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Preface

• This study had a major goal. of extending Markov simulation methods ,

- 
especially as applied to weather data , to two or more dimensions. These

methods should be c~nputationally simple , since they would be designed

to produce a weather data field as only one of many possible inputs to a

• more cc nplex simulation model used for another purpose , such as weapon

• system effectiveness . Examples performed using the models described

• in this paper show that most of these methods are realistic and all of

• them are quite easy to apply.

I would like to thank Dr. David Barr of the AFIT Mathematics

Department for suggesting this topic to me and for his constant ~.aidance

• during the research , along with allowing this to be an independent

study as much as possible. Also , I would like to thank Capt Garry

Jackson of AFFDL for his ideas, which led to the formulation of this
• problem , and for his constant interest in the outcane of the research ,

and I would like to thank Lt Col Jon Hobbs from the AFIT Systems

Management Department for his helpful suggestions during the writing of

this thesis . Finally, I would like to thank God , who constantly sus-

tained me throu~~out this period .

Steven Schroeder
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Abstract

In many cases , weather is only one of’ many inputs to a simulation

model , so a realistic but simple weather simulation method should be

included in the model. This paper has three majo r areas of concern :
( 1 )  A fairly extensive review of’ applications of one-dimensional Markov

and seni-Markov chains to weather data simulations , (2) A consideration
of factors involved in and methods that are appropriate for extending

Markov concepts to simulations of’ gridded data in two or more dimen—
sions, and (3) Evaluation of’ the proposed methods in terms of realism

and simplicity of application . A discussion of the general character—
is tics of real weather variables and observed weather data in the con-

text of simulating weather as a stochastic process is also given.

The data base used for the example consisted of gridded weekly

maps of temperature departures from normal in an area of the United

States. For most analyses , the data was converted to five states,

Iran state 1 (coldest ) to state 5 ( warmest) . In the real data , it was

rare to have an occurrence of unequal or nonconsecutive states in

adjacent grid points . Such occurrences were called “unusual transitions,”
and one criterion for evaluating the realism of a weather simulation

scheme was the frequency of generating these transitions.

Most of the proposed two-dimensional simulation methods produced

data fields that were basically quite realistic , but they also pro-

duced “unusual transitions” more frequently than in the original data.

A further suggested method, no more complex than the other methods , was

found to greatly reduce the frequency of these “unusual transitions”
in the simulated data fields. In this method , the probability distri-

bution at any interior point of the grid depends on the states observed

vii
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at the grid points ininediately west, north , and northeast of each
point , and the interior of’ the grid is simulated by rows. All of’ the
proposed simulation methods are very easy to perform on a computer.
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MARKOV SIMULATIONS OF ONE- AND ~~~-DINENSIONAL

WEATHER DATA BASES

I. Introduction

Overview of Weather Modeling

Weather is still an important factor in the effectiveness of al-

most all weapon systems . Fi~~ter aircraft , heat—seeking missiles ,

helicopters , and cruise missiles are only a few of the systems whose

performance can be sigsificanti.y degraded by certain adverse weather

condition.g such as icing , low ceilings , or low visibility. Since

these conditions occur very frequently in many areas of military inter-

est , especially Europe , weather is a major concern of comba t planners

• and needs to be modeled so it can be incorpora ted into plann ing pro—

• cedures.
• Categories of’ weather models. Weathe r models can be divided in~o

three basic categories: deterministic models , stochastic models , and

models that are a combination of both.

( 1) Deterministic weather models use initial input conditions

based on weather observations ) and physical laws of the atnosphere to

produce explicit forecasts of conditions at a later t ime . The scales

of’ motion and interactions involved require modeling at least the

Northern or Southern Hemisphere for realistic results , if forecasts

are made for a period of more than a few hours . Small-scale or tempor-

ary phenomena such as thunderstor .~s or fog cannot be adequately modeled ,

• - and accumulated errors cause accuracy to decrease substantially after

• about 24 hours . Because the physical laws are universal , the models

may be applied almost anywhere (even on other planets with an at.iosphere ’.
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(2 ) Stochastic models are based on climatolo~~, or a knowledge

of past weather conditions. Climatolo~ r is usually a statistical

description of the weather and is often expressed in the form of’

probabilities of’ occurrences of given weather conditions. A forecast

made by a stochastic model will consist of the probabilities of various

outcomes , based on current and recent weather conditions . Because this

is a statistical rather than a neteorological approach , probabilities

must be generated for each separate location. The data may be fur ther

stratified by season of year and t ime of day .
( 3 )  Many operational computer—based models are combinations of

the deterministic and stochastic types . An example is a “probability

of precipitation” forecast. The expected conditions at a given point

over a specified t ime interval are forecast deterministicafly. The

uncertainty due to inaccuracy of the forecast is expressed in proba-

bilisti c form, with the probabilities determined from an empirical

model based on the forecast model outputs .

Basic reasons for weather modeling. The major reasons for de-

siring to model the weather can be divided into two categories : short—

range planning and long-range planning . Short-range planning as used

here refers to the time period for which specific forecasts are availa-

ble , generally no more than a few days into the future . Long-range

planning is considered to concern time periods for which no forecast is

available. Long—range planning can also include attempts to understand

present and past climates ( including the ice ages ) , since any past
• climate could possibly recur in the future .

For short—range forecasting , deterministic models are quite

V effective in most cases and are routinely produced at raj or forecasting

2
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centers . Some small—scale phenomena that cannot be adequately modeled

can be forecast stochastically using conditiona l probabilities (such

as the probability of fog tomorrow morning , given the weather condi-

tions observed today) obtained from a “conditional climatolo~ r .”

Long—range weather planning is most effectively accomplished

using a stochastic approach , since no exact knowledge of weather con-

ditions can be obtained beyond a certain distance into the future . 
•

Simulation is a tool frequently used in long—range planning . Deter—

ministic models have had some use in investigating past climates (such

as in simulation of the last ice age), but the purp ose has only been to -

•

obtain estimates of averages. In general, deterministic models are too

complex and use too much computer time for use in most simulations of

Air Force interest , while stochastic models ( such as Markov chains ) can

be computationally simple and still provide sufficient realism.

Simulation and Weather Modeli ng

Much work has been done to simulate the performance of weapon

systems under varying combat situations . Weather is often included as

a factor in the simulation models , with varying degrees of’ realism.

In general , the weather module of a simulation model should be as

computationally simple as possible and should not introduce any more

complexity than necessary . However , it should include enough of the

characteristics of the actual weather (such as frequencies of occur-

rence, persistence, and variability, in space as well as time if needed)

to be realistic in terms of the weapon systems and scenarios consid-

ered . Since a simulation is generally assumed to take place at some

unspecified future t ime , for which the only thing known about the

weather conditions is that they will be different from present and past

3
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weather, an appropriate approach is to describe the available weather

data base statistically In terms of probability distributions . Then ,
V random procedures would be used to generate a statistically reasonable

weather sequenc e , which would probably not be the same as any actually

observed weather sequence. Only the parameters that generate the

V sequenc e would need to be stored in the computer , rather than the en—

tire series of available data.

One problem in any simulation is to decide wha t weather da ta (if

any ) is needed. This will not be a major concern of this thesis , since

meteorological reason Ing and experimental data can be used on a case—

by—case basis to determine what data needs to be included in each simu-

lation . It is assumed here tha t data is already available or can be

obtained , since for most land areas of the world , the weather has been

continuously observed at specific locations for 20 to 100 years or more .

Most of this data is archived in computer—readable forma t at the Air

Foive Environmental Technical Applicat ions Cent-er ETAC ) , Scot t Air

Force Base , Illinois , and the National Climatic Center ( N C C) ,  Asheville ,

North Carolina . Most detailed data bases covering areas of the cart-h ’s

surface or volumes ot ’ the earth’s atmosphere on a small scale have been

available only since the early 1910 ’s.  The ma jor Air Force data base

of this type is the three—dimensional nephanalysis data base 3D NE FU ) ,

archived at ETAC , which incorporates weather SatVe JJ i t e  observations and

surface and upper-air weather data to provide a worldwide 15—laye r

analysi s of’ atmospheric moisture and cloud cover ( nephanalysi& , wi th  a

resolution of app rox imately 25 nautical miles . On a large scale , daily

Northern Uemisphere sur face weather maps have been publ ished back to

1399 , and upper—air weather maps are available t~’ack to 1~~0 in the Daily

series, Synoptic Weather ~ (U.S. Department . of C~*i~i~ei’ce, 1’)40 to

4



Present) and Historical Weather ~~~~~~~~~~ (U .S. Department of Cocinerce , 1899

to 1939) series. This paragraph , of course , is not an exhaustive list

of available data , but illustrates the fact that weather data is already

available for almost any desired purpose . —

The next problem in Incorporating weather into a simulation model

is to appropriately describe the data so that the data characteristics

that are important for the simulation are included in the model. For

example , to simulate a long, large—scale military exercise , or a con-

ventiona l war lasting a year or more , it may be appropriate to assume

average weather conditions or conditions that match the normal proba-

bility distributions of’ the weather phenomena. To simulate a shorter—

dura tion event, such as a Warsaw Pact attack on western Europe , both

changes and persistence from day to day should be included in the model.

Different prevailing weather conditions during the period of this event

(such as a severe winter cold spell , a mild and rainy winter period , a

typical showery period in the s~ziner , or a summer drought and heat wave) 
V

would lead to considerable differences in the effectiveness of’ weapon

systems a~~inst various types of targets . In predicting the f’uel costs

for a building (or a base) during a heating season, the overall severity

of the winter would be the important factor, rather than Individua l

cold waves. However, to predict the performance of a solar heating

system ( possibly installed in the same building), day—to—day factors,

such as cold or cloudy periods , are the most important factors

Many procedures have been extensively developed and theoretically

justifie d for providing a statistical description of the climate at a

given location. A su~inary of the weather data that is recorded at a

single station over a period of’ time can be called a “point climatolo—

gy.” For most statio ns of military interest , point clima tVologies are

5



already available from ETAC or NCC. However, published statistical

s~itznaries usually do not include data about persistence , or positive
correlation between observations , which must be considered in most
situations tha t extend over a fairly short period of time . When there
is no persistence, a simulat ed data sequence can be generated by
Bernoulli trials , or repeated random sampling from the unconditiona l
probability distribution of weather states. If there is persistence,
data sequenc es can be generated using Markov or semi.4tarkov processes.
Effor ts in this area are described mor e fully in the literature survey
section .

The procedures for developing an “area climatology , ” or a stat is t i -

cal descripti on of’ the charact eristics of the weather condit ions sim-
ultaneously occurring over an area or in a given volume of atmosphere ,
are net very well explored , especially for weather occurring on a small
scale . The data that is available in map or gridded data form is con-
cerned almost exclusively with averag es or extreme s over lar ge are as .
such as itt the Clima t ic Atlas of the United Stat es t U . S .  t’epar tment or
Cc*m~erce , 1968) . In a simulation concerned with a sma ll area over ;~

short period of ’ t ine , such a~ aerial combat , the significant me t eoro-
logical factor s are often not well defined , or are not based on
routinely measured weather data . ( For example hor izontal and vert ical
visibilities in the atmosphere are not- always the s;~me. Vis ib i l i ty
observations from an airplane are usually appr oximate and are infre—

— quen tly report ed). Genera lly , the appropriate s t a t ist ica l  distr ibu-

tions must be obtained on a case—by—case ba sis from the raw data that
is used .

6
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Motivation for This Project

It has been found that the cruise missile is quite vulnerable to

ice accumulation , since it is designed to fly low, with little reserve

power or fuel . In winter in eastern Europe and the USSR , icing condi-

tions are frequent arid may cover a large area for as long as severa l

days.

Once this problem was identifi ed , it was desired to find out the

expected proportion of cruise missiles that could be lost under various

realistic operating conditions. If the number lost could be large ,

icing protection may need to be built into the cruise missile even

though this could reduc e its payload and range .

ETAC was given responsibility to investigate this problem. Their

approach was to select a given area of 3D NEPH data and count the num-

ber and duration of icing encounters occurrences of’ specified combina-

tions of temperature and liquid water content ) along a simulated path

as in figure 1 for each data t ime avai lable . The probabilities of

encounter of these Icing situat ions could be used to estimate the

probabi lity of losing a cruise missile due to icing.

If further simulations are desired after this data is analyzed ,

there are many possible approa ches to developing a simulation model ,
— two of which are of’ interest here . In both cases , mutually exclusive

weather conditions (or states ) that corresp ond to different intens i—

ties of cruis e missile icing could be defined .

The first approach is most suitable if the probability of loss

of a single cruise missile due to icing is to be investigated . In

this case , a one—dimensional approach tha t would simulate a sequence of’

weathe r conditions along a path could be used . This could be either

.7
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Figure 1. Simulated Path Used by ETAC

to Analyze Icing Duration

a ~~rkov or a seni-Markov model , and chapter IV describes sane e~~mples

of applications of both types of models.

The second method is more appropriate if the paths of’ a large

nunber of cruise missiles launched during a short time interval are to

be simulated . In this case, a two-dimensional approach should be used ,

ass~~ing that the cruise missiles are to fly at nearly a constant level

above the ground. A two—dimensional data field would be generated and

a large number of cruise missile paths through this data field would be

simulated . The proportion of cruise missiles lost due to icing would be

recorded , and this procedure would be repeated with different generated

data bases until the desired statistics have been found .

Goals of This Thesis

In view of the preceding areas of concern , the first goal of this

thesis is to s~mr~rize the existing literature in the area of’ simulation

using one—dimensional Markov and s~~i-~~rkov processes , especially as

8
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applied to weather data , for the benefit of users . The second goal is

to investigate the possibility of extendi ng Markov concepts to two

dimensions , and to report on work that has already been done in this

area . The third goal is to perform examples of the suggested simulation

procedures to show the feasibility of the methods and to reveal any

operational problems . Basically, the two—dimensional modeling proce-

dures are concerned with simulati ng events occurri ng over an area at an

instant of’ time. These concepts may be extended to n dimensions ( in-

cluding time as one of the possible dimensions ), although complexity of

the model would increase greatly.

Because the focus of this investigation is statistical rather than - -

meteorological , it will not be primarily concerned with meteorological

processes . Markov chains provide a statistical description of , rather

than a physical explanation for , weather phenomena . Of course , when a

large data base is available , the statistical description should agree

with physical explanations .

The purpos e of this study will be to develop procedures suitable

for simulation rather than forecasting , althoug h the procedures could

be applied to a “conditional climatolo~ r ” approach to short—range fore-

casting.

Overview

Chapter II describes some of the characteristics of ac tua l weather

variables and observed weather data .

Chapter III briefly summarizes some of the theory of appropriate

Markov and semi-Markov processes and defines terms and notation to be

used in this report .

Chapter IV describes some of the applications of’ Ma rkov proc esses

9 
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to weather data series , including firs t-order and higher-order Markov
cha ins , semi-Harkov processes , and statistic al tests of Markov ord er.

Chapter V discusses several additional topics that become especially
important when att empting to model a two—d imensional data field by a
Mark ov process , includi ng reversibility and invers e probabilities , con—
ditional probabilities , and corre lation .

Chapt er VI describes a regression—type scheme for simulating a
two—dimensional data base as a preliminary to extendi ng Markov concepts
to two or more dimensions . The methods Galbraith and Walley (1976 ) and
Pickard (1977 ) used to simulate a two—dimensional da ta field by Markov
procedures are described , and an additional suggested procedure is shown .

Chapter VII gives examples of simulations pr oduced by the Markov
models describe d in chapter VI . These examples show that all of the
suggested methods can generate combinatio ns of weather states that are
unusual in the real data. A suggested refinement of Pickard ’s method

reduces the frequency of these unusual combinations . Three of the four
suggested methods do pro duce da ta fields that are reasonably realistic ,

— 
and all of the simulation methods are easy to perform on a computer.

Chapter VIII susnariz es the results and identifies some areas of
possible further research.

10
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II. Weather Data Characteristics and Ana lysis

Introduction

Weather is naturally occurring and is difficult or impossible to

reproduce under laboratory conditions , so it must be observed to be

described , explained , and understood . Weather observations seek to

describe various conditions that can be extracted f’rom the environment ,

are measurable , and appear signi ficant . It is important to t~cnow what

the major characteristics of the underl ying real variables are , and how

the observed data differs from the real variables . The extensive

general discussion of weather variables in this chapter is prepared for

the benefi t of users who may not have extensive experienc e in work ing

with weather da ta . Also , the discussion of data analysis is given for

those who may not be familiar with some of’ the techniques used .

As described before , the basic purposes of a weather model are to

aid in short-range and long-range planning. Current weather observ a-

tions are a key to forecasting the future weather , and a long series of

observations is needed to provide an adequate climato lo~ r in the form

— of a statistical description of the climate of a location. Climato lo—

gical data is used for various planning studies throughout the Air

Forc e , includi ng simulation models .

This chapter will show that available weather data is in , or can be

transferred into , a form sui table for modeling as a stochastic process .

However , the meteorological processes involved and the limitations on

the data should be considered to avoid obtaining useless results .

It is possible to construct weather variables that will not have

all of the prop erties named in this chapter , but thes e variables can be

converted into variables that are suitable for stochastic modeling.

11
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For example , the cumulative pr ecipitation measured at a station since
its establishment could be divided into two states : ( 1 )  under 1000

inches , and (2 )  1000 inches or over . Once 1000 inches has been observed ,

stat e 2 is entered and is never left , so state 2 is an “absorbing stat e”
and state 1 is a “transient state , ” a state that is never reentered once
left. Weather data modeled as in this thesis cannot have absorb ing or

transient states . If annual (or monthly or daily , etc. )  pr ecipitation

is recorded instead , this problem is eliminated and the data has the

desired pro perties . In this thesis , it will be assumed that all varia-

bles will either be a measurement at a spec ific t ime or a cumulation

over a specified length of time , and such data can be suitable for

stochastic modeling .

Characteristics of Real Weather Variables

Continuous. Since weather occurs continuously in time and space ,

at least above the molecular level , real weather data is fundamentally

continuous . Therefore , most real weather variabl es are either contin-

uous (such as temperature ) or are integrals of continuous variables over

discrete time intervals ( such as daily precipitation ).

Deterministic. Since weather is governed by physical laws, it is

deterministic , meaning that s~~e conditions will lead to the same re—

suit. The fundamental laws include three equations of motion ( one in

each space dimension) and equations for the conserva t ion of’ mass and

ener~ ,’. Sometimes an equation for the conservation of’ moisture is

added . These are nonlinear partial differential equations and are true

at any point in the a tmosphere at any given t ime. In principle , if all

of the condit ions at a given t ime are known , the weather conditions at

any following time can be perfectly forecasted. Actually, these

12
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equations , as operationally used , are incomplete since some factors are
left out.

Dependent. Weather data is never truly independent , regardless of

the separation of time and distance . A small change at one location
will have an eventual effec t (althoug h it may be slight ) on the weather

at every other location .

Multivariate. The large number of fac tors and interactions that
produc e weather mean that weather is a very complex process . It is
multivariate , with vector and tensor (or matrix ) notation requir ed to
describe the weath er at a point in space and t ime.

Nonlinear. Weather is nonlinear , as shown by the form of the
governing physical equations , which cannot be analytically solved be-
cause of their nonlinear form . Also , effects may not app ear to be
proportional to the cause , and interactions between weather elements

can amplify or damp out the changes that would occur from each weather
element separately.

Scales of’ motion. Weather occurs on many scales of motion simul-
taneously . These are generally divided into three categories by
meteorologists: macroscale ( horizontal extent app roximately 1000

kilometers to planetary scale) , mesoscalt~ ( about 10 to 1000 kilometers ) ,

and m.tcroscale ( under 10 kilometers ). These are not precise divisions

between categories. Examples of generally microscale phenomena are
turbulence , tornados, and thunderstorms . Squall lines , lake effect
snowstorms , urban pollution , and tropical storms are generally consid-

ered mesoscale phenomena . Macroscale phenomena include air masses ,

frontal systems , and planeta ry waves ( jet streams). Natural or man—made
geographic features such as cities , rivers , lakes , moun tain ranges ,
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and oceans have effects on the weather on generally the same scale as

the size of the geographic feature.

Scales of velocity. The physical laws of’ the atmosphere contain

solutions for all three types of air motions that occur in the atmos-

phere . Only the synoptic (or meteorological ) motions, which describe

the movement of air masses , are significant in the weather. Meteoro-

logical motions includ e velocities f r an zero , in calm air , to those

observed in tornados and jet strea ms . Gravity waves , the second type

of motions , arise on discontinuities between air masses and are some-

times visible in the atmosphere as a set of parallel rows of clouds.

Sound waves are the third type of motions and are also obtained as

solutions of the basic equations . Neith er gravity nor sound waves are

of meteorological significance although they do occur in the atmosphere .

They can cause entirely spurious results in numerical weather forecasts ,

so they are removed Iran the set of permissible solutions to the

governing physical equations by various ma th ematical filteri ng methods .

