour when either evaporation or
condensat ion is present. At a solid boundary i~I1 we assume that (see Hills and Roberts
1977, Johnson 1978a, b)

p’n. v’= 0, p’ = 0 on öB. (2.17)

At the interface between a liquid and its vapour in thermodynamic equilibrium, we have
(see Hills and Roberts 1978a , b)

= 0, p + p1(Vp’)2 = p5, P + = •~ + ~~~ (2.18)

where a superscri pt g denotes the quantity associated with the vapour which in this
paper is taken to be an inviscid fluid.

3. Superflow solutions

3.1. Persistent Currents

One comforting conf irmation of the consistency of the above theory comes from seeking
hydrostatic solutions or more generally solutions in which only a steady persistent
current of the superfluid is present and the material is under the action of a conservative
force field f) (= 1)’ = f).”). The total momentum equation (2.5) shows that

p 1 + (p’i ’ v  + ~~~~~~~ 
= 

~~~~~ 
(3.1)

Since the superfluid motion is irrotational~v~ = v~ , and from the total mass equation
(2.3) V.(p ’v’) 0, we may use (2.12) to rewrite (3.1) as

V[p 2OA/ i~p 4- (Vp ’)2] — ~(v ’)2 Vp ’ = p VC) .. (3.2)

But from the constitutive equation (2.8) we have

p aA/ ~p ’ — qV2p’ — ~(d~j / d p’)( V p ’)2 + ~(v ’)2 = 0 (3.3)
so that , dividing (3.2) by p. multiplying (3.3) by Vp’ and adding, we find

,- 
A)  

vP+
~~.(P~~)vT

+ ~~ + 4)V p~ = Vfl. (3.4)

However, from (2.10) and (2.12) we have

p -~ 
- .

~
- A — C). = constant. (3.5)

(lJ p

By taking the gradient of this equation and comparing with (3.4), we see that VT rr 0 or

T constant. (3.6)

In other words, a necessary condition for the supposed ~hydrostatic ’ state, with the per-
sistent superfiow, is that the helium is isothermal. The variation of p and p’ over the
system can only be found by solving (3.3) and (3.5) in conjunction. We show how this
may be done in simple cases below. We note that the result (3.6) is derived without
appeal to the postulate (2.14) and is therefore true for all forms of A.  No theory that failed
to survive the present test could be seriously considered as a model for healing.

H . . . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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3.?. Healing at a plane wall

~Ve illustrate the utility of our model for A by a simple example. Let stagnant helium II
in complete thermodynamic equilibrium fill the half-space a > 0 and be bounded at

= 0 by a wall. As we have just seen, ?‘is a constant. We may suppress the temperature
dependence everyw here and assume that all quantities spatially depend only on a.
In: > 0,we must satisfy

A + paA/ap = C1, 
(3.7)

p2OA/ôp + ~i1(dp ’/dz)2 C2, 
(3.8)

p DA/ ~p’ — , 7(d2p ’/dz 2) — ~(d.7/dp’)( dp ’/dz)2 = 0, (3.9~
and

= 0 on z = 0, p’ -.f as z —. co, (3.10)

w here C1 and C2 are constants. By using (3.7), we can show that (3.8) is the first integral
of (3.9) and so we can discard (3.9); (see § 3.1 above). Adopting (2.9) and (2.16), we rewrite
(3.7) and (3.8) as

A0 + pOA 0/ t~p — A1(af/ a p) (R2 — 1) + ~(öA 1/ 8p)( R2 —f) 2  = C1, (3.11)

2C(dR/dz)2 = C2 — C1p + pA0 + ~A1(R 2 —f ) 2 , (3.12)
w here A0, A 1 and! depend on p alone and R2 = p’.

The solution of (3.10)—(3.12) is far from triviaL Suppose, however, that

f2A 1 4 p J A 0I ,  (3.13)

which, asemphasised in Hills and Roberts (l978a), is the only circumstance in which (2.14)
and (2.16) are likely to be acceptable. Then, we may proceed by iteration. To leading
order, (3.11) gives

A0 + paA 0/ ap = C1, (3.14)

which implies to the same accuracy

p = constant = p0. say. (3.15)

The coefficient A 1 in (3.12) is now constant and that equation, together with the boundary
conditions (3.10), yield

i’ .10 tanh2 Z, Z z/2~, (3.16)

wheref0 f(p0 ) etc : and ~ is the healing length defined by

(3.17)

It is interesting to note that the solution (3.16) exhibits non-zero normal stress
difference, a phenomenon that is usually associated with viscoelastic materials and their
anomalous behaviour. We find that, if the total stress tensor T is defined by

T~ = —p511 + E~,, (3.18)
then

— 7,, 0, 7 , — = —(IA1)
2 sech4Z (3.19)

and that, even on the plane wall z = 0, the second difference is non-vanishing. We will
return to this topic in § 3.3.

_ _ _ _ _
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We can obtain the first correction to (3.15) by substituting (3.16) into (3.11) to obtain

p p — 
(A ~ 

~~~~) 

sech2 z + (1 
2~~~~~~~ sech4 Z, (3.20)

where u0 is the isothermal speed of sound defined by

= ~~~~~~~~~ . (3.21)
13/) \ ~~P ,,

~~
,,,,

By using (3.21) in (3.12), we discover a refinement to (3.16) viz:

i” =f ~ tanh2 Z — (2p / u~ fA 1 )0 tanh Z sech2 Z{(A 1f ~t) z + (f3A 1 ~L 
~~~~~~~~~ 

tanh Z

/ o,i \2 )
+ ( f f 2  -i--’ (tanh Z — ~ tanh3 Z)~. (3.22)

\ p,0

This process of alternation between (3.11) and (3.12) can evidently be continued
indefinitely.

It may be objected that it is inconsistent to carry out the expansion in this way because
as each new term is added to (3.20) we ought to add also a new term in the expansion
(2.16) olA. The A 2 

term of (2.14) should, for instance, enter (3.22), the second term in the
braces being replaced by

I 3(A f + tanh Z. (3.23)

It is often sufficient to take only the leading order of approximation by which we mean
results analogous to (3.15) and (3.16).

The solutions of this subsection reflect the crucial role of the postulates (2.14) or
(2.16). In a paper now in preparation, (Roberts ec at 1978) rather than adopt these
postulates we have used the tabulations of Brooks and Donnelly (1977) to determine
the healing length in stagnant helium directly from the energy spectrum. These results
suggest that the models (2.14) and (2.16) cannot be considered too trustworthy far from
the A point.

3.3. Superfiow in parallel c~~nnels

The method of solution used in the last subsection may readily be adapted to determine
the structure of p’ in a uniform pipe of arbitrary cross section, .?, when there is uni-
directional superflow v’ = t’e~ along the axis Ox of the pIpe; it is supposed that there is
zero pressure gradient in the pipe, so that the normal fluid is at rest. Since the superfluid
moves irrotationally, i’ is constant over .9’. Of particular interest is the flux, Q, of super-
fluid.

Equation (3.7) holds as before while (3.9) requires an additional term on its left-
hand side. It is not in general possible to integrate (3.1) in a form like (3.8) although this
can be done in § 3.3.1 below. The iteration procedure outlined in § 3.2 can, and will, be
used. We will restrict our attention to the leading-order problem.
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We scale the equations by introducing

v = (C/A 1p~
) ”2. p~, =f( 1 — v2/2A 1f), v = u(2A ,f)”2. (3.24)

Clearly the dynamic healing length, v, reduces to the static healing length ~ when v = 0.
The density p~ is pS in the bulk and is closely approached in the centre of the channel
if its dim ensions greatly exceed v. We now transform (3.1) by setting

p’ = p’,R~, x 1 = ,J2vs1, (3.25a,b)

where the suffix 1 refers to the coordinates (y, z) in .9”. We obtain

V~R = R(R 2 — 1), (3.26)

where it is understood that differentiations are performed with respect to s~. We solve
(3.26) subject to the healing boundary condition

R=. 0 onC, (3.27)

where C is the periphery of .9’.
The flux down the pipe is

Q
2CV

J
R2d2 (3.28)

Following Mamaladze and Cheishvili (1966) we note that in addition to the case v = 0,
Q can also vanish for non-zero velocities. To obtain this latter state of destruction of
.‘luperJlow, we note that if R is negligible over .9° then (3.26) may be written

V~R = — ( 1/ 2 v 2)R , (3.29)

where we have tem porarily re-instated x 1 
as space variable. The equations (3.29) and

(3.27) constitute an cigenvalue system for I/2v2 and the smallest eigenvalue 1/2v~ deter-
mines v,~, the critical v at which superfluidity is destroyed. As we will see from examples
below, v~ approaches zero as the scale (a, say) of the pipe is reduced and, no matter what
r is, all superfluid is excluded from pipes of scale smaller than some a0 > 0. We will see
this more clearly in the following examples.

The lack of isotropy of the stresses (2.1 3a) due to healing is reflected in parallel flows
b~ a difference in normal stresses that can be readily found in the examples considered
below: for the first (see (3.32))

= T,,, t~ — T,~ 
— ~(p ~,)

2A 
1[ ( l ÷, ~)

2 dn~uc~~] ’ 
u = s/(1 + k2 ) ’~’2 .

(3.30)

In the flow of viscoelastic fluids such stress differences give rise to the phenomenon of
die swell. The fluid extruded from a pipe swells (or constricts) as it emerges into the
atmosphere. For a detailed discussion of the theory see Josephs (1974). it is natural to
wonder whether the stress differences (3.30) will cause superfiow emerging from a pipe
into its vapour to change its cross section similarly and, if so, whether the effect could
be detected. It is not hard to show, however, that all surface conditions on the jet
emerging from a plane Poiscuille or circular Poiseuille flow (*~3.3.l and 3.3.2 below)
•irc satisfied if the jet continues without change of cross section from pipe to atmosphere.
Whether there are other solutions showing die swell which also satisfy all conditions of
the problem is problematical but not easily established. Of course, if the thermo-

1~~~~

~~~~~~ L~~~~~ . 
_ _ _ _ _
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dynamic potent ial ‘l in the vapour is not Continuous with D + ~v2 at the edge of the jet,
the cross section of the jet will change due to evaporation or condensation (see Hills
and Roberts 197gb).

3.3.!. Flow bet wet ’n parallel planes. Let the fluid be confined between planes z =
so that V~ = d2/ds2 in (3.26), where s = z/,J2v by (3.25b). Equation (3.26) may be
integrated once to give

(d R/ ds)2 = ~~~ — R 2)(2 — R~ — R 2), (3.31)

where R~, is Rat s = 0. As Ginzburg and Pitaevskii (1958) and Mamaladze and Cheishvili
(1966) have noted, (3.31) may be solved at once in terms of elliptic integrals:

R = RmCd{SI ( 1 + k2 ) ”2], R m = [2k 2/ (1 + k2)] ”2 ,
a/2’12 v = (I  + k2 )”2K(k), (3.32a, b, c)

where the argument k (0 < k  < 1) in cd (= cn/dn) is obtained by solving the last of (3.32),
in which K(k) is the complete elliptic integral of the first kind.

Since (3.32c) is a monotonic increasing function of k for 0 < k  < 1 and K(O) =
we obtain a critical velocity

v~ = (2A ,f)”2 [l n2i~2/2u
2}”2, (3.33)

and see that superfluidity is completely destroyed in channels whose widths are less than
2”2,r~. We may regard this as defining the depression of the A point in channels as

(3.34)

Instead of (3.28), we may compute the flux, ~~, per unit y length across the channel, i.e.

= p ’dz =f(2a)(2A ,f)”2[2u(l — u2)(K(k) — E(k))/(l + k2)K(k)J, (3.35)

where E(k) is the elliptic integral of the second kind. In figure 1 we show the maximum
value of ~~, in units off(2a)(2A ,f)”2, attainable for given gap width 2a, in units of ~~.

The corresponding value of v, in units of (2.4 1f) ”2 , is shown also.
a: —— —----— - — — Os

H
20/1

Figure I. The dependence ot the mj iim ,im fl ue Q and it s associated velocity v on the gap
width 2u ror flow in a parallel channel.
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jj.2 . Flow in a circular pipe. Let the fluid be confined in a pipe 0 ~ a ~ a, where (s, 0. x)
are cy lindrical polar coordinates with axis Ox centred on the pipe. Then (3.26) becomes

(3.36)

which must be solved numerically. The simplest method is to assume a value of R~ ( <1)
for R at S = 0 and integrate until R falls to zero at some ~ = = a/.,J2v.

If we assume that R 4 1 throughout the pipe, we can solve (3.36) as R = R_J0(s)

and the first zero j ,~, 
2 3041 of the Bessel function J~ gives

= (2A~f ) 1 2 [1 — 2j~1~2/a1”2, (3.37)

so that a0 = ~~~~~ 
as Mamaladze and Cheishvili (1966) have already noted.

o/12v

FIgu re 2. Relationship between the fl ux Q and the radius a for flow in a circular channel.

As is clear from (3.25b) and (3.28), all solutions of the pipe problem fall on one Q(a)
curve provided Q is measured in units of 4it~(2f/ A , )~

2 u and a in units of .,/2v. This curve
ts given in figure 2. The actual radius and flux for given u are then

a = 
~ ~~~~~~~~~~~~~ 

Q =fJra2(2A ,f)h/2 2I4l
a

_
~iJ R 2s ds. (3.38)

In figu re 3 the maximum attainable Q, in units off(ira2)( 2A 
~~~~~~ 

is shown as a function
of a, in units of ~~. The corresponding value of v, in units of (2.4 1 f) t /2, ix also shown.

4. Film thinning

Kontorovich (1956) has given an argument using the Landau two-fluid theory according
to which a moving film ought to be thinner than a stationary film, even though conditions
~at infinity’ in the vapour arc the same for each. Experimental confirmation of his
predictions has been equivocal: the work of van Spronson et al (1973), Williams and
Packard (1974), Graham and Vittoratos (1974) are in accord with Kontorovich’s

- 5
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prediction but Keller (1970) and Telschow et al (1975) observe film thicknesses inde-
pendent of their states of motion. There have been a number of suggestions for theo-
retically explaining this apparent experimental conflict. Putterman and Rudnick (1971)
proposed that an explanation of the Keller and Telschow observations may result from
a theory incorporating healing. (ioodstcin and Saffman (1975) have contested this,
making the point that for films with thickness much larger than the healing length.

34 4- 0 50 6-0 70
a/f

Figure 3. The dependence of t he maximum flux Q and its associated velocity von the radius
a for flow in a circular channel.

K,~ntorovich’s argument should again apply at the edge of the healing layer where the
superfluid density has its bulk value and should then lead to the same anewer. These
last named authors sought to explain the thinning and non-thinning by a theory
incorporating an intrinsic relaxation time. Recently, however, two studies have been
published (Graham 1977, Kwok and Goodstein 1977) which cast serious doubts upon
the experiments that report no reduction in thickness. Nevertheless, it is interesting to
explore the Putterman and Rudnick suggestion further and study the influence of
healing on a moving film. It will be of special interest to see whether there will he
departures from Kontorovich’s theory for films with thickness of the same order as the
healing length.

Consider a superfluid film moving with a steady velocity v in the x direction
occupying the region 0 ~ ~ 6(v) and held to the plane wall z = 0 under the action of
gravity and a van der Waals potential L~1z ). Then, the total potential (~ z) is given by

(1(z) = g: + Q ’(z), Q’(z) = — a/z 3, (4.1)
where a is a constant. Thc thickness is assumed to he small enough that the normal
fluid is clamped by viscosity. The film and overlying vapour are at a uniform temperature
T, which we again suppress in the analytical details below. The vapour is modelled by
an inviscid perfect gas and we assum~ that it is at rest with pressure p’ and thermo-
dynamic potential 4~ determined by

p~ = p~ exp (mQ(z)/kT), 4~ ~~~~~- In ~ + (1(z), (4.2a, b)

-. 5
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where rn is the molecular weight of the vapour, ~ the universal gas constant and p
~ the

constant pressure at infinity.
The conditions of phase equilibrium at the liquid-vapour interface are (2.18) viz:

0, p + t~(dp’/ dz)2 = PS~ 
4D + ~v2 

= ~~~, on z = h, (4.3a,b,c)

together with the continuity of the temperature. In (4.3) the quantities on the left-hand
side are evaluated in the liquid. The superfluid BernoulLi equation (2.10) gives

0 + ~v2 — (1(z) = constant, (4.4)

and, by reference to (4.2) and (4.3), we evaluate the right-hand side to find

2(I) + ~v — (1(z) = — In p 0. 0 < z (4.5)

The fact that the right-hand side of (4.5) is independent of v is crucial to the subsequent
analysis.

The total mass equation (2.3) is identically satisfied while the total momentum
equation (2.5) reduces to

d d fd ’\2
- .

We now suppose that v is small and attempt to evaluate the increase oh = 6(v) — 6(0)
in the thickness of the film owing to the persistent current. Like Oh, the Eulerian change

~p in p resulting from v is also 0(v2) as u ~-. 0. According to (4.3a), we have

I fdp’Vl r fdp’\21 Id C fdp’\21 1
+ P1~~~~—) ] ¶P + ‘I(

~~
—) j  + ~~~

- l
~l? + p)

~
j )  j~ 

J O h

= Op~ + 

~~~~~~~~~~~~~ 

öit on z = h, (4.7)

where A,~ denotes the Lagrangian change in p resulting from v. By (4.2a) and (4.6)

+ = + <dP)a] + i(~J!) oh = ,(dfl)~~~ ,,, ~~ = h.

(4.8)
We shall assume that p5 4 pso that we simply require

+ ~,(5~f~’)2] = + ,(
~~~

)2] + = 0, on z = h. (4.9)

Consider first the Kontorovich argument. This makes use of the Landau two-fluid
theory with

0 = 4’(p, 7’, w2), 

~ 
=-L ~~ = — S, = — 

~~
-, w it’ — v~. (4.10)

Taking the Lagrangian variation of the appropriate Bernoulli equation (2.10) to order
on : = 6 we get Kontorovich’s result

Oh = .~—f— 1 v2. (4.11)2p\dz /, ,5

F22
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Since (1(z) decreases with increasing z, Oh is negative and the film thins.
We now turn to our theory incorporating healing. From equations (2.12) and (2.13)

we have

0 = A +p ~~~ — ~v2, p + (41)
2 

= p 2~~ — ~p’v2 
+ i,i(~~ )2,

and then (4.5) gives
t3A

A + p~~
— — (1(z) = —ln p ,~. (4.13)

Taking the Lagrangian variation, using (4.9), (4.12) and the fact that Ap’ = 0 we obtain

d ’ 2  d ( 1 1
Oh — 

_4

~~

(.

~~~~) 
](

~~):.; 
(4.14)

Clearly everything now depends on the value of A[t (dph/dz)2]. To evaluate this we use
the solutions of * 3.3 which are based on the model (2.16).

Suppose first that h ~> v where v is the dynamic healing length of (3.24). We see
from (3.25b) that the superfluid density is given by

~~~~ tanh2(~~Jt), ~~ =i(i 
— (4.15)

so that with (2.9a) we have

q(d p ’/ dz)2 = 1p’~,/v
2, (4.16)

and, to order v2,

A
~
q(d
[)] 

= _fv2. (4.17)

Recalling that p ’ in (4.11) is the superfluid density in the absence of healing and f is
(apart from terms that would produce only v4 correct ion to Oh) the superfluid density
outside the healing layers, we see that (4.14) and (4.17) give (4.11) once more. We conclude
therefore that when v 4 6, the speculation of Putterman and Rudnick (1971) that the
healing terms could remove the thinning predicted by Kontorovich is, as conjectured
by Goodstein and Saffman (1975), not correct, at least in so far as our theory is a realistic
representation of heating processes. To substantiate the Goodstein and Saffman point
when v 4 h, condition (4.9) applies with good accuracy at the edge of the healing layer
next to the bulk helium,and of course (4.13) can equally well be applied there (as anywhere
else in the film). The argument then becomes almost identical to that used for the Landau
theory. The final term of (4.1 2b) is negligible at the edge of the healing layer, but the
penultimate term is to good accuracy —~p~ v2, so that we obtain

+ 2~~ ]Ap — 4fv2 = 0, (4.18)

and the result (4.11) follows as before.
1(6 and v are comparable, instead of (4.15). we have (ignoring compression due to

~
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~an der Wails force) the solution (3.26) and

dp’2  4.4 k2 (p’) 2

[‘(v)] (1 
(4.19)

5othat.to rint order u’P2,

M 

~~ + k2)2](~~) 
,
~ ~ 

~~. (4.3))

The reduction in thinning due to the factor C I act correctly interpreted merely a
reduction the ad dy~

(4.21)

due to healing To illustrate the point, we have prepared table 1. The fact thatft cannot

TaM. L

k~ 0 003 01 03 05 07 09 093

C 0 0 1*14 G3~~I6 07101 05*59 096*9 09972 09993 -

W’ 44429 4*112 +1132 S~5272 64227 76335 100513 U’4170

i/p, 0 00479 00921 02410 03420 04726 04016 06517

b~ replaced by p’ in (4.3)~ it some support far Puttermess and Rudnick’s contention that
hcaling effects ate not negligible.

S. The reetlilesse .iiSu

As Glaberson et al (1968) and Glaberson ($969) have observed, Landau’s (booty meets
an obstacle in vortex dynamics Considering th, rectilinear vortex for simplicity, (boy
noted that, since V ~ ac/2nr~ where r I the ditance from the lie, these i ts  critical
distance, r , within which w - it’ exceeds the maximum, w,, fat which superfluidity
exists. In tandau~s theory therefore, the core r <r ~ a vortex must contain normal
fluid alone, or conceivably helium I. As was shown by Ginsburg and Pitaevskii ($958),
however, in their by now classic paper, healing eliminates these abrupt c~’~’ug’ (at least
so long as we make the choice (2.9a) for ,~), ,t? decreases monoloalcafly With deu~ iisg
r and is 0(r2) for r -.0. Ginzburg-Pitaevskii theory I~ however, unable to say more,
and this is also true of c~tonuions ptessnt.d in the recent revien by Ginsburg sad
Sobaynin (1977), There are clearly other questions that deserve ~~~~~~First, one would like to know how the total density varies through the vortex.
Second, one may recall that the theory (Donnelly and Roberts l969~ ci the irin*l useful
experimental technique of ion trapping by vortex Macs it based on Landau’s theory, and
m ay wonder how its predictions are affected by healing One should notlu here that
tripping depends on a radiant of pressure, caused by the Bernoulli effect In I ~ I~

y’s
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theory the Bernoulli reduction in pressure,

~p’v’2 
= 2J~(-~)~ p’ = J R 2, (5.1~

is the only one operative, and this becomes infinite as r 0: the depth of the trapping
well is infinite. To counter this, Donnelly and Roberts (1969) included a substitution
energy that recognised that the kinetic energy of the flow would be reduced as the ion
approached r = 0 because of the volume occupied by the trapped ion. In healing,
however, we have an alternative effect that prevents the infinite growth of (5.1). It is
readily seen from (2.13) that the total stress normal to the axis is

p p — p2 — 2J{(~) 
— )j. (5.2)

The final healing term in (5.2) grows as r —. 0 at exactly the same rate as (5.1), so that
their difference is 0(r 2).

In computing P, we adopt only the first step of the iteration scheme proposed in § 3,
and evaluate P — p~, where p~ is the pressure at great distances, only to order A 1 in the
expansion of the free energy. Our results could, then, only represent the real pressure
field near a vortex when T~ — T is small. There would however be no difficulty in
principle in performing the calculation for large T. — T though then full knowledge of
A (p, T, p~) as a function of p’ would be required rather than simply A 1(p, T); see Roberts
et a! (1978). For A 1f2 4 p IA 0~, we can again solve (3.7) approximately as

P = + 

~~ 
~~

(p ’ —f )  — 

~~~
1(p _f)2] (5.3)

Using this to evaluate p 2aA/ ~3p in (5.2), we see that

p — = (1 — R2) 2 ÷ 2J~[( ~) 
— (dR)2] (5.4)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ O~~~~~~~~~~~~~~~~~~~~ 2 3 4 ~~~~~~~~~ 5
(/0

Iigiurc 4. The variation of the superfluid density p’ with Ihe distance r from the axis of a
rc tilinear vortes. The dependence of the total stress P in the tadial direction on r is also
thown.
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where p~ 
= (p 2 v3A/ i~p),. Figure 4 shows 2p (p~ — P)/A 1f2 as a function of ritz where

= ,.J2~ = ..j (21/fA ,) is the same healing length as was employed by Ginzburg and
pitaevskii (1958). It is clear that P decreases with decreasing r, for all r and reaches its
minimum vaLue of p,, — A 1f2 / 2p at r = 0. Also shown in figure 4 is p/f This figure
was prepared from a fourth-order Runge—Kutta integration.

Finally we should emphasise that the choice (2.9a), or of any other r i (p’) asymptotic
to (2.9a) as p’ —~~ 0, implies either that the vortex circulation is an integral multiple, a, of

= h/ rn -and the superfluid density p’ is analytic as r —.0 [p’ = O(r2”)J, or that the
circulation is non-integral and p’ is non-analytic for r —, 0. Since the latter possibility is
unphysical, in this sense our theory can truly be said to govern a quantum fluid.
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Superfluid Mechanics
for a Hi gh Density of Vortex Lines

R. N. HILLS & P. H. ROBERTS

Communicated by C. TRUESDELL

Abstract
There are two well known theories to describe the motion and thermody-

namics of superfluids when a large number of quantized vortex lines are present
and when the phenomena under study are on scales large compared with the
vortex line spacing. These works have been criticised on the grounds that their
governing equations for the smoothly varying, spatially averaged, fields do not
satisfy the accepted invariance principles basic to modern continuum mechanics.
This paper demonstrates one way in which such theories can arise from a
properly invariant continuum approach and indicates the presence of hitherto
unconsidered terms that bring them closer to the generally accepted microscopic
picture. The resulting theory has applications bot.h to rotating helium II in the
laboratory, and to rotating neutron stars (pulsars).

I. Introduction
According to the current view, helium II is a material which is capable of

simultaneously undergoing two motions. With each of these is associated an
effective mass, and the sum of these masses is the total mass of the fluid. The
velocity fields ascribed to these motions are termed the normal and superfluid
velocities, and that portion of the fluid moving with the normal fluid velocity is
termed “the normal component ”. The superfluid component of the mixture is
defined similarly. The ideas underlying this two-fluid model were developed by
LONDON (1938), TISZA (1938) and LANDAU (1941), but it was LANDAU (1941)
who presented the first set of governing equations for the macroscopic de-
scription of flows in helium II to be accepted. One of the central postulates of
LANDAIY5 hydrodynamical model is that the superfluid should move irro-
tationally. Experiments involving steadily rotating buckets of helium suggest,
however, that the superfluid can often appear to rotate in some manner,
apparently in defiance of LANDAU’S law of irrotationality. FEYNMAN (1955)
explained this by arguing that the superfluid in the bucket does not rotate in
bulk but, rather, such vorticity as it possesses is tightly concentrated into

~-
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quantized vortex lines. Picturing the superfluid as a continuum, one must
suppose that all the superfluid vorticity is concentrated into singuLarities of a b-
function character.

The circulation in a quantum vortex line is K=h/M where h is Planck’s
constant and M is the mass of the helium atom. Higher integral multiples of this
circulation, though possible in principle, were rejected by FEYNMAN (1955) from
an energy argument. On the continuum picture, a vortex line may be envisaged
as having a core of radius a few Angstroms (10 cms), in which the density of
the superfluid is depleted and falls to zero on the singularity of vorticity. There
may also be a local enhancement of the normal fluid density in the core. it
appears today that, despite earlier doubts (ANDRONIKASHVILI & TSAKADZE
(1965), (1966)), the overall density, p. of the fluid is little influenced by the
presence or absence of these lines (ANDEL IN (1967), SMITH et ol. (1967)). The
vortex lines in the rotating bucket are approximately parallel to its angular
velocity, Q. Their number and spatial distribution have been the subject of
several theoret ical studies (e.g. FErrER (1966). (1967), FETTER & DONNELLY
(1966), STAUFFER & FETTER (1968)). They have also recently been photo..
graphed by -WILLIAMS & PACKARD (1974). Roughly speaking, the distribution
of lines is such as to minimize the mean square difference between normal and
superfluid velocities, and in consequence there are approximately n = 2Q/ic
vortices per unit cross-sectional area of the bucket. When Q is large so is n, and
the mean spacing between neighbouring lines is small compared with every
other length associated with the flow or container. Clearly the superfiow will
then be of considerable complexity and, particularly when the vortex array is
disturbed by wave motions thermally or deliberately produced (HALL (1960)) or
by heat currents (CHANG, CROMAR & DONNELLY (1963)), there is little hope of
a practical description in complete detail. it is, however, precisely in such
circumstances that a theory might be tenable in which the tightly packed vortex
array is represented by a continuum, and its associated microscale flow by new
macroscale stresses.

There have been a number of simplified theories that aim to describe helium
Ii in the presence of a high density of vortex lines. The work of HALL & VINEN
(1956), HALL (1960) and BEKHAREVICH & KHALATNIKOV (1961) (denoted
henceforth by HVBK) all envisage a theory relating fields and flows averaged
over spatial scales small compared with the macroscale, such as container
dimensions, but large compared with the mean vortex spacing. Thus, while the
actual superfluid velocity varies rapidly with position on the scale of the vortex
separations, the average superfluid velocity, v’, changes smoothly on the macro-
scale; while the actual superfluid vorticity is either infinite or zero depending on
whether a vortex core does or does not pass through the point concerned, the
average superfluid vorticity, w’= V x v ’ varies continuously; while when the
normal fluid is absent the vortex lines must move with the superfluid in accord
with Helmholtz’s theorem, the average vortex line velocity, pL, could not be
expected to coincide with the average superfluid velocity, ,~; and while the
actual interactions between elements of vortex lines is non-local in character
(e.g. see BATCHELOR (1967), § 24). it may be expected that the dominant
contributions arise from neighbouring lines and would therefore be represented

is
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at high vortex line densit ies by an average force local in character. No effort was
made to derive equations by averaging LANDAU’S equations directly, but Iwo
plausible consequences of such an averaging were inferred and incorporated as
postulates into the theory. The first of these was the recognition (BEKHAREVICH
& KHALATNIKOV (1961)) that the rapid circulatory flows round each vortex
core would contribute significantly to the energy budget. A term proportional to
w’ was therefore included in the energy density. Second, it was realized that the
excitations comprising the normal fluid would collide with the vortex lines to
influence the motion of each. HALL (1970), for example, has provided an
interesting insight into the nature of this complicated interaction. In the mean
HVBK sense, it is represented by a smoothly varying ‘diffusive force’ that not
only causes the normal hid to move with an average velocity, ~~ different from
that in the absence of vortex lines, but also makes the vortex lines move with an
average velocity, a”, that differs from the self-induced velocity they would have
in the absence of the normal fluid. HALL & VINEN (1956) based their postulates
for this diffusive force on a microscopic picture of the collision process, and the
form of vI’ was then determined by balancing forces on a vortex core, a
reasonable procedure since the inert ia of a vortex line is small.

As an example of the governing equations we cite the linear momentum
equation for the superfluid in the BK theory ’:

p’~~, v
3 +(v’~ V) v ’) = —p 3 

V c P— o /  x curl 2th3+G, (L i)

where p’ is the superfluid density, w’=curl v~ the superfluid vorticity, ~‘ a
thermodynamic potential and G is

G=—Bth ’ x ( w’xA ) — B ’ w’w’xA+B ”(w’.A ) ~~’,
n s

A = r_
~
_ 

(~~
‘ —~~~— — Vx () . th ’)~, th’ =w’/w ’2pw’~~ p 3 /

v~ being the normal fluid velocity and p” the normal fluid density. These
equations are in conflict with a basic tenet of modern continuum mechanics, the
‘principle of material frame indifference’; the material properties must be the
same for all observers and quantities such as temperature, the surface forces, the
internal energy and the entropy have an intrinsic meaning independent of the
observer. The principle is a powerful tool. It can be employed to deduce ~he
continuity and momentum equations, as well as the symmetry of the stress
tensor, from the frame indifference of either the total power (N0LL (1963)) or the
energy balance (GREEN & RlvuN (1964)). In constitutive theory it excludes
certain quantities from the list of possible independent variables. For example, it
can be shown that the stress tensor of a Stokesian fluid cannot depend upon the
vorticity tensor (see NOLL (1955)). The principle would similarly rule out
equations of the form (1.1) and (1.2). Consider the ‘diffusive force’ Gin (1.1). The
vorticity vector for a stationary observer differs from that seen by a rotating
observer by 2~ where I is the angular velocity of the rotating frame. The

‘ See *5, equation (5 . 14).
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principle requires that the G for the two observers should differ only in
orientation but, evidently, the form (1.2) does not conform.

On the basis of (1.1) and (1.2), it is frequently claimed that the principle of
frame indifference is not universally true and, in particular, that equations
obeying such a principle cannot be constructed that explain superfluids in
motion. This view gains added force from superficially similar violations in the
kinetic theory of gases. Recently, however, TRUESDELL (1977) has exposed the
fallacious reasoning behind these criticisms from kinetic theory. It is our
principal purpose to show the non-invariant HVB K theories can be replaced by
an equally sat isfactory, but invariant, alternative.

It should be admitted that occasionally one encounters the view that the
HVBK theories are invariant in their present form. Underlying such statements is
a confusion regarding the interpretation to be given to the symbol a? appearing
in, for example, equation (1.1). In the application of the HVBK theories to
specific problems a? is unambiguously identified with the vorticity of the
superfluid. However, when the equations are claimed to be invariant, a? is said
to be related to the density of vortex lines, and, since the number of lines should
remain unaltered under a change of observer, the a? is therefore invariant. This
latter view clearly gives to the symbol a meaning other than a? = V x a’ and it is
certainly not obvious that the two interpretations for a? are compatible. In our
resolution of this dilemma we attach to the symbol a? the classical meaning
(V x a’), but also introduce a continuous axial vector field ~ which we term ‘the
vortex density vector ’ ~ . As the name suggests, the magnitude of 

~ 
is pro-

portional to the density of quantized vortex lines. More precisely, if we adopt
the usual right-hand rule, we can use the sense of the circulating flow created by
any vortex line to give a direction to that line. We may assign a vector to every
point of the line, whose magnitude is ‘c, the circulation, and which is directed
along the tangent to the line at that point. Then, if we consider a small element
of surface area with unit normal parallel to the i-axis and enclosing a point ~we may picture ~, at ~ as the sum of the i~

h
~componcnts of all these vectors

divided by the area itself. W ith this physical interpretation in mind, we assume
that the vector ~ is frame indifferent and we attempt to develop a theory with ~as a new fundamental variable. One might hope to recover conservation laws of
the form (1.1) and (1.2) but with the crucial difference that 

~ 
replaces a?. The

result ing equations would be frame indifferent.
This solution of the invariance problem introduces a new difficulty: the

theory is no longer complete. An evolutionary equation for C is needed, but
there is absolutely no guarantee a pr iori that such an equation can ever re-
instate the HVBK theories, in §4, howeser we discover a properly frame
indifferent equation for ~ which, in the inc .1 frame, admits as a particular
solution

(1.3)

and in subsequent sections we are able to show how the HVBK theories can
result from our more general theory using (1.3).

The experimental evidence suggests that , provided some critical relative
velocity between the normal and superfluid is not exceeded, vortex lines do not

LL.~ _  _ 
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appear spontaneously within the fluid (see, for example, ROBERTS & DONNELLY
(1974), p. 196ff.). Changes in 

~ 
at a point must then be represented purely by the

advection of C by the vortex line velocity, v , i.e.

~~f C.dS =0 (1.4).

for all surfaces, Z, convected with velocity v’~. The theory we derive must allow
(1.4). At the same time, it should be flexible enough to deal with generalizations
of interest. In particular, the theory should be capable of dealing naturally with
situations where vortex production occurs and in which (1.4) is violated.

The structure of a vortex core, its interaction with its environment and
particularly the exchange of material in its interior with the ambient fluid are
topics of considerable complexity. On the microscopic level, the circulating
superfiow created by the vortex line enhances and polarizes rotons in its vicinity
(GLABERSON, STRA YER & DONNELLY (1968), GLABERSON (1969)). This leads to
the idea that normal fluid is localized by a line (ROBERTS &.DONNELLY (1974))
and that the core of the line may well consist of completely classical fluid (He I).
Whether one should regard this fluid and the surrounding excitations as
imparting inertia to the line clearly depends on the efficiency or otherwise with
which they are exchanged with the ambient flow in which the vortex lies, a topic
addressed by HALL (1970) and HILLEL et a!. (1974). It seems reasonable to
suppose that some mass per unit Length should be associated with the Line and
that therefore, in the present continuum descript ion of an array of lines, a mass
density, p”, should be associated with the flow v~ and that a mass exchange
between all three parts p”, p’. p ’ of p should be envisaged. The vortex fluid, like
the super and normal fluids, will be subject to balance laws for linear and
angular momentum. Recalling, however, that the dimensions of the core are
small, we may anticipate that the inertia of the vortex fluid will be slight, indeed,
we later derive equations of the HVBK type from the general theory by ignoring
the inertia of the lines entirely. We should perhaps mention, however, that
WANG et al. (1975) have recently studied a technique by which vortex lines
could be v isualized by decorating them with tiny glass beads (of radius of order
iO~~ cms.). Such beads would clearly enhance the inertia of the lines con-
siderably and so alter the wave properties of the system. It seems that such
matters could readily be investigated by slight modification of the theory
developed below. it would appear from the work of TSAKADZE & TSAKADZE
(1973) that another application of the theory lies in the study of pulsars. These
authors demonstrate that there is a possibility of simulating some properties of
pulsars by a study of rotating helium Ii with the quantized vortex lines parallel
to the axis of rotation.

To sum up, when a large number of quantized vortex lines are present in
helium ii, we will adopt a model that is non-classical in the sense that the
complete description of the mean flows requires, in addition to the normal and
superfluid velocity fields, the speedication of the fields a1’ and ~~. In the termi-
nology of modern continuum mechanics, the vortex fluid added is a polar
material. We shall assume that the fields v I’ and C contribute to the total energy

~
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of the system and the dissipation occurring within it. It is hoped that, with this
approach, many of the salient features of quantized vortices en masse will
emerge from the subsequent development through the constitutive assumptions.
For example, the interaction of the vortices with the normal and superfluid
components will appear as a postulate for the supply of linear and angular
momentum. -

We shall construct the theory using thermodynamic variables associated
with the fluid as a whole. The first such formulation of a general mixture theory
of non-polar materials was given by GREEN & NAGHDI (1965 ). More recently.
HILLS & ROBERTS (1972) demonstrated that, with a suitable constitutive model,
LANDAU’S two-fluid equations could be obtained from the general framework
built by GREEN & NAGHDI. We shall generalize our earlier paper by adding a
polar fluid component. The theory is based on postulated conservation laws for
the linear and angular momentum of each constituent, together with a con-
servation law for the total energy and an entropy production inequality for the
mixture as a whole. We hope that by making use of the methods of modern
continuum mechanics, we can make abundantly clear precisely what ingredients
and assumptions are required to make up a proper theory of the HVBK type. It
might seem to the casual reader that our theory relies for its success on a
plethora of postulates. We believe, however, that the HVBK theories depend on
certainly as many assumptions, though they are not always explicitly stated. One
advantage in making the postulates clear is readily appreciated when we
generalize the HVBK theories in §5. The need to probe the HVBK theories
more deeply has been highlighted by SNYDER (1972) who, in trying to reconcile
preliminary experiments on Couette instability with the HVBK theories, was led
to believe either that, ‘the HVBK theories do not describe the flow ... or that
the accepted values of B, B’ and 2 are grossly incorrect.’

The basic notation of this paper is introduced in § 2, and in § 3 we postulate
the fundamental balance laws and entropy inequality. By taking notice of the
constituzive basis of LANDAU’S theory for vortex-free helium and by incorporat-
ing ideas of HALL & VINEN on the forces of interaction between vortices and
normal and superfluid, we select in §4 a const itutive class. The implications of
the entropy inequality are studied. In addition we indicate the modifications to
the theory that would result if the mixture were assumed incompressible in the
sense that the total density, p, remains constant.

In § 5 we show that theories of the HVRK type can be recovered from our
work when the limit p” —.O is taken. The linear momentum equation for the
vortex fluid ‘ then becomes a balance of forces as in the work of HV (1956).
Although we find it most convenient to compare with the single paper of
BEKHAREVICH & KHALATNIKOV rather than with the earlier writings of I-IALL
& VINEN, we do find that, in agreement w ith the latter writers, the term
involving B” in (1.2) proposed by BEKHAREV ICH & KKALATN IKOV (1961) does
not arise natural ly in our theory. This question is raised again in our attempts to
generalize the HVBK theories. We regard these generalizations as the subsidiary
objective of our work and they fall into two categories. In the first, we adhere to
the conservat ion of C-flux (1.3) and consider modifications to our postulated
heat conduction vector and diffusive force for the vortex fluid. These changes are

i_s

- -

~

-.-- ‘ - 
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motivated by the thought that the interaction of heat currents and vortex lines
may not hitherto have been adequately included in the theory. One effect of our
new terms on the superfluid momentum equation (1.1) is to replace the ex-
pression (1.2) for A , by A where

A f ~
P- [r’• _ i

~
s
~-~; V X .d ’)+~~-~ VT+ ~-~ w’x VT] . (1.5)

and fl 2 and 133 are new diffusive coefficients.
The other category of generalizations briefly considered in § 5 are those that

do not preserve C-flux, although (1.3) is still allowed. We give two examples. In
the first of these we demonstrate one way in which the B” term can be restored
to (1.2), but only at the expense of violating (1.4). Our second example is, we
believe, related both to the phenomenon of vortex nucleation and to the
diffusive force proposed by GORIER & MELLINK (1949).

Finally, it is perhaps appropriate to catalogue briefly the main accomplish-
ments of this paper. We have shown how the apparently non-invariant HVBK
theories can arise from a properly invariant framework and have generalized the
HVBK theories to include the inertia of the vortex lines, an effect not negligible
in the experiments planned by WANG et a!. We have demonstrated why a three
fluid model is necessary, and for the first time given the constitutive theory for
such a model. In doing so we have exposed the interactions between the three
components. Finally, we have proposed the addition of new mathematical terms
representing neglected physical effects and, for the first time, we have shown
how nucleation effects might be incorporated into the theory.

