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_7’ Abstract
Numerical solutions of the two-dimensional averaged Navier-Stokes

equations for the prediction of laminar, transitional, and turbulent flow

: { fields around finite bodies of arbitrary shapes have been considered. ‘
i Numerically generated body-fitted curvilinear coordinates and the relevant

metric terms are used to provide the finite-difference solutions of the

{ Navier-Stokes and the equations of turbulent quantities. Complete flow
13
554 fields, including the boundary layer parameters, are obtained by using
1
‘ the zero, one and two-equations models for Schubauer's elliptical sectionm,

NACA66.,-018 airfoil, and a circular cylinder at free stream Reynolds numbers

1 3
; 3 of 1.59 x 105, 1.2 x 10% and 1.4 x 106 respectively. In addition, a two-

equation model with an algebraic-stress closure has also been developed.
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Nomenclature

Function, Eq. (48)

Constant

= Pressure and Skin Friction Coefficients

Diffusion, Eq. (43)

Differential Operator, Eq. (1b)

Turbulence Energy per Unit Mass

E/ui

det (sij)

Function, Eq. (40d)
Metric Coefficients
Function, Eq. (40c)
0.41

Characteristic Length
Mixing Length
Functions, Eq. (53)
Normal Distance from the Surface.
n/L

Pressure

Production, Eq. (38)
Function, Eq. (25)
Function, Eq. (34)
Function, Eq. (25)

UwL
Reynolds Number N

Turbulence Reynolds Number, Eq. (40)

Reference Value of R
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R/Rr

Rol 1+ ko'r)

Function, Eq. (25)

Length Along the Surface

Rate-of-Strain Tensor

Dimensional and Non-Dimensional Times, Respectively
Eddy Viscosity, Eq. (28)

Vector, Eq. (18)

Functions, Eq. (53)

Velocity Vector

Non-Dimensional Cartesian Velocity Components

Free Stream Velocity

Friction Velocity

Velocity Along the Surface Coordinates

Max (Us)

Acceleration Parameter

Subscripted Cartesian Coordinates

Non-Dimensional Cartesian Coordiﬁates

Non-Dimensional Cartesian Coordinates in Subscript Form
Roughness Height

Constants

General Coordinates

General Function

Laplacian in x,y

Laplacian in X,
Christoffel Symbol, (see Appendix A)

Stream Function

Geometrical Coefficients, Eqs. (9),(10)
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1. Introduction

The computation of mean turbulent flow fields for flows past finite
bodies without effecting the thin shear layer approximation is a problem of
much computational and practical importance. There are three distinct areas
of immediate attention if one is to solve the problem of mean turbulent
flows. The first is the problem of and the order of closure which can be
considered as satisfactory for a given problem. The second is in regard to
the generality and ease with which the body geometry can be brought into
the process of calculations so that arbitrary shaped bodies can be considered
as simply as those having simpler geometries. The third, and by no means
lesser than the above two, is the development of efficient numerical
techniques which can give accurate solutions in reasonable amounts of time.

Most of our present state of knowledge regarding closure is usually in
the context of boundary layers, far wakes and jets. Not much is available
by the way of experimental data for turbulent flows in the separated and
recirculating regions near a body surface. Thus the modeling of various
terms which have proved useful in the context of boundary layers are
heuristically extended to apply for non-boundary layer regions too. How
much error is introduced in the predicted values of the field variables
this way remains to be checked in the future. A recent article by Reynolds
[1] summarizes the present state-of-the-art in the closure problem.

The problem of arbitrary shaped bodies and general coordinate systems
for use in the numerical computations of the viscous flow problems is not
as compelling as it was before the work of Thompson, Thames, and Mastin
[2]. The so called body-fitted coordinates method developed in Ref. [2] is
the method in which the geometry of the body is entirely preserved by taking
the curve forming the body surface as one of the coordinate curves. This

1
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method has successfully been used in solving various fluid dynamical

problems including the problem of supersonic flow past a blunt body, [3]. |

|

| |
. 1 Though at present various authors are developing other techniques, e.g.,

|

3 Shamroth, et. al., [4], Eiseman [5], and Davis [6], the "differential
|
i

% equation" approach initiated in Ref. [2] looks to have more potential for
- future research and development.
| In the area of finite-difference method for the solution of fluid
i dynamical equations there are various explicit and implicit methods of
solution available in the open literature, e.g., Roache [7]. The choice
of a method usually depends on the formulation of the overall problem

and the character of the equations.