Scales of t ime . For a given phenomenon , the time scale may vary

independently of the scale of distance or velocity . For example , a city

will have some effect on the weather as it develops over decades or

centuries , althoug h its horizonta l extent is only a few miles , while a

low pressure area will last only a few days or weeks and may cover

thousands of miles .

In descendi ng order , some of these time scales are as follows.

The causes given are quite speculative for scales longer than a year.

Thousands of years or longer: ice ages and interglacial periods .

These may be caused by regular changes in the earth ’s orbit , such as

the tilt of the earth’s axis , or by changes in volcanism .

14
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Centuries : long climatic cycles such as the “Little Ice Age” fr~x

about 1 600 to 1850 . Causes could inc lude the longer cycles of heat

storage in the deep ocean layers .

Years to decades : the quasi—biennial oscillation ~an approxinately

26—month cycle noticed mainly in the tropical stratosphere), drought and

wet cycles , or warm and cool periods . A cycle averaging approximately

22 years in length is easily visible in Ohio temperature data and in the

da ta fran many other locations . These may be caused by stable or nearly

stable oscillations in the earth-atmosphere-ocean system.

Annua l or seasonal : the annual temperature cyc le and seasonal

monsoons . Abnormal weather may also occur on a seasonal scale . Ex—

amples are the recent extremely cold winters in the centra l and eastern

• United Stat es , and the hot sixr~ers of’ 1975 and 197c’ in western Europe .

These were caused by persistent upper air patterns on the scale of a

few months.

Days to weeks : air mass movements and tropical and ex t ratropical

storm systems. These phenomena are of’ major concern to forecasters and

can be forecasted fairly well using the physical equations described

previously.

Hours to one day : daily solar heating cycles , thunderstorms ,

squall lines , urban air pollution dispersion , and icing occurrences .

Seconds to minutes : Gusts , turbulence , and diffusion of’ polluti on

from a single source . These are caused or a f’fec ted by suc h f~c t ors as

the viscosity of’ the atmosphere and the characteristics of flow over

rough surfaces .

Periodic components. Mans of the motions occurring on various

t ime scales are periodic . All of these per iodicittes are irregular in
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sane way because of the number of interactions that occur simultane-

ously.

Inhomogeneous. A result of the periodicities and differi ng scales

of motion is that the probabilities of occurrence of given weather

phenomena are not constant with time or from one location to another .

Not in Steady state. Weather has been occurring under approxi-

mately the same conditions ( such as topography and ocean levels )

throughout recent huTmn history , but the presence of’ long climatic

cycles means that probability distributions for weather events do not

stay constant even when averaged over long periods. It appears from

geological investigations that there is no such thing as a “normal”

climate for the earth .

Statistically distributed. Every weather variable has a probabil-

ity distribution or density function of some form, generally not exact—

ly matching any theoretical distribution function. The meteorological

theory is not well enough developed to predict the exac t statistical

form of the distribution . One major task in almost any weather investi-

gation is to find an appropriate distribution function for a given Set

of’ weather data .

Characteristics of Observed Wea ther Data

Transformation of real variables. In. reducing actual weather to

observed data , the real weather variables are transformed in many ways ,

both intentionally and unintentionally. This section describes some

characteristics that are signi ficant in considering measured weather

data. All of the properties of real weather variables still hold for

observed weather data , except for the continuous and deterministic

properties , which are modified.

16
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Differing methods of’ observation. Some variables , such as temper-

ature , wind speed and direction , or cloud cover , are observed directly

by an instrument or observer.

Other variables must be calculated because they are not routinely

measured , cannot be directly measured , or reflect applications of’

measured variables to special purposes . Several examples can be given:

(a) Relative humidity is calculated from the air temperature and

wet bulb or dew point temperature observations .

(b) Vertical air motion cannot be satisfactorily measured using

existing instruments, so equations have been developed to calculate

vertical velocities from other observed variables.

(c) The geostrophic wind does not really exist but is useful for

certain forecasting purposes . It describes the wind that would occur

in the absence of’ friction as the Coriolis force acts on air masses of

differing densities .

( d )  The number of heating or cooling degree days has been found

to be quite accurately proportiona l to the amoun t of’ heating or cooling

required , when comparing one time period or location with another . If’

a day averages 65 degrees Fahrenheit or colder , the number of degrees

by which the daily average temperature is lower than 65F is equa l to

the number of heating degree days . Similarly , if the average daily

temperature is 65F or warmer , the number of degrees it 13 above b5F is

equal to the number of’ cooling degree days. For example , a day aver-

aging 50F has 15 heating degree days and a day averaging 70F has 5

cooling degree days . The heating or cooling degree days can be accumu—

lated separately over a period such as a month or season to give a

measure of the energy needed to heat or cool during the period . Of

17
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course , a heating degree day does not cancel out a cooling degree day .

Discreteness and delays. Weather variables are observed in a dis-

crete manner 1) in scales of measurement , due to the lim itations on

the precision or resolution in measurement and reporting , ~.2) in t’re—

quency of’ measurement , due to discrete observing inter va ls , smoothing

caused by response lag times of’ instruments , or the need to accumulate

data over a period of’ time , ( 3 )  by observing at discrete locati ons , and

4) by recording occurrence or nonoccurrence of’ a phenomenon. For some

statistical purposes , the data can be considered continuous , but it l~
actually discrete , and all stat istical techniques used in tht~ thesis

will be des igned for handling discrete data . Not e tha t discreteness

in t ime means that there are delays in data availabilit y .

Errors. Errors and discont inuit l~s are introduced In t o  weather

data in many ways .

1) Errors in measurement usually do not cause a systematic bias .

They may often be reduced by avera~ in~ .

~2) Errors in calibration will not generally be reduced by

averaging because of a systematic bias that- may he present in the data.

Averaging may help to detect this problem. t”or example , the duration

of’ sunlight is registered by an instrument that responds t o a certain

level of’ illumination, so it is highly sensitive to calibration . From

1968 t.o 197$, Columbus , Ohio averaged ‘LU percent loss 01’ the po~slble

amount of’ sunshine than Dayton, Chlo , while their dayt ime cloudiness

averaged only 1 .4 percent of’ the possible amount- more than hi Dayt on.

From 1957 to 1o~7. Columbus had 3. 1 perc ent- less sunshine and .$ percent

more daytime c loudiness than 1\-iyton . Thi s  data was comp i led from

Local Climatological Data issues from 1Q5~ t o 1OT$ ~~ Columbus and

18 
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Dayton , Ohio (U. S. Department of Comerce , 1957 to 1978 ’ . The large

difference in sunshine between Dayton and Columbus from 1968 to 1Q78

appears to be due more to differences in calibration than to actua l

physical differences.

(3 )  Elements of weather that are not ins t rumentally measured but

are recorded by a human observer (such as type of precipitation or

other weather, amount and type of cloud cover , and snow dept -h )  intro-

duce human biases and differences due to levels of training or experi-

ence .

( 4 )  Changes in equipment can cause disconti nuitie s similar to

calibration errors. For example , a hygrothermc*neter, an electronic

device to measure atmospheric temperature and moisture , will not respond

in the same way as a mercury—in—glass thermometer . Most Weather

Bureau ( now National Weather Service) and Air Weather Service stations

replaced mercury—in—glass thermometers with hygrothermcmcters in the

late 1950’s.

( 5)  Chan~e~ in station location cause a significant discontinuity.

Until the 1930’ s , almost all professionally observed weather data was

obtained in cities . Since the 1930 ’ s , the official source of weather

data for most ci ties has been the airport , usually in a somewhat rura l

— location . Even when a weather station stays at the same location in a

city , the growth of the city changes the weather gradually .

(6) Administrative policies and changes in observ ing procedures

or programs may Introduce greater discontthuities than normally recog-

nized . An example in the Air Force has been the elimination of the

ROS ( Remote 0t’servin~ Site) as the source of’ weather observations at

most bases . At some bases , the observer must walk all the way around

1- . 
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the operations building if he wants to see the whole sky when making a

weather observation .

( 7) Changes in public awareness have caused the number of reported

tornado occurrences to increase greatly throughout this century . As

weather effects on aircraft became more fully known , procedures for

reporting significant weather were ref ined because of the need for a

more complete data base .

Not complete. Since weather cannot be observed completely , only

a limited number of variables are observed , and there are errors in the

available data , observed weather data is not complete . There are sever—

al consequences of’ this : ( 1 )  Observed weather data is not completely

deterministic , but can be considered to be a mixture of deterministic

and random components. (2) A missing observation cannot be recon-

structed exactly. (3) It is not possible to perfectly forecast the

weather, regardless of the number of available weather observations .

(4 )  The correlation between weather observations in space or time is

not complete, although complete statistical independence usually cannot

be assumed either.

Usable with caution. In spite of’ the difficulties mentioned ,

there is actually a vast quantity of accessible weather data of reason-

ably good quality. Generally , the errors are not large enough to

significantly affect results if’ the user is aware of’ the data deficien-

cies . The existing data is usually suitable for most projects , since it

is often possible to calculate new variables from the available data ,

and reconstruct the value of’ the variable into the past to produce a

long data series . For example , heating and cooling degree days are

calculated from daily temperatures , so that the heating and cooling days

20
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can be calculated for many locations back to the 1800 ’s even though the

concept of heating or cooling degree days was not introduced until about

1915.

Properties of Observed Weather Data That Will Be Useful for Simulation

Random components. For simulation purposes, weather can be con—

sidered to have random components, because some factors are unmeasured.
The limitations in , and uncertainties of , existing weather observations

allow the data to be suitable for modeling as a stochastic process.

In many cases , it is appropriate to remove some or all of the

nonrandoci components from the raw data , as will be discussed in the

next section . Data analysis ~~uld be performed on the residuals. All

o~’ the properties described in this section will be at least as valid

for the residuals as for the unmodified data . -

A finite range. Even though there is almost no theoretical limit

to the range of many variables , such as the amount of’ precipitation that
can fall , they are observed to occur in relatively limited ranges of

values.

Discrete states. It is not possible to measure the weather with

infinite precision. In general , the number of’ different values of a

measurable meteorological variable is fairly small , although there may

be a few hundred different values. Often, it is useful to combine these

values into a smaller number of mutually exclusive ranges of values ,

which are called discrete states .

Recurrent. Recurrence means that any state can be obtained at
any , or almost any , future time . There are no “absorbing states” or

“transient states” (defined at the beginning of this section). Even

if’ a certain value or range of’ values of’ a variable is not expected to

21
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occur at certain t imes and is likely at the same location at other

times ( such as a temperature below freezing in the central United

States , in July compared with Janu ary ), it is of ten possible to remove

nonraridon components from the data so that the states determine d from

the remaining components can be considered complet ely, or nearly corn—

pletely , recurrent .

An exception to this prop erty is a variable which is physically

limited to one valu e at certain fixed t imes ( such as sunshine intensity

when the sun is below the horizon), or is so unlikely to deviate from

a specified value at certain t imes tha t it may be considered to be fixed

( such as the number of days with frost in Alabama in July) . Possible

proce dures for handli ng such cases are discussed in the next section .

Aperiodic. There is some perio dic component in almost any weather

data , such as a daily or annual cycle , but there is a significan t

variable component superimposed on this , which may be considered a ran-

dom ( nonper iodic) component

Homogeneous and in Steady State. Over a limited time or distance ,

probability distributions can be considered constant , In some cases

— (as in the preceding two paragraphs ) , removal of cyclic components may

lead to constant probability distributions. Another consequence of the

assumption of’ a steady state is that it is assumed that there is no

significant unilateral trend in the data from one cycle to another, at

least for the period of interest . If the removal of nonrandom com—

ponents does not give reasonable results, a limited kind of’ steady

state can be achieved by a method discussed in the next section .
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Preliminary Data Analysis

Should deterministic components be removed from the data? If

observed data were completely deterministic , it would not be necessary

to model the data by any kind of random process. The exact values of

any desired weather variable at any future time in any location would

be specified by appropriate equations. However , observed weather data

is considered to be a mixture of determ inistic (predictable) and random

components. In many cases, it is useful to remove the deterministic

components from the data and perform statistical analyses on the re-

maining ( random ) components.

The first task is to determine if removing the deterministic can—

ponents Iran the data will produce reasonable results. Occasionally ,

it may be best to remove some of the deterministic component.s but not

attempt to convert the residuals to a constant probability distribu-

tion.

( 1 )  If there is a procedure tha t will leave residuals which can

be considered to be in a steady state (havi ng a cons tant probability

distribution ), it will be generally easier to model the residuals ra ther

than the unmodified data by a stochastic model . An example of this is

temperature data • In many cases , the temperature can be standardized

to the number of’ standard dev iations fran the average for the time of

year (or day ) , and these transformed da ta values can be considered to

have a constant ( usually normal ) probability distribution .

(2) If no procedure will produce an exact or nearly exact

probability distribution of the residuals , a suitable transformation

may still produce results that will be sufficiently accurate to be

useful. For example, assume that monthly precipitation data is to be

analyzed in an area with moderate or heavy precipitation, with very

23



few long dry periods. It’ the data is standardized by conversion to

the percentage of average precipitatiai for the time of’ year , the

probability distribution may vary somewhat, but the variations may be

small enou~~ to be ignored in a simulation.

An example of’ this could be monthly precipitation for Columbus,

Ohio , at Ohio State University . Normals are given in U.S. Department 
- 

-

of’ Commerce, Weather Bureau (1964) and percentile values for monthly

precipitation are given by Miller and Weaver (1969). Based on this

data, a monthly precipitation at least 50 percent above normal occurs

from about 12 percent of the time in February to 20 percen t of the time

in March. Precipitation that is half or less of normal occurs from

8 percent of the time in April to 28 percent of the time in October.

If substantial accuracy in predicting extreme events is not needed ,
kthese differences mi~~t be overlooked . An average distribution , gen-

erating monthly precipitation values more than 50 percent above normal

about 17 percent of the time and values more than 50 percent below

normal about 18 percent of the time, could be used .

(3) If there are relatively large or sudden variations in proba-

bility distributions throu~iout the year (or day, etc.), there may be

no advantage produced by removi ng nonrandotn components from the data.

For example , in a fairly dry area with a definite rainy season , such

as Arizona , the average precipitation for different months may vary

( possibly) fran .2 to 2 inches. For the month averaging .2 inches,

probably in many years there is no measurable precipitation at all

(0 percent of normal), while 2 inches of precipitation (1000 percent

of’ normal) will probably occur occasionally. For the month averaging

2 inches, either 20 inches or no precipitation during the month would
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probably never be recorded , so the probability distributions of ’

percentage of normal would vary greatly throu~~out the year . In a case

such as this , expressing the data in ter ma of’ percentiles may give more

realistic results , but special procedures (as described later in this

chapter) should be used if a variable is restricted to a single value

at certain t imes . For example , snowfall nay not occur at a location - 

-

at all during sane months of the year , so a percentile value would be

meaningless during these months .

(4 )  In some cases , there are physical limits on the data values ,

as above, either on one end or both ends of the permissible range.

For example , precipitation and wind speed are restricted to nonnegative

values , and the proportion of the sky covered with clouds must be in

the range fran 0 to 1 (0 to 10 tenths) . Sunshine intensity is zero

— 
when the sun is below the horizon. If ’ there is a physical limit , and

especially if’ one or the other of the limiting values occurs occasion—

ally or frequently (such as months with rio precipitation , when analyzing

monthly precipitation data) ,  it is usually best to work with the

original data wi thout removing the nonrandan components.

Techniques to use if nonrandom components can be removed . If it

is reasonable to remove the deterministic components from a data series ,

analysis and simulation is a four—step process: tI ) Separate the

deterministic components from the data series and develop an equation

or procedure to specify the values of’ the deterministic components.

(2) Develop a statistical description of the residuals, or random

components. (3) Simulate a series of random components using the

statistical description. (4 )  Superimpose a series of deterministic

values onto the series of random values to produce a final simulated

25 
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data series .

No complete discuss ion of data transformation techniques can be

given here , but some possible techniques can be named . A very basic

procedure is to standa rdize data to the number of standard deviations

from the averag e value for the time of year (or day , e tc .) ,  or to par-

tially standardize by using the percentage of the averag e value . Spec-

tra]. analysis may be used to develop a smoothed curve of “normal”

values throughout the cycle . In sane cases where the data is restricted

to nonnegative values , it nay be useful to work with the logarithms of

the data values rather than the da ta itself before standardization (with

a small value added to each data point before taking the logar ithm if

there are any zero values , as suggested by Srikantha n and McMahon ( 1968 ) .

Another da ta transfor mation technique is to convert the data values

into percentiles , unless a lot of the data values are the same . ( For

example , if 50 percent of the data values are zero , there is no dis—

tinction between the 10th and 40th percentiles). Basically, meteoro-

logical reasoning must be used to determine an appropriate transforma-

tion .

-~ The preceding techniques are intended to be used with variables

that have a large number of possible values , such as monthly precipita-

tion measured in units of’ .01 inch. If it is desired to reduce the

number of possible values to a small number of states , the basic data

transformation should be performed first. If the data is already in

the form of a small number of different states , probably no data traris—

formation should be performed .

Techniques to be used if nonrandom components should not be

removed. When realistic results will not be achieved by using a trans-

formation such as those suggested above, or if the precision gained
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is not necessary, or if sane deterministic components are removed but

the residuals do not have a constant probability distribution, it may

be reasonable to simply ignore the lack of a steady probability distri-

bution . For example, Yost and Aronson ( 1977 ) assumed that the average

cloud cover in Albuquerque is the same throu ghout the year , even though

the data shows that the average cloud cover varies fran less than 2 to

over 5 tenths at different t imes of the year , with an especially rapid

rise in average cloudiness in early July.

If the differences in probabilities should not be ignored , the

most ca~inon technique is to use different probability distributions

for different times of the year (or day , etc.). These subintervals 
- 

-
-

should be chosen so that the probabilities wi thin each subinterval can

be considered constant. For example , Haan , Allen , and Street ~1975 )

used separate precipitation probability distributions for each month of’

the year in their simulation. ~1ore data would be required , of course ,

to give the same confidence for each probability distribution as when

considering the data as a whole.

Another possible technique is used by Feyerherm and Bark ( 1 9 6 5 ) .

They hypothesized that the probabilities involved in their data vary

smoothly throughout the year , so they used spectral analysis to develop

a smoothed probability cycle throughout the year for each independent

probability . If there is a reasonable basis for making this hypothesis,

this method could be considered a “variance reduction technique ,” to

lead to both an accurate reproduction of’ the underlyi ng trend and high

confidence In the validity of the statistically—derived cycle.

In some cases , as mentioned previously, a variable is restricted

to a single value , or is almost completely limited to a single value ,

27



at some fixed times (such as sunshine intensity when the sun is below

the horizon) . It is best to simply specify the value of’ the variable

at these times. If the times involved are somewhat variable , such as

the season of no snowfall in most mid—latitude continental locations ,

random procedures may be appropriate to determine the starting and

ending dates or times.
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III . Theory of Markov and Semi-Markov Processes

Characteristics of Stochastic Processes

A stochastic process is used to statistically describe the opera—

tion of a system that behaves as follows :

(1) The system condition is observed at specified values of an

independent variable. This variable is usually time ( meaning that the

system is observed at various times ) , but one objective of this thesis

is to observe systems where the independent variable consists of points

in space , and time is held constant at each observation of the system. — -

Only discrete , equally—separated values of the indep endent variable will

be considered here , and their values will usually be denoted by

sequences of the nonnegative integers .

In higher-dimens ional cases , a vector indep endent variable will be

used . If a weather condition is measured over an area , the independent

variable will be expressed as a two-element vector , as in a Cartesian

coordinate system . This can be extended to higher dimensions , and time

can be one of the dimensions .

(2 ) For each specified value of the independent variable (a given

time, or a given point in space ) , the system is observed to be in ex-

actly one of a number of states. The observed state can be called an

outcome . In this thesis , the number of different states is generally

considered to be finite.

(3 )  The state of the system is a random variable , meaning that

the probabilities may be described by a probability vector , which has

one element for each state and whose elements are the probabilities

associated with each state . Since the processes defining the probabil-

ities are not limited to any particular form , any vector whose components
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are nonnegative and sun to 1 can be called a probability vector (Miller ,
1977 , page 7—3 ) .

One-Dimensional Markov Processes

A general Markov process is a stochastic process in which the
probability distribution at any observation depends only on a specified

set of other actual observations . If these actual observations are 
- -

known, knowledge of additional data values will not give any more infor-

mation about the probability distribution . In particular , it is not

necessary to know all of the other data values in a series to specify

the probability distribution at an observation .

Most discussions of Markov processes are confined to one—d imen— - 
—

sional processes, where the independent variable is a scalar , such as

time. Assume that a system is observed at equidistant time intervals

and that the system is observed to be in exactly one of N different

states at each time . Then , in a first—order Markov process , the

probability distribution of the state at any observation depends only

on the value at the ininediately preceding observation . More generally ,

a Markov chain of order r assumes that the probability distribution at

each observation depends only on the last r available observations .

