
/ AD—A 080 020 COMMUMICAT IONS RESEARC’I CEMTRE OTTAWA (ONTARIO) F/s 12/1

UNCLA:IF:w cRc—13:: 

BURG AND THE KNQW~ —A JTOCORRELAT ION AUTOR(GR——ETC(LJ )

- -U



i ~~I.)~~ L

~ IOII~2

1 Ii
I IIIII~IiI~I’ 

.25 
~~ ani~

4

MICROCOPY RESOLUTION TEST CI-$P~ T
NATK ~NAL BURLAU OE StANDARDS-1963-~.



I 
L

Communications v

Research H
Centre I.H~ ;~

~~~ 
( /~A OMPARISO N OF THE J URC AND THE

r ’KNO WN -AUTOCORRELAT IO N AUTOREGRESS IY L .
/ PECTRAC I.& NAIYSIS OF çO IPLEX ~1NUSO1DA 1

C, ~~~~~~7 SIGNA lS INjDDITIVE J HIT(NOISE-~

by

r >•. ~~~ ~~e r r in_________________ 
__ ~

A

This work was sponsored by th. Department of National Definos , Rsis arch and D.vslo pm.nt Brandi

La.., under Pro~sct No. 33C69

DEPARTMENT OF COMMUNICATIONS .~ CR MI 1f 1.. 1326

MINISTERE DES COMMUNICATIONS 
____  

— 
jr

I
CANADA 

~~ 
~~ OTTAWA. SEPTEMBER 1979

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



C O M M U N I C A T I O N S  R E S E A R C H  C E N T R E

l)I~PAK l’MI~Ni 01: (~ )MMUNI( A I’I0NS
(‘ANM)A

A COMPARISON OF ThE BURG AND THE KNOWN-AL)TOCORRELATION AWOREGRESSIVE

SPECTRAL ANALYSIS OF COMPLEX SINUSOIDAL SIGNALS IN ADDITIVE WHITE NOISE

by

R W Hernng ~~~~~~~~~

(Radio and Radar Research Branch)

4 .

CRC REPORT NO. 1326 September 1979

O1TAWA

fl.~ woik wee epoBIorSd by 11i Ospaitinint of NatiDIed Osfanos, Ree.ercli and Osvslop.nsnt Branch under Pro~sct No. 33C69.

C A U T I O N  I
The use of tile In(ormstlon Is pennifted iuLi~ect to Ncognldoii of

pToprIstaIy and patent i~~ t..

_ _  

_ -



_ _

.. 

~~~~~~~~~~~~~~~~~~

TABLE OF CONTENTS

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . • . • • • • 1

1. INTRODUCTION . . . . . . • . . . . . .  1

2. REV IEW OF AUTOREGRESSIVE SPECTRAL ANALYSIS . 2

. 2.1 The Known-Autocorrelation (KA ) Al gorithm . .   3
2.2 The Burg Algorithm  5
2.3 The Zeroes of the Prediction-Error Filters (PEFs)  7

3. THE ONE—POLE COMPLEX SINUSOID CASE . . . . . . . . . . . . . . . . . . 8
3.1 The KA Estimate of the PEF . . . . . . . . . .  .  .  .  .  8

3.2 The Burg Estimate of the PEF . . . . . . . . .  .  .  .  .  10
3.3 Discussion of the One-Pole Complex Sinusoid Case .  .  .  .  11

4. THE TWO—POLE COMPLEX SINUSOID CASE . . . . . . . . .  .  .  .   .11

4.1 The KA Estimate of the PEF . . . . . . . . . .  .   12
4.2 The Burg Estimate of the PEF . . . . . . . . .   15
4.3 Discussion of the Two-Pole Complex Sinusoid Case . . . 17

5. RESULTS OF SOME SIMULATION STUDIES . . . . . . . . . . . . . . . . . . 18
5.1 Case 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
5.2 Case 2 . . . • • • • • • • • • • • • • • • • • • • • , • • • . . 23

5.3 Case 3 . . . . . . . . . . . . . . . . . . • • • , • • • . . . • 27

6. SUMMARY AND CONCLUSIONS ....................... 32

7. ACKNOWL EDGEMENT . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
8. REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

APPENDIX A — A Bias Term . , . . . . . . . . . . . . . . . . . . . . . . . 35

iii

~~~~~~~~ -
--~~~~~~~~~~ -.- _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  . .  ~~~~.



rw ~~~~~~~~ ~~~

. ,—, - —
~~~~~~

— .

A COMPARISON OF THE BURG AND ThE KNOWN-AUTOCORRELATION AUTOGRESSIVE SPECTRAL
ANALYSIS OF COMPLEX SINUSOIDAL SIGNALS IN ADDITIVE WHITE NOISE

by

R.W . I1i~rrin g

ABSTRACT
‘4
,

Burg’s algorithm for Maximum Entropy autoregressive spectral estimation is
analyzed for the cases of one and two complex sinusoidal signals in additive white
noise. For the latter case are found two biases which can account for the line
splitting and line shifting that occur in simulation studies when the SNR is very
high. These biases vanish completely if the two complex sinusoids are in phase
quadrature at the middle of the date record, if there is an integral number of
half-cycles of difference frequency contained in the data record, then the power
level of the spectral estimate will be biased although the effects believed to cause
splitting and shifting will be eliminated. Results of simulation studies to support
these conjectures are presented.

1. INTRODUCTION

The Burg algorithm for the autoregressive spectral analysis of time—
series da ta 1 ’2 ’3 , sometimes referred to as the maximum—entropy method (MEM) ,
is known to be inappropriate for the case of sinusoidal signals in additive
white noise. This inappropriateness had been demonstrated both theoretically ” 6

and in practice7 9 . A theoretically correct model” 6  for the generating process
for an N—pole complex sinusoidal signal in additive white noise is an N—pole ,
N—zero network with identical gain weights in its feedback (pole) and feed—
forward (zero) parts , being excited with a white—noise input (see Figure 1).
Autogressive analysis models the generating process for the data as an all—pole
network excited by white noise . Since a zero in the generating process
network can be simulated exactly only by an infinite number of poles , it is
clear tha t when autoregressive analysis is used , in principle an infinite set
of either autocorrelation or time series data must be used in order to achieve
correc t results.

1
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Figure 1. Network for generating N complex sine waves in additive white noise from complex white noise input
(after Figure 4.1 of Reference 61

Fougere’ has stated that , in the high signal—to—noise ratio (SNR) case ,
the Burg algorithm is overconstrained . In the case of simulation studies , this
overconstraint causes errors in the estimated frequencies of spectral lines
and the false splitting of spectral lines known to have been generated by a
single pole (or a pair of poles , in the case of real signals). Fougere has
developed an algorithm which avoids this phenomenon, but the algorithm is based
on a gradient—search technique which lacks the intrinsic efficiency of the
unmodified Burg algorithm.

In spite of its known limitations , the Burg algorithm is often used
because of its computational efficiency . This report explores analytically
the expected response of the Burg algorithm to time—series data comprising one
or two complex sinusoids, with and without the presence of additiv e white
noise. It is shown that only in very special cases does the Burg algorithm
lead to the same results as are achieved when the true autocorrelation functions
of the signals are known.