The main aim of this research has been to develop a suitable numerical
program of solution for the solution of two-dimensional mean Navier-Stokes
equations in non-orthogonal curvilinear coordinates. The coordinates and
all the metric coefficients are assumed to be available in numerical form.
The body-fitted coordinate system generation technique of Ref. [2] has been
used to generate coordinates for various two-dimensional shapes. Care
has been taken to have the maximum concentration of coordinate lines in
the neighborhood of the body surface.

In the present research three body shapes have been considered for
the prediction of laminar transitional and turbulent regions using different
orders of modeling. The first-shape is an elliptical section as considered
by Schubauer [8] at a free stream Reynolds number of 158860. Both the zero-
and one-equation models have been used with the transitional model at the
predicted points on the body surface.

The second shape is the NACA663-018 airfoil at zero incidence and the

chord Reynolds number of 1.2 x 10, 1In this case also the zero-and one-




equation models have been used. The energy equation has been modeled
according to Glushko [9] in both these problems.

The third shape is a circle at a Reynolds number of 1.4 x 10% based
on the radius. In this problem the two-equations model of Saffman and

Kolmogorov [10] has been used.

Details of turbulence modelings are given in Section 3 of this paper.

In the course of our investigation, we have also developed a method of two-

i
’
|
1
B |
9
E |

-t equations model with the Reynolds stress algebraic closure which can be

| called as equivalent to solving all the relevant Reynolds stress equations.

However, because of the storage requirements needed by this method, the

method could not be tested for all the problems.
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2. Analysis

This section briefly describes the basic aspects of numerical coordinate

generation and the transformation of the fluid dynamical equations to non-

orthogonal coordinate systems. For a description of th~ quantities

appearing in the following equations, refer to the list of symbols and to
Appendix A.

All the pertinent formulae used in this paper stem from the formula

for the Laplacian of a scalar ¢, where

o (x,y) = ¢(x(&,n), y(E,n)).

Here x and y are the Cartesian coordinates and £! = ¢, g2 =n are the

curvilinear coordinates. The Laplacian V2¢ in the (£!,£2) coordinates becomes

2
V2¢ = gij (._LL. i rr. _éL) (18)
ag:L agj ij agr

2 2
= JL_,+ ok , and the repeated indices imply summation.
ax? 3y2

where V2

Introducing a differential operator D? as

- 32 32 32
p2=g, *—-2g, *—+g = (1b)
22 32 el |
in (la), we get
v2¢ - l DZ¢ o gij rr _.B_Q. (lc)
8 1] gg*
Setting in turn ¢ = £! =fand ¢ = €2 = n in (lc), we get
V2 = 2 D% + (v27) 2L (1)

13




Again setting in turn ¢ = x and ¢ = y in (1d), we get
D?x = -g[(V2D)x, + (Vn)x ] }

D%y = -s[(v2£>yE + (VZny, ] ()

S i e i gt
S S SR SIS BRI 55 SaR s

where a variable subscript denotes a partial derivative.

‘ The method of Thompson, Thames, and Mastin [ 2 ] for the two-dimensional

numerical coordinate generation now depends on the assumption that the

coordinates £ and n satisfy an elliptic system of equatiomns, i.e.,

v2g = ~f) (€,n) , V2n = =£,(E,n) , (3

where the functions fl and f2 are treated as control functions to be
specified in a manner so as to achieve a desired distribution of the |

coordinates. Thus Eqs. (2) become

24 =

D%x g(flxE + fzxn) 4)
29 =

D%y g(flyE + fzyn) (5)

The boundary conditions for Eqs. (4) and (5) are

*, = =
on I‘1 T X Fl(E,nB) S FZ(E,NB)

‘ on I‘z*: X = Gl(g,nw) , ¥ = GZ(E’nm) (6) }

where Fl* and Fz* are the images of the body and the external body contours
in the transformed plane, cf. Figure 1.

The method of solution of Eqs. (4) and (5) under the boundary conditions

(6) with periodic conditions on the cut has been described in various reports,

e.g., [11], [12], [13], and will not be described here.