2. Preliminaries
As we have indicated we attempt to model the behaviour of helium Ii when

there is a high density of vortex lines by means of a ternary mixture. Two of the
components are called the normal and superfluid and the third the vortex fluid.
The motion of the continuum is referred to a fixed system of rectangular
Cartesian axes and we assume that each point within the mixture is simul-
taneously occupied by each of the three components. Direct tensor notation is
used where convenient and also a corresponding suffix notation to denote
components. Let ~ be the position of a typical particle of the normal fluid at the
current t ime t; then its position at a previous time t is x”(r) and

x~(r)=f(x~, z, t) , x =f(r), — ~ ~~~~~ (2.1)

Similarly, for a typical material point of the superfluid and the vortex fluid, we
have respectively

x’(t) = z3(x 3, r, t), ~ = x3(t), — < 22)
x1’(t)~~Z”(x ”,r , t) , X L =x ’(t), — <~ 

(

The velocity vectors for these materials are

D’
= h— x”(t), v’( t)  = x1(r), a’(r) = x’(r), (2.3)

~

-

~

- ‘

~

- - “ , ‘- - -

~ 

~~~ ~~~~~~~~~~~~~~~~~
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where~~ denotes differentiation with respect to s keeping x ’ and I fixed and

and — are similar operators for the super and vortex fluids. The acceleration
Dr

vectors at time t are denoted by f(s), f3(s) and f ’~(r) where

f(s) = ?(s), fs  =.
~~~~

- a’(s), f(s) = (2.4)

Associated with the material point of the vortex fluid at time s there is the
vortex density vector, C(t), and

C(s)=C(x 1’,s, t) , C =C (t) , — 
~~ <s ~~ t. (2.5)

We shall assume that the three material points being considered occupy the
same position at the present t ime t so that x ’=x’=x’ and at this point we have
the three rate fields a’,?, r~ together with the axial vector 

~
. The rate of

deformation tensor DN and the vorticity tensor W have components

D~ =~ ( vZ,+v7 1), W~7=~ (v7~ —v7 1), (2.6)

where a subscript j  following a comma denotes partial differentiation with
respect to the space variable x7. The tensors D3, D’ and W1, W” are similarly
defined.

At time t the operators ot (2.3) can be written as

F), ~ -=a,+(v’. F’), ~ _=~ 1+(r L. F), (2.7)

where 3, denotes partial differentiation with respect to time holding the space
variable fixed. If’ the densities of the normal, super and vortex fluid components
are pA, p1, and p’~ respectively, the total density p is given by

p=pA +p3 +p~, (2.8)

and we can define the operator by

=pt3,+ [ (p M ri~+p 3 a1+p I.aL) .  F]. (2.9)

We shall consider a change of the frame at time r in which the vectors x’,C’
are transformed into .~~ , 

~~ 
by a rigid transformation of the form

il(s) = i(s) + Q(s)[x’(s) — a(s)], C(s) = Q(~) C(~
), (2.10)

where here and throughout the superscript a stands for n, s or L, i(s) and a(s)
are vector functions of t and Q(s) is a time dependent proper orthogonal tensor.
Under proper orthogonal transformations the distinction between axial and
absolute (polar) vectors is lost. However, it will be necessary to distinguish
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between these vectors when considering the constitut ive theory. The equation
(2.10)2 tells us that the vortex number density should remain unaltered under
change of observer.

The vectors and tensors of (2.3), (2.4) and (2.6) are defined in terms of the
original frame. We denote the analogous quantities for the second frame by the
same symbol wit h a superposed tilde. Then it is easily shown that

D2 =QD2QT, W~=QW2QT~I~T, (2.11)

where y=~~~QT = ~rT and Q=Q(t), etc.

3. Balance Laws and Entropy Inequality

For a fixed closed surface A enclosing a volume V we postulate for the linear
momentum of each constituent

~
, 5 p~v’dV+ 5 p’?(n. a’)dA =5 (pAFI+G3)dV+5 T’ndA , (3.1)

V 4 V A

where the superscript a represents n, s or L. In (3.1) F’ is the external body force
applied per unit mass to the a-component, T’ is the stress tensor associated with
the a-component and G’ is the density of the supply of linear momentum to the
~x-component.Next we postulate a moment of momentum equation for each constituent.
We assume

‘.Jx x p ’i”dV+J (x xp ’v’}(n.v’)dA
A 32)

j x  X (p’ F’ 4- G’)d V +f  x x  ndA +J rd V.

where U’ is a supply term.
We recall that the changes in C are advected with velocity v and we assume

that the balance law for C is

ôlj A ç d V +J I Cn . v LdA =~ (Qt +, t) dV +J TC ndA (3.3)

where C= C/c, f�~ and qt are the external and intrinsic source terms, Tc is a stress
tensor associated with the extra kinematical freedom and the coefficient 1 in the
density term ,~C will be the subject of a constitutive postulate later.

By applying the divergence theorem with the usu~il conditions of smoothness,
we can obtain the pointwise form of the equations (3.1H3.3) as

p ’p =p ’F’ +g ’÷ v r ,
1” +27” = 0, (3.4)
) D L C = Y~ + QC + f7.

_ _ _ _ _ _ _ _ _ _ _ _  _ -‘ 
.i~ -
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where ~ is the axial vector associated with the skew-symmetric part of r,
~~~~~~~~~ and

m4 =ö,p ’+ V. (p ’?), MA =a,(~)+ V .(~~—),
C C (3 5)

g’ =G ’-nt”.’, y’=i ~’-M 1C.

For the global postulate for the energy balance we assume

ô, J (p U + ~ p”v” 4-~ p1~~~+~ pLVL2 +Ac)dv+J (a.(p h1 vuI +p1?+ pL v~)U
I’ A

+~ p”v”3 (n.  ?)+~ p’v”(n ?) +~ p’v~”(n. v’)+AC(i. - v’)) dA (36
= J ( p r +p ”P .v +p ’F ”?+p ”F ’ r / + 05C}dV

V

+fl?. T” n+? Tm n+i ’L. T’~a+C~ 7~n—n.q)dA..

In (3.6) (1 is the internal energy per unit mass of helium U, ,r is the heat supply
per unit mass per unit time and q is the heat conduction vector. As such, (3.6) is
a generalization of’ the balance law of GREEN & NAGHDI (1965) when a polar
fluid is added to a binary mixture.

In setting down the balances (3.6) and (3.3) we have made a statement
regarding the densities of the energy and the number density. Of course, we do
not know a priori what these densities should be and the relevance of the

P postulates can only be judged in the light of the predictions of the theory. In this
paper we demonstrate at least that the form we have chosen for these densities
is closely linked to the HVBK theories. BEKHAREVIcH & KHALATNIKOV
(1961) included a term hF x v’I in their energy density.

It is perhaps worth noting that the inclusion of AC and 5p ”v’- 3 does not count
energy twice. The AC qualitatively represents the energy of the microscopic
circulations round the vortex cores, which are averaged out when ? is formed,
and is not contained in ~p’v”. It is, however, distinct from the kinetic energy of
the motion of the mass trapped by, or moving with, the vortices. In § 5 when we
consider the limit p’ —.0 of negligible line inertia, the energy ~pI~

la  disappears
but AC does not.

We are now in a position to apply the standard invariance arguments. We
shall assume that under a change of reference frame for the proper orthogonal
tensor Q

~~~
=p’, O= U , 4=Qq, j’=Qg’, i”=ar ,

t’=QT’QT, (pI ..f a )~.,Q(r ...n, t A , ~C Q y C, (3.7)

7’( Qj
~
Q? (~~

_ ) Q ( ~~~~~~)

Then, by first considering (2.10) with

i(s)=bs, a(s)=0, Q(s)=I , —m< s~~t

- -

-

~

-

~ 
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where b is an arbitrary constant vector and I is the unit tensor, we deduce from
(3.6), (3.4) and (3.5) the pointwise forms

m” +rn’+rn’=O, (3.8)

(+g +g ~ = —(m +m v’+rn’v’~ (39)

If we now consider (2.10) with

i(s)=a(s)=O, Q=I, ~~~~~

where I is an arbitrary skew-symmetric tensor, we deduce

r+r ’+r ’=o. (3.10)

We can use these results to write the pointwise form of the residual energy
equation as

pr_ p~~’._~m5w 2 _
~ mL u2 _maC — V. q +Q=0, (3.12)

where
ma =8tA+V .(h v~.), (3.13)

Q=g” w+g ’~’ u_y c . C+ tr (PDA + T’D’+ TL DL+ 7~Z)+r . W÷r~.C (3.14)

W= W — W’, C = W’ — W’, Z1~ = C1.,, 
(3.15)

and the trace of a tensor A is denoted by tr (A).

It is useful at this stage to record that m1, m” and ma can be written as

17 
(~~)_ ~ c. V (~~) _ P ”F . v’_p ’V ?-_p’V.r ’

1,11 P~~~(~~) + _ ~~ c .V P’~~~-w .V P’+P’V..*,

D 
L A (3.16)

rn’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

& ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~Dt \ 4o1 pDt \ p1 p

Because of the curious thermodynamic properties associated with helium II,
it might be expected that the choice of the entropy inequality would be all
important. Bearing in mind that we are dealing with a mixture theory employing
thermodynamical variables for the mixture as a whole, this would seem to be
especially true. For a mixture of ideal gases the approach of GREEN & NAGHDI
(1965), using the Clausius-Duhem inequality, led to incorrect expressions for
the partial pressures according to the kinetic theory. There are two ways of 

_ _  
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surmounting this difficulty. GREEN & NAGHDI (1968) introduced a gauge
transformation while MULLER (1968) used a more general entropy inequality.
(For a review of the situation, see ATK [N & CRAINE (1976).) However, for liquid
helium the situation is less clear: it is certainly not a mixture of two ideal gases
and it is often imprudent even to think of it as a conventional mixture. For
example, there is no question of ever being in a position to separate the two
components. When in an earlier paper we discussed the Landau two-fluid
equations of helium, we used the Clausius-Duhem inequality and we obtained
the accepted partial stresses. In the spirit of the generalization of this paper, we
again employ the Clausius-Duhem inequality without subsequent gauge
transformation*. Thus we have

0 5 pSdV+Jn .(ph1~~14-p
1~~1~~~p

LpL)Sd~~ —j ~~ dV +j f
1
l dA ~ 0, (3.17)

where T denotes the local absolute temperature which is assumed strictly
positive and S is the entropy per unit mass of helium II. Looking at the second
integral in (3.17) the reader may have qualms that our -entropy production
inequality conflicts with the accepted picture that, in a heat current, entropy is
carried only by the normal fluid. The apparent conflict is illusory. A full
discussion is given by HILLS & ROBERTS (1972) who also present an alternative
physical picture of heat conduction in a superfluid and deduce the usual
equation for entropy conservation from the energy postulate.

From (3.17) and (3.12), with the usual assumptions of smoothness, we get
‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3.18)

where A is the Helmholtz free-energy function defined by

A = U — S T .  (3.19)
The theory is made determinate by proposing constitutive equations which

are intended to reflect the character of the components and their mutual
interaction. We will postulate equations for A,S,A., g1,g~,yC, the symmetric part
of the - stress T’, i.e. I7J~

, r, r, T~, q and the concentrations -p’/p, p’/p. With
these postulates, the concentration p”/p is given by (2.8) and the total density is
determined from (3.8). The equations (3.4) provide twelve equations for a’, Vi, 0L

and the vortex density vector 
~~
. The skew-symmetric stress components i~f~ are

given by (3.10) and the diffusive force g’ is derived from (3.9). As usual, the
temperature distribution is determined from the energy equation (3.12) and the
entropy production inequality will, in general, provide restrictions on the
constitutive equations.

‘ The specific assumptions made for the constitutive theory are directly
influenced by the model of HtLLS & ROBERTs (1972) for the Landau two-fluid
equations. We again assume that the material has a centre of symmetry. This
requires that the relations (3

~
)
~ -. 

hold for Q a member of the full orthogonal
* Our results could easily be modified to include such gauge transformations. Also we do not

claim that the more general M(iller inequality has no relevance to helium II. In a forthcoming paper.
Hiu.s & RoBERTs (1977), we have demonstrated that the MUller inequality (or equivalently a non-
zero gauge transformation) is essential in order to captain an observed phenomenon in another flow
regime of helium.

_ _  _ _ _ _ _ _ _ _ _
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group. In addition, in place of (2.10)2 and (3’
~~)9 -11 we now assume

C=sQc, ~ =sQy C, ~~=sQTcQT,

(a~
_
~~S)  =sQ (r ~c _~~~ ) . 

3.20

where s = sign det(Q11).

4. Constitutive Theory

The development of the constitutive theory is principally motivated by
experiments with rotating helium IL. It is natural to hope that the resulting
system will reduce to the equations governing the eminently successful Landau
two-fluid model of non-rotating helium in the limit of zero vortex-line density,
that is, when

~~L...10, ~~~ (4.1)
This has been the att itude of all previous authors that have constructed theories
of the present type, and it will be our attitude also. Nevertheless, the argument
loses force when it is recalled that (although we do not explicitly perform any I -

averaging process) our fields are supposed to be means of corresponding
microscopic variables over distances small compared with macroscales, such as

• container dimensions, but large compared with the intervortex spacing. If the
vortex- line density is sufficiently reduced as must happen as the limit (4.1) is
taken, such averages lose all meaning. In other words, the regime in which
Landau’s model and the regime in which the HVBK theories or ours apply are
mutually exclusive. By insisting that these theories recover the Landau equa-
tions in the limit (4.1), it is implied that, in some ill-defined qualitative sense,
they will describe flows in which few vortex lines are present.

The constitutive model of the Landau theory to which our present theory
must reduce under (4.1) is (HIL LS & ROBERTS (1972))

A =A(p , T,w2), S—S ( p , T, w2) , ~~~ =~ -.(p , T,w~),

p’ &W 
_____ 2l——= — 2 ---- - ~, S=—- — , d =A —  w ,p Ow Or

T(j j ) = —.p”ö~, +~ L 1 v .,ö1~+2p2 t’~,1~, T(IJ) = 
~ I”5~’

OW p’ Od (p_pa)
~

n
Pfl(P _+ w 2) ~‘~~~‘(~~~

__ 
2 

wz) , (4.2)

T(jJ) =TUJ) =O, p=p ” +ps =p-i--,
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These equations were obtained from a general postulate employing the principle
of equipresence t, the entropy production inequality and the condition that the
superfluid equation admits irrotationat solutions

w’~~V xr’=O.

The coefficients p~ 1~2’ ~ 
are general functions of p, T and w2 and were shown to

satisfy
P2~~~°, 3Pa +2P2~~ 0, P~~0.

For the present model we generalize the postulates (4.2) for the free energy A,
the entropy S. the coefficient )~ and the concentrations p’/p and p’jp by allowing
these quantities to depend generally on density p, temperature T~ the relative
velocities* c and w together with the vortex density C. By making use of the
invariance requirements (3.7)~ - s and (3.20), we can show from the results of
SPENCER (1971) that this dependence reduces to a dependence on the set .*.
where -

.*‘=(p, T,w2,c2, w.c , C2 ,(w.02 —C 2 w2,( c.C) 2 —12 c2, 
43(w.C)( c . C)— C2 (w. c) , w. (c x C)). 

( . )

At this stage, rather than be specific regarding the dependence of the functions
g

S
, 1L, ~~ 7~j ), r , r, i~ and q, we assume that these functions depend generally on

p~ 
1 w, C, C~ D’,

and possibly the gradients of the quantities of the set .*‘. Then, with (3.16), the
entropy production inequality (3.18) becomes

DA DT D p ’ D pL D 2
~~~~~~~~~~~~~~~~~~~~~~ (_ ) — ~pu 2~~ (

~;~
) —p C~~ (~

) +Q’~~0, (4.4)

where

Q~=Q_ ~L {p L u2 +p 1w2 +22C )~~~
_

~Lu2 { ( p_p 1) C....p*WJ .  ppL

+~ _~w2(p 1.c+ p w )  Vp1_
~~C {(p_p L)c_p a w} . v2—3p’w2v. v’ (4.5)

_~ (pL U 2 +2)j3V. ~~~~~~~~~

It is convenient now to introduce a mod (fled free-energy function d defined by

= A — ~—(p — p’) w2 + ~~~p Lu2 
~~~ .~C, (4.6)

This principle proposes that a variable present in one constitutive equation should be present
in all unless forbidden by subsequent mathematical analys is.

• ft is possible to show using the invariance requirements that a dependence on ? s’, 1. must
reduce to a dependence on c and w .

-

Li’ ~~~~~~~~~~~
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whereupon the inequality (4.4) can be written as

Dd DT Du2 Dw 2 .DC (4.7)

From the constitut ive postulates, we note that .d is a function of the set .*°,
defined by (4.3), and the term Q’ is independent of where x is any member of

the set ~*‘. In studying the implications of the inequality we follow the scheme
proposed by COLEMAN & NOLL (1963) and look upon the heat supply r, the
body forces F’, F’, F’ and the source as quantities which may be arbitrarily
assigned. Then the usual arguments (see for example HILLs & ROBERTS (1972))
allow us to deduce

d = d(p, T~ u
2, w2, C)~

p’ Od , Od (4.8)S = — - ~~ , l——= - - 2~—-i, p =2p~—1, A =p -~~-.

Clearly, the tacit assumption that 1 — 
~
-, p’ and A are positive places a

restriction on the form of d.
We emphasize that the results (4.8) have been obtained under very broad

constitutive assumptions for the diffusive forces ga, g’~, the stress tensors, the heat
conduction vector and for y

~
. However, in order to progress further we need to

be more definite regarding these constitutive postulates. One possible course is
to use the assumptions we have made in conjunction with the invariance
requirements to write down equations which are the most general allowed by the
principle of equipre~ence. The work of SPENCER (1971) shows that the generality
of this approach leads to a proliferation of terms which might obscure our
present purpose. We prefer to sacrifice this generality in order to obtain a
measure of reassurance that our model contains the necessary ingredients.

The model we present has its roots in the postulates (4.2) and in the work of
HALL & VINEN (1956). As explained our postulates must reduce to (4.2) in the
limit (4.-i). This is achieved naturally for the normal and superfluid stress tensors
by postulating the same form as (4.2) but with the partial pressures p and p’
modified in a way suggested by the replacement of d of (4.2)6 with d of (4.6).
Thus we obtain

— pRo
1, +p~ v~ ,ö1~+2 p 2 v~~~, “i =°’ (4.9)

tlj) — ij’ (il) —
with

p”=— - 
j,

p~~~— + ip 1w 2 +~ p~u 2 +A Cp p 
(4.10)

P2 =~~{P
2
~~~_ i~P_Pi w 2 +4PLu2 +AC}.

BK introduced an extra stress for dissipation through vortex motions. This
consisted of two parts: a ‘pressure’ term and a vortex filament tension. In our

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  • - -•
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theory, we include these through the stress tensor T’ by writing

TuJ)
= —p’5,J+alC2b,J+52C,C). (4.11)

with
—

~~(p _Pt)u2} 
_ (p—p’)C. (4.12)

We observe that, as before, the total pressure p =p’ + p* +p’~ satisfies

(4.13)

The diffusive forces are perhaps the hardest to postulate since they must
correctly represent an extremely complicated microscopic interaction between
components. In addition to the terms obtained from generalizing (4.2)~ ~,• should contain an interaction between superfluid and vortex, lines. Following
HV (though replacing w’ by C)~ 

we add a term —p ’C xc which is the classical
Magnus force, and so obtain

ga =p v (~)+~
asvr+~u

2 i~ (~ ç)_ ~~ w2v{p1 (i 
_
~ ) } +C v~~~

_
~$C xc.

(4.14)

In writing g” we are guided by HV’s picture of the interaction of the normal
fluid excitations with the vortex core:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ {A (l_ç)}

+n41 xc +~z5C x M+a 6C x(~ x u)+a7C(C~u). (4.15)

The term involving a~ is motivated by the BK theory and was not discussed in
the HV development. Other possible terms suggest themselves and would appear
in the most general theory consistent with equipresence. We leave a discussion
of generalizations of (4.9)-(4. 15) until § 5.

The final term of the constitutive equation (4.2)~ ~ 
recognizes the thermo-

mechanical transmission of heat in helium II. The way in which this mechanism
is influenced by the presence of the vortex lines does not appear to have been
given much attention although some recent work of LHUILLIER et at. (1972)
would appear to have some bearing. At this stage we simply propose

q = —~ 1VT+p ’STw+p ’ce~, Tu , (4.16)

and leave the question of the interaction of heat currents and vortex lines until
§ 5.

In constructing the constitutive equations for y~ and T~ we recall that we will
be required to satisfy the C-flux conservation condition (1.4) which may be
wr itten

,
~~ 

. ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(4.17)
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By comparing (4.17) with the conservation equat ion (3.4)3, we are led to propose

x C+2 9D’~C+a 1oC V. v’~, Tt~~~~O. (4.18)

The coefficients p~, P2’ a, (1=1,2 11), fl1 are at present assumed general
functions of 

~~
, i w2, u2 and 

~
. Then it is easily verified that the equations (4.9)—

(4.16) and (4.18) sat isfy the invariance requirements (3.7)
~~~
.
~~~ 

and (3.20).
If we substitute these const itutive equations into the inequality (4.4) we find

that

~~. (VT)2  +p i (t rDR)2 +2p2 tr(D’2)+(a 2 — a 9) C D’C+ (cc 1 —tx ,o)12 trD”

Assuming that the coefficients are continuous functions of their arguments, we
can deduce by reasoning similar to that of HILLS & ROBERTS (1972)

x 1 —cx 10 =0, a2 — a 9 ”O, x4~~pR=0, a3 —a 11 =0, 
420

cc6~~0, a,�0, fJ , �O, 1L2~~O, 3P1 +2 P2 �O. 
(

To obtain further information about the coefficients a,, we recall the moti-
vation given in the introduction and we give substance to the terms ‘vortex fluid
density ’, ‘vortex fluid velocity ’ and ‘vortex density vector ’ we have used there to
describe p’, ~ and ~ . In what follows we shall assume that the prescribed body
force FS and source are zero. By use of (4.9)3 and (4.14) the superfluid
momentum equation (3.4)~ for p’+O becomes

r = — v ~~— c x c , (4.21)
where

(4.22)

is the modified Gibbs free energy or thermodynamic potential. Moreover, by use
of (4.18) the equation (3.4)3 governing ~ may be written

A
~ —~--- = a 8C x c + r z2 D ’~C + a 1C V.v ’. (4.23)

This bears a remarkable formal resemblance to the curl of (4.21), viz:

x ( (C—w ’)x v’) —( v ’. V )( C — w ’) + (C ~ v’—C V. v’+v’i~.C. (4.24)

In fact, if we choose A
~ i ~~~, (4.25)

and subtract these equations we obtain

W~(C_w ’)= — V x ((C_w s)x v’) +( v’. V ) ( C — w ’)—v ’V( C — w ’) + ~~ xw ’, (4.26)

which admits the solution
(4.27)

•

~~~~~

,

‘ 

•—
~~~~~~~~~~~~

—
~~~~
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provided of course, as we shall suppose, that this is not in conflict with the
boundary conditions. (We return to this topic in our discussion of boundary
conditions below.)

The step just taken, of postulating (4.25) and selecting solution (4.27), is
analogous to the way the Landau theory is constructed to admit the solution
w’=O in the inertial frame; see HILLS & ROBERTS (1972). Moreover, it is
evident that, when (4.25) and (4.27) hold, (4.23) satisfies the condition (1.4) of
C-flux conservation.

When we adopt (4.25) and (4.27) the governing equations i~ come

~,p + V.(p’?+p’v’+p’~~)=0, - (4.28)

pRr=par+maw÷m Lu._ pRV (~~++w2)_ {(p
u+p a)s+pLa3} VT 

(4 29)
+ V (p, (trD’) I + 2p2 D ) —  a5 w x u — a6w’ x (es’ x u) — a~&(w3 . u)

f = — V~~’ —a? x c, (4.30)

p’f’= —p ’~F ’{~~+4 (w 2 — u 2)) +p ’~(a 3 —S) VT—es’ x V x (Ath’)+p’w’ x c

+~t 3Oi x u +at 6w’ x(w’ x u) +rz7w’(e1~ u), (4.31)

pr— T[a,(pS)+ V (pS?+p ’~(a 3 .— S)u} ) + V.(fl 1 Vfl+p 1(trD ’) 2
+ 2~z2 tr(D”~) 

— a6(W x u) 2 + tz 7(u . es’)2 =0, (4.32)

with the equation (4.23) being superfluous. As can be seen, these equations
involve the vector es’. Indeed, the superfluid ‘momentum’ equation (4.30) is
precisely that given by HALL & VINEN (1956, eq. 20) [see also BEKHAREVICH &
KHALATNIKOV (1961, eq. 27)]. However, it must be emphasized that the system
(4.28)-{4.32) represents a particular solution in the inertial frame of the general
theory of this paper. No violation of the principle of material frame indifference
has been perpetrated since our theory has been developed in terms of the
objective variable C rather than the non-objective variable a?.

We now turn to the conditions to be imposed on solutions at a boundary
ÔB, and to ensure that these are not in conflict with (4.27) w it once insist that
in the inertial frame

C = a.? on ÔB. (4.33)

W hether we are considering the stress conditions at a free surface, or whether we
wish to evaluate the stress or couple on a rigid surface, we need knowledge of
the total stress on t3B. The literature contains two conflicting prescriptions.
GREEN & NAOHDI (1968) propose that the total stress T be the sum of the
partial stresses T’, where a designates the different components. TRUESDELL &
TOUPIN (1960) take instead

~ [1~ + p ’(v ~ — u,)(v — v,)J, (4.34)

where v=p ’~~ p’v’ is the barycentric velocity. Whenever ~. v r ~U on ØB for

• • all a, the total surface force for both prescriptions become identical. In the
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present application

= ~~ + ~ + ~~ + 
pS(p ._

p
$) 

Wj Wj  +
P

L(p_p1.) 

~~~, 
_e~ ( W~Uj~~ WjUj. (4.35)

When the viscosities and thermal conductivity of the fluid are neglected, it is not
generally true that n •v ’ and n v’ are zero on ÔB, and the predictions of the
TRIJESDELL & TOUPIN condition differ from those of GREEN & NAGHDI.
Experiments with ‘heat currents’ in non-rotating helium have long confirmed
the correctness of TRLJESDELL & TOupiN’s conditions, and the additional
stresses p’ p’ w1wlp required to explain the experiments are usually called ‘heat
stresses’ (see, for example, ROBERTS & DONNELLY (1974)). We imagine that in
rotating helium (with zero viscosity and thermal conductivity) the additional
heat stresses shown in (4.35) would also be required. From now on, however, we
will retain viscosity and thermal conductivity and will find that, as a con-
sequence of (4.38) or (4.41), the difference between the prescriptions evanesces.
Ignoring Kapitza resistance, we find that the thermal boundary conditions are

T~ P1 ~~~
. VT continuous on 8B, (4.36)

if ~B is thermally conducting and

n. VT= 0 on 8B, (4.37)
if it is insulating.

Turning next to the mechanical conditions, suppose first that the surface is
rigid and moving with velocity U. Bearing in mind the no-slip condition on v’
we have

p’ = U, n (?— U) = 0, ,~ . (p
L — U) = 0 on 88. (4.38)

In deriving other conditions we treat the cases n w3#O and is . w’=O separately.
In the former case it is clear that the physical nature of the boundary will
impose further conditions on v’. When the surface is ‘completely rough ’ we may
expect that the vortex lines will be permanently attached to the points at which
they meet 8B so that

(n.w ’) (w’x( v ’— U)] =O on 8B, (4.39)

while for a ‘perfectly smooth’ surface the lines will always have to meet .3B
perpendicularly, i.e.

(a w3)(w’ x a) =0 on 8B. (4.40)

To emphasize that (4.39) and (4.40) are, and shall be, vacuous when a a? is zero,
we have included a ti? as a factor in both left-hand sides. In the general case of
continuousl y varying w3, and i3B with continuously turning tangent plane, a a?
will vanish on ~3B only on isolated curves, arbitrarily close to which (4.39) or
(4.40) holds. The experimentalist commonly considers, however, cases in which
a a? vanishes over a two-dimensional subspace 8B of 0B, as for example on
the curved surface of a cylindrical container rotated about its axis. Moreover, in
such a case th’ is unidirectional on 8B’ and, although an unwarrantably long

I ,

~1. 
— —
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digression would be required here to support it, a further boundary condition is
needed to determine the flow. This condition is w’— O, and indicates the
existence of a vortex-free region adjacent to 88’.

For a free surface the corresponding conditions are

? a— V .  si=v’. u — U .  a,
(4.41)

(a. w’fl:a xoi’]=O,

where 11 is the constant pressure of the vapour above the free surface. The
condition (4.4 1)4 expresses the balance of surface forces normal to the free

• surface and the last condition insists that the vortex lines should be normal to
the free surface. In stating these boundary conditions we have used physical• considerations. It is, of course, not yet feasible to state whether these conditions
make any flow problem mathematically well-posed in the sense that they ensure
existence, uniqueness and continuous dependence. For a further discussion of
boundary conditions see KHALATNIKOV (1966, § 16).

In spite of the special nature of the constitutive postulates (4.9H4.16) and
(4.18), the equations (4.28)-44.32) represent a complex system of partial differen-
tial equations. It is, therefore, appropriate to consider a somewhat simplified
theory in which the total mixture is assumed incompressible in the sense that the
total density p is constant. This will have the effect of filtering out first sound
and introducing into the theory a pressure p which is no longer given by a
constitutive equation but is instead determined by solving the governing equa-
tions subject to the boundary conditions. In addition we simplify the con-
stitutive model. Firstly, we assume that A, S. p’/p, gt/p and ~L are linear
functions of u2, w2 and C and general functions of the temperature T Then, from
(4.8), we deduce

p5 ps p5 pt
~A—A (T),  —=—( T) , —=—( 7’), ~=~ ( T),

p p p p (4.42)
S=S0+S1 u2 +S3 w2 +S3C,

where

dA l d p’ l dp’ I d .4S= — - - -  S = — — - —  S = — — —  5 = — — ---- (443)
° dT ’ ~ 2p dT’ 2 2p dT ’ ~ pdT

Moreover, we assume that the constitutive equations (4.9), (4.11), (4.16), (4.18)
hold but with

~~~~~~ p~—p’9-4p’w2, p5 =p 5
~~.4p’u3 ....v,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(4.44)

p 2 p  2 p  p

and

si ,4?pv +p sS +~ u2 ~~ pL _~~ (i 
_
~

) w2 p”+C f~ al’} VT— p’Cxc , (4.45)
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• g’= 
[

~~~p
L~+p

L 0t 3 .-4u2 (t 
_ f_.) p” +~ w2 

~~
— p ’ — C (i 

_
~

) A’] PT
p p p (4.46)

+at4 C x c + a t s C x u + a t 6C x( C x is)+a iC(C~iO,

where a dash denotes differentiation with respect to the temperature T Then the
theory can be developed as before and the resulting equations are (4.29)—(4.32)
but now with

(4.47)
and

(4.48)
p 2~ p 2 p  p p

We note that , under isothermal conditions, the densities p’. p’. pL and the
coefficient A become constants. This represents a substantial simplification of the
more general theory.

5. Relations with Previous Theories, and Possible Generalizations

The density p’ was introduced in § I to allow for the fluid trapped in and
• about the vortex core. It was noted that , unless the cores are decorated by

necklaces of glass beads in the way proposed by WANG et a!. (1975), their inertia
will be small and we expect that only a small error would be made by setting p’
zero. Therefore, we take the limit of the system (2.8), (4.8), (4.13), (4.28)—(4.32) as

p’...0 (5.1)

uniformly, assuming that the velocity field , vortex density field and their
gradients remain finite. There result the approximate equations

p=p’+p’ (5.2)

2d = d(p ,  T, w , w3), S= — -
~~~~~

-,

8d’ Od’ 2 

(5.3)
p’= — 2p -—-- A =p ~~— - , p = p

(5.4)

p ”f ’ =p ’ F ’ +m’ w — p’ V(~ ’ +~ w2) — p SJ 7 T +  V .(p ~ tr(D ’) I +2p 2 D ’) (5 5)
— a t 5 w’ x u — 56 w 5 x(w’ x u )— n 7 w’(w’ . U),

f ’= — Vd”—w’xc, (5.6)

0=~~w1 x V x~ .th ’) +p~w’ xc + a t 3 ce1x u + a6 w’x( aa’x a ) + at 7 d(w1
~ a). (5.7)

p r —  T[8 , (p S) + V. (p Sv”f l + V. (fl1 VT) + 4u 1(tr D12 + 2p2(tr 0 )  
(5 8)

—tx 6(w’x u ) 2 +at 7(u w’) 2 =0,

. d ~~ ,

• 
__________

~~ L. 
—
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.
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(5.9)
p 2 p  p p

In the limit (5.1), since o?+O in general, equation (5.7) may be solved directly to
give

~,=o, a_ ( 1_j ~~)A _ ~~~-6i’xA . (5.10)

where
• A — ?—V—~~ Px(Ath ’) ,  (5.11)

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ 
(5.12)

Again, we assume that the solution does not conflict with the boundary
conditions (see later). Since a V — v5, equation (5.10)~ gives v’ explicitly in

• terms of V and V. After the limit (5.1) has been taken v5 assumes a partially
• kinematic character, there being no unique way of deciding what is meant by

• ‘the’ velocity of the lines. This arbitrariness is reflected by an indeterminable,
but dynam ically ineffective, multiple of at which could be added to a in solving
(5.7) but which we have chosen to omit from (5.10)2. In the limit

/k5I~•’co’
of strong interaction between vortex lines and normal fluid, (5.10)2 gives & =0
(V ~L) as it ought. In the limit of weak interaction at 5 -.0, at~ -.0 (B-.0, B’ -.0), ii
gives a=A which implies that v’~ differs from V only by a self-induced motion
that vortex lines have when bent, reflected here by the final term of (5.11).

Using (5.10), we may rewrite the momentum equations (5.5) and (5.6) as

p~f =p ”r +m’ w—p  V( ~ ’+~ w2) —pS VT+ V. (p 1 (tr D M)I + 2p 2 D1—G, (5.13)

p’f ’ — — p’ V•’—w’x V x(Ath~)+G, (5.14)
where

• G =_ 8
~~~

’& x ( a ? x A ) —B ’
~~ ” &xA.  (5.15)

The total momentum equatio n, obtained by adding (5.13) and (5.14), is

(5 16)
—p F~’— p 1 +(p 1 v?,ô.,+2p2 ~~+A~~es’,—2a?J~

).,.

• The energy ~ ~sation (5.8) may be cast in the form

• o, (ps) + v. (pS V4) 4. (5.17)

--

_____________
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where q’ = — fl1 VT is the molecular component of the heat conduction vector
(4.16) and R includes the dissipation rate from both the viscous and frictio nal

• Forces, viz :

R =pr +~~ ( VT) 2 + x A)2 +(p +~~u 2)(trD~)2

+2 u 2 tr ((D” — i t r D I) 2}. (5.18)

We now compare these equations with those of BEKHAREVICH & KUALAT-
N(KOV. However, in the original paper of BEKHAREVICH & KHALATNIKOV
(1961) the complete system of governing equations is not formally stated, so for
ease of reference we shall use the account of the BK paper given in DONNELLY
(1967). The relevant equations in DONNELLY are (4.124)—(4. l 29)’. We observe
two differences. Trivially, our ‘P’ is their G. In addition, a term Ph included in
the account of DONNELLY is absent from (5.14). This term arises from the
assumption that the stresses acting on the normal and superfluid were as
postulated by KHALATNIKOV (1956). It was noted, however, by ROBERTS &
DONNELLY (1974) that these could be included only by broadening the con-
stitutive basis of LANDAU ’S theory in a Far from obvious way. In this paper we
have postulated viscous stresses appropriate to a Newtonian normal fluid , but it
would be a straightforward matter to generalize our approach using the work of
ROBERTS & DONNELLY (1974) if this seemed desirable. It is, of course , a simple
matter to obtain from (4.42)—(4.48) a simplified HVBK theory for an incom-

• pressible fluid.
As with the general theory of §4, we need only consider the mechanical

boundary conditions. At a rigid surface ~B moving with velocity U we assume

C = w’. V = U, V . = U~ g~, • (5.19)
with

(a . w’) w’ x (v ” — U) = 0 if the surface is rough , (5.20)
and

(ge . w’) w’ x is =0 if it is smooth. (5.21)

The discussion below again indicates that when ut,’ is unidirectional and parallel
to a finite area 8B ’ of ~B, then a? is zero thereon. If öB is a free surface, then the
appropriate conditions are

C=w’, V n =v 5 n=U a, (n.ai5)(w’xa) O, (522)
(T” +T’ + T ’)n =—1 7 u,

where 11 is the constant pressure of the vapour above the free surface. We have
not imposed any condition on the component of i,~ parallel to a? since, as we
have seen in obtaining the solution (S.10)~, this component has an associated
arbitrariness in the limit p ’—.0.

‘ Equation (4125) of DOPINILLY (1967) contains a typographical error in the sign of the term
w ith coefficient 8.

~
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This concludes our discussion of the BK theory. The corresponding com-
parison with the HV theory is too similar in spirit to be given here.

One may naturally wonder whether, despite their complexity, our equations
or those of the HVBK theory, embrace all the fundamental phenomena of

• highly rotating, or more generally highly vortex laden, flows. The essential
feature of the model (4.9)—(4. 16), (4.18) is that it allows the solution (4.27) and we
feel that any generalization should also allow this solution. In this context, we
note that the solution (4.27) is obtained irrespective of the form of the vortex

• fluid momentum equation. Consequently, there would appear to be a measure of
• freedom in the postulates we make for gi and 7 ). However, the entropy

inequality (3.18) must be satisfied and this restriction rules out a number of
possible generalizations. For example, using the representation theorems given
in SPENCER (1971), we might try and add to the expression for g’ the terms

• vi ~ x(~ x c) .f v 2{ x ,v+v 3~ x (C x w), • 
• 

(5.23)

where, as with the at1, the coefficients v 5, v2, V3 are assumed general functions of
p, 7~ w

2, u2 and ~. But, by use of (3.18), it is an easy matter to show that v1 = v2
= v~ =0. Nevertheless, some generalizations are possible. Of particular concern
is the heat conduction vector (4.16). When, for example, a temperature contrast
is set up in a direction perpendicular to the angular velocity vector in a highly
rotating flow of helium II, the counter current will be deflected by the vortex
lines and impeded by the friction between normal fluid and vortex cores; there
will also be corresponding reaction forces on the lines which, if they are not
pinned on the end walls, will tend to move. Although some of these effects may
already be included in our governing equations, it is by no means obvious that
amendments to q and ~~ are not required. It seems, therefore, to be of some
interest to observe that terms of the right type can be included using the
representation results in SPENCER (1971). For example, we may change (4.16) to

• q = _ P 1 VT+p ’STw+p 5 atii Ta—fl2 TCx a +f l 3 TC x (C x u) +P .CxVT~ (5.24)

where again the coefficients ~ 1 are assumed general functions of p. T~ w
2, u2

and ~~. No concomitant difficulty with the inequality (3.18) arises provided the
postulate for the diffusive force g5 is changed to

t
L=PV
(~~)+P

5asVT_~ u2V{P
5 
(i
....
~~~}

.+3w2 v ~f~.f
1
) 

_ c v{2 (1 _ç)}÷at4c xc  (5.25)

We observe that, with (5.24) and (5.25), the superfluid equation is unaltered and
• the solution (4.27) is again possible assuming (4.25). The equations (4.29) and

(4.31) are then modified in an obvious manner and the energy equation (4.32)
becomes

--

LL 
_ _ _ _  _ _ _
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pr— T( t3, (pS) + V.  (pS V+p
L

(at 3 —S) u +f l 2  a? x is
—.f t3 w x(w’ x u)—~ 4w’ x V fl ) +  V. (f i 1 VT)  (5.26)
+p 1(t r D12 +2 P2 t r (D 2 )— ri6(w’ x u) 2 +at , (u . w’)2 =0.

For the theory obtained by taking the limit (5.1), the effect of making the
postulates (5.24) and (5.25) is to replace the vector ~4 in equations (5.15) and

• (5.16) by the vector A where

A = V — V V x~~~~ +~~~VT+ ~~~w’x VT  (5.27)

The equation (5.17) becomes

8, (p S) + V~ [~S ?+ ‘~z+ $2 w’ x U —$3 w’ x( a? x u)—P4 w’ x VT] =~~. (5.28)

where I~ is obtained by replacing A by A in (5.18).
Recently, a series of experiments have been performed (VIDAL et al. (1971),

(1974), LYNALL & MEHL (1973)) which indicate that whene*r vortices are
present in liquid helium, the velocity of second sound decreases.
LHU ILL IER et a!. (1972) seek to explain this phenomenon using a simplified
model in which the diffusive force of the superfluid equation contains a term
proportional to VT and the heat flux vector is also modified. In a later paper
LHU ILL IER & VIDAL (1974) have shown that this approach gives a reasonable

• agreement between the experimental and theoretical results. An analysis of
second sound for the equations of our theory also provides a possible expla-
nation and will be published elsewhere.

We conclude with a brief discussion of questions raised by the addition or
removal of vortex lines inside a container of helium. If the speed of a rotating
cylinder is altered, we expect the number of vortex lines to change. Mechanisms
of vortex production have aroused much interest in the past years with attention
being concentrated on processes that tend to bring the normal fluid vorticity a,”
into equality with the mean superfluid vorticity. These are often called nuc-
leation processes (see, for instance, DONNELLY & ROBERTS (1971)) . It is evident
that continuum theories satisfying (1.4) rely on the walls of the container to
supply or absorb vortex lines. Consider the HVBK theories obtained in the limit
~~L_.0• In the general case in which a w’=0 only on an isolated curve “1’ on ~B,

causes the points where the vortex lines meet ~3B to move away or towards ~W,
lengthening or shortening the lines in the process. We note that r’ is determined
in these theories from V and V by (5.10). Hence, implicit in these continuum
theories is a mechanism which can create or remove new lines at ~~~. Con-
ceivably, this process could be accommodated by a ‘vortex mill’ of the kind
envisaged by GLA BERSON & DONNELLY (1966).