2. REVIEW OF AUTOREGRESSIVE SPECTRAL ANALYSIS

Autoregressive spectral analysts is based on the idea that , if it is
somehow possible to design a feedforward (all—zero) filter which has as its
input the data to be analyzed , and has as its output random white noise, then
the power spectrum of the input data is given by the reciprocal of the power 

- S-. — -,~~~~~~~~~~ _- .~~~~-- - - - - , - —-  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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transfer func t ion of the filter . Since this filter accounts for all the
predictability inherent in the input signal and has as its output only unpre-
dictable random white noise, it is often referred to as a prediction—error
filter (PEP).

There are several well—known techniques for estimating the PEP
corresponding to a given set of data . When only amplitude time—series data
are available, most of these depend upon estimates of the autocorrelation
function derived from the time—series data. The Burg algorithm , however ,
attempts to avoid possible biases or inconsistencies in such estimates of the
autocorrelation function by deriving an estimate of the PEF coefficients
directly from the data.

In th i s  report the algori thm for generat ing the PEF when t h e  t rue
autocorre~at ln n  func t ion  is known Is reviewed in SectIon 2.1 and the Rurg
a lgo r lr hm is reviewed in Section 2 .2 .  The results from these sec t ions are
then used to generate the sets of PEFs corresponding to the cases of one and
two complex sinu soid s in additive white noise , and the properties of these
sets of PEFs are compared and contrasted.

2.1 THE KNOWN-AUTOCORRELAT ION (1(A ) ALGORITHM10 ’1’

Let it be assumed that N equispaced samples R(n) of the complex auto—
correlation function have been given, f or n 0 ,l,2,...,N—l , where N may be
finite or infinite. It is assumed that the Nyquist sampling criterion has
been met. Then the system of equations to be solved is

M
- Z R(k.-tn)ct(m,M) ~ P(14)6(k) (1)

m 0

O < k < M

o < M < N—l

where the cs(m,M)s for m 0 ,l,2,...,M are sets of PEP coeff icients, each value
for 14 denoting a different set; the P(M)s are called the output error powers
and are real; and 6(k) 1 if k0 , 6(k) — 0 otherwise, is the Kroenecker del ta
function. In order to maintain proper scaling, the leading terms of the PEFs,
ct(O,M),  M—0,l,...,N—l, are set equal to —l by definition.

Since negative indices for R(k-in) occur in the set of equations (1),
it is necessary to note that R(—n) R*(n), where the asterisk (*) denotes
complex conjugation. This last fact allows (1) to be rewritten in the alter-
native form :

M
— E R(k ’+m)ct*(m,M) — P(M)6(k’) (2)
muO

—M < k’ < 0

O < N < N—i

-. s
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Equations (2) imply that the same result is obtained if the complex conjugate
of a PEP is applied to the time—reversed autocorrelation data. This “reverse—
conjugate” symmetry is used in the der ivation of the Burg algorithm.

If the set of linear equations (1) for a particular value of H is
written in matrix form, it can be seen that the matrix of autocorrelation
samples [R(k ,m)] ,  where R(k ,m) = R(k—m), is an Mxli Toeplitz matrix . Therefore
(1) can be solved by applying the algorithm developed by Levinson, Rob inson
and Durb in, otherwise known as the Levinson recursion. Folloving hl the
recursive solution to (1) can be written as:

P(O) = R(O) (3a )

M-l
c&O4,M) — — E ct(m ,M—l )R(M — m)/P(M— l ) (3b)

m 0

ts(in,M) - cs(m,M-1) - ct(M,M)ct*(M_m ,M_1) (3c)

P(M) — (1 — Ict(M,M)12)P(M—l) (3d)

m —

14 — 1,2,...

Note that at each successive stage of the recursion, the introduction of one
new autocorrelation sample, R(M), generates but one independent value a(M,M)
for the 14th_order PEF; all other coefficients of the Mt’~_order PEP are
determined from linear combinations of the coefficients of the (M_l)th_ord er
PEF and their complex conjugates, using ct(M,M) as indicated by (3c).

The c~(M,M)s are sometimes referred to as the reflection coefficients,
because of the analogy of their appearance in (3d) with a similar equation
which occurs in the theory of a signal propagating through a layered medium
and being partially reflected at each layer interface.

In executing the recursion of equations (3a—d ) it can occur (at least
in theory) that, for some particular value of M, say 

~~~ 
P(M0) — 0. This

implies that Jcz(M0,Mo)I — 1. This condition can arise. only in the case where
the signal being analyzed can be modelled as 

~~ 
complex sinusoids with no

additive noise (see Sections 3.1 and 3.2); in general 
~~ 

is not .finite. In
particular , H0 cannot be finite when additive white noise is present”.

For each order M of PEF , an estimate of the power spectrum based on
(M+l) values of the autocorrelation function is given by

X,~~(w,M) - M 
~~M) 

J2
E cs(in,M)exp(—jmw)I (4)

L .._________  I. ~~~~~~~~~~ 
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where w is the normalized angular frequency in radians with — fl < w < n , and
the subscript KA refers to the known-autocorrelation case. As disc~ssed in
Section 2.0 and as examination of (1) will indicate, the PEFs are “spiking”
or whitening filters, since all but one of their output values are zero. The
power spectrum of such an output signal is independent of frequency, or “white”.
The denominator In the right—hand term of (4) is the power transfer function
of the PEF , which if multiplied by XKA (t* ,M) , the estimated spectrum of the
signal , yield s the constant, white—noise spectrum P(M). Thus, since both P(M )
and the power spectrum of the PEF can be calculated, the signal power spectrum
XKA(w,M) can be estimated from (4) for successively higher orders of PEF.

2.2 THE BURG ALGORITHM

The Burg algorithm is a procedure for estimating the reflection
coefficients directly from a set of time—series amplitude data . It avoids
the biases Introduced into the spectral estimate when the autocorrelation
is estimated from the data and the known—autocorrelation algorithm is then
applied ; however, as Is shown in Sections 4.1 and 4.2, the Burg algorithm
introduces biases of its own sort.

Let it be assumed that a set of N time—series amplitude data x(n),
n=O,l,2,...,N—l have been given, and that <x(n) > = 0, where the brackets < >
denote expected value. The PEFs are derived sequentially. Each successively

• higher order PEF is applied to the data in both directions simultaneously , and
the average of its forward and backward output error powers is minimized by
adjusting only its reflection coefficient. The remaining coefficients of
each PEF depend on the sequence of reflection coefficients through the
functional relationship def ined by (3c) . The motivation for this procedure
is Its analogy with that defined by (1) , (2) , and (3a—d) .

Following e.g.,3 ’1 1 1
~ and taking proper note of the occurrences of

complex conjugation in the complex data case, the Burg algorithm can be
written in a lattice—filter formulation:

— 

~M—l~
’
~ 

— B(M ,M)b1 4 1(n—l) (5a )

b14(n) 
— bM_l(n_l)  — B*(14,M)f M l (n) (5b)

n — M ,M+l ,. . . ,N—l

H —

and

f (n) — x(n) —b0
(n) (Sc)

n — O,l,2,...,N—l

(See Figure 2 , where z 1 
denotes the unit time—delay operator.) The series

Is the output from the Mt~_order PEF applied to the input signal x(n)

_ _ _ _ _ _  ~~,i__~_ - ~~~~~~~~~~~
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in the forward direction, and is expressed in terms of the output series from
the (M_l)th_stage of the lattice. The series b1~(n) is the output from the
14th_order PEF, conjugated and applied to the input data in the reverse or
backward direction, and again is expressed in terms of the output series from
the (M_l)t~_stage of the lattice. The B(M,M)s are the reflection coefficients.

fo(n) f1(n) ft(n) 
___________________________

~ ~~~~~~~~~~~~~~~~ 
=
~~~
2
~~

i
~
1u4\

<
/
/”