Another form of the Laplacian Vzo, to be used in the transport equationms,

can be obtained directly from Eqs. (2). Solving Eqs. (2) for V2 and V2p,

we get
v = 1/g ¢))
V2n = g/g (8)
where
= T 2 1/2
T (an y-3yD x)/g )
o = (yD’x - ngzy)/gll ° (10)
Thus
v2¢ = (D%¢ + T, + 00 .)/g (11)

In this paper we have used the vorticity-stream function formulation ;
for the equations of motion, which, along with the transport equations for

turbulence quantities can be represented as
= = y2}
At + wyxx kay VA + B
where all quantities in the above equation are non-dimensional; ¥ is the

stream function, A and X are surrogate variables and B is a function of

the dependent variables. Using Eqs. (7) and (8), the representative

equation transforms as i

1 K = Lp2 3 X
A+ '877 (;pnxg VA 8(D X+ 40X ) +B. 12)




3. Mean Navier-Stokes Equations and Turbulence Modeling

The pertinent equations for the description of mean turbulent flow are

obtained by replacing the instantaneous dependent variables in the continuity,

Navier-Stokes and the vorticity equations by the sum of a mean and a

perturbation and then performing the time average of each term of the

equations. The time average is assumed to be performed to remove the

R

turbulent fluctuations while maintaining the time dependency of the mean
flt flow. Denoting the averages by an overhead bar and the fluctuations by

a prime, we introduce
u= § AP p+p,uw= w+ w°, etc. (13)

in the instantaneous equations and after averaging obtain the following

e is the mean turbulence energy per unit mass.

| equations.
Continuity:
div u = o , div w=o0 (14)
Momentum:
du . 1 - - . ;
—— 4 div (uu) = - = grad p + wW2u - div 1 (15a)
atl ~~ [0} M R
3u ot 1 _ = 2
—— + div (uu) = - = grad p + vw2u - grad e + T (15b)
atl ~~ o} 1~ -
Vorticity:
I et AR e S RS
3+ (grad ©) - u - (grad y) - w = vvig +div (uw” - 0”u”) (16)
3 1
4
i where
[ 2 32 = e o — ] ———
? b e et - 8 el L B R bl & ML LR L
| i
t

i Comparing (15a) and (15b), we get

T = div @G1-10, (18) ‘

| P — - , 7 _“




R s ————

o

E & ‘
18 |
[ 20 {
? where I is the unit tensor. Using the vector idemtity {
¥ {
] ’ curl (u” x w’) = div (u’w” - w’u’) !
| i i o Fore |
3 : : we have {
! !
E |
| curl T = div (zw” - ') , | 1
f‘ v which establishes the form of the last term on the right hand side of (16). ?
;' 2 In all cases studied in this paper, except the ome to be described in ‘ .
1 3.1.4, we have used the Newtonian constitutive equation to model the |
- { Reynolds stresses, viz.,
T=251-2vD (19)
3 T
where
=1 .
; D= -]i'-[grad l} + (grad u)*) (20)
3.1 Transport Equations in Cartesian Coordinates
| In the case of Cartesian coordinates, Xy Xys x3, the equations are
W W du aT
;{1+§k5—¥-&k5—i--vv§wi+e1jk3;—, =153 D |
1 *x % 3
de ., - de _= .= = 2=
— + — =P 4+ D - ¢ + Wse (22)
5 3t  ax 1
] 3 3e
i € = € ] 2%
L —+ — = S + W<e (23)
| Btl Yk axk 1
T 1] a?il & - %
S ST TR g W R i
where - i ‘
Ju Ju ,
B, =Ty, =1 +7T, =)
ij ik axk jk %y
8




2 Lk
Q p(axj+a—::‘:')

a b3 g - -
Aij = - 5;; ['rijuk + %r (“361k + u16jk)]

ou; 9u?’
€,., =2y i el
ij axk axk
- 1 -
e T
— s
=3 'a
(25)
t=dlz
2 ii

3%y du’ du, du” du’
B sty et i oy & =k il s
axz axk . axk axz Bxl

axz axz 3xk xl axk x,
rd W "
%L%MLa@m
8xk k “9x o) axj xn Bxl
%u;

Equations (21)-(25) form a closed system of equations when the terms
occuring in (25) have been modeled on the basis of empirical-experimental

and/or heuristic reasoning.

In this paper, we have considered only the two-dimensional mean turbulent

flows, and, except for one case where Eq. (24) has been used to model the




Reynolds stresses ;ij’ all cases use the concept of eddy viscosity, viz.,

Eqs. (19), (22), and (23). For two-dimensional flows, Eq. (21) is written

as
W , - dw 2=, =
-— —=V.“Q+B (26)
3t Y w1
where
Q= (v+ vT)E
32y, du 32y, Ju 32y, au
B = 2( : 1. : S Wi S 27)
axl axz ax2 8x1 axlaxz 8x2

where Vo is the kinematic eddy viscosity.
We now introduce the following scheme for non-dimensionalizing

Eq. (26):

e
x-—L—,y=—,R = — (28)

