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Preface

This thesis evolved from a problem suggested by the Rome

o Air Development Center. The original problem considered Max-

imum Entropy spectral analysis of Non-White Atmospheric Radio
Noise. RADC suggested an extension of the analysis to include
the work by Papoulis in bandlimited extrapolation. When actual
noise tapes were not received from RADC, I changed the emphasis
to analysis of short record data. Data that is extracted from
only a few input samples.v Specific problems were extracted
from the proceedings of a Spectral Estimation Workshop at RADC
% in 1978. This report covers the areas of research to analyze
. the MEM and Papoulis spectral estimation techniques. j
During the course of this work, valuable guidance, in-
sight, and probing questions were provided by my thesis ad-
visor, Lt. Col. Ronald J. Carpinella. His help is most grate-

fully acknowledged. Special thanks are also due to the read-~

ke

ers Dr. Pater S, Maybeck and Capt. Stanley R. Robinson of the

Electrical Engineering Department of AFIT,

This thesis could not have been possible without the help
and encouragement of my wife Shauna. Her support and unself-
ishness have enabled me to uchieve a major goal I have worked

for for so many years.

Paul Terry
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Abstract

Spectral estimation qf data from some radar applications
and seismilogidal events is not accurate when short records
are evaluated using traditional techniques. A record of data
is short if the number of samples from the process is more
than an order of magnitude smaller than the reciprical of the
lowest frequency of interest. This analysis considers records
of fewer than 128 samples.

Techniques that produce improved frequency and ampli-
tude resolution over smoothed periodograms and Fast Fourier
Transforms (FFT) are considered. Specifically, the Burg Max-
imum Entropy Method (MEM) and Papoulis Bandlimited Extrapo-
lation are derived. These techniques are shown to prodnce
estimated that become unbiased and consistant. Additionally,
the effects of windowing, a problem inherent with periodo-
grams, are not observed in these techniques.

Model order determiﬁation for the MEM technique is accom-
plished through implementation of two techniq' s developed by
Akaike. These techniques are derived thrqggﬁ/the maximum like-
lihood estimation of the estimated pggerf/ Using Akaike's or-
der techniques, MEM spectral estiméfion provides extremely
gog:;?requency resolution from very short input records.

»Papoulis bandlimited extrapolation techniques provided

accurate results when short records are evaluated. The

s e




technique is limitéd, in this research, to computational times
commensurate with the MEM technique and does not produce resol-
ution accuracy that is observed from MEM analysis. However,
the estimated amplitudes are much closer than those generated

from the MEM technique.




Spectral Analysis of Short Record

Time Series Data

I. Introduction

Considerable interest is generated by government research
agencies in power spectral estimation of time series data.
Traditional techniques (Fast Fourier Transforms (FFT) and
Periodograms) are typically employed to determine the spectral
content of the data. These techniques are not adequate for
time series data samples that are limited in number (short).
A record of data is short if the number of samples from the
process is more than an order of magnitude smaller than the
reciprical of the lowest frequency of interest. For example,
a short period recording of a seismic event may produce less
than 100 samples. Seismological events often occur at the
lower end of the very low frequency spectrum (1 to 30,000
Hertz). Another example is a set of data indicating doppler
frequency shifts based on a very few (less than 100) radar
returns. This thesis considers several spectral estimation
techniques and determines what techniques are applicable to
analyze short record time series data. The criteria measur-
ed are the statistical properties and computational efficiency
of each technique.

The spectral estimation techniques considered in this




thesis are Fast Fourier Transform, smoothed periodograms,
Maximum Entropy Method (MEM), and bandlimited extrapolation.
Methods of determining the statistical properties, i.e,

mean value, autocorrelation function, and variance, of the
spectral estimates are also considered. Additionally, eval-
uation of the bias in the statistical estimates is pro-
vided along with a determination of the impact of the bias
on the statistical estimates. The time required to imple-~
ment the analysis algorithms (computer execution time) and
ease of application are also considered in this thesis.

To carryout the analysis, several basic assumptions are
required. Since the statistics of the input data are total-
ly unknown, we assume that the data are samples from a
stationary random process, the result of some linear system
being driven by an unknown noise. Through this research,
equal spaced samples of the random process is assumed.

These assumptions are justified by the fact that many of the
signals of interest are characterized by the foregoing as-
sumptions (Refs 2,7,24,25,28, and 39). The intent of this
research is to provide a means of estimating the spectral
density, not identification of the spectral density data.
Therefore, hypothesis testing techniques are not considered
or attempted.

The following sections provide a mix of current theore-
tical knowledge, general application techniques, and specific

problem analysis, Section II lays the general groundwork

2
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o in spectral estimation techniques. Methods of determining

the statistical properties of the estimated spectrum are in-

cluded. Traditional and smoothed periodogram spectral es-
timation techniques are discussed in this section. A detail-
ed theoretical background of MEM is included along with three
methods of determining the order of the autoregressive (AR)
‘model. Bandlimited extrapolation spectral estimation tech-

niques are introduced. In particular, a method developed by

Papoulis using the FFT is suggested. Section II concludes
with a tabular comparison of the above spectral estimation §
i techniques.