In a first—order Markov chain , where I and j  represent states
(I 1 , . . , N; j  1 , . . , N ) ,  let P1j be the transition probability,

or probability that a system which is in state i at one observation

will be in State j  at the next observation . The set of’ transition

probabilities for all i and j  combinations can be expressed as an N x N

transition probability matrix ( TPM) , which will be normally denoted by
F. P is a stochastic matrix, a matrix whose rows are stochastic

vectors.
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If i ~ j, a real transition occurs , meaning tha t the system

enters a new state. If I j ,  a virtual transition occurs, meaning tha t

the system remains in the same state . This distinction will only be-

come significant when discussing semi—Markov processes.

For the following discussion , the properties of observed weather

data that were discussed in the last section of chapter II will be

assumed to hold . Also , each state will be considered to be recurren t

(observable at any or almost any time or location) and aperiodic (not

occurring at absolutely fixed intervals ) , and the stochastic process

will, be considered to be in a steady state (the probability vector will

be considered constant over the values of the independent variable) .

When each state is recurrent and aperiodic , each z~tate is called ergodic .

A more extens ive discussion of each ~~ tht’~e terms is given in standard

textbooks about stochastic processes, such as Feller ( 1968, Chapter Xv) ,

and these conditions will define a certain type of’ Markov process.

Let s (t) be the state observed at time t . Let V(t ) ~~ 1 v~,

vtN ) be the vector of unconditional probabilities for each sta te at

time t. Then, the basic definition of a first-order Markov chain re—

quires that

P ~s ( t )  i i  s (t—1) i, s(t—2) — h , s ( t—3 ) 
~~~, . .

P 15~
t
~ i i  s ( t — 1)  i j Pj j .

Feller ( 1968 , chapter XVI shows , using slightly different nota-

tion , that

V ( 1 )  V ( O ) P  and V ( t ) P  V ( U ) P t ,

where V(0 ) is the initial unconditional probability distribut ion . As

t approaches infini ty, V(t) approaches a limiting vector called

V (v 1v2 . . . v~ ) if the Markov chain is ergodic , whi ch is t rue for
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most weather variables . This limit tug Vt ’ i or is the si eadv — stat e dist r i —

bution and does not depend on VU)). ~$ince weather has been occurring

long enough that it can be considered t o  be in a steady st a t e  t a t  1e~~t

during the available period of ’ record ) , this l imiting d is t  r ihut  to n

should be equal to the observed unconditional pr ob abi l i ty  d i s t r ibu t ion .

In general , the value of’ V is obtained fr~n a transit Ion pro b abi lity

matrix by solving V VP , using the fac t that the sum oi’ all of the

elements of V is I to  obtain a unique vector .

As described earlier in this sect ion , higher—order dependence can

be t reated using Markov concept-s . The nest frequently—used not ation is

called “expanded s ta te  representation .” For a chain of order r , the

state at an obsi ’~rvation is denoted by an r—eleutent vec t or consist in g

or ’ the r ~ost recent observati ons , in sequence . For two consecutive

observations , the last r— 1 elements of ’ the s ta te  vect or t ’or the first

observation must. be identical to the firs t. r — 1 elements of ’ the st at e

vector for the second obset’vatiout. For example , assume there we th r e e

states denoted by 0, 1 , and .,
~ . A second—order vec t or St at c of’ 2, 1

denotes a present observat Ion ol’ s ta t e  1 , wit-h s t a t e  2 at  the precedth~
observa t i o~ ~. At th ìe next observa t I o~ • the on lv ross lb 1 e vec I or states

are ( 1 ,0) , 1 , 1 ) , and 1 ~~
Using this notation for the stat es , an appropr I it e not at I ot t’or

the probability of a tra ns it ion Crc~n st at e I , j )  t o  st at  e , 1~ Is

p 1,~~. For a chain of’ ord ei’ r , the proba b UI  t y of t’ans i t Ion from at  a t e

t i , j ,  . . , 1 )  to state t ,I,k , . . , 1) is r~ ,~, where each state

vector has r elements and the prob a b i l i t y  has r~ 1 subscr Ipt a .  The

transit ion probab i l i t y  matrix t~ •‘~ i n si :.e , w i t h  :er\ ’ rt’ ‘t ’abi 1—

ities for Impos sible tt ’~~st t ions . For example , Lal ai e t’t ~~ — and
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second-order transition probability matrices are shown in figure 2 , with

probabilities that may be nonzero indIcated by * Most mathematical

manipulat ion is the same as for first—order matrices. For example,

V VP will give the limiting value of the unconditiona l probability

distribution of each expanded state.

(j , k )
STATES 00 01 02 10 11 12 20 21 22

00 ‘ * ~ 0 0 0 0 0 0

01 0 0 0 * * ft 0 0 0

STATES 0 1 2  02 0 0 0 0 0 0 * * *
0 * * *  10 ft * * 0 0 0 0 0 0

( 1) 1 * * “ (i ,J )  11 0 0 0 ~ ~ 0 0 0

2 w ’ ’  12 0 0 0 0 0 0

Fir st Order 20 ~‘ * 0 0 0 0 0 0

21 0 0 0 * * ~ 0 0 0

22 0 0 0 0 0 0 ~‘ ‘~ *

Second Order

Figure 2. Transition Probability Matrices for First— and
Second-Order 3—State Markov Chain

Seml-Markov Processes

Basic theory and practice. When discrete observation times are

considered , a semi—Markov process differs from a Markov process basi-

cally only in allowing the times between transitions to be random varia-

bles of’ some arbitrary distribution . ~1err ill. ( 1974 ) gives an extensive

discussion of’ the theory and use of’ semi-Markov processes. For a

transition from state I to state J, there is a transition probability

and also a holding time vector 14~~. Each element of the holding

time vector , denoted by h1~(t)~ with t 1 , 2, . . . , is the
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probability that the system will remain in state i for t time units,

given that the system will next enter state ,j. Therefore , the vector

is a stochastic vector. In most operational cases , t is not allowed

to exceed a certain value T. Then , the complete holding time matrix H

is a three—dimensional matrix with dimensions N x N x 1. For basic 
—

operational use , beginning with a starting time ininediately after a

transition , and with the system in state i , the transition probability

matrix is used to select the next state j. After this, the holding time

matrix is used to select the holding time in state i.

A major advantage of a semi-Markov process is that it may reduce

the number of different probabilities that must be estimeted from the

data , although the number of’ parameters needed is still likely to be

fairly large . For example, if it is found that a high—order Markov

model , such as fifth order , is needed , this may simply mean that the

probability that a state will persist depends mainly on how long the

state has already persisted , and that it is not unusual for a state to

persist considerably longer than five time intervals. A first—order

semi-Markov model allowing holding t imes up to T 24 hours may describe

the data at least as well. If there are five states , a fifth-order

Markov model will require 56 
= 15625 different probabilities to be

specified. Since each probability vector, with N 5 elements, must

add up to 1, there are N—i 4 independent probabilities in each vec-

tor, and the total number of independent probabilities is 55 X 4 12500.

A first—order semi-Markov model , with T = 24 , requires 52 25 proba—

bilities for matrix P and 52 x 24 600 probabilities for the holding

time matrix H, or a total of’ 625 probabilities. The number of indepen-

dent probabilities involved in this case is 480, which will be explained
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under alternative (2 )  below .

There are several alternatives or options in the operational use

of’ a semi-Markov process .

(1) Allowing virtual transitions is optional . If virtual trans-

itions are allowed, there is more than one way to obtain a given holding

time in a state. The distinction between a three—hour holding time ,

compared to a holding time of one hour in a state , followed by a holding

time of two hours in the same state , is meaningless. To obtain holding

time distributions from a set of actual data, it is best to consider

only real transitions , except when the holding time exceeds T , as dis-

cussed in the next paragraph .

(2) The decision tc limit the maximum holding t ime to a particular

value , T , to control the size of the holding time matrix, should be

made from the data . There should be an insignificant probability of a

holding t ime greater than T, if the state is not allowed to “renew”

itself after it has persisted for T t ime intervals. To approximate the

distribution of holding times greater than T, one possible approach is

to allow virtual transitions with a probability p~~ which is equal to

the probability of’ state i persisting longer than T t ime units . This

approximates the probability of a holding t ime of T + t t ime uni ts,

given that the state has persisted T t ime units , by the probability of

a holding t ime of’ t units.

In this case, h11(t) = 0 if t ~ T and hij(T) 1. To calculate

the number of’ independent probabilities , each vector in P has N —I 4

independent probabilities (considering the five—state example used so

far in this chapter) , and each vector H 1~ has T- 1 23 independent

probabilities. However, since H1j is exac t ly specif ied , it has no
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indep endent probabilities . There fore , the number of independent proba-

bilities is 5 x 4 ( for P ) + 5 x 4 x 23 ( for H , excluding the H~1 vectors )

20 + 460 = 480.

( 3 )  A large amount of’ computer storage space could be saved by

approx imating each Hij distribution by a formal distribu tion , so only

the parameters of’ the distribut ion would need to be stored . For ex-

ample , assume that H 1~ can be approx imated by a normal distribution .

Then , only the mean and standard deviation would need to be stored for

each (i , j )  combination. For the five—state semi—Marko v example given

above , the total number of parameters to store would be 25 ( for P ) +

x 2 ( for H~ 25 + 50 75 , and the number of independent parameters is

20 ( for P) + 50 ( for H , since none of’ the paramet ers are independent )

70. Appropr iate statistical tests would need to be perfo rmed to justify
the choice of’ a distributio n.

Equivalenc e of discrete senil—Markov and Mar(<ov proc esses. As shown

by Merrill ( 1974 ) , a discrete semi—Markov process can be expressed by

an expanded stat e discrete Ma rkov pro cess , so the theory of Mark ov

process es can be shown to apply to discrete seml—M ar kov processes .

If the system condition at each observation is denot ed by a two—

element vector (i , t )  containing the stat e I and the time t that the

state has persis ted , all possible combinatio ns of states and persistenc e

times can be specified uniquely . As in the expanded state representa—
tion of’ a higher-order Markov proc ess , only certain tra nsitions are

possible. For example , if state ( i , t )  is observed at one time, at the

next hour either the same state has persisted one more hour , denoted

by state ( I , t + 1 ) ;  or a new state j is observed , and it has persisted

up to one hour , denoted by (j , 1 ) - .  With this notatio n , it is still
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possible to limit the maximum time to a value T if desired . Then ,

state (i ,T) is followed by eithe r (1 , 1) or ( j ,  1 ) ,  and there is a total

of’ NT possible states.

With this notation , a transition probability matrix can be pre—

pared as for a higher—order Markov process , and its dimensions will be

NT x NT. However, for each state , there are only N possible transi-

tions ( one transition fran (i , t ) to (i , t+i )  and N—i transitions from

(i , t ) to (j ,  1 )), so the number of’ probabilities that must be found is

N2T. This expanded—state representation incorp orates both the P and H

matrices into one matrix , so the number of independent probabilities

is the same using either represen tation. In the five—state semi-Markov

example, each state probability vector has N—i 4 indep endent elements ,

and there are NT 120 states , so the number of independent probabi li-

ties is 480 .

A semi-Markov concept is more appropriate than an expanded -state

Markov concept , as a way of thinking about the problem considered in

Merrill ’s thesis , but a seini-Markov process appears to be fundamentally

a one—dimensional process . Also , since the argument given in this

section shows that a discrete setni-Markov process can be equivalently

expressed as a Ma rkov process , semi-Ma rkov pro cesses will not be a

furthe r major concern of’ this thesis.

Est imation and Statistical Testing

Introduction. In justifying the fact that applyi ng a Markov -type

process to a specific set of’ data is a useful way of’ describi ng some

of’ the statistical characteristics of the data , there are two issues

that need to be considered . The problem of’ estimation discusses how

to obtain estimates of’ tra nsition probabilit ies and other parameters
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from a set of observed data . Statistical testing concerns the

legit imacy of the results , and helps answer two questions : Does a

certain hypothesized ~~rkov chain reproduce the desired statistical

characteristics of the data well? Is one Markov process better than

another one in describing these statistical characteristics?

Maximum likelihood estimation of’ parameters. So far in this

thesis , it has been assumed that estimates of transition probabilities

and unconditional probabiliti es are obtainable from a set of observed

data . Actually, it is true that the most intuitively appealing - 

-

estimators are the maximum likelihood estimators. An unconditional

probability of a state is best estimated by the number of’ occurrences

of that state divided by the total number of’ observations . A transition

probability from state I to state j  is best estimated by the total
Unumber of transitions from state i to state j  divided by the total

number of transitions from state i. Anderson and Goodman ( 1957 ) give - 

-

more details about maximum likelihood estimation of parameters under

varying circumstances .

For example , assume that of a total of n observations and N states,

there are observations of’ state i. The true probabilities are given

by vector V (v 1 V
2 
. • VN ) ,  where

N— i
v : i _ Y  v . .N i:1 1

Therefore, the likelihood function is

L 
n 1 ~~~ • . VN~~ I 

~~ ~~
ni 1 

N i  
Vj

which is to be maximized . Taking the derivative of in I.. with respect

to each variable and setting each derivative to zero , for each value
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o f i f ’r o m i = l t o N — 1 , gives

d(in L) _~~j _ _ _ _ _ _ _

V 4 V 4 ~ — 1~~’
-~~ •g. I — j ..1 L vj

Solving these N— i equations for each vi, the general solution , which
is the maximum likelihood estimator for V

i 
( denoted ~j )~ is

A N
V
i 

= 

~i’ ! 
= n1/n .

j:1

So, transition probability 
~~

, where flj~ is the observed number of
transitions from state I to state j, is

A 
N

= r1~j/ ~ij

For a higher order , let n~j k l  denote the number of observations

of’ the sequence (i ,j ,  . ., k ,U , with 
~ij ..k1. being the corresponding

transition probability. For order r , each term has r+ i subscripts .
Then ,

N

~‘ij. . .kl = nij. . .kl”~~1 
rljj• . .kl

Expected frequencies of runs . Besearch which demonstrated the

fact of persistence in weather data series ( usually sequences of wet and

dry days ) led up to the use of’ Markov processes as a way to model

weather data. This research was usually based on a study of’ the fre-

quencies of wet and dry sequences of various lengths .

If there is no persistence , the number of sequences of length k

will form a geometric series . Also , in two—state Markov processes ,

the number of’ sequences will have a geometric form , even though there

is persistence from one observation to the next . This section derives

the expected number of sequences of given lengths. These run length

frequencies will be used in hypothesis testing of Markov order.
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The terininolo~ r in this section will assume a data sequence of

wet (W) and dry (D) days , although any other two—state sequence could

be used. The total length of the series is N days. The probability of

a wet day is p, and the probability of a dry day is 1—p q. The

expected number of sequences of length k Is apk (wet ) and b( i_p )k 
=

(d ry) , since it is assumed that the probability of a wet (or dry) day

is unaffected by the character of the preceding day , and where a and b

are constants to be found from the data as described later .

Then , the total number of wet sequences is

W : ap + ap2 + a p 3 + . . . = a p ( 1 + p + p 2 + . .

ap/( 1 — p) = ap/q ,

and the total number of dry sequences is

D bq + ~~2 
+ bq3 

+ . . . = bq/ ( 1 - q ) bq/p

For a long data series , assume that the number of wet and dry sequences

is equal , or ap/q : bq/p , although the numbers could differ by one

regardless of’ the length of the series .

The total number of days in all wet sequences, or the total number

of wet days , is

N,,~~= ap + 2ap2 + 3 ap3 + .  .

(ap + ap2 
+ ap3 

+ . . ) + (ape 
+ ap3 + . . ) + (ap3 

+ . .
+ . .

= ap( 1 + p + p 2 + . . ) + a p 2 ( 1 + p +  . . ) + ap 3( i +  . .

+ . . .
(ap + ap2 + ap3 + . . ) ( i  + p + p2 

+ . . )

= ap ( i  + p + p2 
+ ) 2 

= ap,’ i— p ) 2 
= ap/q2 

= pN

Similarly , the total number of dry days is N D = bq/p2 qN. Of course ,

the total number of days is N = ap/q2 
+ bq/p2 pN + qN = (p + 1 — p )N = N.

40



— 
~~~~~~~ -~—— -—~~~ — —

~~
——- ,—.—-.—-- — —

Solving for a and b, a q2pN/p q2N , b = p2qN/q = p2N.

Suir~rizing , the expected number of sequences is

Wet: (length k) Wk = p
kq2N , (total) W pqN

Dry: ( length k) Dk = p2q~
<N , ( total ) D pqN W.

If there is persistence , the procedure is only slightly modified .

Let x be the prob ability of’ a wet day following a wet day, and let y be
the probability of a dry day following a dry day . Then the expected

number of sequences of length k is Wk axk (wet) and D~ byk (dry).

The total number of sequences is W ax / ( 1—x ) (wet ) and D z by/ ( 1—y )

(dry ) , and it is assumed that W D. The total number of’ wet days is
Nw = ax/ ( 1—x ) pN and the total number of dry days is ND by/ ( 1— y)

qN, with + ND = N. Solving for a and b ,

a pN M-x ) 2/x , b = qN ( i -y ) 2/y .

Therefore, the number of sequences is

Wet: ( length k) Wk = p N ( 1— x ) 2x~~ , ( total ) W z pN ( 1— x )

Dry: (length k) Dk = qN (1—y )2y~~ , (t otal ) D = qN ( 1— y ) w.

If there are more than two different states in a sequence , probably

the easiest method to calculate the number of sequences of each kind is

to combine all states except one into one group and use this procedure

with the two groups . The expected number of sequences of the group
containing only one state would give the expected number of’ sequences

of that state. Repeating this for each other state in turn would give H

the expected number of’ sequences for each state. For higher order
dependence , the treatment of probabilities of short sequences becomes

more complex and will not be considered hert~.

Statistical testing: the runs test. According to Mendenhall and

Scheaffer ( 1973 , chapter 15.6) , the expected number of’ runs in a long
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two—state series of length N , with probabilities p and 1—p = q, and where

n~ is the number of observed occurrences of the state with probability

j ), flq is the number of observations of the other state , and n~ + flq = N,

is
2n n

E ( R )  = np~+~nq 
+ 1

which may be modified to

E ( R ) = 2 N p q + 1

Also, the variance is

- 

2flpflq ( 2flpflg — — ~q ) 
- 

2pq ( 2pq_ — 1/N)

(n~ ÷ flq) (rio 
+ flq — 1 )  1/N — 1/N

and S ( R ) = v ’V~iT .

Then , if a long series (usually considered to be N > 30) has H

observed runs , the test statistic

- S(RT

has an asymptotic normal distribution with zero mean and unit variance.

If’ the calculated absolute value of Z is smaller than the critical

value — for a selected ct. level (note that a one—tailed test is used) ,

the hypothesis of a random (nonpersistent) series can be rejected.

However, this test does not tell what the level of dependence is.

Statistical testing of observed and expected frequencies of run

lengths: a thi—squared test. A large sample which is categorized into

frequencies of’ occurrence of runs of given states can be tested for

goodness of fit to a hypothesized distribution by a chi—squared test ,

as described by Elderton (1902) with slightly different notation .

Assume there are k frequency groups . When the expected number of

observations in a group is less than 5 or 10, it is best to combine

groups (and reduce the value of k accordingly) so that there are expected

42

- - - - •~~~~~~~ - — - -



to be at least 5 or 10 observations in each group . The observed frequency

of the rth group is mr and the theoretical frequency is Mr • Then , the

chi—squared test statistic is

2 k (mr
_ M

r ) 2

X Z Mrr= 1

with k—i degrees of freedom and the usual rejection regions.

This t~st can be used to demonstrate the fact of persistence in a

data series by comparing the observed frequencies with the frequencies

expected under the assumption of no persistence. This test can also be

used to test the goodness of fit of a Markov chain or other model if the

expected frequency can be calculated. However, this te’~t does not test

all of the independent probabilities in ~1arkov chains with more than

two states or of second or higher order , since it only tests sequences

of observations of the same state.

A chi—squared test of Markov order. Several authors , including

Anderson and Goodman (1957), Lee ( 197 3) ,  and Lowrie and Guthrie (196~3)

describe a general test that a Mar kov chain is of order r— 1 , rather than

order r or higher. The notation of Lee appears to be most convenient

for the purpose of this paper , so it will be used with only slight

modifications to better match the notation used elsewhere in this

thesis .

Let n1~ . .I4~~ 
be defined as it was defined earlier in this section.