Where u_ is the freestream mean velocity and L a characteristic length.
Thus the vorticity-stream function formulation for the flow field in terms

of the non-dimensional coordinates takes the form (cf. Eq. (12))

D%y + W, + ol = -gu (29)

1 N = L(p2
w, + 81/2 (d;“mg wswn) 8(D Q + mg + own) +B (30)

where




B=2(T u -T +
Ty = Tyy'x ¥ Ty

and the variable subscripts £,n,x and y denote partial derivatives. |

The boundary conditions for Eqs. (29) and (30) are:
n = ng: p=0, wy = 0; T=0; w to be calculated

iteratively to satisfy wy =0.

nng: vy T205 0> 0, (31)

Ngs n, denote the wall and external boundaries respectively. i

Below we now consider the zero,one and two-equation models and also

the "algebraic-stress closure” model, respectively.

3.1.1 2Zero-Equation Modeling

In the zero-equation model, only Eqs. (29) and (30) are solved by
specifying the eddy viscosity Vo by a generalized mixing length model

(cf. [1], [14])) and defined as

(o) = #2€2 By, §13)1/2 (32a)
.0168|u_|&*
te) el (32b)

1+ 5.5(“1)6
é

where £ is the mixing length, the subscripts i and o denote the inner and
outer values, n is the normal distance from the body, ng is the thickness

of the shear layer, ﬁp is the velocity tangential to the surface at n = n,,

and - -
du 9
- EEE T SR
Si4 2(axj i xi)




* s s

&% = 'fo A - =%)dn
-
P

Ep = max (Gs)

Introducing the non-dimensional quantities

We have

.0168|u_[a*
oSSR S
(T), = (33)

6
1+ 5.5(—N!-)
)

In two dimensions
= - 2
Q (Wxx wyy) = ny

= 2 2 _
w® + 4(¢xy Vo Wyy) (34)

g g
ety o 22, (35)

s g 'n "S_EHE

NG U
a* = [0 - FaN (35)
P

The mixing length is given by the Van Driest formula for the near wall

region joined with the Bradshaw's [15] empirical fit as follows.

12




-
?" ‘ : A = kN[1 - GXP(-N"ROI%IIZ&)] » 0 < N < 22N,

= .089N6 tanh(4.6067N/N6) . .22N6 <N<w (36)
vwhere k = 0.41 and w, is the non-dimensional wall vorticity.
In the numerical computation (T)i is used till it becomes equal to

(T)o. and then for the rest of the shear layer the outer expression has

been used.

i i e

3.1.2 One-Equation Modeling

v :'.! G il
.
s :
SRRV S0

The one-equation model is basically due to Glushko [9 ] in the form
presented by Beckwith and Bushnell [16] and recently used by Coakley and

Bergmann [14]. We first non~dimensionalize Eq. (22) as follows:

= T «
| S & - -k P oA e I T
T:lj uQZ'E l.“’OZ,P ?P,x u”3e’D u D 37
Thus Eq. (22) in non-dimensional form becomes
! 3E 3E 3E _ a AL g2
4 95t +u % +v 3y P+D-yx+ Rb V4E . (38)
The modeling of various unknowns proceeds as follows:
aR “
L T-i—H(R) (39)
o
P where
' Ra=f& L. g ppl?
E | v )
é Rr = reference value of R
i
| A.l (aOa)
nEX
r
13
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The integral length A is defined as

= 0.2 N

The function H(R) is defined as

H(R) =R , R < 0.75
=R -(R - 0.75)2, 0.75 < R < 1.25

=1, R>1.25 (40c)

In the modeling of the diffusion and dissipation terms, a function G(ﬁ)

will be needed, which is defined as

A

G(R) = H(kR)
H(R)

=k, R <0.75

Y

: . kR , 0.75 <R < 1.25

R - (R - 0.75)2

kR , 1.25 < R < 9152

(40d)

Having defined H and G, and using the following abbreviated notation

L

yi L 1 s ¥y y

el

i
u ™ (u1 u, uy v)




e

at B Wl
1 o
SOSISHINGR (PTG

E o

g e

we have, »l

(1) Reynolds stress:

Ju 9
- T(—t 4 dy 4+ 2
Ti '1‘(a + ) + - E 61

u
3 e alid e e

(ii) Dissipation:

x =53 G-+ KeD) , (42)
]

¢ = constant .