In Section III the Bartlett smoothed periodogram is used
b as a '"calibration factor" to evaluate the averaged results
from MEM and Papoulis spectral estimation. Confidence in
these techniques is derived by the comparison. Several

known input signals, including simple AR, autoregressive mov-
ing average (ARMA), and sum of sinusoids plus Gaussian noise,
# are analyzed. Finally, each input process is evaluated as a
short record (128 samples or less with a sampling interval

of one second) to determine analysis results under near real-
istic conditions.

k The final analysis section of this thesis (Section 1IV)

provides the results of spectral estimation of two '"real

mented to determine the spectral content of the unknown time

i
; ‘ world" problems. The MEM and Papoulis techniques are imple-
|
%
i
| sampled signals. A comparison of the resulting data

3
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indicates that the MEM technique is superior to the constrain-
ed Papoulis technique when frequency resolution is a prime
factor. :

Section V concludes the research indicating the utility
of the MEM and Papoulis spectral estimation techniques for
short record of input data. Recommendations for future re-

search in this area are suggested.




I1. Spectral Estimation Techniques

Several approaches are available to determine the power
spectral densify of a random process. The methods selected
must provide accurate results when only a limited number of
samples are available. Additionally, the complexity of the
spectral analysis hardware and software must be considered.
This section outlines the techniques considered for the spec-
i tral analysis problem and provides the rationale used to
select the maximum entropy spectral estimation method and
the Papoulis algorithm as the techniques for the problem
analysis. The methods initially considered are as follows:

1. Filter banks or Fast Fourier Transforms (FFT).

2. Smoothed Periodograms using descrete Fourier Trans-

forms (DFT).

3. Maximum Entropy Method (MEM) using the Burg coef-
é ficient estimation techniques.
4, Papoulis Bandlimited Extrapolation Spectral Estim-

ation.

An overview of these techniques is provided in the following
subsections. A measure of accuracy is developed through

analysis of the statistical properties of the estimated

Statistics of the Estimated Spectrum

= \ The appropriate techniques to estimate the spectral

:
g 5
.

i spectrum.
!
!
]
E
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density of an unknown input process are developed in the fol-
lowing subsection. The accuracy of the estimation techni-

ques must be determined. Just how good is the estimate? ’

Two important values provide an indication of the accuracy.

The mean and variance of the estimated spectral deansity in-

dicates the true value of the spectrum and how well the es- 3
timate approximates this value. Two measures for accuracy
of an estimate are bias and consistency. An estimate is
biased if the parameter being estimated minus thg expected
value (mean) of the estimate is not zero. If the result is ;
zero (unbiased), the estimated value is the true value (on
the average). Therefore, an unbiased estimate is more ac-
! curate than a biased estimate. An estimator is said to be
consistent if the bias and the variance of the estimate ;Q
tend to zero as the number of observations become large i
(Refs 29:536 and 41:71). In other words, the estimator ap-
proaches the true value as the number of observations in-
creases. The ideal estimator is the one that produces es-
timates that are both unbiased and consistent.

The estimated mean of the estimated spectral density

is calculated using the sample mean equation (Ref29:536-537).

N-1
E(Bu)} = Bp(w) = & ) Bywp) (1)

where ﬁi(mn) are the n estimated power spectral density

PN

values for the ith input sequence and N is the number of

.Q ,
e T s
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i statistically independent sequences. Assuming that ﬁp(mn)

is a sequence of independent Gaussian random variables, the

density function of ﬁp(mn) is also Gaussian. Therefore,

the expected value of [ﬁp(mn)]2 is equal to

N-1 N-1

E{[ﬁp(mn)]=} =fr ). ) BB (w)B (e}
i=0 j=0 :
(2)
-3 n{[ﬁi(wn)]2}+[ap(wn)]= 5L
and the variance of ﬁp(wn) is
Var[ﬁp(mn)] = E{[ﬁp(wn)]2}-[E{ﬁp(mn)}]’ (3)

;

? From Egqs (2) and (3), as N increases, the variance of the
sample mean goes to zero and the sample mean approximates

i the actual spectrum arbitrarily closely.

' The maximum likelihood variance estimate of the estimat-

‘ ed spectrum is called Var{ﬁ(mn)} by (Ref29:536-537)

|
N-1
Var{ﬁ(wn)}= ﬁl- Z [I'Si(mn)]2-[!‘:‘:})(«)“)]2 (4)
i=0

and is shown to be biased by Maybeck (Ref27:398). The un-

F l biased variance estimate is derived and is shown, for the
case of independent observation, by Maybeck to be
i
i




. N-1
Var‘{s(wn)} = ﬁ%T E: P;(wy) 2. ﬁgi{ﬁb(wn)]z (5)
: i=0

where the prime (“) denotes the unbiased variance estimator.

Thus, if N is large enough, N/(N-1)=1 , the maximum like-

lihood estimate is unbiased. Also, note that the estimate is
consistent, the variance estimate tends to zero as N is in-
creased. Therefore, if independent sequences are assumed,

the mean and variance of the estimated spectrum is determined,
providing information concerning the bias and consistency of
the estimate.

The following paragraphs provide an overview of the

spectral estimation techniques considered in this research.

Filter Bank or Fast Fourier Transform

A straightforward approach to spectral analysis is to
present the time domain signal to a bank of narrowband band-
pass filters. Each filter will only pass a specific range
of frequencies. The bank of filters approximate the Fourier
Transform in the limit as the number of filters increases

and the range of frequencies decreases (Ref 20:4).

X(w) = 1 =-jut

57 x(t)e

dt (6)

The technique offers almost ideal spectral estimation analysis,




;
|
i
i
{

limited only by the number and bandwidth of the filters and
the roll off characteristics of the non ideal filters actual-
ly implemented. Typically, the system is realized digitally
and is usualljllimited by computation time. The amount of
computation time to transform a given set of time data to
the frequency domain is inversly proportional to the band-
width of each filter [the Heisenberg Uncertainty Principle
(Ref20:5)]. The bandwidth of the filters determine frequen-
cy resolution (the concentration of a spectral estimate ex-
pressed in frequency units), indicating that finer resolu-
tion is achieved by reducing the bandwidth of each filter.
Therefore, if the input is finite, and short as described
in the introduction, frequency resolution may be jeopardiz-
éd when computation time is constrained.