Let

°ij . .k- i~1 ~~ .. .kl

where there are N states . Also , all probabilities are maximum likelihood

estimators (although superscripts indicating that these values are
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estimates will be omitted), so

and

~j. . .kl ~~~~~~ .k1’~~ 1 ~ij. . .k-

Then , the chi—squared test statistic is

H0: chain is of order r-1

Ha: chain is order r but not order r—1

= ii j~ 1 
• 

k~1 :L;1 [nhi . .k_ (~~~ 

~~~~~~~~~~ )]
with N~~ (N —i ) 2 degrees of freedom.
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IV. Literature Survey — Statistical Analysis of Time Series
Weather ~~ta

Historical Overview

Attempts to apply ~~rkov concept~s to the analysis of’ weather data

bases are mostly recent, but the number of published applications of

Markov , semi-Markov , and modified Markov processes is already quite

large . Therefore, this will not be an exhaustive survey of the subject ,

but will mainly focus on s~it~nar1zirig methods used and significant results

obtained , with a goal of obtaining insights that will help ii~ modeling

a two—dimensional data base .

The fact that weather is persistent , or that there ~ a positive

correlation between observations , was demonstrated ~ i~~ i~ •~11y as

early as 1916 (Newnhaxn). Newnham and other at~~hors t’cun .~ fewer short

sequences and more long sequences than would b’~ expected if the data i~
rando mly distributed .

By the early 1950’s , various authors attempted t~ fit various

kinds of logarithmic series to the frequencies of’ the lengths of wet

and dry spells. Also at this time , Brooks and Carru thers (1953) sug- - -

gested the possibility of an underlying Markov chain , although their

model was a modification of a basic Markov process .

Possibly the first published account of an application of a Markov

chain to a weather data sequenc e considered sequences of wet and dry

days during the winter season at Tel Aviv (Gabriel and Neumann, 1962) .

This study considered Markov chains up to third order. Within a few

years , many published articles reported on the examination of other data

and reexamination of the earlier studies under the Markov model . Many

of these articles used modif’ied Markov or non—Markov models to improve
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the fit. Host studies considered only two—state Markov chains, usually

sequences of wet and dry days . One of the firs t published wea ther models

considering more then two states is by Lee ( 197 3) .

Extending Narkov concepts to two or more dimensions was a nearly

unexplored subject until recently , with possibly the first published

articles being written by Galbraith and Walley (la7b ) and Pickard ( 19 1 7 ) .

Pickard’s article described a homogeneous generation scheme in two

dimensions that leads to a stationary Markov field, a grid ~or lattice)

for which the probability distribution of states at each point depends

only on the states that are observed on a specified set of neighboring

points . The concept of a Mar kov field had been previously develope d , but

simulating such data fields had been done mainly by regression—type

methods.

Statistical Analysis of’ Persistence

First, a few concepts that led up to the first published ~1arkov

— applications should be su~inarized . As stated before, if’ there i~ no

persistence , the number of wet (or dry ) spells of various lengths would

conform to a geometric series of the f orm y ax~, where v number of’

spells ( runs ) of’ length n , x unconditional probability of a wet ~or

dry) day, and a is a constant determined from the data.

Jorgensen ’s ( 1949 ) treatment of persistence is possibly the most

sophisticated early approach , and his methods were designed to be

suitable for operational use . He assumed that a geometric progression

would determine the expected frequencies of’ lengths of winter wet and

dry spells in San Francisco , in the absence of persi~t ence. Py usin1~

charts, he showed a comparison of the probability of N more wet sot ’

dry) days , given tha t it has been wet (or dry) for M c onsecut. ~ ye dayz~.

4t)

------•

~

---.--• .---

-•--~



r 
- 

~~~~~

with the probabilities given by the geometric series . These charts

showed relatively little variation of the probabilities for different

values of’ N ( since N was at least 1) , which helped to justi fy the Markov

approaches used by later investigators .

Af ter several similar studies demonstrated the fact of persistence

in many weather sequences , several authors attempted to fit various kinds

of series to the frequency counts of lengths of wet and dry spells . For

example , Williams ( 1952) and Cooke ( 1953 ) fit logarithmic series of the

form y = (axn)/n to rainfa ll data for Harpenden , England, and Moncton ,

New Brunswick. Also , Williams discussed the logical difference between

a wet and a dry day. A dry day requires at least 24 to 48 hours of no

precipitation , since ( for example ) if precipitation stops imediately

after the first observation on one day arid resumes ju st before the obser-

vation at the end of the next day, the nearly 48—hour dry period would

result in no dry observational days . A wet day could result from only

a few seconds or minutes , or up to 24 hours , of precipitation during

the observational day . Because of this logical differenc e , and the fact

that a precipitation data series consists of alternating dry and wet

periods , which could be contr olled by different processes , these authors

tested the wet and dry sequence frequency counts separately .

Longley (1953 ) used a logarithmic series of the form in y ax + b ,

and tested statistically for deviations of the logarlthii~ of frequencies

of’ both dry and wet spells with various lengths from a straight line.

He also used the frequency coun ts to est imate the probability of a wet

day folowing a dry day , arid a dry day following a wet day . While he

compared these nnaximum likelihood estimate ) probabilitie s with proba-

bilitles derived from the slopes of’ the leas t —squares l ines for dry arid
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wet spells , and found some substantial differences, he was very close

to using a Markov model since the frequency-count procedure derived all

of the probabilities needed for a first—order Markov chain.

In all of these cases , the statistical treatment of persistence

resulted in more realistic descriptions of the distribution of the

lengths of dry and wet spells . However , these models did not result in

a simple—to—use scheme for simulation which would generate simulated

data series with the characteristics tha t were found to be a satisfac-

tory explanation for the observed data .

Two-State Markov Chains

Since the statistical methods for Markov chains were quite well

developed before any published applications to weather data were made ,

some of the earlies t articles did not confine their attention to first-

order Markov chains.

Probably the earliest published paper is tha t of Gabriel and

Neumann ( 1962). This paper considered Ma rkov chains up to third order ,

based on winter ( December to Februa ry ) precipitation at Tel Aviv from

1923—24 to 1949—50 . Meteorological reasoning using comparisons of

daily precipitation probabilities for each month was used to justify

treating these months together. The published data was given in a form

suitable for imediate ly calculati ng the transition pr obabilities .

Also , chi—squared tests d~ nonstra ted that- the model fit the data

reasonably well, even for first order. The advantage of a Markov model

was demonstrated , since only a small number of parameters were required ,

from two for a first—order model to eight for a third—order model. All

of the maximum likelihood estima tes of transition probabilities were

easily calculated from the data .

‘4$ 
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Due to the success of’ this attempt to f it weather data as a Markov

process, investigators such as Caskey ( 1963 ) and Weiss (1964 ) considered

two—state Markov chains of first order. Articles such as those written

by Sakaxnoto ( 1970 ) , Lowrey and Guthrie 1968), Feyerherm and Bark 1967),

Denny , Kisiel , and Yakowit : ( 1 9 7 4 ) ,  arid Medhi ( 19 76 ) considered other

orders (up to sixth order in Denny , Kisiel , and Yakowit z ’s paper ) , with

the use of chi—squared tests to determine the most appropriate order for

the Me_rkov chain obtained. Sundararaj and Raxnachandra t 1975 ) considered

only first—order two—state Markov cha ins , but applied separate chi—

squared tests to the frequencies of lengths of dry and wet spells to

show their individua l contributions to the goodness of fit of the total

Markov transition process . Feyerherm and Bark ( 1965 ) not only considered

Narkov chains of order 0 (unconditional probabilities), 1 , and 2, but

also allowed the transition probabilities to vary smoothly throughout

the year . Their method was to use a Fourier series with harmonics of

1 to 12 periods per year to describe a smoothed annual curve for each

independent probability involved . Since such smoothed transition

probabilities could not be statistically tested for goodness of’ fit,

chi—squa red tests were performed on transition matrices based on several

40—day periods during the year.

Several authors , includi ng Green ( 1964 , 1 965 , and 1970 ) and Wiser

( 1965 ) considered modified Markov models , which are beyond the scope of

this paper. Green ’s (196 4 ) model was derived from a continuous —time

model . These models could be considered equivalent to Markov chains of

very high order ( theoretically infinite order iii some cases ) or semi-

Markov models .
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Markov Chains with More Than Two States - 
-

Not much work has been reported describing Markov chains with more

than two states. This is probably because of several reasons : ( 1 )  More

independent parameters must be estimated . (2 )  The statistical tests

may be less conclusive . ( 3 )  Few additiona l theoretical insights are

expected to be obtained . (4) Some of’ the theoretical results , such as
exact formulas for expected values and variances , are not as easy to ex-
press as when there are only two states. (5) Probably many studi es have

been performed for operational use and simulation , for which exac t

statistical goodness of’ fit is less important , and for which results and

methods have not been widely reported.

One study which is in the operational categ ory is by Yost and

Aronson ( 1977 ) , which presents an 11 x 11 transition matrix for average

daily cloud cover (f’rctn 0 to 10 tenths ) at Albuquerque. This model

assumes homogeneity although the unconditional probability distribution

for cloud cover varies thro ughout the year . The reasonab leness of the

resulting model was only discussed subjectively, but this was good

enough for the operational use of the model in this case .

Another interesting operational approach designed for simulation

was used by Haan, Allen and Street (1976 ) to simulate sequences of daily

rainfall. The daily precipitation ( measured to the nearest .01 inch)

was separated into the following seven classes : none or trace , .01 —

.02”, .03— .06”, .07—.14” , .15— .30”, .31— .62”, and at least .63”.

Transition matrices using these seven classes were computed for each
month of’ the year . These transitio n matrices could be used to simulate

a precipitation sequence by classes of precipitation amounts . However ,

simulated precipitation amounts to the nea rest .01 inch were desire d ,

50

-_ _ _ _



r ~~~~~~~~~ - - ~~~~

so uniform probability distributions were used within the middle five
classes , and a shifted exponential distribut ion in the highest precipita-

tion class . After the precipitation class for a day was determined ,
another random number was drawn to produce a precipitation value to the

nearest .01 inch . The use of uniform probability dist ributions in the

middle five classes resulted in a slight overestimation of the average - -

annual precipitation in the simulations , and methods were described for

dealing with this if the differences were considered significant.

One of the most complete trea tments of the subject of fitting

Markov chains to weather data sequences is that of Lee ( 1973) . He

considered semi-Markov processes , as well as Markov proce sses of up to

third order , and the chi—squared statistical tests of order , for data
series of seven different weather variables . The Markov processes con-

sidered had either two or three states . Satisfactory fits were obtained

in most , but not all , cases . Where the model did not fit the data

satisfactorily , the limited amount of da ta prevented higher order models

from being tested .

Lameiro and Bryson ( 1978 ) considered a vector state with three

components to simulate a weather data series for evaluating the per-

formance of a solar heating system. The three components were temper-

ature of stored water , insolation intensity, and ambient (outside air)

temperature , each with several possible values . The simulation used a

first—order process to generate values of the three variables for each

hour and produced fairly accurate results , even though it is known that

significant dependence of the values of these variables will extend

over a much longer period than one hour . Of course , even a second-order

matrix probably would have been too complex to use in this simulation.

—~~~ 
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Air Weather Service Technical Report 77—273 (M iller , 1977 ,

chapter 7) surrznarizea various methods of Harkov simulations of weather

data , with a focus on multi-state and vector state phenomena. Two

methods of’ dealing with large numbers of states are described, both

based on linearization of the expanded—state Markov process.

Semi-Markov Applications

Since it is well known that discrete setni-Markov processes can

be converted into expanded—state discret~e Markov processes , and since

it appears that semi-Markov processes are fundam entally one—dimensional ,

only a limited bibliography will be provided for the benefit of users.

A fairly extensive general treatment of semi-Marlcov processes in both

continuous and discrete time, with examples, was given by Nunn and

Desiderio (1977). Few applications of sezni—Markov processes to weather

data have been published.

Lee (1973) included semi—Markov models in his trea tment of seven

weather variables . He described a testi ng procedure to determine if a

Markov or semi-Markov model fits the data best.

Merrill ( 1974 ) developed a 10—state semi-tiarkov model for ceiling

and visibility categories at Bitbu rg Air Base , Germany. This model

was based on hourly observations, included holding times of up to 100

hours , and had a different set of transition matrices for each of four

seasons. While this model would contain over 10 ,000 parameters for each

season ( 10 x 10 x 100 holding times, 10 x 1C~ transition probabilities,

and 10 unconditional probabilities, with some values zero because only

real transitions were considered), few cases of’ holding ti~es over 30

hours occurred. He suggested that the number of parameters could be

reduced either by reducing the maximum holding times to between 25 and

~
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40 hours , depending on the season , or by replacing the holding time

probabilities by formal distributions. Other possibilities would be ( 1 )

to consolidate the holding time categories into a smaller number of

nonuniform holding time intervals , with random procedures similar to

those used by Haan , Allen, and Street ( 1976 ) to select any integer

holding time length wi thin each interval , or (2 ) to allow virtual trans-

itions , with a probability equal to the probability of’ exceeding the 
- 

1

maximum holding t ime in the matrix . The holding time in casts of a

virtual transition would be set to the maximum holding time, so that

a state could (in rare cases) persist a very long time, just as it does

in nature .

Alternative Statistical Tes ts of Markov Order

Determining the order of a Markov chain is actually a multiple 9
decision process , and is a subjective decision if chi—squared tests are

used and there are more than two feasible candidates for the order of

the Markov chain . This is because , as the order of the Narkov chain

used to fit a data series is increased , the quality of the fit  increases ,

until in the extreme case of’ a chain of order n — 1 based on a series of

ri observations, the series is exactly specified with no randomness .

This quality of fit is expressed as a significance level , and the lowest—

order model that exceeds an arbitrarily determined level of signifi-

cance is accepted as the “true” Narkov order of the data . If a differ-

ent significance level is chosen , a different model may be chosen. For

example , Gabriel and Neumann (1962) chose a first-order model to fit

their data based on a significance level of .05 . If the chosen level

had been . 10, a second-order model would have been required to fi t  the

data.
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A second type of approach is the likelihood ratio approach,
first considered by Bartlett ( 195 1) .  Basical ly , this method determines
the likelihood of each alternative considered and uses an empirical
procedure based on a ratio of the likelihoods to choose the proper
Markoy order. Two methods using this approach involve the Akaike
Infor mation Criterion ( Tong 1975, Gates and Tong 1976, and Chin 1977)
or the Schwarz Bayesian Criterion (Schwarz 1978) . Each method is based
on a sli~~1tly different assumption about the amount of “information”
to discriminate between orders (or competing models) considered in the
test. Both methods attempt to balance between underfitting, which has -j
a large variance, arid overfittirig, which requires a large number of
parameters (Gates and Tong 1976).

Both models contain a term which will be denoted by 
k

H
nl, using the

notation of Chin (1977) . This term equals (_2) lr lAk m ’ where Ak m
the ratio of the maximum likelihood under the assumption of order k to
the maximum likelihood assuming order in , with k smaller than in. The
use of the lo~~rithzn of the likelihood is convenient because of the size
of the numbers typically involved , and because, under certain conditions
which are fulfilled by these Markov chain models, (

~
2)lflAk m  converges

in distribution to a chi—squared variable with a number of degrees of

freedom equal to the number of independent param eters in the model
(Mendenhai.3. and Scheaff’er , section 10.8 , 1973 ) .

For a sequence of n data points, the likelihood is
L P(x1) P (x21x 1 ) f~c3jx 1,x2). . . P ( X~~j X 1,X2, . . .

If a Markov chain of order r is assumed, the dependence extends
to no more than the past r observations, and the likelihood becomes
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Lr P(x 1 ) P(x~~x 1 ) . . . F(x~~1~x1, Xe,) P(Xr 2 IX 2~ x~~~)

. . . P(x~~x1~_~~1, . . .

P(x 1 ) flP(xjlx 1, . . X~~ _ 1
) fj P(X

i~
Xi_r P . . x~~1 )

j=2 i:r+1

where Lr indicates likelihood under the assumption of order r .

More specifically , for order 0 (unconditional probabilities ),

L0 i’~2 
F (x~)

for order 1 ,

P (x 1 ) P(x11x 1 1 )

and for “order —1” ( equal probabilities, with S states),

L 1 = S
_n

Maximum likelihood estimates based on the observations are used for

the t rue probabilities , which are unknown. Where n~~ . •~~~~~ 
is the number

of observed sequences of transitions from i to j  to . . to k to 1, the

maximum likelihood estimate of a transition probability is

~ij...k1 
P (x1Ix 1~x~ . . x~) = n1~ ..kl 

~~~ ~
ij...ki

It is easiest to calculate the likelihood ratios for successive

orders. In general, A
~~l r  

L i/Lr~ and Ak ,m ~k,k+1
Xk+1 ,)~k+2 

.

A convenient formula to calculate each A value, according to

Gates and Tong (1976), is
r_ i Hr (

~
2) lflA

~_i ,r

2 !  !‘
. .! ! n~j  kl(ln 

~~~~~
- ‘

~~~~~~~~ 
— in ~~~~k1 )

~~~~~~ 

ij...kl 1=1 j...kl
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This quantity is distributed as a chi—squared variable with — Sr

degrees of freedom and may be tested for significance if desired. For

the number of degrees of freedom is S~~ - S~~ - + s’<. ~
example from Gates and Tong (1976 ), a 2—state chain of n = 120 points

has 42 observations of state 0 and 78 of state 1. For first-order

transitions reading frc*n left to ri~~t, there are 25 observations in

vector state (0,0), 17 in (0,1) , 16 in (1 ,0), and 61 in (1 ,1), a total

of 119 sequences of two observations .

The terms of are as follows :

i = 0 , j : O: 2n~~~(in~~~
00

~~~~ -i n .~~~ )

2 (25 ) (in ~~ 25~~ — in ) = 2 (13.2750827 )

no1 nii 0 , j 1 : 2n~ (in ~~~~ + ~ 
— in

2 (17) (ln 25 +1 7  — in ) 2 (—8 .0524471)

i = 1 , j  0: 2 (16) (in 1 6+ 61 — in ) = 2 (—8.3423132)

i = 1 , j  1: 2 ( 61 ) (in 16 + 61 — in~1~g ) = 2(12.0689329 )

so = 17.89976. This has been found to be very sensitive to rounding.

Also, attempting to “correct” the first-order frequenc y counts so they

total 120 instead of 119 will significantly change the likelihood ratio.

The number of degrees of freedom is 22_2 1 =

As a check, use likelihood ratios :

in = n0ln ~~~~~~~ + n 1ln (.
~~~~~) 42 in + 78 in -~~~~~~~

—77.69359666 .

in in F(x 1 ) + in P (x 2 1x 1 ) + . . + in P ( x 120 1x 119 )

56

~~~~~~~~~~~~~~~~~~~~~~ ---~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



n~~ n~ 1= l n ( ) + n l n (  ) + r t  ln~ 
“ )

1 00 n~~~+ n 01 01

+ n  l n (  ) + n  l n (  )10 n 0 + n 1 11 n ÷ n

in + 25 in + 17 in + 16 in + ci in

—68.74371583

(—2 ) in (L 0/L 1 ) ( — 2) (in — in L1 ) —2~—S.949G.~0S3~
17.89976

The first term in the L 1 equation should be explained furthc4’.

Basicaiiy, in the series of 120 observations , considering sequences of

two, there are 119 pairs. For 25 ( n00) # 16 ( = n10) pairs ~.1

pairs , the last number of the pair is 0. For 17 ( n01~ + 61 =

pairs 78 pairs, the last number is 1. Since there are 42 observa-

tions of state 0 and 7S observations of state 1 , and the first number

in the series is not the last number of’ any of the pairs , it ~ius t

always be 0. The first number of the sequence is 0 and there are ~ 1

cases where the last number of a pair is 3. If the first observation

were state 1 , it would not be possible to have the observed number of

pairs . This situation is automatically accounted for by using the

r_ i Hr formula .

Based on Akaike’s 1974 ) development , the Akaike Information

Criterion (AIC) is defined as

t—2 ) in (maximum iikeiihood) + ( 2 )  (number of’ parameters~

kMrn — 2 (S~~~ - Sin 
- 5

k+1 
+

where in is the maximum order considered , 1< is any integer from 0 to :n ,

and S is the number of states. If k in , AIC 0. Aka ike ’s method is

called Minimum AIC Estimate , or MAICE , and consists of’ choosing the

C;— 
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minimum value of AIC for k = 0 to in. This means that the data can be

best modeled by a chain of order k . If the AIC values are all positive,

except for AIC = 0 when k in , the test is inconclusive , since all it

can indicate is that the Markov order is in or larger .

As defined by Schwarz (1975), the Sthwarz Bayesian Criterion (SBC)

is

SBC — (S LT
~~ — sn 

— 5k+1 
+ S~~ (in n)

where n is the number of observations . Similarly to MAICE , the method

is to find the value of k that minimizes SBC . Under Schwarz ’s assump-

tions, this test has a smaller probability of choosing the wrong order

of k than MAICE. It definitely leans toward lower orders when there

are at least ei~~t observations .

Gates and Tong (1976 ) used the ~IAICE method to examine rainfall

and sunshine data for Manchester and Liverpool and found that chains of

low order (up to 2) fit the data best. They reexamined Gabriel and

Neun~nn ’s (1962 ) data and concluded that a second—order model was

better than a first—order model , which was different from the origina l

conclusion . Chin ( 1977 ) examined January-February and July-August

precipitation data for over 100 stations in the continental United

States from 1949 to 1973 . The appropriate Markov order was plotted on

maps . Winter precipitation was modeled in most areas by chains of order

2, while sixiner precipitation was usually satisfactorily modeled by

first-order ~hairis . Areas which deviated from these orders were in

~~~~ well—defined geographical areas , and some tentative hypotheses for the

physical reasons for these deviations were given .

