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INTRODUCTION

An important source of information concerning the surface harmonic expansion
coefficients of the geopotential is to be found in the set of 5° X 5° global mean gravity
anomalies. These mean anomalies, however, because of their finite number, have an intrinsic
limit on the amount of information they contain; this limit can be conveniently identified
with the maximum degree of the optimal expansion associated with the given set of mean
anomaly values. (A finite expansion will be termed “optimal” if it minimizes the
root-mean-square (RMS) difference between original and recomputed mean anomaly values.)

A recent investigation! concerned with this maximum degree has, using approximate
methods, estimated its value for equal area blocks as being 52; this is very close to the
actual value of 50 for unequal block sizes, but is too large for equal blocks. The method
of determining both the maximum degree and the coefficients themselves is referred to as a
collocation, or pseudospectral method?, or as orthogonal collocation;® it will be described
presently. (The collocation method described here should not be confused with
“least-squares collocation™; see the report of Moritz*.) In addition, a practical algorithm for
determining the surface harmonic expansion which exactly reproduces mean anomaly values
will also be given.

Following the development of the exact collocation method will be a discussion
concerning the aforementioned approximate methods. Several approximate methods will be
detailed, and numerical results stemming from their application will be given. The actual set
of mean anomaly values to which these methods are applied will not be given because
these values (a particular DMAAC set) are classified, and their inclusion would not permit
this report to be approved for public release. The results presented here are independent,
however, of the particular set of mean gravity anomaly values used.

HARMONIC ANALYSIS

The gravity anomaly field on the surface of the earth can, in the spherical
approximation,” be expanded in a series of surface harmonics.® In terms of the geocentric
latitude ¢ and longitude A, this expansion has the form

g n
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The P~ are associated Legendre functions; n is the degree and m is the order of the

function (and also of the corresponding term in the expansion). The functions P = (siny)
cosm A and P (siny)sinm A are called the surface harmonies of degree n and order m.




The surface harmonics form a complete, orthogonal set of functions on the surface of
a sphere. The orthogonality property allows the coefficients of expansion (1) to be
determined in the following manner
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MEAN GRAVITY ANOMALIES

Mean gravity anomaly values are obtained by averaging, in a suitable manner, the
various point anomaly measurements taken on the terrestrial surface. The averaging is
usually done within small blocks into which the surface of the earth has been partitioned;
these blocks can be designed to all have approximately the same arca'>7-8:% or they can
be simply demarcated by using a global grid consisting of lines of latitude and longitude.
In this latter case (the one specifically considered here) the spacing of the lines need not
be uniform; initially, however, it will be assumed that the spacing is uniform and is the
same for both lines of latitude and longitude. If this (angular) spacing is denoted by 6,
then the blocks can be called & X quadrangles, and the anomalies averaged in them are
6 X 8 mean gravity anomalies.

As a concrete example consider the standard case 9 = 5°.
latitude are given by

The lines of geocentric

¢, = (i- 18)7/36
(i=0,1,-,35)

and the lines of geocentric longitude by

L )\j = jn/36
G =0,1,°--,71)




Thus, there are 2592 5° X 5° quadrangles with 2592 cormresponding mean anomaly values
Agij (the quadrangle corresponding to Agij is bounded above by y,,,, below by ¢,, to the
east by )\jﬂ and to the west by }\j).

ORTHOGONAL COLLOCATION

In order to understand how the value of 0 affects the information content of the
associated set of mean anomaly values, it is useful to begin with an example involving
Fourier series. Suppose a continuous process f(8) of period 2m has been sampled at 2N
discrete points 6;, where

6, = in/N
Gi=20,1,+, 2N-1) 3

(Here, 6 = w/N is the sampling interval.) The Fourier series (of maximum degree n) which
represents f (8) is

f) =

S
w3
=)

(a“ cosnf + b, sinn 8) 6)
Consider now the following collocation equations

f(8,) = n%o (a, cosnf, +b sinnb,)
i=20,,-, 2N-1) N

Since i has 2N values, (7) is a set of 2N equations which are linear in the coefficients a
and b . If the last sine coefficient b, is excluded from determination, then theré are fi- 1
bn’s and n+1 an’s, for a total of 2n coefficients. Thus, if 1 = N, (7) is a set of 2N
linear equations in 2N unknowns and hence can be solved exactly by either matrix
inversion or discrete Fourier methods; it is important to note that the coefficients will, in
general, be aliased!®. [The exclusion of b, is validated by the fact that
sinn @, = sinN Oi = 0 for all 6, in (5).] Since 0 = /N and © = N, the follov!ing relation
holds between the maximum degree of expansion (6) and the sampling interval @
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n=nrn (8)




It is easy to carry this resuit over to double Fourier series: each dimension will have
its own sampling interval, and hence its own maximum degree. In particular, if the number
of sample points per period in each dimension is the same, then the use of (8) once will
yield the maximum degree for both dimensions. This particular result has, of course, been
appropriated from the domain of Fourier series to the domain of surface hammonic
expansions of mean gravity anomaly fields, where (8) is a well known ‘rule of thumb’.!:?
[The interval 8 is equated with the side length of the quadrangle over which the anomalies
are averaged. If (6) is averaged over each interval (0,, OiH), the result is a set of
equations similar to (7); therefore, the above considerations still apply. This will be shown
in more detail presently.]

Thus, for 8 = 5°, the relation (8) predicts a maximum degree of fi = 36. This result,
however, is valid for Fourier series only and not for surface harmonic expansions.
Considerations which lead up to a ‘rule of thumb’ appropriate for surface harmonic
expansions will now be discussed.

