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Preface

This thesis evolved from a problem suggested by the Rome

Air Development Center. The original problem considered Max-

imum Entropy spectral analysis of Non—White Atmospheric Radio

Noise. RADC suggested an extension of the analysis to include

the work by Papoulis in bandlimited extrapolation. When actual

noise tapes were not received from RADC, I changed the emphasis

to analysis of short record data. Data that is extracted from

only a few input samples. Specific problems were extracted

from the proceedings of a Spectral Estimation Workshop at RADC

in 1978. This report covers the areas of research to analyze

the MEM and Papoulis spectral estimation techniques.

During the course of this work, valuable guidance, in-

sight, and probing questions were provided by my thesis ad-

visor, Lt. Col. Ronald J. Carpinella. His help is most grate—

fully acknowledged. Special thanks are also due to the read-

ers Dr. Pater S. Maybeck and Capt. Stanley R. Robinson of the

Electrical Engineering Department of APIT.

This thesis could not have been possible without the help

and encouragement of my wife Shauna. Her support and unself-

ishness have enabled me to ‘schieve a major goal I have worked

for for so many years.

Paul Terry
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~~~ Abstract

Spectral estimation of data from some radar applications

and seismilogical events is not accurate when short records

are evaluated using traditional techniques. A record of data

is short if the number of samples from the process is more

than an order of magnitude smaller than the reciprical of the

lowest frequency of interest. This analysis considers records

of fewer than 128 samples.

Techniques that produce improved frequency and ampli-

tude resolution over smoothed periodograms and Fast Fourier

Transforms (FFT) are considered. Specifically, the Burg Max-

imum Entropy Method (HEM) and Papoulis Bandlimited Extrapo-

lation are derived. These techniques are shown to prod”ce

estimated that become unbiased and consistant. Additionally,

the effects of windowing, a problem inherent with periodo-

grams, are not observed in these techniques..,~
Model order determination for the HEM te4nique is accom-

plished through implementation of two techniq~hs developed by

Akaike. These techniques are derived thr~
7
~/the maximum like-

lihood estimation of the estimated powar~. Using Akaike’s or—

der techniques, HEM spectral estimation provides extremely

~o~d fre~uencY resolution from very short input records.
‘
~~‘Papoulis bandlimited extrapolation techniques provided

accurate results when short records are evaluated. The

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —-



t technique is limited , in this research, to computational times

commensurate with the HEM technique and does not produce resol—

ution accuracy that is observed from HEM analysis. However,

the estimated amplitudes are much closer than those generated

from the HEM technique.

xi
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Spectral Analysis of Short Record

Time Series Data

I. Introduction

Considerable interest is generated by government research

agencies in power spectral estimation of time series data.

Traditional techniques (Fast Fourier Transforms (FFT) and

Periodograms) are typically employed to determine the spectral

content of the data. These techniques are not adequate for

time series data samples that are limited in number (short).

A record of data is short if the number of samples from the

process is more than an order of magnitude smaller than the

reciprical of the lowest frequency of interest. For example,

a short period recording of a seismic event may produce less

than 100 samples. Seismological events often occur at the

lower end of the very low frequency spectrum (1 to 30,000

Hertz). Another example is a set of data indicating doppler

frequency shifts based on a very few (less than 100) radar

returns. This thesis considers several spectral estimation

techniques and determines what techniques are applicable to

analyze short record time series data. The criteria measur-

ed are the statistical properties and computational efficiency

of each technique.

The spectral estimation techniques considered in this

A,t .

_ _ _ _



r
thesis are Fast Fourier Transform, smoothed periodograms,

Maximum Entropy Method (HEM), and bandlimited extrapolation.

Methods of determining the statistical properties, i.e.

mean value, autocorrelatton function, and variance, of the

spectral estimates are also considered. Additionally, eval-

uation of the bias in the statistical estimates is pro-

vided along with a determination of the impact of the bias

on the statistical estimates. The time required to imple-

ment the analysis algorithms (computer execution time) and

ease of application are also considered in this thesis.

To carryout the analysis, several basic assumptions are

required. Since the statistics of the input data are total-

ly unknown, we assume that the data are samples from a

stationary random process, the result of some linear system

being driven by an unknown noise. Through this research,

equal spaced samples of the random process is assumed.

These assumptions are justified by the fact that many of the

signals of interest are characterized by the foregoing as—

suniptions (Ref s 2,7,24,25,28, and 39). The intent of this

research is to provide a means of estimating the spectral

density , not identification of the spectral density data.

Therefore, hypothesis testing techniques are not considered

or attempted.

The following sections provide a mix of current theore—

tical knowledge, general application techniques, and specific
I

problem analysis. Section II lays the general groundwork

2 
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in spectral estimation techniques. Methods of determining

the statistical properties of the estimated spectrum are in-

cluded. Traditional and smoothed periodogram spectral es-

timation techniques are discussed, in this section. A detail-

ed theoretical background of HEM is included along with three

methods of determining the order of the autoregressive (AR)

‘model. Bandlimited extrapolat ion spectral est imation tech-

niques are introduced. In particular, a method developed by

Papoulis using the FYI~ is suggested. Section II concludes

with a tabular comparison of the above spectral estimation

techniques .

In Section III the Bartlett smoothed periodogram is used

as a “calibration factor” to evaluate the averaged results

from MEM and Papoulis spectral estimation. Confidence in

these techniques is derived by the comparison. Several

known input signals, including simple AR , autoregressive mov-

ing average ( ARMA) , and sum of sinusoids plus Gaussian noise,

are analyzed. Finally,, each input process is evaluated as a

short record (128 samples or less with a sampling interval

of one second) to determine analysis results under near real-

istic conditions.

The final analysis section of this thesis (Section IV)

provides the results of spectral estimation of two “real

world” problems. The HEM and Papoulis techniques are imple—

mented to determine the spectral content of the unknown time

( sampled signals. A comparison of the resulting data 

_ _  -— -  ±~.
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1., indicates that the HEM technique is superior to the constrain-

ed Papoulis ‘technique when frequency resolution is a prime

factor .

Sect ion V. concludes the research indicat ing the uti l i ty

of the HEM and Papoulis spectral estimation techniques for

short record of input data. Recommendations for future re-

search in this area are suggested.

C
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II. ~pectral Estimat ion Techniques

Several approaches are available to determine the power

spectral density of a random process. The methods selected

must provide accurate results when only a limited number of

samples are available. Additionally , the complexity of the

spectral analysis hardware and software must be considered.

This section outlines the techniques considered for the spec-

tral analysis problem and provides the rationale used to

select the maximum entropy spectral estimation method and

the Papoulis algorithm as the techniques for the problem

analysis. The methods initially considered are as follows:

1. Filter banks or Fast Fourier Transforms (FFT).

2. Smoothed Periodograms using descrete Fourier Trans-

forms ( DFT).

3. Maximum Entropy Method (HEM) using the Burg coef-

ficient estimation techniques.

4. Papoulis Bandlimited Extrapolation Spectral Estim—

at ion.

An overview of these techniques is provided in the following

subsections. A measure of accuracy is developed through

analysis of the statistical properties of the estimated

spectrum.

Statistics of the Estimated Spectrum

C The appropriate techniques to estimate the spectral

5
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density of an unknown input process are developed in the fol-

lowing subsection. The accuracy of the estimation techni-

ques must be determined. Just how good is the estimate?

Two important values provide an indication of the accuracy.

The mean and variance of the estimated spectral density in-

dicates the true value of the spectrum and how well the es-

timate approximates this value. Two measures for accuracy

of an estimate are bias and consistency. An estimate is

biased if the parameter being estimated minus the expected

value (mean ) of the estimate is not zero. If the result is

zero (unbiased), the estimated value is the true value (on

the average). Therefore, an unbiased estimate is more ac-

curate than a biased estimate. An estimator is said to be

- consistent if the bias and the variance of the estimate

tend to zero as the number of observat ions become large

(Refs 29:536 and 41:71). In other words, the estimator ap-

proaches the true value as the number of observations in-

creases. The ideal estimator is the one that produces es-

timates that are both unbiased and consistent.

The estimated mean of the estimated spectral density

is calculated using the sample mean equation (Ref29:536—537).

E {~(w )) = ~~ (w~ ) ~ ~~ ~~~~~~ 
(1)

isO

where 
~~~~~~ 

are the n estimated power spectral density

values for the ith input sequence and N is the number of

6
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statistically independent sequences . Assuming that

is a sequence of independent Gaussian random variables , the

density function of rn~(w~) is also Gaussian. Therefore,

the expected value of [~~ (w n ) J 2  is equal to

N-i N-i
E{~mp(w~)]2} 

1 
~~ 

E{
~ i(W n )

~ j (w n)}
i—U i— U

- 
(2)

— 
~ E{{~i

(wn)I2}+[~p(wn)12 N—i

and the variance of rnp(wn) is

var
{~p

w~~] E{[~~(wn)]2}_[E{~~(wn)}]
2 (3)

From Eqs (2) and (3), as N increases, the variance of the

sample mean goes to zero and the sample mean approximates

the actual spectrum arbitrarily closely.

The maximum likelihood variance estimate of the estimat-

ed spectrum is called Var{~ (w~)} by (Ref29:536—537)

N-i
Var{~ (w~)}— ~ ~~ 

{

~~~~~~~~~~~~~~~~ )] 2 _{ & (~~~~~~~ )] 2  (4)

iso

and is shown to be biased by Maybeck (Ref27:398). The un—

biased variance estimate is derived and is shown, for the

case of independent observation , by Maybeck to be

C-
7
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V a r { ( w ~)} — ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ N [ ( W )1
2 (5)

where the prime () denotes the unbiased variance estimator.

Thus, if N is large enough, N/(N—i)~1 , the maximum like—

lihood estimate is unbiased. Also, note that the estimate is

consistent, the variance estimate tends to zero as N is in-

creased. Therefore , if independent sequences are assumed,

the mean and variance of the estimated spectrum is determined,

providing information concerning the bias and consistency of

the est imate.

The following paragraphs provide an overview of the

spectral estimation techniques considered in this research.

Filter Bank or Fast Fourier Transform

A straightforward approach to spectral analysis is to

present the time domain signal to a bank of narrowband band-

pass filters. Each filter will only pass a specific range

of frequencies. The bank of filters approximate the Fourier

Transform in the limit as the number of filters increases

and the range of frequencies decreases (Ref 20:4).

X(w) - ~~ fx( t )e iwt dt (6)

The technique offers almost ideal spectral estimat ion analysis ,
‘,1

8

F ~~~~~~ 
-
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limited only by the number and bandwidth of the filters and

the roll. off. characteristics of the non ideal filters actual-

ly implemented. Typically, the system is realized digitally

and is usually , limited by computation time. The amount of

computation time to transform a given set of time data to

the frequency domain is inversly proportional to the band-

width of each filter [the Heisenberg Uncertainty Principle

(Ref2O:5)]. The bandwidth of the filters determine frequen-

cy resolution (the concentration of a spectral estimate ex-

pressed in frequency units), indicating that finer resolu-

tion is achieved by reducing the bandwidth of each filter.

Therefore , if the input is finite, and short as described

in the introduction, frequency resolution may be jeopardiz-

ed when computation time is constrained.

Another inherent difficulty with filter bank analysis

is the window function effects. The finite data is inter-

preted as a multiplication of the original signal by a window

function (Ref 20:5). The result is a spectrum which is the

convolution of the original, desired, spectra by a transform

of the window function. Incorrect selection of the window

funct ion may result in analysis that is truly very different

than the actual spectra.

The filter bank approach is thus limited by the trade—

off between time measured data and frequency resolution ob—

tam able , and the proper selection of the window function .

a
, C- Oppenbeim and Schafer (Ref29:549-553) provide an excellent

~2..
~~~~~~
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discussion of the effects of window functions and the rela-

tion to correct spectral estimation. Simply stated, win-

dowing is the result of convolving the data of interest with

some window function. The function may be rectangular, tri-

angular, and other shapes. The result of the convolution,

in effect, truncates the input sequence outside the period of

interest and conditions the data inside the period. The win-

dow function is selected to insure a more accurate represen-

tation of the spectral density by negating the effects of

the FIT. Close relationships exist between the windowing of

the original input data and periodograin spectral estimation

techniques. This technique is discussed in the following

subsection.
4

*

Smoothed Periodograms Using Discrete Fourier Transforms(DFT).

If the input process is stationary (initial assumptions

Section I) and the autocorrelation function is known , then

the power spectral density of the input can be determined

(Ref 30 : 338)

P(w) 
7 

~(t)e
_iWtdt (7)

where the Fourier Transform P(w) is the spectral density

and $(t) is the autocorrelation function. In discrete form,

P(w) 
ks_co 

•N(k)e~~ 
(8)

10
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where N is the number of nonzero input autocorrelation val-

• ues. If x(k) is a real, finite length , input sequence

O�k~N—1 then ,

~~ x(k)e~~~~
k-U

is the Fourier Transform of the input . Since the autocorre—

lation function of the input sequence is unknown , an est imat —

• ed value is introduced (Ref29:542).

N-
Ix(k)x(k—n)I (1.0)

k=O

Combining Eqs ( 8 ) , ( 9 ) ,  and (10) leads to an estimate of the

power spectral density.

j  

(

~~~~~~~~~~~~~~~~~~~~~~ 2 

(11)

where P~(w~) denotes a power spectral estimate using Per—

iodograms . This spectrum estimate is called a periodogram.

It can be shown that the periodogram spectral density

is biased and not consistent (Ref29:540—545). Therefore, al—

ternative techniques must be considered to estimate the spec—

tral density . Of particular importance in the estimation

technique is the length of the lag for each estimate with
a
, C respect to the total sample size (Number of total samples)

4.
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and the particular window function used in the frequency

transformation. Bartlett and Welch (Refs 8 and 44) consid-

er these problems in the development of smoothed periodo-

grams.