The SBC nethod is so new that few applications have beer. published ,

althou~~ it would be easy to compare with ~tAICE . katz (1979~ disputed
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Gate and Tong’s (1976) conclusion that a second—order Markov chain

fit the Tel Aviv data better than a first—order chain , and stated that

the MAICE method has a .135 probability of estimating that the order

is 2 when it should be 1.
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V. Addi tional Topics

Characteristics of Two—Dimensional Real Weather Variables and Observed
W&ther Data

The statistical characteristics of real weather variables and

observed weather data in two dimensions are similar to the characteris-

tics of weather data , in general , as described in chapter II. A review

of the characteristics will be given here to point out some issues that

are important when attempting to model a two—dimensional data field. It

is assumed here that time Is a constant, so that the two dimensions are

area dimensions , such as north—south and east—west. - -

Real two—dimensional weather data is, of’ course , still continuous ,

deterministic , dependent , multivariate , nonlinear , nonhomogeneous ,

occurring on different scales of motion , and statistically distributed .
— Observed weather data is still discrete, inaccurate, and incomplete.

The issue of dependence , or correlation , is important enough to be dis—

cussed several ways, such as in terms of inverse probabilities , correla-

tion , conditional probabilities , and directionality.

It will be assumed here that the data has been standardized as

much as appropriate and feasible . For example , a grid of temperature

da ta over a large area such as the eastern Uni ted States should be

standard ized so that the data values have the same mean and standard

deviation . The data values could then be considered random components

or residuals . After they are statistically described and a data field

of’ residuals is simulated , the mean and standard deviation at each

point would be used to transfo rm the da ta back into the format of’ a

temperature field.
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Inverse Probabilities and Reversibility

When using a Markov chain for simulation where the indep endent
variable is distance along a line ra ther than time, there is no f’unda-
mental direction and it is desirable to see if the transition probabil—
ity matrix is the same regardless of direction . Also , in some cases ,
it is useful to reverse time and reconstruct a Markov chain backwards
in time. For example, we may want to achieve a certai n result (or
state) ten years in the future and we have some control over policies

in the near future . Repeated simulation runs starting ten years in
the future with the desired state and working back to the present may

give a range of policies that might possibly lead to the goal. Then , 
- -

simulation using each of the possible policies forward into the future
would show how likely each of the policies is to reach the goal.

The probabil ities for a Marko y chain in a reversed direction are

called inverse probabiliti es. Of cours e , these probabi lities must be
between 0 and 1 arid the inverse transition probability matrix must be
a stochastic matrix. The inverse TPM will be denoted by (in con—

trast to P~~, the inverse of the TPM ) , with elements pj~~~W , the

probability that an observation in state j  is preceded by an observa-

tion in state i. If matrix ~~~1) is used to construct a sequence back-
ward in time (or distance), it will const ruc t a chain with the same
statistical pr operties as when using P forward in time. Also , using

to construc t a forward sequence is equivalent to using P to con-
struct a sequence backwards in time or distance.

It is easy to demonstrate that a Markov chain is not automatically

reversible , or that the probabilities are not the same in both direc-
tions, by giving a counterexample. Let the TPM be
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with states 1 , 2, and 3. If the system is in equilibrium, the uncon-

ditional probability vector V can be shown, by solving VP V , to be

V ~ .~~~ . 1~ .5 J , where a bar over a digit or set of digits m di-.

cates infinite repetition , such as .~~~ .33333. . . This transition

matrix will be used freq uently as an example.

In this example , the probability of a transition to state 3,

given that state 1 is the present state , is . 1. However, if we assumed

that P could also be used to construct the sequence backwards , the

probability of state 3 preceded by state 1 would be p31, which is zero.

It is also possible to show that the inverse of’ the TPM, or p ’1 ,

is not in general the inverse TPM. Using the same example, the inverse

is

r 1.375 — .25 — .125

P•1 J —1.1 25 2.25 — .125

L .125 — .25 1.125

which is not a stochastic matrix even though its rows still add up to 1.

To lead to a development of’ the inverse TPM, it is useful to con-

sider the expected unconditional probability that a randomly selected

observation will be in state i followed by state j, assuming a steady

state situation . The unconditional probabilities can be expressed in

the form of a matrix, which will be called the expected proportion

matrix (E PM ) .  It is denoted by E , with elements Eije the unconditional

probability that a randomly selected observation is in state i and is

followed by state j.
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The EPM is obtained from the TPM by multiplying each row by the

unconditional probability for that row, or Ei~ ~~~~~ 
For example ,

using P as above , the third row is f 0 .1 .9 and the unconditional

probability of state 3 is .5. Therefore , the unconditional probability

that a sequence of two consecutive observations will be (3 ,2) is (.1)

( . 5) = .05. The entire EPM is

r•~ 
•o~

E = .4 ( . 1~ ) .5( .1~ ) . 1( . 1~ ) ( .0~ .08~
’ .01~

L 0( .5) . 1( .5)  ~~~~~~~~~~~ L o .05 .45

The sum of all elements of an expected proportion matrix is 1.

When a sequence of observations is considered in reverse order ,

the EPM based on the original sequence is transposed to give the uncon—

dition ai. probabilities of pairs of states in the reversed sequence .

For example , the number of’ occurrences of (2 , 1) in forward order

E21 ) is the same as the number of pairs of ( 1 ,2) in reverse order.

The probability obtained from this frequency count is equal to the

probability that a randomly selected observation is in state 1 and is

preceded by an observation of state 2. Since the unconditional proba-.

bility that a single observation is in state 1 is constant regardless

of direction , the conditional probability that an observation is in

state i , given that it is preceded by state j,  is Eji/Pi

~ji~j’~i P(x~Ix~) .  This result is confirmed by Feller (1968 , chapter

XV , section 12) . In this case ,

r .2~ .0~ 0

ET 
= .O~ .O8~ .05

L.o~ .oi~ .45
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so,

1 r•~ 
.2 0

~~~~~~ ~~~~~~~ .05/.1~ J J .2 .5 .3

.O~/ .5 .O1~ /.5 .45/.5 J L.o~ .O~ .9

It can be easily checked that VP = VP~~
1
~ = V in this case. The differ-

ence between P and ~~~~ is fairly substantial here , but in most real

data, the differences should be smaller. Note that if P P~~~~, then

~ij~i 
Pj jPj .

If’ it is desired to develop a nondirectional matrix fran the data , - -

an intuitively appealing procedure is simply to count the total number

of forward and backward transitions of each kind by considering the

data sequence both forward and backwards. The TPM obtained from this

procedure is equivalent to the average of P and This matrix ,

which will be called R, will be shown to be reversible.

Fora3x3ma trix , the average o fF a n d  ~~~~ is

- 1 ~2l~2 1 
_____p 11 ~ + p ~ +

p p  p p

~ 
p21 + 

p22 ~~
. p23 +

p p  p p
~ 

+ p3 ~ +

1 ~ji~jor in general , R u = 
~~ 

+ P1
To verify that R is reversible , it will be shown that RijPj  =

RijPj ~ ~~ij 
+ P jjP j/P j ) P j ~ (P1jPj  + P ,~jPj )

~ ~‘~i + Pj jPj /Pj )P J = .~
. (P~1P~ + p~~p1) = R1~~1
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The fact that VR V can be easily shown from the associative

property of matrix multiplication .

For the example used so far in this chapter ,

r .8 .15 .05
R = J . 3  .5 .2

L.o~ .o~ .9

In a real problem, once P and ~~~1) are found, a statistical test

such as a chi—squared test of Anderson and Goodman (1957) could be used

to show whether ~~~~ is si~ iificantly different from P. If there is

no sigeificant difference , and if it is desired to make the simulated

data sequence reversible , using R as the transition probability matrix H

would generate a reversible simulated sequence .

Conditional Probabilities and Invariance of’ Generation

When simulating an area data base on a Cartesian-coordinate type

of grid , there are many ways to generate a data field . It is desirable

for the generation process to produce a statistically homogeneous field.

This could be verified in terms of conditional probabilities. If the

field is homogeneous, then the probability distribution at a grid

point (i+h+a, j+k+b), given the state observed at point (i+a, j+b), is

the same regardless of the values of’ a and b , or the conditional proba-

bility distribution is invariant under translation . Also , the condi-

tional probability at point (i ,j )  given the state at point (i+h, j+k )

should be the same regardless of the variation on the basic generation

scheme used (such as generation by rows instead of’ by columns). This

property could be called invariance of generation.

In the case of a basic first—order transition from one point to
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the next , the T?M and the conditional probability matrix (CPM) are the

• same, since Pjj = PC X
j 

1x 1) .  The CPM for the transition in reverse is

~~~ because = P(x1(x~).

The conditional probabilities should first be investigated for

first-order schemes of generating a gridded data base, as shown in

figure 3. The conditional probability distribution at point j ,  given

the probability distribution at point i , will be compared for all four

cases .

Under first-order generation schemes , the paths from one point to

another can be divided into three types, as shown in figure 4, and the

conditional probability structures resulting can be applied to the cases

depicted in figure 3. Assume that the tran sition matrix along an arrow

is P, and that the transition matrix in reversed direction is

For example, a type 2 structure would be generated by the transition

matrix obtained fran

For a type 1 situation, the total transition matrix is ~
so P (X b IX a ) = 

~ab~
2
~
• Since the transition matrix for type 2 is given

by ~~~~~ matrix multiplication can be used to show that P (x b lx )
N a

~cb’ For the P matrix used as an example so far in this
c: ac
chapter, the conditional probability matrices are

TYPE 1 r.68 .14 .181 TYPE 2 r.72 .28 .101

= .52 .30 .18] P~~~P = [.36 .30 .34

,]L.o4 .14 .82 .06 .11~ .82

Intuitively, it appears that, for P (xb I Xa )
~ type 3 and type 2 are

- . the same, since the unconditional probability distribution at point c

is the same in both cases. This can be shown to be true by finding the

conditional, probability in a type 3 situation :

L ~~~~~~~~~~~~~~~~ —- -~~~--~~~- .  -- .  _
~~~~~~~~~~~~~~~~~~~~
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N N
P( xj ’~x ) 

~ ~d ~ ~dc~ca~cb
P(Xb IXa) = 

N 

P
~
Xa) 

d- 

N

_c~1 ~ca~cb d~1 ~d~dc - ~~ ~
ca~cb~c 

t 1)- - 

~a 
n o e

N ( 1 )
! ~ac ~a~cb~c N

= 
C: 1 

Pc ~a 
(note 2) = 

~~ 1 
Pac~~ ~cb

Note 1: This step uses V = VP. If each transition probability

is p , a term—by—term expansion of’ each side of’ V = VP gives p =C

c~1 ~d~dc
’ L

Note 2: This step substitutes 
~~~~~ ~a~ c for ~ca’

This shows that a type 3 structure has the same conditional

probabilities as type 2. Therefore, there are only two basic first-

order structures, ~hcwn as type 1 and type 2. These two structures

may be generalized as in figure 5, where r baclcwsrd and s for~~rd steps

occur betwsen points i and j .

TIPE t fl PE 2

a transitiona r a
reverse for~.ard

I’ ~ ~ ~ . 
transitions transitions

) 0?
) )

~ ( ( -(
S -

Figure 5. Final Generalized First-Order Transition Structures

In type 1, the overall TPN from I to j  is p,~~ so P ( x~I x 1’ =

68
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In type 2, the overall TPM from i to j  is given by P~~’)ps, ~
(—r ) C s )x~ I x 1 - 

k~1 ~ik ~kj

The four sample cases given in figure 3 will now be compared in

terms of conditional probabiliti es, with the P matrix given earlier in

the chapter used as an example. The overall transition matrices are

as follows:

Case A: (6 forward steps)

Case B: (2 reverse and 4 forward steps)

Case C: (1 reverse and 3 forward steps) ~( ‘~~ p3

Case D: (2 forward steps)

The numerical values of’ the matrices are

Case A Case B

r.465088 .165984 .368928’l r.511168 .169056 .319776

.460992 .170080 .368928 .362688 .170080 .467232

L .202944 . 165984 .631072] L .204992 . 163936 .63 1072

Case C Case D

r.5812 .1688 .2440 1 r .68 .14 .18
.4144 .1880 .3976 .52 .30 .18

L.-137o6 .1581~’ .7048 J L .04 .14 .82

This counterexample shows that at least the suggested first-order

generation schemes are not invariant.

Actually, this specific example is unrealistic since, if a T?M is

not reversible, it would not be used to generate data in all directions .

Howaver, if some reversible matrix R is used , and is assumed to be
constant in all directions, the overall transition probability matrix
from point I to point j would range from R6 in cases A and B to R2 in
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case D, and the conditional probabilities would not be the same.

This section has shown that at least some first—order generation
schemes on a two—dimensional grid are not invariant. Since these were
expressed in terms of processes that could occur on a line or in a time
series, this demonstrates that present Markov chain applications are not
invariant when the TPM is not reversible. This is not a problem in

most applications since the proper matrix would be used in each direction
of simulation , but could be a problem in two—dimensional simulation
since using even reversible matrices does not guarantee invariance . - 

-

Correlation Issues

Along with the issue of conditional probabilities when generating
a two—dimensional data field , it is useful to consider the correlation

structure of the data and see if this structure is preserved by various

simulation processes.

A Markov field , as defined by Besag ( 1974),  assumes that the
correlation between two points depends only on the distance between

— 
them and not on the direction. More specifically, assume that the
points on a gridded two—dimensional data field (or lattice) are denoted
by coordinates (i ,j) relative to some point (0 ,0 ) ,  which can be mcved

around on the grid , if desired . This is a stationary Markov field if

(1) the probability distribution at point (i ,j) is conditional only on

a specified set of adjacent points such as i—1 ,j) , (i ,j— 1) , (i+ 1 ,j) ,

and (i,j+1) and (2) If the probability distribution is the same for

any interior point on the lattice.

One way of describing the “order” of a Markov field is given in

figure 6 , althou~~ ter mI nolo~~r could differ. The probability

distribution at point 0 , for a Markov field of order n , depends only on
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4 4 3 4 4
4 2 1 2 4

3 1 0 1 3
4 2 1 2 4

4 4 3 4 4

Figure 6. Order of Dependence in a Oridded
Two—Dimensional Markov Field :

The probability distribution at point 0 , in a Markov
field of order n , depends only on the data values

at points numbered n or less.

the data values at points numbered n or less. Generally, only first-

order Markov fields have been considered in actual investigations be-

cause of the rapid increase in complexity with higher orders .

Another way to describe the correlation structure is to define a 
- 

-

“line transect” (Whittle 1954) as a line that crosses the data field.

If the data field is a Markov field , the process on the line is a one—

dimensional Markov process .

Using actual data , the correlation structure of a two—dimensional

data field is often expressed by a correlogram in the form of a table,

whose entries are the correlations between the data value at a relative

point (0 ,0) and the values at other points with coordinates of (i,j)

on this relative coordinate system. One example, based on orange trees

in an orchard (Patankar 1954 and Whittle 1954 ) showed a correlation

structure of values gradually decreasing in all directions away from the

point of interest, from around .54 to .55 for adjacen t points , to about

.2 to .3 for points 8 to 12 units apart. The correlation of’ a point

with itself (1.0) was a “spike” in the center of a rounded “mound .”

The authors remarked that this appear to be a quite comon situation in

analysis of gridded data bases . The fac t tha t the correlation for

— 71
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points one unit or more apart is quite a bit lower than 1 .0 shows that
there is a substantial amount of individual variability, while the
gradual decline with distance shows that there is still a considerable
amount of struct~~~ in the data field . If the correlation decreases
fairly uniformly in all directions (such as r ( a b )  being approx imately
equal to r ,~ ~ , where r 1 b~ 

indicates the average correlation between
points with coordinates of (i , j )  and ( i+a , j+b ) , for all possible (i , j )
points on the grid ) , there is no significant trend in the data . As
stated before , any known trend should be removed from the data before
this analysis is performed .

If it is assumed that the states are interval scaled ( such as
0 , 1 ,2 ,. . ) , it is possible to use the Standard formula for correlation
to derive the correlation structure of a one—dimensional first—order
process, or a process in two dimensions considered in terms of’ one—
dimensional paths. The process is assumed to be in steady state , or
VP V. The correlation derived is the “expected correlation ,” wi th
the unconditional probabilities distributed according to V and the
transition probabilities distributed according to P. The standard
correlation coefficient formula is given by

nZxy - ~x~y
r 

[n ~x2 
- (

~
x)2J [nZy

2 
- (~y)

2
J

In this formula , x can be considered to be the state at point 1.
The expected number of observations in state x1 in n observations is
flPj.

Also , y is the state at point j ,  or Xj . Point 
~i does not need to

be adjacent to point i. Out of ti trials , the expected number of cases
with state x1 followed by state x

3 at point j  is r1P~P1~.
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The values of the terms in the correlation coefficient formula

can be calculated as follows . There are N states and ri observations .
N

E(Ex ) :
.
~~ np1x1
1~~~1

N N
E (Iy ) ~ np. p . .x. a

i= 1 1 j :1 1 3 3

N
E(~ x2 ) 

~ np~x~
2

i 1

E(Ly2) 
i~1 ~~ ~~

N N
E(Exy) = 

i~ 1 
np~x~ j~ 1 ~~~~

Next , it will be shown that E(~ x ) E(Zy) and E(Zx 2 ) E(~ y2 ) .

This is intuitively reasonable because the same unconditional distribu-

tion is maintained before and after the transition . The last step of’

each proof used the fact that VP V.

Show that E (Ex ) =

E(~~ )/n P~ Z P~~X j  (p 1p
11 x 1 + p 1p

12x2 + . . + 
~~~~~~

+ (p 2p
21x 1 + + • + p2~2N~cN )

+ 
NPN1 X 1 

+ PNPN2X2 + . . + PN PNNXN )

( p 1p 11 + + • + p
N
pN l )x l

+ (p1p12 + + • 
~~ PN PN2 )

~c2 ~~ ~ 1~ 1N + ~~~~~~~~~~~~~~

+ P
2

X
2 

+ • • + PNXN 
~ 

Pj
X
1 

E(Ex ) / n



- - -

Show that E (Ex2 ) E (Ey2 ) :

E~~y
2)/n 

~ 
P~ ~~ P X J

2 
= (p 1p

11 x 1
2 
+ p 1p 12x2

2 
+ . . + 

~1p
1N~N~

+ (p 2p21 x 1
2+p2p22x2

2 . 2P2NXN~~~ 
.+(p Np

Nlx 1
2+p N p

N2x2
2+. .+P N PNNxN )

(p1p 11 +p2p21+. .+PNPN1 )x1 ÷ • 

~~~~~~~~~~~~ 
.+PNpNN )xN

2 2 N 2p 1x 1 + . . + P~X~ i~ 1 
p~x1

Using these factors , the expected correlation coefficient between

points i and j becomes
N N N 2
~ ~~~ ~ p. .x — ( ~~ p .x.)

— 
j:1 

l
j~~ 

13 j  i= 1 1 1

1, 

~ 

PjXj~ — 

~i~~1 

p
~xi ) 2

Note that all factors of ti (the number of’ observations ) canceled out .

Also , both terms in the denominator were identical .

The correlation can be generalized to cases where there is more

than one transition between point i and point j  by substituting the

correct transition probabilities for Pjj. The only term that changes

in the formula is the left term in the numerator. For example , in case

A in the last section , the correlation coefficient could be calculated

by substituting pj~
6) for Pjj. Using P as the TPM for cases A through

D, these and other correlations are calculated as follows. Where

X ( 1  2 3 , some of the constants needed are ( E p ix~
) 2 4.69Z and

EP jXj
2 5.5 , and the denominator is 5.5 — 4.69Z .8O~ . Let r ( S )

indicate the correlation between points s forward transitions apart ;

let r (_ r) indicate the correlation between points r reverse transition

apart; and let r(..r,s) indicate the correlation between points r reverse
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I
transitions and s forward transition apart . (This notation applies

only to points on a line , and this notation is used only in this sec—

tion) . Then , some typical expected correlations cart be calculated as

follows. The cases (A to D) are shown in figure 3. H
Case Expected Correlation Coefficient

One transition , forward E (r ( 1) ) .81379 
- 

-

One transition, reverse E(r(1) ) = .81379

Two transitions, forward (case D) E(R(2)) .65655

Two transitions, reverse E(r ( 2 ) ) = .65655

One step reverse , one forward E(r (_ 1 1) ~ 
z .68966

Case A E(r (6 ) ) = .27104

Case B E (r ( 2  4) ) .30913

Case C E(r ( ...1 ,3) ) .45992

It is interesting to compare E(r (2 ) ) with E (r ( 1 ) ) .  It would be

expected that E (r (n ) ) E (r ( 1 ) )~~ but E (r ( 1) ) 2 .66226 , slightly higher

than the real correlation . Also , case A should have a correlation

of E(r ( 1 ) ) 6 .29046 . This is also slightly higher than the real corre-

lation . This non—exponential trend of’ correlation is confirm ed by

Lloyd ( 1974 ) , who uses an eigenvalue approach for computing correlation.