In seeking an alternative mechanism for the creation and destruction of
vortex lines, we shall consider two generalizations of the constitulive postulates

• which relax the C-conservation law(t.4), but which preserve the solution (4.27) in
an inertial frame and are such that the entropy inequality is still satisfied . When
such ‘intrinsic mechanisms ’ are present LANDAU ’S equations cannot be recovered

‘It
-
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• in the limit (4.1). The fi rst of these generalizations is probably not a nucleation
process in the sense described above. We observe that if the postulates (4.9) are
altered according to

g”~ .g’+p ’ct 12 is, ,L..,L_pN at12 A,

A 
(5.30)

at 12

where A is defined by (5.11), then the entropy inequality is unchanged and (4.21),
(4.23) and (4.25) are replaced by

(5.31)

• = Cx C + D ’C~~C V. v”+ Vx( a 12 u). (5.32)

• 

• Following the same procedure as before, we find that these admit the solution
• (4.27) in the inertial frame, but (4.17) is now

• 
~~ I C d S = I Vx ( a t i2 u) dS, (5.33)

so that C-flux is not generally conserved.
If we consider this generalization in the limit (5.1), we have in place of (5.7)

O=w’x[p’A~~(p~~ at5)u+at6a?xuJ+a7(w” .u)a?—p
5at124, (5.34)

an equation which can be solved for ii to give

. s N I ~~~ N~~~Sp p 
~‘x(w’x A ) —  ~ p w” xA +  ~ ‘ (w’~ A)~~’, (5.35)

where

• 2pp” at6(w’
2 +at~2)

p” w’((p’ —at,)2 +at~ w”
~
]’ (5.36)

2p I p ’(p ’—at 3) ( w’2 +a~2) 
•
1

• (5 36)

p” w”Up’—~ :)’+at~ co~~ 
[P

s _at,_at6 at ,2 +~~~~~~ ].

It is interesting to note that the B” term in the mutual friction G, shown to be
zero in the simplest form of the theory, has for the firs t time made an
appearance. IF this is the only method by which this term can arise, it indicates
that this effect is present only in experiments in which at e, is significant , and in
which C-flux is not conserved.
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The second intrinsic mechanism we consider appears to have a definite
relation with nucleation processes. Instead of (5.30), we now generalize the
model according to

g’—’g’+p” s13 A, at 13 ~~~~~ y~-’y~--at 13 V (
~
) xA ,

2 2 (5.37)at 13 =at 13( p, 1w  , u ,~~~~
,

where A is again defined by (5.11). To the left-hand side of the entropy
inequality must now be added pJ at 13 A 2, and we deduce that

at 13~~0. (5.38)

Equations of the form (5.31)—(5.33) follow as before but with at 13 at replaced by
~~ 3 A. Thus, again, C-flux is not preserved but (4.27) holds in the inertial frame.
The term p’ at~ 3 A in the new expression for the diffusive force g5 appears to be
related to the force k p” p’I wI2 w proposed by GORTER & MELL 1NK (1949) from
experiments on turbulent heat currents in straight annular channels. This
geometry, in which w and A are parallel in an average sense, cannot critically
distinguish between these two diffusive forces although it may be possible to use
it to provide experimental information about at~~. It would evidently be of some
interest to compare the predictions of the two diffusive laws in experimental
situations in which w and A are not parallel.

To interpret physically the terms added to 1~5 and y~ in (5.37), we consider
the evolution of C-flux. Taking (4.27) we find

fe,’ dS = J {a 13 [ ( wN _wa) _ v  x (
V 

~~~~
‘
~~] + Vat 13 xA}  . dS. (5.39)

We expect at~~ , like ci~2, to be sensitively dependent on w and T and to be
negligible for slow flows and low temperatures. If, however , we face a situation
in which at 13 is significant, the sign (5.38) of at 13 is that which favours nucleation.
Consider, for example, an experiment with a rotating bucket in which the
normal fluid rotates as a solid body with the walls. If we take I to be in a plane
perpendicular to the rotation axis, (5.39) gives approximately

fee’ . dS= .1tx 13(w” —w’) . dS, (5.40)

and vortices will be nucleated to bring v/ and w’ into coincidence.
It is, of course, possible to combine the modifications (5.30) and (5 J7) into a

composite law that gives both nucleation and a B” coefficient. Even these
examples do not exhaust the thermodynamically admissible generalizations of
the HVBK theories.
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CALCULATION OF THE STATIC HEALING LENGTH IN HELIUM I!

P.11. ROI3 E~RTS ’ , R.N. h ILLS and R.i. l)ONNELLY
Institute of Theoretical Science and Departm ent of Physics, University of Oregon.
Eugene, OR 97403. USA

Received 28 November 1978

The healing length t ,~r stagnant liquid helium II at an infinite plane boundary is calculated from Ihc I hils— Roberts
equations. A new t hcrmodyu mauimic Function needed to complete the calculation is dcrivcd froni neutron scattering and
thermodynamic data. Results for the healing length arc obtained from absolute zero to about a tenth of a degree from
the lambda point , and at a ll pressures. (~ornparison with experimental evidence is presented.

Experunents on the propagation of third sound a plane boundary z = 0. The governing equations arc
in thin, unsaturated fIlms of helium II show that the (see eqs. (3.7)—(3. 10), ref. 151)
super fluid behaves as though it had a lower areal den- A + p~aA/ ap) = 4’ , A = A(p, T p )  (1)sity than that given by the product of the superfluid 0
density ,pt , and the film thickness at the same tern- p2(&4/8p) + (h 2/ 8m2 p~) ( dp~/ dz) 2 = P0. (2)
perature , T. Rudnick and his collaborators [1 ,21 as
well as other groups, have associated this reduction where A is a free energy function, 4’~ 

and P0 are the
in density with “healing”, the notion that the super- Gibbs free energy and pressure at great distances from
fluid density decreases near a boundary. Hills and the wall and m is the 4 He mass.
Roberts [3— 5j have formulated a two-fluid theory It is difficult to solve eqs. (1) and (2) simultane.
to describe healing and relaxation which rests on ac- ously for general A(p, T, p5) : the superfluid density
ce~ted macroscopic ba lance laws for mass, mornen- p5 can range independently from zero to the bulk
turn and energy together with a postulate for entropy value ,f~f f(p, T)), at large distances from the wall;
growth. This theory is entirely hydrodynamical, valid the total density p may itself vary near the wall. Ac-
over the whole temperature range and allows a con- cording to Brooks and Donnelly 161 , however , A is
stitutive dependence on density gradients. Near T

~, dominated by the ground state free energy 4G(P)
~these equations in a sense contain the Ginzburg— which is 15 JIg whereas the excitation part A L is

Pitaevskii order parameter model 171. The boundary at most 0.4 J/g. This suggests an expansion in small
condition applicable top s is not known a priori but A E:/A G whereupon eqs. (1) and (2) give
in this letter we explore the consequences of setting 2 2 ~ 2 s(h /8m p ) (dp / dz)  — p  A (p , T, p )p% equal to zero on an Inlinite plane boundary and 0 E 0
compare t he results with available data. Tite healing = —p0 A 1(p0, c f) ’ . (3)
length we define is analogotis to the “layer thickness”
of boundary layer theory. where p0 is the value of p far from the wall.

Consider stagnant helium in complete thermody- We must solve eq. (3) subject to the conditions
narnic equilibrium , filling the half-space z > 0 above p 0 on z 0 , p -~j  as z-’ o°, (4)

Permanent address: School of Mathematics , University of the latter of which has in essence been incorporated
• Newcastle upon Tync, Newcastle upon Tync , UK. in eq. (3). We obtain
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R puting A(p. T,p S) will yield useful results when used
z = (h 2f / 2 p m2 ) U2 f  IA (J R 2 ) A(f ) I t 1’2 dR, (5) in conjunction with predictions such as eq. (9) of

o the Hills—Roberts theory.
where we have suppressed the suffix on p0, replaced It is well known that the state functions of the

p5 by JR2 , and written A 1. (p, T, p5) as A (f R 2 ) ,  the Landau theory depend not only on p and T, but also
other arguments (p0 and 1’) being constants. We note on w 2 , where w = — u5 is the relative velocity be-

• that for small t , t = - 7~ it should be possible to tween components. Also, the normal fluid density
write to a good approxitiett iofl p~( p — pS) can be obtained from the l-lelmholtz

A(p, T, pt) = A 0(p, fl + A 1 (p. 7) [p~ - f(p, 7)1 2/ 2p . free energy F(p, 1’. w2 ) by differentiation,

(ti) Pnf~~ = —aFt aw 2 . (10)

In this case eq.(5 ) y ields a fat itiliar solution obtained For sufficiently small Tand density excitations 11(p),

in the work of Ginzhurg Pitaevskii [71, viz: F1. can be accurate ly obtained by using the classical

p
S =f(aiilt 2(z/D), D tz/ m(A1 J) l12 (7) express ion for a non-interacting Bose gas:

There are various possible definitions for the term F1. = (kT/ph~)f In {l - -  exp [—(e~.p) — p ’w)/ k f l  }d 3p,

“healing length”. For instance , it can he that value 11
of z for which p5 attains 90% of its bulk value , that
is R ~~~~~~~ We shall use as our measure the “dis- where e(p) is the energy of a quasiparticle of momen-

placem ent thickness”, ~~, which is defined to be that turn p in stagnant helium. Donnelly and Roberts [8J
distance for which j

~ 
is the superfluid mass (per unit have shown that the equilibrium state functions such

area of wall) “displaced” from the wall through heal- as F(p, 7’) may be obtained to within a tenth degree
ing: in other words, the hypothetical density distribu- of T

~ 
provided the dependence of e(p)on T(and,

tion of course , on p) is consistently incorporated. When

= 0 <~ 
I is sufficiently small or w 2 sufficiently large, the

P 2 rise of n and the concomitant quasiparticle interac-
= j; z ~ & , (8) tions make eq. (II) suspect.

The energy function A of the Hills—Roberts theo-
should have the same net superfluid mass as the ac- my is given by the Legendre transformation
tual solution. F-or the density distribution (7) t he dis- A = F — w2 aF law 2 (I’
placement thickness is 9. E ‘ 

—

For a general energy function A , eq. (5) can be and was numerically evaluated using the Brooks
eva luated only by numerical integration and p5 will Donnelly tables [61. However , at low temperatures
not follow t h e  tank law (7) except for small t. The this scheme suffers a setback. When pn is evaluated
displacement thickness is for T~ 0.6 K, using eqs. (10) and (I I), we find that

pfl achieves its maximum, p~
, at the Landau veloci-

= f  (I — R 2 )dz = (h 2f / 2 p r n 2 ) 112 ty, W L, but p~ <p although ap”/aw 2 -~ as w —
~ wj j

0 (i.e. as w — wL from below). The severity of this dif-

X f  (I • R 2 ) [A( JR 2 ) Au)I -- 1/2 dR . (9) ficulty is extreme for small T, when eqs. (10) and
(I I) yield

= 2’2gk~~
312

~’V” ‘
2 h3 t/ 2~ = ~2 ‘a 2

No theory of fluid flow can he practically useful ~L P1~ ‘ “ ““n L ~L “ ~ ~ 1 P

unti l the thermod ynait mic state functions are ava il- where ~ is t he Riemnann zeta function and w1 and
able. Neutron scattering and thermodynamic incas- PL are obtained by solving, in the usual way, W L =
urenicnts proper ly ana lyze” “ive an . xce llent account e(PL)/PL = (aEIaP) L for the Landau critical state.
of A(p, 7~ f)  but say v irt ’ , ut iting about A(p, T, Evidently p~ 

—
~ 0 as T 0. To surmount this diffi-

p5) when p~ ~ I. It is a p&~ icipal aim of this letter to est lty we recognize that W L divides the states of ther~
• see whether onc ubviotls theoretical method of corn- mal equilibrium, w <w 1, from the states w >  w 1 at

4314
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P . 2 5  155

I15 

J
F ig. I. The free energy function .4 at density p = O.I4g1 ~ 

5

cm3 for six values ot p t/f.

which quasiparticle production rates are infinite and c - ‘

equilibrium is impossible. Thus. w = w L marks a 0 04 08 2 t6 20

point w here any value nt p” between p~ and is 1(K)

admissable. To evaluate A b r  p’~ > p’~ 
we may sirn- Fig. 2. The displacement thickness 6 for six pressures Pin atm.

ply use the relation p(aA/ap5) = w2/ 2 and integrate
to get tocreases by 27 ± 4% over the same pressure range.

2 The vortex core parameter is a dynamic rather than
A . = A + w (

~
. p~ )/ 2p (p. <p ). ( 13) .h~ L L L L a static healing length. Near T = 0, it can be evaluated

This model allows us to treat the range 7’~~ 0.6 K. in a manner analogous to the discussion of eqs. (13)
For T = 0 its consequences are particularly elemen- and (14) and yields 0.91 A or about 0.436. In fig. 3
tary. The solution of eqs. (3) and (4), though de- we compare our results for 6 with various experi-
mnanding a careful treatment too lengthy to report ments and the solid curve assumes that healing takes
here , yields place at both the substrate and the free surface of

6 -~ hf8rnw1, T-~ O. ( 14 ) -
~-------~- , 

~~
- - -

5CHOLTZ C T AL t 2 t
Th is remarkably simple result gives 6 = 2.12 A at 6 , RuDNICK A FRASER t ’ )  I I
T= 0. Since w 1 A/pti , it demonstrates that & cou °‘) / I
pIes to the reciprocal of the gap (and therefore the
structure factor) and not to t he interatomic spacing. 4

Fig. I shows A as a function of T and it will be o -

noticed t hat , for each p5/n t he curve appears to con- . - ~~~~~~~

verge on one value A~ 
of A at TA . The behavior of 2 .

~~~~
..- - - .“ 

~~ 

-

6 as a function of
,~

’ for several values of the pressure -, • ., - . -

is shown in fig. 2 - We find an increase of 27%
in 8 on going from 0 to 25 atm. Steingart and Glaber 

-- - L. -.~~ .-.~~~.-

son (9j have shown that the vortex core parameter 0 04 08 t 2 6 20
1( K)

may hc not jccd that , according to eq. (2), it is the total Fig. 3. The total displacement thickness at P = 0 compared to
pressure and not the kinettr pressure that is constant the results of various aut hors. The solid line corresponds to
through the healing layer. The fact that we have used tabu- 26, i.e. healing on the substrate and the free surface. The
lations at constant P might therefore seem to be dangerous. lower dashed linc corrcsponda to I + 6 , i.e. healing at the edge

It may be shown, however , that the resulting error in 6 is of the solid layer and none at the free surface. The upper
only of order ,4J.6/A (;. and is no worse than the neglect of dashed line corresponds to I + 26 , i.e. healing over the solid
(A 1;/A (;)2 terms already discarded in the derivation of eq. (3). layer and at the free surface .
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A Theory of Temperature-Dependent Energy Levels:
Therm odynamic Properties of He H

Russel l J. Donnelly and Paul H. Roberts
Depari ment of Physics and Institute of Theoteitcal Science, University of ()‘egon , Eugene,

Oregon 97403

(Received November 22, 1976)

The statistical mechanics of interacting bosons is considered for cases where
the interactions are sufficient ly strong that the observed energy levels are
dependent upon temperature. An approximate method is developed to handle
the theory when energy levels are known from experiment. The results are
applied to the thermodynamic properties of He II using Landau’s theory of
elementary excitations. This theory is assessed in several levels of approxima-
tion, and the results are compared extensively to measured thermodynamic
properties. The relationship of neutron inelastic scattering measurements to
these problems is discussed.

1. INTRODUC11ON
Landau first sketched the S-shaped dispersion curve for the elementary

excitations of He H in 1947.’ While his theory for the thermodynamic and
hydrodynamic properties of He H had many notable successes, it was the
advent of inelastic neutron scattering measurements which made the basic
truth of his assumption on the dispersion curve evident to all. We have
recently reviewed the hydrodynamics of He H in an effort to assess the
present state of superfluid mechanics and to identify problems which are
likely to need more work in the future.2 This paper is an attempt to do the
same for the thermodynamic properties of He H, more from the point of
view of an assessment rather than as a comprehensive review; and we shall
see that the overall success of the quasiparticle model as applied to ther-
modynamics leaves much to be desired.

Our interest in the thermodynamic properties goes back to the publica-
tion of Experimental Superfluidity,3 which contained a set of tables of most of
the known properties of He II, including the results of early neutron
°Research supported by the National Science Foundation and the Air Force Office of Scientific

Research under grants NSF DMR 76-2 1$14 and AFOSR 76-2880.
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scattering experiments in the form of the Landau parameters of the spec-
trum. More recently, we have been preparing a comprehensive set of tables
of the properties of He LI as a function of temperature and pressure, which is
to be published in the Journal of Physics and Chemistry Reference Data.4

Since there is nowhere near sufficient experimental data to fill these tables, it
was natural to try to use the Landau elementary excitation model as a way to
supplement direct thermodynamic measurements by data from inelastic
neutron scattering. There is a long history of such attempts. The first
systemat ic neutron studies of He H at the vapor pressure by the Los Alamos
group 5 brought forth the reassuring conclusion that the Landau theory was
applicable up to temperatures of the order of 1.8 K providing one used the
actual dispersion curve for the calculation rather than the Landau approxi-
mation of roton and phonon branches.6 Subsequent thermodynamic studies,
such as are surveyed in Wi lks’ monograph,7 however, contained disturbing
discrepancies, such as differences between neutron and thermodynamic
quantities (roton effective mass, for example) which could be as great as a
factor of two.

Since that time, neutron scattering measurements have had two princi-
pal thrusts. The Chalk River group has extended measurements to higher
energy and momentum, revealing a richness in the dispersion spectrum
heretofore unsuspected;5 and the Brookhaven group has produced systema-
tic studies of the roton spectrum over the entire temperature—pressure
plane.C The latter report, however, which we shall refer to as DGHP,
showed that there exist very serious discrepancies between thermodynamic
measurements of the entropy at finite temperatures and pressures and the
values deduced from neutron studies. The discrepancies are serious enough
to render the excitation theory all hut useless except for order-of-magnitude
estimates. It appears that difficulties arise whenever the linewidth of the
scattered neutron group becomes finite, and one is led to suspect that there
might be a serious problem with the statistical formulation of the ther-
modynamics whenever the observed energy levels are broadened. Further
complications involve the existence of temperature-dependent energy
levels. To appreciate the magnitude of the temperature dependence, note
that the roton energy parameter A/ k (see Fig. I) changes from 8.54 K at
1.26 K to 4 .61 K a t 2. l K.

Aside from linewidth and temperature-dependent energy level prob-
lems, other experimental evidence prompted some serious questions. For
examp le, if one plots the molar volume of He II as a function of the number
density of phonons at low temperatures, one concludes that the addition of a
phonon expands the liquid by about 3 A3 . Conversely, if one plots the
molar volume of I-Ic II as a function of the number density of rotons at higher
temperatures, one concludes that the addition of a roton to the fluid

_ _ _ _  _  _ _ _ _  ~_1_ _ . . - . _ _ _ _ _
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contracts the liquid by about 3 A3. ‘“~‘~ The question then arises: Does the
P6V work involved in the addition of a quasiparticle at pressure P, accom-
panied by a volume change 5V, have to be taken into account explicitly in
estimating the energy transfer by a neutron? (As we shall see below, it does
not.)

In this paper we shall present a new theory of temperature-dependent
energy levels for Bose excitations, which allows the calculation of the
thermodynamic properties of He H whenever the exact energies of the
elementary excitations are known from experiment. A preliminary letter has
already appeared on this subject. ’2 With this new theory it will prove
possible to deduce quite accurately what the effective values of A must be to
“explain” the thermodynamic results. Below 1 K, these values of A corres-
pond to the neutron data. Above I K, these values systematically depart
from the parameters deduced from neutron scattering. The discrepancies
described above are not resolved in this paper: Some investigators would
claim that they never can be. We believe that the experimental results
indicate that there exists an “effective sharp dispersion spectrum,” which it
should be possible to deduce from neutron scattering data. Indeed, Maynard
at UCLA, in a related research project (described in Section 10, below) has
reached a quite similar conclusion.t 3

The plan of this paper is as follows. We discuss in Section 2 the statistical
mechanics of interacting bosons in a manner which is independent of our
later considerations of the elementary excitation or quasiparticle picture of
He II. The main results on temperature-dependent levels are derived and
stated there. Since these results require differentiation of energies with
respect to temperature, pressure, and wave number, we discuss ways of
representing the spectrum of elementary excitations of He H in Section 3.
The actual situation in liquid helium as probed by inelastic neutron scatter-
ing is not as simple as one has in mind doing the statistical mechanics. Our
experimental knowledge of the dynamic structure factor, quasiparticle
energies, and some of the associated experimental problems are outlined in
Section 4. The underlying cause of at least some of the temperature
dependence and linewidth problems is the long-range interaction between
rotons, which is recognized to be dipolar. Section 5 contains a summary of
some of the important results on these problems. With a more complete idea
of the situation in He H, we compare in Section 6 the results from neutron
scattering experiments with the formulas for entropy and the equation of
state derived in Sectio n 2. We find the situation at the saturated vapor
pressure relatively clear-cut , hut at higher pressures and temperatures
increasing discrepancies between calculated and observed results are noted.
The concept and use of an effective spectrum are reviewed in Section 7.
Sections 8 and 9 show the results of calculations with the simple and

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -
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generalized Landau approximations to the spectrum, and Section 10 con-
tains a brief discussion of an alternative, but related, approach to the
representation of the spectrum.

2. STATISTICAL MECHANICS OF INTERACTING BOSONS

The object of this section is to develop a self-consistent approximation
for the statistical mechanics of a set of interacting bosons. It will be supposed
that the energy

E = E (n , V) (1)

of the system is a known function of the set n = (n 1, n2 nN) of occupa-
tion numbers of the bosons in N discrete modes (the assumption that N is
finite being made purely for presentational convenience). The approxima-
tion that will be developed exhibits clearly the single postulate that is needed
to interpret and justify the often-used idea of temperature-dependent
energy levels. We point out a number of pitfalls that can arise if that idea is
applied too superficially. Our treatment has points of similarity with the
earlier discussions of Rushbrooke,’4 Elcock and Landsberg,’5 and Bendt ci
a!.6 (BCY). It contains, however, a number of significant differences.

In the first instance, we do not consider that the energy a,. of level a
depends on T, but introduce the more general definition

e,,(fl , V)=ÔE(n, V)/8n ,. (2)

which we apply whether the system is in thermal equilibrium or not. In the
particular case in which all a,5 are independent of n, (2) implies

E = E 0( V)+ ~~n,.e,.( V) (3)

a familiar result hut one which we cannot use when âe,./än~ � 0. Here E0( V)
is the ground state energy.

The probability £~(n, V. T) that a system at volume V in the ensemble
should have occupation numbers n 1 n,.~ in the levels a 1 EN is

I~(n, V, T)= C ’ exp [—~E(n, V)J (4)

where C is chosen so that ~~~, a probability, summed over n, is unity,

(‘=~~exp [—ØE(n, V)] (5)

a r idØ= l/ kT .

_  _ _  
_ _ _ _—
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Of particular interest are the mean values of quantities such as entropy
S. energy E, etc., when thermodynamic equilibrium prevails. We define such
means, for any quantity Q(n, V), by

(6)

By analogy with the usual expression for~~ in Bose statistics, ~~(i, V. T) is
the greater, the smaller the it,,,. If, however, O increases with n ,, then the
terms of (6) making the greatest contribution to 0 are not those near u =0.
We will suppose, in fact, that in calculating the averages of interest below,
the terms making the largest contributions to the relevant sums are those for
which the set n is in the vicinity of some other set w, and that the terms for
which the truncated Taylor expansion

E(n, V) = E(oi, V) + ~~ (n,. — w,. )a,. (w , V) (7)

is seriously in error make a negligible contribution to these sums. At the
moment, the set u of (7) is unknown. Later we will suggest a criterion for
optimizing the choice of w.

On substituting (7) into (4), we obtain

~(n, V. fl=Z ’ fl exp [—$n ,.e,,(w, V)] (8)

where Z is a partition function

Z =f l  ~ exp [—~n,e,,(w , V’)] = [1 {1 — exp [—fle,,(w, V)]} (9)

We may obtain #1,, from (6) by a standard argument

n =~~n ~(n ~ ~~~~~~~ exp [—~n,.e,,(w, V)]
“ ‘ ‘ exp [—$n ,e,, (~, V)]

a i r a
= — In ~ exp [—~n,,e,.(o , V)] = — — I — In Z (10)

ô($e,.) n ~ L ae,, J 
~~.

Using (9), we obtain
n,, = {exp [~r,,(ø, V)J l~ (II)

a result which may also be obtained by maximizing an entropy,

S k ~~[(1+n,.)ln(i+n,.)—n,.lnn ,.] (12)

for given E, V. and T. The equilibrium entropy

(13)

‘ 1

I

~~ ~~~~~~~~~~~ 

.
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can be obtained by differentiating the Helmholtz free energy F = —kT In Z
with respect to T, holding V and the set to constant, or simply by substituting
(11) into (12).

What is the optimum choice of to? We postulate that the best choice of
to is the one that maximizes the equilibrium entropy S in (13) holding V, T,
and E constant. We note that by (2) and (7),

(aE (n. V)) 
=~~ ~~~~ +~~ (n~, 

_ w,.) (860~~ 
ti’)) (14)

ôw~ .. -,- v

while by (11) and (13)

(oS(n
~ 

1
~2) =!~:(~ ) a ,(to, V) (15)

aw~ % T, .  Ow, v.~-

It follows that [provided the multipliers are the same as appeared in (8),
which can in fact be shown to be the case], the condition for an extremum of
Sis

~~(n .... ~.,)(aeo(w . V)) =0 (16)

for all y, i.e.,
(17)

[The possibility that the matrix Oe,./ Ow, in(16) is singular need not be taken
seriously. For example, when a,. is independent of ii , (7) is exact for all
choices of to, and the fact that (17) does not then follow from (16) is
physically correct.]

Using (17) with (11), we obtain

n,. 4exp [/~e,,(n, V)J— 1} ‘ (18)

and the equilibrium entropy is

S=E [k l n ( 1+n ,.) +n,.e,,/ T] (19)

where we have dropped the overbar on 5’, ñ, and i,. = a,, (ii. V). Note that
(18) is identical to the classical expression which holds when a,, is known and
the right side of the equation can be calculated to give n,. at once. When a,.
depends on n in some assigned way, (7) is not exact and the right-hand side of
(18) depends, through a,,, on n,,. Thus (18) is an implicit equation for iT,,,
which could be solved by iteration and would then give the particular Taylor
expansion (7) that maximizes the equilibrium entropy. Once n,, has been
determined in terms of V and T, all equilibrium fields can be expressed in
terms of these variables. In most cases of interest e,,(n, V) is unknown, and

LL. . .—~~~~~~ - ____
~--,-- i__,__,_~ 
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only e,(i, V) is known from experiment; then e,,,(I, V) is replaced by
e,,,(T, V) and substituted into the right side of (18) to give n,. directly, as in
the classical case.

A word of caution is appropriate here about the way the theory
developed above might be misapplied. Although the optimal choice of to
turned out to be dependent on T, the entire argument supposed to was fixed.
Thus, for example, when obtaining the form (18) for ii ,, using (10) we hold to
constant during differentiation before applying (17). This proviso becomes
crucial when differentiating the free energy F= — kTln Z to obtain the
equilibrium entropy(19). If(17) is applied to (9) before differentiating with
respect to T, and ñ,. is treated as a function of T during that differentiation,
then a seriously incorrect result for S would be obtained instead of (19).

We now switch to continuous variables using the transition

~~.-~ y J q 2 dq (20)

and express (19) in terms of variables P and T for comparison with
experiments on Hell :

S=(V/ 2 i r2
)J [k l n ( 1 + n) + n e/f l q 2 dq (21)

which, on integrating by parts, may be written

V e On 
~s=_ — ~J —(—) q d q  (22)

2sr o 3T 9q

Integration of (22) over T for fixed P gives for the Gibbs free energy

4 =  .0(P)+~i~J 
Y rj  ~~~~~ dq (23)

where 411(P) is the corresponding ground-state free energy. Writing V0 =
for the molar volume at absolute zero, we obtain the integral equation of
state

V = V11(P) — ~~ J ~~J ~[(~~) + !~!(~f!) Jq~ 
dq (24)

o T O P T .q 3 8q P.T

which implies that a V (aV/ 81”)~ is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 25)

At first sight the appearance of the .3n/aq terms of (24) and (25) is
unexpected. Their necessity follows from both mathematical and physical

_ _ _  _ _ _ _ _ _ _ _ _ _ _   
A



- --‘
~~~~~~

-
~
-.-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
-.-

~~~~~ 

---  —::-------‘
~~~

‘
~
-— -  •-= - - -

~~~~~

11/

Rusel J. Do.a.ly sad Paul H. Roberta

reasoning. By the former we note that when differentiating (23) with respect
to P we must not forget to differentiate V under the integral sign, and so
introduce the isothermal compressibility K = — V ’(O V/ aP) ~. The remaining
term under the integral sign in (24) follows on integration by parts over q,
once use has been made of the fact that, since it = n(e/ T) ,

[8  (a On\1 = [ 8 (a on\1 (26)
I.O P \TOq J J T  t o q \T OP J J r  -

The physical argument recalls that the momentum hq,., corresponding to
state a, arises from q, = m,/ L , where L = V”3 is the mean periodicity of an
isotropic substance and m, is the set of integers defining mode a. Thus, when
one replaces e,,(P, T) by a(P, T, q), one should recognize that the latter is
really e(P, T, mV ”~) and that m rather than q should be held constant
during differentiation. Since V = V(P, fl,

IOe \ IOe\ 1 IOe~I—i =1—I + — i q l —I  (27)
\OPI T...I \OP/~.~ 3 ~Oq/ p.r

and this is the expression that should replace (ae,,/8P)~ in the discrete analog
of (25), viz.

I / On,,,\
(28)

VT ,. ‘OPIT

when the transition (20) is made. For compkteness, (27) and a number of
similar relations are listed in Table !.

A wide variety of thermodynamic functions can be derived in the
manner just described. These are summarized in Table II, in which E, W, F,
and 4 are internal energy, enthalpy, Helmholtz free energy, and Gibbs free
energy; and C~. and C,. are the specific heats at constant volume and

TABLE I
Transition From the Discrete to the Continuous

-‘

(at ,,/an,. -‘ (oe /af lp ,q —

(~ F,,/t3 V) ,. -‘ ae/o V’) r4 — (q/ 3 V)(at/ oq )~.~
(ae,./aP~ -, (a,/ aP) T4 + (Kq/3)(ar/Jq)~.~

-‘ (ir/ÔS),,4
t .~ ,,/aS)~ -.(a~/aS)~,,, —(a Tq/ 3Cp) ( a e/ aq)p ,,5

V)S * as/a V)~,q — (q/ 3 V)(ôt/ ôq) v~s
-, (à e/ ÔP) sq + (,cC,,q/3Cp)( ae/ aq ) p, 3

~

-

~

-

~

---- .-  - - -  -,--.-.- - -.- - 



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _

118

Ther odya k Frm u~u .1 lIeU

pressure. This table also displays both the summation and integral expres-
sions, since, for the reasons just described, the transition from the former to
the latter is not always immediate. In view of the work by Goodstein eta!.,’6
one point arising from Table II deserves emphasis. The discrete analog of
(24) is

V= Vo (P)— J ~~~~ (~~ ) d T  (29)

If e,. is independent of T, we have, recalling again that it,. =

~ 
~~~ On,. de,. 1

T 
~~,. , de,.

J(~ .~~dT=~~~ J ~~n,.dT= —n ,.~~~ (30)

and (29) becomes

V=V o(P)+~~n,.~~° (31)

Taken literally, this expression for V implies that, when e,. depends on P
alone, the volume occupied by a boson in energy level a is de,./ dP, as
conjectured by Donnelly.’0 The present analysis provides a more direct
confirmation of this calculation than the external field argument of
Goodstein et a!.,’6 discussed below.

Consider next the effect of applying some “external field” to the system
as a result of which the mean occupation number of a particular mode,
labeled by p. is held at the population~~ not necessarily close to the n~derived in the theory above.” The probability (4) is now replaced by

~~(i,, V. T)=C ’exp [—~E(., V)+$~an~) (32)

where g~ is a multiplier or chemical potential, chosen so that for the
particular mode p

(33)

The normalization constant C follows in analogy with (5). The mean of a
quantity 0 is still given by (6) but is now evidently a function of V, T, and ii,,.
On adopting (7), we derive results closely similar to those obtained above.
For example, (18) holds for all modes except mode p, for which

(34)
with e~=e~(n, V) =e ~(V, T, i~) and ~z. =g~(V, T,ñ~) . The entropy (12)
reduces in equilibrium not to (19) but to

S k[( 1 +n~) l n ( 1 +n~) — n~ lnn ~] +E ’(k ln (1+n , .) +n,.e, ./f l  (35)

~‘i’ — 
—

_ _  _ _ _ _  _
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where the prime on the sum indicates that the term a = p is excluded, and we
have dropped the tilde over n,, as we have omitted the bar over n,. The
expression for S given at the head of Table II is modified to

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (36)

and other entries in that table are similarly affected. It follows from (18),
(34), and (36) that

TdS =~~e,.dn,.—~~dn~ (37)

Since we have, by (1) and (2),

dE=~~e,.dn,, —PdV (38)

it follows that

dE=TdS— PdV+ ~~dn~ (39)
By a Legendre transformation, we obtain

d4= —SdT +VdP +~~dn~ (40)

Many “Maxwell relations” follow from expressions such as (39) and
(40), and similar expressions for dF and dW. We note here that by (40)

(O V\ — ( 0~cD ‘~ — 
(Og~\ (41

and since by (34)

1 L e ~— k T l n ( 1 + n ~) (42)

it follows from (41) that

(
~-~ =(~!f

’
~ (43)

p.r “ I~P/ ,,~r

Relation (43) holds generally and it might at first sight be supposed that
by selecting ,i,, to he the mean population ñ9 of state p in the absence of the
field, and summing over all modes p, (31) would follow generally. This is not
the case. The external field may be regarded as a mathematical device that
allows ñ,, to deviate from p 1,, even in statistical equilibrium, so that one can
explore what happens when #1,, is ,~ + I rather than ñ,,, say. When such a field
is applied, the change in V will indeed be (ae ,,/ 8P),,c-~ as implied by (43); but
(when e., depends on n or equivalently when ë,, depends on T) this unit
change in population of the state p will alter all other energy levels in the
system and hence all thermodynamic properties, and all occupation number

;-

;~~~
‘ .
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of all other levels. The volume changes corresponding to these altered
occupation numbers of every level are included in (43). The concept that an
elementary excitation expands the fluid by (Oe,,/OP) T depends, however, on
the idea that one additional excitation appears in one particu!ar mode p. the
population of all other modes being unchanged. Clearly this can only be
accomplished by an external field in the very special case in which e,.
depends on P alone and not on ,.. And it is only in this case that one is
justified in summing (43) over all modes to obtain (31). Because of the
practical difficulty in realizing, in laboratory conditions, an external field
having the above properties, the present “Gedanken experiment” and its
consequences such as (43) are of insignificant interest except in the special
case e,, e, . (P) .

We digress to note here that for familiarity of presentation we have
begun with the internal energy E as defined in (1), so that the energy levels
could be defined as in (2). We could, however, equally well have begun with
the enthalpy W,

W=W(a , F) (44)
and have written

dW= (ô~!) dn~+( ~~!) dP= (~!!) dn,,+ VdP (45)
OP ,,_

Then (36) has the same form except that (On.,/a7’) ~ .,.5 in the second term is
amended to (On , ./ OT)p,,,,; (37) still holds, and defining

(46)

we have from (45) and (37)
dW= TdS+ VdP +4it dn~ (47)

The definition of e. by (46) is important in neutron inelastic scattering
experiments, which are done at constant pressure rather than constant
volume: We see that e , is precisely defined as the energy transfer to the fluid
at constant pressure.

It is apparent that our method of developing the theory of temperature-
dependent energy levels depends on an approximation, namely (7). We
cannot be dogmatic about the success of the theory until we have found a
quantitative measure of the inaccuracies introduced by (7), e.g., by compar-
ing the consequences of (7) with those that follow from the next level of
Taylor truncation:

E(., V) ’ E(.i, V)+~ e,.(.., V)(n,. —w,.)
+ ~ •,.~ (a., V) (n ,, - as,. )(n~ —we) (48)

I

~~~ _ _  _ _  
- _ _ _ _ _
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where ~~ 
= ~~ without loss of generality. The labor involved in doing so is

formidable. We note, however, that (48) resembles the central postulate

E (n, V) = E1) ( V) + ~ e,. ( V)n ,. + ~ ~ f,,~ 
( V)n ,.n8 (49)

of Fermi liquid theory,’7 where f,,~ 
= ft,,.. Comparison of (48) and (49) shows

that

E,,( V) = E (as , it) — c,, (as, V)w ,, + ~ 4,,~ (as, V)w ,,w8 (50)
‘a

e’, , (V) f ,, (as , V)—~~a~,,0(as, V)w~ (51)
‘3

and

f , , 0 (V) = 4,0(w, V) - (52)

Thus (49) is a somewhat special form of (48), namely the case as = 0, and
requires

c,,(w , V) =e a,( V)+~~f,,,~(V) w8 (53)
/3

The form (7) is less general than (49) in the sense that it requires that f,,~ 
= 0,

but it is more general in the sense that c,, is not necessarily a linear function
of as as (53) requires. Postulate (49) has the philosophical advantage of
specifying E(n , V) unambiguously, whereas (7) and (48) give slightly differ-
ent values of E(as. V) depending upon the as selected for the Taylor
expansion.

3. THE SPECTRUM OF ELEMENTARY EXCITATIONS
AND ITS REPRESENTATION

Before proceeding with the discussion of excitations in real liquid
helium, we shall indicate how our knowledge of the excitation spectrum can
be represenled in such a way that the expressions of Table II can be used in
practice. Every thermodynamic quantity listed there requires a knowledge
of c(q) and the associated equilibrium population

n ( q ) = h  ~{exp [ c ( q) / k T ] — 1 } ’ (54)

More significantly, differentials of c and n over V and T or P and T are
needed. Our experimental knowledge of the excitation spectrum comes
from an analysis of inelastic neutron scattering data, as will be discussed in

- Section 4. The errors introduced by direct differentiation of data taken,
necessarily, at a few discrete P and Tare unacceptable, and it transpires that
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the encapsulation of the available data on e(q) requires very careful
handling. The representation used in this paper is that of Brooks and
Donnelly’ I~ i$ ; later we shall discuss a different approach by Maynard.13 It
cannot be too strongly emphasized that, while these spectra have been
developed with some physical reasoning in mind, the final forms of e(q )
should be seen as no more than convenient representations of a function in a
finite interval, in much the same spirit as the representations of the common
transcendental functions listed in Abramowitz and Stegun.’9 The reader
who prefers to adopt some different representation that fits the data as well
should not obtain significantly different thermodynamic results. The dangers
of representing c (q) too crudely are well illustrated by a proper comparison
of Landau’s approximation with experiment as given in Section 8.