One technique used to modify the periodogram spectral

estimator so that the estimate is consistent is attributed

to Bartlett (Ref 8). The technique is particularly use-

ful with a large number of input samples. The input sequence

is segmented into several sections each with a fixed number

of samples. The spectral estimated from all sections are

averaged to produce an estimate that is consistent. The es-

timate is consistent if and only if the number of sections is

large. If, for example, the input consists of N samples

and is separated into K sections of M samples each, Eq(11)

is applied to each section to produce K periodograms. Each

periodogram Is assumed to be independent. An average over

all the periodograms produces an estimate of the spectrum.

The spectral estimator is written as:

= 

~I ~~~~~ 
(12)

i—i

where P~(w) is the ith periodogram estimate and PB(wn) is

the Bartlett smoothed periodogram spectral estimate. The

variance of PB(wn) is inversly proportional to the number

of periodograms, K (Ref29:548). Therefore, as K becomes

i2
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U large , the variance approaches zero and the Bartlett esti-

mate is consistent. Additionally, the bias of the Bartlett

estimator is greater than that of the simp)e periodogram

(Ref 8). These two results indicate that the reduction of

the variance is accomplished at the expense of increased

bias. However, increasing K results in fewer samples for

each periodogram, thereby decreasing frequency resolution.

For example, if it is known that the spectrum has a narrow

peak, M must be chosen large enough to resolve the peak.

For small variance, K must be large. The number of sam-

ples of the input sequence is determined by the variables

K and M . Clearly, if low variance and fine frequency

resolution are implicit , an extremely long input record may

be required.

Blackman and Turkey suggest another approach to spectral

estimation using smoothed periodograins (Ref 9). The techni-

que is to smooth the periodogram by convolution with an ap-

propriate spectral window. Welch applied the Blackman—Tur-

key hypothesis to the averaged periodogram solution and de-

veloped the spectrum estimation technique of averaging mod-

ified periodograms (Ref 44). Welch modifies the Bartlett

procedure by applying a window function directly to the data

input sections. The periodogram (Eq(11)) is thus modof led

to I M 2

pw~~n~ 
— ~~~~ x~~~(n)W(n)e~~~~ , i—1,2,...,k (13)

n— O

13
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where x~
1
~(n) is the nth input sample from the ith section,

and

U = 

~~ 

W~(n) (14)

where W(n) is the desired window and 
~pw

(wn) is the win-

dowed periodogram function. The smoothed spectral estimator

is

= 

~~ ~pw~~n~ 
(15)

Welch shows that with the inclusion of U , the estimate

is not biased and, if the sections do not overlap,

the variance is inversly proportional to K . Therefore, the

Welch estimator is consistent. Clearly, the Bartlett pro-

cedure is a simplification (subset) of Welch ’s method with

the window function W(n) equal to one.

For the specific application under consideration in

this thesis, smoothed periodograms are not practical. For

accurate spectral estimation , these procedures must have a

large data record. Bartlett smoothed periodogram techniques

do provide a means of verifying the results of analysis on

known signals under known conditions when the HEM and Pap—

oulis techniques are verified in Section III.

a
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Maximum Entropy Spectral Estimation

The concept of linear prediction is based on the assump-

tion that any linear system can be represented in discrete—

time by (Ref25 :562)

x(n) - 

~~~
Bkx(n_k)+A ~~ y

3
y(n~j),y0—1 (16)

k—i j—0

where y(.) is some unknown input , 8k and A are

some unknown parameters, and 1~k~M and Thj~P . In other

words, the output, x(n) , is predicted by some linear com-

bination of previous outputs and inputs. A special case of

this linear model is the autoregressive (AR) (all-pole ) model

defined by

x(n)  8~x(n_k)+y(n) (17)
k=1

and M is the system order. This equation is the model as-

sumed to be valid for the analysis under consideration. The

equation can be interpreted as a stochastic difference equa-

tion and describes the samples of a sequence from a random

process where y(n) is a white noise sequence with zero

mean and variance . Finite order AR processes are use—

ful In representing many physically significant linear ran—

dom processes (Ref 1,11,12,24, and 25). J.P. Burg provides
è~~ (
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the power spectral equation for this AR Model (Ref 12).

p ~t
2 (18)

1 ~~
n=i

where ~t is the input sampling interval. The proper values

for the prediction coefficients 
~~ 

, the prediction error

power 
~~~ 

, and the model order M must be determined.

These values are discussed in the following paragraphs.

The relationship between the AR process and the maxi-

mum Entropy Method is extensively researched (Refs 13,38,39

and 40). A brief overview of the relationship is provided

here.

Consider a situation where M different things, m1
happen with probability P1 . Information is defined as

_log~P~ where P1 is a particular event (Ref 47:428) . If

all the P1 are known to be equal a priori, no Information

is available. However, when a particular P1 is known, a

certain amount of Information is gained. Clearly, the prob-

ability of occurence is related to Information. Shannon (Ref

36) explored this Information Theory to measure the average

Information required to transmit a given message. Shannon

calls the measure entropy and is the average Information per

time interval .

~~1 H — — k  Pj log~~Pj  (19)
i—i

16
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£ where k is a constant and lo~~ is a logarithm base r.

Consider a process x~ that can take on the values Xl,X2 , . . .,

Assume the available Information about xt is the aver-

age values <fl (xt)> , <f2 (xt)> , . . . , <fm(~
ct)> of some

functions fj(xt), where m.~n . The probability distribu-

tion P~ = F(xt) that is consistent with the Information

and is maximally free of other limitations maximizes the en-

tropy Eq(19). In the continuum case (Ref 38:4i3),

H = 
~~~~~~ in

{cf N~~~~ 

- 

(20)

where f(~~) is a joint probability density for N elements,

and C is a constant .
~1

Smylie et al (Re f 38:410-4i4 ) show that the entropy

measure H is not a valid measure for frequencies and sug-

gest an entropy rate h that relates the power spectral den-

sity to entropy rat ’e. The suggested entropy rate for a

stationary Gaussian process is defined in terms of the spec-

tral density (Ref38:414)

1 (~Nh 
~~~~~

— J in P(w)dw (21)
N

where tN is the Nyquist frequency and in is the natural

logarithm. Replacing P(w) with the power spectral density,

Eq (8), yields

C
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h — JN in 
[i co

( e _ iw
~
]

~~~ 
(22)

assuming a uniform sampling rate and sampling interval of one.

Smylie et al (Ref 38:414) continued the derivation to yield

h = 
~ 
in {det[~M]} 

(23)

wh~xe is the positive sernidefinite M by M matrix of

autocorrelation coefficients. Smylie shows that is equl—

diagonal and indicates that such matricies are named Toeplitz.

To maximize the entropy, 
~M 

must be determined in such

a way as to impart no assumptions about the input data. No

erroneous information is added to the analysis. This restraint

departs extensively from the previous estimation techniques.

In the Bartlett technique, the data outside the window is as-

sumed to be zero, suggesting that the autocorrelation function
• 

is zero outside some limiting time period. If the autocorre—

lation is zero, periodic extensions used with FFPs are im-

plicit. Consequently, additional data is erroneously added.

As a result, the estimated spectral data may be somewhat dif—

ferent than the actual spectrum. The Maximum Entropy tech—

nique provides an alternate choice for selecting autocorre—

].ations , one in which no Information is added or implied.

The HEM technique implies •M is calculated in such a way
a C as to maximize the uncertainty or entropy and make no

18 
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U assumpt ions about the data outside the time sample.

To calculate the HEM power spectrum[Eq(18 )J , the order

of the AR process (length of the prediction filter) and the

predict ion coefficients ( 8 n ) must be determined . Procedures

to determine these values are discussed in the following para-

graphs.

The toeplitz autocorrelation matrix for an Mth order pro-

cess is

(0) q ( i )  . . . •(M) -

•(1) •(0) . . .
(24)

M . .
( . .

$(M) $ (M— i) . . •(0)

if it is assumed that $(0),$(1),...,$(M) are known. Sup-

pose M+1 is to be estimated from this data, then •(M+i)

must be selected to maximize the entropy. Also, +(4(+2) and

so on. Therefore, from Eq(23), •(M+1) is determined by max-

imizing det[
~M+l] 

with respect to $(N +1) . Since

must be positive semidefinite, det [$M+l1 has a single max-
imum when the product rule of differentiation is applied.

With •M+i determined, •M+2 can be determined in a similar

manner. For the case maximizing det
j~

. M+ 1J wi’.h respect to

•(M+1) the result is

19
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p $(1) •(0) . . . • (M— 1)
$(2) •(1) . . . $(M—2 )

— O  (25)

• ( M — i ) .  . .

$(M+1) 4(M) . . . •(1)
Solving Eq(i7) for AR order M

x(n)=B’ix(n—i)+Bax(n—2)+ ... +B~ x(n_ M)+ y (n)  (26)

Multiplying through by x(n—k),k.c0, and taking expected values,

•(k) = Bi+(k—1)+Bz+(k—2)+ ... +~~ $(k_ M) (27)
‘8

where E{x(n—k)y(n)} = 0 for a zero mean Gaussian input y(n).

Substituting the values of k 1 ,2,...,M+i into Eq (27)

yields a set of simultaneous equations.

•(1) —8~$(0)— 8M”~~
1
~ 

— 0

(28)

$(M +1) — B1$ (M)— . . 
~~~~~~~ 

= 0

These equations are known as the Yule-Walker equations (Refs

25,43,and 46). If $(O),...,$(M) are known, B
~
,...,BM

can be determined. Also, 4(M+1) can be determined by

20
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solving for the determinant of the matrix of all the •(i)

set to zero.

~~i) $(O) . . . •(M—1)
•(2) $(i) . . . $(M—2)

= 0  (29)

4(M+1) •(M) . . . •(1)
but this equation is identical to Eq(25). So the Yule—Walker

equations are identical to maximizing the entropy of the pro-

cess.

Suppose k [Eq(27)3 is allowed to equal zero. The ex-

pected value of x(n—k)y(n) is E{x(n—k)y(n)} E{x(n)y(n)}

but E{x(n)y(n) } E{y2(n)}~a
2
y for the zero mean Gaussian

model Eq (17). Eq (27) is now, for k=O,

(30)

and Eq (28) can be augmented to include all k—O ,1,...,M as,

~(0) •(i) . . . . •(M) 1

•(i) •(O) . . . . •(M—1) 0
.

. 
. . (3i)

. .
4(M) •(M—i) .~ . . •(0) 

~
8M 0

4.. 
21
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fj Which is an alternate form of the Yule-Walker equations. In

general, the variance, , is estimated as the prediction

error power 
~M+i 

resulting from the convolution of x(n )

with the M+i point prediction error filter Eq(i7) (Ref39:

187). 
~M+i 

is often referred to as the innovations power.

If the data are known for the M-1 case, the data for

the Mth case is determined by calculating the coefficients

autocorrelation 4(M), innovations power

and then calculating the power spectrum Eq(18). For the

M+1 case, there are M+1 equations and M+2 unknowns.

Burg (Refs il,i2 and 13) develops an elegant procedure that

does not make any assumptions about the data outside the sam-

ple. Additionally, the technique does not require a prior

estimate of the autocovariance or autocorrelation function.

Burg suggests that the error power be calculated by running

a prediction error filter over the data in a forward and

backward direction , but not off the data. As each set of co-

efficients is estimated, the error filter order is increased

by one and the procedure is repeated until the desired model

order is reached. The appropriate model order is discussed

in later paragraphsf The recursion corresponds to an approx-

imate maximum likelihood estimation of the AR coefficients

(Ref s 10:46—84 and 1.3:375).

Consider the case of a set of N input samples of data,

x(1), ..., x(N), all with equal spacing ~t , and the power

( spectrum of an Mth order AR model is required. First,

22
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assume the model order is zero. Therefore, an estimate of

the autocorrelatlon for lag one is

x2 (n )  (32)

where the (1) in $~(1) denotes the first lag. From Eq(31),

P1—$0(0) . The system for model order one is

~~ o(i) 1 
P2

$~ (1) P 1 = (33)
0

where 8~~ is the estimate of 8~ . The forward prediction

error is , f rom Eq( 17)

e~ (n)  — x(n)  - ~(n)

= x(n)—811x(n—1) ;n=2 .3....,N(34 )

Similarly, the backword prediction error is

e~ (n) — x(n)—B11x (n+1) ; n=N—1 ,N—2 , .. ., 1 (35 )

The prediction error power is calculated by

N—i

2(N — i) ~~
n 1

(36)

+ [x(n)_aiix(u+1)32)

23
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where 
~~~ii is chosen to minimize P1 . 8

~~~i 
is calculated

by (Refs 5:70 and 11:5)

2 ~~~x (n)x(n+i )

B ii N—i (37)

~~ (x
z(n)+x2(n+1)]

n—i

Solving for ~(1) and P2 yields

A A

= 8x ~ +( O)  (38)

P2 = P1(1..~ 11
2) (39)

In general, for the step from model order M—1 to M

(40)

- 2(N — M) 

N-M 

{{x
(n)_ ~~~~Mjx

(n_j)]

2 
+ E(n÷M)_

~~~~Mi
x(n÷M_J )]

}n—i j=1 j —i

• where is minimized , with respect to the estimated coeffi-

cient ~~~ (Ref5:71). Calculation of the prediction coeff i—

d ents ~~~ ; j — 1,2 , . . . ,M— 1 is accomplished by the Levinson—

Durbin procedure . Makhoul (Ref25 :566 ) outlines the procedure

which is a technique for solving for the data with esti-

mated 
~
(j) and Eq(31). The procedure solves for the data

in only M2 operations and requires 2M storage locations.

The recursion equation for 
~Mj 

is

a

~ 
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~Mj = BM_ 1j—~ MM~M_ iM_j ;1~.j <M (41)

From Eq(3i),

• • M~M~ 
1

A

• .

•M
(M)  • . . 