~~,i) \ 7 S . . ~7’ \.
b0(n) b1(n) b2(n) bM(n)

Figure 2. Basic all-zero lattice network
(after Reference 71)

The sum of the forward and backward output error energies at each
stage of the lattice is given by

N-i
E(M) 

~~~~ 

(~~M (h1) I2 + 1b 14
(n) 12 ) (6)

14 — 0,l,2,...,N—l

The formula for computing 6(M,M),  the Burg estimate of the 14th_order reflection
coefficient, is derived by substituting eqns. (5a) and (5b) into (6), setting
[~ E(M)/~ B*(M ,N)] = 0 and solving for 8(14,14).

N-l
2 E b*14 

(n—1)f (n)

8(14,14) — N—i 
~~~ 

—

Z ( Ib ~...1(n —l ) I2  + ‘~ M—l~
”
~~~n M

Notice the similarity of (7) to a single—lag unwindowed cross—correlation of
the forward and backward output series.

,

~~~~~ ~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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In order to obtain spectral estimates, it is usual to let the output
error powers iT be defined as

m(0) E(0)/(2N) (8a)

and

ir(M) = (1 - 18(M,M)12)1T(M-l) (8b)

H = 1,2 ,. .., N— l

by analogy with (3a) and (3d) respectively. Then, letting the $(M,M) s be
defined by

(3(m ,M) = (~(m ,M—I) — 8(M ,M)8* (M_tn ,M_ l) (9)

in — 1 ,2,. ..,M—].

by analogy with (3c), and 8(0,14) = —l by definition , the Mth_order Burg power
spectrum estimate XB

(w ,M) is given by

XB
(w,N) 

[M 
ii(M) 

-
~~ (10)

Im-0

by analogy with (4) .

2.3 THE ZEROES OF THE PREDICTION-ERROR FILTERS (PEFs)

By employing standard z—transfo rin techniques , the z—transform s of the
PEFs for the KA case and the Burg case can be written as polynomials in the
complex variable z. For the KA case, this polynomial is FKA (z M) where

N
FKA (z ,M) — 1 — Z a(m,M)z~~ (11)

n il

Then (4) can be rewritten as

]L~ (w,M) — P(M)/tP
~~(exp(jW),M JI2 (12)

where the d enominator Is the squared magnitude of FKA(Z,M) evaluated around
the unit circle (Izi — 1). Similarly, for the Burg case , the polynomial is
F
B

(z ,M) , where

_ _ _

I
-
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M
F8(z ,M) — 1 — Z 8(m,M)z~~ (13)

“- -4

and (10) can be rewritten as

XB
(w ,M) = iT(M)/IFg[exp(j~J),M]I2 (14)

It is apparent from (12) and (14) that if any zeroes of FKA (Z,M) (‘r
F~ (z ,M) lie near or on the unit circle, then the magnitud e of the spectra l
estimators XKA (w ,M) or X~(~ii,M) will be large at locations on the unit circle
in the vicinity of such zeroes. Conversely, zeroes lying close to the origin
of the complex z—plane will have little influence on the peaks of the spectrum ,
but will affect Its magnitude away from the peaks. Thus some insight into the
character of an autoregressive spectral estimate can be gained by studying the
locations of the zeroes of its associated PEF .

3. THE ONE-POLE COMPLEX SINUSOID CASE

The formula for a complex signal (x1(n) ) consisting of a single
complex sinusoid in the presence of additive white noise is given by

x
1

(n) = A
1 
exp(jiwi

1) + c(n) (15)

where n is any positive or negative Integer, or zero; A1 is the complex
amplitude of the complex sinusoid; 

~~ 
is the angular frequency of the complex

sinusoid , normalized so that —it < < it; and e(n) is additive white noise
having the property

— 1 c 1 2 6(k) (16)

where I c~
2 is used to denote the variance of t(n) and 6(k) is again the

Kroenecker delta function.

3.1 THE KA ESTIMATE OF THE PEF

The autocorrelation function R1(k) of the signal defined by (15) is
given by

R1
(k) — 1A 112 exp(jkw

1) + 1c12 6(k) (17)

-

- — — - ——--- - - 
-
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where k is any positive or negative integer, or zero, and in general R(k) is
defined by

R(k) = <x*(n)x(n+k)> (18)

Substitution of (17) into (3a) gives the result

P1(0) = k t 2 a~ + 1) (19)

wher e 1A 112 / k12 is the signal—to—noise ratio (SNR) . If there Is no
noise, i.e. ki 2 = 0, then P1(O) = 1A 112 .

The following general result can be derived from (3b), (3c) and (3d)
when I c i 2 

~ ~ and IA 1 
2 

~ 0:

H ~1(m,M) = [a~/(Ma~+1)Jexp(jmw1) (20a)

= IlI (M+a?)1exp (imL
~i
) (20b)

and

P (M) = Id
2 {[(M+1)a~+l]/(Mc4+l]} (21)

14 =

in =

In the noise—free case (Id 2 -‘ 0 and cT~ 4- co), (20a) or (20b) imply
that cz1(1,l) = exp(jti 1) so that )a1(1,1) )2  — 1. Then (3d ) implies that
P1(1) = 0. Thus , for this special case , the sequences defined by (20) and (21)
terminate at M 1 .  Otherwise for this signal model the sequences are infinite,
with P1(M) -

~ 1d 1 2 (l+14l) as Ma~ 
+ 

~~~.

The z—transform of the KA PEF (cf.  (11) )

F~~~ (z ,M) = 1 — [c1~/(Ma~+1)] E z~ ” exp (jmü 1) (22)
m 1

where the superscript 1 denotes a one—pole complex sinusoidal signal. For
M—l , F~9) (z ,1) has a zero at z0—(a ~/(a2+l)]exp(jw 1) . For M 2 , F~~ ) (z ,2) has
zeroes at.

-2o~
= 

_______ exp (jw ) (23)
~

2 + a  /9a2 + 4  1
1 1 1

——

~

----.--- -. -.-— - - . -. ,----~~~---~~~~ - -



- - -

10

so that for high SNR (1 << < a) ,  the zeroes occur at approximately 1.0
exp(jw1) and —0.5 exp(jt~1), and for low SNR (a! << 1), the zerocs occur at
approximately +01 exp(jw1).

Some algebraic manipulation shows that , for the product 
~~~°! suff I—

ciently greater than 1, an approximate root z0 of (22) is given by

Z [i - 

(M-l) Ma!] 
exp (jw1

) (24)

This m eans that , as Ma! + ~~~, the estimated location of the pole corresponding
to the single complex sinusoid asymptotically approaches the correct location
exp(jw 1) on the complex z-plane along a rad ius oriented at an angle correspond-
ing to the true frequency of the signal. This is true even when a! << 1.

Numerical solutions of (24) show that the other zeroes tend to
distribute themselves with approximately uniform angular separation and
approximately constant radius inside the unit circle so as to account for the
uniform spectrum of the additive white noise. The radius at which the zeroes
occur varies inversely with the SNR .