Another inherent difficulty with filter bank analysis
is the window function effects. The finite data is inter-
preted as a multiplication of the criginal signal by a window

function (Ref 20:5). The result is a spectrum which is the

convolution of the original, desired, spectra by a transform
of the window function. Incorrect selection of the window
function may result in analysis that is truly very different
than the actual spectra.

The filter bank approach is thus limited by the trade-
off between time measured data and frequency resolution ob-

tainable, and the proper selection of the window function.

Oppenheim and Schafer (Ref29:549-553) provide an excellent

9
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discussion of the effects of window functions and the rela-

tion to correct spectral estimation., Simply stated, win-
dowing is the result of convolving the data of interest with
some window fﬁnction. The function may be rectangular, tri-
angular, and other shapes. The result of the convolution,

in effect, truncates the input sequence outside the period of
interest and conditions the data inside the period. The win-
dow function is selected to insure a more accurate represen-
tation of the spectral density by negating the effects of

the FFT. Close relationships exist between the windowing of
the original input data and periodogram spectral estimation
techniques. This technique is discussed in the following

subsection.

Smoothed Periodograms Using Discrete Fourier Transforms(DFT).

If the input process is stationary (initial assumptions
Section I) and the autocorrelation function is known, then
the power spectral density of the input can be determined

(Re£30:338).

P(w) =[¢(t)e‘3‘”"dt (7

where the Fourier Transform P(w) is the spectral density

and ¢(t) is the autocorrelation function. In discrete form,

P(w) = ) oy(k)e ok (8)

k=wx

10
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where N is the number of nonzero input autocorrelation val-
ues, If x(k) 1is a real, finite length, input sequence

OsSksN-1 then,

N-1

X (w) = Z x(k)e

k=0

~auk (9)

is the Fourier Transform of the input. Since the autocorre-
lation function of the input sequence is unknown, an estimat-

ed value is introduced (Ref29:542).

N-|n|-1

‘ﬁ':%';r Z | x{k)x(k-n) | (10)

k=0

¢ (K)

Combining Eqs (8),(9), and (10) leads to an estimate of the

power spectral density.

2

PoCuy) = § |EyCup) (11)
where ﬁp(wn) denotes a power spectral estimate using Per-
iodograms. This spectrum estimate is called a periodogram.
It can be shown that the periodogram spectral density
is biased and not consistent (Ref29:540-545). Therefore, al-
ternative techniques must be considered to estimate the spec-
tral density. Of particular importance in the estimation
technique is the length of the lag for each estimate with

respect to the total sample size (Number of total samples)

11




and the particular window function used in the frequency

transformation. Bartlett and Welch (Refs 8 and 44) consid-

er these problems in the development of smoothed periodo-
grams.

One technique used to modify the periodogram spectral
estimator so that the estimate is consistent is attributed
to Bartlett (Ref 8). The technique is particularly use-
ful with a large number of input samples. The input sequence
is segmented into several sections each with a fixed number

of samples. The spectral estimated from all sections are

averaged to produce an estimate that is consistent. The es-
timate is consistent if and only if the number of sections is

large. 1If, for example, the input consists of N samples

R——

and is separated into K sections of M samples each, Eq(1l1)
is applied to each section to produce K periodograms. Each
periodogram is assumed to be independent. An average over
all the periodograms produces an estimate of the spectrum.

The spectral estimator is written as:

K
Bylug) = Y. By (12)
i=1

~

where Pi(m) is the ith periodogram estimate and PB(wn) is
the Bartlett smoothed periodogram spectral estimate. The

variance of PB(wn) is inversly proportional to the number

of periodograms, K (Ref29:548). Therefore, as K becomes

i
d 12
fop




s large, the variance approaches zero and the Bartlett esti-

mate is consistent. Additionally, the bias of the Bartlett ?
1 estimator is greater than that of the simple periodogram |
| (Ref 8). These two results indicate that the reduction of

the variance is accomplished at the expense of increased

bias. However, increasing K results in fewer samples for
each periodogram, thereby decreasing frequency resolution, g
For example, if it is known that the spectrum has a narrow
: peak, M must be chosen large enough to resolve the peak.
For small variance, K must be large. The number of sam-
ples of the input sequence is determined by the variables

K and M . Clearly, if low variance and fine frequency

resolution are implicit, an extremely long input record may
be required. ;

Blackman and Turkey suggest another approach to spectral

estimation using smoothed periodograms (Ref 9). The techni-

que is t©o smooth the periodogram by convolution with an ap-

e PR

t propriate spectral window. Welch applied the Blackman-Tur-
key hypothesis to the averaged periodogram solution and de-
veloped the spectrum estimation technique of averaging mod-
ified periodograms (Ref 44). Welch modifies the Bartlett
procedure by applying a window function directly to the data
input sections. The periodogram (Eq(11l)) is thus modofied

to I M .

Powlug) = gy Y *Pwmre It |, 1m13,0k )
n=0

e e
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where x(l)(n) is the nth input sample from the ith section,

and
M-1
U =31i Z W2(n) (14)
n=0

where W(n) is the desired window and ﬁpw(wn) is the win-
dowed periodogrém function. The smoothed spectral estimator

is

K
Boluy) =g ) B () (15)

i=1
Welch shows that with the inclusion of U , the estimate
ﬁw(wn) is not biased and, if the sections do not overlap,
the variance is inversly proportional to K . Therefore, the
Welch estimator is consistent. Clearly, the Bartlett pro-
cedure is a simplification (subset) of Welch's method with
the window function W(n) equal to one.