~~~~~

1 0

~~M— 1IiI 8M—1M—1

= 

A B 
: 

. 

(42)

M— 1 1

x 
~M+1

0 0 0

A •

— — 8 —MM

x ~M 0

where x indicates a don ’t care condition , and

a
, ‘~M+i PM(lB MM ) (43)
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L. Finally,

M
$M (M) = — 

~~~$M (M_ i
~~ Mj (44 )

i— i

Anderson (Ref 5) provides an algorithm to carryout the recur-

sions. The routine is suitable for implementation on a com-

puter and is used in the analysis sections of this report.

The coefficients 8M1’~~~ ’8MM and the error power (innova-

tions power) are implemented in Eq(18) to produce an estimate

of the power spectrum of AR model order equal to M

Statistical properties of the MEM spectral estimate are

investigated by Makhoul and Kromer (Refs 23 and 25:568—569).

It is determined that the MEM estimate is:

1. Asymptotically unbiased, as

,

E{P(wn)} P(w) (45)

2. Asymptotically Normal with variance

Var {
~

(wn)} = ~!{P
2((ü )} (46)

at each frequency w~

Thus, for large M and N and a smooth true spectrum , any

spectrum can be approximated arbitrarily closely by the AR

model (Refs 39:192 and 25:569). Fuller makes this statement

26
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even stronger in a theorem for any continuous spectral den-

sity (Refl8 :147—149).

To estimate the power spectrum using HEM , the order

of the AR model must be correctly determined. Three techni-

ques are suggested in the following paragraphs. Selection

of the technique to be used in analyzing unknown data in-

puts is primarily contingent on the simplicity of implemen-

tation.

One order selection method considers the well—known

statistical analysis tool, the Kolmogorov-Smirnov single sam-

ple test for goodness of fit. The test is found in several

sources (Refs 10,15, and 37). Additionally, computer pro-

grams are generally available in program libraries.

An estimate of the input sequence is generated by apply-

ing the prediction coefficients Eq(41)

~(n) = 
~~~8MJ x(n_ i ) (47)

for model order M , and the error is determined

• e(n)~.= .~(n)—x(n) ; 1~n�N (48)

If the prediction coefficients are correctly estimated and

the order is correct, then e(n) equals y(n) [Eq(17)J .

The initial assumption is that the system [Eq(17)J is driven

by white—Gaussian noise (WGN). The power spectral density of
a
,

27

L

~~_~ _ .:i~ I :J



__ - — .

WGN is constant over all frequencies. Therefore, E(w) , the

power spectral density of e(n) , will be constant over some

bandwidth if ~(n) is a correct estimate. Integrating E(w)

over this bandwidth will produce a ramp function approximating

the uniform distribution. The ~Ko1mogorov—Smirnov test compares

the integrated E(w) with an actual uniform distribution func-

tion , and generates an output that represents a probability es-

timate of how well the integrated E(w) approximates the uni-

form distribution. This probability output for order equal to

M is compared to previous values from similar test on orders

up to M • The maximum Kolmogorov—Smirnov probability corre-

sponds to the best estimate of the system order.

The Kolmogorov—Smirnov test clearly necessitates consider-

able manipulation of the data. Therefore, the test requires

a large amount of programming and computer time. Because of

these factors, Kolmogorov—Smirnov tests are not included in

the final analysis section of this paper. However, because

of the confidence many statistical practitioners have in this

test, it is used as a verification and confidence building

tool for the following two model order determining techni-

ques.

The problem of model order determination has been ex-

tensively investigated in the past few decades. Many of the

techniques result in considerable computations and many as—

sumptions (Refs 6,16,17,34, and 45). Two techniques develop—

ed by Akaike (Refs 1,2,3,and 4) show considerable promise

28
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and are used as analysis tools to evaluate the problem con-

sidered in this paper.

Akaike’s first technique adopts a decision theoretical

approach in which a value of merit is defined for each AR

model. The figure of merit is the mean—square error of the

one-step-ahead prediction determined by using the HEM to es-

timated the coefficients, 
~~ 

. In other words, if ~(n)

is defined as the estimated prediction of x(n) , then

FPE = E{[x(n)_~(n)J2} (49)

where FPE is called the final predictor error. Another esti-

mate (~ (n)) is generated from the same coefficients and an in-

dependent realization y(n) . FPE for this case is

FPE = E{[y(n)— (n)]} (50)

Akaike (Ref i)~ shows that the expression for the FPE of the

Mth order AR process is then

(FPE)M = N-M-i ~M+1 
(51)

where N is the tota1 sample size and 
~M+i 

is as defined

by Eq(31). The scheme is to determine some maximum order

L<N . Then calculate FPE, Eq(5i), for successive order

M(M—1,2,...,L). The minimum FPE yields the estimate of the

AR model order for preduct ion. FPE order estimation techni-

ques are investigated by several authors and provide

a
I
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excellent results (Refs 3,22 ,39 , and 40). This technique is

simply implemented and requires only one subjective assump-

tion, namely selection of the maximum possible order L

In a recent paper by R.H. Jones (Ref 22), it is deter-

mined that the FPE scheme outlined by Akaike becomes biased .

as the model order approaches the sample size. This result

is verified by experimental investigation. Jones shows that

if the input data is white noise, the estimated one step pre-

diction variance remains constant as model order increases

to N/2(for an N—sample input) . For orders above N/2

the variance decreases linearly as model order increases.

With white noise as an input, the variance should remain

constant for all models. To off—set the decreased variance,

Jones suggests the following modifications to the FPE Eq(51)

N+M+1 p 0<M<N’2
N-U-i M+1 - -

( FPE )M = (52 )

~~~~~ 
PM+i/(l.5_M/N) N/2<M~N—i

Applying this new FPE equation yields a constant variance for

all model orders up to N-i •

In subsequent work Akaike extended the FPE scheme to be

applicable to any maximum likelihood situation (Ref 1). He

describes an information criterion for estimating the model

order that employs the in-maximum likelihood estimate of a

given process. Akaike’s A—information criterion (AIC) is
a
’s U

30

“
I

,

U. 
—.-t~~~~~~—.-—~~~~~~- -~~~~--~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— 

_ _±

•

_.



p. -- - ,  

~~~~~~~~~~~~~~~~~ 

. . . -
, “ ‘

~~~~~~~~ 

. ‘ ~r~~~~r.rr ~wr “~~~~ — -~~~~~

defined by

(AIC)M — —2 in (maximum likelihood) + 2M ( 5 3 )

“A” denotes the first cape , with the expectation that B,C,...
may follow. It turns out that for the case of univariate AR

model with Gaussian input (Ref 21),

(AIC)M = N in (PM+l)+2(l+M) (54)

Again , a maximum order L<N is selected and the minimum AIC

denotes the proper estimate of the model order. R.H. Jones

(Ref 21:895) shows that AIC and FPE select the same order.

Additionally, Jones suggests that FPE and AIC are asymptotic-

ally e~uivelent. AIC, like FPE, is easily implemented and is

therefore, a desirable analysis tool for the problem under

consideration.

The Maximum Entropy spectral estimation techniques out-

lined in the preceding paragraphs provide an excellent tool

for the research in this paper. Since the problems are de-

scribed for short record data, HEM is ideally suited. Addi-

tionally, HEM provides an unbiased estimate of the spectral

density of the input sequence .

Papoulis Bandlimited Extrapolation Spectral Estimation

A new algorithm, developed by A. Papoulis (Refs 3i, 32,

and 33) appears to be applicable to the problem under con—

siderat ion. The technique involves an iterative routine

31



r — ‘
~~~~~

-
~~~~~

- — . . -—

~

-——---.

~~~

- 
-------

~~~~

using only a discrete FFT/IFFT. Specifically, Papoulis’

algorithm is applicable to stationary bandlimited signals.

The algorithm is based on one simple assumption

P(w) = 0 whenever I w I > a  (55)

Note that this assumption does not restrict the time function

x(n) to some specific value outside the period of interest.

The problem is to find the Fourier Transform of a band—

limited function x ( t )  in terms of some simple segment of

x(t), x(n) . Papoulis suggests that the solution is found

by the following iteration:

x ( t )  It I<T
1. Form x1(t) = . (56 )

t 0

2 . Determine the FFT

X1(w) i~~~~~c 1(t ~ (57)

3. Form X1(w) Iw I<a
P 1(w)  = (58)

0 Iw I> a

4. Compute

x2 (t) “

x(t) tN T  (59)
x~

’( t )

x2 (t) I t I > T

32
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5. Continue steps 2;3,’- and 4 to the nth iteration

to .yield

X (w) Iw I<a H

• 
~n~~~

’ = (60)
0 Iw I>a

The number of iterations ,n, can be controlled by a

• preset mean—square error (USE) value. The MSE for the nth

iterat ion is

e~ — fEx(t)_xn
(t)]2 dt÷. ~~~f[P(w)_P~(w)]

2 dw (61)

e~ - 
f

[x(t)_x n
(t)]2 dt + fEx (t )_x n (t )] 2~t

It I<T It I>T

rewriting the far right integral in terms of the Fourier

Transform

en 
- 

J
[X(t)_xn(t)P + ~~~~~ f I ) ~~n+1~~~I 2 ~~

tNT Iw I>a
(62 )

+ fIP(w)_Pn+i )l2~~

From Eqs(61) and (62),

en
_e

n+i f [x(t)_x n ( t )J 2 dt~~~ f I P (w )_ X n+l
(~~. I 2 ~~ (63)

I tN T I w I > c y
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The two integrals on the right side of Eq(63) are never less

than zero. Therefore, en
_e
n+l is never less than zero. It

follows then, that en is monotone non—increasing. This con-

clusion indicates that the iteration procedure can continue

to some value to satisfy a preset condition.

Papoulis (Ref 31:738—740) proves the convergence of the

technique , en~’~
O as n-~~ in the deterministic case . The

proof is through a comparison of the technique to a method

for extrapolation of band-limited functions based on the ex-

pansion of x1(t) into a series of prolate spheroidal func-

• tions. The results are provided in Appendix A. The algorithm

is used by Gerchberg (Ref 19), in a 1974 report on image pro-

cessing, with satisfactory results.

Comparison of Spectral Estimation Techniques

To complete the background information concerning tech-

niques for spectral estimation, several areas must be consid-

ered. In particular, the techniques must be applicable to

analysis of short input record. However, some aspects of the

traditional techniques can be used to verify the newer or un-

familier techniques.

Articles by Burnard and LaCoss (Re f S 7 and 24) provide

additional data and solidify the conclusions concerning the

various techniques. For example, Burnard and LaCoss suggest

that the v~riance of the spectral estimate for both HEM and

Periodograms is proportional to 2L/N, where L is the numbera i C
34



- of sections from the total of N samples. Also, LaCoss shows

that frequency resolution is inversely proportional to N

• for Periodograms and inversely proportional to N 2 for HEM.

• These results, along with the conclusions derived in this

sect ion are provided in Table I. Clearly, the HEM and Pap—

oulis techniques are applicable to the problem under consider--

at ion.

Several different input sequences are applied to both

HEM and Papoulis spectral estimation computer coded algorithms.

It is determined that on the average, HEM routines complete

execution in about the same time as the Papoulis’ routine

when the number of iterations is less than 100. Therefore,

the number of Papoulis iterations is limited to a maximum of
“p

100 to allow a rough equivalence in computational time be-

tween the HEM and Papoulis techniques.

Smoothed periodogram techniques provide the basis of

• analysis to verify the MEM and Papoulis techniques applied

to known signal samples. The following section provides the

results of applying the techniques derived in this section.

I
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III.  Analysis of Known Processes

The purpose of this section is to provide graphic illus-

trations of the spectral analysis techniques developed in the

previous section. Known time sampled data is applied to the

estimation equations to determine the spectral content. The

Bartlett smoothed periodogram technique provides true spectral

density data for verification of the estimates developed by

the HEM ‘
and Papoulis techniques. Calculation of the variance

of the estimated spectrum provides addition~a1 Information a-

bout accuracy. Three specific examples are evaluated to de-

velop confidence in the HEM and .Papoulis techniques.

The techniques developed in Section II are applied in sev-

eral subroutines. These routines have been coded using For-

tran IV and are provided in Appendix B. Figure 1 shows a sim-

plified flow diagram of an analysis routine to determine the

spectral density and statistics of an input process. The se-

quence is assumed to be very large (greater than 30,000 points),

to facilitate accurate determination of the Bartlett periodo—

gram, the sample mean, and the estimated variance of the MEM

and Papoulis techniques. These values are calculated from

64 independent realizations each with 128 samples.

Figure 2 illustrates the algorithm used to determine the

estimated spectral density using HEM and Papoulis techniques.

( This routine assumes that the input sequence is short as
I .  -
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r
Start J

4

Initialize Data and Plotter
Plot 128 Samples of Input Data

3
Determine FPE,AIC, and Kolmogorov-
Smirnov. AR model order
Calculate HEM Coefficients

.CALL MEMCO I

.CALL AFPE

.CALL AAIC

.CALL KOLSMR
Loop of Orders 0—31 

____________

/ Plot FPE, AIC , and Kolmogorov- /
( Smirnov data for Orders 0—31 /

• ~
/
~i~ecide on AR Model Order

3
Determine Sample Mean and

Variance for MEM Est imate , 64 Windows
(Skip 50 Data Points Between Each Window)

Let N=64 (64 Windows)• .CALL BTLET

Plot Bartlett Spectrum

Figure 1. Flow Diagram to Determine AR Model Order, Bartlett
Spectrum, Sample Mean, and Variance of HEM and
Papoulis Estimation

~ C
38

L. ~ 
. - . , • , • , .  . 

~
•- .  ~~1_•~.. -~~~



_ _  _

/‘ilot Bartlett Spectrum /

Determine Sample Mean and
Variance for HEM Estimate, 64
Windows (Skip 50 Data Points
Between Each Window)
(Eqs(1) and(4))

.CALL MEMCO1

.CALL PSPEC
Loop 64 Times

II

/
‘
~Plot Sample Mean and Variance~~

Determine Sample Mean and
Variance for Papoulis Technique,
64 Windows (Skip 50 Data Points
Bewteen Each Window)
(Eqs(1) and (4))

.CALL PAPO
Loop 64 Times

‘I
/‘~Plot Sample Mean and Variance 7’

~~~~stop
9

Figure 1. (Continued)
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( Start )
Ilinitialize Data and Plotter]

/Input Number of Data Points N

/ 

(Max 128) and Maximum HEM Order

Determine AIC and FPE
Calculate HEM Coefficients for
Order 0 to M

.CALL MEMCO1

.CALL AFPE

.CALL AAIC
Loop U Times

Jr
/Print AIC and FPE Data 

7

4:
/ Decide on Model Order L /

Determine HEM Spectrum
for Order L
.CALL MEMCO1
.CALL PSPEC

Figure 2. Interactive Routine to Calculate Estimated Spec-
trum for HEM and Papoulis Techniques.
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H. 
97 Plot HEM Spectr~~~

7

CONTINUE ?