He states that the correlation is strictly exponential for a two—state

Markov chain, but that the trend is more complicated when there are

more than two states.

Under invariance of generation, the correlation between i and j in

cases A , B , C , and D should be the same . However, they range from

.2710 to .6566 , using P as the example of a transition matrix . The

“true” correlation is probably approximately equal to .6566 , the corre—

lation that results from taking a “shortest path” from I to j, as in
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case D.

It is not difficult to prove that as n approaches infinity,

E (r ( f l ) ) approaches zero . As ti ~~. ~~, 
p1~~ 

‘ Pj~ SO

pixi 
~~ 

Pj jx~ 
~~ 

PiXj ) (
~~ PjXj ) 

~i~ 1 
p1xi ) 2

and the numerator of E (r (~~) ) would be zero .

The expected correlation for an equal number of’ steps forward or

backward is equal, as expected. However, the expected correlation for

one step backwards and one step forward (as in a type 2 structure,

mentioned earlier in this chapter) is not the same as the expected

correlation for two steps forward or backward . This shows why the

correlation is not the same for case A as for case B. If a reversible

TPM is used , the correlation would be the same for a constant number

of steps regardless of the combination of steps .

Directionality and Inhomogeneity

So far in this chapter , it has been assumed in many cases tha t the

transition matrix is reversible and is also totally nondirectional . In

many cases , deterministic components of the data can be removed and the

data can be processed so that it is homogeneous. However , in some

cases , it is not possible or appropriate to try to remove these nonrari—

don components . An example could be occurrence or nonoccurrence of

snowfall over a fairly large area. Since, in general, the frequency

(unconditional probability) of snow diminishes toward the south , the

transition probabilities cannot be the same for locations on a north—

south line as for locations ott an east-west line . It is useful to

discuss some of the consequences of directionality , or (as used here)
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a case where the TPM may be constant from east to west , but varies from

south to north. No substantial results will be derived here, but some
da ta handling methods will be discussed

A 3imple way to consider inhomogeneity that causes a gradual
trend over an area from north to south is to assume that simulation will

take plac e only in “eastward” and “southward” directions starting from
the “northwest” corner of the area. Simulation would not take plac e

as in cases A or D shown in figure 3. Let the transition matrix for

“eas tward” transition s be P , and let the TPM for “southward” transitions

be Q.

Assume that a “shortest path” is taken from (0 ,0) to (i , j ) ,

where lexicographical ordering is used , so i indicates the number of

rows down (“ south” ) from (0 ,0) and j  indicates the number of columns
to the right (“east”) of (0 ,0) .  Also assume that a one—dimensional first—

order method of generation is used . An example will show that there

is a difference in transition probabilities even when there are only

three transitions between (0,0) and ( 1 ,2 ) .  Let the transition

probability matrices be

r . 56 .44 1 E .3 1 .69
I a n d 0 : ~~L.33 .67 J L.09 .91

The three possible cases are shown in figure 7.
The matrices for the transitions in figure 7 are

r .422299 .577701
CASE E Q P P :I

L .4 1066 1 .589339
r .379036 .620964

CASE F P O P : !
L .367398 .632602
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CASE E CASE F CASE G
(0 ,0) (0.0) (0.0)

~~~ 

J 

P J~1,2~ 
- 

l~~P~~~12 )  

P 1 1i!(1.2)

Figure 7. Three Possible Paths for a Two—Dimensional
Simulation by One—Dimensional Processes

r.19o936 .809064
CASE G PPQ:I

L.179298 .820702

In general , the same transition probabilities do not result if

the transition matrices P and 0 are different , because matrix multi-

plication is not coninutative. However, most of the available theory

that can be applied to two-dimensional situations assumes hoaogeneity

and this problem will not occur if the data is homogeneous. The data

that is used as an example in chapter VII is very nearly homogeneous,

so this problem will not be considered further in this thesis.

Another type of inhcinogeneity that is frequently encountered is a

fairly sharp division from one area to another . This could occur at a
topo~’aphic boundary such as a coastline , or along a n~untain range.
Since attempting to handle this exactly using theory increases com-
plexity greatly , in this thesis it will be assumed that investigations

are confined to areas that are homogeneous. In case of an inhomogeneity ,

an analogous approach to that of Lloyd ( 1974) can be taken: to use a

“generalized stationarity” that allows the entire field of interest to
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be divided into areas that can be considered homogeneous. Transit ion
matrices would be developed from the data for each separate area, and
the complete data field could be simulated by using the appropriate
transition matrices for each area. Effects at the boundary between 

-

areas could be considered insigeificant, in general. -
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VI. Literature Survey —

Simulations of Two—Di~~nsional Data Bases

Non-Markov Models

There have been very few attempts to simulate two-dimensional

data bases. This section will discuss regression—type simulations,

which are not exactly Markov in some cases . In a two—state case, the

two models can be equivalent. As described in chapter ~1, all coordi-

nates of points will assume a coordinate system in “lexicographical

ordering.”

Galbraith and Walley (1976, 15—2) describe a regression scheme

where the expected value at a point depends only on the value at the

two nearest points that are known. ( For a simulation starting at the

“northwest” corner and proceeding “eastward” and “southward” , these two

known points are iii~nediately “north” and “west” of the unknown point ~~.

The unknown point is (i , j)  and the known points are ( i— 1 ,j) and (i,j—1).

Then E(x~ !all predecessors ) a + bx~_1 
~ 
+ cx1,~_1 +

where a, b c , and d are found by linear regression methods . The

interaction term may be deleted for simplicity. However, for a two—

state chain, keeping the interaction term in will allow all transition

probabilities in terms of the values at points (i , j— 1)  and (i— 1 , j)  to

be specified as follows:

P( 1 (0 ,0) a P (x~~ : 1(x~,~_1 0, xi_i ,j 0)

P ( 1~0, 1) = a + c

P ( 1I 1 ,0) : a + b

P(1I1 ,1) : a + b + c + d

To use the above equation for simulation of a two—state (0 or 1)

Markov chain, either with or without the interaction term, the value of
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E (x
~~

) is computed and a random number between 0 and 1 is drawn. If

the random number is greater than 1 — E(xij), the state at (i,j) is 1

and otherwise it is 0.

Because of the limited (and fixed) number of parameters , this

procedure cannot be used with more than two states , except as an approx-

imation . A possible simulation method would be to compute E(x ~~ )~ add

an error term (also derived from the data ) and use some procedure for

converting the resulting value into one of the permitted states.

Welberry and Galbrait h (1973 ) give examples of a two—state re-

gression model for crystal growth ( where 0 = absence of an atom, and 1 =

presence of an atom) . They assumed that there were no thteractionr . so

that they could obtain some exact theoretical results.

These papers showed that a majo r problem is to statistically de.-

n y c  the expected value of the variable of’ interest , or equivalently , - 
-

the stationary distribution. For a one—dimensional chain , the stationary

F distribution is obtained by solving VP V and the dxpected value can

be easily obtained from V. However, Galbraith and Walley (1976) showed

that when an interaction term is included in the regression equation,

there are always more unknowns than equations , so that the expected

value cannot be found . In this thesis , the transition probabilities and

other constants are found from the data by counting transitions, and

the expected values and stationary distributions can be also obtained

from the data by the same type of process .

Matalas (1967) describes a “multivariate weakly stationary gener—

ating process” that could be easily adapted to a two—dimensional data

base. This method, since it was developed to handle a time series of’

several interrelated variables , would generate either a row or column
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of data values simultaneously . The cross-correlations in and between

the row or column being generated and the last row or column generated

could be accounted for . However , this procedure could not handle a

Markov field of order greater than two because correlations are con-

sidered only in two adjacent rows or columns .

Harkov Simulations in Two Dimensions

• The following suggested procedures differ from the “original vec—

tor Markoy chain approach” (Pickard 1977 ) but they have Markov prop-

erties since the next computed value depends only on certain previously—

computed data values and not on the entire process. The original

vector approach , for all Markov chains, requires the input and output

state spaces to be the same. For example , in a second—order Markov

chain, overlapping states are defined , where the two—component vector

state consisting of the most recent and present observations in sequence

define the probability distribution for transition to the two—component

vector state containing the present and next observations in order. If

overlapping states are not required , the transition is to the single

state consisting of the next observation. In this case , the transition

probability matrix is not .~quare , but is N2 x N. All of the elements

of’ this matrix may be nonzero since there are no impossible transitions.

The following proposed two—d imensional Markov schemes will consist

of some vector sequence of known observations that determine the prob-

ability distribution for the next observation. In all of these cases ,

two adjacent boundaries of the data field are generated by one—d imension—

al processes of some kind. The remaining points (including the other

two boundaries ) can be considered “interior points,” which are generated

by two—dimensional processes .
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Galbraith and Walley (1976) consider a Markov—type simulation

procedure analogous to their regression model with interaction terms .

This approach was suggested earlier by Bartlett (1967), who called the

process a “doubly stochastic MarLcov chain.” In this procedure, after

the top and left (or any two adjacent) boundaries are generated by one-

dimensional processes, the “interior” data values are generated by

rows (or columns) . The transition matrix for transition to a point

(i,j) is based on the state at point (i— 1 , j) , ininediately to the left ,

but a different transition matrix is used for each possible state at

point (i,j—1) , ininediately above (i ,j). This could be consolidated

into one non—square matrix if the input states are the vector states

corresponding to the observations to the left of and above each point.

These authors were not able to develop exact formulas for the

expected value E (x
ij

)
~ where in a two—state binary chain , E (x ~j ) is

the proportion of’ the time that the state is 1 , except in special cases .

Gaibraith and Wa].ley (1976 ) numerically solved a conjectured general

solution for E(x 1~ ) in a two—state case , and the numerical results

closely approximated the conjectured values .

To simulate using this procedure , the total number of probabilities

needed is N ( unconditional probabilities) + N ( first—order Markov

transition probabilities for generation of boundary values, assuming

the same probabilities in both horizontal and vertical directions) + N3

( conditional probabilities for interior points) = N3 ~ + N. The

number ~
‘
~
‘ independent probabilities is — 1.

Pickard ( 1977) developed a similar procedure , which generates a

homogeneous Markov random field. His model is based on the joint

distribution for the vertices of a unit square where , for
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example , A , B , and C are known and D is unknown. Then , for interior

points , the probability distribution at D is based on the vector state

(A ,B ,C). As in Galbraith and Wally’s paper , his calculations apply only

to two—state processes, althou~~ his procedures can be extended to (1)

nonhomogeneous data bases, (2 ) more than two states , or (3 ) more than

two dimensions. The number of’ probabilities required in this model is

N + N2 (as above) + N4 (conditional probabilities for D, based on A , B,

and C) N4 + N2 + N, with N4 — N3 + — 1 independent probabilities.

Pickard also proved that the conditional probability at a point

(1 + k, j .~. 1) based on the state at (i ,k) is the same regardless of

the path taken as long as it is one of the shortest paths . The arguments

used to prove this also led to an explicit formula for the correlation ,

which is geometric when there are only two states .

Another Possible Procedure — “Method 1”

The following suggested simulation procedure is illustrated by the

diagram in figure 8. Where an arrow is shown , the value at the head

of the arrow is determined by first-order one—dimensional Markov pro—

cesses based on the value at the tail of’ the arrow. Where a square is
= 

shown, the values at the two lower corners are obtained from the

probability distribution based on the values at the two upper corners

of the square. This procedure requires an x N2 matrix, plus a first—

order matrix, and a vector of unconditional probabilities , so the num-

ber of probabilities requires is the same as in Pickard ‘5 (1977 ) model .

This method of simulation will be called “Method 1. ” A possible

advantage of this procedure is that fewer random numbers would need

to be generated to produce a data field of a given size.
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Figure 8. Simulation Scheme for “Method 1”
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VII. Examples and Discussion of’ Two—Dimensional
Data Base Simulations

Data Base : Selection, Analysis, and Characteristics

Since no published applications of Markov processes to a two—

dimensional data base have been found , although the theory has been

established , it was decided that an example would demonstrate the use—

ñilness of’ the proposed methods , and reveal if there are any signifi-

cant operational problems. The computer calculations were found to be

quite simple , and none of the programs required more than about ten

seconds on a CYBER 175 computer to calculate transition probabilities.

The data base chosen for this example was obtained from weekly

maps of temperature departures from the 194 1—70 normal, published in

issues of the Weekly Weather and ~~~ Bulletin (USDA). A series c(’ maps

was selected for analysis, consisting of the 15 weekly maps starting with

the first week ( Monday through Sunday) ending in December, for the

seven winters 1972—73 to 1978—79 . A grid with 12 rows and 15 columns

was superimposed on an area of the eastern and central United States

(see figure 9 ) .  The 180 variables were always considered in lexico-

graphical order, with the rows considered from top to bottom and the

columns considered from left to right. In the computer programs , the

variables were considered as a single sequence of 130 variables, but

in other cases the variables were denoted by a letter denoting the row

and a number indicating the column (such as C12), or by a pair such as

(r,c), where r indicates the row and c indicates the column. Under

this notation , the vector pair is the same as a 90 degree clockwise

rotation of a Cartesian coordinate system.

The temperature departures were read from the map at each grid

r-~ ---- - - - . - -
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intersection . It was assumed that the area was sufficiently homogeneous

for these analyses . Most of the inhcmogeneity was removed by converting

the data values to differences from normal temperatures. With a total

of 105 maps, there were 18900 data points . These data values were

stored on a com puter file . For example , the stored data values for the
period covered by the map in figure 9 are shown in figure 10. The line

number consists of two digits each for the month , day, year, and row
number , where the date given is the ending date of the weekly period.

After the data base was stored, statistical characteristics of the

data were examined using the Statistical Package for the Social Sciences

(SPSS). These included the mean, standard deviation, skewness, maximum,

and minimum for each grid point, and are shown in figures 14 through 18.

While there are variations on every map, the data obviously has an

organized structure , and there are meteorological explanations for most

of the variations. D.ctually, this seven—year period may not have been

typical because of the large number of extremes recorded (especially

exceptionally cold winters), and even a typical seven—year period is

not long enough to describe the statistical characteristics of’ the data

with high accuracy. However , this data base is sufficiently realistic~
for demonstration purposes .

To produce a more uniform data base , the da ta values were stand-

ardized to the number of standard deviations from the average for each

grid location . The seven-year average was used rather than the 194 1-70

normal, since many locations were consistently colder than normal during

these seven winters . Figure 11 shows the standardized data obtained

from the data in figure 10.

For Markov analysis, the data was categorized into three and five
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states, with state I indicating the coldest temperatures . In the three-

state case, the divisions between states were at — .75 and +.75 standard

deviations from average. In the five—state case , the divisions were at

-1.5, — .5, + .5, and +1.5 standard deviations . Most of the data analysis

was carried out for both the three—state and five—state cases , al-

though only five—state simulations were performed . The five-state and

three—state data fields obtained from the data in figure 10 are shown

in figures 12 and 13 respectively, and additional typical real data

fields are shown in figures 19 and 20.

The correlation structure of the data was also examined using SF’SS.

There are r~ny different ways of displaying the relationships , and a

few examples are shown in figures 21 through 2S. All correlations were

based on the original data , not on the data as reduced to three ~r five

states .

Figure 21 is a correlogram , showing the average correlation through-

out the grid for all points no more than four rows or columns from an

arbitrary point. Basically, the table value in position t i , j )  is the

autocorrelation coefficient , or average correlation , between all pa~L’s

of points with grid positions (r ,c) and ir + i , C + j). For example,

the second number in the third row (i -2, j  —3 ) represents an auto-

correlation coefficient of .8567 , which is the average correlation

between all pairs of points where the first point is two grid intervals

north and three grid intervals west of the other. Since the second

point is three intervals east and two intervals south of the first , the

correlograzn is syTmnetric about the origin and the correlation at i 2 ,

j  = 3 is also .8567.

The correlation contours are nearly circular ellipses , with the 
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long axes oriented mostly from southwest to northeast , which is

approximately parallel to the average winter wind direction in the

middle atmosphere (the level that most strongly influences the movement

of air masses ) in the central and eastern United States .

Figure 22 shows the correlation structure for the corner points

and a center point of the grid. The hi4 er correlations to the south-

east of’ point Al (western North Dakota ) correspond to the prevailing

northwesterly winds and frequent Arctic air masses there. The pattern

around point F8 ( near St. Louis ) reflects the tendency of many air

masses to reach the area frcsn either the southwest or northwest , and to

leave the area by moving up the Ohio Valley .

Figures 23 to 28 are presented to show that there are no major

discontinuities in the data. A discontinuity would be shown by a fairly

sudden decrease in the correlation coefficient over a short distance.

Possibly the most significant discontinuities are in the vicinity of

Michigan ( due to the modifying effec t of the Great Lakes) and on the

eastern slope of the Rockies due to greater frequency of chinook winds

in the western parts of the area), but the effects on correlation are

fairly small and are no greater than the variations in correlation over

the lower Mississippi Valley , where the variations are due to the pre-

vailing movement of air masses and not to any topographical features.

Therefore, it appears reasonable to neglect the inhomogeneities since

they have only minor effects.

Figures 23 and 24 show correlations between points about 100 miles

apart (with all correlations exceeding .95 ) , and figures 25 to 28 show

the correlation between points about 300 miles apart twi th all correla—

tions exceeding .8) . As mentioned in chapter V , the autocorrelations
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in the data field considered by Patankar (1954 ) and Whittle (1954 )

ranged frc*n about .55 to .2.

The transition structure of the real data will be briefly dis-

cussed here even thoug~ the details of the process of obtaining trans-

ition matrices and a further discussion of the results will be given

in following sections. In general , when five states were used , no cases

where a transition skipped a state between horizontally adjacent points

were found , and only two cases were found ( from state 3 to 5, one case

in Oklahoma on the map of 1 - 7 March 1976 , and the other case in

North Carolina on the map of 31 December 1973 to 6 January 1974 ) in a

vertical direction . Of course , a larger data base t~ y reveal more 
. 

-

instances of such transitions , but based on the nature of’ the tempera-

ture data used , such occurrences should always be unusual . Any transi-

tion where the states in two horizontally or vertically adjacent points

are not equal or consecutive will be called an “unusual transition of

type 1. ”

It also was found that unequal or nonconsecutive states in diagon-

ally adjacent points were unusual. Examples of such combinations are

and 2 
~~~~ To develop transition matrices for Pickard ’s method , all

of the possible combinations of’ states in a “unit square ,” such as ~
are counted . By examining these frequency counts, only four cases were

found , one each of’~~~~,~~~~~, ~~~~~~~ ~~~~~~ The cazes of~~~~ and~~~~,

and the two cases of actually represented the two cases of “unusual

transitions of type 1” mentioned in the last paragraph . If the states

at two diagonally adj acent points are not equal or consecutive, and if

no “unusual transition of type 1” occurs in the unit square containing

the points , this is called an “unusual transition of type 2. ”
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It is also useful to determine the number of occurrences of un-

equal and nonconsecutive states in a “unit diamond ,” an area such as

1 ~ 2 This will be discussed more fully in describing “Method 2” of

simulation. Other orientations of’ such a diamond—shaped area will not

be considered here because of the process of sinvulation used in this

thesis. If the states at the ends of the unit diamond are not equal

or consecutive, and if no type 2 or type 1 transition occurs in either

of’ the uni t squares that contains three points from the unit diamond , - -
this is called an “unusual transition of type 3.” For example , 

~
would be an unusual transition of type 3, while would be an Un—

usual transition of type 1. Based on the data (see the frequenc y counts

in Appendix E ‘I , there were eight unusual transit ions or’ type 3. plus

five more or’ types 2 or 1. Many of these occurrences were on two con-

secutive maps , those of 5-11 and 12-18 February 1979, although three

geographical areas were involved.

To su~inarize , three specific types of “unusual transitions” were
defined and their occurrences in the actual data were counted . Si~ice

these “unusual transitions” were rare in the real data • a realistic sim-

ulation method based on this data base should :~ot frequently generate

such transitions.

First-Order Markov Transition Matrices

FORTRAN programs were written to count the number ot’ transit ions

in both horizontal and vertical directions , for three and five states .