At sufficiently low temperatures it is clear from (54) that only the states
of lowest energy e(q) will be significantly occupied and contribute to the
thermodynamics. There are two regions of special significance. The first
contains the small-momentum states near (a) in Fig. 1; the second is the
region around the energy minimum labeled (c). Though the energy
minimum c = h~ at momentum p0 is large, the density of states is also large,
and this gives the “roton minimum” significant statistical weight at all except
the lowest temperatures T< 1 K, where the “phonon excitations” near
p = 0 are the more significant. Note that the energies and circular frequen-
cies are connected by e = ~w, and the momenta and wave numbers by
p = hq. Landau showed that a fairly good account of the thermodynamics
could be made by a two-branch dispersion curve

e = u ,p, p=’ O (55a)

=~~+ (p —p o) 2/ 2~.i, P P o  (55b)
This is the “simple Landau approximation,” originally conceived of as
applying for T so small that the quantities u 1, 

~~~
, Po’ and ~a in (55a) and (55b)

are constants, different of course for each pressure. They are tabulated in
Section 8.

The simple Landau approximation may be extended by permitting u1,
& Pa,, and ~ to be functions of temperature and pressure. Bendt ci al.6
recognized that this step was not sufficient to predict thermodynamic
variables, and they added a third branch at (b) in Fig. 1, which required a
further three constants for its specification, making seven in all. Further
piecewise continuous approximations to the dispersion curve were proposed
by Brooks and Donnelly20 and Maynard.’3 At least two continuous rep-
resentations have been proposed’~

21 ; that of Brooks and Donnelly is a
simple polynomial in p of degree eight with the constant and quadratic terms
omitted. The details of the choice of this function are described in Brooks’
thesis.” The assumptioni used in this method, which seeks to generalize the

_ _ _
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Fig. 1. A schematic diagram of the excitation spec-
trum for helium II. The simple Landau approxima-
Hon (55a)—(55b) consists of the phono n and roton
branches sh own by the linear and parabolic curves.
The polynomial for stp) in the appendix gives the
solid curve A plus the dotted curve beyond the point
(d) ~of momentum p~) where the slope becomes
equal to u,. The model dispersion curve of the
appendix consists of curve A plus the dashed line C.
rather than the observed branch B, whose parame-
ters as a function of pressure are as yet unknown.

spectrum for all T and P by the use of known constraints on certain energies
and momenta, are discussed in Refs. 11, 18, and particularly in 4. They are
summarized in the appendix. An example of such a dispersion curve is given
in Fig. 2, compared with neutron scattering data, and Figs. 3a and 3b show
how the spectra vary for various T and P. We might call a representation of
the complete spectrum with temperature- and pressure-dependent variables
“the generalized Landau approximation.” Some results of this approach are
described in Section 9.

Even when this type of representation has been selected, the handling
of the data raises perplexing questions, some which will be described in
subsequent sections.

4. THE DYNAMIC STRUCTURE FACTOR AND
QUASIPARTICLE ENERGiES

Up to now all our discussions have assumed that the spectra as functions
of energy e for given momentum p are delta functions: We may speak of
such spectra as “sharp.” Our information on the situation in real liquid
helium comes from inelastic neutron scattering measurements, and we shall

. 5
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X 12 ~ 4oCuty of sound
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- 
~

Wave number (A ’ )
Fig. 2. The experimentally determined excitation spectrum
at 1. 1 K . SVP. The dots are the neutron scattering data of
Cowley and Woods5; the solid line is the model dispersion
curve of the appendix. The error bar is the smallest experi-
mental error and is not to be associated with any one data
point.

attempt to describe some of the procedures used in obtaining these data,
which are not generally appreciated by those outside the neutron scatterno
community. Besides DGHP,9 the reader is referred to articles by Cowley
and Woods,822 which contain comprehensive accounts of the progress and
problems in this field.

The most common spectrometers used in neutron inelastic scattering
experiments in liquid helium are the triple-axis crystal spectrometer and the
time-of-flight spectrometer, the majority of reported measurements using
the former. In both cases some general principles are involved, which we
shall illustrate by reference to the time-of-flight apparatus of DGHP, since
that was the apparatus used to determine the roton parameters of most
interest to us in this review. Using the notation of DGHP, the intensity of
scattered neutrons measured at an angle 0 with respect to the incident beam
is called I.(t) since the energy of the neutrons P,2k 2/ 2m5, m5 being the
neutron mass, is given by the time of flight of neutrons over a fixed path. The
scattered intensity I5(Ptw), measured in energy units, however, is related to
the double differential scattering cross section by the van Hove relation

!.( hw)oC d 2o/ df t  dE~xk,.S(q, w) (56)
where ft is the solid angle of scattered neutrons, k, is the wave number of
scattered neutrons, and S(q, w) is the dynamic structure factor, which is the
Fourier transform of the density—density correlation function characterizing
the physical process causing the inelastic scattering of neutrons. The scat-
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Fig. 3a. The temperature dependence of the model dispersion curves at
P = 0.

E (K)  

~~~\. 
1)

q( F)
Fig. 3h. The pressure dependence of the model dispersion curves at
T= 1.2 K.

tered neutron intensity is related not to energy but to time of flight. Those
spectra are related by I,(t) aCk ,J,(hw). Thus

4(t) cs.k~S(q, w)  (57)

Near T= 0 the inelastic scattering amplitude of a neutron of incident
wave number k , and final wave number k, by a single phonon of frequency
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w(q) is given by a iS-function in energy

S, (q, w)  = ~ 1 ~_~~isr C(~ ) {S[hw + hw(q)] + iS(hw — hw(q)]} (58)

where hw(q) is the dispersion relation for elementary excitations near T 0,
and the two terms represent, respectively, annihilation and creation scatter-
ing processes [C(q) is a normalization factor]. At finite temperatures, the
theoretical form of S,(q, a,) is not known, and this leads to an uncertainty in
unfolding the data, which we shall illustrate by some examples. DGHP
assume a Lorentzian form

I hwS, (q, w) = 
~~ I —e

~J___
~ ~~~~~ hl’ (q)

I h2 l’2(q) +[hw + hw(q)] 2 + h2r 2(q) +[hw — *w (q)] 2 (59)

where hI’(q) is the half-width at half-maximum (HWHM). Note that (59) has
the same eff ect as (58) in the limit where hr (q) -‘0.

When the linewidth is very narrow, there is little complication in
unfolding expressions like (59) to find the dispersion relation. When the
linewidth is larger, as it is at higher temperatures and pressures, the tail of
the annihilation peak overlaps the creation peak, and this combines with the
Boltzmann factor exp (—h w/ kT) to shift w(q ) away from the scattered
intensity peak. We illustrate these effects in Fig. 4 in the reverse of the
experimental order of events. Experimentally, one observes the scattered
distribution 4(i) and proceeds to unfold the frequencies w(q), with due
regard to the factors described above and the experimental resolution
function. Figure 4a shows the roton creation and annihilation peaks for an
energy transfer of hw(q) = 6.04 K as if there were no collisions. Figure 4b
shows the effects of Lorentzian broadening, (59) without the factor Aw/f 1 —
exp (—h w/ kT)],  corresponding to an observation of DGHP at T= 2.11 K,
P = I atm, where hr/ k = 2.67 K. The delta functions of Fig. 4a are now
broadened and the intensity maximum is shifted to 6.02 K, or down by
0.3%. In Fig. 4c we have included the thermal factor hat/El—
exp (—h w/ kT) J, which almost eliminates the annihilation peak and shifts the
intensity maximum to 6.52 K or 8% higher than hw(q). Figure 4d shows the
added effect of the Ic ~ factor in (57), which leaves the intensity maximum at
6.36 K, or 5.3% higher than hw(q). Further adjustment by adding the
instrumental resolution function and transforming to the time axis would be
required to reproduce the observed spectrum 4(t), but one can already see
that the unfolded frequency w(q) lies 0.32 K lower than the intensity peak,
due principally to the thermal population factor.

I
’

_ _ _
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Energy Transfer (K)

Fig. 4 . (a) The line shapes S(q. w) at low tempera-
tures. where colIi~ions can be neglected, Eq. (58). (b)
Modification of (a) by introducing Lorentzian
broadet’ing as in Eq. (59). tc) Further modification of
(a) and (h) by introducing the factor ~w[1 —
exp (— ~w/ k T) J as in Eq. (59). (d) The effect on (c) of
adding the factor k,4 as in Eq. (57).
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The assumed form of broadening in (59) is not unique and leads to
uncertainties in unfolding at(q). To illustrate the point, we have repeated the
analysis of Fig. 4 with a damped harmonic oscillator line shape quoted by
Passell et a!.23 The term in brackets in (59) is replaced by

3 2n iw
1 [h 2w 2 — h2w2(q)] 2 + h4r2w’

Here we find that the broadened intensity peak is shifted to 6.0404 K, or up
by 0.007%; the thermal factor shifts the peak to 6.1657 K, or up by 2.1%;
and the k~ factor leaves the maximum at 6.1279 or 1.5% higher than hw(q).
Put another way, the assumption of the Lorentzian shape in (59) means the
unfolded energy hw(q) is 0.32 K lower than the intensity peak, while the
damped harmonic oscillator form (60) would put the unfolded energy only
0.088 K lower than the intensity peak, and the line shape assumptions alone
imply an uncertainty in the unfolded frequency of order 0.23 K or 4%.
Clearly the unfolded linewidths hf will also depend on the assumed shapes.
Passell eta!. have given a very interesting discussion of this problem for spin
waves in EuO.21

It is worth emphasizing here that there is no mystery as to why the
scattered intensity peak is displaced from the underlying energy hw(q).
Although there is as yet no theoretical basis for the form of S,(q, at) in (59), it
seems inevitable that the broadened creation and annihilation contributions
must be unfolded, with due regard for detailed balance population factors,
and the example of Fig. 4 shows that this is enough to ensure the displace-
ment we have been discussing.

There is a still further consideration in the form of S(q, at). When
experiments are done at low temperatures, one observes a one-phonon
creation peak S,(q, at) such as has been described above, broadened only by
the instrumental resolution (hI’,/ k 0.5 K in the case of DGHP9). For
q ~ 0.4 A we find that there is, in addition to the sharp phonon peak,
scattering at higher energy transfers , which is peaked around an energy
transfer of —.25 K, and extends to the order of 60 K.K22 This so-called
“multiphonon” scattering is of great interest to the understanding of He II,
but has little effect on the thermodynamic properties because the energies
are so high. The total structure factor consists of the one-phonon and the
mult iphonon parts. At high temperatures and pressures, when the widths of
the lines are comparable with hw(q) itself, the division into one-phonon and
multiphonon parts may not be a simple matter.

The “most representative” roton gap is at 1.1 K at the SVP, the
conditions adopted for convenience in most preliminary experiments on
He II. The neutron determination of Yarnell ci a!.5 gave Wk =
8.65 ± 0.04 K at 1.1 K, while Cowley and Woods8 obtained ~/ k =

- _ _ _
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8.67 ± 0.04 K at the same temperature. DGHP9 found A/ k = 8.54 K at
T = 1.26 K, P = I atm, which, extrapolated to SVP and T = 1.1 K, gives
A/ k = 8.66 K. There is a completely independent way of finding A. It is
known that Raman scattering from liquid helium at low temperatures gives a
peak at 17.022 ± 0.027 K at 1.2 K and 16.97 ± 0.03 K at 0.6 K. This peak is
identified by Greytak and his collaborators as a loosely bound state of two
rotons.1213 An exact quantum mechanical solution to the one model for this
state, by Roberts and Pardec ,24 gives the binding energy of the rotons as
0.290 K. Thus the single-roton energy should be (17.022+0.290)/ 2=
8.66 ±0.02 at 1.2 K and (16.97+0.29)12=8.63 ± 0.02 at 0.6 K, in good
agreement with neutron measurements. We note parenthetically that when
the linewidth is instrumentally limited (hF 1/ k =0.5 K), different assump-
tions on line shape shift the unfolded peak by less than 0.1%.

5. INTERACTIONS AMONG ELEMENTARY
EXCITATIONS IN He II

The evidence from inelastic neutron scattering experiments described
in Section 4 is that quasiparticle energies are sharp only at low temperatures.
At higher temperatures and pressures, the corresponding peaks, described
by S,(q, at), become both broader and shifted downward in energy. The
question then is, What can we say about quasiparticle interactions to account
for these observations? A recent review of such questions is given in Ref. 22.

Returning to our discussions of Section 2, it is clearly desirable to
understand the relationship of f~ 

to the empirically determined departures
6,,, of E,,(n, P1 from the zero-temperature energy level e,,(P). To this end.
the mode labels a and (3 appearing in (49) and (50) and the corresponding
summations should he understood in a rather general sense. There is danger
of error when n,, is regarded as simply the total number of excitations in
mode a, for the interaction between two quasiparticles depends not only on
their momenta q,, and q0, hut also on their vector separation r,, — r 0. For
example, the energy of interaction of two rotons at large distances is often
supposed to be dipole—dipole in form,~

4
~ i.e.,

h 2 V
~ 

q,, ~q, 3(q,, ‘(r ~ — r ,~)Jq5 ‘(ra — r~)]I— 

~ 
—~~~~~ 

(61)

It is therefore necessary to regard a as a label describing excitations with
momentum q,, at location r,, and to extend the series over a and (3 in (49)
and (50) to space (with obvious transitions to integrals when the continuous
description is adopted). There is a further complication. The presence of
roton q. at r~ tends to polarize the momentum q~ of a second roton lying in

I’
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its vicinity at r~. We must then replace (53) by

e~,(so, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (62)
$

where 
~~ 

is the conditional probability density that a quasiparticle q~ is
situated at rg when another with momentum q,, lies at r~. (For rotons, ‘~~2 is

given to sufficient accuracy by a Maxwell—Boltzmann factor incorporating
the interaction potential.) The evaluation of expressions such as (62) is the
principal thrust of dielectric theory. For example, the recent calculations of
Titulaer and Deutch,2~’ developing an earlier theory by Feynman,27 and of
Donnelly and Roberts28 gave for the roton energy gap

A( T, P)  = A(0, P) + Po t — 1 (63)
I6irpa~ 2e+l

where a (= 1.98 A at P = 0) is a hard-core cutoff for the dipole interaction
(61) and F = p,/p is the effective dielectric constant. The agreement between
(63) and experiment is impressive. One notes, for example, that at suffi-
ciently low temperatures, for which 2e + 1 3, (~c3)

= A (T, P)—A (0, P)=(— p~/48srp2a3)p,, (64)

which is hard to distinguish from the empirical result of Donnelly,29 who
postulated that SA is proportional to p5 T/p.

It is possible, as this result by Titulaer and Deutch shows, to postulate
an f~ 

such as a cutoff version of (61), and to compute a corresponding ôe,,
against temperature. It is considerably harder to reverse the process, i.e., to
use an experimentally determined e,, ( T) to determine the form off,,, and we
make no attempt to do so here. We note, however, that by postulating the
form (7) we have side-stepped some of the difficulties associated with the
“dielectric” properties of the fluid, without sacrificing the essential idea of
Fermi liquid theory, namely that quasiparticle interactions should be recog-
nized by the quadratic terms in the expansion (49); see (53).

The considerations above make it plausible that energy should depend
upon temperature . Physically, for rotons, we picture an individual roton
producing a dipolar flow which tends to polarize surrounding rotons; the
surrounding rotons react back ,on the original roton to produce a reverse
flow , which lowers its energy by the p ‘ i’,, interaction. The higher the
temperature, the greater the number of neighboring rotons, and hence the
greater the “Onsager reaction flow” and correspondingly the greater the
lowering of the energy.”’

What can we say about the observed line broadening? This problem has
been con*~idered by Roberts and l)onnelly by modeling rotons as point
doublets with the dipole moment of rotons obeying the dynamics dictated by

-. 3
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the Landau roton dispersion parabola.25 Working from this Hamiltonian,
they have developed equations of motion for colliding rotons. For the case of
zero total momentum, they are able to find the critical impact parameter
dividing forward and backward scattering, and hence to estimate the roton—
roton scattering cross section to be given by

= ~~~~~~~~~~~~ (65)
where F(~) = 2.679. The average collision frequency for rotons experiencing
large-angle collisions is

r - 
= (2 k T/p ) ”2 oN, (66)

where N~ is the number density of rotons, and the linewidths (21’) may be
estimated by the uncertainty principle as h/ kr. Using the result of DGHP9
t hat p,,/h = 3.64p ’~ A they find the half-width hi/k to be given by

hi/ k =6.50x 10 34 N,/~s 112p 219 T”6 (67)

The agreement is quite satisfactory (see Table III), considering: (a) the
unfolding difficulties discussed in Section 4—the unfolded values of hi’ are
sensitive to the assumed line shape; and (b) the theory does not predict a line
shape and uses a simple uncertainty argument to obtain the quoted

TABLE 111
Compar ison of Un folded Linewidths ?~F/k (HWHM ) (Reported by

DGHP9) with the Expression of Roberts and Donnelly, Eq. (67) 2%

P,atm T.l( (S,r/k)01,,, K (hF/k ) ,,,~, K

1 2.11 2.7 2.1
I 2.13 3.1 2.3
1 2.15 3.5 2 .5
5 1.68 0.7 059
5 1.82 1.2 0.99
5 2.05 2.6 2.2

10 1.68 0.81 0.70
10 1.81 1.5 1.2
10 2.00 2.8 2.3
15 1.68 0.93 0.90
iS 1.82 1.6 1.5
I S  1.95 2.8 2 .5
20 1.47 0.7 0.48
20 1.68 1.3 1.1
20 1.90 2.8 2.6
24 1.46 0.7 0.58
24 1. 67 1.6 1.4
24 1.82 2.6 2.9

Li ~~~~~~~~~~~~~~~~~~~~~~~ . - 
_ _ _ _ _
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linewidths. Much larger linewidths have been reported by Henshaw and
Woods at the vapor pressure, exhibiting a quite different temperature
dependence.’” DGHP9 have observed that this discrepancy arises because
Henshaw and Woods were reporting observed linewidths rather than
unfolded linewidths.

Neutron linewidths are often estimated by using the Landau—
Khalatnikov roton collision formula, which resu!ts from assuming a 6-
function interaction for the rotons of amplitude V0 :

— I  2 —4r 2Po~i V0 N,h (68)

where Khalatnikov~’ reports ~V0~ to be about 1.9x 10 38 erg cm3 from
comparison with viscosity data. Generally IVo~ is estimated by a fit to
linewidth data. By combining (66) and (68) it is possible to estimate I V0~from the Roberts—Donnelly approach and give the pressure dependence as
well:

v~v= ~
rF(~)h 4

(2k1)
I
~
’2
( 

!‘~ 
)

2 /3  

(69)
2Po~ IL 8irpk T

We list in Table IV values of the pseudopotential Vo( for future reference at
a number of pressures. Its temperature dependence is not great.

Measurements of the tinewidth of two-roton bound states 32 are in
reasonable accord with neutron linewidths (cf. Fig. 14 of DGHP9). At P 0,
the observed Raman widths correspond to V01 1.73 x iO~~ erg cm3. The
agreement with the value from Table IV is certainly satisfactory, but may be
fortuitous: The collision that breaks up the bound state at higher tempera-
tures must he between a roton and the hound pair of rotons. The dynamics of
such a collision is likely quite different from that between two rotons. Indeed
at 0.6 K, (67) would give a very small linewidth for the collisions, whereas
Murray eta ! ” report a width of 0.11 K.

It is the general agreement between observed unfolded line widths as
shown in Table III and the theory of roton collisions which supports the idea
that the broadening of the one-phonon peaks is principally due to collisions,
which should produce symmetric broadening. If that is true, then there is
some hope that representative sharp frequencies for the phonons might
exist.

TABI .F IV
Values ~f the I andau--Khalatnikns Pseudopotential VO~ for Roton Collisions at

1 2 K

P. atm 0 5 10 IS 20 25
lO ”1V01. erg cm ’ 2.6’~ 2.72 2 .77 2.82 2 .88 2.95

L -
-
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6. COMPARISON OF THE FORMULAS OF TABLE H
WITH EXPERIMENT

In order to appreciate the force of the formulas introduced in Section 2,
note that by integrating (21) for the entropy over T for fixed P we may write
the Gibbs free energy as

In (1+n)q 2 dq_ _
~~~J J n ( ) dTq 2 dq

IT ,, 2ir ~ ~ a ~9
(70)

a form which clearly separates the classical expression, the first two terms of
(70), and the present theory, which includes the third term in ac/ aT.

To compare the two possibilities, let us calculate S = — (a4)/ aT), from
(70) using neutron scattering data at the vapor pressure. We construct model
dispersion curves according to the Brooks—Donnelly scheme of the appen-
dix using the data of Yarnell et a!.5 and Henshaw and Woods.3° The roton
energies from these references have been smoothed by a power series in N,
and are presented in Table V. The resulting dispersion curves are as close to
the available neutron data as present methods permit.

If we calculate the entropy from the full expression of (70), we obtain
the middle curve of Fig. 5, which is seen to be in excellent agreement with the
thermodynamically determined entropy of Van den Meijdenberg et a!.3’
The classical expression for entropy comes from omitting the final term of
(70) and using dispersion curve parameters for T 0, which we call e~. The
result is the lower curve of Fig. 5, which is seen to depart systematically from
the data. it might be tempting to use the finite-temperature parameters as a
way of “improving” the classical expression for 4). Such a procedure is
obviously mathematically inconsistent; that it is physically of no aid is seen
by noting that the upper curve of Fig. 5 results, which also departs systemati-
cally from the thermodynamic data.

A similar test may be made with the equation of state, as shown by Fig.
6. The correct expression for the molar volume V is given by (24). If e,. is
independent of T, we have shown that (31) results, which in continuous
variables reads

V V0(P)+~~~~ J0 n[ ( ~~~) q 
+~~~~

(
~ !) ]q

2 dq (71)

TABLE V
N cut r i ,n I)ctcrrni,it’d Values of .~/k  at the Vapo r Pressure, from the Data of Refs. 5 and 30.

Smoothed

T,K 1.0 1 . 1 1.2 1.3 1.4 1 .5 1.6 1.7 1.8 1. 9 2.0 2.1
~/ k , K 8.614 8.608 8.596 8 .577 8.548 8 .503 8.444 8.355 8 220 8 006 7.615 6827

a

S
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1/
U,

Fig. 5 Experimental data on entropy (Ret.
37) compared to the entropy derived from the
new expression for free energy (70) (middle
curve), the classical expression consisting of
the first two terms of (70) w ith dispersion
parameters at T= 0 (lower curve), and the °

classical expression with finite temperature o too e.oo
dispersion data (upper curve). Y(K l

Here we are at a considerable disadvantage because (24) and (71) require
knowledge of (ae/aP)q. which cannot be extracted from existing data at the
vapor pressure with satisfactory accuracy. We have, therefore, used a fit to
the DGHP9 neutron data that appears in Eqs. (11) and (12) of Ref. 4 to
construct model dispersion curves at P = 7.5 atm. The middle curve of Fig. 6
is calculated from our new equation of state, (24). It lies satisfactorily close
to the empirical equation of state of Brooks, which is a best fit to all
published experimental data on molar volume (some of which are in mutual
conflict ”). Equation (71) has been used to generate the upper curve, which
clearly varies too slowly with temperature, and the attempt to use
temperature-dependent parameters in an inconsistent way in (71) produces
the lower curve, which varies too rapidly with temperature. While the
accuracy of these data is not as good as for the entropy, an extensive
numerical investigation supports the conclusion that the formulas of Table II
are in considerably better agreement with experimental neutron and ther-
modynamic data than the classical ones, and that a very practical advance
has been made in dealing with temperature-dependent energy levels.

While the tests described above indicate that the temperature deperi-
dence can be successfully dealt with, there remains a problem when the
linewidth becomes large. This is best illustrated in Fig. 7, which shows the
entropy calculated from (21) compared with the experimentally determined
entropy. Using the neutron data of DGHP~ to generate the dispersion
curves, one can see that at high temperatures and pressures, the calculated
entropy lies significantly higher than the measured entropy whenever the

4
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Fig. 6. Molar volume of He II at P = 7.5 atm according
to the empirical equation of state of Brooks,’’ compared
to that derived from the new expression for the molar
volume (24) (middle curve). The upper curve is the
classical expression (71) with dispersion parameters at
T= 0.  The lower curve is 47 1) with finite-temperature
dispersion data.

lines broaden significantly, as tabulated in Table III. DGHP have noted the
same trend in Fig. 17 of their paper9 (although they performed an extra
integration over the linewidth). The molar volume results such as are shown
in Fig. 6 become progressively less accurate as the pressure increases.

The question may be asked: Considering how successful the ther-
modynamic analysis of BCY~’ and indeed our analyses of Figs. 5 and 6 are,
why is it that the deconvolved energy levels of DGHP9 give such poor
agreement? There appear to be two reasons for this: First, experiments at
the vapor pressure have the smallest linewidth, and hence are least liable to
corrections from the effects discussed in Section 4; and second, the DGHP
scattering data have been unfolded with the assumed Lorentzian line shape
of (59), which, as we have shown, shifts the frequency w(q) from the
observed intensity maximum. The earlier data on which Table V is based
were not subject to such an analysis.
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Fig. 7. Comparison of the measured entropy of van
den Meijdenberg et al ” compared with calculations
based on Eq. (21) with model dispersion curves
generated from the neutron data of DGHP.° The
calculated entropy (solid lines) lie significantly higher
than the data at the higher temperatures and pres-
sures. (0) P=0 , (~~) P=5 , (0) P~ 10, (~~) P= 15,
(~~

) P 2 0 . (~~) P=25 atm.

7. AN EFFECI’IVE SHARP SPECTRUM FOR
ThERMODYNAMWS

Since the failure of the neutron data to yield thermodynamically
significant energies occurs at higher temperatures and pressures, it is likely
that the origin of the discrepancy is uncertainty in the exact energy of the
roton minimum. Brooks” was the first to suggest that because of the
exponential dependence of most quantities on the roton gap, a relatively
small adjustment of ~, keeping all other parts of the dispersion curve the
same, could bring the calculated and experimental data into mutual accord.
The precise value of ~t comes from ~ through the relationship quoted in the
appendix. This spectrum assumes that there is some effective sharp fre- *

quency (that is, r -sO) for each value of q; since there is but one adjustment,
S

~
j .
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the resulting effective spectrum is unique. The effective spectrum at P = 0
appears in the appendix and for all P and T in Ref. 4. An extensive
numerical investigation has demonstrated the great utility of such a spec-
trum. We have found:

1. The effective spectrum is capable of yielding accurate ther-
modynamic results over all pressures, and temperatures to within 0.1 K of
TA (P). All quantities calculated from Table II and this spectrum appear to be
in reasonable agreement with experiment, as detailed in Ref. 4.

2. The effective spectrum is consistent with the observed functional
form of the spectrum obtained by neutron scattering. It coincides with the
neutron spectrum within experimental error at low temperatures, and at
high temperatures the difference between the observed and effective values
of ~ is less t han hF. This is illustrated in Fig. 8.

3. Since the effective spectrum is unique, an exact value of ~ can be
chosen by reference to more than one thermodynamic quantity. We have
used entropy, expansion coefficient, and normal fluid density.

4. The points listed above and the discussion of interactions in Section
5 allow one to guess that the effective spectrum is probably a reasonable
representation of the energies of the elementary excitations of He II.

~~~~~~~~ ~~~~~~~~

! 1~~T _

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I~9 ~ I

TEMPERATURE (K)
Fig. K. The difference between the effective roton energy parameter A,/k and the neutron
parameter A/k (solid lines). The dashed lines are calculations of the half-width Af’ fk , based
on Eq. (67).
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The reader may well object that if the spectrum is adjusted to fit the
entropy at all temperatures and pressures, Maxwell’s equations are sufficient
to guarantee the consistency of much of the other thermodynamic data,
including the expansion coefficient. The answer to this objection comes by
noting that the adjustment concerns only the precise value of one constraint,
~, on the dispersion curve. At higher temperatures there is substantial
occupation of states over most of the dispersion curve, so that it is unlikely
that terms such as ÔE/ÔP and oe/ &q in Table II could accidentally work
successfully over such a large part of momentum space. Further, as we have
emphasized in Section 3, the representation of the dispersion curve may be
accomplished in a number of different ways. We discuss in Section 10 an
alternative scheme, which, although quite different in its emphasis and
details, yields quite similar results.

DGHP have noted that the thermal weighting factor is the principal
cause of the shift of observed frequencies compared to earlier neutron data,
and we have illustrated how this comes about in Fig. 4. We have made
estimates of the effect of omitting this factor on the quoted roton energies,
and it appears that the effective roton energies lie closer to the peaks of the
original spectra (of the order of h2f2/ 2kT higher in energy) than do the
energies quoted by DGHP.9 Maynard’3 has reported the same observation.
It is difficult to understand why this should be so.

At low temperatures and pressures, the agreement between the neut-
ron energies and thermodynamically significant energies is well within
experimental uncertainties, as shown in Fig. 8. Under such conditions the
inelastic scattering creates a phonon in a weakly excited state of the liquid.
At higher temperatures and pressures there is already present a substantial
excitation density, the lifetimes of quasiparticles are severely limited by
collisions, and it is no longer clear just what the neutron scattering event is
probing.

We are not aware of any fundamental way to connect the neutron
scattering observations to the thermodynamic properties of He II at finite
temperatures.

8. THE SIMPLE LANDAU APPROXIMATION
We have defined the simple Landau approximation as a theory using

the two-branch dispersion curve of Fig. 1 and Eqs. (55a) and (55b), and in
which u ,, ~, pt,, and ~i are functions of pressure only. It is the most frequently
used method of obtaining information on the thermodynamics of He II. As
we have remarked above, the only consistent parameters to be used are
those for T = 0 when temperature dependence is to be neglected. The
relevant parameters are taken from the tables of Brooks and Donnelly for

1.’ 
_ _ _ _ _ _
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T=0. l K, the lowest calculated temperature.4 We list these parameters
in Table VI for the convenience of those using the simple Landau approxi-
mation, together with the formulas for the phonon and roton contributions
to the excitation density, entropy, specific heat, expansion coefficient, and
normal fluid density. Values of ~ in Table VI were obtained by extrapolating
neutron scattering and effective spectrum data from higher temperatures.
As we shall see, the values of ai~/aP are not well-behaved, but at present
there is no way of knowing values of ~ at T =0 more accurately, nor what
function of pressure they should be.

The advantage of the simple Landau approximation is its ability to
illustrate the physics at hand in a compact way. One of the motivations for
our investigation has been the observation that plots of the molar volume V
are roughly linear when displayed as a function of the number of phonons
per mole (n0,, = N~h V) at low temperatures, and the number of rotons per
mole (n, = N,),’) at high temperatures, as shown in Figs. 9a and 9b. These
data suggest that the addition of a phonon will change the molar volume by

27584 -~~ —~~ —
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27583 -

.

0
E .
E
U
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27580 —

SS

27579 1 _  i i  I _j
0 5 10 15 20 25 30 35

n~o (it 10 1°) phonons/mol
Fig. 9a. The molar volume of He list low temperature (Ref. 42)
plotted as a function of the number of phonons per mole.
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I I I I I
0 5 10 IS 20 25 30 35

n, (xl0~ ’) rotonsM,ol
Fig. 9b. The molar volume of He II at higher temperatures
(Ref. 42) plotted as a function of the number of rotons p~r
mole.

an amount d V/ dn~h = 12.8 A3, whereas the addition of a roton will contract
the liquid by about dV/ dn, = —2.5 A1.

The pressure dependence of d V/ dn in two temperature ranges is shown
in Figs. lOa and lOb. In Fig. lOa we have plotted a(dT/dN~h), where the
thermal expansion coefficient a is taken from the data of Boghosian and
Meyer.

~ 
Since the uncertainty in a is in some cases as large as a itself, the

pressure dependence of d V/dn~h is not accurately determined, although it
appears to decrease with pressure. We see in Fig. lOb similar data taken
from the molar volume data of Elwell and Meyer39 and analyzed to
determine the pressure dependence of the volume change on adding a roton.
Wi thin estimated error, dV/ dn,. rises with pressure for rotons. The absolute
values in Figs. lOa and lOb should be received with caution. For example,
determination of dV/dn, from expansion coefficients gives a similar pres-
sure dependence, but all values are about I A3 larger than those determined
graphically. At P = 0, the molar volume result shown in Fig. 9a is 3 A3 higher

- - I 
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than that determined by expansion coefficients shown in Fig. lOa. The error
bars are merely indications of graphical uncertainties.

In the Landau approximation, the long-wavelength part of the spec-
trum is given by e = u,p = ui tsq. Now the population of thermal phonons is
large near q = 0.1 A~ , where the quantity 8e/8P = tiq 8u 1/ 8P *8 A3 for
T< 1 K. Similarly, in the roton region, the quantity Se/SI’ = &~/SP * —8 A3
at T = 1.6 K. These difference quotients are of the right dimensions, mag-
nitude, and sign to be connected with our observations on thermal expan-
sion. Donnelly”’ postulated from these considerations that the volume
change per excitation is equal to the partial derivative (Se./SP) T for each
excitation a of the system. In the present notation, his postulate reads

( t 3 V\ ( oe4 (72)
~an~J r.~ 

\oP1 T.a~,

[see (43)].

1 0 -

9 -  1. 0.6K

Prassure (Atm)
Fig. 10*. The pressure dependence of dV/dn,~, from
experiment (Ref. 39) and from Eq. (80). Eaperimen-
tal uncertainties are larger than the limits shown, as -discussed in the text. The itolid line is the result of the
simple Landau approximation, Eq. (80).
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-to -

T~ l.6 K

-g -

-2 - Fig. lOb. The pressure dependence of dV/dn,
from experiment (Ref. 38). as discussed in the

- text. The solid line is the result of the simple
Landau approximation. Eq. (80~. The max-
imum is a reflection of uncerta’nties in the

Oo 5 tO 5 20 25 quan tity dA/.IP in Table VI. The ~sshed line
Pressure (Aim) is from the exact expression (24).

Making the passage to continuous variables as in the discussion above
(27), we recognize that the right-hand side must be (ae/ OP) 7 ..,,, and hence

/ ~v\ /a~ \ 1 Iae’
(
~
__ ) =

~
—) +—Kq~ —) (73)

~fl -,~ ~~~~~ 3 ô q r ~p

The first term on the right appears to be consistent on dimensional grounds;
the second, which is much less familiar, may be thought of as due to the
excitation pressure increase on adding a phonon. [The second term was
recognized by Donnelly, but not as an automatic consequence of (72).]
Following a lecture at Caltech in which the postulate above was described by
one of us (R.J .D .) , Feynman suggested the external field argument stated in
Section 2 and subsequently published by Goodstein et al.,U~ which puts (72)
on a firmer theoretical basis. We have observed in Section 2 that if r,, is
independent of T, (72) can be used to compute the molar volume as in (31)
and this leads to (71). When e,, does depend on T, this simple idea fails and
our new expression (24) must he used.

Substituting (S5a) in (71) for the phonon branch, we find
V(k T) 4 ~~~~~ I au , I \V= V,, (P) + (hu 1) 1 ~~~~~~~~~~~~~+~~ K)

ir 4k T / 1  ~9u 1 I \
— 

- 

= Vo(P) +
30~ (3)~,, + K) f l ph (74)

_ _ _  _ _
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where

fl p h — N ~h V— Vir 2(kT/ hu 1) ’~ (3) (75)

and N~h and ~(3) are defined in Table VI. Equation (74) shows at once the
linearity noted in Fig. 9a. Substituting (55b) in (71) for the roton branch, we
find

V = V0(P) +
2~~~~ 

76[8A p—po 8po (p P o) 2 8i.i K an 2 dX J  “I.a~ g~ 81’ 2~i
2 1~~~P~~JP P

The right-hand side of (76) involves four averages over the distribution n.
We note that the average 0 of a quantity 0 that depends on pin magnitude
but not direction is

O = J n0d 3p = 4ii{exp (—A/kfl] J Q(p) exp [—(p — po) 2/ 2~sk7’Jp2 dp

(77)
where we have used the Boltzmann distribution for n, a legitimate step since
k T <  p~/j.i. In the same approximation we may, with an error of order
exp (—p~/ 2~skT), replace the lower limit of (77) by —

~~~~. By expanding p 2Q
in a power series about p = Po, we then obtain an expression for 0 in powers
of 1skT/p~, the first nonvanishing terms of which are

0= h’N.{ Q(po) +![~~~~(p 2
Q)} 

~~~~~~~~~~~~~~ 

} (78)
2 dp P p 0  Po

Applied to the four terms of (76), only the first corresponds to nonzero
Q(p~), and for the remaining three the second term of (78) is required. We
obtain to leading order

V= Vo(P)+( ~~~—! ~-~k T —- 1-- ~~ kT+KkT) n, (79)
8P p0 aP 2p. aP

showing the linearity in n, = N,V noted in Fig. 9b. Continuing to ignore
variations of p~, ~e, A, and u 1 with T, when evaluating 8N,/aT, we obtain the
expression for the expansion coefficient listed in Table VI which coincides
exactly with the expression obtained by Atkins and Edwards.’° Of course, a
may also be obtained directly from (25) as well.

If we consider the entire spectrum to be given by (55a) and (55b), then
the total change in volume SV= V— V0(P) may be written

8v=(- i)nPh +(~~ )n. (80)
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assuming n,,~, and n, are small. We see from (80) that strict linearity of ô V in
ii,,,, will only occur at very low temperatures where N, << N~h, and conversely
for rotons at high temperatures.

We show as solid lines in Figs. lOa and lOb the calculations of &V/t3n~h
and ÔV/ön , obtained from (74), (79), and (80) with S V— V— V0(P) and
8

~~ph ~~ph, etc. They lend some support to Donnelly’s original idea of a
certain volume per added excitation, and account for the general magnitude
and sign of the results. Note that the calculated maximum in Fig. lOb is due
to problems in the derivative (a V/ aP) ~

. ,, mentioned in connection with the
data of Table VI. We show as the dashed line in Fig. lOb öV/ ôn, as
computed from the generalized Landau approximation and Eq. (24), the
latter being our exact result, which does not use the assumption (31).

The changes in volume S V per quasiparticle are really quite large if one
realizes the atomic volume of He H is 45 A’ at P = 0. At finite pressures, the
addition of a phonon will be accompanied by work done by the external
source of an amount PSV. For example, if P= 10 atm, oV= 4 A’, PSV/ k =
0.29 K. Early in our work we had speculated that such corrections to the
energy transfer might be needed at finite pressures to obtain correct values
of e0. The discussion of Section 2 shows that this is not so: e~ is exactly the
energy transfer to the fluid at constant pressure, (46), and is the same e,, as
enters the expressions for the internal energy of the fluid in (1) and (2).

Let us now turn to the assessment of how well the simple Landau theory
works for thermodynamic properties. We show in Fig. I Ia the entropy
calculated from the expressions and values of Table VI, on a logarithmic plot
from 0.25 to 2.0 K at P —0. We see that below 1 K the calculated entropy
lies somewhat higher than the tabulated entropy. This is because of positive
phonon dispersion, a detail which is, of course, absent with a simple phonon
branch, Eq. (3a). Above I K the simple Landau theory falls progressively
lower because the actual roton energy levels arc decreasing with increasing
temperature. In order to appreciate the magnitude of the discrepancy, we
show in Fig. 11 h a linear plot of the entropy, which shows that the simple
l.andau theory is low by 21% at 1.5 K, 33% at 1.9 K, and 42% at 2.05 K.
The normal fluid density shows much the same behavior at P = 0 and similar
discrepancies are present at higher pressures for both quantities.

The discussion of this section shows that the simple Landau approxima-
tion is still a useful tool for preliminary analyses of new problems and
general orders of magnitude. It should no longer be regarded as having any
quantitative significance.

9. THE GENERALIZED LANDAU APPROXIMATION
By the “generalized Landau approximation” we mean a scheme of

calculation using a full representation of the dispersion curve, with

~ 
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__________________—-__________

0 I 2

Temperoture (K)
- Fig. I Ia. The logarithm of the entropy S,,~, + S,calcu.

lated from the simple Landau approximation as
shown in Table Vt. The tabulated data are from Ref.
4.

temperature - and pressure-dependent parameters. It is still an approxima-
tion because it does not take into account the details of the observed energy
levels, such as their linewidths, and because (at least at higher T and P) we
need to use the effective spectrum. In spite of these deficiencies, a remark-
able amount of information can be calculated from this approxim’ttion,
using, for example, the coefficients of the model dispersion curves tabulated
in Ref. 4.

We show in Fig. 12 the phase velocity w/q as a function of q for several
pressures. We sec that the model curve exhibits positive dispersion below
10 atm and is in satisfactory agreement with the data. The low-temperature
specific heat is displayed in Fig. 13, and again the effects of dispersion at low
temperatures and pressures is seen, and the calculations are in satisfactory
agreement with calorimetric data.

We illustrate in Figs. 14—16 the entropy, normal fluid fraction, and
expansion coefficient, which again are all in quite reasonable agreement with
the experimental data shown. The generalized Landau approximation,
together with the formulas of Table II for temperature-dependent energy

_ _ _  .~~~~~~~~~~~~~~~~ . .
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Fig. I lb. A linear piot of the entropy shown in Fig.
I Ia above I K.

400

250
3 . I I 

~~~~~~ Fig. 12 The phase velocity at 1.2 K for van .
out pressures using the series representation
of Brooks and Donnelly.4 The neutron meas-200 - urements are: (•) Svensson et al..’4 P=
24 atm ; ( -) )  Flenshaw and Woods,’° P~

~~~~ 25 atm~ ( x )  Cowley and Woods.5 P 0 atm.
_ . ± __

~ 

\ Note that the positive dispersion is greatest at
0 04 0.8 1.2 P 0. is nearly absent at P 10, and is corn-

q A pletel y absent at P = 24 atm. 
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Fig. 13. The specific heat C~/ T3 ass function of T2 . The
solid lines are calculated from the series representation
at the pressures (from top to bottom) P — 0, 2.5,5, 10.
15, 20, and 25 atm. The symbols A, 0. U. ~~, •, 0. and
V represent the data ol Wicbesit and are the above
respective pressures. The symbols X , +,•. and 0 are
from the data of Phillips ci al.~

i and represent the
corresponding molar volume 27.580. 26.277, 23.790,
and 27.12$ cm’/mole, respectively.

levels, appears to be able to give a quite adequate account of the properties
of He II over a remarkable range of temperatures and pressures.

10. DETERMINATION OF THE THERMODYNAMICS OF He II
FROM SOUND VELOCITY DATA

Quite recently there has been a new approach to the thermodynamics of
He II by a group at UCLA. In the first of two papers, precision measure-
ments of the velocities of first, second, and fourth sound were reported at all
temperatures above 1.2 K and at all pressures.4’ The precision of the
velocity data was of order 0.2% and over 400 points were measured for each
sound mode. Maynard has made use of these data to produce tables of the
density, expansion coefficient, normal fluid fraction, entropy, specific heats,

- 
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Fig. 14 . The entropy of He Il a~ a function of pressure
temperature calculated from the series representation of the
appendix and the coefficients tabulated in Ref. 4. The data
for 0.3 < T< 1.6 K are from Weibes” and those for 1.6<
T <2.05 K are from van den Meijdenberg e:al.”

compressibility, and sound velocities.” The basic program of the analysis
was to first find p using u 1, then to use a parametrized dispersion curve and
effective spectrum to generate S and ps/p, and subsequently to fi t u2 and u4.

The model dispersion curve consisted of (a) a phonon branch for the
region 0�q � 1.1 A ’  (recall here that p = hq):

e (p)=u1p+ap 2 +bp’ (81)
(b)a maxon branch for the region 1.1 A ’  ~q~~q0 — 0.1 A~ :

e (p)  = Em — C[p —(1.1  A~~) *] 2 +d[p —(1.1 A ’ ) *} ’ (82)
(c) a parabolic roton branch for the region q0 —0.1 A ’  � q � qc :

(83)
and (d) a straight line of slope u1 for qr~~q�3.0A ’ :

(84)
The coefficients a and b were determined by the conditions e(1.1 A 1) =
Cmii and (de/ dp) I . IA ‘=  0; c and d were chosen so that e and de/dp are

- S 
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Fig. 15. The normal fluid fr action as a function of temperature for
different pressures, calculated from the generalized Landau
approximation and t he coefficients of ReF. 4. The data are from
Maynard. ”

continuous at the junction between (82) and (83). The parameters Po and ~s
were taken from DGHP°; q0= 3.64p ’~” A~ and 

~I/Ms =
I + 0.35(1 — (T/ TA ) 7], where 

~tA was taken from a best fit to the data as a
function of pressure.

The parameters tm.* and ~ were both treated as variables to determine
the effective spectrum and were assumed to be given by the expressions

- 

kT kT. 
Inc +De +e2 [j D~Eh5] (85)

= 
kr. 