Yes

Decide on Maximum Papoulis
7 Input Data (T) less than N [Eq(56))

Jr
Determine Papoulis Spectrum

4 
.CALL PAPO

4
~/ Plot Papoulis Spectrum /

CONTINUE? Yes—_--~1Ø

No

Stop

• Figure 2. (Continued)
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defined in Section I.

The three signals evaluated in this section are a sIm-

ple 2nd order AR process, and autoregressive-moving average

process, and a sum of two cosines plus Gaussian noise.

Example One: Second Order AR Process

Example one is a simple AR input sequence

x(n) = 0.75x(n—1)—0.5x(n—2)+~(n) (64)

where ~(n) is a Gaussian distributed sequence with zero

mean and variance equal to one. This sequence should have a

spectral density that resembles a second order low pass sys-

tem.

A 128 point sample of the input sequence is provided in

Figure 3. The expected results are verified by the results

of the Bartlett estimate, Figure 4. Data from the HEM model

order calculations are provided in Figures 5,6, and 7. As

expected, AIC and FPE model estimation techniques indicate a

minimum at order equal to two. Additionally, the Kolmogorov-

Smirnov analysis indicates a maximum at model order equal to

two. These three model order determining techniques clearly

suggest that the HEM technique with AR order equal to two is

the most correct model. Figures 8 through 11 show the esti-

mated mean and variance of the HEM and Papoulis techniques.

Notice how closely the estimated mean from the HEM technique

approximates the expected results from the Bartlett technique
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(approximately the true spectrum) . With only 64 realizat ions ,

the mean from the HEM technique appears to be reasonably accurate

with a variance depending on the amplitude of the true spectrum.

For this particular problem, the estimation errors are relative-

ly small.

The Papoulis technique fails to provide satisfactory results,

with a variance much greater than that of the HEM technique.

This problem is attributed to the limitation of the number of al-

lowed iterations in the Papoulis estimation routine. It is as-

sumed that the Papoulis technique will do a more creditable esti-

mation of the spectrum if the routine is allowed to iterate be—

yond 100. This conclusion is suggested by Eq(63) and Papoulis’
• 

~~. proof of convergence. However, since the input in this problem

is not deterministic , the error will not go to zero as the num-

ber of iterations is increased, but will converge to some con-

stant value related to the variance of the noise process ~(n)

Results from execution of the routine in Figure 2 are even

more illustrative of the accuracy of the HEM technique. Fig-

ures 12 through 15 show the results of these techniques applied

to two input sequences of 128 and 32 samples. The HEM technique

Is clearly superior for this particular second order AR sequence.

Results of this application indicate that the HEM technique es-

timates the spectral density with a high degree of reliability.

This can be observed when the HEM analysis results, Figures 12

and 14, are compared to the true spectrum (by Bartlett technique)

Figure 4.
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Example Two: ARMA Process

Example two is a departure from the previous example, in

that the MEM technique must approximate the system spectral

density [Auto-regressive-Moving Average (ARMA)] by an AR Model.

This example provides a more rigorous test of the HEM techni-

que. Something other than an AR model is modeled by the HEM

technique. Illustrations of the primary results are provided

in this section with supplemental data, i.e. AR model order,

HEM and Papoulis mean , and HEM and Papoulis variance estimates,

provided in Appendix C.

The ARMA sequence is generated by

x(n) 0.5x(n—1)—0.25x(n—2)+0, 125x(n—3)+

- (65)

n(n)—1. 1~(n—l)+0.24r~(n—2)

where n (n) is defined as in example one. This particular

model is the result of a system with three poles and two

zeros. It is expected that the spectral data will exhibit

the results of cancellation of poles by zeros at some frequen-

cy. A plot of 128 samples of the ARMA process is shown in

Figure 16. The signal appears to be purely random. Applica-

tion of the Bartlett smoothed periodogram indicates the ex-

pected spectral estimation results (Figure 17).

Application of the HEM model order estimation techniques

indicate an AR model order of five (Appendix C). The HEM

technique shows a very close relationship between the Bartlett
1
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• 
1. estimation and the MEM estimated mean. Additionally, the HEM

• 
• 

estimated variance is small when compared to the Papoulis tech—

• nique counterpart. The problems previously encountered in the

Papoulis technique continue to be evident in this example.

Figures 18 through 21 show results of application of a

fifth order AR HEM model and the Papoulis technique on 128

• and 32 samples of the ARMA process. The HEM technique clearly -

• estimates the spectral density with more accuracy than the

Papoulis technique. The limitation of 100 iterations restricts

accurate estimation by the Papoulis routine.

Example Three: Sum of Sinusoids

Many spectral estimation application problems are a Se—

1.. quence resulting from some form of a sinusoidal process. One

case may be a sequence consisting of radar returns. This ex-

ample exercises the spectral estimation equations to analyze

a sinusoidal time sequence, a process that is the result of

a sum of two cosines in the presence of a Gaussian noise.

This example Is set up to provide an indication of how

well the estimation techniques are able to resolve two co-

sines with different amplitudes and frequencies that are

close to each other. The input sequence is generated by

x(n) 3cos(O.lln)+2.5cos(0.14n)+n(n) (65)

where n (n) is Gaussian distributed, zero mean and variance

equal to one .
1
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A plot of 128 samples of the input sequence is provided

in Figure 22. The expected spectral density should have two

narrow spikes at 0.11 and 0.14 Hertz riding on a low level of

noise. The spike at 0.11 Hertz should have a higher ampli-

tude than the 0.14 Hertz spike. These expected results are

verified by the estimated spectral plot from the Bartlett

smoothed periodogram, shown in Figure 23. It appears that

the periodograin closely matches the spectral density.

Estimation of the AR model order indicates that the

best (minimum FPE and AIC) order is 23 (Appendix C). Also ,

reasonable values for the estimated mean and variance indi-

cate that the HEM technique appropriately models the input

sequence (Appendix C) .

The Papoulis analysis indicates that this technique pro-

vides increased accuracy over applications in the previous ex-

amples. Estimated mean and variance data suggest that the

Papoulis spectral estimation technique produces reliable es-

timates (Appendix C).

Results of spectral estimation of two independent se-

quences, 128 and 32 samples, are shown in Figures 24 through

27. Both HEM, with AR model order 23, and Papoulis techniques

accurately estimate the input spectral content. The 32 sam—

pie sequence, when applied to the FPE and AIC equations, sug—

gest an AR model order of 17. For the 32 sample case, notice—

able degradation in amplitude resolution of the HEM technique

- 
•
~~~~~* ~ 

•: is observed. This degradation is attributed to the large

65 -
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• ~~~~~• estimated variance of the HEM technique (Appendix C). Recall,

from Table I, the variance of the estimate is inversly pro-

portional to the number of samples. Therefore, with a larger

variance estimate and fewer samples the estimated spectrum will

contain larger errors.

Conclusions

The signals analyzed in this section are by no means con-

sidered to be an exhaustive list of all possible signals of

interest. However, enough data is available, from analysis of

the provided examples, to draw realistic conclusions about the

spectral estimation techniques under investigation. The three

examples indicate the relative qualities of the HEM and Papou—

• \ lis spectral estimation techniques. In particular , the HEM

techniques show considerable applicability for all types of

input processes including simple AR , ARMA , and sinusoidal data.

T~is conclusion is tempered by the restrictions placed on the

nu\~ber of iterations for the Papoulis estimation technique.

Cl4rly. the Papoulis technique provides creditable results

whet\ the input is sinusoidal and it is expected that the tech—

niqu~ can be employed on other types of data if the restric—

tions\ are removed.

4he analysis of short record input processes is expanded

to specific problem signals from data provided by the Rome Air

Development Center. The following section provides analysis

• 

• 
results showing the relative merits of HEM and Papouiis spec—

~ .V ~ tral estimation techniques.
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IV. Analysis of Radar Problems

The purpose of this research is to develop spectral den-

sity estimation algorithms for specific problems of interest

to the government. The major limiting feature of the prob-

lem is the restriction to short sequences (128 samples or less).

The specific problems evaluated in this section are adaptations

of data provided at a recent RADC spectral estimation workshop

(Ref 35). These problems represent data typically available

from a radar problem. One problem is a sum of sinusoids with

a wide range of amplitudeS ,. The other problem is a sum of

sinusoids with additive noise. Two different noise sources

are added to the second problem. In the first case, only

Gaussian noise is added. The problem is evaluated again with

additive Gaussian noise plus impulsive interference distribut-

ed randomly throughout the data.

Spectral estimation techniques are required in the radar

problems to determine the relative amplitudes and frequencies

of the time sampled sinusoidal data. The data is assumed to

be defined over the range of 0.0 to 200.0 Hertz. One strong

• sinusoidal waveform is added to other weaker sinusoids. The

total dynamic range is approximately 40 db (the weakest sig—

• I nal is no more than 40 db down from the strongest signal).

Problem One

A simple sum of sinusoids with different amplitudes is

A
— A



~‘ ~~~— ~~~__~~ 444-.~~~ j~~~ -~-~~~~~~ 
-.- -—--

~---• •—.- ~~~~~~~ 
-
~~
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~ • t-’ evaluated in this problem. The input data is evaluated using

4 the interactive routine outlined in Figure 2. Independent se—

quences of 128 and 32 samples are evaluated. The sampling

interval (st) • is 0.0025 seconds with a maximum frequency of

interest of 200 Hertz.

Problem one is generated by implementing the following

equation

x(n) = 0.03 cos(21T78n~t)

+0.90 cos(2~134n~t)

+1.20 cos(2ir128n~t)

+0.90 cos(2ir143n~t)

+0.04 cos(2n153n~t)

+0.16 cos(2rr165n~t) , n 1 ,2,... (66)

• The dynamic range of amplitudes for this problem is —1.43db—

(—33.47db )=32 . 04db .
- 

Figure 28 shows a 128 point sample of the input sequence

x(n). Numerical results from 128 and 32 point samples of the

• input sequence are provided in Figures 29 through 32. The

higher amplitude components are clearly evident from both MEM

and Papoulis spectral analysis. Close examination of the

• actual spectral density estimat ion data from the HEM algorithm,
• 

• provide by a computer listing, indicate that the HEM techni—

que is capable of detecting the associated input frequencies

~- with few errors. In particular, the 128 point sample clearly

detects all input frequencies. However, HEM is deficient in
• ~~~~~~~

•- -- - - - 
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low amplitude estimation, when only 32 samples of the input

sequence are available. The latter problem is assumed to be

a result of limited model order, i.e. only 32 samples of in-

put, limits model order tq less than 32. A higher model or-

der may be required.

Papoulis extrapolation techniques estimate the spectral

frequencies of the top four amplitude signals but fail to de-

tect the remaining signals. The Papoulis technique becomes

less reliable with fewer input samples, a problem encountered

in the last section and related to limitations imposed on the

number of iterations.

An additional note of interest is the failure of MEM es-

timation to estimate the relative amplitudes of the various

• frequencies. This problem is clearly evident in this and pre-

vious examples. Ulrych and Bishop (Ref 39:191—192) attribute

this anomaly to the relatively high variance of the HEM spec-

tral estimation techniques when compared to other techniques

(also see Table I). The variance is directly proportional to

the amplitude of the estimate. Ulrych and Bishop suggest that

this problem is allowable if a trade off between variance and

resolution is considered. Clearly, the results suggested in

Section II are illustrated in this sum of six sinusoids prob—

• lem. If the Papoulis technique successfully estimates the in-

put frequencies, the relative amplitudes of the generating

• data is preserved. Analysis results from Section III and this

80 
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section indicate resolution limitations of the Papoulis tech-

nique when compared to the HEM technique.

Problem Two

The second radar problem considers the case of two close— *

iy spaced cosines with additive noise. The second part of

this problem includes an additional random noise source that

is impulsive. Initially, the sequence of interest is generat-

ed by

x(n) = 231 cos(2-rr51n~t)

+1314 cos(2ir62n~t)+n(n) (67)

where ~(n) is a Gaussian process with zero mean and variance

equal to 36. The large variance indicates a large noise source.

Figure 33 shows a 128 point sample of the input sequence. Spec-

tral estimation results from 128 and 32 point input sequences

are provided in Figures 34 through 37 Satisfactory results

are indicated for both the HEM and Papoulis techniques applied

to the 128 point sample. The Papoulis technique fails to dif-

ferentiate between the two input signals when only 32 points

are analyzed. This problem is another indication of the resol—

• ution differences between HEM and Papoulis spectral estimation

techniques -

An additional noise process is added to Eq(67). Samples

• from a uniform random number generator are taken at each point

n - The uniform generator produces numbers between [0,1]
~,1 ~

) 81
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Whenever a number is greater than an arbitrary value of 0.85,

an additional value of 9999 is added to the output x(n)

This impulsive signal is added to simulate external pertur-

bations such as lightning and erroneous data coding. It turns

out, that an average of ten pulses occur in every 128 samples.

A 128 point sample of this sequence is shown in Figure 38.

The data are evaluated using MEM and Papoulis spectral esti—

mation techniques. Figures 39 and 40 provide graphic examples

of the resulting analysis. Both techniques are unable to re-

solve both frequencies. Row~ver , MEM does indicate a large

amplitude node near the two frequencies of interest, i.e. 51

and 62 Hertz. Note the very large impulse near zero. This

added impulsive noise reduces the signal to noise ratio of

• both techniques. Therefore, the resolution of MEM and Pap—

oulis techniques is greatly reduced.

Conclusions

The problems considered in this section represent “real

world” radar applications. Papoulis Bandlimited Extrapolation

and MEM are capable of resolving many of the signals present

in the input sequences. In particular, a sequence of 128 sam-

ples can be resolved when the maximum deviation between fre-

quency amplitudes is less than 40 db. Additionally, when res—

olution is of greater importance than amplitude, the MEM tech-

nique exhibits marked superiority over the Papoulis algorithm.

Noise pertur.~”tions do degrade the relative accuracy of
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each estimation technique. In particular, considerable

resolution discrepancies are observed when both impulsive

and normal noise are introduced as compared to simple normal-

ly distributed noise.
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V. Conclusions and Recommendations

Power spectral estimation of short record time series

data represents a unique problem. Traditional estimation

techniques such as FFT and periodograms do not provide suf-

ficient resolution for adequate analysis. Two techniques are

suggested that produce spectral density estimates that are

clearly advantageous and computationally desirable. The

problems considered in this research are limited to station-

ary processes. The Maximum Entropy Method applied by Burg

and bandlimited extrapolation by Papoulis clearly are desir-

able algorithms. Each technique exhibit some limitations
4 ..

and certain trade of fs between resolution and amplitude.

The spectral estimation techniques are applied to sev-

eral “real world” problems producing acceptable results In

most cases. The Papoulis techniques do not provide the

resolution of the MEM technique, but this reduced resolu-

tion is attributed to the prelimiting of computer process-

ing t ime .

This research does not suggest that all possible analy-

sis techniques are considered. Several techniques are

currently being evaluated by several individuals. Of par-

ticular importance is the work by Makhoul et al (Ref 26) in

the area of lattice networks.

Additional areas of evaluation and research are extensions
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I
to methods covered in this thesis. Extension of the techni-

ques to complex signals should be a relatively simple operation.

Also, since signals from imaging systems can be evaluated using

the techniques of this thesis, two dimensional spectral esti—

mation techniques are a reasonable evolution. Finally, Cadzow

(Ref 14) suggests a technique to evaluate an Input sequence

using MEM when a percentage of the data is incorrectly coded.
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Appendix A

Prolate Spheroidal Expansion

Prolate Spheroidal expansion methods can be used to de-

termine P(w) from a sample of an input sequence x1(t)

xz(t) can be expanded into a series of values dependent up-

on a set of orthogonal elgenfunctions 4k(t)

= 
~~ fxt t)

~k
(t)dt (68)

where are the eigenvalues and T is the sampling inter—

t val defined for the Papoulis extrapolation in Section II.

xj(t) is expanded as

xi(t) = 
~~~~k