These transition matrices and some additional data ~which will be dis.-

cussed in this section) are shown in appendix A. Where three states

were used , no unusual transitions of’ type 1 f’r~ n state 1 to 3, or fr~*n
3 to I in horizontally or vertically adjacent points ’ occurred . As
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mentioned before, two unusual transitions of type 1 occurred in a

north-south direction when the data was divided into five states , but

none were observed in a horizontal direction. In both cases , the hori-

zontal and vertical transition matrices were quite similar, with most

transition probabilities agreeing within .02. No consistent pattern of

deviations was noticed.

In each program, the unconditional equilibrium probabilities were

calculated from the transition probability matrix by solving VP V ,

and requiring the sum of the probabilities to be 1. (This was done by

expressing the problem in terms of simul taneous equations, and using

the Ir~ L subroutine LEQT1F to solve the equations). The actual uncon—

ditional and calculated equilibrium probabilities were quite similar,

although a few values differed by over .02. When comparing horizon tal

with vertical transitions , the actual probabilities agreed better than

the calculated probabilities. No consistent pattern of deviations was

noticed in this case either, although the cold states were frequently

calculated to occur more often than they actually occurred , and the

warm states usually were calculated to occur less often than they

actually were observed .

Since the states were set up in terms of’ standard deviations from

average , the theoretical frequency of each state could be calculated .

In all cases , the middle state occurred a little less frequently than

expec ted . Generally, both the warmest and coldest states were slightly

more frequent than expected, except that when five states were used,

state 5 occurred a little less frequently than the theoretical fre-

quency. The fact that most extremes occurred more often than expected

is verified by the tact that the kurtosis in most areas was lower than
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the expected value for a standard norma l distribution .

The reversibility of each matrix was checked to help verify homo-

geneity or inhanogeneity of’ the data. Only the fi ve—s tate vertical

transition matrix showed any difference when reversed , at least to the

eighth decimal point. This matrix cannot be reversible, since a

transition from state 3 to state 5 (from north to south~ becomes a

transition fran state 5 to state 3 in a northward direction . in this

case , both the reversed and reversible transition probability matrices

are shown, and the di fferences are .002 or smaller .

To verify the intuitive supposition that simulating a two—dimensional

data base by a one—dimensional method will produce unrealistic re-

sults , a demonstration was performed which is shown in figure N. Either

the left side of the data base was simulated , and then the rows , or the

top edge was simulated , and then the c~ lunuis .

Transition Matrices Based on Galbraith and Walley ’s Nethc’d

All conf igurations or’ states in the form 
~ 

were counted by a

FORTRAN program to develop transition matrices for ~3albraith and Walley’s

1976) method . As mentioned in chapter VI , this method bases the

probability distribution for state K on the combination of’ states L i . .J’ .

The transition matrices are presented for both three and five states

in appendix B. Only three “unusual transitions” were found • one case

of (type C), and one case each or’ and 
~ 

t y pe 1 • since only

a portion of the unit square was considered.

A sample of four simulations performed using Gaibraith and Walley ‘s

- ( method is shown in figure 30. The top and left borders were generated

using the first—order transition matrices. In general , the simulated

data fields are fairly good , and it would be possible to postulate

realistic weather conditions that would generate such temperature
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patterns . So, this method could be considered a fairly good method ,

and it is simple to perform on a computer .

Only five—state simulations were performed , to better evaluate the

results and reveal operational problems connec ted with the simulations.

One imediately apparent result was that. it was possible to generate

transitions that were not observed in the original data , and that unus—

ual transitions were generated quite frequently . With this method ,

mostly “unusual transitions of type 2” were generated . When developing

the transition matrix , if there were no occurrences of a particular

combination of’ input states , the probabilities were all specified to be

:ero . The method chosen to deal with the problem in this case is to

set K (I + J)/2, (us ing the configuration 
~~ 

if 1 + J)/2 is an

integer , and to randomly selec t from the integer values ininediately

above and below ( I  + ‘.1)12 if it is not an integer. Then would lead

to and 
~ 

1 would lead to or -~~~

Transition Matrices Based on Pickard ’s Me thod

To calculate the transition matrix for Pickard ’s t1 ~)77’ method , all

occurrences of combinations of states in a unit square were counted.

In this section, will denote the states in the respective posit-ions

of the square. The computer program which performed the$e calculations

is shown in appt mdix C ( for the five—state case), along with both three—

state and five—state transition matrices . Also , the “cumulative trans—

ttion probability matrix” is shown for the five—state care. Such a

matrix would probably be the easiest way to perform a simulation. A

random nunber between 0 and 1 would be drawn , and the first value ol’ the

cumulative transition probabill ty matr ix which e quals or exceeds the

random number drawn is the stat.e which would be selected for the data
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point being simulated.

In this case , the computer program is included to demonstrate the

procedures involved . The modifications to adapt this program to deter— —

mine transition probability matrices for other simulation methods may

not be extensive. The input data states would be stored in a data file

which is attached under the local file name STATES . Four rows of data

points would be stored in each line of the file, in the format 6011 , so

three lines would be used to store a complete case. The 180 data values

in each case are read in sequence and are stored in the array INPUT ,

with index numbers INPUT (1) to INPUT (180). The state value recorded

at position (r,c) is stored in array position INPUT (15*(r — 1) + C ) .

The matrices used in this program are (1) ITPM, the counts of’ all

occurrences of combinations of (I,J ,K,L), in the configuration ~ ~ , (2)

TPM , the transition probability matrix, (3) CTPM, the cumulative trans-

ition probability matrix, and (4) ISUM, the matrix of row sums in ITPM

(the sum of all occurrences of’ each I ,J ,K combination) . Since the

FORTRAN version used at AFIT. allows arrays of’ no more than three dimen-

sions, the I and ..J state combinations are stored in the first dimension

of the array , under the name Ii , according to the formula on line 1 ‘~1 in

the computer program , with 25 possible values . The variables LI, Li,

LK , and LL are the array locations of the INPUT (state) variables that

compose the unit square . For example , the states observed in the unit

square at the northwest corner of the grid are stored in INPUT array loca-

tions LI 16, Li 1 , LK = 2, and LL 17. Then , NK is the state at

the point LK and NL is the state at point LL, with NI..) being a coinbina—

tion of the states at points LI and Li. Lines 21 to 23 increment the

appropriate array locations in ITPM and ISUM and add 1 to ITOTAL, the

L 
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total number of transitions. Since only 14 unit squares can be con-

tained in a row of’ a grid 15 points wide , line 24 increments LI by 1

at the end of’ each row.

The section from lines 27 to 37 calculates the transition and

cumulative transition probabilities from the number of transitions and

the row sums . If no occurrences of a particular (I,J,K) combination are

observed, all transition and cumulative transition probabilities are

zero .

The last section contains PRINT statements . Variable ROWEND in

lines 64 to 66 is either 1 or 0, depending on whether or not there are

any occurrences of the particular (I ,J ,K ) combination.

Examples of simulations performed using Pickard ’s method are shown

in figure 31. The real data had eight unusual transitions of types 1

and 2 , since the whole unit square was considered , in 105 data fields .

However , Pickard’s method generated 14 such combinations in six simula-

tions. The simulations look acceptable and are at least as realistic

as those generated by Galbraith and Walley’s method. It would be

difficult to determine if Pickard’s method is sufficiently better than

Gaibraith and Walley ’s method to justify the additional computer storage

space involved except by performing additional simulations. However,

either method uses very little computer time because of the simplicity

of the operations .

No boundary effects were noticed. If boundary effects occur , there

would be a tendency to generate unusual patterns near the top and left

borders (which were simulated first by first—order Markov processes ) ,

and the patterns would settle down to more realism in the interior of

the simulated data field . Since Pickard proved that his method produces
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stationary homogeneous Markov random fields , boundary effects would

• not be expected. Similarly, Galbraith and Walley ’s method appeared to

produce stationary fields , even though they did not deal with this

explicitly in their paper.

A “Method 1” Transition Matrix

The n~nber of transitions used to determine a transition proba-

bility matrix for Method 1 can be obtained from the number of transi—

tions counted for Pickard ’s method , since Pickard ’s method requires the

frequencies of all combinations of states in a unit square . Denoting

the states in a unit square by ~ ~~~, the vector state (J ,K ) would be

the input state, and (I ,L) would be the output state . For a five—state

process , this would give a 25 x 25 transition matrix . Transition

probabilities were developed only for the five—state case , and the

transition probability matrices are given in appendix D .

Simulations generated by this method are shown in figure 32. Itt

each case , the top row was generated by a first—order horizontal Markov —

chain , and the unit squares defining the input and output states alter-

nated in position from row to row as in figure 8. Since the first—order

horizontal. Markov chain was found to be reversible, the same transition

matrix could be used to generate extra values needed at either end of

a row.

In comparison with Galbraith and Walley’s and Pickard ’s methods,
the data fields simulated by Method 1 appear deficient , basically by

generating far too many unusual transitions of’ type 1. This could occur ,

for example , in the row under a row of consecutive values of st~ ~e 4.

One (4 ,4) pair could generate a (4 ,3) ininediately below it , and the

next pair could generate a (5,4) ixmnediately below it , so the set of
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four generated values would be (4 ,3,5, 4 ) .  A sequence such as (3 ,3,4 ,4 )

could generate a sequence of’ (2 ,2,5,5 ) below it. If’ an unusual transi-

tion of type 1 occurs , the two states involved , such as (3 ,5) ,  are

averaged to specify the points below them. If the average is not an

integer , the integer values ininediately below and above the average are

used . For example , a (2 ,5) would generate a (3 ,4) below it.

Discussion of the Problem of “Unusual Transitions”

All of the two—dimensional simulation methods discussed here gen-

erated unusual transitions much more frequently than in the original data .

The number of unusual transitions of’ each type was counted in the simula—

tions produced by each method discussed so far , regardless of how the

data values were simulated . For example , Galbraith and Walley ’s method

could generate an unusual transition of type 3 even though the simula-

tion of a data value does not consider a complete unit diamond. Type 2

transitions were counted in all unit squares, and type 3 transitions were

counted in all unit diamonds . However , if a type 2 transition was found

in either unit square that contained three points of a unit diamond ,

the transition was counted as type 2 rather than type 3. For example ,

the six points contain two unit squares , and ~ ~ , as well as

a unit diamond ~ ~~. One unusual transition of type 2 would be counted

in this structure. Also, if a type 1 transition is found in a unit

square , the unusual transition will be counted only as type 1. The

number of unusual transitions found was as follows :

Gaibraith and Wa].ley: Type 1 — 7, Type 2 — 9, Type 3 — 1 in 6

simulations .

Pickard : Type 1 - 2, Type 2 — 12, Type 3 — 11 , in 6 simulations.
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Method 1: Type 1 — 10, Type 2 — none , Type 3 — 15, in 4 simulations.

Real data : Type 1 — 2, Type 2 - 2 , Type 3 — 8, in 105 data fields .

These unusual transitions occur frequently in simulations due to

the fact that a Markov chain does not account for correlation beyond

the range of the data points used as input states. An unusual transi-

tion of type 2 could be generated easily, for example , by Galbraith and

Walley ’s method as follows . A combination of 
~ 

would generate a

structure of with a probability of .0324. Assuming that the proba-

bilities in a row are the same as first-order horizontal transition

probabilities given in appendix A , the 3 in the top row would be followed

by a 2 with a probability of .0679 . This would give a diamond—shaped —

structure of ~ 2 , with a joint probability of (.0324H. .0674 ) .00213,

assuming that these transitions are independent and given that the 
~

combination occurred .

With the proper assumptions , it is possible to calculate the

probability of each different possible unusual transition of type 1 or

2. For the following discussion, assume that no unusual transitions of

either type 1 or 2 occurred in the original data , so that any occurrence

of either type in simulated data would be spurious. Also , assume that

Galbraith and Walley ’s method is to be used for simulation . Then , no

unusual transitions of any kind will be generated within the triangle

of three numbers involved in a single transition, such as 2 However ,

an unusual transition of type 2 may be generated in a unit diamond . The

12 possible combinations which start with a normal transition but gen-

erate an unusual transition of type 2 are as follows: 1 ~ 2 
~

4 5  ~~1 3 2  4 3  2 1  3 2  4 3  2 3  3 4  4 5
3 3  ‘ 3 3  ‘ 4 4  ‘ 5 5  ‘ 2 3  ‘ 3 4  ‘ 4 5  ‘ 2 1  ‘ 3 2  and 4 3
If the method of dealing with an unusual transition of type 2 is to have
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the next simulated value be the average of the two states involved in

the unusual transition, no unusual transitions of type 1 could be gen-

erated. If there were any real unusual transitions of type 1 or 2 in

the data from which transition probabilities were determined , some more
3 ’  3 2extreme combinations could be generated , such as 

~ 
or 

~ 
. Both

of these could be generated from the data set used as an example in this I
- 

-

chapter , since the left three numbers in each unit diamond are combina-

tions which were observed in the actual data .

It is desirable to see if’ the probability of unusual transitions

can be calculated on an unconditional basis . For example , the uncondi— - -
tional probability of ~ 2 is equal to the conditional probability of

~ 2 ; given that 
~ 

occurs , multiplied by the unconditional probability

of an occurrence of 
~ 

~~. Actually, this problem is not analytically

solvable at present , so it will be assumed here tha t the unconditional

probability of’ any k combination is equal to the probability of that

combination in the actual data . This can be found from the row sums

of the number of transitions counted for Galbraith and Walley ’s method

as in appendix B. For the example above , the probability of a 
~ 

is

the row sum where I 3 and J 3, divided by the total number of trans-

itions, which is 5035/16170 .3114. Multiplying by the conditional

probability given above , the unconditional probability of ~ 2 is

( .3 114) ( .002 13) .000684 . If this is repeated for each of the 12

possible unusual transitions of type 2 , the total unconditional prob—

ability of generating an unusual transition of type 2 is .00827 . The

six simulations performed using Galbraith and Walley’s method contained

14 x 11 x 6 = 924 points simulated by that method . Nine of these were

unusual transitions of type 2 (all of the type 1 transitions were
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generated due to such transitions actually existing in the data), so

the frequency of generation was 9/924 .00974 . Only two cases of an

unusual transition of type 2 were found in the data ( excluding transi-

tions of type 1), so the real probability would be about 2/16170 = .00012. 
—

There are several possible methods of’ dealing with this problem ,

all of them arbitrary . Actually, using the transition matrix in cases

where an unusual transition is simulated that matches one observed in

the real data may still not be realistic , since the transition proba-

bilities may be based on only one case. For example, using Galbraith

and Walley’s method, an occurrence of always led to 
~ 

~~, so one

structure of ~ 2 was generated , and also a long sequence of ~~ ~~.

So, even when a few unusual transitions are observed to actually occur ,

it may be best to neglect them in developing the transition probabil—

ities and substitute an empirical procedure.

The empirical procedure chosen could be used in the simulation

either when all transition probabilities are zero or when the transition

meets criteria for being “unusual .” Except when unusual transitions of

type 2 or type 1 are allowed because of such occurrences in the real

data , most or all of the unusual transitions that need to be dealt with

are type 2.

One procedure is the “compromise” procedure described earlier in

this chapter , where the input states are averaged to determine the

output state. For example , a 
~ 

would result in a structure of 
~

and a 
~ 

1 would lead to either or 
~

Another procedure would be to prohibit such transitions, and

“back up” and arbitrarily select another alternative from the last

- 

transition that led to the “unusual ::ansition. ” For example , ~~ :
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sequence results in ~ 2 , the 
~ 

2 is an unusual transition of type 2.

The program would “back up” and replace the 4 by a 3 or a 2. While

this procedure was not used in the simulations presented in this thesis ,

so that the problem of “unusual transitions” could be demonstrated , it

should produce more realistic data fields then the “compromise” pro-

cedure, which leaves the “unusual transitions” in the simulated data

fields.

An Additional Sug_gested Method - “Method 2”

It appears that most unusual transitions are generated because the

state at the point ininediately northeast of the data value to be simu-

lated ( when simulating by rows ) is not considered . Since Pickard ’s

and Galbraith and Walley ’s methods produced similar results , it appears

that the point northwest of’ the point to be simulated provides mostly

redundant information since its state value was already used in the

simulation of the previous point. Therefore, a slight variation of

Pickard ’s method is suggested , where state L is to be simulated based

on the values of (I ,J ,K ) in a unit diamond of the form ~ K~ On the

right end of each row, the value of K is not available , so Galbraith

and Walley’s method would be used to simulate the last point in each

row. This method will be referred to as “Method 2.” 
L

Only a few changes in the PICKARD computer program (appendix C)

were needed to develop transition matrices for MethOd 2. In line 13,

the DO statement goes fr om 1 to 13, since only 13 transitions per row

can be counted . In line 24 , LI = LI + 2 because two transitions must

be skipped at the end of each row. In line 18, the array locations of

LJ and LK are changed to L.J LI - l4 and LK = LI - 13.
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The transition matrices are given in appendix E , and examples of

simulations produced by this method are shown in figure 33. As in pre-

vious discussion , an unusual transition of’ type 3 is defined as a case

where I and K in a unit diamond are unequal and nonconsecutive states .

This method generated 15 unusual transitions of type 3 in six simula-

tions , plus one transition of type 2. No unusual transitions of type 1

were generated , in contrast to all of the other simulation methods .

Seven of the type 3 transitions matched sequences which occurred in the

real data . Based on a subjective examination of the simulations, the

data fields produced by Method 2 appear to be at least as realistic as

those generated by either Pickard ’s or Galbraith and Walley ’s methods .

General Guidelines for Users

This chapter has described several examples of applications of

two—dimensional simulation methods . As a summary of this chapter , the

basic procedures used will be reviewed and the steps involved will be

described , in general . Because of the differences in data and require-

ments from one project to another, this section will not be a detailed

user ’s guide but will simply describe some of the factors to be con-

sidered .

It will be assumed that the data needed has been selected and is

available . The data should be reduced to a small number of states that

are relevant to the simulation. Also, it will be assumed that one of

the two—dimensional simulation methods (such as “Method 2”) has been

chosen as the desired procedure to use for the simulation .

After the data is collected , it is best to look at the character—

istics of the data ( 1 )  by plotting some or all of the data fields , (2 )

by examining statistical characteristics at each grid point , such as
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mean , standard deviation , skewness, and extremes , (3) by examining the

correlation ~.. tructure of the data, and (4) by subjectively applying

meteorological knowledge to see if there are significant discontinuities

in the data. Not all of the methods need to be applied in the same way

or with the same detail as shown in this thesis. The procedures in

this section will be assumed to apply to a data field which can be

considered homogeneous.

Next , the one—dimensional transition structure of the data should

be investigated by counting transitions in both horizontal and vertical

directions. Also, it is useful to determine if these matrices are

reversible. Comparing all of these matrices will help to verif’y the

homogeneity of the data base. If the data base is not homogeneous , it

may be still possible to simulate it realistically, but extra caution

is needed because most of the theoretical results assume a homogeneous

data base . Since two edges of the data base are to be simulated by

one—dimensional processes, it may be useful to express the transition

probabilities as cumulative transition probabilities, as described

earlier in this chapter. The unconditional probabilities also should

be obtained, so that the first point of each data field may be gener—

ated.

The examination of’ the transition structure should inc lude inves—

tigating the types of transitions that occur , particularly those that

are called “unusual transitions of type 1” in this chapter. While , the

one—dimensiona l Markov chain will not generate these more often than in

the real data , the two—dimensional procedures may generate these trans—

itions.

Assuming that the two—dimensional simulation method has been
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chosen , the next step is to develop the transition probability matrix

(and usually the cumulative transition probability matrix ) for the two-

dimensional process by counting transitions in the original data . If

there are no occurrences of a particular sequence of states, all of the

transition probabilities should be set to zero (or a suitable flag in

the program should be set) so that the program will not attempt to divide

by zero to get transition probabilities .

Reviewing this transition probability matrix would show if there

are many “unusual transitions of type 2” (or possibly type 3 also, if

“Method 2” is used to develop the matrix). The method to deal with

“unusual transitions” should be decided on at this time. The occurrence

of no transition probabilities greater than zero for a particular trans-

ition could be used as a flag to detect the generation of an “unusual

transition” that did not occur in the original data, and possibly the

program could have other flags to detec t other “unusual transitions .”

While the “compromise method” of dealing with these transitions was

used here for illustrative purposes , prohibiting the “unusual transi—

tions” by having the program “back up” when one occurs may produce more

realistic data fields.

The last step is to write a computer program to generate data

fields, if desired. Generally, the simulation procedure will (1)

select the state at the starting point , usually the upper left corner ,

(2 )  generate two boundaries , usually the left and top, by one—dimensional

processes , and (3 ) generate the interior points of the grid by the

chosen two—dimensiona l method , dealing with “unusual transitions” as

set up in the program . This program could then be used to generate

two—dimensional simulated data fields .