SURFACE HARMONIC EXPANSIONS
A finite surface harmonic expansion of the gravity anomaly field is
n n
Ag- (pA) = n2=20 m2=20 P aGing)[A —~cosmh+B  sinmh] )

In order to consider mean gravity anomalies properly, it is necessary to average Ag: (g,\)
over each quadrangle

4

: A1 i+1
Agij =5 S f Agz (p,M)cos pdpdA (10)
j i
E{fre v; and 7\j are given by (3) and (4), respectively, and the quadrangle associated with
Agij has the area
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If (9) is now pla&zd into (10), the result is expressible in terms of “weighted” mean
anomalies Gij = aijAgij
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Here the definite ..tegrals of the associated Legendre functions and trigonometric functions
are, respectively,

Pi+1
Dl = S P, . (sin p)cos pdy (13)
?i
and
el
c o= j cos mAdA
Aj
(14)
Aot
S, = J‘ sin mAdA

J

The D;m in ( 13) can be evaluated using certain recursion relations to be found in
Appendix A; the C} and S, can be evaluated explicitly

i .
C’m = m (smm)\jH smm?\j)

j = -1 -
S m~ ' (cos m)\j cos m)\j+l )

(m # 0) (15)

Consider (12) as a set of collocation equations, similar to those in (7). In order that
these equations (12) be solvable exactly, there must be as many coefficients A and B _
as there are weighted mean anomalies Gi.. (If there are more coefficients than mean
anomaly values, the set of equations (12) form an underdetermined linear system. The
number of coefficients whose values are uniquely determined is still equal to the number
of mean anomaly values; the excess coefficients are essentially arbitrary. In this regard, see
Rudin'!)) For the 5° X 5° field considered here, the number of mean gravity anomalies is
2592; since the number of coefficients up to degree T is (A + 1)2, it is necessary to have
fi = 50. [Since (50+ 1) = 2601, nine coefficients will have to be excluded from
determination. For the case of equal area 5° blocks!'7'8:9 % =40 because the number of
blocks is 1654.]




The appropriate rule for finding the maximum degree n of a spherical harmonic
expansion of 6 X0 mean gravity anomalies can now be expressed. Since the number of
coefficients is (i + 1)> and the number of mean anomaly values is 2(1r/5)2 [because i has
N values and j has 2N values in (12), where N = rr/(;], then these two quantities can be
equated to yield the rule

i~ 2%q/6-1 (16)

The two sides of (16) are equal only if the right-hand side is an integer; otherwise, n is
the first integer larger than the right-hand side. [In the general case then, not every
coefficient of degree 7 (for example) can be determined. Also, in the revision, I have
become aware of a recent result!? which states, essentially, ¥ =2 7% /-é; (16), however, is
the correct result.]

Now, to actually determine the coefficients which allow a set of 6 X 6 mean anomalies
to be reproduced exactly requires that a set of 2(n/8)? linear equations be solved for
2(n/8)® unknown coefficients. In the case of 6 = 5° this ostensibly requires the inversion
of a 2592 X 2592 matrix, which is impractical on even the largest existing computers. It is
possible, however, to construct an algorithm which can circumvent these computational
limitations, -as long as the constraint of dealing with 6X8 quadrangles is replaced by a
more amenable one. Exactly what is involved in constructing such an algorithm will now
be described.

A PRACTICAL ALGORITHM

In the foregoing discussion the lines of latitude and longitude were assigned equal
spacings, 0: here, there will be no assumptions made as to the spacing of the latitudinal
lines, although it will be convenient to keep the longitudinal lines equally spaced. A useful
partitioning can be achieved by dividing the surface of the earth into 2M longitudinal
sectors and (M + 2)/2 latitudinal zones (M is even); the intersection of these sectors and
zones produces M(M + 2) quadrangles. The longitudinal boundaries of these quadrangles are

)\j = jn/M
G=01,+-,2M-1) a7
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The lines of latitude, though not specifically defined, will be sequentially denoted by ¢,
i= 0,1, ,M/2; @41 = ¢ [This, along with (17) insures that (13), (15), and hence (12)
are well defined.]

Consider the system of equations given in (12); if the coefficient A; is excluded
from determination [for essentially the same reason that b: in (7) was], then there are a
total of (fi+1)*-1 = f(fi+2) unknown coefficients A~ and B, in (12). Since the
number of quadrangles (and thus mean anomaly values) under consideration is M(M + 2),
then if @ = M, (12) is a set of M(M + 2) linear equations in as many unknowns. Assuming
all the equations are independent, (12) can be practically solved by the following method.
[The equations must be independent in order that the square matrix which transforms the
A B into the G;. in (12) posses an inverse. Experience with an essentially identical

nm’ nm T 13
system of equations shows that this is indeed possible” °.]

In (12) the upper limit on the m-summation can be extended from n to n because
P = 0 (and hence D;lm = 0) if m > n. Using i = M, (12) becomes

nm

M M . . .
G.= £ : Di (A, _C +B _Si) (18)

ij n=0 m=0

This, in turn can be written as

M . .
Gl] = m§=“0 (amic':n +bmisjm) (19)
where
M i
i = n§m DnmAnm (20)
M .
bmi = n§m D]ntnm @D

The lower limit on the n-summation has been changed by again using the fact that
D'nm = 0 for n < m. [This particular separation of the latitudinal and longitudinal parts of
an equation like (18) has been utilized previously; e.g., cf. Orszag!4.)