For the specific application under consideration in

this thesis, smoothed periodograms are not practical. For
accurate spectral estimation, these procedures must have a
large data record. Bartlett smoothed periodogram techniques
do provide a means of verifying the results of analysis on
known signals under known conditions when the MEM and Pap-

oulis techniques are verified in Section III.
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Maximum Entropy Spectral Estimation

The concept of linear prediction is based on the assump-
tion that any linear system can be represented in discrete-

time by (Ref25:562)

M p
x(n) = = ) Bx(n-k)+A Y y,y(=3),ve=1 (16)
k=1 §=0

where y(.) is some unknown input, Bk ; YJ , and A are
some unknown parameters, and 1SkSM and 1<$jSP . 1In other
words, the output, x(n) , is predicted by some linear com-
bination of previous outputs and inputs. A special case of
this linear model is the autoregressive (AR) (all-pole) model
defined by

M
x(n) = ) Bx(n-k)+y(n) (17)
k=1

and M is the system order. This equation is the model as-
sumed to be valid for the analysis under consideration. The
equation can be interpreted as a stochastic difference equa-
tion and describes the samples of a sequence from a random
process where y(n) is a white noise sequence with zero
mean and variance o; . Finite order AR processes are use-

ful in representing many physically significant linear ran-

dom processes (Ref 1,11,12,24, and 25). J.P. Burg provides

15
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the power spectral equation for this AR Model (Ref 12).

Py, At
Blu) = nel . (18)

1- Z ane—:jwmnAt
n=1

where At 1is the input sampling interval. The proper values
for the prediction coefficients §n , the prediction error
powes PM+1 , and the model order M must be determined.
These values are discussed in the following paragraphs.

The relationship between the AR process and the maxi-
mum Entropy Method is extensively researched (Refs 13,38,39
and 40). A brief overview of the relationship is provided
here.

Consider a situation where M different things, m, ,
happen with probability Pi . Information is defined as
-1ogaPi where Pi is a particular event (Ref 47:428). 1If
all the Pi are known to be equal a priori, no Information
is available. However, when a particular Pi is known, a
certain amount of Information is gained. Clearly, the prob-
ability of occurence is related to Information. Shannon (Ref
36) explored this Information Theory to measure the average
Information required to transmit a given message. Shannon
calls the measure entropy and is the average Information per

time interval.
M

He= -k Z P, log, P, (19)
i=1
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where k is a constant and logr is a logarithm base r.

Consider a process x_ that can take on the values x;,x2,...,

t

X, - Assume_the available Information about x

t is the aver-
age values <£1(xt)> i <fz(xt)> ety <fm(xt)> of some
functions fi(xt)’ where m<n . The probability distribu-
tion Pt = F(xt) that is consistent with the Information

and is maximally free of other limitations maximizes the en-

tropy Eq(19). In the continuum case (Ref 38:413),

H = - ff(gN) 1nlcf(zy)}dz (20)

where f(gN) is a joint probability density for N elements,
and C is a constant.

Smylie et al (Ref 38:410-414) show that the entropy
measure H 1is not a valid measure for frequencies and sug-
gest an entropy rate h that relates the power spectral den-
sity to entropy rate. The suggested entropy rate for a
stationary Gaussian process is defined in terms of the spec-

tral density (Ref38:414)

f

A N
h = i f 1n P(w)dw (21)
fy

i where rN is the Nyquist frequency and 1ln is the natural
' logarithm. Replacing P(w) with the power spectral density,
Eq (8), yields

17
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N
h = 231" [ s i o(k)e I9E |44 (22)
N 2 k==w
N

assuming a uniform sampling rate and sampling interval of one.

Smylie et al (Ref 38:414) continued the derivation to yield

h = % 1n {det[e)]} (23)

whsre @M is the positive semidefinite M by M matrix of

autocorrelation coefficients. Smylie shows that ou is equi-
diagonal and indicates that such matricies are named Toeplitz.
To maximize the entropy, °M must be determined in such
a way as to impart no assumptions about the input data. No
erroneous information is added to the analysis. This restraint
departs extensively from the previous estimation techniques.
In the Bartlett technique, the data outside the window is as-
sumed to be zero, suggesting that the autocorrelation function
is zero outside some limiting time period. If the autocorre-
lation is zero, periodic extensions used with FFTs are im-
plicit. Consequently, additional data is erroneously added.
As a result, the estimated spectral data may be somewhat dif-
ferent than the actual spectrum. The Maximum Entropy tech-
nique provides an alternate choice for selecting autocorre-
lations, one in which no Information is added or implied.

The MEM technique implies ¢M is calculated in such a way

as to maximize the uncertainty or entropy and make no

18




assumptions about the data outside the time sample.

To calculate the MEM power spectrum[Eq(lS)] , the order
of the AR process (leﬁgth of the prediction filter) and the
prediction coé:ficients (Bn) must be determined. Procedures
to determine these values are discussed in the following para-
grgphs.