$k(t) (69)

k=O

since k(t) are orthogonal eigenfunctions, the Fourier

Transforms are a scaled value of

k(t~~~~~
_ 

~~~~~~ 
(w) (70)

/c

B — i2irT/a ,b—T/a
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and since $k(t) is defined over T,

+k(t~~~~/c ~~~~~ 
(71)

The fourier Transform of the input sequence is

P(w) = B~~~ —

~~~ ~~~~~ 
(72)

k=0

where Iw I~a
Papoulis (Ref 31:737) shows that the technique suggested

in Section II converges. The input function can be expressed

as

x(t) = 
~k~k

(t) (73)

k=O

and from Eqs(56) and (69),

x~ = x ( t ) —  
~~~k

(1_A
k) k(t) (74)

k=O

Finally, x~+x(t) as n÷~ . This is shown by Eq(63).

Therefore, En+O as n-’~ , but

E ” ~~~~~ct~ (75)
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is the energy in x(t) and is finite. Since the eigenvalues

are less than one, 1
~
1k<1 an’! l_X

k~
l_A

N when k~N

Therefore, the energy in the uth iteration of the Papoulis

technique is

— 
~~~~k=O k>N

+ (76)
k—O k>N

where ~ is some arbitrary value. Therefore (1_A
N)

2n+O as

n~~ and P~(w) converges to P(u ) as the number of itera-

tions increases.

L.
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Appendix B

Subroutines Used for Spectral Estimation

Several algorithms are used in the analysis sections of

this paper. This appendix provides a brief explanation of

each routine along with a FORTRAN IV listing. All subroutines

are compiled into object code and stored in an ASD computer

system program library called MEMBIN. A listing of the sub-

routine names and functions is provided in Table II. The ap-

plicable equations for each routine are repeated in this sec-

tion from section II.

Subroutine AAIC

Calculates the Akaike A-Information Criterion using Eq(54 )

(AIC)~ — N ln (P~~ 1)+2 (1+P) (54)

where N is the number of samples;..].n is the natural logrithm ,

p is the particular model order and 
~~+1 

is the innovations

(est imation error) power.
4 ’* ~~~~~~~~~4+  ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~

C
SU~~~O 1P1TNc A AI C C~

,,M,P ,A1 C)
C
C AsIC C.~LC’J,.1~T F S  TH~ ~ ‘(4I’(~ ~~~~~~~~~~~~~~~~~ C~~Ii~rR IOw
C VA LU E F~ 3M ~H Z 1Uf~3V t.T IC N Eh’C,~. V I ~~U~~ 

(P OW [ R)
C V ECT C,~ P C ) (1,2).

C CAi.L i.O 6Y :  ~~ LL 4 4 I C C N ~ 1,P,P1C
C
C N IS T’I. 1~~!~~L NUti~~~ i~F l~4f .U1 SAMPL!S
C P4 IS TH~ I~~

)
~ L U~ OE~ PLUS O~.E

C P ( )  AR ’ !  T’1~ CR P~JW~.i~ V .~L”S ~~~ 3~. )E~~ i’ TC’ H
C A 1C()  A . .~ T ’4 ! C~ LClJLtT ED .NFC’~IP1~ TI0N C~~~~~~.tO P~ V MLUE~S
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TABLE II

Subroutine Identification

External Calls
Routine Name Function Performed Required

AAIC Calculates the Akaike A—Inform- None
ation Criteria (ATC)

APPE Calculates the Akaike Final None
Predictor Error ( FPE )

BTLET Computes a Bartlett Smoothed FFT
Periodograzn

FF’r Decimation in Frequency Dis— None
crete Fourier Transform

HGRAPH Generates plotting Data for AXIS, SYMBOL
CALCOMP x,y data PLOT, SCALE

KOLSMR Calculates the Probability PDF,NKS1
that the MEM Coefficients (IMSL Routine:
Produce a True estimate.

MEMCO1 Calculates the Innovations None
Power, Estimation Coefficients,
and Autocorrelat ion values for
the MEM Technique

PAPO Calculates the Spectrum using FFT
the Papoulis Bandlimited Ex-
trapolat ion Routine

PDF Calculates the Values for a None
Theoretical Uniform Distribu-
t ion .

PSPEC Calculates the Power Spectral None
* Density using the MEM Estima—

tion Coefficients

14..
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~~j s  ruz LI BEST ~~ALITI fl~~~$~ $~ .$ui
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~~~~ ~ u ~~3JI SHXD 1’O D&LC

C
C 1. A < t I<!, 4 ., ’ A  N~ W Lvu’~ ~.T T~4~ ~ 1~~~T J C ~ L ~~~~~ IDEPIT IFT—
C ~1i’);’~”,L~.rt TRA~J’~. .U’TC”. c0~T .,V .)L. ’ C_ 1~?,e9,,_ 7 ,PE~C 2. J u 4 !,, ~.“.,‘ I) ~ h ~~~C I?.T J Cr.~ ~~~~~~~~ ~Ji)~ r ..~ S’ IVE SPtCTUJ’4
C ~51I;A1 r r” ,A ~ E: ~~~~~ ~~ c o1T., v ) L.A r—I Q ,?u—2! ,
C DLC ;~~.C

~ ~~~~~~~~~~~~~ .
~~~~~~~~ ... .. . ., .... ~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~

C
Di~~~u~ r C~J P ( 1) ,t I C ( 1)

C GE~ Z~~.TE ~~~~ ‘~T~~cT .~IJG .~~ E
A lC( 1) : r4~ f, LCJG ( P(f l )
j F (~1 i i i )  R~ T~J’ ”1

C GET 1HE A~~ %I~ LUFS
!‘(‘ t.. ~:‘,.i
A i C ( j~~:~~’~ .LU C s ( P (~ ) )  +2~’ ( i — I )

13 c 3 , 4 r 1 JJ~

.Subrout ine AFPE

Calculates the Akaike Final Predictor Error using Eq(52)

~~~~~ P~~ i , 0 P~N/2

(FPE) = . . (52 )
N+P+1 ( 

~~~~~~~~~ ‘
~ N 2 P~NN—P— i ~(1.5—P/N)) ‘ 

/

where N is the number of samples, p is the particular

model order , and P~÷1 is the innovations power. This e-

quation.is an a.Ijustment to Akaike’s FPE formula, suggest-

ed by Jones.
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~

C
~ J~ F~’)UTIPJZ A FP !C~ ,‘l,P,FFE)C

C AFPE CALC’ IL~~~~S TH~ ~KA IK~ F INAL F~ E C”.r~ ~FF0~C CALL LD ~ f (‘ALt . A F~~~(N,1, ?,FF’!)
• , C

C N IS TH~ T~~’~~L ~UM~ E~ CF SA~~FL’ !~
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- ~ ~~~~~~~~ ~v

C H .~S T eIE ‘::~1F:t. O~~)~~ PLL’~ 0~ E
C P() ~~~ T’~~ ~~-i ~0R T ,,.rPJATI Ct  ~ (P O W .z~)
C FPE() A~~ ~~1E CA LCtJ L~~1ct ~ FP~ VA LC E’~C
C 1, A ~~~~~~~~~~ It~~ ~ U1Cr ~~ Gi~ ~~~l E ‘t fl1~ LS F r i ~. PFE~ IC~’LO~r’,
C ANP~. Z 4 ~~~. S~~~T.  ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~C 2. ~~~~~~ ~,‘~.1 IT~’ aG~~~.S1. V c. ~~~~ 3ZL~~~T Ifl! ’.,GEOPHY5. ,
C VLL. ..i, t1— ~~,A I’5 •

‘~~1

C
C 4 e ~~

4 l
~ ~~~~4~~~4 i  4.: . P .* ,. . j .~~~ . .*~~ ö~~~~ S~~ S~~~~ 3~ 4 4~~~b ,.., ~~~~~*‘

C
~~~4Erl3 r~~ p ( j ) ,rc~~(j )

C GEP1Ei ~~TE T I E  ~‘CALE ~~~~~~Fp~~(1)~~(cL (~~+ 1)/FL ~~,.r (P. —~~) ) ’ ~’ ( j )

C NO R ’IALI ’E ~~~ U LT S
FT ~ 

pr (1)
FPECi):t,

C G ET T’4~ ~~~
X 1: I :2 , P1
F~’E( I) : ( FLOA T (~’1+i—i)/ Ft..( ’  (‘ — .~— i) )  ‘PCi. )
IM1.~ I—1
IF(.i~ii.LT .P N ) G O  ‘0 2~

23 F P Z ( I ) D ( I ) / F T ~~~D
ID CLD$TI~’JE

£ND

Subroutine BTLET

BTLET determines the estimated spectrum by applying the

Bartlett smoothed Periodogram equations.

~ ~X~ (w )~ (11)

PB(w) — ~~ ~pj(W) (12)
i—i

where XN(w) is the N—point DFT. There are k, N-point per—

iodograms, P~~(w)

* 1 •
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~U O ~JT LN~ T LET ( u,~~,t1or~~,~~~,FL(j,F97 ,x ,~~

)
C
C 3T~~ T C ; M~ 1IT E~ iHE ~~~I~~~T€. r 

~OW E~’ S V~T~~’J~1 L~~I~~G THE
C 3A~ T L~ Ti .~“C~OT’11D P~~ IJr0t,

,~..r “ET’iOD ( j )

C
C CALL E~ rn ~~ L L ~TL~~i( N,~~,t CCl4 ,D1,F~~ ,C Hi,X,’6 )
C
C N iS 1H~ P~’.~MPE~Z ~F ~LMFLES PE~ W 40’~W
C H 13 T’II  “~B~~ O~ PF~~1C rcc .~ ..H~ u;E.1
C ‘1O’)’~ IS ft3~ 1~ 0 C~ 1~ f lT E N FL,~ ~ )U~~ N! FF1, ~=?‘~~HCDN
C DT £3 TH~ T T M E  SAM ~~Lc. .Zi~i r k V A L
C FLO ~S ~H! ir~w ~~~.. ~~ijr~,~ y ~F ~~~ E~ E~ t
C FHI 13 T’1~ ‘UGH F~~~~Uè~~~ ( F  ~‘4T~~.. E T
C XC ) ~~~ T’~ 

r~~FO1JE;1CY ~~~t~t-t ~~C Y ( )  A~ E T-I E: ~‘1PL r’i rES ~~ ~ i4 E F ,J!J1C;~~;C
C i(E~)UI’.ED ~. ‘Y J fT P 4 t S  ~, .C’ . ’  L~~~~~~ Y I FF1

• C REOU L .E~ ( \ -  ) i ’  3~ 1~ ~~~~ I~I LJC.~L F~ L~ ~~FEb .
C
C I. OPP!~”4~.r~., A .,, ~~D ,W , ~CH..~FE,~,”)! G T ~~L 5 1GNt L P~ O~ E~33—
C l’,G”,lc W V O,s.Kt P,~~~T iCt.4 1~LL,t~j,~..
C
~~~~~~~~ •~ ~~~~~~~~ *~~~ ~~~~~~ .. .. ~~~ ~~~~~~~~~ ~~~~~ ~~~~~~~~~
C

D IMEN 3I3~I X (I),Y (l)
C~P1’LEX t’,XF(3 1 )
t~P~~j =~ +: r~

hP I M+ i
C OF I’5 THE C~ fl’1G~ I~ 

F~. E(~UEN( V F0~ L~~ H ~~t4°LE.
0 F ( I - LO)/FL OI T  ( Pa )

00 l’l I:j,N
Y (I) ~~.
XC I) F~ E~

• 10
00 2~ I:1,M
00 3~ J 1 ,NF’

IF (J.Lt..~~’)G0 TO 3C

CONTI?
~
IJ’!

00 i~ J:~JD j ,NM
15 XF(J):(C,,C,)
C GET TH! OFI

CALL FF1 (XF ,tl(4P1 ,1.)
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A”W X~ (J) ~A
Y (J) =Y (i )+gBV

2~ CG~~T!~4~’~00 ~~ 7:I,N
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Subroutine FFT

FFT calculates a 2M point DFT or IDFT of the input data.

The routine is a standard decimation in frequency application.
- P .4 ~ ~~r ~ 

p. . 
~~~~~~~ - . . 4 . I 4 .