(ii1) Diffusion:

D= 33— (kGT %"- (43)
Y Y

In the numerical solution of the energy equation, we have neglected the
spatial variation of G. The values of the constants appearing in (39)
and (42) are:

k=041, a=0.2, c=3.93 (44)
Substituting the preceding expressions in Eq. (38) and transforming to the

curvilinear coordinates (£,n), we have

el 38 @ o <k in2 ' o
Et + 81/2 (wnEE wEEn) SRe (D“E + rlE6 + ulnn) + TQ - X (45)
where
R
0

. kGR_T

=T + kGR.e(gzz'I“E - 812Tn)
0, =0+ kGRe(gnTn - 312T£) (46)
The boundary conditions for Eq. (45) are:
n= nB ¢t E=o

n+n ¢ E+o0,o0rE , 47)
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E_ 1s proportional to the freestream turbulence level.

3.1.3 Two-Equation Modeling

The two-equation model used in the present research is due to Saffman
[10] and Wilcox [17]. Details of this model in relation to the present
research are available in [18]. In non-dimensional form, any equation of
the present model can be represented as
A+ =t WA -y i) =l @24 cx +0.4)
t g1/2 n'e £€n’  gR, 1% 1'n
+ A\ + B (48)

where

R
(¢)

R, = +———
A1+ CAT

T, =T + MRk(gzzTg - ngTn)
01 =0 + MRA(gllTn - 312T5)

The form of A, B, CA and M for different equations are as follows:

For A = w: CA =2 ,A= 2V2T? M=4,

B=4(T. u -T v +2T v)
XX y yy x Xy y
For A = E CA =1, A= -¢1/2 s, M=1, B = 2TQ

1/2

For A = ¢ : CA =1,A= Pl-81¢ s, M=1,B=o0

In this model the non-dimensional eddy viscosity is given by

o 2E

o)
T = —2—
20172

o U3 By 5/3 (49)
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and
x 2

P, =3 (@+u?) (50)

where Q has already been defined in (34).
The function ¢ which has its own rate equation is the turbulence

vorticity-density and is related with the turbulence dissipation function

X as

X = E¢1/2

'i Thus in the turbulent core region, the behaviour of ¢ is such that

1/2
1/2 ) ao(“oE)
¢ N

E g where N is the normal distance from the wall and k is the Karman constant
(= 0.41). This consideration together with an approximation of the E
equation near a wall yields the value of the empirical constant oy which
is nearly 0.3. Proceeding in the same manner, an approximation of the ¢- : ;
equation near the wall region yields the value of Bl which is nearly 5/3.

The boundary conditions for ¢ are 3

PR : ¢= (3322_22)2 (JL)“
i n nB i R z
1 o r
n=n,: ¢-+o0
where Zr is a roughness length. ﬁ

3.1.4 Algebraic-Stress Closure Model

It has been well known for quite some time that the accuracy of physical
:T representation of the actual turbulence fields depends on the order of
closure of the transport equations describing turbulence. Thus the model

succeeding the two-equation model is that of second-order closure, or the

17
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Reynolds-stress closure. This type of higher-order modeling has been used

l
é ? quite successfully by Launder, et. al., [19], [20] for channel and boundary

e
T P T PP S T TR P T T

5 layer type flows. Though there is no conceptual difficulty in using this
model along with the mean Navier-Stokes equations, the discouragement on

its use stems from the excessive computational requirements in the form of

5; solving three or six additional partial differential equations for two-
% or three-dimensional problems respectively. A class of closure which can
E | reasonably be thought of as equivalent to the second-order closure and
called the "algebraic stress closure" has been developed by Launder, et.
al., [21] and Warsi, et. al., [22] and is described below.

The basic equation for the present consideration is now Eq. (24).
Following the analysis in Warsi [22], the Reynolds stress term ;ij can

? be approximated, on using Eq. (24), as

:Eij =%E Gij e 15 ) (51)

where all quantities have been defined earlier, and : 0.6 , dl = 0.8.

The accuracy of representation (51) depends on the plausible assumption

that the substantive rate of change of ;11/3 in following the mean motion

is small in comparison with the other terms, viz.,

SRR TR A SRV O AP TN Ve R e e .

o4 iy  Tij de
€ 3t ( - B - dt Lo

Equations (51) form a system of non-linear algebraic equations for

the determination of various Reynolds stresses to be used in a two-

equation model. However, assuming the Reynolds stresses in P to be
available from the previous iteration, the equations can be solved as

linear simultaneous algebraic equations for T Th The results presented

18
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below are for the case of two-dimensional mean flow in the vorticity-stream

function formulation. The closure for the unknown terms for the two-

equation model is due to Launder [20]. All quantities appearing below

are non-dimensional.