The toeplitz autocorrelation matrix for an Mth order pro-

cess is
0(0)  ¢6(1) . . . o(M) ]
$(1) $(0) . . . o(M-1)"
3 . L] L] L4 (24
¢M . . K . )

o(M)  ¢(M-1) . . ¢(0)

if it is assumed that ¢(0),¢(1),...,9(M) are known. Sup-

pose ¢M+1 is to be estimated from this data, then ¢(M+1)

must be selected to maximize the entropy. Also. ¢(Yd+2) and
so on. Therefore, from Eq(23), ¢(M+1l) is determined by max-

imizing det[¢ with respect to ¢(N +1) . Since ¢

u+1] M+1
must be positive semidefinite, det[¢u+1] has a single max-
imum when the product rule of differentiation is applied.
With pe1 determined, by+o cCan be determined in a similar

manner. For the case maximizing det[&. with respect to

u+1]

¢(M+1) the result is

19
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¢(1) ¢(0) . . . ¢(M-1)
$(2) (1) . . . $(M-2)

: P R . -0 (25)

. o(M-1). . . .
d(M+1) o(M) . . . ¢(1)

Solving Eq(17) for AR order M ,
x(n)=81x(n-1)+B2x(n-2)+ ... +6Mx(n-M)+y(n) (26)
Multiplying through by x(n-k),k<0, and taking expected values,

¢(k) = B1¢(k=-1)+B,¢(k-2)+ ... +B) ¢ (k-M) (27)

where E{x(n-k)y(n)} = O for a zero mean Gaussian input y(n).
Substituting the values of k=1,2,...,M+1 into Eq (27)

yields a set of simultaneous equations.

(1) -814(0)- . . . -BM¢(M-1) =0
3 " : ‘ (28)

$(UHL) = B1o(M)- . . . -Bé(1) =0

These equations are known as the Yule-Walker equations (Refs
25,43,and 46). If ¢(0),...,¢(M) are known, B"""Bu

can be determined. Also, ¢(M+1l) can be determined by

20




set to zero.

(1)  ¢(0)-. .
$(2) ¢(1) .

¢(M+1) o(M) .

cess.

pected value of x(n-k)y(n)

but E{x(n)y(n)}= E{yz(n)}sozy

solving for the determinant of

but this equation is identical to Eq(25).

the matrix of all the ¢(i)

$(M-1)

$(1)

So the Yule-Walker

equations are identical to maximizing the entropy of the pro-

Suppose k [Eq(27)] is allowed to equal zero. The ex-

is E{x(n-k)y(n)}= E{x(n)y(n)} ,

for the zero mean Gaussian

model Eq (17). Eq (27) is now, for k=0,

$(0)-B14(1)-.

and Eq (28) can be augmented

[6(0) ¢(1) .
$(1) ¢(0) .

o(M)
$(M=1)

o(M) o(M-1) . . . ¢(0)

..-BM¢(M)-0; (30)

to include all k=0,1,...,M as,

- 1 P =
1 ol
y
-B1 0
L-Bu ¥ L 0 J
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Which is an alternate form of the Yule-Walker equations. In
general, the variance, o; , is estimated as the prediction
error power PM+1 , resulting from the convolution of x(n)
with the M+1: point prediction error filter Eq(17) (Ref39:
187). PM+1 is often referred to as the innovations power.

If the data are known for the M-1 case, the data for
the Mth case is determined by calculating the coefficients
Bx,...,Bu, autocorrelation ¢(M), innovations power PM+1’
and then calculating the power spectrum Eq(18). For the
M+1 case, there are M+l equations and M+2 unknowns.
Burg (Refs 11,12 and 13) develops an elegant procedure that
does not make any assumptions about the data outside the sam-
ple. Additionally, the technique does not require a prior
estimate of the autocovariance or autocorrelation function.
Burg suggests that the error power be calculated by running
a prediction error filter over the data in a forward and
backward diréction, but not off the data. As each set of cé-
efficients is estiﬁated, the error filter order is increased
by one and the procedure is repeated until the desired model
order is reached. The appropriate model order is discussed
in later paragraphs, The recursion corresponds to an approx-
imate maximum likelihood estimation of the AR coefficients
(Refs 10:46-84 and 13:375).

Consider the case of a set of N input samples of data,

x(1), ..., x(N), all with equal spacing At , and the power

spectrum of an Mth order AR model is required. First,
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assume the model order is zero. Therefore, an estimate of

the autocorrelation for lag one is

N
(1) =§ ) x*(n) (32)

n=1

where the (1) in $o(1) denotes the first lag. From Eq(31),

P1=¢o(0) . The system for model order one is
P, ~
5 ¢0(1) 1 p2
¢,(1) Py . - (33)
Bii 0

where B8,, is the estimate of B8, . The forward prediction

error is, from Eq(17)
ef(n) = x(n) - %(n)
= x(n)-B,;1x(n-1) ;n=2.3....,N(34)
Similarly, the backword prediction error is
e%(n) = x(n)-B11x(n+1) ; n=N-1,N-2,...,1 (35)

The prediction error power is calculated by

N-1

2
Py = mrrery 0. ([x(@+1)-Biix(n)]

n=1
(36)
+[x(n)-811x(n+1)] 2}
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where §11 is chosen to minimize P; . 3;1 is calculated

by (Refs 5:70 and 11:5)

N-1
2 Z x(n)x(n+1)

By, = N-gﬂl (37)
2: [x?(n)+x?(n+1)]
n=1

Solving for (1) and P, yields

$1(1) = £110(0) (38)

P, = P;(1-8,,2) (39)

In general, for the step from model order M-1 to M ,

(40)
N-M M 2 M 2
1 A 2
Pu = Zvomy Zl ["‘“"glﬁmx(n-:i >] + E‘(n“‘)-JZlBMJx(MM-J >]
- n= = =

where PM is minimized with respect to the estimated coeffi-

cient (Ref5:71). Calculation of the prediction coeffi-

By
cients Euk ; j=1,2,...,M-1 is accomplished by the Levinson-
Durbin procedure. Makhoul (Ref25:566) outlines the procedure |

which is a technique for solving for the EMJ data with esti-

mated ¢(j) and Eq(31). The procedure solves for the data
in only M? operations and requires 2M storage locations.