In € ~~~~~~~~~ E~cM} (86)

where the expansion parameter was

(87)
The quantities A4 and e4 were determ ined fro m the conditions S(T5) S5and p~/p(T5)= 1, where S5 is known from the work of Ahlers.44 Ahlers has
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Fig. 16. The thermal expansion coefficient as a function of pressure
and temperature. The solid lines are calculated from the expression
of Table II. (0) Data of Elwell and Meyer ’°; (A) Boghosian and
Meyer ’4 ; (A) Van Degrilt41 ; and (0) Kerr and Tay lor.42

shown that near TA (within millidegrees!),

S—S 4 =Ac ln e (88)

(89)

The motivation for the terms in e in (85) and (86) is to produce formulas for
S and pJp that fit (88) and (89) as T-. T~. The cubic polynomial terms were
needed to extend the fits to lower temperatures.

Maynard adopted forms for S and p., near T4 suggested by expanding
the Landau calculation for small e:

S —S~ = (~~~~~ D2~~ + 
2,’3 

+ (~~~vIfl + In e (90)

~~‘ _ _ [ a (Pn/ P) D2, +
a(.Pn/ P)

E23JE
2/~

p

_ [ a ( P~
,/P )

D +
a(P../ P)

E ] E  In c  (91)

_ _ _ _ _
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where y = A/kT and z = c~~4/kT. The partial derivatives of S and pa/p were
evaluated numerically at T5 and (90) and (91) were equated to (88) and (89)
to determine D23, E,,, D,~, and E,~. The remaining coefficients in (85) and
(86) were determined by adjusting the effective spectrum to fit the observed
values of u2 and u4 .

Several comments can be made when comparing our approach with that
of Maynard. First, the approaches are similar in that they each incorporate
limiting behavior: The Oregon scheme stresses the approach to T =0, and
the UCLA scheme stresses the approach to T= T4. Each method has
difficulties as the opposite limit is approached. There are differences in
detail: The Oregon system adjusts only A, ~s being taken to scale with A as
shown in the appendix; the UCLA spectrum adjusts both A and Cmix; the
Oregon phonon spectrum has no quadratic term as does (81). In view of
these differences, let us see how closely the results actually compare.

Maynard found that on plotting the values of A for his effective
spectrum in the form A/kT4 vs. n T4, a universal curve was obtained for 26
different pressures measured, within a standard deviation of 0.2%. We show
his curve as the solid line in Fig. 17: It clearly exhibits a “law of correspond-
ing states” for A. We show on the same diagram our values of A/kT4. Two
points emerge. First, the absolute values of A at P= 0 agree to within 0.6%.
Second, at elevated pressures our data do not show strict scaling, but the
deviations from Maynard’s curve lie within the range +0.6% to —1.9% from
rITA = 1.0 to TI T4 = 0.6. Below TfT4 = 0.6, our values of A/kr4 diverge
more strongly for different pressures and give less support to the idea
of corresponding states at low temperatures. At T/T5 = 0.05, however,
the spread in A/kr4 is about 3%, compared to a spread of 17% for A/k
alone.

The most dramatic scaling obtained by Maynard was for the quantity
p,/p as a function of Ti T4. The 400 points on his curve gave the appearance
of a single line. We show our calculations for the same quantity in Fig. 18 in
the form p,/p vs. T/ TA. The collapse of the data at all pressures to a single
curve is a good confirmation of corresponding states for this quantity down
to the lowest temperatures where roton properties are significant.

The general agreement between the results of the determination of the
effective spectrum and the thermodynamics by the Oregon and UCLA
methods is gratifying, and lends support to the idea that the effective
spectrum is indeed a unique quantity, independent of the details of the way
of deriving it, The results by such different methods also underline our
remarks below (54): Provided adequate care is exercised in converting all
available data to effective spectra, thermodynamic consequences are almost
uninfluenced by the spectral representation that happens to have been
selected.

;. 
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Fig. 17. The reduced roton energy gap A1/kT 4, as tabulated in Ref.
4. vs. T/T ~ to show the law of corresponding states as suggested by
Maynard . ‘ The symbols correspond to A,/ kT5 for the fol lowing
values of P: (0) 0, (0) 5, (A) 10, (+) 15, (x)  20, and (0) 25 atm.
The solid line is Maynard’s effective roton parameter.

11. SUMMARY AND CONCLUSIONS
We have presented here a method of handling the statistical mechanics

of interacting bosons when the energy states of the system are known to
depend parametrically upon the temperature. The basic assumption is the
expansion (7) of the internal energy in a Taylor series about a set of
occupation numbers, which turn out to be optimally chosen as the mean
occupation numbers fl u,. The great merit of this choice is that we can replace
the energies Ca(i , V) by the experimentally known e~(T, V). Furthermore,
the truncation of (48) after two terms is seen by (53) to have partially
included the influence of Landau’s parameter j~ on the energy level a in
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Fig. 1$. The superfluid ratio calculated from the tabulations of Ref.
4 against T/TA as sugge sted by Maynard. ’~ The data for all
pressures collapse to a single line.

the sense of a statist ical average. The resulting expressions (Table II) are
shown in Section 6 to be of practical use in He H, by comparison with the
results of inelastic neutron scattering, in cases where the energy levels are
not too broad.

The representation of the energy spectrum can be carried out in a
number of different ways, which are discussed in Sections 3 and 8—10. The
crudest of these, the simple Landau approximation, is shown in Section 8 to
be useful to identify some of the leading temperature-dependent terms, but
to be unreliable as far as quantitative thermodynamic calculations are
concerned. The results obtained with various, more general Landau approx-
imations that include details from the entire spectrum are shown in Sections
9 and 10 to be far more useful in thermodynamic calculations and to be
reasonably independent of the choice of the representation.

I
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When the linewidth becomes broad, the unfolded quasiparticle ener-
gies fail to give an accurate account of the thermodynamics. The reason for
this failure is not clear, and theoretical work clearly needs to be done to
connect inelastic neutron scattering with the thermodynamics at finite
temperatures.

The analysis shows that the broadening of the one-phonon peaks can be
accounted for satisfactorily by roton—roton collisions, which suggests that
some single energy might be thermodynamically significant. By constructing
effective spectra with the single adjustment of the roton parameter, keeping
all other parts of the dispersion spectra constant, it is possible to determine
what the thermodynamically significant roton energies must be. They turn
out to lie within a half-width of the observed unfolded neutron energies (Fig.
8). The choice of the effective roton energies can be made at all pressures
and at all temperatures to T4, and are independent of the details of the
spectral representation chosen (Fig. 17). One does not ordinarily expect the
concept of a quasiparticle to be particularly useful when the lifetime
becomes shortened by collisions. The analysis presented here suggests that
the quasiparticle has some validity as a concept throughout the He H region
of pressures and temperatures.

APPENDIX. A SERIES REPRESENTATI ON OF THE
EXCITATION SPEC TRUM OF HELIUM H”’~~

The series is
e (p )  u,p+a 3p 3 +a 4p 4 +a 5p 5 +a 6p 6 +a 7p ’+a aP 8

The constraints are
e(0)=0; (de/dp)~..o=ui

(which are automatically satisfied by the series), and

e(Pmax ) emas ; (de/ dp)~,,,,,=0
(de/ dp)~11

=0; (d 2e/ dp 2 ),,,,= 1/ ~
(dt/ dp)~ u 1

The momenta given above are calculated from

Prnxx/ ~ 
= 1.1 A~~; Po/ h = 3 64p ”3 A ’ ; p~

. = MUi +Po

The maxon energy Cmix IS given at T =0 by

Itmax(0, p o) / kJ 0 +E 1p o +E 2p~+E 3p ~

- III’

;
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where po is the density at T = 0. At finite temperatures
e,~.,,( T, p )  = e,,,~ (0, p o)( l — 0.452 X 10 3T7)

E0 = —216.5672 K; E, = 3998.6005 K g~
1 cm3

E2 = —23028.6027 K ~~~2 cm’; E3 = 44199.7232 K g 3 cm9

The coefficients for the series are listed in Ref. 4 with E in degrees kelvin and
p replaced by q in A ’ . A typical spectrum is at T= 1.2 K, saturated vapor
pressure, where the coefficients a ,, are (in K A ”)

= 18.164108; a3 =44.275581; a4=—160.940887

a3 = 209.781281; a6 = —135.492432; a7 = 43.24568
a5= —5.404290

The model dispersion curve consists of the series above for O�p 
~and by a straight line of slope u, beyond Pc, as shown in Figs. 1 and 2.

Note that the values of ~ at finite temperatures are scaled as the values
of A, thus

~ (P, T) / ~&(P, 0) = A(P, T) /A(P , 0)
so that once the temperature variation of A is determined, that for g

~ 
follows

directly.
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The Calcu lated Thermodynamic Properties of Superfluid Helium-4

Jam.s S. ko&ts and luu. II 1. Donn.IIy

I,istit sue of Theoretical Science soul Department of Physics, University of 0re~on . Eu,eene, Oregon 9740.3

Comprehensive tab les of the primary thermodynamic properties of superfluid helium4. such as the
specific heat and entr opy, are presented a. computed from the Landau quasiparticle model, with the
aid of inelastic neutron scattering data. The neutron data are represented by continuous functions of
temperature, pressure, and wave number and certain exci tation propertie, such as number density.
normal and superfluid densities are calc ulated directly from ii. A discussion of the methods used in our
computat ions is included, and comparisons of computed and experimenta l results are made where
applicab le. Certain inadequacies of present theoretical method , to describe the thermodynamic prop.
erlie. are reported, and the use of an eff ective spectrum is introduced to offset some of these difficulties.
Considerable experimental effort is also needed to improve the present situ&tion.

Key words : Computed thermodynamic properties; entro py; equation of state; excitatio n spectrum;
heljum4; normal fluid helium-4; phonon.; rotons; speci6c heat; superfluid helium4.
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Nomenclature

Symbol or
esI)ression Physical quantity Unit symbol or value

m Helium .4 mass 6.646 X 10 24 g
k Holtzmann’s constant 1.38054 X 10~ 2 a J K
h , (h) l’lanck’s constant , (+2,r ) 6.6256 X I0~’~ J.5

(1.0545 x 10 - °° j .,)
P Pressure aim (I aIm~ 1.01325

~~ Nm -2 )
V Molar volume cm~ mol ’
T Temperature K
I’VT Preagure.Volume.Temperature.

the equation of state
SVP Saturated vapor pressure
T5( P)  The temperature at which liquid

helium.4 becomes a superfluid
for a given pressure K

helium I The non.superfluid state of liquid
(Fir I) helium4, T> T~helium II The superfluid state of liquid
(He II) helium4, T < T~

p Density gem
Pn Density of the norma l

component g.cm
Pa Density of t he superfluid

component g’cm 2
s/k Energy of an excitltiun’~ 

‘ K
w~~e/A Frequency of an excitation rad s t
p Excitati o n momentum g’cm’s ’
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Nomenclature— Continued

Symbol or
expression Physical quantity Unit symbol or value

qmp/ ft Wave number of excitation A ‘(1 A ’  1O” m 9
p. Momentum at the roton minimum g’cm’s ’
Pr Momentum at which de/dp ’~u, g’cm’s ’
n ( p )  Distribution of excitations as a

function of momentum cm 3
Roton energy K
‘l’hermsl” roton energy K
Roton effective mass m
“Thermal” roton effective mass m

I’/ k Half width of scattered neutron
distribution ÷ k K

S (q, to) Dynamic structure factor
S Entro py
a., is,, a4 Velocity of first, second , fourth

sound m’s ’
u,, U~ Velocity of first, seco nd sound.

uncorrected m-s~
C uss/ k Energy of maxon peak÷k K
N, Roto n number density cm -3
N 0 Phonon number density cm ’
a. Coefficient, of excitation energy

series KA °
a,. Coeff icient of thermal expansion K - ’
‘CT Isothermal compressibility cm”dyne ’
U,; Grüncisen constant
I. Latent best
F Helmho ltg free energy
4) (.ibbs free energy
W Enthalpy i’s
C,. Specific heat at constant

pressure J~g ” K ’
C, Specific heat at constant volume J~g ‘~K ’
y C~/C , Ratio of specific heats
V., L,, F.,

Oo. W5, Ground state (T 0) values of
etc. quantities

V5. F~ .4’~ . Finite temperature values of
W 1. etc. quantities due to excitations

only

1. Introduction t han diffusive propagation of temperature fluctuations
(called second sound). Furthermore, the thermodynamic

Liquid helium is a rewardin g subject for the study of properties are deeply related to the hydrodynamic: for
thermodynamic properties , especiall y because helium 11, example, the Gibbs free energy is related to the square of
the lower temperature phase, exhibits the property of t he relative velocity between the two fluids. We shall be
superflu dity. The hydrodynamics of this phase are extra- concerned principally with the static properties of helium
ordinary: both normal viscous behavior and superfiow II in which all net flow velocities are zero.
may be exhibited in closely related experiments. Pheno- On a deeper level , one has the Landau picture 111’
menologically, one speaks of a “two-fluid” behavior in in which the entire fluid is superfluid at absolute zero.
which the fluid (of density p) I acts dynamically as if a As the temperature 3 is raised, the heat content is
fraction of effective density Pn flows as a normal fluid , described entirely in terms of “elementary excitations”
and a fraction of effective density Pa =P~~ Pn fl ows as an of the superfluid. At low temperatures these are ~~~~inviscid fluid. This two.flui4 motion of helium II leads to nons”, at higher temperatures more complex excitations
some very unusual results , such as the wave-like rather called “rotons” are excited.

The energy e (~~~w) and momentum p ( = A q~ of the
elementary excitations in superfluid helium may be

All ,ymb,.l. used In this pipet are tielised is the .ecii. n labeled Nomenclusur. represented by the excitation spectrum (dispersion
‘Fatareu so bracket . Indicate lIter.,,,, reference, In section ~ curve) first proposed by Landau I ll which is shownF..pe,lnw.ts at l,quid helium temperulures atmnat io,aflably use the ISM ,apnr pressure

,calelI2I Ca,n,oo.hould be .sed edhenrlierdala. schematically in figure 1. We will refer again to this
A,

3. $s~.. Chain. 1.1 . Dais, V.1. 6. N.. 1, 1977
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MOMENTUM FIGURE 2. A schematic phase diagram for hetium.4. The pressure
F’tGt rR I 1. A schematic diagratit of the excitation Spectrum for of the liquid.gas transition line has been exaggerated.

helium Il. Delails and labels are discussed in the text. The hesagonal close.packt’d and body centered cubic
(bcc) phases of the solid are shown, as are the mc i  of

fi gure in subsequent sections. In recent years many of zero t hermal expansion (dashed lines),
t he features , an d in some cases the entire dispersion
cu rve , have been measured by inelastic thermal sequent tabulations apply. For all pressures in this
neutro n scattering techni ques for different pressures shaded region , there is a temperature T~(P)  above
and temperatures. (See for examp le references [2— 101.) which the superfluid properties cease to exist , and one
l.andau has put forth a simple but elegant theory which has a classical liquid phase (called helium I). The line
allows one to calculate the thermodynamic properties which separates these two regions is called the lambda’
of He II at low temperatures from the excitation line , in recognition of the characteristic anomal y in the
spectrum. specific heat observed along this line. In this paper,

The purpose of this paper is to give an account of we do not treat the thermodynamic properties in the
the equilibrium thermodynamic properties of He II immediate vicinity of this line. Such a treatment has,
and related quantities such as the velocities of first , however , been undertaken in an earlier volume of this
second , and fourt h sounds and properties of the ex- Journal , by McCarty (131, who has reported on the
citations themselves. These quantities are used in a thermodynamic properties of helium 1; and IUPAC
wide variety of contexts , both experimental and the- Helium-4 tables by Angus , de Reuck , and McCart y [14)
oretical; and it is often important that the data for are in the process of completion at the time of writing
different properties be thermodynamically consisteni of the present article.
The ideal solution to this problem would be a critical The results described here are the result of a lengt hy
compilation of experimental properties over the entire series of investigations by our research group at the
T—P pla ne for He 11, and some day this will undoubtedly Univer sity of Oregon. The first product of our analysis
be possiLle. At the time this project was begun (1972), of the Brookhaven data was a report on the Landau
the tables in the appendices of the books by Wilks [11] parameters [15]. An early attempt at approximating
and Donnelly [12) were the most complete available , the dispersion curve in a piecewise fashion was reported
and far from adequate for the task undertaken here. at LTI3 [16]. This proved to be imprecise and was

Another promising avenue is the use of Landau ’s succeeded by the series representation used in this
theory mentioned above. The thermod ynamic properties paper [171. The results of these investigations were
along the vapor pressure curve have been extracted summarized in the Ph . D. t hesis of J. S. Brooks, which
from neutro n scattering measurements with reasonable appeared in 1973 [181. We issued the Tables from that
success by Bendt , Cowan , and Yarnell [101. We have , thesis in the form of a University of Oregon Technical
the n , the possibility that  direct thermodynamic meas- Report in December 1973 (19) . requesting contributions
urements can be supplemented by the increasing bod y from other laboratories. We were gratified to receive a
of neutro n data indicated by the references cited. In number of suggestions , corrections , and reports of new
particular , we were greatly encouraged by the appear~ experimental work. in particular, the thesis of Van
ance in 1972 of the landmark study of neutron scattering Degri ft on the expansion coefficient [201, and a syste-
from rotons by Dietrich . Craf , Huang, and Passell at matic study of first, second , and fourth sound by May’
Brookhaven National Laboratory (31. nard and Rudni ek , began at UCLA , have been extremely

The superfluid region of the helium P—T phase dia- useful , as has some independent work on dispersion
gram is shown schematically as the shaded portion of curves by I)r. Maynard [2 ! ~ Since this work was sub-
fIgure 2. It is to t his area that our analysis and sub. mitted. the UCLA measurements have been completed I
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and sent for publication as shown in (21 I. If one knows the dispersion curve of the excitations ,
The problem of the proper treatment of the statistical it is straightforward to construct a partition function

mechanics of interacting Bose excitations has taken and proceed by standard statistical mechanical methods
considerable effort. Much confusion about the effects to compute the entire set of equilibrium properties of
of temperature-dependent levels and thermal expan- the liquid. As we shall see, this ideal is far from realiz-
sion has been removed with the recent appearance of able today.
papers by Goodstein , Brooks, Donnelly, and Roberts At very low temperatures , when the liquid is rela-
[221, Robert s and Donnelly [23, 241. In particular , the tively free of excitations , inelastically scattered neutrons
latter authors have developed the set of expressions are observed to form a very sharp spectru m, limited
displayed in table I which allow the calculation of the only by the instrumental resolution of the analyzing
equilibrium properties of He II when the energy levels spectrometer. The location of this spectral line is taken
of excitations are known from experiment. This is the as a measure of the transfer of energy from the incoming
basis of the present calculated tables, which represent a neutron beam to single phonons in the liquid , for a given
considerable advance in accuracy over the calculations momentum transfer p set by the spectrometer. The
in our earlier work (18, 191. For example. the need for result of many such measurements is an excitation
an empirical equation of state is eliminated altogether. spectrum such as is shown in figure 3. It appears the-

The computations reported here have been carried oretically reasonable, and experimentally fairly cert ain ,
out by James Gibbons on a Hewlett-Packard 2100 A that the observed excitation spectrum can be identified
computer. with the dispersion curve of the elementary excitations

in the fluid at low temperatures.
2. Theoretical Background 20

Although several authors have discussed the Landau :~~ 9 iA~’ 
. .

spectrum and theory in detail (see, for example, Wilks 16 IL • O. l6m us

[11), Donnelly 1121, Keller [25), Khalatnikov [261) we
present here a brief description for completeness. x 12 !~ 4oclty of so~ td
Landau’s theory for superfluid helium is based on the ~‘~-“e~ ~
assumption that the thermal excitations in the liquid 

~ Bcan be described as constituting a weakly interacting iLl
gas with the energy spectrum given as the solid line in
figure 1. It is also assumed that these excitations obey 4

Bose statistics , and therefore the number density of
excitations of a particular momentum , n (p) is given by 0

0 1.0 2.0 3.0
i Wave number (A ”

)

fl( i= —  1~efpW kT~_ l~ -l (~“ h3 L - ‘ Ficutta 3. The experimentally determined cxdtatist n spectrum at
1.1 K, SVP. The dots are the neutron scattering data
of Cowley and Woods [2); the solid line is eqs 20) andFrom this expression , we see t hat the low-lying regions (14). The error bar us the smallest expe-nmental error.

of t he energy spectrum will contribute prei~ sminantl y and is not to be associated with any one data point.
to the thermodynamic properties, and referring to figure
I we find that there are two such regions on interest. At higher temperatures, however , Yarne ll et al. [9),
The first is for small momenta , where the spectrum is and Henshaw and Woods (5) observed that the widths
approximately linear, and is called the phonon branch. of the scattered spectra increase rapidly with tempera ’
The other is the energy minimum about momentum tures. For rotons (at (c) in fIg. 1) the linewidths , as
po, which is nearly parabolic and is called the roton measured by the half-width at half maximum F. approach
branch , or roton minimum. Here the energy is much the magnitude of the energy itself as T approaches
higher, but the density of states is also very large. T5 (i.e., r —, — A as T— TA ). This means , among other

The experimentally observed values of the minimum things , t hat the lifetimes of the excitations are decreas-
roton energy A are large enough that the Boltzmann ing rapidly with increasing temperature . Furthermore ,
distribution is an adequate approximation to eq (1). the roton energy A is observed to decrease with increas-
As a rough guide to thinking of the thermodynamics ing T and increasing P.
of helium II , it is sufficient to recognize that below 1 K, The scattered neutron intensity is prop ortional to
the phonon excitations are the more numerous and the dynamic structure factor S (q, w) which is in turn
dominate the thermal properties, whereas at higher related to density-density correlations in the fluid. The
temperatures the number of rotona increases exponen- unfolding of the experimental scattered neutron spectra

.
~ 

tially with temperature, and rotons become predominant in terms of assumed forms for S (q , w)  has been dii-
thermodynamically above 1 K. cussed in detail by Dietrich et al. (31. To the best of

3. Ph~s Chain. 1.1 . Dais, V.). 6 N.. I, ~~77 
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our knowledge at the time of writing, no one has been 3. Experimental Data Used in th~ Analysis
able to make a rigorous connection between S (q,  w)

In this section the experimental data underlying theat finite temperatures and the energies which enter 
Landau theory is discussed.the thermodynamic calculations. Dietrich et a). [3] have

included the linewidth I’ in their thermodynamic cal- 3 1 ~~~ Obtasn.d by th. Inelastic Scattering of Th.rmal
culations in an ad hoc way; perhaps a complete theory Neutrons from H.Iium II
will require considerable information on the observed 

The energies and line widths of the elementaryline shape.
H one were to brush aside the considerations of the excitations of helium II are obtained from examination

last paragraph and try to work with the unfolded dis- of inelastically scattered thermal neutrons. The tech-

persion curve at q) , one would still have the problem niques are discussed in detail, for example , in a recent

of treating the statistical mechanics of interacting Bose review article by Woods and Cowley [8). We shall use the

excitations whose interactions are manifested by an measured energy spectrum, following Bendt , Cowan, and

observed dependence of a (q ) on T and P. Bendt , Cowan , Yarnell [101, as the basis for our computations of the

and Yarn el l (10) argue that when a(q ) is a function of t hermodynamic properties of helium !! from the Landau
T alone , the entropy should be given by theory. A completely determined experimental excitation F

spectrum is shown in figure 3 for T 1.1 K , at the SVP.
The shape of this spectrum is a complicated function of

s=~~— f~ F h l n ( l  

~J ~~~ (2) 
pressure and temperature , and to use the Landau

Jo L 
+ n )  theory one must first know the detailed spectrum for

every value of P and T. A complete set of data for a
single pressure and temperature such as is shown in

where n is the Bose distribution function (I) .  Roberts figure 3 is a major experimental undertaking . Hence it is
and Donnelly [231 have presented arguments to show necessary to find a method of estimating the energy
that even at arbitrary T and P. (1) and (2) are still valid spectrum for general P and T accurate enough that
provided a(q ) is available from experiment. They have derivatives such as appear in table I may be accurately
presented a way in which all the thermodynamic prop- determined. In the sections below , we discuss the salient
erties may be consistently deduced from experimental features of the excitation spectrum obtained from
dispersion curves 124). We show in table I the expres- various kinds of experiments, and in section 3.1.e we
sions which they have derived for the quantities of describe a method of representing the spectrum as a
interest in the present study. In table I we have omitted power series in momentum , with pressure- and
the subs ript s on ap and icr for clarity , temperature-dependent coefficients.

3.1... Th.Phon.n iounchT*si ~ I ~:s pr essu ~,is for t h.’rm, d~ nam ic quantities

-- ____________ For momentum p decreasing to zero, the phonon
branch of the energy spectrum approaches linearity,

‘-.4 1’.s .j-1~; .,, [ k T ~~ 
ln l l  + ~ dq in accordance with theoretical predictions (cf. Feenberg

[27)). Here we take the energy spectrum , as indicated
at (a) in figure 1, to beI (T J~J7 ( F (~l n~ e~~~ln \

j 
1 q2dqI I ,(P) -

~~~
- — j

~ ~~~ ~~ 
~ [ ‘~lPI r q 3 \i~Q’P . T J

Urn € ( p ) = u t p ,  (3)
I f ’ [ (~(n ’

1 
eq ~an~1 

1
‘e C 

\ 5~~ ~~ ~ dq

where u 1 is the velocity of ultrasonic (first) sound , a
f ~IT f t ( ~~~~

) 
q 1d q temperature - and pressure-dependent quantity whichF F~~V) + ~~~ j 0 ~fj .  ~ aq y ,r

may be determined experimentally either from the slope
I V& f -  

~ (~ ) q5dq of the excitation spectrum in the zero momentum limit,
• •.(P) + 2,,~ j~ T Jo 3 i(q e. T or more convenientl y from experimental first sound data

‘ 1” r(al l~ aq (an~ 1
(see section 4.2.a).

1dq The firs t non-linear terms correcting eq. (3) for small,2i~’
W •0(P) +~~~ VdT j  a 

~ \ a l/ , . q  ~ but non-zero , momenta have been the subject of much
controversy in the literature in recent years (seeV (

~
) 

~
(
~

) q~~q 
Sv ensson , Woods , and Martel (7), and references there-o I .~T i . q  3 i(q I’.T
in). These terms may affect the behavior of , for example,

~ f ~ (~
) q°dq 

the specific heat at temperatures below 0.45 K, as
aT v .~ suggested by Phillips, Waterfield , and Iloffer [28). We

____________________ ______________________________ will return to this question in sectior 3.1.e.
— I
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S i b .  Th.Maxun launch the peak is represented by

The elementary excitations which have energies at
• or near the first energy maximum, (b) in figure 1, have ~m~~(T, p)~~~~,~(O~ p0) (1—0.452 X 10~3T7 ). (4b)

come to be called “maxons”. This part of the spectrum

has been measured at 1.1 K, at the vapor pressure as Values of maz (T , P) are given in table 21, the conver-

indicated in figure 3. and the peak position has been sion to pressure being obtained from the equation of

determined for v arious pressures at 1.18 K by Graf , state.

Minkiewicz , MOller, and Passe!) [6) Measurements 3 ,c, Th. 1.isn Minimum

• have also been made by Henshaw and Woods at the The region of the spectrum denoted (c) in figure 1 is
vapor pressure and 253 atm (4]. From the existing dat a called the “roton minimum ” and can be very well repre-
on the maxon part of the spectrum , we conclude that sented by Landau ’s parabolic expression
the peak energy is density dependent only, since no
shift in the peak position in momentum space has been a,50, A+ (p—po)2/2~A , (5)
observed. Very little data exists on the temperature
dependence of the maxon peak. Figure 1 of Bendt , where A is the minimum roton energy , or energy gap,
Cowan , and Yarnell (10] and figure 20 of Cowley and p. is the roton momentum at minimum energy , and M is
Woods (2] suggest it decreases slowly with tempe ra- the effective mass of excitation near po. These three
ture. Because the maxon energies are relatively high , quantities which describe the roton minimum are called
their contribution to the thermal properties is very the “La ndau parameters ” , and have the typical values at
small , and the details of this part of the spectrum are Li K, SVP of A/k= 8.68 K, po/ft 1.9IA ’, and ~~=

not critical to the comput ations in this paper. 0.~!6 m. The temperature , pressure. and density depend-
We represent the density dependence of the maxon ence of these parameters are best known from the exper-

energy by the expression imental work of Dietrich et aL (31, who find that A and

~ decrease with increasin g temp erature and/or pressure ,

~max (0, p o) /k  = Eo + E1p 0 + E2p ~ + E3p ~, (4a) but that po is a function of density only:

where po is the density at T 0 and the coefficients po/h = 3.U p ’13 A - t~ (6)-
E5 are

Values of eq (6) are given in table 24.
E~~~—2 l 6.5672 (K) Donnell y (151 has provided simple relations for the

density dependence of A and ~t at T ’O , and also for the
= 3998.6005 (K- g~ 

- cm3) relation between A and gi at finite temp eratures:

A(p , 0)/k~~ (16.99 —57.31p) (K) , (7)
E5’= — 23028.6027 ( K-  g 2 - cm9

p , (p, 0 )= (O. 32—l.10 3p) (m).  (8)
£3 44199.7232 (K-  g 3 ‘ cm0) 

and
~~(p, T) 

= 
A (p, T)

~9)Equation 4a is a fit to the neutron data of Cowley and 
~~~~~ 0) A (p, 0)

Wnod~ ( 2) and (,raf et al. (6) and is plotted with the data
in figure 4. The rather slow temperature dependence of

An expression which describes the temperature and
density dependence of A (p , T)Ik has been given by
Brooks and Donnelly [16]:

A (p ,T) 
— ____

Ic — 
Ic ,, 

-j -) . (10): 

number density (both quantities will be discussed in sec-

g
I where p,, is the normal fluid density and N r is the roton

140 -

tion 4). Here, a=8.75 X 10U cma~K. Equation (10)
gives a good qualitative description of the dat a of Diet-

35 rich et al. [3) to within 20% for A(and ~& throug h eq (9)1
140 iDO MO J70 ISO

~g~~ yy (~.cp,4) below the lambda point. These expressions arc dis-
cussed in detail by Brooks (18].

Fui ;uar 4. The denai ty dependence of the mixon peak. Trian~Iu’ . Recently, motivated by (10) , we have performed a
Ciuw ley. and W oods 121: circlet, ;raf ci ii. (61: solid
line . eq 14) least square s fit on the data for A and gi , using expres-

3. PIt,., Chum. lit . Duos, V.1. 6, N.. I. 1977
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sions of the form A7 —5.062661 X 10~ (K-g ’-cm’)

A (p ,T) / k = A,+A5p+ A,e’T/ p +A.e2’p 
and 

~, = 0.3420601 (m)

+ (As+A sp+A,p2)e3’ (K) (11)
U. = 1.239037 (m - K~~)

and
U. =—i.238153 - ( m - g ~~-cm3)

~ (p, T) = U, + U2e’T+ (J3~ + U.e’T/p + (U~
U4 r — O.2234561 (m ’K- ’-g-cm 5)

+ Uep)e 3’ (m) , (12)

Here, c — A( p ,  0 W/CT, and the coefficients of eqs (11) U. = — 13429.95 (m)
and (12) are:

(1. 632 197.06 (m-g ’ cm3)
A, = 17.41647 (K)

The experimental roton energy gap and effective mass
A2 =—60. 48823 (K-g ‘-cm 3) are shown in figures 5 and 6 with the results of eqs (11)

and (12) respectively. Although eqs ( 11) and (12) aug.
A3 = —0.5307478 (g-ctn 3) gest an expansion in terms of the roton number density,

no particular theoretical significance can be attached to
A.= 1.817261 X iO~ (K ~g ’~cm3) the terms in these equations.

We will see in section 3.1.f below that the experimental
A5 = — 1.351398 X 1O~ (K) values of A and gz described in this section will have to

be adjusted slightly to obtain the accurate thermodyna-
• A5 = 1.62 1499 x 10” (K’g ’-c m3) mic information from the Landau theory.

~ 20

~ l.O 
‘ 

I
’
2 

‘ 
I~ 

‘ 
t.~ 

I ‘ 2~0 ‘ 
~

TEMPERATURE ( K )

pu. FIGuRE 5. Least squares tit of eq (11) 10 the experimental roto n energy gap ~~ . Dais at SVP, Hen.haw
and Woods 151 (sol id circle.), Cow le y and Wood. (2J (open circle); data at higher pressures.
Diet rich et .1. 131.

- 5

i. Phys. Chain. lit , D~~., V.4. 6, N.. t , 1977

- -  •



-~~ 

- 

-~~~~~~~-~~~~~~~~~~~~~~~~~~~ -~~~~~~~-~~~~~~~~~ ~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

TNI1MOCYNA~~CS OP SUPUPWID NIUUM-4 168

4

‘ 1 0
18

x 2 0
. 2 4

~- .04 -

0

.02

I I I I I I I I I I I I

1.0 1.2 1.4 1.6 I.e 2.0
TEMPERATI.~ E ( K )

FIGURE 6. Least squares fit of eq (12) to the experimental roton effective mass p. Data point at
SVP, Cowley and Wood. (2 1: data at higher pressures. Dietrich et at. 131.

3.14. Ui. Shsuld., l.ysnd th. l.Nn Minimum This approximation is also indicated in figure 3 as the 
-

Recent neutron scattering experimental results (Graf , straight line above pJIc 2. iSA -‘.
Minkiewicz , Møller , and Passell (6) indicate that for
momenta larger than pc/ Ic the slope of the spectrum ~ a•  AP onslstlu~ruusntuW.n h.r tfisEzc4,utl.ñ Sp.cuu.n

approaches the velocity of sound at a momentum pt/Ic We may summarize the behavior of the excitation
(=  2.15 A ’), as shown at point (d) in figure 1 and by spectrum described in the previous sections in the fol-
the arrow in figure 3. The spectrum then bend. over and lowing way:
approaches twice the roton energy (curve B in figure The excitation spectrum starts out at zero momentum
1), finally terminating at a momentum p’. The experi- and energy with the slope a,. Hence
mental spectrum in figure 3 also has this qualitative
feature. This behavior for large momenta was predicted e(0) = 0; a’ (0) = u,, (16)
by Pitaevskii [291 to be

at point (a) of figure 1. Here ‘(p) ~~ k(p)/ dp .  For mo-
(p(p) = 2A — a exp [— a! (p ’ —p) ] ,  (13) mentum increasing from zero, the spectrum attains its

first maximum at 1.1A_t , and
where a and a are constants to be determined. Neutron
measurements have not yet been made over a sufficient c(L1A t ) = a ,,,.x; .‘( l . iA- ’)= O , (17)
range to provide information for the dependence of eq
(13), and in particular a and a , on temperature and at point (b) in figure 1. Continuing down to the roton
pressure. Fortunately, like the maxon peak, this region minimum , we find that the parabolic representation
of the spectrum has little thermodynamic content , and near po provides us with the relations
it is sufficient for our purposes to locate the momentum
Pc to the right of p0 at which da/ dp from eq (5) reaches c(p o)=A ; ‘(po)=O; ?(po) = 1/~L, (18)
the slope of the velocity of first sound u,, and to represent
the dispersion curve as a straight line of slope a, above at point (c) of figure 1. Beyond the roton minimum , for
Pc’ terminating at p/Ic = 3.OA -‘ . This is curve C in figure momentum Pc where the slope approaches the velocity
I , which is given by at sound , we finally have

a(p)= u, (P pe)+E(Pe) P~~Pc, (14) l ’ (Pe) =Ui (19)
where

Pc 14it1+PO. (15) at point (d) in figure 1.

— 
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Clearly, eqs (16) throug h (19) represent the most 1.1 K , at SVP , and at 25.3 atm. The experimental values
important features of the excitation spectrum. We have were used in eqs (16) through (19) to obtain these plots.
discovered , partially guided by theoretical considera- One can appreciate fro m figure 7 how the spectrum
lions ( see Feenberg [27]), that a polynomial in changes with pressure.
momentum without a quadratic term As mentioned in section 3.1.a , a contr oversy surrounds

the exact form that eq (20) should have for small
a (p ) / k  = utP + asp 3 + a 4p 4 + asp5 + a.p + a7p T + asp ”, momenta. We make here several comments concerning

(20) our choice of eq (20) . First , we found that a series with
no quadratic term was by far the best fit to the neutron

is an excellent representation for the excitation spectrum data. A detailed comparison of several series is given by
in the momentum interval 0 ~ p ~ pe, and that by using Brooks [18]. Secondly, one can see by inspection of the
eq (14) for the interval pr/h ~ p / Ic ~ 3.0 A ‘, one has a results of such calculations that the coefficient of the
continuous expression for the spectrum which may be first nonlinear term 03 changes sign upon increasing
used to great advantage in the computation of thermo- pressure. We find this to be consistent with the results
dynamic properties based upon the Landau theory. Note of Phillips et al. [28] (see Brooks and Donnelly [17)).
that if eq (20) is continued above ~ c, it diverges nega- Finally, the form of eq (20) has prompted us to make
tively, as indicated by the dotted line in figure 1. Hence some calculations concerning the iow temperature
care must be used to apply eq (14) above Pc . behavior of the second sound velocity (Brooks and Don-

The coefficients a 5 of eq (20) may be obtained for any nelly [30]). The second sound velocity is quite sensitive
temperature and pressure by app lying the conditions to the leading terms in (20) and a careful m easurement
imposed by eqs (16) through (19), which in turn will would serve as a check on the form we have chosen [30].
depend on T and P. Since there is rto constant term , and
the first coefficient must be u,,  the problem of determin- 3.I.f. Thu E(f.div. ShO,p SPSCkum fir Thaimadynamics

ing the coefficients an is reduced to solving six equations If we use the neutron model dispersion curves de-
with six unknowns , at any temperature and pressure. scribed in the previous section to compute , say, the

The degree to which eqs (20) and (14) fit the neutron entropy from table I, we discover t hat the agreement
scattering data is shown as the solid line in figure 3 at with the calorimetrically determined entropy is quite
1.1 K, SVP, and again by the solid lines in figure 7 at good at low temperatures for all pressures. At higher

temperatures, however , the calculated entropy lies
20 markedly higher. For example, at the vapor pressure ,

the calculated entropy exceeds the experimental by
17% at —2.1 K; at 15 atmospheres the calculated entropy
is 11% high at — 1.9 K , and at 20 atmospheres it is 23%
high at — 1.8 K. This same trend may be seen in figure 17

15 - - of Dietrich et at. [3] who, however, made a correction

0 to the formula for S by an additional integration over
the linewidth. The departures between calculated and

—~~ measured entropy occur at about the same value of
(T~ — T)  at all pressures, and correspond to the tern-

0 - - peratures at which the lincwidths of the scattered 
I

w neutron distributions start to grow rapidly. The re-
Z suiting problem in interpretation has been referred to
Lii in section 2 above.

Following Brooks [18) we have investigated the idea
5 - - of constructing an effective dispersion spectrum . which

represents the energies which yield thermodynamic
results in accord with experiment. This is done by noting
that the only constraint among eqs (16)—(19) which can
be varied at all readily within experimental uncertainty
is the exact value of A in (18) [and also of ~ since it is

0 .0 2~ 3,0 computed from eq (9)J . We therefore allow A to float ,
retaining all other constraints as before, and produce a

MOMEN TUM (A ~~ ’i ) dispersion curve identical with the neutron data except
for the precise value of A , computing ~z from eq (9).

) IGt?RF. 7. The- excitation spectrum al Iwo pressure. at 1.1 K. - . -

Dots. SVP, open circle,.. 25.3 atm. Henshaw and Woods This spectrum assumes there ts some effective sharp
(4J ; triangles. 1.25 K, 24.26 atm, Dietrich et .1. 131; solid frequency (that is, r—+ 0) for each value of q; since

• line., eqs (20) and ( 14) . there is but one adjustment, the resulting effective
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spect rum is unique. An extensive numerical investiga- give a good account of the density and isothermal
tion has demonstrated the great utility of such a compressibility, but was not sufficientl y accurate to
spectrum. calculate the expansion coefficient.