~ ~~~~~~~ *A

C
sU 3 o’JT :9~: FF (X , M,X iJ

C
C FF1 COI DUrEc ThE OFT FOR ~ V E C i 0 ~ It~PU! XC ) T”MT HAS
C LCG (~~A S F 2 ) M  P oIP ~~~. Fc~ FO~ W !kO FFT , x: = 1., FO~C RLVc~ ’~~ (T~~~T )  X I — 1.
C THE ~O’Ji I.~E I~’ u CIP~~1It~Ii IN FR~ QUENCV (1).
C
C CALL ED 3Y~ CEL L F F T C X , P~,X ~
C
C X ( )  IR’! TH~ I~9P1~T V A L U E S  TO EE TP .AN3FO 0, RESULT
C IS IN X ( )  ON kETU R~- C  H IS T H~ MULTIPLY II,G FA CTC F , M L u ~~(V ~~~ 2)1’
C XI D~ TERM!~~ES IF .~~ FF7 Or . 1FFT IS P FC.~~.i!0,
C XI 1.. Is FOR FF1, XI = —1.. IS FO’~ T~~ T
C
C i.  0PP~~I’ IET M , D .V . A P , O .W .  SCW ~ F!’- ,’UIG!1AL ?IGNt.L PkO~ F33—
C IP~~’,i~ L~ YOrO~ ~R T I C E — L L ,j ~~”,.C
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C
CO’I~ L X  X (j),U ,W ,T
N 2 • M
N V 2 ~4/ 2
&lj N— j

C BiT r~~V L \S~~L P4 F~T

PI=3, i 2(~~3’~~°~
,

00 7 I:1,~1M1
IF(I.G~.J)GO TO ~

.

T~ X (J)
X (J)~ X (I)

( X (I) T
5

F 
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4
L.

6 IFU<.GZ.J)GO TO ‘7
J J —t (

7 j =J+I(
CO ~~~‘. Li , M
LE~~~’ L
L i L~.

/ 2

W :CEX0 (~~P’~ LX ( . . , — X I P f L E 1 ) )
C aurr E.:FLY ~iLCULATI OI’ S FA r T

00 2~ J 1,LEI
Otj i-” 1J , N,LE
I° ’I #LEI.
T =X ( I~~

) U

iC X C t ) % ( I ) + T
u=U ~1
£F(x:.~~r. •) RET !J~ P.’
DO ~~~~~. I=I,N

30 X ( t ) X ( T ) / N
P~~TUP.~I(‘10

Subroutine HGRAPH

Given some input data, x and y, and the appropriate lab-

ling information, HGRAPH provides an 8~ inch by 11 inch CAL-

COMP plot of the data (Re f 42)

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~
C

Su3!O~JTPJZ HGr~AP H (X,Y~ U,1D,N O,NP,NS)
C
C HG~ A PH P~ Jl/L I~!S A CMLC O I0 

~LCT uF TH I~t P J T S  ~ AND V
C W Ill T11~ L~-~~L~~ ~~.3VT0 Ef l  ‘V £U’~~~Y 10 (i).

• C
C CALL ED ~)Yt  CALL HGR~~PH(X ,Y,N, ,’ ,N~~,~J~~)
C
C HGRA °H ‘1’P~ T ~~ PR!C’ !EPEO BY CALL P L D T C . , —~,.,— 3) AND
C CALL ~L~ T (c . , .~J3, — 3 )  INI1IALLY TO SET UP CALCOM P PL~ TTER.
C
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-
~ ~~ ~~~~

~ 
-
~~~~ 

. ~~~ ~~~~ ~I~C .

C XC ) ~~~~~ TH~ X ~~~~~~ 1.•
~ S

C Y ( )  ~~.E TH~ V OkDI~3A T ~~S
C N IS i Hc. ~~~~~~~ OF PLi;’~TS Ii . X ,Y
C IOC ) A~~c T~1~ LA ’ L E~~ i~7’~ I~,LL~~C NO,N~~, V’S ~~~ PEN ~~~~~~~~~C
C REo’J :~ Eo ~~ J lT MES * S LA LE,  ~~ 1 ,SY M30L,LI?~F.
C
C 1.. VAUr4u1,~~.,LECTt J~ F ~1A TEr~IiL .31,DIGITAt. SIGNAL PR~~ —
C E3S1 JG, ~~U0OL ‘~F ENG i.EL~~ING, AFI , ~~~~~C

4 . 4 .  ‘ ;~~~ •~~~• 4 ,  4~~ • 4~~~~~~~~~~~ •~~~~~~-~~~~~4 ’  •~~~4. . .. .à t~~~~. ~~~~~~~~~~~~~
OI’1~~~ tO~’1 X C I )  ,Y (1) ,I L ( 1  )
I F ( .E ’~. ?) C~.LL ~LO T (— 1 . L, 2 . 1~~,— 3 )
IFCJO.:’~.~~) GO TO 3~I~ (:10.L’ .~ )G0 ‘3 i...
C~ LL S~~A L~T ( X ,7 ., i,L)

~~ LL C,~Lr (Y , . ~ 
t ,i)

IC, C’~LL DL( I !(C , ,1j , ,2 )

~‘~LL ~L3’ C S . ~..,ii.,2)
CA LL ~~~~~~~~~~~~~~CA LL ~~~~~~~~~~~~~
~A LL PLflT (j,3;,j . !:,,-. 3)
CA LL PL0T(~~,,6,3~.,— 2 )
IF(10(1).~~O, Q’j 3)Go TO 2~CA LL P L O T ( .j , — .1, —~~)
CALL PLOT (3. ,—2., —2)
00 21 1=1,7,2

20 CALL 3V ’4~~’)L C (I +I. ~~~~~~~ 3,...7,ID(I) ,qO. ,2~ )
CALL PL3T (u ,,~.,,3)
CALL P~~~T (j,,4 .,2)
CALL P L i~T (j , ,2 ,, 7)
CALL P.QT (1 ,,2.,—2)
I.ALL DL )T(_ .i,.t,_3)

2~ • C~LL PLiT (~~.8, .,—2)CALL ~LOT(C .,—~ .3;.,—2 )
CALL PL3T (—~ .8,j,,—2)CAL L ~y~ RoL(.!.,— .2,.i,:r-cx3),j.,5r)
GALL PLOT (~~,3,.7~.,—~ )
CALL A Y T~~(~~.,(s.,1E’(t) , 2i.,7.,~4,..,X (r +1),X (N+2))
CALL ~~~~~~~~~~~~~~~~~~~ ,2~~,.. ,18~ .,Y ( ,~4 t )  ,V ( N + 2) )

3ü V ( P 1 + 2 ) =— V ( N + 2 )
CALL L1t4F. (V,X ,~~,1,,~~,NS)
Y (N+2 )  =—Y (1142)
CA LL 0L ( 1.~~d~~— 2 . i~~, 3)
Ri! TO P.4
£~r)

*~I C.
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Subrout ine KOLSMR
4..

Given a set of M estimation Coefficients, determine if

the AR model accurately models the input data sequence. An

error vector is generated

e(n) = x(n)—~(n) 1~n~N (48)

where

p

x(n) = ~~ ~~~x(n_ ~) (47)

j
~
1

Assuming Eq( 17) is correct we proceed. If ~ (n)  accurately

estimates the input , e (n)  will be a white noise process.

The routine generates e (n)  then calculates the spectrum by

the Bartlett smoothed periodogram technique . A bandlimited
- ‘ sample of the frequency data is integrated (Simpsons integra-

tion) to produce a quasi distribution function. The distri-

bution function is evaluated by a ~ol mogorov—Smirnov two

sided test to determine how well it approximates a uniform

distribution. The results are a probability measure of good-

ness of fit.
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
C

SU ’flJTI~JE KOLSMI~(iCJl,, l’,~~TA, Pk~~l)
C
C ~OLS P1,\ CO.1~ UTZ$ THE A B ~ L~~TY THAT TH~ SYST F M OF ui~O~~C N IS C0~~~~~T . THE TEST I~ ~CCC MPLISH~~r) ‘V TH~ KUL MOGO~ DV —
C SML(NO V S~~4~~1~ SAM°L~ 1ES1 FO~ G000;1E3 3 O~ F7~ Ci) .
C
C CALL ED BY P C ELL ~OL~~M~~~1O0P ,~~,3TA, P~~~M)
C

• . C ( N + 5 t) 5 i  PDI NTS (iF ~~TA MUST ~E AV AI L A ’~L! t’l A LOCAL FIL E
c TA PEF.
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C MOD:4 !C 1.I~
• 

“ TC CA ! CU LA~~ 0 QF SA M~ LE!
C H 13 1-I .E ‘~ODtL V’DL ,~. FL’~S O’~E
C 8TA () A~~ T HE tSfl 1~ T IO U C.O~ FF ICIE:~TS
C Prc B’l IS T~~ ~¼0~ A 8 IL1TY 1H~.1 T HE SY3T~~11 ( 1OD~ L) I!
C COP~~ CT
C
C ROUT INES ‘~:REflt P~.r ,NI SI A N IMSL ‘W U’ I 4~~

)
C
C I. ~ox , ~~~, F.  ~ iiO 1. J~ 14~

(I,-~~, 
8• IJ ~~~ ~ E - ~IEL A I’~LYSIS FOI< C~~ TI IG

C A~~) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C

C
C PDF iS CA LLC C I ~Y T.ISL. ,<OU1Tl~.E NKS1, THE K) L O — ~~MIR r~OUT!~~~.

~YTE -~~~t. ~D F
0i~iE~~ I~~I X~~(L ~~~~~~~~ ), A (1),E(1:.~~1)),PO:F (o)
C~)M~ L - Y  f ,X F ( 3~~’)i~~2~ ~~~D~J

C SKIP . • ~‘o~’ ’JT~ ~:r’r~~ EA’~H I~IND 0w

C ZERO O u T  THE A RR AYS
00 i ’u I: 1,M

10 XM(.L):C.
00 2’ J ’ ,N
XF ( J ) = C ~ .,t~.)

• 2C
C CALC ULA TE P4! ESII;IAIED OUTPUT
C EST OF X C I ) = S I I M  (

~ T A ( I P  X ( 1— 1 ) )  (I=1,M)
X =J.
Mr41 M—1
‘iiIZ M’-’t—l
N~ 3j X ’  ~~~~~~~~~~~

C WE W AN T 3 ’  W I~~JOW S OF N 5M M~~Li5 (E~~ )kS) !~~~W
DO ‘!sj I 1 , NP~. X ~
AF ( 4 M 1 . L T . 2 ) G 3  TO ~~~~

•flC, ~~ J 1,M112
40 XM C ’”11.— J+1) X M( !4 !’j — J)
45 X PU1)=X

SU9= ~,

DO ...C J 1.,~1Mi
50 SUM~ SUH+~~TA (J + 1~~~X’1(J)

R~ A D(~~,~~
fl
~~

) X
C FI~1D TIlE :~~~n~ Fo~, THIS S4M~ LE
30
C NOW CO ‘I N ! 96PT LETT ~r~OOTHF.C FEbIOO0~ RA ~1 Oil ~~ W INDOWS
C N po lN rS,w INnow .

C 
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DO ~~ ~~~~~~~ 
~~~~~~~~~~~~~~~~~~~Do / ‘I .1 1 , F~, 

~~~

.‘

£FCJ.L~ .~ )~~C TQ 
~~~~.

70
C~ LL Fr r(v r ,rlODi ,1.)
0~

) ô . ’ J 1, tl
CO !IJ ( V F ( J) )

A ’ )V XF (J )  A
80 E~~(J)~~~~

( J ) + A 9 V
6G CONT I~~LJE

DO ~~ ‘ i,N

4V=~ ’J+E (1)
C WE ‘ loW “AVE I SHCO7 b4 ct~ ~PEC~ hUM 3~ T’IE rr~)p., IF WG N ,
C W iLL ~ E rut , L E T  T U:  ,~ V~ LL’ k.S ,•tPr .L3E NT ~ ~!rSITVC FU;lC T~ Ur~ fl ; SuJ~ ‘~.v. -

C SC4L~ A9 ~~~~~~~~~~ 1’ t~~~ ~ ~4 j  ~~~~~~~ T 1y4 ~r THE
C PROCESS.

stJ•l= -.
— I

.
• C 00 A SI~iPSO~1S INT E~~JtTIO N

DO 11.’ 1 j, w

€~.. (I) E~~(T ) / f l V
SU~1 S J ~~+(~~RM2+4 ..