The recursion equation for aMJ is

24




BMJ - BM-IJ-BMMBM-lld-j ;1$j<M

From Eq(31),

o(0) « .+ . L0y (M) 1
. - g . -BMI
oy (M) . +9(0) B
i 0
s ; )
M-1|i| M-1M-1
=4 -BMM >
k A B /
“Bp_1M-1 ?‘1,1
PM X PM+1
0 0 0
= L _BMM =
x Py 0

where x indicates a don't care condition, and

= -A 2
Puer = Py(1-Byy )
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Finally,

M
By = = ) -3y,
=1

Anderson (Ref 5) provides an algorithm to carryout the recur-
sions. The routine is suitable for implementation on a com-

puter and is used in the analysis sections of this report.

The coefficients Buis: e Byuu and the error power (innova-
tions power) are implemented in Eq(18) to produce an estimate
of the power spectrum of AR model order equal to M .
Statistical properties of the MEM spectral estimate are
investigated by Makhoul and Kromer (Refs 23 and 25:568-569).

It is determined that the MEM estimate is:

1. Asymptotically unbiased, as

M>o ;

E{P(u, )} = P(w) | (45)
2. Asymptotically'Normal with variance

var(B(w,)} = 24(p?(u)} (46)

at each frequency wyoo.

l Thus, for large M and N and a smooth true spectrum, any
| spectrum can be approximated arbitrarily closely by the AR
model (Refs 39:192 and 25:569). Fuller makes this statement
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even stronger in a theorem for any continuous spectral den-
sity (Ref18:147-149).

To estimate the power spectrum using MEM , the order
of the AR modél must be correctly determined. Three techni-
ques are suggested in the following paragraphs. Selection
of the technique to be used in analyzing unknown data in-
puts is primarily contingent on the simplicity of implemen-
tation.

One order selection method considers the well-known
statistical analysis tool, the Kolmogorov-Smirnov single sam-
ple test for goodness of fit. The test is found in several
sources (Refs 10,15, and 37). Additionally, computer pro-
grams are generally available in program libraries.

An estimate of the input sequence is generated by apply-

ing the prediction coefficients Eq(41)
* = o
&(n) = ZBMJx(n 1) (47)

for model order M , and the error is determined
. e(n) = X(n)-x(n) ; 1snsN (48)

If the prediction coefficients are correctly estimated and
the order is eorrect, then e(n) equals y(n) [Eq(17)J.
The initial assumption is that the system [Eq(l?)] is driven

by white-Gaussian noise (WGN). The power spectral density of
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WGN is constant over all frequencies. Therefore, E(w) , the
power spectral density of e(n) , will be constant over some

bandwidth if §(n) is a correct estimate. Integrating E(w)

over this bandwidth will produce a ramp function approximating
the uniform distribution. The Kolmogorov-Smirnov test compares
the integrated E(w) with an actual uniform distribution func-
tion, and generates an output that represents a probability es-
timate of how well the integrated E(w) approximates the uni-
form distribution. This probability output for order equal to
M is compared to previous values from similar test on orders
up to M . The maximum Kolmogorov-Smirnov probability corre-
sponds to the best estimate of the system order.

The Kolmogorov-Smirnov test clearly necessitates consider-
able manipulation of the data. Therefore, the test requires

a large amount of programming and computer time. Because of

praoe

these factors, Kolmogorov-Smirnov tests are not included in
the final analysis section of this paper. However, because
of the confidence many statistical practitioners have in this
test, it is used as a verification and confidence building
tool for the following two model order determining techni-
ques.

The problem of model order determination has been ex-

i tensively investigated in the past few decades. Many of the

techniques result in considerable computations and many as-
! sumptions (Refs 6,16,17,34, and 45). Two techniques develop-

ed by Akaike (Refs 1,2,3,and 4) show considerable promise
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and are used as analysis tools to evaluate the problem con-
sidered in this paper.

Akaike's first technique adopts a decision theoretical
approach in which a value of merit is defined for each AR
model. The figure of mefit is the mean-square error of the
one-step-ahead prediction determined by using the MEM to es-
timated the coefficients, ﬁi . In other words, if X(n)

is defined as the estimated prediction of x(n) , then
FPE = E{[x(n)-x(n)]?} (49)

where FPE is called the final predictor error. Another esti-
mate (y(n)) is generated from the same coefficients and an in-

dependent realization y(n) . FPE for this case is
FPE = E{[y(n)-y(n)]} (50)

Akaike (Ref 1), shows that the expression for the FPE of the

Mth order AR process is then

-

N+M+1

(FPE)y = §or-1

P (51)

M+1

where N is the total sample size and PM+1 is as defined
by Eq(31). The scheme is to determine some maximum order
L<N . Then calculate FPE, Eq(51), for successive order

M(M=1,2,...,L). The minimum FPE yields the estimate of the

AR model order for preduction. FPE order estimation techni-

ques are investigated by several authors and provide
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excellent results (Refs 3,22,39,and 40). This technique is
simply implemented and requires only one subjective assump-
tion, namely selection of the maximum possible order L .
In a recent paper by R.H. Jones (Ref 22), it is deter-
mined that the FPE scheme outlined by Akaike becomes biased .
as the model order approaches the sample size. This result
is verified by experimental investigation. Jones shows that
if the input data is white noise, the estimated one step pre-
diction variance remains constant as model order increases
to N/2(for an N-sample input) . For orders above N/2 ,
the variance decreases linearly as model order increases.
With white noise as an input, the variance should remain
constant for all models. To off-set the decreased variance,