3.2 THE BURG ESTIMATE OF THE PEF

Let it be assumed that N samples of the signal defined by (15) have
been given :

x1
(n) A

1 
exp(jn~1) + E(n) (25)

n 0,1,2,...,N—1

Substituting (25) into (6) by using (Sc) and then taking the expected value
of E1(O) yields

— 2 N I d I 2 (cJ~+l) (26)

It is not so easy to calculate <81(1,1)>, since examination of (7)
shows that it is necessary to derive the expected value of a quotient of
correlated random variables . In general, this requires that the statistics
of the random variables be specified and the problem be solved numerically.
This will not be done here.

}lovever, for sufficiently high SNR (e.g., 4 > 100 or 20 dB) the
approximation (l+x~~

1- -. 1—x, where x — c(n)1A1, can ~e i,qed t~. approximate
the denominator of (7). Then the following approximat :sult , which is
independent of the statistical distribution of the whiLe noise c(n), is
obtained :

_ 
- --,---- .---- - - —- - -,

~~~~~~~ .- .
~~~~

- -- “—. - -“ —
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1~)

= {l/ [l+B 1(1,N) 01
2
1} exp(jca1) (27)

wher e

B1(1,N) (N 2 —2 ) / (N — l) 2 (28)

and 2 > Bj(1,N) > 1 f or 2 < N < ~~~. Comparison of (27) with (20b) for M=1
shows that for high SNR 8i(l,1) is a biased estimate of n1(l,l). However,
81(1,1) correctly estimates the angular frequency ~i1 of the single complex
sinusoid , and the bias term B1(1,N) monotonically approaches unity as N
becomes large.

From (26), (27) and (8a) and (Sb) it can be shown that

= Id( 2 (a!+l) (29)

and , to the same degree of approximat ion as was used to obtain (27)

= 2B1(1,N)1E12 (30)

Comparison of (30) with (21) shows that IIi(l) is a biased estimator of P1(1),
since for 4 large, P1(1) Z 2 1d 12 .

The result (30) implies that the lattice—filter outputs fj(n) and
bj(n) as defined by (5a) and (Sb) have low SNR, since -their expected power
is at most only a factor of four greater than the additive white noise power
c~

2 . Therefore it would again be necessary to specify the detailed statistics
of the additive noise before the higher order reflection coefficients could be
estimated . This will not be done here.

3.3 DISCUSSION OF THE ONE-POLE COMPLEX SINUSOID CASE 
-

The results of Sections 3.1 and 3.2 show that, for high SNR (4 > 100)
the first order (M 1) PEF generated by the Burg algorithm is biased as compared
to the PEF generated by the KA technique. This bias, however , monotonically
decreases as the number of da ta N is increased , and both the KA and the Burg
algorithms correctly estimate the frequency of the complex sinusoid .

It is impossible to investigate the properties of the Burg PEFs for
the low SNR case , or for orders higher than 14—1 for the high SNR case , without
specifying the statistical distribution of the additive white noise. This
problem has not been considered here.

4. THE TWO-POLE COMPLEX SINUSOID CASE

The sampled signal x2 (n) consisting of two complex sinusoids in the
— 

presence of additive white noise is given by 

--- -- 
I -- .

~~- ---- -- 
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x 2 (n) = A1 exp(jnw1) + A2 exp(jnw2) + c(n) (31)

where Ak = IA kIexp(j4~k) 
is the complex amplitude of the k

th sinusoid , •k is
its arbitrary initial phase at n=O, and wk is its angular frequency, normalized
so that —ri < < it , for k l ,2. 6(n) is additive white noise, as in (15). It
is apparent that if A2=A~ and w2 

~~~~~~ 
then x2 (n) Is a sampled real sinusoid

in additive white (complex) noise.

EquatIon (31) can be written in a tons which will be subsequently
more tractable:

x 2 (n) = A exp[j(nw
0+$0)]

x {r exp[j (n&**~4 ) ]  + r~~ exp(
_i(n~w+~4)]} + c(n) (32)

• where A0 = 1A 1A 2 1½ is the geometric mean of the magnitudes of the two
amplitudes; r = ( 1A 11/IA 2I]½ is the square root of the ratio of the magnitudes
of the amplitudes; •~ = (+r ’$~

)I2 is the arithmetic mean of the initial phases;
= (

~l—~2)/2 is one—half the difference between the two phases; ~~ 
= (w1~~2)/ 2

is the arithmetic mean of the two angular frequencies; and ~.w — (wl—w2)/2 is
one—half the difference between the two frequencies.

4.1 THE KA ESTIMATE OF THE PEF

The autocorrelation function R2(k) of the signal defined by (32) is
- — given by

R2(k) = A2(r 2+r 2
)exp(jkw )(coskt~w + jp(r)sink~.w] + 612 6(k) (33)

where

p(r) = (r 2_r 2)/ ( r 2+r 2) (34)

and k is any positive or negative integer , or zero. Substitution of (33) into
(3a) gives the result

= 1 612 (4+1) (35)

where A~ (r 2+r 2
)/Id I

2 is the SNR. If there is no noise, then P2(0)
A~ (r 2+r 2) is the signal power.

From (33), (35) , (3b) and (3d), the following general results for
the reflection coefficient and the output error power for 14—1 can be derived
when 1612 ~ 0 and A0 # 0:

-~~~~~~~~ ~~
_
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ct2(1,l) — ex~ (iw ) {(cosA~ + j p( r ) s ln&ul/ [l  + ~~2]} (36)

and

P2(1) = A~ (r 2+r 2) {( l_p 2 (r)]s in 2&&i + cç
2

2÷a;24,{l+a;2} (37)

For high SNR (4 >> 1), the first reflection coefficient is given
approximately by

~2
(1,1) = exp (j~,0)[coa& + jp(r)sinA~i] (38)

For r 1 , p(r) = 0 and the zero of F~~
)(z ,l) (see Section 2.3) is located at

z0 = cos&l exp(ju0) ,  which lies on a radius oriented at the mean angular
frequency ~~~~~. This zero moves towards the limiting values of exp(jwj) as r-’~
and p(r) + 1, or exp(j~ 2) as r- -O and p (r) + —1, and the single complex sinusoid
case Is approached in each case.

The output error power is, using (38) , (35) and (8b) ,

= (2A~ sin&)
2/ ( r 2+r 2) (39)

which is essentially the signal power attenuated by the factor (2sinL~w/(r
2+r 2) ] 2.

This factor is unity when r l  and t~.w’.’±rtI2 , and decreases as r or t~w deviate
from these values.

For low SNR (4 << 1), the reflection coefficient and the output
error power are given by

exp (Jw0)4 (cos~w + jp(r)sln&j] (40)

and

“2
(1) 1612 + A2(r 2+r 2) (41)

Thus the frequency estimated from the location of the zero of the 14=1 order
PEF lies in the range bounded by ~~~~ ± t~w, and the output error power is
essentially the unattenuated signal plus noise power.

For 14=2, (33), (36), and (3b) can be combined to yield

(l—p2(r)J sjn2t~w 
— ~~

2 
[cos2&~ + jp(r)sin2L~w] 42

= —exp(j2w ~ —2 —2El—p 2 (r)Jsin2&~ + 02 
(2+0

2 ~

and (37), (42) and (3d) can be combined to yield

_ _  _  

~~~~•~~~~~~~~~~~-__
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2 
2[1—p2(r)]sin 2bw(2 + cos2&~) + a_2 3+cr2

= Id —2 —2 (43)
[l—p 2 (r)]sin 2b.w + 02 (2-I-a2 ~

For high SNR (4 >> 1) and

4r l_p 2 (r)~isin 2 t~w >> j cos2t~ + jp(r)sin21~wl (44)

(42) reduces to

- 

~2 (2 ,2) = —exp (j 2i~0) (45)

It can be shown from (45), (36) and (3c ) that

~2 (1,2) exp(j c& 0) 2cosAw (46)

so that , in the limit as the left—hand side of (44) approaches infinity,
the zeroes of F~~

) approach z0 exp [j( w0±E~w)] , the true locations of the
poles of the complex sinusoids. In this same limit , I c&2 (2 ,2 12 1, so that
P2(2) 0 and the recursion terminates .