Using the relationship 7\,‘+1 = 7\j + /M allows (15) to be written as

C, = /M




Placing (22) into (18) gives

cl, = m™!{sin(ma/M)cos m\; - [1 - cos(mm/M)]sin m}

S = m M{[1- cos(mn/M)]cos m); + sin(ma/M)sin mx,.}

(m # 0) (22)

!

ag; Mzl . ap i
Gij = —2 + mZ_ (ami cos m)\j +bmi sin m)\j)+ —2-' cos M?\j (23)
where
ag; = 2a,;m/M
ay; = 2by;/M
al . = m~!{sin(ma/M)a,; + [1 - cos(ma/M)]b_,}
b, . = m~!{[cos(mn/M) - l]ami+sin(m1r/M)bmi}

(m # 0,M) (24)

The set of equations (23) can be solved, for each value of m and i, by standard

discrete Fourier methods!?; the solutions are

m~
I
=

S.
M
<

2M-1
G.. cos m\
=0 1
(m=0,1,+, M. i=201°-"-,M/2)
2M -1
Z G, sinmA

(m=1,-, M-1:i=20]1,--",M/2) (25)

Then, the values of the a,,; and bmi

(24)

can be obtained by inverting the transformation
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ay; = Ma;,i/(21r)

by = May,/2

m mw\ |, ,
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The last step is to solve the equations (20) and (21). To do this, (21) will be
re-indexed to read

o
L}

o
[
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(m # 0, M) 26)

m
= 2 D

i
n=0 M-n,M—mB

@n

bM—m,i M-nM-m

Then, (20) will be alternately added to and subtracted from (27) to produce

m . .
+ = 1 1
bM—m,i Tan; n§0 DM—n,M—m BM—n,M—m * ? Dnm Anm

(m =01, ,M-1; i=0,,°°,M?2) (28)

Since i has (M +2)/2 values, (28) is a system of .M+ 2 linear equations in M + 2 unknowns
for the values m = 0,1, +*+,M- 1. Therefore, (28) can be solved exactly to yield the
sought-after M(M +2) coefficients A =~ and B m- (The solution can be achieved by matrix
inversion. Again, it is important to note that the coefficients will be aliased, because the
gravity anomaiy field will, in general, have components whose degree lies beyond M.)

Since the practical algorithm described in this section depends on a particular grid of
mean gravity anomalies for its efficacy, such a grid will have to be constructed before any
numerical results are forthcoming. If this new partitioning is to contain approximately the
same information as the standard 5° X 5° grid, then the value of M required is M = 50. In
this case there are 2600 quadrangles with a corresponding set of 2600 mean gravity
anomalies; the average angular dimensions of such quadrangles are 6.92° X 3.6° (latitude by
longitude).

i




This algorithm will, for M = 50, break the solution of 2600 linear equations in 2600
unknowns into two parts. First, discrete Fourier methods (25) will be used to solve a
system (23) of 26 sets of 100 linear equations in 100 unknowns. Second, matrix inversion
will allow for the solution of a system (28) of 50 sets of 52 linear equations in 52
unknowns. Although this is still a lot of work, the problem has at least become tractable.

An advantage of this method is that it produces a surface harmonic expansion which
exactly reproduces the mean gravity anomaly values. In contrast, methods for determining
coefficients (and hence expansions) by using the orthogonality integrals (2) for surface
harmonics can only yield approximate (non-optimal) solutions; these approximate solutions
will now be discussed.

ALTERNATIVE DETERMINATION OF COEFFICIENTS

Although the collocation method just described allows the expansion coefficients to be
determined optimally (to within numerical round-off error, of course) there also exist
alternative methods for determining these coefficients. In particular, the integral (2) can be
utilized; since the anomaly data consists of a definite number of mean values, and since
the formula (2) requires that the anomaly field be known at all surface points in order
that it yields exact coefficients, it is clear that the use of (2) along with the available data
can give rise to, in general, only approximate results. Several methods can be devised to
give these approximate coefficients, depending on whether the integral or anomaly field Ag
in (2) is approximated; these methods will now be given for the case of 5° X 5° mean
anomalies. (It must be stressed that the coefficients determined by orthogonal collocation,
though optimal, are also only approximate, in that they are aliased. In the limit oij-)O, all
these methods can be expected to converge to the same result.)

DISCRETE METHODS

First, it will be assumed that the mean anomaly value for a particular quadrangle
actually occurs at a specific point within that quadrangle. If this point is arbitrarily chosen
to lie at the angular center of the corresponding (5° X §°) quadrangle,9 then (2) must be
replaced by a discrete sum such as

nm 2n+1 (n- m)! 32? 722 _ cosm)\j
= — Ag.. P (sing.) 0;;
4re n+m) i=1 - ij ‘nm i j
Bom m (MFMEEL sin m )\j
I m=0
€m = l ,m#:O (29)
2
10




Agi}. : mean anomaly value corresponding to quadrangle
containing (y,, )\j)

Here, the quadrangle area 0j; and the positions (g;, Aj) are

Q
]

i = cos g (n/36)?

¢, = (i- 18.5)/36 (30)

)\j = (G- 0.5)n/36

An alternative method for creating a discrete sum is to use the fact that the actual
variables of integration in (2) are sin ¢ and A rather than ¢ and X; the latter, of course,
arise from the former by differentiation: d(sin @)X = cos ¢ dp dA. For this second
discrete method, it will be convenient to assume that the anomalies are located (sampled)
at that point whose coordinates are the mean values of sin ¢ and of A in the
corresponding quadrangle. Thus, the summation still has the form (29) and only the
quantities in (30) require a partial redefinition

0y = (sin ¢,,, - sin ,)7/36

sin ¢, = (sin @,y Fsin ¢i)/2 31

)‘j = (G- 1/2)n/36

where the upper and lower latitudinal limits are, respectively, Pirl = wi,'i'ﬂr/36 and
¢, = (i- 18)n/36.

The first discrete method, wusing (29) and (30), is commonly referred to as
“approximation by Riemann sum”; while the second discrete method, using (29) and (31),
can be termed “approximation by Riemann-Stieltjes sum”.