Jones suggests the following modifications to the FPE Eq(51)

T Pus1 0<MSN/2
(FPE)y = (52)
{,‘—i%{% Py+q/(1.5-M/N) N/2<MSN-1

Applying this new FPE equation yields a constant variance for
all model orders up to N-1 .,

In subsequent work Akaike extended the FPE scheme to be
applicable to any maximum likelihood situation (Ref 1). He
describes an information criterion for estimating the model
order that employs the ln-maximum likelihood estimate of a

given process. Akaike's A-information criterion (AIC) is
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defined by
(AIC)M = -2 1n (maximum likelihood) + 2M (53)

"A" denotes the first case, with the expectation that B,C,...
may follow. It turns out that for the case of univariate AR

model with Gaussian input (Ref 21),
(AIC)M = N 1ln (Pm+1)+2(1+M) (54)

Again, a maximum order L<N is selected and the minimum AIC
denotes the proper estimate of the model order. R.H. Jones
(Ref 21:895) shows that AIC and FPE select the same order.
Additionally, Jones suggests that FPE and AIC are asymptotic-
ally ejuivelent. AIC, like FPE, is easily implemented and is
therefore, a desirable analysis tool for the problem under
consideration.

The Maximum Entropy spectral estimation techniques out-
lined in the preceding paragraphs provide an excellent tool
for the research in this paper. Since the problems are de-
scribed for short record data, MEM is ideally suited. Addi-
tionally, MEM provides an unbiased estimate of the spectral

density of the input sequence.

Papoulis Bandlimited Extrapolation Spectral Estimation

A new algorithm, developed by A. Papoulis (Refs 31, 32,
and 33) appears to be applicable to the problem under con-

sideration. The technique involves an iterative routine
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using only a discrete FFT/IFFT. Specifically, Papoulis'
algorithm is applicable to stationary bandlimited signals.

The algorithm is based on one simple assumption

P(w) = 0? whenever |w]|>0c (55)

5

Note that this assumption does not restrict the time function
x(n) to some specific value outside the period of interest.
The problem is to find the Fourier Transform of a band-
limited function x(t) in terms of some simple segment of
x(t), x(n) . Papoulis suggests that the solution is found
by the following iteration:
x(t) |[t|<T

1. Form x,(t) = . (56)
0 |t]|>T

2. Determine the FFT

Xi) =% face) (57)

3. Form . X, (w) |w|<°_
Pi(w) = (58)

0 lw|>o

4, Compute

x2(t) = 27 {P,(w)}

x(t) |t]|<T (59)
x/(t) =

x2(t) |t|>T
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5. Continue steps 2,3,"and 4 to the nth iteration

to yield

Xn(ﬁ) |w|<o

(60)

P_(a)y =
e lal>0

The number of iterations ,n, can be controlled by a

preset mean-square error (MSE) value. The MSE for the nth

iteration is

@ g

. = [[x(t)-xn(t)]zdt«-» -;'?j[P(m)-Pn(w)]zdm (61)

-00 o

. [x(t)-x (t)]*at + [x(t)-x (t)]*dt
[t]<T [t]>T

rewriting the far right integral in terms of the Fourier

Transform

. - fl:X(t:)-xn(t)]2 + %? []P(w)-xn+1(w)|2dw
|t|<T lw|>0

(62)

g
+ flP(m)—Pn+1(w)|zdw
-

From Eqs(61) and (62),

1
0. “0 41 * [x(t)-xn(t)]zdt*g; |Pw)=X, 41 (w)|?da
|t]<T Jw|>o
33
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‘ ;, The two integrals on the right side of Eq(63) are never less

than zero. Therefore, €, "%n+1 is never less than zero. It
follows then, that e, is monotone non-increasing. This con- “
J clusion indicdtes that the iteration procedure can continue

to some value to satisfy a preset condition.
Papoulis (Ref 31:738-740) proves the convergence of the

technique, en+0 as n+*» in the deterministic case. The

proof is through a comparison of the technique to a method

for extrapolation of band-limited functions based on the ex- '
pansion of x;(t) into a series of prolate spheroidal func-
tions. The results are provided in Appendix A. The algorithm
is used by Gerchberg (Ref 19), in a 1974 report on image pro- -

cessing, with satisfactory results.

Comparison of Spectral Estimation Techniques

To complete the background information concerning tech-
niques for spectral estimation, several areas must be consid-
ered. In particular, the techniques must be applicable to

analysis of short input record. However, some aspects of the

traditional techniques can be used to verify the newer or un-

familier techniques.

Articles by Burnard and LaCoss (Refs 7 and 24) provide

additional data and solidify the conclusions concerning the

that the viriance of the spectral estimate for both MEM and

i various techniqnes. For example, Burnard and LaCoss suggest
[

Periodograms is proportional to 2L/N, where L is the number
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of sections from the total of N samples. Also, LaCoss shows
that frequency resolution is inversely proportional to N
for Periodogrgms and inversely proportional to N? for MEM.
These results, along with the conclusions derived in this
section are provided in Table I, Clearly, the MEM and Pap-
oulis techniques are applicable to the problem under consider-
ation.

Several different input sequences are applied to both
MEM and Papoulis spectral estimation computer coded algorithms.
It is determined that on the average, MEM routines comblete
execution in about the same time as the Papoulis' routine
when the number of iterations is less than 100. Therefore,
the number of Papoulis iterations is limited to a maximum of
100 to allow a rough equivalence in computational time be-A
tween the MEM and Papoulis techniques.