We find: Since this work was begun , a thesis has appeared by
(1) The effective spectrum is capable of yielding ac- Craig Van Degrift [20] which employs the dielectric

curate thermodynamic results over all pressures and method for determining the density and expansion
temperatu res up to — (TA — 0.1 K). All quantities calcu- coefficient at the vapor pressure. Dr. Van Degrift has -

lated from table I and this spectrum appear to be in kindly supplied to us a table of data corrected to zero
reasonable agreement with experiment, pressure. We have abstracted some of his data in table

(2) The effective spectrum is consistent with the II. His complete results are in the process of preparation
observed functional form of the spectrum determined for publication. We should like to encourage the
by neutron scattering. It coincides with the neutron acquisition of data of comparable accuracy at a series
spectrum within experimental error at low temperatures, of higher pressures.
and at high temperatures the difference between the
observed and effective values of A is such that (Aettecti ve — TastE H. Density difference, and expansion coefficient. corrected

~~~~~~~ < f. toP 0 as determined by Van Degrift (201. p. 0.145119 11cm’
(3) Because the effective spectrum is unique , the

exact value of A can be chosen by reference to more 
~ ~~~~~~~~~ 10’ ap (K- ’)  x 10’

than one thermodynamic quantity. We have used en- —

tropy, expansion coefficient , and normal fluid density. 0.30 — 2.255 29.49
(4) The points listed above allow one to guess that 0.35 — 4.122 45.96

the effective spectrum is probably a reasonable repre-
sentation of the energies of elementary excitations of 0.50 — 16:42 126.3
helium II. 0.55 —2 3 67 164.5

3.2. Th. Th.rmodynamlc Data 0.60 32.9S 207.7
- 0.65 — 44.49 254.2

In order to use the formulas provided by the Landau 0.70 — 58.37 300.5
theory, we need an equation of state to relate the pres- 0.75 — 74.46 342.1
sure , voiume (or density), and temperature , and from 0.80 — 92.40 373.3

which we may obtain the velocity of first sound. Like- 
— 130 8 380 2

wise, to test the results of our computations, we need 0:96 — 149:1 345:4
calorimetric data , primarily entropy and specific heat. 1.00 — 164.8 279.8
We now discuss these experimental data. 1.05 — 176.5 181.0

1.10 — 182.4 47.48

3.2.a. Thu Equation of 5~~u 1.15 — 180.6 — 122.3
1.20 — 169.5 — 330.4

Many of the parameters of the excitation spectrum 1.25 — 146.9 — 580.2

depend on the density, and terms in the density, or 1.30 — 110.7 — 876.4
molar volume , appear in expressions of the Landau 1.35 — :
theory (table I). It is therefore imperative to have a 

1:45 1 : 5  — 2062.0
suitable equation of state or “PVT” relation. Our rela- 1.50 218.9 — 2511.0
tionship is based upon the work of Abraham , Eckatein , 1.55 356.7 — 3045.0
Ketterson , Kuchnir , and Roach [311, who showed that 1.60 524.0 3652.0

as T —‘ 0, the equation of state can be written I
1.75 1226.0 — 5806.0

P — Ao(p — po) + A~ (p — p 0) 2  + Az ( p  — po) 3 , (21) 1.80 1539~0 — 6699.0
1.85 1899.0 — 7724.0

where Po is the density at P = 0, T = 0; Ao 560 atm 1.90 2315.0 — 8922.0
g t cm3, A 1 = 1.097 >( l0~~ atm g 2cm~, and A~, = 7.33 X ~~ ~~~~10~ at m g-3cm’. The “ground state” molar volume, 205 ~~ — 14480:0
V0(P) V(0 , P) is calculated from eq. (21) by a root- 2.10 4833.o — 17990.0
searching technique. 2.15 5896.0 — 25880.0

Before the methods which led to the expressions in
table I were developed , an empirical equation of state

- . - 3.2.b. Thu CalurimuwIc Datageneralizing (21) was developed by Brooks (181. This
empirical equation of state was based on (21) and the The most fundamental calorimetric property directly
data of Boghosian and Meyer [32], Elwell and Meyer (33], accessible experimentally is the entropy S. which can
and Kerr and Taylor [341. It was sufficiently accurate to be measured in an unusual way by employing the thermo.

L PIty., Chsms. 5.4. 1.,. . V.1.6, N. 1, 1977
-
~~~

~ -

_ _ _ _ _ _ _ _  _ _ _  _ _ _ _ _  - 
-



r~ 
‘ • -

~~~~
-— -

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~• • - — -——•---~-•.---•---- • - •- • • • • — •—  •~•• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

J. S. saoo~s AND t. .i . DONNILLY
17~

mechanical effect. The entropy is calculated from the and pressures at which the roton part of the spectrum
relation contributes significantly. This method had the disadv an-

tage that even with quite accurate values ofS , the expan-
I A?, sion coefficient calculated from (aS(oP) ~ could be

S
P AT’ (22) quite poor. Dr. Jay Maynard of UCLA drew our attention

to the fact that the normal fluid density (cf. section 4.4.b.)
where AP and AT are the differences in pressure and is weighted heavily toward higher momenta, and hence
temperature between two chambers of helium II con- ~5 also a useful measure of the effective roton gap. We
nected by a supe rleak. This relation , which is a direct decided , therefore , that for the generation of the effec-
result of the two fluid nature of superfluid helium, is live spectrum for this work, we would endeavor to employ
discussed in the standard references [1 1, 12, 25, 261. a method which would incorporate all available thermo-

• • The specific heat C may be obtained by conventional dynamic evidence: from entropy, expansion coefficient ,
calorimetric methods , and the entropy may be corn- and normal fluid density.
puted from the results by the relation James Gibbons undertook the job of computing the

effective spectrum. This proved to be an arduous task

S 
1

T c because of the great sensitivity of the thermodynamics
= — dT. to minor changes of the spectrum in the vicinity of the0 T  (23)

roton minimum. The first step was a weighted fit to

The entropy is available from the thermomechanical experimental values of S and a, making use of the

effect data of Van den Meijdenberg, Taconis , and De Maxwell relations (a V/ a T)p =—(aS/ aP) ,- . This produced

Bruyn Ouboter [35] in the temperature range 1.15~~ 
a set of polynomials in the pressure at 0.1 K tempera-

T~ 2.05 K and pressure range 0 ~ P ~ 25 at m. The ture intervals. Since the tables are tabulated in 0.05 K

specific heat capacity measurements of Wiebes [361 intervals , this data was interpolated by a second degree

cover the same range of pressure, but the temperature polynomial in temperature fitted to three local points to

range 0.3 ~ T~ 1.65 K. We have used these two sets of find the best fit to data at 0.05 K intervals. A new set of

data in our analysis, since they cover nearl y the entire polynomials in pressure were then generated from T=
• superfluid phase, and are in reasonable mutual 1 K to T 2.2 K in 0.05 K intervals. Special care had to

agreement. be taken near the lambda line because of the existence

The specific heat has also been measured by Phillips , of large high-order derivatives. An iterative root-search-

W aterfi eld , and Hoffer [28]. Through the kindness of ing method was then used to find what one could call

Professor Phillips and Dr. Hoffer we have had access A(S, a) from eq (2), in all cases calculating ~a from eq (9).

to some of their original calorimetric measurements , The second step was to interpolate the experimental

which are in satisfactory agreement with those of data on pj p ,  which also exists chiefly on 0.1 K incre-

Wiebes (see, for example , Brooks and Donnelly (171, ments , by a procedure analogous to that used for S

figure 2). The publication of the final data from these and a. The end result of a similar root search was a set

experiments is still awaited. of values nam ed A(pn/p) , at 0.05 K intervals.
The third step was to adjust the values of A at zero

pressure to the compromise [A (p,, /p ) + A(S , a)J 12 ,
4. Computationa l Methods and Canparis on of retaining the curvature of the polynomials determined

Comput .d Values With Experime nt in the first step at higher pressures. The result of this

In this section we discuss the way in which each of step might be called A(S , a, Pn IP )

the tabulated properties given in Appendix A is obtained , The fourth and final step was a smoothing operation

and describe to what degree of accuracy the computed on the energy data of step thre e by means of a power

values agree with the corresponding experimental data. series in Nr, the roton number density. This step was

Direct references are made to the tables. essential to encourage the monotonic behavior of the
values of A as T is reduced below I K. Once the smoothed

4.1. G.nerotion of Hi Eff,ctiv. Sp.ctrum table of A was available. ~ was calculated by eq (9).
We have named these final values of A the “thermal”

We discussed in section 3.1.f above, the concept of an roton gap A 1, and the corresponding thermal effective
effective sharp spectrum for thermodynamics. It differs masses ~~~~ They are listed in tables 22 and 23. Having
from the spectrum of section 3.1.e. only in allowing the obtained A1 and ~~~ the effective spectrum (20) is corn-
value of e(po ) = A to float , its exact value being chosen puted by the methods described in section 3.l.e. In eqs
by comparison of the calculated quantities with experi - (16) and (19), the isothermal velocity of sound was used ,
ment. In the original tables computed by Brooks [18], eq (24) below. The errors resulting from this approxima-
the procedure was to adjust A and thus the effective tion are negligible. Attempts to use eq (25) for u, led to
mass through eq (9) , so that the calculated entropy severe problems in numerical instability.
agrees with the experimental entropy at all temperatures It is interesting to note that the differences between

S
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the neutron roton energy gap an d the thermal roton gap result by &V expressed in percent. The results are given
A~ 

are not random but systematic. We find that , in gen- in tabular form below , separated to display positive and
era l , A 1 lies above A at higher temperatures and pres- negative deviations at six pressures , and we see that the
sures. The two agree within experimental uncertainties temperature-averaged deviations are at most +0.42%—
at tow temperatu res. The differences (A 1 — A) 4 I’ 0% from the data.
except at temperatures near the lambda line. I’ may be

calculated from the expression of Roberts and Donnelly
(37): P1Mm) 0 5 10 15 20 25

[ ‘1k = 0.65 X 10 33NJ (~a ”2p2I°T”6 ) K. ± 0.01 0.17 0.19 0.29 0.39 0.42

~~~~~~~~~~~~~~ 0 0 I 0

At the vapor pressure, the neutron determinations of
Yarnell et at. [9] give A/ k 8.65 ± 0.04 K at 1.1 K, while 42. Th5 V.I.cky el Sous.4

Cowley and Woods (2] obtained A/ k = 8.67 ± 004 K at There are several other quantities which may be
the same temperature , and Dietrich et al. [3] find calculated from the equation of state, such as the
A/k 8.54 K at T= 1.26 K,P 1 atm , which extrapolated isothermal velocity of sound:
to zero pressure gives A/k 8.64 K. There is a corn-
pletely independent way of finding A. it is known that
Raman scattering from liquid helium at low tempera- (t~

1
~
’
i

tures gives a peak at 16.97 ± 0.03 K. This peak has been 
U 1, r 

~~~~~~~~ 

= (pKT) -‘
, (24 )

identified by Greytak and his collaborators as a loosely
bound state of two rotons [38]. An exact quantum
mechanical solution to one model for this state by where Kr is defined in (26) below. A first order correction

Roberts and Pardee (391 gives the binding energy for thermal expansion using computed values of

of the rotons as 0.290 K. l’hus the rotun energy should V CpICv (discussed in section 4.3.e.) gives

be (16.97 + 0.290)/2 8.63±0.015 K, in good agreement
with the neutron measurements. We find A 1=8.622 Kat  u2 = (~f) = _1_.

.

1.1 K , P 0, in satisfactory agreement with all methods. ‘ op s pKr

4.2. Tb. Equation of Stat. The actual expression used for the calculations
reported here carries a higher order correction for

The integral expression for V in table I is, in contrast thermal expansion [40, 41]
to our earlier empirical equation of state [18, 19), com-
pletely consistent with the expressions for ap and Kr . = u[ + ~~~~~ 

isf Uf1 (25 )
By making use of the empirical equation of state [19], )‘ U~~~ U~~’

the equation of state for our tables I and 2 was obtained
in a single iteration. One can also start from absolute
zero data for V and Kr and iterate to find substantially where u11 is defined in section 4.4.c. below. The cor-

the same results. As we mentioned in section 3.2.a rected velocity of first sound u1 is given in table 3 and

above, V0 (P ) comes from eq (2 1). illustrated in figure 10. At T’= O K. the deviations from

The low temperature behavior of the molar volume the data of Abraham et al. (311 are less than 0.09%.

is shown in figure 8, plotted in the form V5( T, P)= V(T , At higher temperatures , (>1  K), t he deviations

P) — V(0, P) vs. temperature for 2.5 atmosphere incre- Au 1 = (u 1 c*Ic — u1 m,,a)/U i .,~~ from some preliminary

ments in pressure. A nonlinear scale has been deliber- data of Maynard and Rudnick (211 are as fotlows:

ately chosen to emphasize the characteristic maximum
in the molar volume near 1 K. We show in figu re 9 the P (atm) 0 5 I IS 1 

~~ 
1 25

entire temperature and pressure range of V. plotted with _________________________________________________

the data of Roghosian and Meyer [32], and ElwelI and + ~~~~* 0.8 I 0.3 0.5 I 0.8 I i.o 0.5
Meyer (33]. The deviations of our equation of state from — (A~Z)% 0 0 0 0 0 I 1.2
the experimental dat a used in our analysis varies across
the P—T plane. If we define a fractional deviation for the
molar volume AV (V eaieuia~~~~ Vm.aa qred) I Vme.sur,sJ, we Below 1.6 K, the deviations are much less than 1%.
can get a rough idea of the variations by averaging AV Only the highest few temperatures depart significantl y
over temperature at each pressure and denoting the fro m the data.

.ie J. thy.. Chum. 1sf. Isis, V.1. 6, Ms. I . 1977
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Fu;usE 8. The relative change in molar volume given by the expression in table I. The nonlinear scale is chosen to
emphasize the locus of maximum molar volume, or zero thermal expansion.
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~
‘IGU RE 9. The P— V— T surface of helium II. Solid lines come from the expression in tablet; open circles, Elwefl and Meyer

(331: open triangles. Boghosian and Meyer 132k .olid circles. Abraham et .1. (311; solid triangles. Kerr and
Taylor (341 The deviation between calculation and the data may be seen as a diffe rence perpendicular to the
P—T plane. The expe rimenta l data have been numerically interpolated to 5 atm intervals in pressure.
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4.2.6. Thu GrUnui ..n ConstantP 25 tu $m )

350 - 

Another quanti ty which appears in expressions for

- 

the ultrasonic attenuation and dispersion in helium 11
is the Grüneisen constant,  defined as

r - IS S

• E - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ t (; ~~ ~~~ - (27)
\ Uj /  k a p i r

z -

l0
• ~oo — ~~~~~~~~~~~~~~~~~~~~~~ It. is listed in table Ill below; the values at T 0  K are

in agreement with the T:= 0. l K data of Abraham et al.I- - 

(31] at all pressures , to wit hin ± 0.25%.
5

- 

_ _ _
‘‘‘‘v. 1r-.-

1~...,,
~
, 

TABI.E III. The Griineisen constant Uç.
I- - _ _ _ _ _ _ _ _ _ _ _ _ _ _

250 — 
P(a tm)

T(K) I
- 

I I I I
0 i 5 I 10 I 15 I 20 I 25

2.843 I 2.608 I 2.460 2.356 I 2.276 I 2.212
0.5 2.842 2.608 2.460 I 2.356 2.275 I 2.213

0~ 
I I 1.0 2.842 I 2.624 2.466 2.339 I 2.270 I 2.194

- tO 1.5 2.0

TEMPERATURE (K)
4.2.d. The Coufficient of Th.rmol Expansion

FIG uRE 10. The velocity of first sound as a function of temperature The thermal expansion coefficient is a temperature
for different pressures calculated from eq (25). Data derivative of the equation of state:
points from Heiserman CI at. 1211.

1 fa V\4.2.b. Thu Iso$bermol Compressibility a p ~ ~~~~~ 
) -  (28)

The isothermal compressibility, which is defined as

1 ~~~~V\ It is . however , directl y calculated from the integral
KT — 

~ ~~~~~~T ’ 
(26) 

expression of Robert s and Donnell y given in table I.
We experienced great difficulty with a,~ because it is -

is obtained by noting that V(T , P) V(O . P) + 6 V(T . P) a very small quantity which passes through zero near
from table 1. The derivative (a V/ a P )  is calculated I K. Our calculations , listed in table 5 and illustrated in
separatel y for the two terms , resulting in more reliable figure 11 , are sufficientl y accurate to give a good
results than differentiating the total molar volume account of the locus of zero expansion indicated by the
directl y. The results are in table 4. dashed line in figure 2. We have also managed to keep

The first term ,c~-(O) can be compared directly with the deviations from growing rapidl y above 1.6 K as they
the data of table V of Boghosian and Meyer [32]. The did in our earlier work [18, 19]. The temperature-
deviations AK (K~.i~ 

— Kmeas)/ K ,reta range from + 4.1% averaged deviations ~ ap = (o Prat c utated ~~P measured)!
to —5,0%. However , we believe that our data , derived apmea,ured follow:
from the later v ieasurements of Abraham et al. [31), are
considerably more reliable. Since the contribution from ________________________________________ _________

the deviations quoted are the dominant ones at all —

the temperature dependent part of V is so small, the P (a t m)  0 5 10 
1 5 J 2 0  

25

+ (Aap)% 14 16 34 0.8 1.1 1.6
temperatures up to 1.25 K, the highest reported by 

~~~~~~~ 16 3.2 8 9 tO II
Boghosian and Meyer (32]. —

ElweH and Meyer [33] report measurements of Kr
in the range above 1.2 K. Comparing with their tables Except for the vapor pressure , where the systematic
IV and V . we find the pressure averaged deviations work of ~‘an Degrift exists , the experimental situation
AK to be + 0, — 2.4% at 1.3 K; and + 0, —2.0% at 1.8 K. on a~. is quite unsatisfactory and the data often in

Our computed values of the compressibility are not mutual conflict. A systematic study over the entire T—P
sufficientl y accurate near the lambda line to exhibit plane would be of great benefit in reducing the deviations
the peak structure observed by Grill y (42]. listed above.

.1. thy.. chum. luf. Due., V.1. 6, No. 1, 1977
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FIGURE 11. The thermal expansion coeffic ient as a function of pressure and temperature. The solid lines are calculated
from the expression in table I; circles, Elwell and Meyer 1331; solid triangles. BoghoL;an and Meyer 1321:
op en tr iangles , Van DeGrift 1201; open diamonds . Kerr and Tay lor (34J .

4.3. The Fundamental Thermodynamic Functions The entropy is listed in table 9 and plotted in figure 12.
In this section we describe our use of the Landau

theory and the effective spectrum to compute the 4.3.b. Thu Helmbolta Free Enurgy
thermodynamic properties of helium 11.

4.3.o. Thu Entropy Table I shows that the Helmholtz free energy F
The entropy is the fundamental quanti ty used to find consists of a ground state pait F0(V) and an excitation

t he effective spectrum. Deviations , then , reflect imper- part F~ given by the double integral over the spectrum.
fections in the data itself as well as the effective spec- F . ( V )  can be determined by integrating the expression
trum . The temperature averaged deviations AS (S~51~ dF 0 ’—PdV. The results give Fo at T 0  K to within an
S mea.) IS mes.a are as follows: additive constant Lo[L0 =F (0, 0) = 4 ( 0 , 0)] where L. 

-

I I FP(at m) o I IS 20 25 is the latent heat of vaporization extrapolated to zero
temperature , and is approximately 14.6J-g 1 ( from

3.9 2.6 2.4 2.5 2.8~~ 2:0 separate the atoms of the liquid to infinity.
+ ( A ~ )% 0.7 1.5 1.2 0.5 06 02 Keesom [431). L is a measure of the energy required to

~0
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25
F1cURE 12. The entropy of helium II as a function ,,f pres~uIre an,l tem perature calculated from equation

(2i. The data for O.3<T~ 1.6 K is from ~ icbr~ j t~iJ m u  for I 6~ T~ 2 05 K from %an ule r
Meijde nberg ci at . I3SI.

TAHLE IV . The ground state Ilelmholiz free .nerg~ ~V i ~ = in table 6 and plotted in figure 13. The der iva tive 1
[F  (0 . P)  —F (0, 0) P-s in the . - x p r m — — l i i i  for F in table I i~ t aken ~i t  m o n s l an t

________ -~~~~~~ ________ == — volume. We approximated it Ii ’, constant prr~ su r m In
P (a tm ) 0 2.5 5 7.5 tO 12.5 order t im ( heck the accuracy of our calculation. ~~ corn-
F .(V) 0 0.023254 0.082368 0.16671 0.26980 0.38737 puted — (i?F - i T )  at constant pressure and compared it
(J .~ I)  to S. Except at the highest teinperaturt- ” and pressures .
________ ______ — ---

~~
— - the error in our proc edure is generally less than I~~ and

P(atm ) IS 17 .5 20 22.5 
- never more than 2.2%.

F.’; 0.5164.5 0.6.5490 0.80111 0.95385 l. l1 22
1 -~ - 4.3.c. Thu Gibbs Free Enurgy

-* The ( ihbs free energy ~ has a ground state part
The Helmholtz free energy is not a directly accessible D,~(P) and an exc ita t ion part ~~- ( P . T I  given by the

(lu an t l lv .  snd no comparison with experimental data can double integral in tab le I. ~ 0 (P )  (‘an be determined by
lie readily made. However , t- ~ble IV comes from the integrating the expression d~~~ VdP. The results deter .
equ~ t u ’ . t i  of slate of A braham et al. [31] and should he mine ~~ at T 0  K to within an additive constant L0 as

,. , m i r a t i  The exc itation free energy is tabulated described in section 4.3.b. above.

a — c~~... g.e Is.. , V.1. 6, N,. I. 1917
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~ IG(JRE 13. The Hclmhm,ltz free energy of the excitations as a function o~ pressure and temperature . The Gibbs
free energy has substantially the same appearance.

TABLE V. The ground s ta te Gibbs free energy 4 o ( P ) (~~(0 . P)  — 4.34. The Enih&py
4 (0, 0))J-g I

The entha lpy W has a ground state part ~‘0(P) and
P(atm) 0 j 2.5 J 2 7.5 10 12.5 an excitation part W E (P , T)  as given by the double

integra l in table 1. The ground slate part W0 ( P )  = 4 0 ( P )
•~(~0)J~g-

~ 0 j 1.7205 
~ 

3.3972 5.0373 6.6457 8.2263 is tabulated in table V in section 4.3.c. above. The

P(aim) l5 I 17.5 20 22.5 25 enthal py of the excitations is tabulated in table 8 and

•,IP)J g ’ 9.7821 
J 

11.316 12.829 14.323 15.800 We have cross-checked our tabulations with th e
______ ______________ _______ _______ _______ illustrated in figure 14.

— 
equivalent expression J c ~ T. We find the differences

The (;ibbs free energy is not dir ectly accessible
experimentally. The data of table V come from integra. are less than 1.7% at most temperatures and pressures.
tion of the equation of state of Abraham et al. (31) and The enthalpy. the n , should have the same basic accur-
hence should be reliable. The excitat ion part of the acy as the specific heat, as discussed in section &3.e
(;ihhs free energy is tabulated in table 7: the appearance below.

4.3... Thu Specific Hues
of this energy surface is similar to the Hclmhohz energy
in figure 13. We have checked the integration by corn- The specific heat at constant pressure.
paring ( 3~~/~ T)~ to S. The differences are less than
0.3% over most of the T—P plane and never exceed 1%. Cp T(a S/ o T)~ , (29 )

c
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FIGURS 14. The enthalpy of time excitiltioris as a f immic t iu n ,mf pressure and e,nperature . as calculated
from the expression in tab le I.

is obtained by the integral expression in table 1. Below The terni in o~. is subject to an ac( ’umulation of errors
I K this worked satisfactorily ; above ) K we experienced and is perhaps as much as 50% in error in some regions.
difficulty in getting a smooth table. We therefore used Values of y are tabulated in table 12.
(29) directl y, selecting five local entropy values , t it ling The specific heat at constant volume C,- Cp/y is
a quadratic function by least squares , and finding listed in table 11. Although y is quite uncertain, the eor-
aS/ a T from that function. The resulting values ar.~ listed rection is generally small. Comparing with the dat a of
in table 10 and plotted in figure 15. Wiebes [36], we’ find the deviations are as follows

The deviations ~ Cp = (Cp ~5t~~~Cp meas ) /Cp me.j  have ( T ~~ 1.6 K) :
been compared with the data of Wiebes [36] for
T~~ I .6 K. ____________________________

__________________________________________________________ I ’( a i m)  0 5 10 15 20 I 25

P(stm) 0 5 J 1 10 J IS 20 25 
~~~~ 

)% 2.2 1.6 1.4 1.0 2.2 L2.7

+( A Cp) °u
~ 2.2 1:5 ~~ 14

_[
~~~ 1:0 2:0 — ( ~ C ) %  6.5 2.9 2.1 2.3 3.2 2.6

(AC,)% 65 30 2 2  2 3  33 28

The ratio of specific heats is compiled from Table I shows an integral expression furC~. We have
used the correction of eq (30 ) rather than our theoreti .

= ç.~ P ~~
‘ 

(30) cal expression beeau3e the latter involves a derivative at
C~ I p Cp icr J constant volume.

.1. thy.. Chum. 6.4. Due., V.1. 6, N.. 7 . 7977 -~
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FIGuSE 15. The specihe heat at const ant pressure as a function of pressure and temperature. calculated

from the expression in ta ble I. Data. Wiebes, (361.

4.4. Sup..fluid Prop.dl.s parison of the results can be made since the number

4.4... The Exdt.tlon Number ~~~~ 
densities are not directly accessible experimentally.

The density of thermal excitations , calculated by 44 .b, Thu Nun,wI Fluid ond Supesfluld Duncitiel
numerical integration , has been separated into a phonon
part N ,, and a roton part N, by defining (quite arbitrar- The normal fluid density may be computed from
ily) excitations with wave number less than 1.1 A ’  Landau ’s expression
phonons. For phonons, we have for the number density
[from eq ( 1)] - lq — ~~ f~ 

exp [c(g)/kT] 
4

N,= max n( q )J3q, (31) Pn 61y 2kT J, [exp( (q)/kT) — I)~ 
‘~ 

~~~~~
‘ (33)

and for rotons
and the computed values appear in table 15. From the

Nr = j  n(q )d 3 q, (32 ) equation of state, we may obtai n the superfluid density
max by subtraction of p~ ,

where q,~55 l.l A ’ , q1=3.O A~~. Tabulations of’ N,
and N, appear in tables 13 and 14, respectively. No corn- Pi P — Pn .

J. thy.. Chum. 6.4. Des.. V.16, Ne. 1.1977
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and one may also obtain the ratios p ,,jp and pjp. The principally above 1.6 K , averages about 4— 7% low
quantities Pr/P . p~. and p , J p  appear in tables 16, 17, compared to our calculations.
and 18 respectively, and p , Jp  is plotted in figure 16.

The c alculations can be ompared with a variety of 4.4.c. Thu V.Iudty of Sucond Sound

experiments. At the va por pressure , the deviations
APn = (Pncaic pn mesa)/(pn mea.) from the data of The velocity of second sound . neglecting thermal

Tough et a!. (441 are = — 0.78% , + 3.1%, with most expansion . is
of the latter error occurring at 2 K and above. Com-
paring with some unpublished data of Maynard (based = (~-\ ~~~~~~~~

on second and fourth sound measurements (21]), one “ \Pn/ C~
finds the following:
_______________________________________________ where 11,1 was used to correct the velocity of firs t sound

Platsn ) 0 5 10 IS 20 25 in section 4.2.a above. Allowing for thermal expansion ,

+ (~~~~ )* 3.1 2.7 2.5 3.8 3.6 8.0 the velocity of second sound is given by [40, 41].
— (A~~~~~~~)% 0 2.8 4.0 3.5 5.8 5.0

- I), — l\ I t tf uf ,  1
u~ 

= u—~ 
— 

~~~~~~~~~~~ 
-
. I (34)

The oscillating disk data of Romer and Duffy [45]. ‘Y I LU~ 
— Ui~J

TEMPERATURE 2.Q,~~(K) -
‘.5

1.0
0_S

- 

-
.

I .5
..

.5o .2
z

0
0

5
tO

‘5
PRESSURE (atm) 20

25
Ii., Hi It The mn,r,nal Hus i I ram -tI..I, a, a hin,-iuon I temperatur e I., uliftercnl p ~~~~~~~~~ d( ulate,t from

eq 3.t~ The mfsta ( s i ft s  are Iroiti Ma~mird I’ll
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We have used equation (34) to compute u~ , with u I
results given in table 19 and figure 17. The data shown P( at m) 

~ 
0 

~ ~ ~ 
10 I ‘~ I 20 

~
in figure 17 is that of Heiserman et al. 1211. Comparison 

~ ~&;~~)* I 0.3 1 o.~ ~ 0.9 1 6.4 I 1.5 I 1.4
ofour results with the data of(2 lli s as follows: — ( &~;)% 

~ 

0.4 ~ ss 
~ 

6.4 ~ 0.2 
~ 

0.5 ~ 2.4

P(atm ) I o I s I 10 I is 
~ 

20 I 25 5 Conclusions
+(&i )% I ~ I ~ I 0.1 I 0.6 

~ 
0.9 

~ 
0.8 We have provided tables of the thermodynamic and

—~~~~;;)% I 2.1 
~ 

1.7 
~ 

2.4 ~ 4.6 
~ 

4.2 I 4.8
superfluid properties of helium 11 computed, when
possible, by theoretical methods. Due to inadequacies

Below O.8 K, the calculated values show marked effects in the present theory, we were not able to achieve -

of phonon dispersion , as discussed by Brooks and absolute agreement with the experimental data in all
Donnelly [301. cases. The accuracy of our computed values is, however,

generally very good , and we hope that the tables will
provide a ready reference for theoretical and experi-

\-

~~~~~~~~~~~~~~~~~~~~~~~

p

~~~~~~~~~~~

\

\ 

Perhaps the most interesting outcome of this research,zo-
A other than the tables , is the result that there appears

7 to be no theory at present which can accurately relate
a the energy and momentum of the elementa~~ excitations

: 

A 

mental research in helium II.

E
a o ’\. of helium U , as measured by inelastic neutron scatter-

z ing, to the thermodynamic properties. The problem
15 - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

°
O a may be in part the assumption of zero line width for theCo

spectrum , but other considerations such as the time0
0 scale of the neutron probe, and the re-establishment ofz

0
C., equilibrium after an excitation is created , may prove

~ 
important factors . These tables provide a unique oppor-

I~J CU)

tunity for comparison of the spectrum measured by -

neutron scattering, and the spectrum which yields thea a correct thermodynamic properties via the Landaua 5
theory, and it is hoped that our analysis will stimulate -

0 
o 20-I theoretical interest in this problem.t51

> a 25 On the experimental side , we see that there are seri-
ous gaps and discrepancies in some of the data which

• I . . . have been considered established for many years. Even
1.00 .50 2.00 the equation of state would benefit from a systematic

T(K) study over the entire (T, P) plane. An ideal experiment
would simultaneousl y measure the velocities of first,

F’u;utw 17 . The velocity of second sound as a function of tempera- second , and fourt h sounds, and the expansion coeffi-
ture . at different pressures. Solid tines. eq (34): data
points, from Hejserman et a). 12 1). Some of the ~~~~~~~~~~ 

cient in one cryostat over all pressures and all temper-
ness of the calculated curves may be the result of numer- atures from 0.3 K upward. When such data are available ,
cal problem s : note how many der ived quantities appear the present study could be repeated with considerable

in eq (34). profit.
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Appen dix A

Tables of the Calcula ted Properties of Helium II

A short statement concerning the use of these tables (i v) The highest temperature for which data is listed
is appropriate here. There are seven important points to in each pressure column is governed by the temperature

remember: at which the calculated normal fluid density starts to
( i) As a rule -of-thumb , the ta bles can be expected to exceed the total density Pn IP I and represents the

be most accurate below 1.6 K. “lambda-line ” of the model calculation.
(ii ) The tables may be less reliable near the lambda- (v)  When unusual accuracy is require d, the original

line , and certainly no attempt should be made to use data must be consulted. An annotated bibliography is
them in scaling relations. given in Appendix B as an initial guide.

(iii) All numbers are the result of continuous func- (vi ) Data at “P 0” are generally measured SVP.

tions , and each number has been given as many fsgures The corrections are generally insignificant since SVP
as space allows to provide a continuous tabulation for at 2.10 K is only 0.04 atm.
numerical ana lysis. Tl)e large number of figures for the (v ii ) Several units in common use in low tempera .
power series in table 25 is needed since these coeffi- lure physics have Si. equivalents :
cients are highly correlated. Similarly, accurate deriva-
lives of thermodynamic variables need many significant I atm 1.01325 X 10~ Nrn 2

figures. In all other cases, the values should be rounded
to two or three figure s as indicated by the tabulations of For ‘He: I mol = 4.0026 g

average deviations in the relevant sections of the text ,  i A = 10 - ‘° m
The notation .34753 + 05 indicates that the number
0.34753 is to be m ultip lied by 10~ ~ . etc . I A t 1010 rn~~

i_s

.t~~~,vs Chrn,i Is4 f)aI. VaI A N a t 1 l7 7
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TABLE 25. Coefficient. si~ and a. of the MDC gene. (K A ) ( 1 A J0 ”m)

T P
(K) (.lm) a, a4 a, a. a, a.

.20 .00 18.196846 45.108719 — 163.085876 211.667572 —136.115967 43.272781 —5.389564

.20 2.50 19.667023 26.523594 —112.360092 152.520172 — 100.990311 32.799019 —4.1427)3

.20 s.oo 20.946884 13.519928 — 79.787628 116.719101 —80.569763 26.869144 —3.448239

.20 7.50 22.068062 3.969789 — 58.034119 94.421631 —68.426041 23.433270 —3.050060

.20 10.00 23.122910 —3.381524 —42.918419 80.189056 —61.114006 21.424671 —2.818585

.20 12.50 24.073158 —9.328510 —31.882721 70.802612 —56.660950 20.251656 —2.684020

.20 15.00 24.954227 — 14.386789 — 23.284580 64.210096 — 53.816437 19.541046 — 2.602543

.20 17.50 25.777447 — 18.847580 — 16.243782 59.369171 —51.960667 19.123726 —2.5553 10

.20 20.00 26.551479 —22.856491 —10.320194 55.749977 —50.841278 18.909050 —2.53190 )

.20 22.50 27.283047 —26.474239 —5.339409 53.14672) —50.278160 18.862236 —2.528291

.20 25.00 27.977539 —29.764984 —1. 1160)9 51.340134 — 50.162460 18.945549 —2.540059

.40 .00 18.202255 45.046959 — 162.938599 211.512787 — 136.031036 43.248993 —5.386869

.40 2.50 19.670414 26.481247 — 112.258484 152.414948 — 100.934372 32.784042 —4.14 1109

.40 5.00 20.948875 13.491226 —79.717514 116.646820 —80.532272 26.859520 —3.447267

.40 7.50 22.089031 3.967130 —58.038261 94.437393 —68.441177 23.439346 —3.050950

.40 10.00 23.123085 —3.362782 —42.983966 80.277740 —61.172585 21.443634 —2.820991

.40 12.50 24.072704 — 9.336058 —31.856209 70.769669 — 56.641846 20.246380 — 2.683459

.40 15.00 24.953247 — 14.393038 —23 .257160 64.172882 —53.793556 19.534393 —2.601797

.40 17.50 25.776039 —1 8.855232 — 16.207016 59.316772 —51.946960 19.113453 —2.554100

.40 20.00 26.549694 — 22.835377 — 10.372450 55.807526 — 50.874641 18.918961 — 2.533086

.40 22.50 27.280945 —26.463436 —5.355791 53.157700 —50.282394 18.863247 —2.528409

.40 25.00 27.975163 —29 .745289 — 1.158225 51.381783 —50.184845 18.951885 —2.540795

.60 .00 18.2101~5 44.947212 — 162.696777 211.257385 — 135.89)357 43.2102)3 —5.382538

.60 2.50 19.673195 26.448863 —112. 187561 152.349792 — 100.905060 32.777870 —4.140655

.60 5.00 20.9481)6 13.472624 — 79.654282 116.567139 —80.484283 26.845539 —3.445675

.60 7.50 22.085663 3.966507 —58.007721 94.383545 —68.403625 23.427425 —3.049511

.60 10.00 23.117702 —3.337157 —43.018486 80.294022 —6 1.174126 21.442753 —2.820804

.60 12.50 24.065712 —9.266668 —32.015945 70.934006 —56.731209 20.271423 —2.686308

.60 15.00 24.944935 — 14.323412 —23.403755 64.311218 — 53.862968 19.552479 — 2.603726

.60 17.50 25.766621 — 18.758907 — 16.426543 59.542412 — 52.067474 19.146423 —2.55775 1

.60 20.00 26.539330 —22.741051 — 10.577082 56.004504 —50.974304 18.944862 —2.535820

.60 22.50 27.269764 —26 .344913 —5.630239 53.437424 —50 .431076 18.903553 —2.5328)7

.60 25.00 27.963257 — 29.653122 — 1.339696 51.53864.3 — 50.255287 18.967911 — 2.542256

.80 .00 18.2)4394 44.885498 — 162.573425 211.165689 — 135 .866547 43.211037 —5.3835 13

.80 2.50 19.667351 26.488655 — 112.289688 452.477020 — 100.990265 32.80667 3 —4.144476

.80 5.00 20.935299 13.580513 — 79.899826 I 16.$ lSi~~- — 80.625046 26.885706 — 3.450315

.80 7,50 22.067688 4.161252 —58 .476311 94.87896. —68.675858 23.503426 —3.058043

.80 10.00 23.095741 — 3.094258 —43.598465 80 191860 - —61. 500557 21.532032 —2.830614

.80 12.50 24.040565 —8.995251 —32.653259 71.587036 — . ‘077126 20.364201 —2.696301

.80 15.00 24.917152 — 14.022804 —24. 107124 65.021442 — S4.211N~I 19.653042 —2.614472

.80 17.50 25.736622 — 18.448452 — 17.139606 60.252594 52.433647 19.241837 — 2.567715

.80 20.00 26.507439 —22 .40034 1 — 11.365572 56.798393 — ~‘ 386214 49 .052788 — 2.547 145

.80 22.50 27.236233 — 25.995335 —6.429257 54.231972 — 50.I,~~’’ 19.008675 —2,543683

.80 25.00 27.928276 —2 9 .267151 —2.2386)4 52.446419 —50.726234 ~~~~~~~ —2.5551)9

1.00 .00 18.204235 44.652832 — 161.936188 2)0.556702 - 435.624695 43.178589 —5.384238
1.00 2.50 19.639828 26.539146 —112.374146 152.640625 — I0I.164105 32.884967 —4.156837
1.00 5.00 20.895721 13.968925 — 80.190514 117.962906 —8 1.314407 27.096333 — 3.475906
1.00 7.50 22.019199 4.711472 —59.847031 96.367493 —69.508604 23.738297 — 3.084483
4.00 10.00 23.040333 — 2.439907 — 45.208374 82.806598 —62.427 147 21.784409 — 2.858028
1.00 12.50 23.979599 —8 .277168 —34 .398270 73.409150 — s8.047661 20.623207 —2.723837
1.00 15.00 24.851604 — 13.248.38 1 —25.989033 66.995143 —55.289787 19.933578 —2.644359
4.00 17.50 25.667217 — 17.631157 — 19.111877 62.314148 —53.529625 19.533794 — 2.598693
1.00 20.00 26.43474) —2 1.556465 — 13.397085 58.904289 — 52.501068 19.348454 —2.578362
4.00 22.50 27.160610 —25.133644 —8.485947 56.346336 — 51. 947769 19.300289 —2.574163
1.00 25.00 27.850113 — 28.360394 —4 .412244 54.687294 —51. 904831 19.401215 —2,587592

3. Phy.. Chum. 551. Dais, Vol. 6. N.. 1, 1977
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T*aLE 25. Coefficients u, and a, of the MDC genes (K A M1 A= 1o “ m)— Continued

T P 7
(K) (at m) Us a ., a. a, a, a,

1.20 .00 18.164108 44.275581 — 460.940887 209.78 128 1 — 135.492432 43.245468 —5.404290
1.20 2.50 19.572063 26.758766 — 112.963913 153.591400 — 101.961929 33.197128 —4.202121
1.20 5.00 20.808731 14.826330 —83.174515 120.683197 —82.995148 27.616653 — 3.539522
1.20 7.50 21.917927 5.987774 —63.197815 100.143555 —71.676208 24.36000) —3.155261
1.20 10.00 22.927975 — .953682 —49.053604 86.835022 —64.781586 22.437943 — 2.9300)6
4.20 12.50 23.858326 —6.700869 —38.413834 77.752090 —60.422890 21.270164 —2.793734
1.20 15.00 24.722965 — 11.594639 —30.183372 71.519653 —57.760544 20.605816 —2.7)6905
1.20 17.50 25.532345 — 15.921318 —23.439617 66.968201 —56.070633 20.225227 —2.673302
1.20 20.00 26.294491 — 19.785034 —17 .865482 63.712936 —55.125114 20.062019 —2.655275
1.20 22.50 27.015709 —23.259411 — 13.24685 1 61.503365 —54.780006 20.075176 —2.658149
1.20 25.00 27.701077 — 26.405735 - 9.396870 60.106216 —54.890816 20.220387 —2.676547

1.40 .00 18.072956 45.500061 — 164.784180 214.792206 — 138.740295 44.278648 —5.532924
1.40 2.50 19.438976 28.420647 —117.804657 159.588531 — 105.707138 34.354279 —4.34272 1
1.40 5.00 20.646286 16.919952 —89.076736 127.769882 —87.295731 28.911419 —3.693206
1.40 7.50 21.733669 8.45448 1 — 70.038254 108.202164 —76.472626 25.777176 —3.320523
1.40 10.00 22.726757 1.77923 1 —56.52922 1 95.506714 —69.860260 23.914516 —3.099521
1.40 12.50 23.643452 —3.734785 —46 .470146 87.0)7044 —65.798294 22.817932 —2.969692
1.40 45.00 24.496807 —8.445623 —38 . 698273 81.261871 —63 .38)508 22.214680 —2.898664
1.40 17.50 25.296650 — 12.555998 —32.553452 77.396759 —62.083504 21.944016 —2 .867117
1.40 20.00 26.050594 — 16.232990 — 27.498936 74.739670 —6 1.480286 21.876575 —2.859508
1.40 22.50 26.764648 — 19.447979 —23 .649632 73.455765 —61.685036 22.049335 —2.880445
1.40 25.00 27.443665 — 22.335537 — 20.564976 72.970154 —62.329536 22.346832 —2.9)5753

1.60 .00 17.90264 ) 48.812119 — 175.371002 228.404266 — 147 .344147 46.941986 —5.856093
1.60 2.50 19.206341 32.339539 — 129.711182 174.417542 — 114.864029 37.134735 —4.674360
1.60 500 20.369839 21.354656 — 102.164581 143.726654 —96.977600 31.805569 —4.033397
1.60 7.50 21.424599 13.275105 —84.012787 125.009552 —86.552719 28.75796 1 —3.667232
1.60 10.00 22.392326 6.959643 —71.399368 113.254333 —80 .433380 27.021046 —3.458503
4.60 12.50 23.288635 1.8)2648 —62.317459 105.852966 — 76.976807 26.089340 —3.346 )09
1.60 15.00 24.125160 —?.5)~4~~ —55.587433 101.279404 — 75.224640 25.668606 —3.294540
1.60 17.50 24 940809 —6.2 113 14 —50.637695 98.803894 — 74 . 724228 25.621296 —3.287316
1.60 20.00 25.652557 —9.388725 - —47.062798 97.911530 — 75.156067 25.849960 —3.342699
1.60 22.50 26.355961 — 12.038965 —44.917770 98.682465 —76.574875 26.37)922 —3.3727 18
1.60 25.00 27.025574 — 14.073032 —44.509460 101.518951 — 79.234451 27.264038 —3.476307

1.80 .00 17.614632 55.727371 — 197.996429 257.666931 — 165.81845 1 52.637)92 —6.54355!
1.80 2.50 18.825653 40.186943 — 154.354584 205.484100 — 134.100006 42.966637 —5367590
1.80 5.00 19.923534 29.928108 — 128.418213 176. 256683 — 116.839203 37.75)259 —4.731647
1.80 7.50 20.929398 22.472076 — 111.735825 158.975952 — 107A)96619 34.853954 —4.376947
4.80 40.00 21.859222 16. 755856 — 100.653961 148.854645 — 101.841476 33.337959 —4.189687
1.80 12.50 22.725193 12.282404 —93.426895 143.557465 —99.566986 32.729744 —4.111550
1.80 45.00 23.53678 4 8.741184 —88.975906 141.647369 —99.348129 32.73915! —4.106864
1.80 17.50 24.30149 1 5.986689 —86 .808777 142.483459 — 100.781143 33.24)653 —4 .460482
1.80 20.00 25.025322 3.967886 —86 .760010 44.5.855957 — 403.735855 34.496609 —4 .267243
1.80 22.50 25.713169 3.09976 ) —90 .202667 153.533234 — 109.319916 35.940804 —4.466936
4.80 25.00 26.369068 4.027386 —99.219772 168.426648 —119.12 1857 38.942955 —4.8)3305

2.00 .00 17 .152634 70.090286 — 245.46)426 3)8 .905151 —204 .214142 64.376389 —7.948897
2.00 2.50 48.221794 55.730057 — 204.122437 268.480164 — 173.024445 54.714104 —6.7566!)
2.00 5.00 49 .218197 46.419075 —180.444836 240.874268 — 456 .345490 49.558441 —6.114318
2.00 7.50 20.148487 40.057701 — 166.143066 226.299347 — 147.931000 46.966454 — 5.784702

• 2.00 10.00 21.020050 35.440361 — 157.926758 219.2372)3 — 144.272736 45.848648 —5.634654

J. $pp.. Chum. 1.4. Dais, Vol. 6, N.. I, 1977
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LE ITER TO THE EDITOR

Need for mor e precise thermodynamic and neutron scattering
data on liquid helium 

-

R J Donnelly and P H Roberts
Department of Physics and Institute of Theoretical Science, University of Oregon , Eugene.
Oregon 97403

Received 6 October 1977

Abst ract . it is shown that even at low temperatures, the dispersion curves derived from
existing data on neutron scattering and thermodynamic quantities of Hell hare irregularities -

Programs of system atic measurement of neutron scattering and thermodynamic data would
he of signi fica nt benefit to the study ol liquid helium.