CONTINUOUS METHODS

In addition to the discrete methods just described, it is also possible to create
approximate ‘“‘continuous” methods. These latter methods use the given set of mean anomaly
values to construct a (possibly piecewise) continuous approximation to the surface gravity
anomaly field. One example of such an approximation is the ‘‘geometrical interpolation™

11




field found in Heiskanen and Moritz;!5 this construction is a continuous and piecewise
linear approximation of the surface anomaly field. Another example is the field which
results from assigning to each point of a particular quadrangle the mean anomaly value
corresponding to that quadrangle;’ this field is clearly piecewise-constant  (i.e.,
piecewise-continuous) with a finite number of finite discontinuities. The complexity of the
interpolation scheme can obviously he increased to provide many different constructions, all
of which give approximate gravity anomaly values anywhere on the surface of the earth.

Any such continuous approximation obviates the use of the discrete formula (29) and
allows the integral formula (2) to be used directly in computing the expansion coefficients.
Now, although it may appear more elegant to determine coefficients by a continuous rather
than a discrete method, there is really no apriori way of deciding which method is
actually better. Only by assuming that the interpolation scheme of a particular continuous
method correctly describes the behavior of the anomaly field between the “points” at
which the anomaly values are known can a continuous method be declared superior to a
discrete one.

A fundamentally important quality of all (piecewise) continuous methods is that they
assign an anomaly value to every surface point, whereas discrete methods only assign values
to a finite number of points. The ‘“sampling interval” for continuous methods is therefore
zero, since the “original sampled values” are assumed (whether correctly or not is
immaterial) to be known continuously; the corresponding maximum degree is obviously
infinite. This optimal property follows from well known results in the theory of orthogonal
functions; in particular, from the result that the expansion of a bounded,
piecewise-continuous field will always converge ‘“in the square mean”!® as the degree of
the expansion increases toward infinity. (“Square mean™ convergence is the continuous analog
of the discrete least squares convergence used in the definition of an optimal expansion.)
To make these concepts more concrete, the specific case of a “piecewise-constant”™
continuous method will now be considered.

In the piecewise-constant method of coefficient determination the gravity anomaly field
is represented by a multi-valued step function: the anomaly field at every point in a
quadrangle is defined to be equal to the corresponding mean value for that quadrangle. The
integral formula (2) can therefore be written

A ci
2n+1 - 136 72 . m

nm| _2n L"L)’ T I Ag; Di, (32)
B dre (n+m)! i1 j1 si
nm m

where the D! , C} and S are as described in (13) and (14).

m

In (32), Agij is the mean anomaly value occurring in the quadrangle bounded by the limits
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\Pi” = ¢i+77/36 , Wi = (l‘ 18)"/36
G=1,--36)

>
|

o1 = 7\j+1r/36 , )\j = (G- Dn/36

G=1,-,72) (33)
NUMERICAL RESULTS

Three sets of coefficients were generated from the DMAAC 5° X 5° mean anomaly
values by using the two discrete methods and one piecewise-constant (continuous) method.
In order to determine the optimal degree of the expansions corresponding to the‘discrete”
coefficients, and to observe the convergence properties of the expansion corresponding to
the “continuous” coefficients, it was necessary to compute how closely these expansions
reproduced the original mean anomaly values. Exactly how this was done will now be
described.

The “original” gravity anomaly field of the discrete methods consists of a finite number
of mean values, each value being assigned to a specific point in the corresponding
quadrangle. An appropriate manner for determining how closely these discrete expansions
reproduced the original mean values is to compute the weighted root-mean-square (RMS)
difference

36 172 — 0. Y112
R =1% % [ag(o,r)-2 ..]2 ij 34
n ‘i=l j-l[ e ) - A 4n 34)

Here, Agy (¢,,\) is the value of the anomaly field recomputed at the point originally

i’
assigned to A—gij by using (9) expanded to maximum degree N; the area 9% is given in (30)

for the first discrete method and in (31) for the second discrete method.

The quantities Ry were determined for the expansions produced by both the first and
second discrete methods for N =0, 1, +++,81. The numerical results for these two
methods were practically identical with one another; therefore, only the results for the first
method will be presented in graphical form (see Figure 1). The actual values of the Ry
for both methods, as well as the maximum difference between the original and recomputed
anomaly values, are given in Tables B-1 and B-2 of Appendix B.

In the case of the piecewise-constant method, the “closeness” of the expansion (9)
could be measured by the RMS integral [analogous to the sum (34)]

13
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1 ” w/2 — 12

Ry = - [Agy(p, N) - Agl® cos pd @d A 35)
g =0 p=-n/2

(Here A_g is the “original” anomaly field which was attained by assigning to all points in a
particular quadrangle the mean anomaly value corresponding to that quadrangle.) The resuit
of applying (35) is a foregone conclusion; however, it is the root of the previously
mentioned ‘“‘square mean” which always converges as N-*eo,

Although the convergence of (35) is well established, it would still be useful to see
just how well the expansion (9) with the coefficients generated by the piecewise-constant
method does converge. An appropriate way is to first average the results of (9) within each
quadrangle {as is done in (10)]}

_ 1 Aj+1 Yi+1
Agy ;= . s s Agy (p,\) cospd pd A (36)
ij "j i
Using (9), (13) and (14) gives
- 1 N N . ; .
AgN,ij = ?U— n2=:0 mz-—'O D:nm (Anm Cm+Bnm S:n) (37)

_ _ 2
Ry = [ T (Bgy ;- Bgy)? L] (38)

Computed values of Ry for N = 0, 1,-++,81 are graphed in Figure 2; the numerical values
of Ry and the maximum differences between original and recomputed mean anomalies are
listed ir. Table B-3 of Appendix B.
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ADDITIONAL CONSIDERATIONS

Since the apparatus for averaging surface harmonic expansions over quadrangles and
comparing these averaged anomalies with the original set of mean anomalies has already
been established [by (10), (37) and (38)], it may be of interest to apply this apparatus to
expansions which use “discrete” coefficients. It might be expected that the effects of terms
of high degree would, more or less, be averaged out, and that the extremely divergent
behavior shown in Figure 1 would be attenuated. That this is indeed the case is shown in
Figure 3; the results graphed there come from using the coefficients generated by the first
discrete method in conjunction with (37) and (38). The results obtained by using the
coefficients generated by the second discrete method are almost identical with those of the
first; the results from both the first and second discrete methods are given in Tables B4
and B-5 of Appendix B.