For the intermed iate case, where 4 >> 1 but (44) is ~ot satisfied ,
i.e.,

4[1—p2(r)3sinL~ << ~cos2t~w + jp (r)sin2Aw t (47)

(42) can be reduced to

~2
(2,2) exp(j2w0)cos1~w[0.5 cos&~ + jp(r)sint~] (48)

and it can be shown from (48), (38) and (3c) that

a2(1,2) = 0.5 exp(jw0)[cost~ + jp(r)sin~w] (49)

so that the zeroes of F~~
)(z,2) occur at (cost~w + jp(r)sin&i~]exp(j~0) and—0.5[cos~ i + jp(r)sin~.w]exp(jti~0). Comparison of these results with (23),

which gives the zero locations of the PEP for a one—pole signal and 141,
shows that the intermediate case result for the two—pole signal is very
similar to that for the one—pole signal at high SNR. Comparison with (38~shows that one of the zeroes of F~~)(z,2) remains the same as that of P~~)(z,l)at high SNR; i.e., the two poles are estimated as one by the M 2  PEF if ’~44)
is not satisfied.

— - — — - — - —
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For the low SNR case (4 << 1), (42) reduces to

~ 2 (2 .2) exP(i2%) {4Ecos2t ~w + iP(r)sin2t~w)} (50)

and P2 (2)  is the same as P 2(l)  as given by (41) . Since for this case both
1a2 (2 ,2 ) I  and k&2 (l , 1)I are proportional to 4, then from (3c) it is clear

• that , to first order in 4,

= ct2 (l ,]) (51)

where ct2 (l ,1) is given by (40) . The zeroes of F~~~ (z ,2) in this case occur
at approximately a = a2~±(cos2~u + jp( r)s in2~t&)½ + 02[cos&o + jp(r)sin&~)/2}
exp(jw0). For r 1  and thus p( r )—0 , the zeroes occur at z = ~2{±[cos2&~]’~ +
a2(cos~o~J/2}exp(jw0) ,  which lie close to the origin of the complex z—plane ,
on a diameter of the unit circle passing through the point z — exp(jw0). For
r >> 1 (p(r) + 1) or r << 1 (p(r) -, —1) the zeroes tend to the locations
Z 0~ [±l + a2/2]exp(ju1) or z = 02f ±1 + c12/2]exp(jw~) respectively. Thus it
is apparent that for low SNR, the spectral estimate corresponding to M=2 is
incapable of resolving the spectral peaks corresponding to the poles of the
two complex sinusoidal signals.

There appears to be no straightforward recursion formula for the KA
PEF coefficients, as in the case of the single sinusoid example of Section 3.1.
Therefor e, following this approach, it is not easy to determine the behavior
of the K/i PEFs in the case of large M and , in particular, whether resolution
of the two sinusoids is to be expected for the product 144 suff iciently large,
independent of the value of a~~ This problem, however , has been solved using
powerful matrix techniques , by Marple 6 .

4.2 THE BURG ESTIMAT E OF THE PEF

Let it again be assumed (cf. Section 3.2) that N samples of the signal
defined by (32) hav e been given :

x2(n) = A0 exp[j(nt~0 + 40)]{r exp1jn~w1-&~fl + r~~exp (—j(n~~*~4)]~+ d(n) (52)

n = 0,l,2,...,N—l

Substituting (52) into (6) and (7), using (Sc),  and then applying (8a) and
taking expected values with respect to the additive white noise only yields

~~~~~~ 
= A

2(r 2+r
_2

)[l + 2 COB
~ 4 Id G(N ,&)/(r 2+r 2)] + 16 12 (53)

for the expected signal—plus—noise power. Here

G(N 
~~~~~~) 

— 
sin(Nt~w) 54N sinAw

_ _ _ _



is the coumion grating—function frequency response of a normalized , uniformly
weighted discrete Fourier transform of N data, and

~~mid 
= (N—l)~w + 2~4 (55)

is the phase d i f ference  between the two complex sinusoidal components , reckoned
at t he middle of the data set . Note tha t there may or may not be a datum at
the middle of the data set, accord ing to whether N is an odd or even Integer ,
respectively . Also note that ti4 has not been averaged , hut rather is assumed
to be a fixed parameter of the particular set of data being analyzed . This
assumption corresponds to the usual practical case, where only one set of data
is available.

Again , it is not easy to calculate the expected values of the
reflection coefficients unless the assumption of high SNR is made. In that
case the same approximations can be mad e as in the derivation of (26) to get

cos& + jp (r)s in& + 2 cos
~
q Id G(N_l,~w)/ ( r 2+r 2

)
<82(1,1)> = exp(j~ ) 2 2° 1 + 2 CO SM

~ idCOs~~ 
G (N—l,~ w) / (r 2+r ) + [1 + B2(l ,N)]

(56)

where the bias term B2(l ,N) is of order (N—i) 1 and is given by eqn. (Al) of
Appendix A. -

Compar ison of (56) and (36) shows that for high SNR 82 (1,1) is a
biased estimate of a2(i ,l) unless N~oo . For inf inite SNR and finite N ,
however , 82(1,1) becomes an unbiased estimate of a2(l ,i) if

cosAI
~~id 

= 0 (57)

or 

G (N—l ,&~) = 0 (58)

Similarly, comparison of (53) and (35) shows that 112 (0) is a biased estimate
of P~ (0) unless either (57) is satisfied or

G(N,t~w) = 0 (59)

It is impossible to satisfy (58) and (59) simultaneously for N finite, but
when (57) is satisfied the Burg spectral estimate (14) is unbiased for M 1
and infinite SNR .

Progressing now to the second stage (14—2) of the Burg algorithm , it
is found that the algebra becomes all but intractable unless the condition
of infinite SNR is assumed . For this special case , (56) , (52) , (5a—c ) and
(7) can be used to derive the following expression for 82(2 ,2):
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82(2 ,2) - -exp(j2w 0) x - 2 CO SA
~ Id G(N_2 ,~w)/(r

2+r
_2
)}

—2 cos
~
$mjd

C(N_l,&
~
) X ~~~~~~~~~~~~~~~~~~~~~~ + j p(r )s in~w]

— 2 cos~~/ (r 2+r
_2
)~

+ CO S 2t
~~ id

G (N_I ,t
~
) )

~ {[cos2b.L~ + jp(r)sinThwj 
2_2cos

~~mid G(N_ 2 .~
w) / (r 2+r

~ 
)}

/fr - 2cos~ 4midG (N_ 2 ,~ w ) / ( r 2+r
_2

)}

_2COS
~4~mId 

cost~.wC(N—l,~w) x {cosA~midC(N_2,&) — 2/ ( r 2+r
_2

)}

+ cos A
~~ Id G (N-l ,&~) x {l - 2cos~4 Id cos2L~wC(N_2 ,&~) /(r 2+r

_2
)}}

(60)

Examination of (60) shows that , even for infinite SNR , the “correct ”
value of —exp (j2~0) for the reflection coefficient <82(2 ,2)> is not realized
for N f ini te  unless either (57) or (58) is satisfied . Realization of either
of these conditions for infinite SNR will, as examination of (60) shows, cause
the magnitude of the reflection coefficient to be unity. Thus it can be
inferred that , for suff iciently high SNR , the two crucial factors affecting
the reflection coefficient computed using the Burg algorithm are the phase
difference between the two complex sinusoids at the middle of the data record,

~4’mid ’ and the number of cycles of difference frequency contained in the
finite length data record .