Until recently, our knowledge of the Landau parameters for Hell was sketchy indeed,
and we had only the vaguest notion of the temperature and pressure dependence of the
roton energy gap A and the association momentum p0 and effective mass ~u (Donnelly
1967). Quantities depending on the Landau parameters vary so rapidly with temperature
Tand pressure P that attempts to deduce these parameters from thermodynamic data
were so inaccurate as to be nearly useless. Comprehensive neutron scattering studies
over significant ranges of T and P undertaken at Brookhaven (Dietrich et a! 1972)
together with a careful study of the thermodynamics of temperature dependent energy
levels (Donnelly and Robert s 1977) have improved the situation to such a degree that
systematic tables of the calculated properties of Hell consistent with neutron and
therm odynamic data have been produced (Brooks and Donnelly 1977). Systematic
compilations of thermodynamic data from the velocities of first , second and fourt h
sound have also been published by Maynard (1976). It is not difficult to show however,
that in certain regions even these latest tables have deficiencie s which will need correction
in the future. This Letter is a call for the necessary measurements to be made.

These columns have reported a lively controversy concerning the existence and
binding energy of the two-roton bound state (Cowley 1972, Latham and Kobe 1975,
Murray et al 1975, Woerner and Stephen 1975, Woods et a! 1977). Precise measurements
of the energy of the two-roton state and the Landau parameters necessary to interpre t the
results have been given by Murray eta! (1975) and Woods eta! (1977). The result is that at

O~7 K and the vapour pressure . thebindingenergy ofthe two-roton state isO~27 ± 0~04K.
This is, at first sight , a gratifying result for theory as well. Two quite different calculations,
published nearly simultaneously, gave for the binding energy the values E 8 = 1 0520
x l0 3p~/~ (Roberts and Pardee 1974) and E5 = 1 ‘25 x l0 3p~/g~ (Pitaevskil and
Fomin 1973). Using the tables of Brooks and Donnelly (1977) at I K , this yields Ea
= O~29O2 K for Roberts and Pardee and E5 = 0~345 K for Pitaevskil and Fomin—
satisfactorily close to experiment. The precision determination by Woods el a! ( 1977).
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however , revises p0 and ~ drastically, pushing the theoretical results to E~ = 0~375 K and
0446 K, respectively, a shift of 28 0/a, and well beyond the experimental uncertainties.
Typically, theories will have characteristic energies, lengths, and times depending on the
Landau parameters, such as p02/p, (.p/4~tp)’~ and ~t413/(4np)”3p0, respectively, where p is
the density. U ncertainties in these quantities have serious repercussions in comparison
with experiment. Since the theories of the bound state give the binding energy in terms of
the characteristic energy Pt /p , the pressure dependence of E~ is automatically determined
providing the parameters are accurately known as a function of pressure . The pressure
dependence of E~ is substantial , as shown from the following results calculated on the
theory of Roberts and Pardee (1974) using the tables of Brooks and Donnelly (1977) at
T = 0 7 K :

P(atm )  0 5 10 15 20 25

E1~~~K I 0-2902 0-3 129 03363 0-3568 0 3765 0 3970

The values used in the table above involve extrapolations of the data of Dietrich t’t a!
(1972) below 1 K. With the exception of the single measurement of Wood s et aI (1977).
there is no published neutron data on pure 4He below I K. This means in particular that
the important values of A obtained by extrapolating to T = 0 K are subject to con-
siderable uncertainty. Fv’dence that this is so is obtained by calculating the val ues of
(~A/ ?P)~ ~. This has been done by Donnelly and Roberts ( 1977) and is illustrated in
figure 101’ of their paper. An anomaly of nearl y 50°,~ ex ists in the values of?A~’P near
P = 5 atm.

It would be desirable to have neutron scattering data and ther mal expansion data
over as la rge a ra nge of T and P as possible, but in particular . st raddling the line of
zero thermal expansion coefficient , where the PVT surface has a pronounced maximum.
Extension of sound measurements such as are reported by Heiserman er a! (1976) and
analysed by Maynard (1976). to as low temperatures as possible. would also be of great
value.

We note that in the studies of mixture s of 3 1-l e in 4He , such as are reported by Hilton
et a! ( 1977), the shifts in the spectra relative to pure 4 He are often given in place of
absolute spectra. This underlines the importance of having a firm idea of the spectrum in
pure 4He as a point of departure .

Finally, we would re-emphasise the need f~r new theoretical work on the lineshape
for inelastically scattered neutrons. At relativel y hi gh temperatures. where the tinew idth
of the scattered neutrons is significant , uncertainties in unfolding the underl ying energy
levels severely limit the usefulness of potentially valuable experimental data (Donnelly
and Robert s 1977, Maynard 1977).

We thank the National Science Foundation and Air Force Office of Scientific Research
for support of our research program.
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Dielectric Model of Roton Interactions in Dilute
Solutions of 3He in 4He*

R J . Donnelly, R. W. Walden, and P. H. Robertst

institute of Theoretical Science and Department of Physics.
University of Oregon, Eugene. Oregon

(Received October 6. 1977)

The analogy between the theory of superfluidity and the theory of dielectrics
can be extended to account for some of the properties of rotons in dilute
solutions of 3He in superfluid 4 1-te. These incl4de the normal fluid density
ratio and the shifts in energy of roton excitations relative to those of pure 4He.

1. INTRODUCTION
Rotons are those excitatio ns on the single-phonon branch of the 4He

dispersio n curve h w ( p )  that are near its minimum, situated at q0 = p o/ h =
1.91 A ’ . Their interactions are a continuing source of problems and
investigations. At large distances, the flow from an isolated roton appears
as if it ori ginated from a permanent dipole of moment ~~~, = p/4irp, where p
is the density of the fl uid ,’ and the group velocity (ahw/ap)I , of the roton
can be either parallel or anti parallel to t he direction 1, p / p  of its
momentum vector p. Feynman recognized that there is a certain analogy
between rotons and electric di poles. ’ This analogy was developed in detail
by Donnelly and Roberts 2 and employed by Titulaer and Deutch’ to study
the temperature dependence of the roton gap and associated ther-
mod yna mic properties. The results of the latter study are i mpressive: Using
a si ngle parameter , an assumed cutoff radius a beyond which the roton
flow field is assu med to be di polar . Titulaer and Deutch were able to
account for a wide variety of properties of 4He as a function of temperature
T and pressure P. (This parameter a was assumed to scale linearl y with the
cube root of the molar volume.)

°This research is supported in part by National Science Foundation grant DMR 76-21814 and
by the Air Force Office of Scientific Research under grant AFOSR 76-2880A.
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Bardeen ci a!.4 and Ebner and Edwards 5 have remarked that a 3He
atom solvated in 4He is principally distinguished from its surroundings by
having an increased atomic volume (1 +a)v40, where V40 is the atomic
voLume of pure 4He and a = 0.284 at low temperatures. The 3He
quasiparticle moving at velocity v through the superfluid has a backflow
like a sphere moving through an ideal fluid -and an induced momentum
(8m)v, where Sm, the induced or hydrodynamic mass, is half the mass of
the displaced fluid. 6 This dipolar flow leads to important quasiparticle
interactions , which are reviewed by Ebner and Edwards3 and Baym.’

The purpose of this paper is to extend the dielectric analogy referred
to above to calculate contributions to the normal fluid density of 3He
solutions and shifts in the roton spectrum due to soLvated 3He. In doing so,
we shall generalize the analogy of Refs. 1—3 to rotons in the neighborhood
of the roton minimum , i.e., to moving rotons. The advantage of this
treatment is that no parameters of solvated 3He are required save 1+ a,
which we estimate following Ebner and Edwards by noting that the kinetic
energy of zero-point motion is inversely proportional to mass.8 Equating
the kinetic energy density (pressure) of the 3He to the surrounding 4He
gives 1 +a = m4/ms no4/3. Our central results—.-(31), (36), and (39).—do
not , however , depend on whether we take a = 1/3 or the experimental —

value a = 0.284.

2. THE DIELECTRIC ANALOGY FOR PURE ~ii~
The fundamental variable in the two-fluid theory of helium 11 is the

velocity potential of the superfluid 4,,, which is related to the phase of a
certain wave function. The superfluid velocity v, comes from

(1)

an equation analogous to the relationship between potential and field in
electrostatics,

E=— V4,E (2)

The mass flux j in helium II is related to the normal and supórfiuid
velocities by

j= PMVn +PSV, (3)

In cases where w , and ~‘, diffe r , such as in a counterfiow, the velocity
w = v ,—v, (4)

can be used to define a flux

io P1W (5)

0
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and ~ in turn is related to the mass flux ~ by

j =~~~+pv, (6)
an equation which is analogous to the relation between displacement,
polarization, and field in electrostatics,

D 4,rP+E (7)

In electrostatics , the polarization is found microscopically by calculating
the dipole moment per unit volume using statistica l mechanics. in helium
II , j o is calculated from the mean drift momentum density of excitations,

i P n w =J Pf l ( t P .w ) d P  (8)

where n is the distribution function for excitations of energy t’ and
momentum p. For example , f or  small w (and at high temperatures where
rotons dominate), we may expand (8) in powers of p w to give

jo = p,w = (p~/ 3 k T) N,(t~)w (9)

which defines the microscopic picture for p~ as a function of roton excita-
tion density N,, which in turn depends on the roton energy gap &

If w and v, are constrained to be parallel as in an isotropic dielectric,
then (6) and (7) are closely similar. One way to see this is to clamp the
normal fluid , such as one does in a superfluid gyroscope, so that

~M =O~ w = — v , (10)

If a superfluid mass flux pv, is flowing in such a gyroscope, a net polariza-
tion —(p ~/ 3kT)N,i’, = ~~~~~ will be produced , leaving a net mass flux
—p0v,+pv , or

j=p ,v, (v , =0) (11)

which resembles

D = eE  (12)
with p, playing the role of the dielectric constant. The susceptibility x =
(e — 1)/4sr is analogous to pa/p.

If we have a permanent dipole of moment P-x in an electric field E, its
energy is

UE = —I L E~E (13)
Similarly, the energy of an excitation of momentum p in a flow v, is

(14)

a,
,
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Comparing (13 ) and (14), we see from the sign difference that excitations in
helium II tend to line up with their momenta antiparallel to a flow w,, rather
than parallel as in electrostatics.

The free energy per unit volume that must be supplied to establish the
superflow v, is

=~~j . i j, - . Lp t ,2 (15)

compared to the corres ponding expression in electrostatics

AF (1/ 8, r )D E~~( 1/ 8,I ! ) eE2 ( 16)

A cha nge in current density in a gyroscope may be due to a change in
superfiow at constant T, or a change in temperature at constant w, (a fixed ,
qua ntized circulation):

dj = p d v, +v , (dp,/ dT), ~dT (17)

which , since dp ,/ dT <0 , leads to an increase in j as T is decreased. This is
the method of determining p, directly from angular momentum measure-
ments in a superfluid gyroscope, since the angular momentum density will
be proportional to j .

Other expressions, such as are contained in Fröhlich’s monograph on
dielectrics,9 follow in an obvious way (see especially his discussion of
energy and entropy in Chapter I of Ref. 9).

The connection between the variables in the two branches of physics is
summarized in Table I , where the explicit connections are for electrostatic
variables in esu and variables of helium II in cgs units.

Give n the analogy discussed above, one can now apply the powerful
tools of dielectric theory to problems in helium II. For example , following
Chapter II and Appendix A2 of Fröhlich’s monograph ,9 one can define a

TABLE I
Analo gous Variables in He II and Electrostatics

Electr ostat ic
Variable in variable Explicit

He II (esu) connection

4,,
E E-.(4,ra )”2 o.
0 D-” (4ir/p)”2j
P P-° h,/(4wp )’’2
F

Pu x- ’ —P~I(4wp~p s,
5,
U. 

, 
U,. U,1 .. — U.

. 5
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“cav ity ” of radius a and dielectric constant e, = I containing a permanent
point dipole of moment ~~ at the center of the sphere. The material
outside is considered to he a continuum having die lectric constant e, and a
steady field E .  The dipole polarizes the surrounding medium , which in
tu rn fi lls the sphere with a uniform “Onsager reaction field”

2fr, — l ) p , e
R=—---’r (18)

2t~, + l  a

irrespective of the value of E.~. The external field E~ is reduced in the
sphere to the “cavity field”

G= - - -~~~—E .~ ( 19)
2e. + I

whether or not the dipole is present.
Our discussion shows that e’, is analogous to p,/p: We denote e., =

pa/p, so that  ~
.
, + ,.‘,, 1. A roton may be considered to be a permanent

point dipole of doublet strength p/4irp embedded in a sphere of radius a
contai ning pure superfluid (e, I). Excitations outside are simply consid-
ered to be a continuum of dielectric constant e,, whose effect is to produce
an Onsager reaction flow given by the equation analogous to (18):

2fr, — l )  p
= (20)

2e , + l  4irpa

This flow will , by (14 ), result in a reduction in roton energy of an amount

en P (
3— 2r~ 2 rrp a

Choosing a = 3.76 A gives quite good agreement with observed changes of
roton energy gap .~~ with p,,/p and he nce temperature T. Details of this and
other related calculation s are given by Titulaer and Deutch . ’

3. A DIELE CT RIC CALCULATION OF THE NOR MAL FLUID
DENSITY OF DILUTE SOLUTIONS OF 3He IN ‘He

By way of contrast to the model of the roton discussed above, a
solva t ed ~He atom may he modeled as a bubble of volume (1 +a)v40.
which contains a point mass ms . This impurity sphere has no permanent
dipole moment , hut i n a flow it will acquire an induced moment. To
calculate the polarizah ility i~, note that the relation

(22)

a, 
-
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from electrostatics is translated into
(23)

and since , as we indicated in the introduction, p = (Sm )v~, we have ~ =Sm/ 4irp for a single 3He quasiparticle solvated in ‘He.
According to Fröh lich,9 the Clausius.-Mosotti equation relating the

dielectric constant e, of a pure liquid of nonp olar molecules to the
polarizability fln and number density n is

c — I 4,,-
(24)

c, +2 3
Accordingly, we may expect the “dielectric constant ” for 3He particles of
number density P13 to be

1—E , n3 Sm 252+c , 3p
where again , the change in sign is related to the behavior of dipoles in a
superfluid , and e, ~ 1. I..et us call E. 4 the dipolar part of e~, given by (25),

n3 Sm/p 40
= (26)

1+n, Sm/ 3p40
where the subscripts on P~o indicate that it refers to the density of pure
‘He. The total normal fluid ratio for solvated 3He can be written

£u3 E,,,j +Epq,+tp,T (27)

Here e,,, = n3m,/p is simply the classical inertial effect of the point masses
m,, and CuT is an additional effective mass due to any departure of the 3He
spectrum from quadratic. For example , if the ‘He spectrum is written

ttw,(p)= —E,+~~--.+~~’ (28)

the last term will lead to a linear temperature dependence of EMT.
5 If e3(p)

has a roton like minimum, there will be an exponential dependence of e~r
on T. The neutron data ’2 have not yet settled the functional form for
~ W3(p).

To find c,.,~, write p~ = m4/ v~ , then ?t~ Sm/p.o = fl~ Smv~o/m4 and
= X/(1 + aX) where X — n,/(n, + n4). Approximating Sm/rn 4 2/3,

we find to second order in X

e ,~”4X(1 — 5X/9) (29)
To connect with results at low temp eratures where s,,,~ may be neglected,

a,

- 5
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we can write Pn3 = (E,,d + e,,,,)p, where the density of the mixture of N3 ‘He
atoms and N4 ‘He atoms in a volume V is

= 
Al N m4  + N,rn,
V N4v40 + N3 (1+a)v 4o

[1 +( n,/ n4) m,/ m4Jp ao ( 4 — X) p 4 o  
30I + (n , / n~X 1 + a)  4(1 + aX) (

neglecting ther mal expansion. To first order in X, we obtain from (29) and
(30)

- 2— i+ !~( i_ ~~x) (31)
n3m, 9 36

which agrees very well with the concentration dependence of second-sound
data of Brubaker et al. ’° The magnitude dis 17% low comp :ed with the
experimental value 2.28 for X =0. This has no repercussions on our other
central results (36) and (39) below.

4. DIELE CTRIC CALCULATION OF THE ENERGY SHIFTS OF
MOVING ROTONS IN DiLUTE SOLUTIONS OF 3jj~ IN ‘He

Returning to our model of rotons discussed in Section 2, we shall
discuss the effects of adding ‘He and allowing the rotons to have a drift
velocity with respect to the background fluid. First , we expect a term like
(21) due to the surrounding ‘He particles. But now we must consider the
shifts in energy due to the velocity a(hw)/ap of the roton where both
normal and superfluid velocities are involved. The energy for the roton in
the presence of a counterflow w is

ftw(p, w) =hw (p )— p~~w (32)

In a coordinate system attached to the roton , the normal and superfluid
components approach with the same velocity, so that the sign of the
velocity is reversed to —a ( *w) / t3p. In the roton sphere , however , the
superfluid velocity is reduced to the “cavity” value given by (19):

3€, 8Ptw’(— ,~i. (33)2e,+ 1 ôp

But the ‘He quasiparticles are impuriti e~ having a physical mass m, and do
not experience the reduction of velocity in the cavity. This is an example of
d’Alembert ’s paradox , which is familiar in other branches of the study of
helium II. (For example , ions moving near the core of a quantized vortex
line are not carried around by the circulation of the superfluid—they

a,
,
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respond instead to the pressure gradient near the core.) Hence
(13hU) i (34)

Thus in the cavity
e, — I  ~hw

(—)i. (35)
2s,+ 1 op

and the cha nge in energy of the ion is

S( It w,) hw(p, x ) —  h w ( p )  = ~~ — 

2irpa ’] (36)

where the first term of the change comes from (32) and (35) and the second
is the reaction flow term (21). We have added a prime to € ,, to denote
omission of the point-mass contribution e,.., from Eq. (27), since the point
mass does not contribute to the dipolar effects, whereas €.4 and E.T do.

An interesting contrast arises if we consider the problem of moving
rotons in pure ‘He. At first sight one might expect a term in p Offiw ) / Op just
as in (36). But a more careful investigation shows that this is not true . To
appreciate why, we go back to the cavity flow . Just as before , v,, is reduced
to the value given by (33), but the other phonons comprising the normal
component of the ‘He are excitations of the background fluid and hence
their velocity is reduced in the cavity by exactly the same amount. Thus
w,, ~ 0 for pure ‘He and the energy shift (21) is valid for all rotons.

As a partial check on (36) we observe that , if we picture any ‘He atom
present as an impurity sphere of radius a and effective mass (physical mass
4~rpa~/3 plus induced mass 2,rpa’/3) of m4 = 2irpa ’ and possessing the
classical dispersion curve P1w = p 2/4irpa ’,’we would obtain from (36) a
zero change in P1w. This would seem to be a necessary test which any theory
such as this must survive.

5. EFFECT OF TEMPERATURE AND 3He ON TIlE
SINGLE-PHONON SPECTRUM

Suppose we measure the dispersion relation for single phonons at
some “reference temperature ” TR as close to T =0 K as possible . What is
the total effect of raising the temperature and adding ‘He? From (21) and
(36) we have

P1w(p, T, X) P1w (p, TR,0)+ C,” [~(~±~) ~~~~z}3 2 e ,’, Op 2irpa
EN P

3 2 t ~ 2irpa ’

‘I.

~ 
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where the e,, in the last term is Pu/P for pure 4He. Our discussion in this
paper has assumed throughout that the temperature changes are not “too
large” or the ‘He concentrations “too strong.” If we remove these restric-
t ions, many complications arise which are beyond the scope of this simple
discussion. For example, one would find that the cutoff parameter a is itself
temperature dependent , and it would be necessary to know the complete
particle—hole continuum spectrum for mixtures , which is not yet well
deter mined. ’2 Let us therefore proceed in the manner of a perturbation
calculation. In evaluating (37), we may therefore compute the group velo-
city lf f i w (p ) / t 3p  fro m the reference spectrum instead of fro m the dispersion
curve at finite T, and X, etc. Under such conditions, the roton part of the
spectru m may be represented by a simple Landau approximation:

P1 w(p,  0, 0) = ~ , + (p — 
po)

2 /2~ () (38)

Noting that $,~/ 7rpa 0.04 and p~/ 6 p~) k 46 K, we find that the effects of
solvating ~He and raising the temp erature are described by modified
Landau parameters A~,, pi ,, p~,, where

_____ = ~~~~~~~~ 
~~~~~~~~~~3 irpa

P~~~~~Po ~oI E~~3 P4) 1 F~
l~~~~~~

4 ~(€ n3 +f n4) l~~~~~~ (39)
Po ~L0L 3 3i~p a J 3

i~-~~~~ #to 2e ,, ~~~ , 2e~~= ~
— ---——— + a(E n~ +En4)3 3irpa 3

neglecting small quantities. Thus, raising the temperature of pure 4He
simply lowers the roton energy, whereas solvating ‘He lowers the roton
energy, shifts the roton minimum to lower wave numbers, and reduces the
effective mass. The shifts in po and p.,, are first order , whereas the shift in A0
is second order in e ,,.

In order to compare our results quantitatively with experiment , we
shall use the continuous representation of the single-phonon dispersion
curve advanced by Brooks and Donnelly 1’ and valid in the range 0<q <
2.2 A ’ ,

hw( )
(40)

The coefficients are tabulated in Ref. 11. We adopt as a reference spectrum
t he one for P =0 , TR = 0.6 K. Working near the roton minimum , we obtain
the results shown in Table II for the continuous representation of (40) as
compared to the simple Landau approximation (39). The agreement is
quite satisfactory.

a,
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TABLE U
Comparison of Shifts in Landau Parameters Based on Calculations with the
Model Spectrum of Brooks and DonneHy~ and the Simple Landau Approximation

(T— O . 6K)

X (à,— A)/(p~/60o) Spectrum (~~~~Ao) / (p~/ 6~io) Landau

0.06 —2.28 x 10 ’ —2.29 x
0.12 —5.5 6 x 10~ —5.64 x 10 ’
0.25 —1.5 8 x 10 ’ — 1.66xi0 ’

X ( p ,  —P o) /Po Spectrum (p~ — po)/po Landau

0.06 —1. 23 x10 2 —1.3 3x 10~0.12 —2 .3x 10 2 —2 .67x 10 ’
0.25 —4.37 x 10 ’ —5. 56 X 10~

6~ COMPARISON OF CALCULATED SHIFTS WITH RESULTS
FROM NEUTRON AND RAMAN SCATIERING

We compare our theory with the experimental results of Hilton et al.1’
on the effects of ‘He and temperature , by defining

8*w(p) 8hw3 +SAw4, (41)

with
8P1u,~~P 1w(p , T, X) — t~w( p, T,0) 

(42)
8hw4 =hw (p,  T, 0)—P1w (p,  TR, 0)

We show in Fig. la a plot of 8P1w4 from Eq. (21) compared with
P1w(T = 1.55)— P1w(T = 0.6), where e,’ and the coefficients of (40) are taken
from Ref. 11. The agreement shown is the result of selecting a = 3.76 A,
the sole parameter in this pap er. It is gratifying to see that (21) is successful
over such a large range of q, and that our extension of the dielectric theory
to moving rotons is borne out by the facts .

The effect of adding various concentrations of ‘He at low temp era-
tures is shown in Fig. lb compared with the measured shifts of Hilton et
al.t’ At low temp eratures ~ ,, in Eq. (36) is simply £,.4 as given by (29) and
hence we have plotted

SP1w31X[~~~~~
) _ 2,~~~,] (X, T-e 0)

The curves show a dramatic change compared to Fig. la. A “hinge ”
momentum hq,, exists, which is given by (36) as the momentum satisfyi ng

= p / 2irpa ’. This is true for any sufficiently small concentration or

a,
. ,
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0.Th

O-Q~

(a) blL4(onsoqer)

1.00 120 1.40 ISO 80 2.00:: 
__________________________

1.00 1.20 1.40 ISO 1.50 2.00

1.00 .20 1.40 1.60 1.80 2.00

Q ( A ’)
Fig. t. (a) The difference hw(l.55 K)—hw(0 .6 K) taken from the Brooks—
Donnelly tables” (dashed line) compared to öhw4 from Eq. (10) with a =
3.76 A (solid line). This shows the effect of raising the temperature in pure ‘He.
(I,) The shift ôAw3 at T = 0.75 K compared to the neutron data of Hilton cia!.’2
Circles, X = 0.06; triangles. X=0.12; squares, X 0.2S. Note carefully the
distinction between the hinge momentum q,,, the momentum of the reference
spectrum qo, and (for X = 0.06 only) the momentum of the shifted spectrum q ,.
(c) The shift 6*w 3 at’  =0.06 and for T=O.60, 1.04. and 1.55 K compared to
the data of Hilton eta!. ’2

temperature. It should be distinguished ~~refuIly from the momentum hqo
of the energy minimum of the unshifted spectrum and from the momentum
hq~, of the minimum of the shifted spectrum , which are also indicated in
Fig. lb.

The shifts for X = 0.06 and for T = 0.6, 1.04, and 1.55 K are shown in
Fig. Ic . Since there is no theory for ~,r, we have estimated e,,  for Eq. (36)

a ,,



- . ----— -. -- - - - - ~ - .  --.--. -- . -- - - -
~~~ ..-—.-,— -

- ~~~~~~~~~~~~~~~~

228

~ .i. DOU.eIY, ~~ . W. Wades, d P. R. Roberts

by subtracting e~ = 0.045 for X 0.06 from the data of Sobolev and
Eselson ,’3 to give c ,~ = 0.095 at 1.04 K and 0.115 at 1.55 K. Again , the
theory predicts a hinge momentum, and both temperature increase and
concentration increase lead to a weak maximum in the shifts near q =
1.7 A ’ .

The theory described here is in excellent qualitative agreement with
measurements of p,/p from second sound and shifts ôhw, and 811W4 from
inelastic neutron scattering experiments. It is difficult to assess the quan-
titative agree ment with the neutron data , simply because the observed
shifts are so small. Indeed , the smallness of the shifts is reinforced by the
Raman scatterin g measurements of Woerner et a!.” and Surko and
Slusher. IS For X 0.1I , Eq. (39) predicts an energy shift of —0.23 K,
whereas none is reported in Ref. 14 within an estimated error of ±0.05 K,
hut in the presence of a broadening of --0.5 K. Surko and Slusher” report
a slight increase in energy. The neutron data give a decrease , as shown in
Fig. lb. All this shows that the unfolding of the data for these small effects
is very diffic ult , especially in the face of the much increased linewidth.

Our theory can be improved in many w-tys . Its emphasis is on shifts
near q,, and on perturbations of the reference spectrum due to concen-
tration and temperature. It should not be taken literally at low momenta,
that is , near the maxon peak , where Figs. lb and Ic suggest formation of a
second hinge momentum. Adding 3He lowers the density of the fluid ,
which raises the velocity of sound, effectively preventing formation of a
hinge momentum near the maxon peak. Similarly, the lower density will
tend to raise the energy near q0, reducing the magnitude of the shifts seen
in Figs. lb and Ic. A complete assessment of the effects of changed
density has not yet been carried out , but by concentrating on the long-
range part of the roton interaction and going to a continuum picture , the
dielectric model is capable of giving considerable insight into the problem
of roton energy shifts with simplicity and (apart from a) without adjustable
parameters. Present theories , as reviewed by Hi lton ci a!., have consider-
able difficulty in accounting for the experimental results. ’2

ACKNOWLEDGMENTS

We are grateful to Prols. Roger Cowley and John Deutch and to Drs.
Paul Hilton and R. N. Hills for discussions of this work.

REFERENCES

1. R . P. Feynma n. Phys. Rev. 94. 262 (1954); R. P. Feynm an and M. Cohen, P~iys. Rev.
102 . 1189(1956).



~ ~
--

~~--- - -
~~~~~~.

229

Dilate Solutions of ‘He I. ‘lie

2. R. J. Donnelly and P. II. Roberts, Phyc. Len. 43A . 199 (1973).
3. U. M. Titulaer and J. M. Deutch . Phys. Rev. 10. 1345 (1974).
4 . J. Rardeen. (1 Baym. and D. Pines. Phys. Rev. 156. 207 (1967).
5 . C. Ebner and 1). 0. Edwards. Phys. Rep. 2C. 77 (1970).
6. 1. D. Landau and E. M. Lilshitz. Fluid Mechanics (Pergamon. London, 1959).
7. G. Baym. Helium Liquids: Proc. 15th Scottish Un,versities Summer School in Physics ,

1974. J. G. Arm itage and 1. E. Farquhar. eds. (Academic Press, London. 1975). Chapter
9.

S. F. London. Superfluids. Vol. 11 (Wiley, New York . 1954).
9. H. Fröhlich. 17,eory of Dielectrics (Oxford. Clarendon Picas. 1949).

10. N. R. Brubaker , D. 0. Edwards. R. E. Sarwinski . P. Seligmann. and R. A. Sherlock.
Phys. Rev. Len. 25, 715 (1970).

11. J. S. Brooks and R. J. Donnelly. I. Phys Qtem. Ret Data 6, 51(1977).
12. P. A. Hilton. R. Scherm. and W. G. Stirling. I. Low Temp. Phys. 27. 851 (1977).
13. V. I. Sobolev and B. N. Eselson, Soviet Phys.—JETP 33. 132 (1971).
14. R. 1. Woerner . D. A. Rockwell. and T. J. Greytak , Ph ys. Rev . Left. 30. 1114 (1973).
15. C. M. Surko and R. F. Slusher, Phys . Rev. Left. 30. III 1 (1973).

a,

I 

- 

. --

— ~~~~~~~~~~ — — -~~~~~-. ~~~~~~~~~~~~~ 
— -



230

— Jow,iaI of Lo T,m~e,w,.,, PI.~o,cs. VoL 31. NOt 3/4. 1978

Bound States of Rotons to Impurities in He 11*
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Rotons and impurities such as ions or solva ted 3He part icles can intera ct via
dipolar forces from the f low f ields of the roton and the motion of the impurity
throug h the background f luid. Stable bound states of rotons to impurities can
occur with near-zero tota l momentum. We give explicit results of bound-state
calculations for solvated ‘He, the positive helium ion, and the negative
electron bubble.

1. INTRODUCTION

The structure of rotons and roton interactions with other elementary
excitations and with solvated impurities in helium II remain fascinating, if
very difficult , questions in the phenomenological theory of liquid helium.
Fortunately, however , a considerable body of significant information can
be had by taking the view that rotons are simply phonons in the general
vicinity of the roton minimum at qo = p o/ h 1.9 A 1 , that they act at great
distances as if they had associated with them a permanent point dipole of
strength ~& = p/4irp and obey a dispersion relation e = hw(q) which is
parabolic near q,, and otherwise tabulated from neutron scattering data. ’
Their group velocity is taken to be v ae/ap. We have explored the
consequences of this viewpoint in a variety of calculations. The interaction
of rotons with all other quasiparticles of the system has been considered
from a thermodynamic viewpoint by Donnelly and Roberts.2 The roton—
roton scattering cross sectk,,1 has been calculated from a Hamiltonian
formulation 3; the binding of rotons has been computed both classically3
and quantum mechanically.’ The shifts in the roton spectrum due to
interaction with other rotons and with solvated ‘He have been treated on a
dielectri c model.56
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The interactions of rotons with solvated impurities such as ions and
‘He have received a great deal of attenti on f rom the point of view of
calculating ion mobilities. The possibility of bound states was firs t consid-
ered by Strayer et al.,7 who advanced the view that a moving impurity
induced a relative motion near it in which the counterfiow velocity w=v 0 —

v 5 achieved considerable magnitude , and the p w interaction would be
sufficie nt to produce a potential well for rotons near the equator of the
impurity sphere. This idea was used to estimate the nonlinear drag on a
rapidly moving ion and to for m the nucleus for the evolution of a quantized
vortex ring from such an ion. 79

This paper describes a rather different approach to the problem of
bound states to impurities: We take the dynamical approach , using a
Hamiltonian formulation. In doing so, we describe the roton as indicated
above and consider the impurities as spherical quasiparticles with radii a ,
effective masses m’, and dispersion relations r = E + p 2 / 2 m * . The
effective masses m* are the sums of their physical masses m and induced
masses = ~irp a 3, where p is the fluid density. The present approach is
semiclassical , hut even in the case where such an approach fails , the
Hamiltonian may be used as a reasonable starting point for integration of
the Schrödinger equation governing the two particles. 4

The principal result we obtain is that there exist bound states of rotons
and impurities of nearl y zero total momentum P. The most tightly bound
state has exactl y P = 0. Neighboring states extend outward to the roton
minimum and beyond , but these are unstable in the sense of having a
positive interaction energy, beyond about 0.15 A ’ . We shall discuss the
experi mental situation and observation of these states in some detail ,
giving estimates of the energies for their observation. But a rough estimate
is obtained simply by adding the energy of a roton ~ to that of the impurity
havi ng the same momentum po:

H =p ~/ 2m * 4~~

where ~ is the roton energy gap.
Rotons are known to bind with other rotons and with impurities. This

arises because the roton has a very intense dipole moment and yet can
t ravel very slowly if q =q 1 . The slowness of its motion allows time for
i nteraction to occur and leads to stable bound states as well as to intense
scattering. Impurity quasi particles , on the other hand , have an interaction
because of dipolar flow due to their motion throug h the supe r fluid. They
will not form bound states in themselves. For example, we do not expect to
fi nd bound states of two ‘He quasi partic les. Instead , t hey have a weak
interaction , which is described by a Fourier-transformed potential V(q )

a,
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such as was first put forward by Bardeen , Baym , and Pines and amended by
others since (see. e.g.. Ref. 9).

It is perhaps surprising that the interaction of ion and roton can be
described in canonical terms even in classical physics. It may be worth
remarking here that the usual treatment requires emendation. It is usually
supposed that the acceleration of an ion can be obtained correctly by
dividi ng the applied force by the effect ive mass m’. It is sometimes recog-
nized that , st rictly, the induced mass of a body in a bounded fluid is not a
consta nt . hut depends on its location relative to the walls of the container.
It is seldom noted , however , that the induced mass, even in an infinite fluid ,
is altered when sources are present , as, for example , the dipolar source
associated with a roton . We will show below that the proper momentum P2
conjugate to the position vector q2 of the ion is not m 6U2, where U2 = Elz is
its velocity, bu t is

P2 = m’U2 + ~(a/r)’[p1 — 3(p~ r~’/r ’I (1)

where
m* =m + m 1 =m+ ~1rpa S (2)

and r = — q2 is the position vector of the roton relative to the ion, Pt
being its momentum.

2. THE INTER ACTION HAM ILTONIAN
Let (r, 0. ~b) be spherical polar coordinates centered on the ion , which

for simplicity we initially suppose is at rest. In the absence of the ion , a
point source of strength M situated at a point P on the z axis (8 = 0) at a
distance b (>a )  from the origin would create a flow u having the velocity
potential

4~=M/ I r —b1 1I =(M / b) ~~(r / b ) P 9 (cos 0) (3)

Here PM denotes the Legendre function and I , is the unit vector in the z
direction ; the sign convention for V is such that the fluid velocity u is —V D.
The expanded form of ~ in (3) is, of course, only valid for r < b. In the
presence of t he sphere r = a , we require that u, (= —11 / ôr)  vanishes on
r = a. We must therefore add to (3) the potential

4 - ~~~. ( ~~. ) p ~~~~~o) (4)

a series which converges for all r > a. The flow (4) can be regarded as the

a, 
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reflection of the point source in the surface of the ion. It vanishes for r -. ~~

and satisfies Laplace’s equation , as it must. It can be represented by an
image source at the inverse point (r = a 2 / b, 0 = 0), together with a line of
image sources from this inverse point to the origin. The total potential of
the flow created by the source can now be written for r < b as

4), = M ~ b~~~
1f ~(r) P~(cos 8) (5)

where
2~~+1

(6)

The potential 4)~ for a point source situated at some other point P with
coordinates (b’ , 9’, i’), say, off the z axis can easily be obtained from (5) by
a rotation of coordinates and the application of the addition theorem for
Legendre functions. It is

•=  M ~~(b ) _ M _ h f M (r ) [ P n (cos 8)P ~(cos 8 ’)

JO 1n — m~ 1
+2 ~~ 

‘ ‘P ’(cos o)P ’(cos o’) cosm (#—# ’) I (7)

where P ’ (cos 8) is the associated Legendre function , normalized in the
way suggested by Ferrar. It is simple to obtain from (7) the potential

4)o °~ (~~t V’4)’)p (8)

of a point doublet source of strength i.’~ situated at a point P. for example,
at r = b. 0 = 0. The prime in (8) indicates that the differentiations are with
respect to the coordinate (b ’, 8 ’, #‘) of P. and the subscript P indicates
that , after this differentiation , we set b’ = b and 8’ = 0. By (7) and (8) we
have

= ~ (n + 1)b~
” 2 f.(r)P,, (cos 8)

+p ~~ ~ b ” ’ f 9 (r) P~(cos 8)cos (~b — #o) (9)

where # = on is the plane defined by i’~ and the z axis. We may divide #o

.9  
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into the flow potential of the dipole itself aud the potential

= — ( MI ,/ ab) ~ n (a 2 / br) ”’ P~(cos 8)

+( ~&1./ ab)~ [ n/ (n  + 1 ) I (a 2/ br) ”~~P~(cos 8)cos (0 —#o) (10)

created by reflection of this flow from the ion. The two series appearing in
(10) converge everywhere outside the ion. -

The force experienced by the doublet through the reflected flow
P.D = —V40 it creates is

Li = —4irp(pi~ Vô0)p (11)

where the differentiations are performed with respect to (r , 8, 0) ~ and the
subscript P indicates that these are replaced by the coordinates of P af ter
differentiation. The velocity U1 of the doublet is that of the fluid on which
it rides, and is therefore

U, = (u0)~ = — ( V4I 0)~ (12)

By straightforward differentiation and series summation, we find (taking
#1 =0, without loss of generality)

= p 1~p ,~a~(3b 2 —a 2 ) / 8, rpb’(b ’—a 2f ,  f lY = 0 
(13

f,, = —p ~~a ’(l 5b 4 +4a 2b2 — a 4) / 8 irpb ’(b 2 — a 2
)
4

U, = —p, 0 a ’(b 2 +a 2 ) / 8irpb 2(b 2 —a 2f .  U,,, = 0
1 2 2 1  (14)

U, 1 = — p , 1a / 2 irp (b —a

where p, = 41TP 1L I is the momentum corresponding to doublet strength i,
(see Section I).