Although the apparatus of quadrangle averaging (37) and averaged anomaly comparison
(38) provides an appropriate means for studying the convergence of expansions generated
by usc of the piecewise-constant method, it is informative to investigate the pointwise
convergence of these same expansions. In general, the convergence of an orthoganal
expansion of a given function at a specific point does not automatically follow from the
fact that the expansion converges to the function “in the square mean” (in fact, there are
functions which converge in the square mean and yet fail to converge at anmy specific
pointls). If the function being expanded, however, is reasonably well behaved, its pointwise
convergence is certainly not precluded; in particular, if S[f] is the Fourier expansion of a
function f then, “If f is of bounded variation, S[f] converges uniformly at every point of
continuity of f”.}7 (At points of finite discontinuity f shows “Gibbs’ phenomenon”!8.)
Similarly, if a function continuous on a closed interval is expanded in a series of Legendre
polynomials, the Weierstrass approximation theorem1? implies that this series of polynomials
converges uniformly to the function; if the function is only piecewise-continuous, Gibbs’
phenomenon again appears at the points of (finite) discontinuity2©.

In the case of a surface hammonic expansion of a piecewise-constant function, the
Stone-Weierstrass theorem?! implies uniform convergence everywhere except for arbitrarily
small neighborhoods about the points of discontinuity. Expropriating the results concerning
the behavior of Fourier and Legendre series at points of discontinuity, it is reasonable to
assume that series of surface hammonics show analogous behavior at such points. Thus, if
the coefficients generated by the piecewise-constant method are used in (9) to compute
anomaly values at the angular centers (for example) of the quadrangles, it is expected that
the RMS difference (34) will show convergence as N — oo, The actual results for this
procedure are shown in Figure 4; the convergence, though not as smooth as in Figure 2,
is indicated (a decreasing sequence of relative maxima may be expected to exist as
N — o). The numerical values from which Figure 4 is* derived are to be fourd in
Table B-6 of Appendix B.
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CONCLUSIONS

The material presented in this report has included a new method for determining the
surface harmonic expansion coefficients for the terrestrial gravity anomaly field (and hence
the coefficients of the geopotentialn). This method requires a particular partitioning of the
earth’s surface into quadrangles and therefore must have a set of mean anomalies which
correspond to this new partitioning. Since such a set does not presently exist, the
application of this method must await its creation.

In conjunction with this new (collocation) method, alternative methods for coefficient
determination were also discussed. These alternative methods have an advantage over the
collocation method in that they do not depend on a particular partitioning grid on the
earth’s surface in order to be practical. Also, they can be expected to produce reasonably
accurate values for coefficients of low degree.

The collocation method, in turn, has an advantage over these alternative methods since
it can produce an expansion which matches the original mean anomalies exactly (in
theory). (This is not to say that the expansion coefficients are exact; this possibility is
generally obviated by aliasing.) The exact nature of a solution by collocation also allows
the maximum degree of an expansion corresponding to a given set of mean gravity
anomalies to be precisely determined, whereas these alternative methods can only provide
rough estimates.
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APPENDIX A

Recursion Relations for Definite Integrals i
of Associated Legendre Functions




The definite integral of an associated Legendre function

Pi+1
D, = f P, ., (sin p)cos p dy (39)

¥i

can be evaluated through the use of recursion relations. Using the well known recursion

relations of the associated Legendre functions themselves?3 allows the following recursion
relations for the D, to be easily derived

Di = (@n+1)y}R! R;_n_,'o)

o,n+1,0

D;,mﬂ = (m- 1)"[2mRil'nm +(m+1)[n(n+1)- m(m - l)]D;'m_l‘
Dy o= [(n-m+ 1)(n+2)1-1{(n+m)(n- DD}, -3 1Cn+ 1)Ri2’nml (40
Here
. sin ¢, ¢
koam = Py (0P (%)
sin ¢,
and
Z
F(y) = F(z,) - F(z))
Z




For numerical application it is useful to have the following

Di_ = sin Y11
00 ¥

¥

Yis1

Di, = 1/2sin? p

. Pi+1
D}, = 1/2(p+sinycosy)

. . Pie1
D}y = - 1/2 sin ¢ cos? ¢ '
1

. Pis1
Dy, = -cos® p| |

DL, = sin o(3 - sin® p) bin
22

. 15 Pis1
Dy, =- Tcos4 ¥ 43)

%

The combination of (40), (41) and (43) is sufficient to generate the DLm to any desired
degree and order.

(In the review process 1 have become aware of prior sources for these results, both
published and unpublished; for example, see the article by Paul??.)

e e e A




APPENDIX B

Numerical Results




The numerical results presented in the following six tables consist of values of the
three quantitities N, Ry, and My, where

N: degree of the expansion

Ry: RMS difference between original anomalies and
anomalies recomputed by using an expansion of
degree N

My : Maximum difference between original anomalies and

anomalies recomputed by using an expansion of
degree N.