Defining the quantities

S "V s Sy T v By TN,

2 2
il 7. ¥ 42

T » Ty
ax2 3y2
2 2

e ] Tll S ] Toy

’
3 Xy 4 ay2

CE

i Gl SR s e (53)

3" e (Rl Sk

CE
7 * Te (Tighy + Tpak)

=
I

C E
1™ T Yt T Yty

2z
n

CE

(o]
2" Vot sty

N

where Tij is the non-dimensional Reynolds stress, and Co = 0.15 , Cs = 0,22,
Thus

Po= (1)) = 159) S5 + (S35 = 8p)7p5

e 2 2 _ Bals
Z Zo (4w522 + 812 + 822 2w<)-3
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a1 |
a |
b | |
E | - =2E = = 2 ;
E | | T 7 a-2 z‘:'sl2 2 zo mszz) %
L2 SR i |
T =3 {ZO(S22 Su) 2z mSIZ} (54) :
! i
4 - =2E % 2 |
3 Ty, 7 (1+21258,,-2 z, “311) !
w The complete set of equations is |
4 |
x D2y + W, + oY = -gu (55) |
E 3 n |
|
fi F + 1 (F.y ~-Fyp,) = o (D2F + 1F, + oF ) + T (56) !
: t 8172 €n  "n'g"  gR 3 n F |
|

where F is a surrogate variable. The forms of TF for different equations
1
are as follows: ]

For F = w:
Tw-T2+T3-T1—T4
| For F = E: 1
) oM oM M
FP N T BIUE — g
T, =F+ 81/2 Wt "% & fxg .~ Xn 380 (57) )
For F = e:
- 2
% CleP 3 Cze
€ E E
oN N N oN

1 1 1 e § 2 3
7 g1/2 (yn % X m T hRm T ANR |
|
|
where |

;" =1.44,Cy=1.9
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3.1.9 Collection of Various Formulae and Approximations :

All the formulae listed below are non-dimensional.

(a) Friction Velocity:

P

u,? = (58a)

o

; (b) Local Skin Friction Coefficient:

2|ww| 1
(58b)

C. =

where

—f - . - 8
T(!Pyy v ) (58¢)

(d) Pressure Coefficient:
The wall pressure Bw non-dimensionalized by pum2 is given by
1 IE 1

p.CE) mp (E_ .) +=— —== (8,40, = 8,,w_)dE
w w ref Ro Eref 81/2 127 11 n ;

Now, the pressure coefficient is defined as

Thus }

Cy = 2[p, (&) - p,) - (58d)
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(e) Transition Factor:

In this paper the Cebeci-Smith transition factor [23] was used to
multiply the eddy viscosity to account for the transition region. In non-

dimensional variables, y - is given by

t

Y = 1 - Exp[—%—FB £ L[5 285 (s8e)
1200 tr p

where str denotes the surface distance of the location of transition.
(f) Boundary Conditions for E and x Very Near to the Wall:

In the immediate vicinity of a wall the low Reynolds number effects
on turbulence quantities are quite significant. Though the generated
coordinate mesh is very fine near the wall region for all cases considered
here, the viscous resolution still demands much finer meshes. To circumvent
this difficulty we have used approximate analytic expressions for E and
for the first mesh point off the wall. The form of E used here is based
on the analysis of Launder, et. al., [21] for the wall-viscous effects.

In non-dimensional variables the expression for E is
E = .0275|ww|2N2 , as N+ o . (58£)

To obtain the form of x as N + o, we use Townsend's expression for the
dissipation function for equilibrium boundary layers [24], which, for near

wall regions is

_ 0.48>/2
X N o
Using (58f), we get
X = .001824|w |3N? , as N > o . (58g)

Note that in principle E + o at the wall in such a way that x + =, However,

as observed by Daly and Harlow [25], the tendency of X to become infinite

22




i im o i g

occurs only in the sublayer; outside the variation of x can be such as to

give the appearance of approaching zero at the wall.
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4. Numerical Solution of the Transport Equation

This section deals with the computational aspects of the equations
governing the mean turbulent flow fields. Besides the method of numerical
solution, we shall also discuss the method of generation of initial data
for the solution of the energy and the dissipation equations, and the wall

boundary condition for the vorticity equation.