Smoothed periodogram techniques provide the basis of
analysis to verify the MEM and Papoulis techniques applied
to known signal samples. The following section provides the

results of applying the techniques derived in this section.
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III. Analysis of Known Processes

The purpose of this section is to provide graphic illus-
trations of the spectral analysis techniques developed in the
previous section. Known time sampled data is applied to the
estimation equations to determine the spectral content. The
Bartlett smoothed periodogram technique provides true spectral
density data for verification of the estimates developed by
the MEM and Papoulis techniques. Calculation of the variance
of the estimated spectrum provides additioral information a-
bout accuracy. Three specific examples are evaluated to de-
velop confidence in the MEM and Papoulis techniques.

The techniques developed in Section II are applied in sev-
eral subroutines. These routines have been coded using For-
tran IV and are provided in Appendix B. Figure 1 shows a sim-
plified flow diagram of an analysis routine to determine the
spectral density and statistics of an input process. The se-
quence is assumed to be very large (greater than 30,000 points),
to faéilitate accurate determination of the Bartlett periodo-
gram, the sample mean, and the estimated variance of the MEM
and Papoulis techniques. These values are calculated from
64 independent realizations each with 128 samples.

Figure 2 illustrates the algorithm used to determine the
estimated spectral density using MEM and Papoulis techniques.

This routine assumes that the input sequence is short as
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- Initialize Data and Plotter
Plot 128 Samples of Input Data

'

Determine FPE,AIC, and Kolmogorov-
Smirnov. AR model order
Calculate MEM Coefficients
.CALL MEMCO1
.CALL AFPE
.CALL AAIC
.CALL KOLSMR
Loop of Orders 0-31

Plot FPE, AIC, and Kolmogorov- ///
Smirnov _data for1 Orders 0-31

I/I‘becide on AR Model Order 4//7
5 1

Determine Sample Mean and
Variance for MEM Estimate, 64 Windows
(Skip 50 Data Points Between Each Window)
Let N=64 (64 Windows)

.CALL BTLET

Plot Bartlett Spectrum

Figure 1.

Papoulis Estimation
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Flow Diagram to Determine AR Model Order, Bartlett
Spectrum, Sample Mean, and Variance of MEM and




l/rblot Bartlett Spectrum )7

Determine Sample Mean and
Variance for MEM Estimate, 64
Windows (Skip 50 Data Points
Between Each Window)
(Eqs(1) and(4))

.CALL MEMCO1

.CALL PSPEC
Loop 64 Times

/_ Plot Sample Mean and Variance/

Determine Sample Mean and
Variance for Papoulis Technique,
64 Windows (Skip 50 Data Points
Bewteen Each Window)
(Eqs(1) and (4))

.CALL PAPO
Loop 64 Times

)

/ Plot Sample Mean and Variance /

Figure 1. (Continued)




[;nitialize Data and Plotter |

i —

Input Number of Data Points N
(Max 128) and Maximum MEM Order
M

Determine AIC and FPE
Calculate MEM Coefficients for
Order O to M

.CALL MEMCO1

.CALL AFPE

.CALL AAIC
Loop M Times

/ Print AIC and FPE Data /

/ Decide on Model Order L /

Determine MEM Spectrum
for Order L
.CALL MEMCO1
.CALL PSPEC

®

' Figure 2. Interactive Routine to Calculate Estimated Spec-
l trum for MEM and Papoulis Techniques.
!
!
|
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/ Plot MEM Spectrum,/,

=y

Yes

Decide on Maiimum Papoulis
Input Data (T) less than N [Eq(56)]

Determine Papoulis Spectrum
.CALL PAPO

/ Plot Papoulis Spectrum /

Yes '<:::)

Figure 2. (Continued)
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1

defined in Section I.
The three signals evaluated in this section are a sim-
pPle 2nd order AR process, and autoregressive-moving average

process, and a sum of two cosines plus Gaussian noise.

Example One: Second Order AR Process

Example one is a simple AR input sequence

x(n) 0.75x(n-1)-0.5x(n-2)+n(n) (64)

where n(n) is a Gaussian distributed sequence with zero
mean and variance equal to one. This sequence should have a
spectral density that resembles a second ordér low pass sys-
tem.

A 128 point sample of the input sequence is provided in
Figure 3. The expected results are verified by the results
of the Bartlett estimate, Figure 4. Data from the MEM model
order calculations are provided in Figures 5,6, and 7. As
expected, AIC and FPE model estimation techniques indicate a
minimum at order eqﬁal to two. Additionally, the Kolmogorov-
Smirnov analysis indicates a maximum at model order equal to
two. These three model order determining techniques clearly
suggest that the MEM technique with AR order equal to two is

the most correct model. Figures 8 through 11 show the esti- i

mated mean and variance of the MEM and Papoulis techniques.
Notice how closely the estimated mean from the MEM technique

approximates the expected results from the Bartlett technique
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(approximately the true spectrum). With only 64 realizationms,
the mean from the MEM technique appears to be reasonably accurate
with a variance depending on the amplitude of the true spectrum.
For this particuiar problem, the estimation errors are relative-
ly small.

‘The Papoulis technique fails to provide satisfactory results,
with a variance much greaéér than that of the MEM technique.
This problem is attributed to the limitation of the number of al-
lowed iterations in the Papoulis estimation routine. It is as-

sumed that the Papoulis technique will do a more creditable esti-

mation of the spectrum if the routine is allowed to iterate he-

yond 100. This conclusion is suggested by Eq(63) and Papoulis'

proof of convergence. However, since the input in this problem
is not deterministic, the error will not go to zero as the num-
ber of it<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>