)

N

Table B-1. Numerical Results Generated by Using First Discrete Method With R,

10

11

13
14
15

17
13
13
20
2t

22

«1626E¢ 02
«1626Er 02
«1600E* 02
« 16756+ 02
« 1405502
«1330E¢02
«1243E¢ Q2
«11545¢ 02
«1119E¢ 02
«1065E+ 02
«1019E+ 02
«97+5E0 01
«95265+ 01
+9154Ee 01
«B8902E+ 01
+«35402+01
«3212E¢01
«7386E+ 01
« 78202008
e 7031E+ 01
« 74695401
«T3075+01
« 70625+ 81
«6869E+ 01
«5681E¢ 01
«6506E¢ 01
«6386E001

»6211E¢ 01

«9910E8D2
«8910E+82
e9114ESD2
.aréannz
«3022Ee02
«8317E®G2
«3854€E802
«7182E002
«7360€¢02
«6618E0D2
«b5 83E¢02
«3999E+ 82
+0395E¢92
«5251E402
«3b71Ee02
¢3662E+02
«5274E¢02
«5233E402
«4887Ee02
«oTTOES+82
sit73uESD2
«u70uEeD2
o 423%002
«3364E+02
«3787E%02
+3577€02
«34LbBE®O2

«338uEe02

28
29
30
31
32
33
36
35
36
37
35
39
0
Ll
b2
L3
e
45
L1
(4
(1
3
50
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53
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«60125e M
«5952E+ 01
+506822¢01
+ 54955401
+ 52905+ 01
«5050E¢ 0t
cullLiuEe 0L
« bhg1E+ 01
«H207c+ 01
«33565¢ 01
«3826E+ 01
«3724Ee¢ 02
«3703E401
«37935+01
+33b4E+ 02
o hOUBES 01
«L188E+ D2
« 03305001
+hbBlELWM
+#805E¢01
«5016F+ 01
«5240E¢ 01
«5500E0 81
«5712E+ 01
«6056E+ 01
«6389E+01
«66915+01

B-2

«3674E#D2
»369065¢02
«3809E¢02
«3b23E+92
«35L1E402
«3345E+402
«3176E¢02
«3011Fe 02
«2733E¢02
«25855¢02
«2685E¢02
«2h3LFe 2
«2590E802
e2434E092
«2513€e02
«2537E002
«27108E802
«2536E802
«2537E%D2
«2633£002
«2846E¢02
«3D93E+02
«3395€E+02
«3726f 82
«3869E002
2 4183Ee92

e4D51E4D2

4]
75
76
144
78
79
a0

81

« T175E¢ 01
«T700DE+ 01
+3201Ee¢ D1
87812401
¢ 94735401
«100uEe 02
«1375E¢02
«1154E¢ 02
e 1231E4 082
«1314E¢02
e1w16E¢ 02
« 15425002
elnobIe 02
«13582¢02
«21072¢+ Ge
«2270€e 02
« 24335402
« 27075002
«3084E+ 02
«3322€¢ 02
+«3559€¢ B2
«3928E¢0°
e 10 4E0 D>
» 420665¢ 02
chW22b 002
« 455950 02

«bo7 002

From (15).

«+358E8 02
«u3pIeD2
«+2665¢02
«+73RFE40D2
«511JE4+02
«>00RE+D2
250345402
e21PBcel2
o 7073202
«/500E0?2
«33ETER(L2
«9092E¢92
e 93975402
e1154te¢03
«12492t¢03
«1425Fe03
«1551E¢03
o151 uwEel3
«1795E483
«1358E¢03
«?0608E003
e217 46403
«2279E408
«2209E¢03
e2437E¢D3
«245TE®D3

«2581F008
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Table B-2. Numerical Results Generated by Using Second Discrete Method With R, From(15).

o ¢ 1626t +02 +8910E282 28 «6012E+01 +3670t+82 55 oT154€+01 o43JLTES02
1 «1626£+02 «8910e+482 29 «5853E+01 o 3703E+02 56 «7673E+01 4362E+02
4 «1600E+82 e 9114LE+02 30 05684E4+01 e3811E+02 57 +8167E401 o4571E+02
3 014758402 «8T799E+02 31 ¢5495E+01 «3613E+02 58 08T46E+01 o 4736c+82
& o 14058 +02 «8021E+02 32 ¢5290e+01 ¢3540€¢02 59 e 94L3IBESDL o E12T7E+G2
S +1337c¢02 «8316E+ 02 33 ¢5J51E+014 o 3345E¢02 (-} «1000E+02 «5610L¢02
6 01243E402 «8056£ 402 34 s 4TU5E« DL o3170E+02 61 +1068E+02 e6013E+02
4 01154E+i2 o7181c+02 35 e h4BIE+DY «3018t+02 62 eliu7EC02 ¢6193E+483
] e1119E+02 o7359E+ 02 36 ¢ W202E+01 02733E+82 63 01221E¢02 «7072E202
9 +1065€+02 e6620E¢ 02 37 «3951E+01 02563E+02 64 01304E+02 o T4T5E# B2
10 «1019:+02 «6591E+82 38 «3818E+01 02648E+02 65 o1410E+02 «8390E+ 02
i1 s ITLUESDL e5994E+D2 39 «3711E+01 «2452E+402 66 01535E+02 «9082¢¢02
12 +5526E+01 «6389E+02 0 «3750E+01 02457t +02 67 e1654E402 «9962E+02
13 «9155E+01 «€249E+ D2 L3 | e3777E+01 026407E¢ 02 68 o 1846E+82 01147 ¢+83
1o o 89036401 «5673t+402 . 42 e 3849E+01 «2L82E+02 69 «2068E+02 12856 +03
15 e B850bLE+DL ¢5663E+02 L3 LTEL XY} 0 2L96E+ Q2 70 0 2249c+02 e1423E+03
16 03214k 01 e5272:+82 bl o« ML74E* DY «2539t 482 1 0 24T4E D2 «1577E+03
17 e7985c+(1 «E230E¢C2 45 o317t 401 «2511E¢02 72 «2685c+02 +1609E+43
18 e7821c+01 ok882t¢02 L1 cbb76E ¢01 «2521E+02 73 «304uTEe02 «1791E+03
19 o 7631E+01 oL778E+02 o7 e 4T90E+0L «2607E¢82 T4 «3285c+82 e1941€+03
29 o TWTOE+ 01 o4735c402 “3 «5002E+01 0 284L4E+ D2 75 «3638E+ 02 +2053E¢+83
21 o7308E+01 sh700E+ 02 9 ¢5225E+01 «3082E¢02 76 «3912E402 «2172E403
22 o 7063E+012 o 4235402 50 «5481E+01 «3379E+02 [£4 o4 091E4 02 «2277E+03
23 e €870£401 «3961E+82 51 «5E9uE+ L «3726E¢02 78 * 4256 ¢+ 02 «2307E+063
24 o6681E+01 o37836402 52 e 6038E+01 «3883E+02 79 s hb14E+ 02 e 2L54LE+ 03
25 s E507E¢ 02 +3571E+02 53 «6368€E+01 o4193E+02 80 o 4550E+82 «26456€E+03
26 o €387E4DY o3uubb+ 82 56 06672E001 ohl51Ee02 81 e 4E60E+D2 «2578E+03