4.1 Method of Solution:

All the partial differential equations are first discretized by using
a first order backward difference for the time derivative and the second
order central differences for the £ and n derivatives. The resulting
system of difference equations is then solved by iteration using the method
of point-successive overrelaxation (SOR). Using the model equation (12),
the SOR difference approximation amounts to having the implicit expression

xﬁ"j*l) (‘,’; + R (59)

where p is an iteration counter, (i,j) denote the spatial position,Ri,j
is the residual term containing the previous time solution and the previous
iterative solutions at the neighboring points, and W is the acceleration
parameter. For details of difference approximation of the two-equation
model refer to [18]. Convergence of the iteration is obtained by satisfying

the inequality
I)‘(P"'l) » )\(P)lll)\(P*'l)l < e (60)
o

for all points of the field.

In the solution of the vorticity equation, viz., equation (30), it was
found that the upwind differencing of the term wnwg
of the difference approximation [26]. .Thus, for only the vorticity equation

enhances the stability
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the upwind differencing for the term wnmg has been used, which is

Vo = (wn)i,j (wi,j - mi—l,j) » V%0

(w“)i’j (‘"1+1,j - “’1,1) ’ wn <o (61)

The method of solution for turbulence problems can now be summarized
as follows. Having developed the numerical coordinates for a given body,
all themetric coefficients are generated numerically. First the equations
for the laminar flow, in the present case the vorticity and stream function
equations, are solved starting from time t = o. Usually the laminar solution
is allowed to develop to a quasi-steady state form and then turbulence
equations are introduced. In no case, except in [27], the turbulence was
introduced at t = o. In the process of obtaining the laminar solution,
the initial data for the E and y equations (described in Sect. 4.2 below)
are also developed simultaneously. Having available the velocity field
and the initial data for E and x, it becomes an easy task to switch on to
the simultaneous solution of all the equations. The choice of the turbulence
model, location of the beginning of transition, and the amount of free-
stream turbulence are the inputs for a problem which can all be handled
easily by the computer program used in the present reseﬁrch. The computer
program also calculates the necessary boundary layer parameters, e.g.,

displacement and the momemtum thickness, external velocity, etc.

4.2 1Initial Data for the E-and x Equations:

The approximate generation of initial data depends on some well known

forms for the eddy viscosity Vi and the dissipation function €. From (32a),

we have

vy = 2@2




ey

B —

A A g e e (s T A 4 TR

(003)2

€

h (u ;)3/2
e i (62)

where s 0.3. Using the non-dimensionalization introduced in Sect. 3,

we obtain from Eqs. (62)

E =2 1%
(o]
5 A2Q3/2 (63)

As noted in Sect. 4.1, Eqs. (63) are used while solving the laminar
equations. The generated values of E and x are then used as the initial

data for the solution of the turbulence model equations.

4.3 Wall-Vorticity:

The wall-vorticity is obtained by using a combination of the Israeli
method [28] and a modification proposed in [18]. The value of wall-vorticity
is assumed to be correct when it yields a vanishing tangential velocity at
the wall. Denoting the index i for the position along a wall and p the

iteration counter, the iterative expression for the wall-vorticity is

given by
wip) - -1
i
oD < @ -y oDy P, (64)

Vs - V)i

where v(t) is the tangential velocity component at the wall.
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5. Discussion of Results

The mathematical models of various orders developed in Section 3 have
been used to compute the two-dimensional incompressible mean turbulent
flows past arbitrary finite-bodies. A computer program based on the finite
difference method as discussed in Section 4 has been used to obtain the flow
fields for various body shapes. The difference from one body shape to
another is only in the input of the metric data and the coordinates for
each body which are obtained by separate programs, e.g., [12]. The following
three shapes have been extensively studied and their results are discussed
below.

(a) Elliptical cylinder at zero incidence.

(b) NACA 663-018 airfoil at zero incidence.

(c) Circular cylinder.

In all the above cases, the free stream is normal to the axis of the cylinders.

5.1 Elliptical Cylinder

The calculations for this case are based on the input data from
Schubauer's [28] experimental set up. The elliptical section is of minor
axis 10.11 cm, major axis 29.92 cm and is exposed to a uniform stream of
Reynolds number Ro of 1.59 x 10° based on the minor axis. The free stream
turbulence level E_ is 0.1084 x 10-3,

The characteristic length L for this problem is the minor axis which
has been used to non-dimensionalize all lengths. A highly contracted
coordinate system is used near the wall region to resolve the viscous
effects in the boundary layer. The coordinate plot is shown in Figure 2.