The force experienced by the sphere through the presence of the
doublet may be obtained by integrating the pressure p over the surface of
the sphere:

12 = —j pdS (15)

By the momentum theore m, we have

P = Po~~ p ~4)/at — WV.)2 (16)

where ,i~ 
is a constan t , which does not contribute to the integral (15). It is

straightforward , though tedious , to show that the final term in (16) makes
the contribution —I , to (2. To evaluate the force associated with the ?*/ot
term , we first consider the g:nera l case. Let the velocity potential for

I. 1

1-~~
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sources lying outside r = a be expanded about i = 0 (the sphere r = a not
being present):

4) =A+ B dxe +C I, ( x 26~a — 3x.x!) +~ ” (17)

where C~, = C,1, and similarly for the higher terms, each of which obeys
v24) =0 individually. In the presence of the sphere, we have

4’ = A + B~(1 + a ’/ 2r ’)x1 + a ’U21x1/2r ’

+C10(1 ~~~~~~~~~~~~~~~~~~~~~ (18)

In preparation for a later stage in the argument , we have included in (18)
the potential required when the sphere moves with velocity U2 so that
—V4)= U2 on r = a. Substituting for ô4’/8t from (18) into (15), we see that
the required contribution to 12, is

p / dB, dU21\ f 2irp a ’ dU21 3 dB1—~~~ 3-~~- +--~ —j j  x~x,dS= — 
~ 

—7-—2trp a -
~~~~

- (19)

In what follows, we have no further need of the detailed hydro-
* dynamic description , or a knowledge of the flow at a general point (r, 0, 0) .

We may therefore , without risk of confusion , henceforward denote the
position vector of the doublet itself , with respect to the center of the ion, by
r. We then have

— —  p’ 3(p, ’r ~.~ — 2
_ 

~~4irpr 4irpr

We now also allow the sphere to move, and therefore we add the inter-
action of the doublet ~U2a ’ at the center of the sphere [cf . Eq. (18)1 with
the roton doublet. In this way, we obtain the following differential system
governing the motion of roton and ion:

dp, 
— 

a ’p~ 3r 4 +4r 2 a 2 —a 4 a ’(p, . rf 6r 4 —4r 2a 2 +a 4

d t i  (r2 — a 2)4 r — 4i,p,6~ (r 2 —a 2)4 r

a’(p, ‘r) ~ ,2 — a 2 3a ’(p1 r) 3a ’(U2
+ 

8trpr~~ (~
‘— a ’f~~ 

— 
2r 5 U2 2r~ ~~‘

3a ’(p, -U 2 )  15a ’(p, ‘ rXU2 ‘r )
— 

2r~ 
r (21)

dq, —v H” 
a3(r 2 +a ’) a 3(3r 2 —a 2Xp t r)

di 
— (PI)

817PsP2(,2 _ a 2)
3P 1 8irpr 4(r 2 —a 2)’ ~

3a ’(U2~ r) a ’
+ 2? r—j -t U2 (22)

a,
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dU2 2 3 dU2 dra ’ 3a2(pu ’r)
me d 3 lrPa dt d:IP” 2r 5 ‘

a’p~ 3r 4 +4r 2a 2 —a 4 a’(p, •r) 2 6r4—4r2a2+a4

8,rpr 4 (r’— a 2)4 r+ 4,rpr 6 (r 2 —a ’)4 r

3, ~~ . ,2  2a ~p, ’r~ .,r —a
— 

~~~~~~~ (,2_~~2)
3PI (23)

(24)

where ~~O~(p ,) is the self-Hamiltonian for the roton. On introducing the
momentum (1). these equations assume the canonical forms

dp,,_ oH dp2, OH dq11 OH dq2, .3H 
25

di 0q,, ’ di 
— 

8q2,’ di Op ij ’ di 
— 

0p2, ~

where p, and P2 are now seen to be momenta conjugate to the position
vectors q, and q2 of dipole and ion center respectively , and H is the total
Hamiltonian:

H = H”(p ~)+ H°’(p 2) + H ”2’(p 1, P2, qi, q2) (26)

with

Ht” = e(p,) , H°’=p~/ 2m~

H ”2 ’ — a’p~ r 2 +a 2 a 3(pi r)2 3,2 _~~2 
(27

16,rpr 2 (r ’—a 2)3 l6irpr’ (r 2 —a 2)3

a 6 r 2 3(p, ~r)2
1 a 3(p, •p 2) 3a 3(p, .r ~p2 . r )

+8m , 6l Pt  + 
,2 J 2m0r 3 + 2m*rT

In the applications to helium II that we have principally in mind, the
e(p ~) in (26) is the familiar dispersion relationship for quas iparticles , ofte n
approximated by the Landau spectrum

(28)

Rotons for which p > Po have parallel momenta and group velocity and are
sometimes called “R-ro tons ” to remind us that in this they share a pro-
perty with vortex rin gs ; quantum effects make momenta and grou p velo-
cities antip ara llel for rotons for which p < pO, and these have been termed
“Q-rot ons.”

.

a,
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Since H does not contain the time t explicitl y, the energy is conserved.
Since H involves q and q2 onl y in the combination r = q , — q2, the total
linear momentum ,

P=p, +p2 (29)

is conserved. It is also easily verified that the total angular momentum

M= q, x p, +q2 Xp2 (30)

is preserved likewise .
The last two te rms of the interacti on Hamiltonian (27) evidently give

the fa miliar dipole—dipole reaction between the “back flows ” of roton and
moving ion. The remaining ter ms may he thought of as arising from
“images” of th e dipole in the spherica l ion , and are independent of the
momentum P2 of the ion. At distances r >> a, this potential falls off as
like the van der Waals potential . Unlike the van der Waals force , however ,
our interaction depends on the angle between p, and r.

3. A SEARCH FOR BOUND STATES

In this section we seek negative energy states. By this we mean that
the total conserved energy is, at every poin t of the relative orbit , less than
the energy r (p , ) + p ~/ 2m that the roton and ion would have if separated to
infinity. In their most general form , we may picture these bound states
most easily by placing ourse lves in the (accelerated ) frame in which the ion
is permanently centered on the origin 0 and the roton describes some path
around it. Similar bound states are encountered in the classical theory of
roton—roton dynamics3 and it is there found that the states of greatest
binding energy are those in which P and M are parallel , and the separat ion
r = r~ is consta nt in time , the roton describing a circular path centered on ,
and in a plane perpendicular to , Oz , t he common direction of P and M. We
will confine our search for bound states to solutions of this general type :
They are illustrated schematically in Fig. I .

In this section we work in dimensionless units, using the ion radius a
as un it of length , some momentum scale p,,, such as the momentum of the
roton minimum in (28), as unit of momentum , and p~,/ 4irpa ’ as unit of
energy . The Hamilton ian (26) the n becomes

H = H,  + H,p 1 + H ,z (p ~ r )+H 4 (p - ~)
2 (31)

We have here written p, =p, p2 = P — p ,  and

H, = F(p)+~~~P2 +~~~p2( +
~~-~~ 

4,2(,.2 (32)

;.~ 9
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Fig I. Coordinates for the study of a roton bound to an
impurity sphere.

WI 1\H2 =—- ~-~2+-y). H3 = T  (33)

~ ( 1 \ 3,2 _ i  6,rpa ’
H4 = — 

~1i\ 
I — — 

4,4(~2 —1 )~ ‘ ~ = 
m,~, 

(34)

It is convenient to consider first two special cases. Suppose initially
(case A) that the steady state is of zero angular momentu m M Xp, — YPX.
so that the roto n lies permanently on the axis Oz of symmetry at a fixed
distance r either ahead (z r, p , = *p) or behind (z = ~‘,Pz = ~p) the
moving ion. We find th at (31) may be written in the form

H = e (p)+ ~4~IP ~ p (i  — ~
3)J2 _ , 2fr2 

— 1)~ (35)

For a steady state to exist , we require

OH/ Or = OH/Op =0 (36)

which implies that

±P ’. ’p I ( I  _ r 3)+3r 5
/~ (,2 _ 1)4J (37)

= 2(,~— j )/(~2 _ 1)~ (38)

I .

a, ’ - 4
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Equation (37) shows that the upper sign must be chosen throughout, i.e., p
and P must be parallel rather than antiparallel. Equation (38) shows that
only R-rotons can bind to ions in case A.

It is easy to examine the stability of the states with respect to pertur-
bations in r and p that are parallel to P. Evidently we must satisfy the three
inequalities

02H 02H82H ,~ 0
2Hy 02H

� 0, � k—) , —i � 0 (39)

the first two of which imply the third . The minimum-energy state is the one
for which equality holds in the second of (39), and this state is on the verge
of instability. Some results are given in Table I and it is hoped that these
have relevance to the 3He impurity, the positive ion , and the electron
bubble . In obtaining these results, we used the model dispersion curves of
Brooks and Donnelly ’ for T = I K and zero pressure. The total energy H is
measured from A as origin , and both it and the binding energy E8 —H,2
are given in degrees kelvin; Ap and AP are respectively p — Po and P — Po.

We next consider (case B) states of zero total mom entum P but finite
angular momentum M The orbit is now circular and lies in the “equatorial
plane ” z = 0. Writing (p r)2 

= r 2p 2 
— M 2, we find that the Hamiltonian

(36) becomes

H = e(p)— ~ p2(1 — r~’)2 
— p 2(r 2 — 1) ’

+A1 2
I~r 5(1 —~r ’) +~r 4(3r 2 — 1)(r 2

~ 1) ’I (40)

Conditions (36) relate r to p for the orbit. They require that

e (p)/p = 2 (r~~ 1) ’—~~(I _ ,_ 3
)
2 (41)

—M 2[~r 6(5 — 2r ’)+ r 5(6r4 _4~~2 + I ) (r2 
— I )~

‘4 J
= 2p 2 [~r 4(I _ , 3)~~3~(,2~~ 1)-

~1 (42)
Equation (41) shows that a continuum of states is possible, which is

limited only by the necessity that M 2 , given by (42), should be positive , and
by the conditions (39) for stability with respect to displacements of r and p

TABLE !
Case A: Bound States of Zero Angular Momentum (M 0)

a.A rn/rn., m / m 4 r.A Ap /A . A ’  ~P/tt . A ’  H-&K E~,K

2.8 0.75 1.753 9.93 3.19x 10~~ —4.92x 1O~ —2.6 13x I0~~ 7.913x j~4
6.8 2.00 16.37 18.Ic 6.90x 1O~ —3.OO x 10 2 —8.640x 1O~~ 7.754x i~

-
~16 0 187. 2 40.38 8.0 x 10 3 —4.0 4x 10 2 3.681x 10 4 1.082 x 10 ’

a,
,

- 9
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TABLE H
Cue B: Bound States of Zero Linear Momentum (P -0)

a. A rn/rn4 r. A t~p / A.A ’  MI * H- & K E..K

2.8 0.75 4.88 —1.21x 10 ’ 6.141 10.22 1.352
6.8 2.00 11.05 —9.44x 10 3 14.86 1.155 0.1888

16 0 25.69 —7.90x 10 4 34.51 0.1005 0.01728

in the plane z =0. Again the maximally bound state is the one on the verge
of instability, for which equality obtains in the second of (39). ft is found
that these are 0-rotons. Results given in Table H are complementary to
those of Table I . It will be seen that binding energies are much greater in
case B than in case A.

We now transfer our attention to the general case (C) in which neither
P nor M is zero. We choose r, z, p, and p 2 as independent variables and
regard p ‘ r as a function of these variables given by

(p • r —p 5 z )2 = (r 2 —z 2)(p 2 —p ~) —M 2 (43)

where M = xp, — yp1 is the constant angular momentum. It follows from
(43) that

(p’ r)= ’
~~~~

’
~~, .L(p.r) I~

(
~~

Z )
Or p . r—p 2 z Op p~ ~ Pz~

_ (~ .,) ~~~1 _~~1? P1) , _~_ (p . r) = z~~I 2 ( r z )  
( ‘

p r—p,z ap~ p •r—p ,z
We use these results to simplify the equations

OH/ Or = OH/ Oz = OH/ Op = OH/Op2 = 0 (45)

determining the orbit , which by (31) are respectively

D, + D2p , + D 3z (p ’ r)+D 4 (p • r)2 + Q(p2—p ~)= 0 (46)

H3(p~ r)+Q[p (p • r )—zp 21=O (47)
E, + Q(r 2 —z 2) =0 (48)

H2 + QIz(p • r) — p5r 2J = 0 (49)

where
o = [Hj z + 2H4(p r)J/(p • r—p 5 z) (50)
D~= r~~oH1/Or , E1=p ’ oH~/ap (i = 1—4) (51)

S

/ 
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Excluding cases A and B, (47)-(49) show that either

E,H3 =2H2H4 (52)
a possibility we will exclude (since in no case examined did it give physi-
cally realistic solutions), or

1 F p 2(E, +2H4r 2XE 1H3 —2H2H 4) 1
Pz = 

__
~ -j~_[H3 (H2+H3r2)2 j (53)

H2 + H3r 2 f p 2Ej( E 1 + 2H4r 2) 1
z p r  

2114 1.1 
(H2 +H3r 2)2 .J (54)

-‘ — 
1 [

~ 
p 2(E, + 2H4r 2)2

1
~ 2HJ 

— 

(H2 +H3r2f J
Substituting these forms back into (46), we discover again that either (5 2),
or cases A or B hold, or that

D ~ 
p 2(E, + 2H4r 2XE,H 3 — 2H2H4)2H4 ,—D2~H3— (H2 +H3r2)2

2 F H2+H3r2 
~f 

p 2E, (E, +2H4r 2)
— (H2+H3r )

~
D3 _D4

E +2H4r2iL ’ — 

(H2+H3r2)2

— 2 p 2(E,H3 —2H 2H 4)2
— H3 — 

(H2 + H3r2)2 (56)

This equation , which defines case C, was studied by numerical means.
When solutions were obtained , it was first verified that M given by (43) was
real , that Ip~l <p, and that Izkz r, where

2 E, +2H4r21 p 2E,(E, +2H4r 2) j
Z = 

2H4 1.
1 (H2+H3r2)2 J (57)

When these conditions were met , no further stability tests generalizing (39)
were performed, but (31) and (53)—(55) were used to evaluate H and the
binding energy. It was found that solutions existed in a torus girdling the
ion symmetrically with respect to z. Case B solutions accounted for all the
z =0 solutions within the torus, and joined continuously with the case C
solutions that lay on either side, z >0 and z <0. In addition , a completely
distinct branch of low-angular-momentum C states contained the case A
solutions on the z axis. More discussion of the solutions will be given
below. We merely report the significant fact that in no case we studied did
the binding energy of the case C solutions exceed that of the maximally
bound B solution.

a,
,
-

____ I



F ~~

- -

~

-

~

‘—-‘--- ‘-‘

~~~~~~~ 

- - 

~~

. -

~~~~~~~

----.-

~

.-- —

~~~~~~

- --- - ,.- - . -—.----- — .

~~

---- - -— . -. -- - ..- -- .--
~~~

----.-—-— -—-

--

242

m end States of Rota.. to I purldes te He U

20 s,,_,.~~

18 / /
SW.

(6

4

(2

(0 ~~~
4W.~’—roIe.

— — ~~ ,.~..
X e

6

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Fig. 2. Dispersion curve for pure ‘He compared with the assumed
parabolic spectra for ‘He. positive , and negat ive ions with effective
masses as given in Table I. The regions of bound states with negative
interaction energies are shown for the three impurities near zero
momentum.

4. DISCUSSION AND APPLICATION TO EXPERIMENT
As our results in Tables I and II indicate , we are using three impurities

as examples of these calculations. We can appreciate the differences in
these impurities by examining their free particle dispersion curves in rela-
tion to that for the elementary excitations in pure helium II. This is shown
in Fig. 2, where the dispersion curve is illustrated for T = 1 K.

‘ ‘a,
.
.

~ :~ 
~~~~. - -~~~~. —---- --~~~~ ~~~~~ - -—- ._.-.—- - - - -



~--—— -~~~~~~~~~~~~~~~~~~~~~~~~~~~ .

243

P. H. Roberts, It. W. Walden, and K. J. Donnelly

4.1. 3He Impurities

The curve drawn in Fig. 2 represents e = p 2 / 2m~ , where m~ = l.75m4
as shown in Table I. Current neutron scattering data show a distinct
departure of this curve from parabolic beyond q = 1.3 A”, but give little
information beyond q = 1.7 A-1.’° For the present considerations we
tentatively adopt the parabolic spectrum as the “unperturbed ” state of
solvated ‘He.

For P =0 , Table H shows that the most bound state is a roton of
angular momentum about 6. lh with respect to the ‘He atom , circling the
equator at z = 0 and a radial distance 4.91 A (or about 2 A from the

ao

‘.5

( .0

0.5

200

-05 -

-(.0

-‘.5

4.00 4.50 5.00 5.50
x( &)

Fig. 3. The energy of the bound roton— ’He state of zero to tal
momentum as a function of distance . The stability of the bound state
is eviden t,
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ; 4  It

Fig. 4. Contours of constant binding energy for the roton near a ‘He q~.asipartic1e. Axial
solutions have very small binding energies. The tor os dal st nte~. adjoin the most bound state
at the position indicati~’ ~~ 4 croSs.

surface). The roton has a momentum of about 10% lower than qo, or about
q = 1.8 A ’ . A plot of the interaction energy H”~ as a function of x is
shown in Fig. 3, verifying that the orbit corresponds to a potential mini-
mum and hence is stable. The magnitude of the binding energy is
considerable: E8 = —H~j  = 1.42 K. Experience with such calculations34

suggests that the semiclassical calculation may overestimate the binding
energy at such relatively close distances. We shall not speculate on the
actual magnitude except to state that by comparison with the calculations
quoted below, where the separation of roton from impuri~y sphere is
comfortably larger , we do expect the roton to be bound to the ‘He
quasiparticle.

is 4
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A more vivid configuration-space picture of roton orbits about the
‘He quasiparticle is shown in Fig. 4. These are plots of constant interaction
energy Ht12

~ from case C—the general case. The arrow points in the
direction of the total momentum P of the complex , which is both the z axis
and the direction of motion of the complex. The circle denotes the hydro-
dynamic radius of the quasiparticle. The states at large values of I z I /I x I
correspond to very weakly bound M *0 states resembling case A solu-
tions. Case B solutions occur on the equatorial plane z =0 , and the

22.0 ’

3He-roton

2I.5~

21.0

20.5

~ 20.0
I

19.5

9.0

1S5

ISO
0.00 0.05 0.10 0.15 020

Fig. 5. The region ol energy as a function of total momentum P for
the ~He—’oton-pair containing solutions with negative values of the interaction
energy H’121.
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particul ar B solutions denoted by a cross at 4.88 A, are the most tightl y
bound states. The remainder of the case C solutions, as we have remarked
above, join continuously onto case B and form a torus girdling the equa-
torial plane of the impurity sphere.

The locus in momentum space of solutions for cases B and C is shown
in det ail in Fig. 5. For P=’ O the bound states show a band ranging from
about 18.9 to 2 .4 K, assu ming a roton binds with an “unperturbed” ‘He.
There is some experimental evidence that these may exist. Surko and
Slusher ” have explored Raman scattering of the two-roton bound state for
concentrations of ~He rang ing from X = 0  to 0.31. They find that the
two-roton scattercd intensity peak , which is at 17 K for X = 0, broadens
and shifts to about 19 K at X = 0.31. An energy of 19 K is in approximate
agree ment with the ‘He—roton bound state shown in Fig. 5. This would
mean that the linewidth measurements reported by these authors and by
Woerner et al. ’2 would have to be interpreted with care in view of the
presence of this newly proposed band of states. In particular , the nonlinear
behavior of linewidth as a function of ‘He concentration X reported by
Woerne r et a!. would presu mably be due to growth of scattering from the
bound state.

If the roton binds with the “perturbed” ‘He quasiparticle , the bound
state would be shifted downward by several degrees, corresponding to the
(as yet unknown) energy of a ‘He particle in the vicinity of q~,. There is no
evidence in the data of Surko and Slusher for a peak below 19 K even at
the highest molar concentration of ‘He.

The computer program for case C finds stationary states out beyond
the roton mini m um , but these states have a negative interaction energy
only out to q = 0.15 A - ‘ . Stephen and Mittag have proposed that a ‘He—
roton state may exist near q = q~,.” It is very difficult to understand how the
state proposed by Stephen and Mittag can exist on the dynamica l consid-
erations developed here. It should not he stabl y bound.

4.2. Charged Ion Impurities
Table 11 shows that the zero-momentum bound states of rotons exist

for ranges of radii and masses appropriate to solvated positive and negative
ions in pure ‘He. Now, however , since the energies of the ions are so much
lower than for the ‘He quasiparticles , the bound states of P=0 are at much
lower energies. Consta nt-energy contours for the positive ion are shown in
Fig. 6 and the locus of stably bound states in Fig. 7. The most bound state is
at a distance 4.2 A from the surface of the impurity sphere , the angular
momentum is 14.91,, and the bi nding energy E1 = 0.19 K. Contours for the
negative ion are very si milar to Fig. 6 except for scale, with the angular

a,
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12

:4~ -~~ .
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“ (I)

Fig. 6. Contours of constant binding energy for the roton near a positive ion in He.
The most bound State is indicated by a cross. Except for scale, the results for the
negative ion are qualitatively similar.

momentum of the most bound state about 35h and Ea = 0.017 K, cor-
responding to a distance of 10 A from the surface of the negative ion. The
locus of stably bound states is shown in Fig. 8.

Contours of bound states of negative y(12) are shown in Figs. 7 and 8.
The absolute energy of these states is, of course, dependent on the energies
of the ions having their “unperturbed” values.

It seems likely that the ion—roton bound states proposed here exist . If
they could be examined experimentally, they would be a rich source of
information on roton—impurity interactions. It is not immediately evident
how this can be accomplished. Raman scattering from the ion—roton

4 complexes requires a concentration of perhaps 1%, whereas ion beam

4
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Fig. 7. The region of energy as a function of total momentum P for the
positive-ion—roton containing solutions with negative interaction energy
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Fig. tI The region of energy as a function of total momentum P for
the negative-ion—roton containing solutions with negative interaction
energy H”2’ 
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densities exceeding l0’~cm ‘ are very difficult to achieve. The bound
roton—ion complexes are not stable against motion in an electric field , as
can be seen from Figs. 7 and 8. Once the total momentum has exceeded
about P = 0.2 A ’ , the states are unstable.

The fraction of impurities having bound rotons is easily estimated
from the law of mass action. The dominant quantity in this estimate is
exp ( — H/ k T ) .  Thus we do not expect a substantial number of impurities to
form bound complexes with rotons in equilibrium.
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Superf low in Restricted Geometries

R. J .  Donnelly, H. N. Hills , and P. H. Roberts~
!nsttbsle of Theoretical Science and Depavtment of Physics. University of Oregon. Rstgene, Oregon 97403

(ReceIved 16 October 1978)

We propose a “competing barrier model” for nucleation of quantized vortices in small
channels. The results are compared to experiments on decay of persistent currents,
critical velocities, onset temperatures, and the effective superfluid density at onset.

For a number of years experimentalists have can be written
tried to use the lordanskfl-Langer-Fisher ” (ILF) p =f e .xp (—AF / kT), (1) ‘

theory of fluctuation dissipation for superfiow in
an unbounded region (intrinsic nucleation) to iii wheref is the temperature-dependent attempt

experiments in restricted geometries, several frequency discussed and tabulated by DR and A.?

years ago, two of us (DR)3 pointed out the neces- Is the barrier height. For the ILF model, A? is

sity of considering a permanent barrier AE for due to the superfiow alone. Here, AF = AE when

flow in a restricted geometry which is present , the superfiow v =  0 and the critical momentum is

Irrespective of any superfiow. For a k)~oidal then p~. With a flow , the ~~• . interaction shifts

channel of circular cross section with zero cir- the barrier and (considering only one dimension)

culation, DR point out that the probability of flu- we have ~F =AE * p5v so that (1) becomes

cleating to the wall a vortex of one sign is equal p = 2 f ~~~, _ AE/kT ainh P~v1/ kT) .  (2)
to that for a vortex of opposite circulation. How-
ever , when there is a superflow present, the en- Equation (2) shows that the dimensionless quan-

ergy barriers for nucleation of the two types of tity V (np ~ v5 /kT) ,  the ratio of ordered flow en-

vortex are not the same: For a large superfiow ergy to fluctuation energy, Is important.

the process associated with one type of vortex Suppose the superllow takes place In a toroldal

will completely dominate the other , while for geometry containing n candidates per unit length

slower flows the nucleation of both types of vor- for nucleation; then (cf. Ref. 3)

tex have to be considered . This is the “corn- dv,/dt = —n1¾, (3)
peting-barrier model” of nucleation.

In this Letter we show that the competing-bar- where za k / r n . Equation (3) can be written non-

nor model will qualitatively explain experiments dimensionally as

on decay of persistent currents as reported , for dy/ dr  = — sinhV (4)
example, by Hallock and co-workers4 and Kojima
et of.’ We confine ourselves to the broad issues by introducing the dimensionless time r v411 nd

using a simplified one-dimensional nucleation the nucleation rate v0:
I ,
a, 

model, neglecting the geometrical differences i’~, = v exp(-. AE/kT), is  2nzfp ~/ kT.  (5)
among various sorts of porous materials and thin Equation (4) has the solution

The nucleation probability , P , per unit time V=lnI (l+e~~ tanhV0/ 2)/ (l —e ’ tanhV,/2) I ,  (6)

1~’ © 1979 The American Physical Society
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where V0 is the value of Vat r 0 .  The character

$ sound” (N=2 ,3,4), %~,— 0 and (6) gives for all y V• .2O
For infinitesma.’ superfiows , such as In “Nib �O

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (7)

of (6) depends on the ranges of l~, and r. V. 30

Thus all small superfiows decay exponentially. 
_________

Vs In(2/r) (large r), (8b)

For ~ — and V — simultaneously, e -v exp ‘° 
~~~~

. .o 
Iso that 

_________

V — ~ ~ (small r) ,  (8a) .5

and the dividing case occurs at r~ ~~~~~~ by log T

equating the two estimates in (8): 
YIG 1. Plot ot Eq. ~6) assuming kT/p~=4 and various

7 L 2 exp(— V0) . (9) values of the Initial dimensionless velocity V1. The di-
mensionless time showing the beginning of exponential

For fixed r (> 0), V is independent of V0 in the (l~~~ V r Is common to all curves. ~~ 
Is shown for V1

limit ~~ 
— 

~~: = 15. InitIal flows grester than 15 have the same velo-
city near 1og~ = — 6; InitIal flows less than 15 are

VSln{(1 + e~~) / (l  — e ’)}= lncoth(~ r), 
~~~~~~~~~~ for Increasing periods as V~ decreases.

so that
VSln(2/r) (small r), (lOs) nel coetnining pa~~ed powder with a mean open

dimension d. A vortex stretched between two
Vs2e ~~ (large r), (los) grains will have an energy E~s (p ,icf d/ 4J) In (d/ C) ,

and the dividing case occurs at 1~~ obtained by where a is the vortex core parameter. When the

• equating the two estimates in (10): line is moved into a semicircle , it will just touch
the next grain, and then Its energy is £~= ( p, zc’d/

~~~~ 1. (11) 
~~ ln(d/a). The “barrier” is given by AE =Ee_Z4

The dimensionless times r~ 
and r~ are fundamen- and p~=~ 

p nd’ To order one, we adopt for
tel to our discussion: r3 is universal and sets simplicity
the lifetime of all superfiows, while r~ depends AR = (p 5~ d/4 w) Inf d/ a , (12a)
on ~~. The flow observed depends on the magni-
tude of 1. For r oz r~ the flow is almost steady ; p

~

s p ,tcd ’. (1~ ,)

for ~~ ~ r ~ r1 the flaw shows logarithmic be In the same sj *rit , since the preexponenlial fac-
havior ; for r>> r~ the flow decays exponentially, tons are not important, we assume that ~t cor-
The number of decades of logarithmic behavior responds to one trapped vortex betwen each pair
Is given by log(r3/r~)a O.43V0— 0.37. of grains, a = l/d, while a constant value 1=10’

FIgure 1 shows several examples of (6), the 
~~~ .~~~~~~~~. For films we Imagine the sub-

time evolution of fini te superflows. In particular , strate contains a distribution of trapped vortex
the flow for V0 =15 has logr~= -6.2. Larger lines pinned between protuberanCes on the sub-
Initial flows are Independent of V0 at  logr = - 6.2, strate. when a trapped line of length of order d
and and experimenter observing at this r would 

~~~ ~~~~~~~~~~~~~~ ~t will just touch the free
term V0 = l5  the “saturated critical velocity.” surface, forming a vortex of energy E~ as before.
Hence, the condition at time r for a saturated 

~~~~ the estimates of AR, f ,  and a may be re-
critical velocity is given by t r~ and thus the ta*neci for simplicity.
notion of a saturated critical velocity depends When a saturst d current decays according to
crucially on the time of observation. (

~
) ~~ of the decay is J V/ d lnr =— 1, or

An experimenter using Nib sound as a probe
for evidence of superfluidity would observe noth- ~~ /d~~~ t)a _k7’i410)/p~. (13)
lug for times larger than r~. Thus the condition

a, for “onset of superfluidity” is given by i - i5. Kojima .1.1’ observed a decay of 0.63% per
In order to make numerical calculations, we decade of a saturated persistent current with V1

need eatlmates of aE , n , aud i. Imagine a chan- —67.7 cm/s.c at t .lsec, Tsl.3 K, andd—170—

~~~~ 

-

~~
I P-.
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FIG. 2. Saturated velocities obtained from Eq. (14) FIG. 3. Onset temperatures T, obtained from various
— at t = 100 eec for various channel sizes. Flows near on- channel sizes. Data from many sources.

set will show decay as V1..- I (Indicated by dashed lines).

325 A. Thus dv,/ d ( log t ) a_  6.3x10 ’X67.7 or, are themselves temperature dependent. We show
by (13), kT/p~= 0.l85. For d=250 A we find , us- in FIg. 3 the results ofT0 as a function of d com-
ing (12b), that kT/p,=0.208 In good agreement pered with the results of many experiments, tak-
with observation, lug typlcal values of q’- 10’-10~ Hz. The general

The condition that an initial velocity leads to a agreement Is quite satisfactory—below about 0.6
saturated flow is v = iL, or = ln(2/v). Defining K our results are questionable since the corre-

as the initial velocity corresponding to ~~ , sponding films are very thin. T0 Increases weakly
we find from (5) that ~ = r~, becomes with q’.

Recently Nelson and Kosterlitz’ showed that
v:=AE/p. - (kT/p ) ln(W/ 2).  (14) for two-dimensional superfluids the ratio of mu-

The first term AR/p = (ic/ 4wd)ln (d / a ) ~~~ 
perfluid mass per unit area near the transition
temperature T0 is given by the exact result,contain temperature explicitly and Is a Feynman

critical velocity~ By itself , It Is appropriate p1 (7~~ ) / T0 = 8,k/,c’~ (16)
only at very low temperatures, since the second Bishop and Reppy’ and Rudni& have shown thatterm substracts from It, reducing the observed (16) gives a good account of their experimentscritical velocity. The results shown In FIg. 2
are In order-unity agreement with pablished re- over a wide range of temperatures and thickness-

es identifying p,(T0 )  with ~,d. We can write (15)suits. They show the critical velocity approach- in the form (16) by adopting an effective super-Ing zero near the onset temperature 
~ O < 7’)~, tO fluid density at onset:be discussed next.

The condition for the onset of superfluidity ~,= p, {2 1n(d/a) 4n(v/q ’r3)} . (17)
Is r — i1 If we express our observation time in
terms of frequency cp.r 1, this condition by (5) We illustrate the behavior of~~, In FIg. 4: It has

the usual property of vanishing at T= 0 and T-T~.is v0_ cr, or
~br comparison one can show data quoted by

a, [ln(d/a)/ln(v/q’ v,)1 (p,d/;) — 4th/ c’, (15) Rudnick derived from third-sound measurements
on thin films’ and by Bishop and Reppy from inca-

which must be solved by iteration since v and a surementa of p,(7~,) . ’ Values of ~~, were deduced

LL~~~~~~~ _ _  -
_ _ _
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Evidence supporting the decay shape shown in
o Fig. I and the dependence of v0 and d and T will

be presented elsewhere by D. Ekholm and R. B.
4 6 6  0
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FIG. 4. The effective superfluid density at onset p, 
_______________

calculated from Eq. (17) and compared with experiments
of Rudntck (Ref. 9) and Bishop and Reppy (Ref. 8).
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J. V. Radostitz , I. G. NoIt ,~ P. KitIel, and R. J. Donnelly
Dep artment of P *~I5ic& Univrnizy of Oregon. Ei~gene, O’egon 97403
(Received 26 September 1977)

A portable 3He cryostal for far infrared detection applications is described . The cryostat has
been used for a number of years in aircraft- , observatory- , and laboratory-based rmearch. -

Some related studies of various bolometric materials are also reported.

I. INTRODUCTION 3.8 cm diameter by 10 cm long, and has internal radial
It has been recognized for a number of years thai at far ~~~~~ fiflS to maintain thermal contact between the
infrared wavelengths (l OG— 1000 ~m) there are ad- adsorbent (— 50 g Linde 5A Zeolite) and the pump walls,
vantages in operating bolometers at the lower temper- much as the cell described by Nolt and Mart in.2

atures provided by a pumped ‘He stage compared to The 3He ~ot is suspended in the vacuum space be-
a conventional 2K pumped 4He cryostat . ’ Among the neath the 4He reservoir. This ~ot is conn ected to the
advantages, one can point to a higher resistance temper- condenser by a 7.94.mm-diam, 0. 15-mm.wall stainless

ature factor, d lnR/ J T , faster response times , and the steel tUbe 7.6 cm long which provides suffIcient thermal

ability to use larger bolometer elements without corn- isolation for the 3He stage . The bolometer and integrat-
promising the response time. The latter properties arise ing cavity are mounted directly on the ‘He pot where
because at the lower temperature (—0.3 K), the lattice the thermal contac t between the 3He stage and the

specific heat of the bolometer element is greatly reduced. bolometer element is made by a 0.2-mm-diam gold wire.

The main disadvantage of the ~He cryostat has been At 0.3 K the gold wire and the solder between the

the size, weight, and power requirements imposed by wire and the bolometer element are responsible for

the 3He gas system. The high cost of 3He dictates a
sealed system for retention of the 3He gas. A first step
in the evolution of the present design has been described
by Nolt and Mart in .~ That cryostat was the first appli-

bolometer cryostat , and the cryostat described here is
an outgrowth of this earlier work . The present cryostat

cation of~He adsorption pump technology to an infrared 

~~NT

has been successfully employed for over six years in
airborne. , ‘ observatory- ,’ and laboratory-based appli-
cations.5 A somewhat similar system has been m dc-

In this article , we describe the design and performance - 

j L_~pendently developed by Chanin and Torre in France.~

of the cryostat , studies of several bolometric materials
made during the development of the cryostat , and the - s— — . —‘I,, GAS ctU_
absolute flux calibration of the detector system using a
new temperature modulated cold source method.

II. CRYOSTAT

Our design is shown in Fig. I and the specifications . -

.

are listed in Table I. The 4He Dewar is of we lded stain 
. . —

less steel construction with a copper bottom plate
affixed by means of a lead 0-ring and screws. The outer

About ten layers of aluminized Mylar superinsulation ! :
was used to provide additional shielding. The condenser ,

can and vapor.cooled shielding are of welded aluminum. —

~~

-

~~~~

— 

~~~~~~~~~~~~~~~~~~~~~~~~ 

I IISN•2~KI

the adsorption pump, and a ‘He stage control valve are L~~~Q3~~)

valve7 which has been mass spectrometer leak tested 
. :inside the helium bath. This valve is a standard Hoke “~‘a~’~~

• ~~~~~at LN2 temperature s and modified to be operated by a ~~~LOS ~~~~
•ST&T~~~

long screwdr iver.like control inserted through the bath ~~~R1I~~ ~~~II

vent. The condenser is connected to the external gas FIG. I. Cutawa y drawing of portable ‘He cryoctat w ith bolometer
storage cell by a capillary. The adsorption pump is and cooled optic s .

Civ. Id Inst rum. 49(1J, Jan. 197C 00344?41/7W4101.0O$S$OO.IO C 1075 Amirtc•n Iastltut. of Pt,ydca
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TAILS I. Cryosiat specifications. rigidly in position. We have clamped the bolometer using
a layer of 6.4-~.tm-thick Mylar for electrical and thermal

Quantity 41k ‘He insulation. This thermal insulation is sufficient , probably
Capacity 2.75 I (liquid ) 3 I gas (STP) because the Kapitza resistance through the Mylar is
Operating temperature 4.2 K 0.31 K much larger than the thermal resistance of the gold wire
Operating hold time 12 h >12 h link. Clamping the bolometer in this way reduces the
Weiiji t 10 kg
Approximate dimensions 15 x 20 x 55 cm possibility of microphonic noise and protects the bolom-
_______________________________________________ eter from high gravity or vibrato ry forces.

In selecting a suitable material for a bolometer, we

almost all the heat capacity of our bolometer and measured the resistance as a function of temperature for
thus govern the time constant of the detector. a variety of semiconductor samples. The results were

Access to the photometer section is obtained by re analyzed in the way suggested by Zwerdling et a!. The
moving the bottom shields. Directly in front of the inte- data were fitted to an expression of the form
grating cavity which contains the detector are an R = R,, ~~~ TWIT). (4)
aperture wheel and a filter wheel cooled by thermal
contact with the copper bottom plate of the cryostat where kT~ is the effective energy gap. From this, the
(4.2 K). The positioning of these wheels by screwdriver- esistance-temperature factor
like rotors is done from outside the cryostat. The rotors a = d In R/dT
are springloaded so that they are normally disengaged
from the wheels to minimize heat leak . The vacuum in = T,,T ’  (5)
the photometer space is maintained by a small (- -3 g) is calculated. The results of our measurements are
adsorption pump mounted on the ‘He cold plate. shown in Fig. 2 and Table II. The material we selected

The cryostat is precooled for several hours by a for permanent mounting was sample number 5. The
disposable charge of liquid nitrogen. After the liquid selection was made to maximize a while maintaining
helium transfer, the cool down to 4 K and condensation a reasonable bolometer resistance. The performance of
takes about two hours. Once cold, the apparatus can this detector is summarized in Table III. The optical
be restarted in about half an hour. This is possible responsivity and NEP were measured using the cryogenic-
because the adsorbent cell rapidly outgasses at temper- temperature modulated source (CTMS) technique.5 The
atures above — 10 K. In most applications we maintain
the cryostat at liquid nitrogen temperatures between

TEMPERAT URE ( K )runs. Typical run times are 12 to 16 h, dependent on 4 2 5 I os o.s 05 0.4

the radiative heat load.

III. DETECTOR

For bolometers, the ultimate limit of noise equivalent ,~
. 

- /power (NEP) due to Johnson and phonon noise IS ’

NEP 4T (kG)”~. (I)

where T is the temperature, k is Boltzmann’s constant ,
and G is the thermal conductance between the bolom- 0’

eter and its temperature sink. The thermal time constant
(r) of a bolometer is given by the ratio C/G, where C is
the total heat capacity of the bolometer. At 3He temper- a

atures,C ~ T3forthe bolometerand C ~ Tforthe solder a 101

and wire (gold) connections between the bolometer and
the temperature bath. If the heat capacity of the bolom-
eter dominates and the system has a fixed time constant ,
then the temp erature dependence of the NEP will be

NEP P’2. (2) 10’

However, if the gold and solder have the dominant heat
capacity, then

NEP ~ P’2. (3) _________________________________IOU
0 0 5 1.0 .5 2.0 2.5 30

In either case, there is a clear advantage in going to lower
temperatures.

There is another important advantage in certain appli- FR1. 2. Resistivi tY versus inverse temperature plo ts of tested -
bolometer materials. The numbers refer to the list of materials in

cat ions. This is the ability to clamp the bolometer Table II.
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TAiLS II. Ruistsnce-tempclature coefficients TARLE Ill. Submillimeter detector characteristics

Nominal F.t1’ect ive a ,IInRIST Size 2 x l.5 * 10 mm
Reference resistivity’ energy gap Time constant 4 ma
number Material dl cm) Tg (K) —o at 7, Thermal conductance 16 mW/K

— Optical responsivity (2 ± I I  x tO’ V/W
I Ge:Ga’ — 12.0 3.0 2.0 System noise 50 nV Hz
2 Ge:Ga 0.08 8.5 3.8 1.5 Optical NEP (2.5 I) x 10 lW Hz ”
3 Ge:InSb 0.18—0.23 4.0 1.8 1.5 Electrical responsivity I x 10’ V/W
4 Ge:(?) 0.2 4.0 1. 7 1.5 ____________________________________________________
5 Oe:lnSb’ — 3.20 20 (24)’ 0.4
6 Ge:Ga 0.1 —0.2 2.9 18 0.4
7 Si:(?)~ 250 at 4. 2 K 2. 6 17 0.4 nique tO measure the spectral characteristics of the

absorptivity of bolometric materials.
* As given by supplier for room temperature .
‘ Infrared Industries. Inc.. Tucson. AR.

Present mater ial used in our holorneter. ACKNOW LEDGMENT
“ Molectron. Inc., Sunnyvale. CA.
“Ca lculated from measurements on the same material boule by Dre w This research was supported in part by NASA grant

and Sievers. NGR 38-003-021 and Air Force grant AFOSR.71-l999.

low NEP confirms the apparent efficient absorption of ‘ Present address: Mail Code R3l , Environmental Research
Laboratories . NOAA. Boulder, Colorado 80302.

this bolometer. The measurements suggest that the H. D. Drew and A. .1. Sievers, AppI. Opt. 8, 2067 (1969).

“optical” NEP may be better than that estimated from 2 
~ G. r’4olt and T. 2. Martin. Rev. Sci. Instrum. 42, 103 1 ~l97)).

‘1. 0. NoR. J. V . Radostitz. and R. J. Donnelly. Nature 234, 444
electrical measurements. This may he due to the dif- (1972).
ference between the absorption of energy by the two I. 0. NoR. J. V . Radostitz. R. J. Donnelly. R. F.. Murphy. and

methods. H. C. Ford, Nature 24S. 659 (1974).
1. 0. NoR , .1. V. Radostitz , P. Kittel , and R. J. Donnelly. Rev.

On the basis of the experience we have gained from Sci. Instrum. 48, 700 (1977).

this work , we believe that further advances can be 0. Chanin and). P. Torre . Sixth l,ticr,wtu~na1 Crrogemc Eng. (~rnf.
(IPC Science and Tec hnology Press. Guildford , 1976), pp. 96 -98:

made, Our current efforts are directed toward a 3He ‘Operating Performance of He3-Cooled Bolometers ,” prepnnt.
cryostat w hich requires no external power or pumping ‘ Hoke valve H4III M2B . Hoke Inc., Cresskill. Ni.

even while starting up, a :IHC cryostat t hat will work in ‘F. 3. Low. .1. OPt Soc. Am. 51, 14001)961).
‘S. Zwerdling, R. A. Smith . and 3. P. Theriault . Infrared Phys.

the absence of gravity, and the use of the CTMS tech- 8, 271 (1968).
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