¢b213E+ 01 «3380E+02




Table B-3. Numerical Results Generated by Using Piecewise-Constant Method With R, From (19).

“w N e
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23
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«1626E+02
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«1337E¢02
e 1263E+ 02
e1154E¢02
e 1119E+02
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¢1019E#42
0 9752E+01
¢ 9535E+J1
09168401
«3920¢+01
e 8567TE+01
e B244E+D]
¢8024E¢ 01
«T865E+01
o TOBGE+SL
e7531E+ 81
o7381£+401
e7153E401
¢6976E+ 01
o 680SE+01
e 6649E+D1
s 6544Ee 01

s63E+DL

«8910E+82
«8930E¢+82
e S113E4+02
«8800E* 02
«803cE+02
0 8322E002
« 8069 +02
o T221E402
073895 ¢02
¢ 66862¢802
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06110:¢02
06T uE*2
0 €346E¢02
e 5833E¢402
05824402
e 5493 ¢482
¢ 5456E¢ 02
«5171E¢ 82
«5880E¢02
«5853E+02
«5029E¢02
o b6B0Z¢ B2
shl79cr 02
e W304BEO2
2 4009E* 82
«38768E¢02
e3738E¢+02

28
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3t
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34
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37
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L33

43

&5
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&7

&9

51

82
53

«6228E+2)
¢6100c+01
«5904E+ 01
«5817¢:+01
+566TEXOL
¢ 5497+ 04
«5285c+01
»5118c+01
o #912E+01
e4708c+01
+4535E+ 01
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03834E¢ 02
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¢2955E+¢01
«2875E+81
« 2886E+ 01

«3776E%92
«3808E¢02
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« 3757402
«3702E#02
0 3588E+02
«3500E¢02
e 34172¢02
e3270t¢ 02
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¢ 29600c+02
e 2T77E+ D2
¢2639L+82
02584E+02
02502t +02
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e2465E+B2
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e 2415E¢02
e2485E+02
e2543E 002
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«2553E4 02
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e 2488c+082

55
56
14
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73
T4
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14
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e2764E+01
«2691£¢41
02622E¢01
«2571E+01
02514+ 481
«24L72E+D1
e 2428E4+01
02382 +081
02343E+01
e 2311E¢01
e 2282+ 01
0225uttul
02285c+ 01
02132401
»2i66C+01
0 2145E+01
021 24E+ 01
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«2084LE+OL
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Table B-4. Numerical Results Generated by Using First Discrete Method With R,
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19
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23
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«1526E¢02
«1526E 02
«1500E¢ 02
«1675E¢ 02
«1405E¢ 02
«1337E+ 02
e 1243E+ 02
«1154E¢ 02
«1119E+¢ 82
«1065E+ 02
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«37u6Ew01
«3529E+01
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»83092+ 01
«3351€+08
«9222F¢ 0%
«7TIYTES 01
«T3346E0 04
e 7TH4TES 01
« 74882401
+7330z¢ 01
«7030E+ 01
«6901FE¢ 81
+5718E¢01
«6549Ee 01
« 66326401

«6264E+ 01

«8918E:32
«8910E¢02
«9113E+82
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«3D27EB2
«8320ke02
+8063E+02
«7201E¢92
«7375E402
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«53334E¢02
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«4867EeD2
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+4083E#D2
«3670€E0082
«3632E+02

«3L99Ee 02

28
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30
31
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33
3y

35

37
38
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L0
41
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W5
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(1]
49
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S

«6875E¢ 8L
«5928E+ 01
«5778E 01
«5592E+ 01
«5407Ee 01
«31956¢ 01
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«23835+ 01
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«3837€¢02
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o115UES (D
«111CE+02
«1068E+ 2
«101SE+L2
«974EE (1
«952CE+ L1
«315CEe CL
«880CE+ (L
«8551€4¢ (1
eB222€4 01
o793TEL (L
«7835E+C1
«7THLTE+CL
«TH3LE+CY
«7330E¢C1
«7090E+ 01
«6901E¢ 01
«6T17E+CL
+ 654 LE* 01
«6L32E4 01

«B26ULES D]

.8G10c4¢02
«8C10€+402
eQ114LE+02
« 87692402
«8027E 432
«8318E+02
«B0E2E+02
«72012402
e 73752402
+6ESSE 402
s6E262 402
+E0E2:4D2
0 €429c 402
2 6295E 402
«5T754E 402
e EThbc #02
e5325c+82
« 346 402
«5022€402
+4932c+02
«4000E 02
+MBESE +92
sb€7E4D2
« 42332402
cb0BLE4D2
«3€77E+02
03637402

¢ 26065 402

28
29
30
31

32

33

346
35
36
37
38
33
40
[ 3¢
W2
43
L1
L3
46
o7
L8
&9
50

52
53

Sk

«6075E¢+ 01
<592 8E4 01
«STT1E+ 01
«5592€+ 01
SSHOTES C1
«5195E+ €1
49225401
MTO1ESCL
Sal2964 (1
SL1SEESCYL
+3934E+ L1
+3706E+ 01
S3571E+ 01
+3621E4 01
«326264 01
$3121E+ 01
«2987E+ C1
«2877E401
«2820E¢ 01
«27105¢C1
026616401
«2552E4 (1
e2462E4 (1
«2377E+01
$229€E¢ 01
+2252€4 01