The transition model, Eq. (58e), was introduced in the region
1.515'5.5 1.8, where s is the arc length along the surface measured

L
from the forward stagnation point. From % =1.8 tO‘E = 3,3048 the full
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turbulence model has been used. The laminar solution was continued from

t,= o to a time %E and then the zero-equation model was used with the

transition effects included to a time %L. Based on this solution, the one-

equation model was used to conclude the solution process. As is seen from
the velocity vector plots in Figure 3, the separation occurs in the far

downstream region very near to the trailing edge. It is because of this

reason that we have compared the computed pressure coefficient with Schubauer's

[ 8] curve B, and the comparison seems satisfactory, (Fig. 4).

In Figure 5 the coefficient of skin friction e is compared with the
Schubauer's data as reproduced by Cebeci and Smith [23]. The skin friction
coefficient in the turbulent part of the flow is computed by the formula

‘J:Ef = 0.8 Es, where Es is the turbulence energy at the edge of the sublayer.

Figure 6 shows the turbulence energy contours around the ellipse.

5.2 NACA663-018 Airfoil

The results presented for this case are for zero incidence at a chord
Reynolds number R.o of 1.2 x 105, 1In this case too, there is a strong
contraction of coordinates near the surface so as to have at least 20 n-lines
in the boundary layer. Figure 7 shows the plot of the coordinate lines
around the airfoil. As seen from Fig. 7, the coordinates are generally
non-orthogonal.

Experimental data on NACA663-018 section is available in the papers by
Bursnall and Loftin [29] and Gault [30]. Numerical computation on this
section has been performed by Briley and McDonald [26] particularly with
the idea of performing the Navier-Stokes analysis on the separation bubbles.
In Ref. [26], a laminar boundary layer solution is patched with the Navier-
Stokes separation bubble analysis which is finally patched with the turbulent

boundary layer solution downstream of the bubble region.
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In the present computations the Navier-Stokes solution was generated
‘ for the whole surface both for the laminar and turbulence cases without any
'1 indication of a separation bubble at R.o = 1.2 x 10, The velocity vector

plot in Figure 8 shows no indication of a flow reversal or recirculation

region at the expected position. The transition model was introduced at

the expected position of the transitional bubble which is nearly % = 0.72,

k where L is the chord length.

The computed pressure coefficient for this case is shown in Figure
{ ! 9. Figures 10 and 11 show the turbulence energy contours and the stream-

lines respectively. Only zero and one-equation models were used in this

E. study with the free stream turbulence E_ = .3375 x 1075,

5.3 Circular Cylinder

The turbulent flow past a circular cylinder has been considered by

the authors in [27]. Details of computational analysis are available in

[18].

In the present case the two-equations model as developed by Saffman

and Wilcox [17] has been used. Results of this computation are shown in

Figures 12-16 for a Reynolds number Ro = 1.4 x 105 based on the radius of
the cylinder.
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6. Conclusions
Solutions of the averaged Navier-Stokes equations along with the

equations of turbulence quantities have been obtained for various body

shapes in non-orthogonal curvilinear body-fitted coordinate systems. In f

principle, the developed computer program is capable of predicting the

averaged flow and turbulence fields around any fintie two-dimensional body,

using either the zero, one, or two-equations turbulent closure model. In

addition, an algebraic stress closure model has also been developed which

can be used with any two-equation model for predicting the flow fields

having large separation and recirculating regions.
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Appendix A

Let Xy be the Cartesian coordinates and Ei the general curvilinear

coordinates. Then the metric ccefficients are

e

g e o e
e

13 _ ag* agd

8 axk 8xk
o1k . ot
Bik ~ 4

g = det (gij)

1 | Py

J=g
agl,g2,e3)

(a-1)

(a-2)

(A-3)

(a-4)

(A-5)

Using the summation convention on repeated indices, the Christoffel symbols

of the second kind are given by

og og o8
Fik 5 %_ is Y, %r i %f)
3 3¢ 3E o€

In particular

rk -1 3¢
kr 2g

-
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Figure 3. Velocity Vector Plots for Various Positions on the
Ellipse Versus n.
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Figure 9. Pressure Coefficinet Cp. ® Data from Ref. [30].
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Turbulent Energy Contours.

Figure 10.




Figure 11. Stream Function Plot on the Airfoil.
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Figure 12. Generated Coordinates for the Circle.
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Figure 13. Local Skin Friction (cf) where ce = Tw/1/2 pu;.
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Figure 14, Coefficient of Pressure (Cp*) Referenced to a Rear E

Stagnation Pressure of 1.0. Cp is p - Pr.E.* The Total

Drag Coefficient CD is .293 where CD
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Velocity Vector Plot Upper Half of Field at Time 3.73.

Figure 16.