~ECP hi+ E F . ( I))/ .~.Ei~M2=~~ t11
• EPM1~~~~(I)110 ~— (1)=~wlC NOW 1ES’ FD’ IJN IFORM OVE i~ T HE I~4 T ERVAL C ~~~ T O j ,~~ )

CI~&LL S~~(PQF , ,N,F.O1F,iI.~ )
pf~~I4~~ rl I FC e , )

• 50 4 ~V iAT(~~2~~.iu)
r~CTU~’(rl
END

Subroutine MEMCO1

With an N point input sequence of data and some assumed

model order P ~ determine the estimation coefficients ~pi ‘
innovations power P~~1 , and the autocorre].ation coeffic—

ients •j ~ this routine carries out the recursions outlined

by Anderson (Ref 6).

111

‘.~~~

-4

L I  - - - 
— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



_ _ _  ~~~~~1

ij~I

C
~Ii8’~0IJT rN~ ~~iCO1 (N ,:1 , X , F I~1 ,ETA , ‘)

C
C ME’lC ’)t ~AL ’~!JL1~TE S IHE ESI I1~ ~10~ V~ Lu~ S FO~ A ’ MN
C O~ DEi ~ ‘~‘ ~~~~~~ MCMC C1 I~ Al uD~ PTATIOr~ ~~ A N ALGORITHM
C BY r4. 41DE~ SO1 (1).
C
C CMLL L~

) 
~Y : CA L L  l C 0j ( i 4 ,,~,X , P H I , 3 1 A , ! ’)

-
• C

C N 13 P1! T~~T 4 L  # or
C N IS TH E ~~~~~ O~ O~ k PLUS 01 ~C X C )  ~~E T’4 ! ThPUI VA L 1J~iS
C PHI() 4’- E T~4~ CAL~~UL.4 T E C  r’J $CD~~T~EL~~riM~’ )EFr1CIENTS
C e T A ( )  l!~,~;~::~ 1Ll~ CML C~JL~I1~~D tST II’AT lJ I  ~~~~~~~~~~ ~O~~~FIC1ENT3
C P( )  ~~~~~~ THE ~~~~~~~~~~ ~~~~~~~~ ( 3 W .~~ ) ‘J~~L’JF~
C
C I. - .O Z R S O ’ , I. ,“C.\ LC UL~ T 1( i~ CF FIL~~ !- ~~~FFT(’,I.ENTS F0~
C IA XL tJ ’ - NT R O P U  S~~~C1~~~L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~C ~~~~~~~~~~~~~~~~ 7’~.C

C
DII ~ ION ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C C F1 l) PCi) ~~~ Pl~ICi)
SUM= ~.
DO i~’ 1 1 , N

10 S~J J’#XtIP” 2 .
P(j)  SUM/ FLCAT (N)
PUI(j):~ (1)• 3T AC1 )= 1.
IF( l .E) . 1)RtT U~ N

C NOW COIPL?T E TH E ~EGriSSION1= P1—I.
• DO 2~ J : 1 ,N Mj

‘t( I)=X ( I )
23 • 

~2 ( I ) =X C T + 1)
1=2

30 S’JOM~~ . -

Nil I Pj : ‘1— 14 1
0~ 

LI  JTI,NHIPI.
Sl1O’l=S~!OM+3 1(J) “~2(J)$ 40 ~DE~~~S D E P4 + (~~i(J) ~2.+ r2 (J )~~

. 2.)
91A(I):!. ’S NOrI/S tE1
PC I) =‘ ‘— 1~~~C1. —~ TA CI ~ 2.)
,~l,pl=:.
00 ~ O

50 UM:SUM—PHI( I— I(+1)~~9 T A C Y )
, u ( P$t(I):~ t II

1F (1. u. ~. 2) RET
112
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P -

,~.F L.E1 .2~ GO TO ‘ .

191=1—I.
S. DO .-

~~ K= 2,IPi

1F(1. 1.U)RETU ~ N
7Lu 1=1+1

00 ‘
~ (=~‘ ‘P11

$3 k ’T A ( K)~~~’~A ( K )

~l1IPj :N—I+1
DO ~~ ; (=1, PH1i~~~1

90 9 2 C K ) = °?(~~+ i )— 4 3 ~~A ( i— i) ’  i ( (+ 1)
f;() TO ~
~• ‘ 4 I,

Subroutine PAPO

Given a sample of an input t ime process, this subroutine

determines an estimate of the frequency spectrum using the

techniques developed by Papoulis Eqs(56) through (60).
~~~~~~~ 

.
~ •. • , : 4~~~~.... .  .~~~~ ~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~

C
~‘J OUTI~’~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~C

C PAP3 C4 LCfl L!T’~S T HE 5PECT’~AL C !i1SITY IJSI PJG TN! METHODS
C DE3Cn1B~ D ~Y ~APOULIS (1)
C
C CALL ED BY: CA LL PAPO (N ,i1, E,~,FHI,D~ ,X ,!~°,FP.O,ITT)
C
C N IS THE IJUMPEk TM~ T IS (‘SED TO C%LC IJL A TE HE TQTML
C NU~ R~~ OF SA~ PL~~S. N~~ ’”M
C IT IS TIl! TIME SAMPLE w i~ rcw ~OR T HE TT~~~A ION
C DE’~ ~~ ~Er) IIT~~ED MIll MU~’ CH?~NGE I I  M E  rr~ I ONE ITTEk AT t ~ ’lC - TO T ’$E 1J~ XT
C FH1 IS ~~~ N~ GHF ST ~~.~~OU~~1iC V OF ~NT~ R c
C 01 IS TM~ T IME SAM PLE I~~~E FVAL
C X C )  A~~ N~ ~IP~! SA~~PL~ ~M~ U1 V A ~ IA~ LES
C PP() AR E ‘HE CA LCUL~~~ED PUW ~~ SPECT~~1JM OUT~~UT VALU ES
C FR~ ()  ARE T H~ FREOUE~~CY 3~~MF LE P011113
C ITT IS T H7 TOTAL NU1~~~i OF ITT~~~A T~~ONS 0 ME !1 TH~ OE~C VA LU~~, OR T’4~~ O FIULT V MLU E i~~3
C

$ C R EIUIRED P~i’JTINES FFT
C
C 1. PA POULI5, t .,”A NEW A LGOk11MI IN ~PE~ T~ A L (M ALYS IS A90 AN O—

L1MIT!!) rX TRAP O L~ T I0N ’,~~~EL TRANS. CIV . SY~~.,VOL.CAS. 22,
C NC.~~,SE~ ?‘~~
C

‘1 ( ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ *~~ 4L~~~~~

C 
• , •
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tJlMEP1~ IDN F~”)Ci) ~Y ( j)  ~~~ (2 )
CUIPLEX r’4N(-!.--),p
P1:2 M
~02Pi :t4N/2 5

C cc11:-~”Ta F;~~~I, E p ~Cy I ’lT~
CF (2.’FH i )/FLOAT (t )

~~~~~~~Di) I 1 , PJ
F~~) (t )  :F~~ D

5 F~ E~~ F~ E!~+OF
S

C GEIE ’ITE .,~Nj T T ML SA1~ LE W 1N~- ( iW , FW N ( I) X ( I) ,( . L E.1T), :LS’
C FWr4 (j):~

DO .i.~ t 1, N
IF Ca. .‘T . I )GC TO 2..
FW M(I)~~

( C’ )
Go TO 1

20
10 COPlT I’IJ~C GET 1HE FF1

CALL ~~~‘(FW t , , P ,1.)
Ii T i

34 DC ~~~‘ J:W’)2P1,t4
40 FW P4 ( J ) = ( .,L.)

CA LL F F T ( F W I . ,’i,—l .)
C TEST FO~ MS~ LESS T I4AIJ DE1~

T M 1~~j .DO ~~ L 1 , 1 T
A: CO N J ( rwu CL ) )
A1 :A1~ W9(L)
A2 CA ~) S C X ( L ) ) .!~~2 ,)
M~IA L AI. +’~2 ’2 . ’ 3 C ~~1)~-~~~~T (A 2 )
E~~~ c+ (iMt+AVAL ) /2 .

45 1-11:~.V A L

Er~:4~ S (Fl~)
ER M l E  ~IF( ITT. LE.i)GO TO ‘7

C IF MSE LESS THAN DER , COI1E
~~~~~~~~~~~~~~~~~~ TO L~

C IF j
~~~ . 

£T’T~~ A TI ONS, DONE
I F ( I T T .~~~.it ’~ ) G O TO ‘~~~

C ELSE , DO A wD THEf ~ ITE FAT ION
4 7 30 ~1 .fri,tT
So FW~4 (J ) :X (J )

— 
CALL F FT ( rw ~.,M,t .)

a
1
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ITT=ITT+i

C Dccl!, GET ~~~ flL’Eu~CY ~PECift.Ur i,” -

~~~~ 
rr T ( rW U , M , t . )

— •00 ~,

70 PO(,) !1~~~(PP(I))

‘~E TIJ~~J •

EN D

Subroutine PDF
• 

PD? generate uniform distribution deviates using the

following algorithm:

INPUT Y

OUTPUT F

A’~O.

B1.

1. If Y is greater than A , GO to 4

2. F—0

3. GO TO 8

4. If Y is less than B, GO to 7

5. F—i.

6. GO to S

Y-A7.

8. RETURN to calling routine

4
%

~~~~~~~~~
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C
StIBFO’lT’!~~ PflriY ,F)

C
C POF CO9Pui.~~ ‘HE T’4 Er~t,~.Ef lCA1 U~~ j FOCS~P4 DI~~2~I’U IOP1 FUNCT( O~IC
C CALLED :~Y ,  CA LL P!)F(y~~F)
C
C V IS INPUT
C F IS DUT P’J T
C
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C

•~= 3.
D= j •
1F(V.5 1 .A ) G O  TO
I-— IS

• r,~j ~o i..
5 j F (Y , L T ,~~) GO 13 i- .~C: 1.

GO TO 1~10 F= (Y — ,A~ / (~~— M)
15 REI’)RPI

S.-  EtID

• Subroutine PSPEC

• This subroutine calculates the estimated power spectrum

using Eq(18) from the values of and dete rmined in

the routine MEMCO1.

P (w) M 2 
(18)

i_~~~ 8ne
n—i

where ~t is the input sampling interval and M is the AR

model order.

a
t
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C,. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C
S U O ~JT r~’~ FSPZc C:F1s,:c !~C,...T,FL),~~~T,31,’TA,PS,F)

C
C PS’EC CoM~ f ’T r~ TH E E~ T 1HA~~EU F3W ~~ S’Z~ T~ UI U~ ING THE
C MEl Ecu:~r1D.~ (1).
C
C CALL~~ 3Y? ~~LL Ps C ( 1s,~~CtW,JT ,FLc,FHT,~~P ,9T~,PS,F)
C
C IPIS IS ~~4! ‘~‘ I,1eFR D~ Ir-ii~ C0i~~’JTE’)
C 10r 0 3 TIlE ‘~(‘D cL O4.::~ I~ L U ~. C~Nj
C DT IS THE In’: ~AM?L e lI.T~~~V A L
C FL3 IS T H~ ~~DW F E’)UrN~~Y
C FIll l~ T’~~ L.IIr,ES1 F~~ f~UE~1CY• 

• C PM IS THE E~ ’G~c 1P~l,)V 1 I0l.1S V~ ~a. ~iCt 
(
~‘OW E’~) F OR

C FUR ORr~”’C BTAC ) A’e E T’4r ES1IM.~ LLUN CC~~FFICI!UK
C PS() I~~E 4 CIJ~ 1PU’EP ~OWEJ . SFEC T~ U’ ~~ )T p ~~~;

C F() L~~E Tr4 E F~’ECU~.’JCY PC1~~lV

C
C 1. A s,OE- .Sj N , N . ,C ~* LCJJLAT a.Ot ~F F~L~~.Ee . CCICF!r1ENTS FO’
C P IA X I I I I. E~rrROPY ~~CT Rs~L ~p:AL y~,I~ ”,’;rr?’IY~~.,VO L.39 ,
C 1.i,~~~_ 72,FEc~ 7.• •
C(... C’4~’’~~’ • - 4 & .  4 4 I .~~~~~~’ ~~~~~~~~~~~~ ~~~~~~~~ ~ ‘ • . I_• f +4IJ . . -~~~P &

C
O.L M E!& IO l ~ 8T~~(i)~~PS( i ) ~~F ( i )
COPIOLEX A ,’)
OF = (F~.4 I _ r LO ) / IP T S
PI 3 . i ’ 8 1 2 3 ~~~3~Fr~EO:F ...3
DO IC ! : 1, Ip T3

IF ( I3P~~. I ’T . 1) GO  •
~

) !

GO TO t~5 X :2.4 P 1 - F( I)” DT
CStJM:~ .SSUM:~.
00 24 J:2, IORD
C~ UM~~ S !J”+5Tt (J) C O S ( ( J_ i ) * X )

20 5SIJP1:~~’!t~ +8T4(J) 
• SIN( C J — 2 ) ~~X )

CSuM=l.~~rSu M
A:C

~
1PLX (C

~
UM ,SSU ’ )

B:~ ONJGC. )

PS( I) :CP M O T ) / A 3 V A L
15
10 CONTIIIJE

a RETI’R’I

:

EN:: 

1:
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U
Appendix C

Additional Plots from Analysis

of Known Process in Section II

The following ~igures are additional analysis results

from examples two and three of Section II. Figures 41

through 47 show additional results from analysis of the ARMA

process. The additional data from the sum of two cosines is

provided in Figures 48 through 54.