«2238E+ 01

B-6

«3733E402
«37€0c+02
e 3B4TC+02
«3€S3 402
«3€33E402
e 34LLEL ¢02
e33ELZ 402
e 32L6E402
«3029E 492
+ 28122402
s 27 40T 402
e 24535 402
0 2LQ2E+02
023€25402
«23$65402
« 20285402
« 24885402
0 2E05E*02
W 2LQBE D2
e24TTE02
¢ 24325402
o 25 THE ¢02
«274TE 402
«2899C 402
«2T66E ¥02
«2630E402
«258CE 402

55
56
57
58
59
60
61
62
63
-1
65
656
67
68
€9
T0
71
T2
73
T4
75
76
L4 4
LX)
79
a0

81

Table B-5. Numerical Results Generated by Using Second Discrete Method With Ry

»226%E+ (1
0227 2E+ (1
02263E4 (1
«2315E+ 01
0238CE+ (1
02429+ (1
«24TEE+ (L
«2564E+ C1
e2664E+ (1
«2739E+ 01
028075+ 01
«2888E+ 01
«3011E+C1
«3108E+ 01
e3221£4+C1
«3280E+ (1
«3270E¢ 01
#3312E+ (1
«3357E¢+ (1
«3378c+ (1
«3362E¢ (1
«3334E+ (1
«3318E+ (1
«3316E+ (1
«3296F+ (Y
«3281€+ (4

«3263€+ 01

From (19).

«2778E402
e 2723002
e 2€CHE402
e27072 402
2332402
«2509c+02
«26STE 402
25985402
s 2L€2E 402
o+ 25 87E492
«27595¢02
«2%42E402
«28CEI 402
«20€6T 402
ew171E 402
W23l 432
s 29415402
e 27726402
»3702c+02
e3E73c402
e28E 2402

«2€77E402




Table B-6. Numerical Results Generated by Using Piecewise-Constant Method With R, From (15).
‘ 0 .1626E402 .8910E402 28 .€076E+€1 . 3726E402 S5 L Z207E4C1 L 2738Eep:
1 J1626E+L2  <0910E+02 29  .5925E+C1  L3756E+02 S6 422156401 +2676E+(02
2 <1600E+02 <9114E+02 30  J5767E+L1  L384QE+D2 S7  J2214E4(1  .2€S9E+D?
3 JA47SE402  .B87S9E402 31 L5593E¢81  ,3701E402 S8  .2257E4(1 .26QU4E+D2
4  Ji4O05E+02 .B8026E+0Z 32 JS4DBE+I1 . 3632E+0Z 56 LZ313E¢(1  L2532E402
S  o1338E¢02 <8319E+02 33 LS193E¢C1 L34 EOE+02 60  .2355E4(1 .25BREQ2
6  «12u3E+4L2 < BOGLE4D2 34 L4920E+01  L33E4E+D2 €1  L2405E+C1 .2739E402
7 <1156E40Z  .T7202E402 35 L 469SEeC1 L 324EE+02 62  J24TEE+01  .2752E+02
&  J1119E+02  T7375SE+02 36 J4b21E+01 L 30LEE+D2 63  J2547E¢f1  L2€ETE+02
9 L1DEEE4C2 . 6653E+02 37 JWI4BEC01 L 2824E 402 64  o2625E¢L1  L2EE3E4D2
10  .1019E+02 .6E23IE+02 38 .3927E401  L2T7LEE+02 65  J2704€4C1  .2€25E402
11 J9T4TE+01  <EO05LE+L2 39 J370LE+C1  L2471E+402 66  <279SE+C1 L 2610E+02
12 .9529E+401 .+ 6L3ISE+D2 40  J3563E+C1 L Z5CHE+02 67  .2886E+C1 . 2S22E+02
13 .9158E+f1  .6301E+02 61 JJG11Ee01 L 20G19E+02 62  ,2963E4C1 .2663E4+02
14  .8906E+01 . S7S5E+0Z 42  .3235E401  L2LEDE+DZ 69  o3035E4C1  .2€4SE+L2
15  L8546E+C1  STUTE+02 43 J3113E401 L2672€+402 70  .3089E+01  ,2546E+02
1€ .8220E+C1 5388E+02 L4 J297GEeC1  L24C2E+02 74 .3150E401 . 2512E+02
17 oT995E4C1 L E349E+02 45  J287DE+01 . 2516E+402 72 J3211E401 L2433E+02
18 »7831E4 121 «SD3ILE+D2 46 «2810E+0C8 «2512E402 73 o 32L46E4 (1 «2417E402
+T6LSE+ (1 +4833E402 47 «2689E+ (Y «25719E 402 T4 e J264E+C1 «23B2E402
oTLBSE+01 L A904LE+D2 48  J2621E¢f1  ,25€3E+02 TS  .3277E401  .2303E+02
WT326E401  JHBTTE+D2 49  .2532E+01 L 2€15E¢02 76 32736401 L 2296E+0z
oT0BBESDL  MWTUESD2 50  J2438E+D1 L2EE2E+D2 TT  .3273E401  .2257E+02
+689GE+01 o+ 423BE+02 51  <23E4E+0L L 27S0E+D2 78  J3274E+01 L Z301E+02
«6715E401  J&081E+02 2  .2280EeC1 ,2728E402 79 L 3I2€4Ee01  .2292F+02
«65LTESCY  3669E+02 3  .2227E401  L2€STE¢02 B0 <32€2E¢01  ,2322E¢02
«6432E401 . 3ENDE402 Sk .2201E401 ,2680E+02 81 .3J2645E€+01 .2292E40:

«6264E 0] «3503€¢02
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