4.3 DISCUSSION OF THE TWO-POLE COMPLEX SINUSOID CASE

The results of Section 4.1 and 4.2 show that even for inf in i te  SNR ,
the first (14=1) and the second (14=2) order PEFs generated by the Burg
algorithm are biased as compared to the PEFs generated by the K/i technique.
It is clear from the appearance of the grating function (54) in the equations
(56) and (60) for the first and second—order reflection coefficients that the
magnitude of such biases will have inverse dependence on N , the length of the
data record.

The effec t of this bias is to reduce the magnitude of the reflection
• coefficient and thus to allow significant levels of uncancelled signal energy

to propagate beyond the stage M—2 in the Burg algorithm . Then PEFa of
successively higher order can be based on this coherent “leakage” signal .
I~owever , whenever one of the criteria described by (57) or (58) is satisfied,
no significant coherent leakage signal is propagated beyond the stage 142 .
It is conjectured that it is the presence or absence of this coherent leakage
signal beyond the stage M 2  that determine whether or not line splitting will
occur for PEPs of some higher order. Results both of previously published 7’8
and new simulation studies support this conjecture, as indicated in Section 5.

I
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5. RESULTS OF SOME SIMULATION STUDIES

In this Sect ion are presented the results of some studies of the
performance of the complex Burg algorithm for the analysis of signals known
to be comprised of two complex sinusoids in the presence of very weak additive
complex white noise (4 = 77 dB). These studies parallel and extend a set of
studies performed by Fougere et al.8 using the real—arithmetic Burg algorithm
to estimate spectra of a single real sine—wave signal in the presence of very
weak additive real white noise .

It will 1w necessary to make comparisons between Conhl)1 cx lat~i ol t lie
form (52) and real data x5(n) of the form

x8(n) 
= s1n(n~i + 4 ) )  + c (n) (61)

n = 0,l,...,N—l

which is comprised of N samples of a real sine wave with initial phase 4)
~• plus additive uncorrelated noise samples C (n). The angular frequency w
~is g iven by

w = 2irft~t (62)

where Lit is the sampling interval (sec) and f is the signal frequency (Hz).
Equation (61) can easily be rewritten in the form of (52) by letting A0 = 0.5,
r=l, $~, = 0, Li4) = — ir/2, w0 = 0 and tiü = 

~~5. Then the phase difference
between the two complex components of the sine wave reckoned at the middle of
the data record is, accord ing to (55) , given by

Li mid = (N—l)w 5 + 2~~—n (63)

The results of Pougere et al. have been extended by allowing the
value of r 2, the ratio of the positive frequency to negative frequency signal
amplitude, to range from 1 to in a series of six steps. These steps are
denoted by the letters A—F , and the relevant signal parameters are summarized
in Table 1. For all steps the total signal power A~ (r 2+r 2) was maintained
constant and equal to 0.5, the power of a real unit—amplitude sine wave. Also,
the values of 4)

~~ 
= 0 and w0 = 0 were maintained for all the trials. These

restrictions do not limit the generality of the results obtained . It is clear
that an arbitrary phase rotation of the entire data—set will have no effect
on its power spectrum . It is also clear that since terms of the form exp(jmw0)
can be factored out of the a(m,M)s and 8(m,M)s , the effect of non—zero w0 is
simply to shift  the estimated spectrum along the frequency axis (In a circular
or end—around fashion) by the amount w0. Finally, it should be noted that
for each set of cases examined , the same set of noise—data samples was used
with all sets of signal data .

_ _ _ _ _  

_ _ _ _ _  -~~~~
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TABLE 1

Test-case Signal Pararnete,s

CASE r p(r) r~ +r2

C 110 0.98 10.1

D V’lOO 0.9998 100.01

E -11000 0.999998 1000.001

F 1 00

5.1 CASE 1

The signal data for Case 1 consisted of 21 samples of two complex sinu—
soids with angular frequencies wj 2 = ±2,r/20, so that tw = w1. li

~mid 
was

stepped from —
~~ to +11 in increments of 2ir/9 radians, so that in all instances

• CO Sli~~mid i~ 0. All spectra were estimated using (14) and a length 20 (M=19)
Burg PEP.

For Case 1/i (r=1) the situation corresponds closely to that of Fougere
et al.’s Case 2, where 21 samples of a 1 Hz real sine wave sampled at inter—

• vals of lit = 0.05 s were analyzed, and 4~ 
was stepped from 0 to ii rad ians in

steps of -rr/9 radian (20°). However, they ~sed uncorrelated real noise samples
uniformly distributed over the range (—10 ”,].0~~], thus having a slightly
higher SNR (82 dB) than that used here (77 dB). Also, they analyzed their
data using a real—arithmetic implementation of the Burg algorithm.

The effec ts of the relaxation of the conjugate symmetry forced on the
spectrum by the use of real data and real arithmetic analysis are apparent
as asymmetries in Figure 3, which shows a perspective projection of the set
of 10 spectra viewed as though looking between two parallel rows of pillars.
li4)mid is increasing “into” the page, and w is increasing from left to right
as indicated. The vertical scale is, of course, distorted by the perspective
projection; the long and short vertical bars indicate 20 dB variation in
power spectral density in the first and tenth spectra respectively.

Figures 4 to 8 show similarly displayed spectra for Cases lB—F, where
r is increasing as shown in Table 1. In all cases the signal frequencies
were accurately estimated by unsplit spikes, although there was some varia-
bility of the magnitude of the spikes, particularly for the larger values of
r • However , examination -of the locations of the zeroes of the PEFs showed
that in all cases the zeroes of the PEF varied by no more than 2x10 3 radians
from the known locations of the signal poles.

The suggestion of Johnson and Andersen’5 of computing and examining
the residues of the poles of the spectral estimator (14) showed that the

_ _ _ _ _ _ _ _ _ _  _ _ _  
_ _ _ _ _  —-~~~~~~~~~ -“
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Figure 3. Case 1A. Estimated spectral power vs. angular frequenc~ andLi m~d. “1 = = 2ir/20. N — 21.
M 19. 

~~mid stepped from -ir to ir in increments of 2,r19 radians. r = 1. (Perspective projection.)

~~ I I IIIIUI~~ 1111 I I I A

12

I I

2w 0
10 20 20 10

Fiqure 4. Caw 18. Estimated spectral power vs. angular frequency and 
~~mid~ ‘~‘1 

• 2z/20. N 21.
M ~~ ~~mi,l stepped Irom -n to ir in increments of 2ir/9 radians. r ~/2. (Perspective projection.)
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Figure 5. Case 1 C. Estimated spectral power vs. angular frequency and 
~
0mi~ “ 1 = 2ir120. N = 21.M 19. 

~~mid stepped from -ir to ii in increments of 2ir19 radians. r s/lO. (Perspective projection.)