‘5 -

I

( • 

- __  
• 

118 

-



_ _ _ _ _ _  
-~~ — — — •-_ —

~~~~~

-- _______ 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

0

• 0
S

5. u II ~

‘-I

\
.
~~ 0

+3I 0
‘I 0_J~~~

;: i

PO~~ 96~O 88~O D8~O ~L’O
1,n93~J

• 
a~~

119

•~



0
0

S

a,

S
. iq.

____________ I’• a0 •~~0
• 0

•0
‘-I

‘ a
0 0

SQ
~~

D “-~t +3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

o cd

I-

0 0
a,

43
•r4

0 E
0—
*

C’1

a,
‘.1

0
0

- I

0’0~ 00’O€ 00’0~ 00’OI 00.00

i1fl9J~J

1, 1 
~

120

- ---4



--~ _-•~ _ _ _ - _ --~ —- _- • • •-~~~~~~--~~~~• —- -~~
--

a
0

S
KI ~~~~~~

C4

0
0
• C)

c-I

0
0,

C-I
0~~
$4

‘.4 14
o E0

.

~~~ U
a0—I o •~
‘Iii ~~~0

~~c q~~“o oq-~
~~

r-4~~-I

5

0~~4
1.4

C,,

f
N

TTT
,
T T ~T.~%~ ~ I

00’ 08’O 0 9 0  0) ’O 0~~~’0 DOSQO

llflSJd

1214.



~~~~
-
~
:::--- —

~~ -~~ ~~—

~0If)
0

U
US_

• ~0 5  a,
ha hi -
5- 43

.4 ha
5- ~~~iO ‘1 0
ha ‘-I

• a,

E• I
/ 0
4 4.3
/ . .  C)

0

i-IVa ,
W V

-4— NJ + 3 0
(v)~~. E

I . .
0> +3~~(_) a,

~~

Li~i q-~~
\ .q. c3 ~~~~~~~~

c iw c~~~•~~
LL 0

V a ,
V W E-’
V +3

(0
I-,

a)
\ . .o

r~4

0j o
U I I I d

00$ 0~ ’C 0t’~ 09’l 080 00,0
JOflhI1dW~I

122

-~~~~~ ~~~~~~~~~
_ —— • -• _ - - :- f -

- -



_ _ _  

_

~~~~~~~~~

— 

~~~~

_ -  —

~~~~~~~~~~~ ~~~

- - -  — -

I r  

_ _

_ _ _
__

• (0
U)

5-
5- ~~~U .4
haS.. 0 0
• x c
0• hi lii

- 
a)

-4 +3

5- 0 - o
S.

‘.4
U,

So
$4

C I )V
0

______________________________

0’6~ 00~~~ 00 61 O0’PI 00’G
3OPhI1dW ~~

(

•

.

123



~~
“ 

_____ 
—---- ~~~~~~~~~~~~~~~~~~~~~~~~ • • -

~~~~~~

(0
U If)
III

ha
5-

• II ‘Sha -

h. S0 hI
I- -

haU (0 4’• 2 ha *

‘.4

~

zc

~~~~~~

I

~~~~~~~~~

a,
o
* 43

C)o a,
CI)~~a)

NJ W o
c.1J~~~~

C_.) 
~~~~

•‘
~~

Lii q.~a,
D 0;

.q.c3 a,.’.~C4 L3J C)~~

(0 a)

0
43
U,

(0
.9
0 a,

14

‘.4

0a
I I I I I 0• 

I 00’~ 09’I 0~ ’1 08’O Ot’O 00 0
JOfl 1I1dW L~

124
5’

-
•

I. .; =~~~~~•___~_ - •• --_• • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — -“- --- -S— -~ 
-_ -_-- -4



-~~~~~~~~~__•••••  

__
~~

Ii

0~ ’~ 
-‘.4 <

~~ U , -
Lii ~

‘
S 0 ’ 4
I

C4LLi~~~~. d

~~~~~~ ~~~~~~Li_ M E-’
a’ -rI

~~ r4

~~~~,~

I I I I I
.001 00’OQ 00~09 00’O$ 00’0~ oo ’d’

3OflhIldWIi

125

.1

L ~~~~•• 
_ _  - • _  __ __ - -  • •



5 -.- -- -- - • • ----- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-

5

-

f
• 0

0

112

_ _ _ _ _ _ _ _  ‘-4

o V0 0
•If)

c-i 11.4
0

0+’o
• ‘Lii ~~~

C’1~~~ r~4 m
‘0

O 0m a ,
‘•-  J o— ~ 9c,LLI rz 1-~.4I 10 ~4 C I~

I
1

I 0
I S
II V U)
1 0
I 0 4’

S 4

I
(0

I a
0 a,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
0
0

I I I •
00’l 080 09’O Ot’Q 0~~011fl93è1

a~~~

126

‘4

- -  - —  — S - S



0
0

5- .4

ID5 - 

I
/
1 ~~1 0

0 a,~~I1 0
0— ’ 0 -rI
‘Lii -~ Cl~I • I’)o <

I 11-4

f CD 11-4 0

I
I
I ‘0(0
/ 0
/ 0 4’
J I( .0 -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

o
9 a,
U)

-i-I

0

0

I I

‘0S~ 00 ’0P~ 00,061 00’OP 00’OG 00’Ol
1,ngj~

(

127
L.

—•

_____________________________ - - -- • - 

-



- • •- - -_  - • • • - --- --- -

• ~~~~~~~~~~ ‘I
x c a,

• o~ ~ 0
0 a,
•

.0

4’
i~ ~ h.

_ _ _ _ _ _  “.4 ,.-’
U)

0 a,a
•

.(0 E-~~0C-i U,

0~~

L
~~~~~~~~~ 

“-I

-‘-40
0 t O O,
~~ I

• 0 .  ~‘ EC-i~~~
o o~a~ 0

CD 0 0

oo-J 0 1 4

‘Li.I ~~~‘0

4 3 a ,
~-4 ’0

0 ~-4 0
5 

0

• .0
.0 ~~11.4
I-,

~4O-‘.4• 4’- 0o
0

•
Ia• a,

14

-‘I

0
0

S

00’I 08’O 09’O O $O 0~~0 oo’d~11fl93~
(

128

-

_____  
_ _



~~~“ -
~~~~~~

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - —

• 10
U)

-

- 

S

CJ c~Z
Lii 0

• ~q- c3 ~~~C-J LLI W
• • A.~~oI~

.
LL
~~~~L~

E c ~- .,•4 Q)

• .

5•q

_ 0

V.;

It,

(0 1.4
o

. 5

0

aa
S

“OI ~ 1 00 68 00 09 00O~ 00’O~ 00’~~101* JOflhIldWd



ID
• U U)

~~~ 

- I

-: ‘.4 0
5-

It

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

N.J 43~~
Er,)

(__) çz~ S
Lii ~~~0C l)

1~.c3 
~~~• C-iLi~I w~~

c~~~~ 
~~~~~~~

LL ~~~
+3 C.)

S E-’
“-I10

V.5

0
0

a,
(0 1.4

.9
0

a
0

‘001 00’OO 00 09 00’0~ 00’0~
~OflhI1dWU

I

130

~1

- - - - 5 - - - -  - --- - - -• —-••-- “-“-— - - - -- -- — --- ---



r

‘I r4
0

1.4
43

O

. 5

0 —‘0a ) a ,

~~ rI
N. E0

S

Li.. ~~~a,
V -ri

~~ C)
(0 E U . )
VI r4~~43• 0

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
C,,
it)

(0
0

-‘.4

0
0

I I I •
‘001 00’08 00’OS 00’OP 00’0~ 00’O°

,01* 3OflhI1dW~
- 

a
t 

I

4
. 

131

L .  L 
-- - -



r —-
~~~~~~~~~~~~ 

-— _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

1• 
--- -

- ——— 

(0
0 0 11)
hi

0

-I 

I
~.- d>- U~ 11-4
C 1-.) r~i o~‘~~‘ ~~~~~ 11-4 E
a#” Lii 

~~~(S ‘— CI)5- -
~

q
C) —

,~~~ C-ILLI ~~~‘5.__ . .(
~: ~~~

~~~ 0
~ IL $ 4 r 1

- 

-

—5, U ,0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~‘COt’ 00’0~€ 00’0P~ 00’09e 00 08 00 d~~~

~01* ~OflhI1dWU
a~~

L i  
132

-~ - -—



r ~~~~ 
- - - — • --- - --—---

~~~~
-
~~~ 

- -.

VITA

Paul B. Terry was born on 5 May 1943 in Provo, Utah. He

enlisted in the Air Force in 1963. In 1975 he graduated from

Colorado State University with a Bachelors degree in Electri-

cal Engineering. After completing Officer Training School,

he was commissioned and assigned to The Foreign Technology

Division at Wright—Patterson AFB, where he was a space vehi-

cle telemetry data analyst. Capt. Terry entered the School

of Engineering, Air Force Institute of Technology , in June

1978.

(
5- Permanent address: 674 North 6th W.

Prove, Utah 84601

( -,
~4~~~~ -

133

_ _ _  -5--- -- - -~~~~- - -  - - - - —-.- ~~
- 

~



p -

~~ 

—

~~~~

--- - — --  
_

_
~

__ i
~~~~~ 

5- - - ---- --5- -S--- --.--- - j —- • _- -- -~~~~~~~~~~~~~~~~~~ -— -~~~---- — — - — ------- —- - 5  5’

UNCLASSIFIED
SECURITY CLASSIFICA TION OF THIS PAGE (W?i.n Data Ent*r•d)

~~~~ I ~a ~ it A I~~~I ~ A I- READ INSTRUCTIONS
I%~~ rVI~ I U~J~~ VM~~ I~ I MI IUI~ r” ~~~ BEFORE COMPLETING FORM

I. REPORT NUMBER 2. GOVT ACCESSION NO 3. RECIPIENT’S CATALOG NUMBER

AFIT/GE/EE/79-38 _______________________
‘~ — 4. TITLE (ond Ssabtttl.) S. TYPE OF REPORT S PERIOD COVERED

SPECTRAL ANALYSIS OF SHORT RECORD TIME MS Thesis
SERIES DATA -

1. PERFORMING O~~G. REPORT NUMBER

7. AUTHOR( .) S. CONTRACT OR GRANT NUMBER(S)

Paul B. Terry
1st Lt USAF -

S. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT . PROJECT . TASK
Air Force Institute of Technology(AFIT/EN) AREA 6 WORK UNIT NUMBERS

Wright—Patterson AFB, Ohio 45433

II. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
Rome Air Development Center/DCCL December 1979
Griffiss AFB NY 13441 - 13. NUMBER OF rAGES

______________________________________________  
133

14. MONITORING AGENCY NAME & AOOR ESS(SI dlU.r.nt tro$~ Controtlin4 OWc•) IS. SECURITY C4 ASS. (of this r.port)

UNCLASS I Fl ED
IS. DECLASSIFICATION . DOWN~~RA OIHG

SCHEDULE

IS. DISTRIBUTION STATEMENT (of ml. R.pert)

Approved for public release; distribution unlimited.

- 
17. DISTRIBUTION STATEMENT (of As abstract .nt.r.d lit Block 20. ii dIU.r.nt from R.port)

IS. SUPPLEMENTARY NOTES 
- ______

Approved fo~ public release; lAW AFR 190-17

Joseph P. HJ.ppd , Maj , IJSAF
Director of Public ~Affairs

II. CIV WORDS (Contlnu. on r•v•rai aid. II n.c•sawy ond id.ntlly by block numbsr)

Spectral Estimation
Smoothed Periodogram Spectral Estimation
Maximum Entropy spectral estimation
Bandlimited extrapolation

20. ABSTRA CT (Contlnv on rev.ru aid. if n.c.a.aiv .id id.ntify by block numb.,)

Spectral estimation of data from some radar applications and P

seismilogical events is not accurate when short records are eval—
uated using traditional techniques. A record of data is short if
the number of samples from the process is more than an order of
magnitude smaller than the reciprical of the lowest frequency of

• interest. This analysis considers records of fewer than 128 sam-
ples.

Techniaues that nroduce imDroved freauencv and anmiltude
DD “~ 1473 EDITION OF I NOV SS IS OSSOI ETE

SECURITY CLASSIFICATION OF THIS PAGE (N2,.ie B.,. £nt.r d)

5 - —- - - - - - - - - - 5 -  - 5 - --- - -



~~~~~~~~~~~~~~~~~~~~~~ •—~~- •  -~~~ -
~~~~~~~~~~~~~~~

- - -
~

-

~~~~~~~~~~ -

UNCLASSIFIED
SECURITY CLASSI FICATION OF THIS PAGE(W1..ø bat. Ent.r.d)

resolution over smoothed periodograms and Fast Fourier Transfor::-
(FIT) are considered. Specifically, the Burg Maximum Entropy

) Method (MEM) and Papoulis Bandlimited Extrapolation are derived .
These techniques are shown to produce estimates that become un-
biased and consistant. Additionally, the effects of windowing,
a problem inherent with periodograrns, are not observed in these
techniques.

Model order determination for the MEM technique is accom-
plished through implementation of two techniques developed by
Akaike. These techniques are derived through the maximum likeli—
hood estimation of the estimated power. Using Akaike’s order
techniques, MEM spectral estimation provides extremely good fre-
quency resolution from very short input records.

Papoulis bandlimited extrapolation techniques provide ac-
curate results when short records are evaluated. The technique
is limited, in this research, to computational times commensurat
with the MEM technique and does not produce resolution accuracy
that is observed from MEM analysis. However, the estimated am-
plitudes are much closer than those generated from the MEM tech-
nique.

The report contains a 47 item bibliography.

is 
_ _ _ _ _ _ _ _ _ _ _ _ _ _

• I 
• SECURITY Cl.ASSIPICATIOR OF ? w’  PAGC(W1,on D.f . Ent•r.d) 

-~~~~ • - ---- —5 - --~~~ • —--— — - - - 5-
~~~~ 

- —