0o N

N

- - -  - - - I ~~~~__~~ - - ~~~~~~ _~~~~•_2, 2. 0 2w 2w
20 0

Figuiu 6. Case 10. Estimated spectral power vs. angular frequency ~~~~~~~ c,,~ = -w2 = 2./20. N 21.M 19. 
~~mid stepped from -. to~ in increments of 2trm r.dians. r s,l9~~ (Perspective projection.)
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Figure 7. Case 1E. Estimated spectral power vs. angular frequency and
~~ mid. ( A,  = ‘~‘2 = 2.120. N = 21.

M = 19. A*mid stepped from -ir to, in increments of 2.19 radians. r s/b OO. (Perspective projection.)
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Figure 8. Case iF. Estimated spectral power vs. angular frequency and
~~ mjd. tI

~ 
= = 2ir/20. N 21

M 19. A
~mid stepped from -n to. in increments of 2./9 radians. r = ~~~~ (Perspective projection.)
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powers of the signal poles were well represented by th e real parts of 1hit~
residues calculated at the estimated locations of the signal poles (even when
the spectra showed gross variability in level, as in Case ID (Figure 5)).
Further , the residues corresponding to such apparently spurious spikes as are
located slightly to the right of the signal poles in Figures 3 to 8 were
negligible (always less than io-6 of the signal power).

The absence of line—splitting is fully consistent with the theory of
Section 4.2 as discussed in Section 4.3, since, for these data, (58) is satis-
fied in all instances: i.e., G(N—l,Aw) = 0 because sin[20x(2ii/20)] E 0.
Therefore at the stage M=2 of the Burg algorithm 8(2,2) was est1ma~.ed accord-
ing to (60) as —1, and the error output signals being processed at stages of
the algorithm beyond M=2 were essentially white noise of low power. It
appears that proceeding beyond the stage M=2 did not corrupt the estimated
locations of the signal poles, at least when sufficient dynamic range (13
significant figures; floating—point arithmetic) is maintained in the processor.

Further examination of the signal powers estimated by the real part of
the residues of the estimated signal poles revealed that, while the ratio r2

of the signal powers was accurately maintained for all cases examined , the
tocal signal power showed the modulation by the factor COSA+mid, and that the
depth of modulation was inversely proportional. to (r 2+r—2 ),  as predicted by
(53). These observations provide further confirmation of the validity of the
theoretical results of Section 4.2.

5.2 CASE 2

The signal data for Case 2 consisted of 6 samples of two complex sinu—
soids with angular frequencies u~ 2 = ±2 1T/4 , so that Aw wj. t

~+mid 
was varied

from —5.12 to —.12 inclusive in 91 steps of 2.190 radians (40)~~ All spectra
were estimated using (14) and a length 6 (M”5) PEF. Thus Case 2A (r—l)
corresponds to Case 3 of Reference 8, where unit—amplitude real sine waves of
frequency f = 5 Hz were each sampled six times at intervals t~t = 0.05 s as the
initial phase 4~ was stepped between 0 and 180° in increments of 2°.

For this case (N—l)~w 5x 2.14 = 5.12 so that the data record contained
an odd number of quarter cycles and G(N—l,L~w) 0.2 # 0. Therefore, in light
of (56) and (60) it would be expected that the Burg PEF would be biased and

- 
~- display dependence on COS

~~~mid.

Substitution of N—6 and ~w—ir/2 into (53) shows that 112(0) is an unbiased
estimate of the input signal plus noise power, so that fluctuations in the
estimated signal powers made by the residue method Pare not expected. For this
case (56) reduces to

(jp(r) + 0.4 cos~$
<82

(1,1)> = 
~ 

m _ 
(64)

~ 1 + 10~ [1 + B2(l,6)J P

and (60) reduces to

82
(2,2) = _{i. — 0.04 cos2A$Thjd}/{l + 0.04 coa

2
~$mid} 

(65)
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Consideration of (64) and (65) shows that here the Burg PEF should have
greatest bias for r=1, when (r 2+r 2) has its minimum value of 2, and that the
bias should vanish for r=~ , when p(r) l and (<82(1,1)>I ~ 1—4x10~~. For the
case r = ~~~, (60) and hence (65) are not valid.

Examination of Figures 9 to 14 supports all these conjectures. These
figures show orthographic projections of the 91 spectra, with w ranging from
— . to -Hr across the page, and 

~~mid 
increasing “into” the page. The labelled

vertical bar to the left of the spectra indicates a variation of 20 dE in
power spec tral density. it is clear that there is no l lne—sp littliig for
‘~“PIlI Id = — 5ii /2 , —3it /2 and —./2, and that the splitting ithows quasi —4~UH I uti—

soldal dependence on as sugges t ed by the form of (64). 11w HI )ItL t lug
became I ess severe as r’ ~ “, again as might be inferred from (64), nut II for
Case 2E the weaker signal pole was correctly estimated as a single pole.
Examination of the zeroes of the PEFs and the residue powers showed measurable
sp litting of the stronger signal poles even for this case. Case 2F of course
showed no line splitting, since there was then only one signal pole.

The “banding” effect visible most clearly in Figure 9 (Case 2A) and to
a decreasing extent In subsequent figures can be explained on the basis that
when cos

~~mjd 
0, (82(2,2)1 a 1 so that the output error power was greatly

reduced in those cases. This caused a shift in the level of the spectrum, as
can be seen from the dependence through (8b) of the numerator of (14) on this
quantity. This also explains the obvious drop in spectral level in Figure 14,
where 182( 1,l)( 1 for all values of 

~+mid.

120dB

I I I
-~~~~~~ o
2 2

Figure 9. Case 2A. Estimated spectral power vs. angular frequency and 
~~mid• ~‘1 = “2 = .12. N 6. M = 5.

‘~~mid stepped from -5./2 to -.12 In increments of 2./90 radians. r = 1. (Orthographic projection.) 
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Figure 10. Case 28. Estimated spectral power vs. angular frequency and 
~~mjd~ ‘~1 = “2 .12. N 6. M 5.

~~mld 
stepped from -5./2 to -.12 in increments of 2./90 radians. r = 

~~ (Orthographic projection.)

10

I I I
0 .~ 7

2 2

Figure 11. Case 2C. Estimated spectral power vs. angular frequency and A*mi,j. 
~~ 

- 

~~‘2 
n/2. N - 6. M 5.

‘~~mid 
stopped from -5.12 to -.12 in increments of 2./90 radians. r - - sJIO. (Orthographic projection.)
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Figure 12. Case 2D. Estimated spectral power vs. angular frequency and 
~~mid~ ‘-“1 -- “2 II12. N 6. M - 5.

‘~~mid stepped from -5./2 to -./2 in increments of 2./90 radians. r = ~u100. (Orthographic projection.)

I I I I
-T .1 02 2

Figure 13. Case 2E. Estimated spectral power vs. angular frequency and 
~~mId~ “1 

= “2 = ./2. N = 6. M 5.

~~mid stepped from -5./2 to -./2 in increments of 2./90 radians. r ~,/iö~ (Orthographic projection).
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Figure 14. Case 2F. Estimated spectral power vs. angular frequency and 
~~mjd~ “1 

= ‘-‘2 = ./2. N = 6. M = 5.

~~mid stepped from -5./2 to -./2 in increments of 2,/90 radians. r = ~~ (Orthographic projection.)

Examination of the residue powers showed that, when line—splitting
occurred , a significant portion of the signal power was accounted for by each
pole of a split pair; in fact for Case 2A and l cos~~midI 

1, 70% of the
signal powers appeared at the more severely deviated poles, and only 30% at
less severely deviated poles. That the greater portion of the signal power
was associated with the more deviated pole appeared for these data to be true
in general. The present theory makes no prediction as to why this should be
the case, although in principle the theory for the infinite SNR model could
be extended to do so.

5.3 CASE 3

The signal data for Case 3 consisted of 25 sets of 101 samples of two
complex sinusoids with A$mjd 2. in all cases. Again w0 0 was chosen, and
Au was stepped from 2. x 0.0125 to 2ir x 0.4925 inclusive in increments of
2. x 0.02. Thus Case 3A parallels Case 4 of Ref erence 8, where 101 samples
were taken at intervals t~t — 0.01 a of real unit—amplitude sine waves with

— — ir/4 gnd f9 stepped from 1.25 Hz to 49.25 Hz inclusive in steps of 2 Hz.
In all cases the spectra were estimated using (14) and a length 25 (1+ 24)
Burg PEF.

Figures 15 to 20 (Cases 3A to 3F) show the spectral estimates obtained
from the data. These figures are again orthographic projections with ~u
increas ing “into” the page. Any comments on the detailed structure of the
line—splitting shown would necessarily be speculative, but some general
observations can be made.
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Figure 15. Case 3A. Estimate spectral powe r vs. angular frequency. 
~4mid = 2.. N = 101. M = 24. “1 =

stepped from 2. x 0.0125 to 2. x 0.4925 in increments of 2ir x 0.02. r = 1. (Orthographic projection.)

— i

Tm
I~512

I I I
-v 0

Figure 16. Case 38. Estimate spectral power vs. angular frequency. A mjd = 2ii. N = 101. M = 24. W~ =
stepped from 2. x 0.0125 to 2. x 0.4925 in increments of 2,0.02. r = i’/i (Orthographic projection)
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Figure 17. Case 3C. Estimate spectral power vs. angular frequency. 
~~mjd = 2.. N = 101. M = 24. (~~ =stepped from 2. x 0.0125 to 2. x 0.4925 in increments of 2. x 0.02. r = ~/ib. (Orthographic projection.)

Tm
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Figure 18. Case 3D. Estimate spectral power vs. angular frequency. 
~#mld 2.. N = 101. M = 24. w.

~ 
=

stopped horn 2n x 0.0125 to 2. x 0.4925 in increments of 2. x 0.02. r = ~#9oO. (Orthographic projection.)
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Figure 19. Case 3E. Estimate spectral power vs. angular Irequency. A*mid = 2.. N 101. M 24. 
~~stepped from 2. x 0.0125 to 2. x 0.4925 in increments of 2. x 0.02. r = V’lOOO. (Orthographic projection.)

Fiqur.~ 70. Case 3F. Estimate spectral power vs. angular frequency. 1
~#mii1 - . 2.. N 101. M 24. t~~ -

sIi~j i~ie.l lioni 7n * 0.0175 In 2~ x 0.4975 ill ~IW~i ,,nhi ,jits uI  2. x 0.02. , ~~. (0. IlIog. uIphiC plojeel ioul .)

The first remark is that line—splitting appears to become less severe
as r was increased in value, as examinations of (56) and (60) might suggest,
and in fact line—splitting vanished for r—~ as discussed in Section 5.2.

The second remark concerns the possible dependence of the spectral
level on the values of G(N— 1,&~) and G(N—2,~w). These values are given forthe plotted spectra in Table 2. It is interesting to note that the minimum
spectral level occurred at the minimum values for IG(N— 1,~~)I, IG(N—2 ,Aw) I 

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~
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and I cosa4 , and that higher spectral levels were observed when G(N—2,~w)
< 0, or ~w > 2. x 0.25. Examination of (60) shove that as ~w exceeds the
value ./2 certain terms change sign in such a manner as to decrease the
magnitude of B2(2 ,2) and thus perhaps to increase the magnitude of the numera-
tor of (14) through the relation (8b) .

Finally, for Case 3F it is again observed that the spectral level drops
as r-’~ and the bias term in (56) vanishes, similar to Case 2F. For Case 3F
only, the estimated poles accurately reflected the true signal pole locations,
were unsplit and had correct residue powers. For all other cases , examination
of the locations of the poles of the Burg spectral estimate showed the
existence of multiple poles with significant residue power in the vicinity of
the true locations of the two signal poles .

TABLE 2
Values of (~.wair) x 1X , G(N- 146~j  and G(N-2.ty.,) for Data from Case 3

(&.~/2ir) x 100 G(N-14o) G(N-2 t~,r) cos&.,

1.25 0.1275 0.1823 0.9969
3.25 0.0493 0.0488 0.9792
5.25 0.0309 0.0295 0.9461
7.25 0.0227 0.0206 0.8980
9.25 0.0182 0.0125 0.8358

11.25 0.0154 0.0118 0.7604
13.25 0.0135 0.0092 0.6730
15.25 0.0122 0.0071 0.5750
17.25 0.0113 0.0053 0.4679
19.25 0.0107 0.0038 0.3535
21.25 0.0103 0.0024 0.2334
23.25 0.0101 0.0011 0.1097
25.25 0.0100 -0.0002 -0.01 57
27.25 0.0101 -0.0014 -0.1409
29.25 0.0104 -0.0028 -0.2639
31.25 0.0108 -0.0042 -0.3827

33.25 0.0115 -00058 -0.4955
35.25 0.0125 -0.0078 -0.6004
37.26 0.0135 -0.0098 -0.6959

39.25 0.0160 -0.0126 -0.7804
41.25 0.0191 -0.0165 -0.8526
43.25 0.0243 -0.0224 -0.9114
45.25 0.0340 -0.0328 -0.9558
47.25 0.0582 -0.0579 -0.9551
49.25 0.2123 -0.2142 -0.9889 
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6. SUMMARY AND CONCLUSIONS

The theoretical properties of autoregressive spectral analysis schemes
have been analyzed when the signal under investigation is known to be compri—
sed of one or two complex sinusoids in additive white noise. This latter case
includes as a special case data comprising a single real sine wave in add itive
white noise. It has been shown that when the autocorrelation of the signal is
known, the frequency of a single complex sinusoid can always be extracted ,
independent of the signal—to—noise ratio (SNR) , provided enough samples of the
autocorrelation are available. It was also shown that the Burg algorithm
correctly extracts the frequency of a single sinusoid in additive white noise
from the complex amplitude time—series data, provided the SNR is sufficiently
high.

The situation when two complex sinusoids are present is much more
complicated. It was found to be fairly difficult to derive general equat ions
describing the spectrum for the known autocorrelation (KA) case , even for a

• two—pole autoregressive model. Nevertheless these equations served as a use-
ful touchstone for the extremely complicated Burg equations for the analysis
of time—series amplitude data. Detailed theoretical analysis showed that,
unlike the KA case, the Burg spectral estimate is expected to be sensitive
both to the number of cycles of the difference frequency between the two
components contained in the finite—length data record , and in particular to
the relative phase difference between the two complex sinusoidal components
at the middle of the data record. Finally, simulation results were shown to
be fully compatible with the conjectured basis of line—splitting presented
here.
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A P P E N D I X  A

A Bias Term

The bias term B2 (1,N) found in the expression for <82 (1,1)> is:

B2(l,N) — (N—1)~~~l + [(N—2)/(N—l)] x

[cost~w + jp(r)sin~~ + cosA$~~dcoa~wG
(N_2,~w)/ (r2+r 2)] (Al)

/(coa&~ + j p(r)sin~~ + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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