1 2~3
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VIII. S~minary, Conclusions, and Recommendations
for Further Study

The basic objectives of this thesis were to summarize the use of

Markov chains in one dimension, particularly as applied to weather

data, and to extend the theory to two (or more ) dimensions so that the

advantages of Markov models could be used to produce realistic but

computationally simple simulations of higher dimensional data fields.

A general discussion of the characteristics of real weather varia-

bles and observed weather data Is first presented, to help familiarize

users with those characteristics that cannot and those that can be

realistically modeled by a Markov process. A brief summary of the

theory of Markov and semi-Markov processes is given in the context of

the characteristics of weather data. The results of a literature

search of the topics of applications of Markov and semi-Markov pro-

cesses , mainly to weather data , are reported .

To investigate the possibility of extending Markov concepts to

higher dimensions, several topics become especially important when sim-

ulating homogeneous multi—dimensional data fields . The first topic

is reversibility: Can the same transition probability matrix be used

in all directions , assuming that the same probabilities exist in all

directions in the real data? The second topic is invariance of gener-

ation : Will the probability distribution of states at one point ,

given the state at another point which has already been specified, be

the same regardless of the sequence with which the points in between

are simulated ( such as by columns instead of by rows)? The third isse

is correlation: How much of the correlation structure of the real data

will be reproduced by the simulation method? The fourth topic discussed
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concerns the consequences of inhomogeneity or directionality in the

data.

A few papers about simulations of two-dimensional data bases have

been published, although only one example (which was not based on a

Markov process ) has been found (Wellberry ~nd Galbraith (1973)). The

Markovian methods of Galbraith and Walley ( 1976) and Pickard (1977 )

were described. These methods are different from the typical vector

representation of Markov processes. Another suggested procedure,

called “Method 1 ,” was described.

Because little work has been published in the area of’ applying

the theory to actual examples , the proposed simulation methods were

applied to a set of temperature data on a grid over the eastern and

central United States . Gaibraith and Walley ’s method as well as

Pickard ’s method produced realistic data fields , with the exception

tha t they generated certain combinations of points ( such as states 4

and 2 in diagonally adjacent points) much more frequently than these

combinations were observed in the real data . “Method 1” produced data

fields that were not as realistic as those generated by the other

methods . A variation on Pickard ’s method, called “Method 2,” greatly

reduced the frequency of these “unusual transitions, ” without in-

creasing the complexity of the model. -

Three conclusions can be drawn from this exercise: ( 1 )  P icka r’d ‘s

method , Galbraith and Walley ’s method, and “Method 2” produce realistic

data fields, although certain combinations of data values may be pro-

duced more frequently in the simulations than in the actual data.

(2) Any method which does not use all of the closest data points which

have already been simulated as input states will probably generate
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more of these “unusual transitions” than a method which does consider 
—

all of the adjacent points . (3 ) Methods of the complexity used here

as examples are quite feasible for economical computer simulation.

However , the complexity increases rapidly either as the number of input

points increases or the number of different states increases . In such

cases, regression methods ( possibly using dummy variables and some of

the interaction terms ) may be more appropriate than Markov methods.

Some areas for further investigation may be suggested from this

thesis:

(1) In a theoretical area , it would be desirable to prove or

disprove the homogeneity of the simulation schemes ( other than Pickard ’ s)

discussed here, when a homogeneous data base is used to develop the

transition probabilities.

(2) It would be interesting to investigate a data base for which

the “unusual transitions” as discussed here are not infrequent. In

such a case , would the various simulation methods continue to generate

these “unusual transitions” more frequently than in the actual data , and

would the simulations be realistic? A possible technique to evaluate a

proposed simulation method would be to generate a large number of cases,

develop transition matrices from the simulated data , and compare the

matrices with those obtained from the real data .

(3 ) When a data field is not homogeneous, it is divided into

areas tha t are considered homogeneous and separa te transition matrices

are used in each area. It would be useful to investigate if this causes

any theoretical problems such as “boundary effec ts .”
( 4 )  The application of these methods to a data field that is

fundamentally inhomogeneous (such as the probability of icing ,
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considering a data f’ield with a considerable north—south extent , or

the probability of snow, or almost any data field in a mountainous

area ) could be investigated to see if reasonable results can be produced .
(5) Statistical testing procedures suitable for testing the good-

ness of f it of a two—dimensional simulation procedure should be devel-

oped . While these may be similar to the statistical tests used for

one—dimensional goodness of fi t , other factors may need to be consid—

ered , such as the impac t of “unusual transitions” that can be generated

even if they do not occur in the original data .
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FIRST ORDER , FIVE STATES , HORIZONTAL
TRANSITIONS

NUMBER OF TRANSITIONS

I J—1 J=2 J=3 J 4  J=5 ROW SUM

1 1035 224 0 0 0 1259

2 209 3525 424 0 0 4158

3 0 449 5722 446 0 6617

4 0 0 474 3799 191 4464

5 0 0 0 165 977 1142

TOTAL NUMBER OF TRANSITIONS 17640

TRANSITION PROBABILITY MATRIX

I J=1 J=2 J=3

1 .8221 .1779 .0 .0 .0

2 • 0503 .8478 .1020 .0 .0

3 .0 .0679 .8647 .0674 .0

4 .0 .0 .1062 .8510 .0428

5 .0 .0 .0 .1445 .8555

UNCONDITIONAL PROBABILITI ES
CALCULATED F ROM 1PM

J=1 J=2 J~ 3 J=4

•0702 •2486 .3737 .2372 .0702

ACTUAL PROBABILITIES

•0714 .2357 .3751 .2531 .0647

THEORETICAL PROBABILITIES 
-

.0668 .2417 .3829 .2417 .0668
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~ I

G A L R R A I T H  AND W ALLEY
THREE STATE S

NUM BER OF TRANSITI ONS

I J K~~~~1 P~~~~2 t~. w 3  ROW SUM

1 1 3241 118 0 33~ 91 2 196 221 0 41;’
1 3  0 0 0 0
2 1 208 237 0 445
2 2 145 7369 146 7660
2 3 0 259 22’ 486
3 1  0 0 0 0
3 2 0 241 197 438
3 3 0 139 322? 3365

TOTAL NUMB ER OF TRANSITIONS 16170

TRANSITION PRO BABIL ITY MA TR J’.X

I J t(~~~~i K~~~~~ 2

1 1 .9649 .0351 .0
1 2 .4700 .5300 .0
1 3 .0 .0 .0
2 1 .46 74 .5326 .0
2 2 .0189 .9620 .0191
2 3 .0 .5329 .4 67 1
3 1 .0 .0 .0
3 2 .0 .5502 .449 9
3 3 .0 .0410 .9590

- —----—- -~~~~~~~
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GA LBR AI TH AND WA LL~ Y
FIVE STATES

— 

NUMBER OF TRANSITIONS

I J K = 1  K = 2  K~~~~3 K~~~~4 I~~= 5 ROW SUM

1 1  822 67 0 0 0 889
1 2 128 141 0 0 0 269
2 1 102 161 0 0 0 263
2 2 91 2811 143 0 0 3045
2 3 0 240 242 0 o 482
3 2 0 250 253 0 0 503
3 3 0 159 4713 163 0
3 4 0 0 308 246 0 5~34
4 2  0 0 1 0 0 1
4 3 0 0 291 245 1 537
4 4 0 0 146 3128 78 3352
4 5  0 0 0 112 94 206
5 3  0 0 0 0 1 1
5 4  0 0 0 97 06 183
5 5  0 0 0 53 797 850

TRAN SITI ON PR OBA B ILITY MATRI X

I J K = 1  K = 2  ~~= 3  K = 4

1 1 .9246 .0754 .0 .0 .0
1 2 .4758 .5242 .0 .0 .0
2 1 .3878 .6122 .0 .0 .0
2 2 .0299 .9232 .0470 .0 .0
2 3 .0 .4979 .5021 .0 .0
3 2 .0 .4970 .5030 .0 .0
3 3 .0 .0316 .9360 .0324 .0
3 4 .0 .0 .5560 .4440  .0
4 2 .0 .0 1.0 .0 .0
4 3 .0 .0 .5419 .4562 .0019
4 4 .0 .0 .0436 .93 12 .0233
4 5 .0 .0 .0 .5437 . 4563
5 3 .0 .0 .0 .0 1.0
5 4 .0 .0 .0 .5301 .4699
5 5 .0 .0 .0 .0624 .9376
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PICt~ARD
THREE STATE S

NUMBER OF TRAN SITI ONS

ROW SUM

1 1 1 3135 111 0 3246
1 1 2 83 118 0 201
1 2 1  106 7 0 113
1 2 2  113 103 0 216
2 1 1 101 111 0 212
2 1 2  10 128 0 138
2 2 1 107 126 0 233
2 2 2 135 7093 138 7366
2 2 3  0 109 131 240
2 3 2  0 148 8 156
2 3 3  0 150 96 246
3 2 2  0 109 99 208
3 2 3  0 3 127 130
3 3 2  0 132 98 230
3 3 3 0 135 3100 3235

TOTAL NUMBER OF TRANSITIONS 16170

TRANSITI ON PR OBABILITY MATRIX

L = 3

1 1 1 .9658 .0342 .0
1 1 2 .4129 .5871 .0
1 2 1 .9381 .0619 .0
1 2 2 .5231 .4769 .0
2 1 1 .4764 .5236 .0
2 1 2 .0725 .9275 .0
2 2 1 .4592 .5408 .0
2 2 2 .0183 .9629 .0187
2 2 3 .0 .4542 .5458
2 3 2 .0 .9487 .0513
2 3 3 .0 .6098 .3902
3 2 2 .0 .5240 .4760
3 2 3 .0 .0231 .9769
3 3 2  .0 .5739 .4261
3 3 3 .0 .0417 .9583
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p.- -

NUM9 E~ OF

I J K L:i Lz2 L 3  L 4 ~ La5 R~W SUM

1 1 1 759 62 C 0 821
1 1 2 51. 68 J 0 119
1 1 3  0 0 0 C 0
1 1 ’ .  0 0 C 0 C
1 1 5  0 C 0
1. 2 1 63 5 0 0 0 68
1 2 2  77 7 3 U C 0 150
1 2 3  0 0 U 0
1 2  I. 0 0 C 0
1 2 5  0 0
1 3 1  0 0 0 0 1.
1 3 2  0 0 C ii 0
1 3 3  0 0 0 C 0 C-
1 3 ’ . 0 U -3 6 0 C
1 3 5  0 0 U C 0 (a

1 4 1  0 0 0 6 0 0
2 0 0 U 6 0

1 . 3  0 0 C 0 0
j a ~ 1 0 0 0 6 0 C
1 ’. 5 0 0 0 C 0
1 5 1  0 0 C C fl
1 5 2  0 0 0 0 0
1 5 3  0 0 0 6 0 0

1 5 ’ .  0 0 6 C 0 0
1. 5 5 0 0 0 6 - 0  0
2 1 1 ‘.9 83 C 0 132
2 1 2 6 85 1. 0 0 92
2 1 3  C 0 0 0 0 C
2 1 4  0 0 C 0 0
2 1 5  0 0 0 C 0 C
2 2 1 53 78 0 C 0 131.
2 2 2 54 2597 13.. 0 0 2815
2 2 3 0 94 122 C. 0 21~
2 2 ’ . 0 0 0 C 0 0
2 2 5  0 U 0 U 0 C
2 3 1  0 0 0 0 0 C
2 3 2  1 129 8 0 0 136
2 3 3 0 i’.o 1.23 6 0 265
2 3 ’ .  0 0 0 C, 0 6
2 3 5  0 0 0 3 0 0
2 4 1  0 0 0 6 0
2 4 2  0 .  0 3 C 0 C
2 4 3  0 0 0 0
2 4 ’ .  C 0 0 C 0 0 -
2 4 5 0 0 0 C 0 9
2 5 1 .  0 0 0 6 0 0
2 5 2  0 0 0 1. 0 C
2 5 3  0 0 0 C C C
2 5 4  0 3 0 C 0 C
2 5 5  0 0 0 C C 0

-
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NUM9E R OF

I J K L 1  L 2  L 3  L’. L~ 5 
‘ RJW

3 1 1  0 0 0 L 0
3 1 2  o 0 0 0
3 1 3  3 0 0 C
3 1 4  0 0 L 0
3 1 5  0 0 0 C 0 0
3 2 1  0 0 0 C 0 C
3 2 2 0 118 117 0 0 235
3 2 3  0 4 161 0 0 16~ C

3 2 4  0 0 0 C 0 0
3 2 5  0 3 0 C 0 C
3 3 1  0 0 0 0 0
3 3 2 0 132 136 C 0 26~3 3 3 0 155 ‘...07 1k~ C ‘.70~
3 3 1. 0 0 138 13(~ 0 265
3 3 5  0 C 0 Li 0
3 4 1  0 0 0 0
3 4 2 0 0 0 C 0
3 ~. 3 0 3 145 17 0 162
3 4 0 3 170 11~ 0 285
3 4 5  0 0 0 0 0
3 5 1  0 3 0 C 0 C
3 5 2  C (a 0 0 U C
3 5 3  0 0 13 C. 3 0
3 5 ’ .  0 3 0 6 0 C
3 5 5  0 0 U 6 0 C
4 1 1  0 ii 0 0 0 13
4 1 ’ 2 0 0 0 C 0 0
‘ . 1 3  0 0 0 0 0
4 1 ’ .  0 0 0 C 0 0
4 1 5  0 0 0 3 0
4 2 1  0 0 0 C 0 6
4 2 2  0 0 3 C 0 C
4 2 3  0 0 0 0 0 C
4 2 4  0 0 0 C 0 0
4 2 5  0 0 3 C 0 0
4 3 1 .  0 0 0 0 0 0
4 3 2  0 0 ± 0 0 ±
1~ 3 3 0 0 148 12C 0 265
4 3 1 0 0 8 127 1 136
4 3 5  0 0 0 0 0 0
4 4 1  0 0 0 0 0 C
I. I~ 2 0 3 U Ci U .3
I. ~ 3 0 3 143 12~ I 269
4 ’ .  1 0 C 138 2941 73 3152

• 4 4 5 0 0 51 69 110
4 5 1  0 0 0 0 C
4 5 2  0 0 0 0 0 0
4 5 3  0 0 0 C 0 0
4 5 0 J 0 60 4 61.
Ii 5 5 0 0 0 61 35 36
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MUM!3F R OF TR MNS IT1c NS

I J K L~ t L~2 La3 ~~ L=5 - 
R3W SUM

5 1 1  0 0 0 0 0 0
5 1 2  0 u 0 0 0

~~~~j  3 0 0 U C 0 C
5 1 4  0 C a
5 1 5  C 0 C Ci 0 0
5 2 1 0 a C a
5 2 2  0 0 3 0 6
5 2 3  0 0 0 C 0
5 2 4  0 0 0 0 0 0
5 2 5  0 0 0 (a 0 0
5 3 1 .  0 0 0 0 0
5 3 2  0 0 0 3 0 C
5 3 3  0 3 U 0 0 0
5 3 4  0 0 3 C 2 2
5 3 5 0 0 U 6 0 1’
5 1 . 1  0 0 0 C 0 0
5 4 2  C 0 0 6 0
5 1 ~~~ 3 0 0 3 C 1 3.
3 1 . 4  0 0 3 43 54 97
5 . 5  0 U 0 3 ~8 61
5 5 1  3 0 0 0 C
5 2 0 0 0 0 0
5 5 3  0 0 0 C 0 C.
5 3 0 0 U 51 30 84
5 5 5 0 0 0 50 739 789

TOTAL NUM BER OF TRAN SITIOtiS IS 16±70
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PROBABI L iTY

I J K L : 1 L 2 2

1. 1 1 .921.5 .0?~$ J .U &CU 3 .d3UJ 13 .0000
1 1. 2 .1.286 .5714 U .OL u~ 0.000J 3 .61300
1 1 3 3 .00013 3 .0030 0.01 00 6.3003 3 .0030
1 1 1. 3 .0000 0.~~~C3 O s 0 0 0 u  3 . 0 0 0 3  3 . - 3 3 0
1. 1 5 6.0600 0s 0u 30 0 .OtLiU 9.0003 3.fl~ 3 C
1 2 1 .9255 .0735 0.3~ 0C ia.U~~0J 0.9133~
1 2 2 .5133 .4067 U. O C Cu ~a ,U0C1 3.Ot ,30
1 2 3 3.0000 0.0003 3.0 0 0.036) 0.t~~00
1 2 4 0 . 0 3 0 U  3.0000 0 .O.oUO 0 .0aC3 3.C33~
1. 2 5 3 .~~U 30 0 .000u 0 .Ci D O 0.3003 9.OulO
1 3 1 ~,3J00 3 ,31303 ~.UL UG 3 ,13003 3.0)33
1 3 2 I .0300 3.0~ Cij 3 . U i . C 0  j,QI1) 13 J .C330
1 3 3 0.01.30 0.3030 0.6000 0.3~t 3 0 .C~3 ) 3

1 3 4 0.0400 0.0360 G.Li~.L~u 3.0003 0 .03013
1 3 5 3 .0300 0.G~ 30 13.CCuCi &~.00CJ 0 .0003
I ~ I 3.0000 0.0?U1 C 3 .14160 0 .3003 0~~ 3)0

• ± 1. 2 3 .0030 0.0000 3.UC GG 6.0003 0.0003
1. 4 3 J.0~..30 0 .3600 u.La ( t. t (,.J00i 3 .U310
1. 4 .. 3.0000 0.0630 3.60 o~ o.oo r ,a 0 .00013
I 1. 5 3.00 00 0 . 0~~~~3 3.0i.~~C 0.000) 9.~~J 0 3
± 5 1 13 .OCOO 0 . a 3 0 3 0  0.30 00 3.0003 0.3310
1. ~ 2 3.0000 3.0000 0.3000 3.t1303 0.0131 0
1 5 3 3 .0000 0.03~ U 3.C~ U t 3 ,3303 3 ,0flt3
I 1. 3.0000 0.0003 3 .06314 ~a .03C) 0.~~ O 3
1 5 5 0.0030 0.0033 U ,0~ GU 3.00~ 3 0.033 C
2 1 1 .3712 .6238 0.O tUO 0 . O O t ) 3 3.- C~~& 3 3
2 1 2 .0652 .9239 .3109 ~.300J 3.oJUO
2 1 3 3.0130 (1 0.0000 0.0100 Q.0JC) 3.~ 330
2 1 4 0.0330 0.000J O. 0L04a i.a.3 GUJ 3.000’!
2 1 5 0.000 0 0.0003 U . U L u O  0.0033 0.0000
2 2 1 .401.6 .3954 3.ut Ciu 0.000) 0.0013
2 2 2 .0298 .9226 •0~7b 0.0003 0.0030
2 2 3 0.0000 .4352 •5t 48 3 e i 3 t 3 0 )  3.00) C
2 2 4 0.0000 3 .3003 0 .CtuU J .00U’l 0 .0333
2 2 5 3 .0000 0.3000 0.0600 3.3003 0.0033
2 3 1 0.00CC 3.3.00 0.3006 3 . 3 U~.i3 0.0010
2 3 2 .0072 .93’~o .C~ 80 6.3003 3 .00130
2 3 3 0.0030 .5489 .‘.~Ii 0.00u3 0 .3030
2 3 0.0300 0.u000 0.0600 3.000) 3 .01310
2 3 5 3 .000U 0.0603 J. u CO C J.03u ) 3.3300
2 4 1 C.C 00 O..3~ O 3 0.0~ 0~ U.Uv Q ) 0.~~~~)
2 ‘. 2 0.0000 0 .00Ud 0.u~ 0O 0.QCOJ 3.0100
2 4 3 3.0000 0.0060 0.0600 6.0000 13 .00013

• 2 ~ 1. 0 .003u 0.01.00 U.U CUO 0.000j 3 .0039
2 4 5 0,0000 D. oubU 0.0006 ..UOCO 3 .0313 0
2 , 1. 3,0000 3 .0600 0 .06CC 0.0033 3.3030

• 2 5 2 0 .0 3 30  0 . 00 0 0  0 . 0 0 6 0  (a.0003 3 . 0 3 0 0
2 3 3 3 .C~ 00 3.JiaLaO 3 .0060 0.000) 0.0300
2 5 ‘. 3 . 00 00  3 .0000 0.0000 a. i3C .33 0.3303
2 5 5 0.0300 11.0600 0 .OoOO 0003 4.0330
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F- 

— - -

TRANSI TI ON

I J K L = 1 6. : 2 L 2 3 L 2 - 4  L = 5

3 1 1 3 ,D ’JC 0. 31CC 0 .0 1 0 0  0.030) 0.C303
3 1 2 3 .0000 0 .OuO J 0 .Oi (C .a.3~ 6J 3 .0330
3 i. 3 3 .0000 0.OoCU 0.0 (01 j . 3 C L )  a . r o o o
3 1 4 3 . C 1 - j O O  0 . 3 C l ~ 3 0 .0 ~~ li~~ 0 . 0 0 0J
3 1 5 ,.0330 U .OO CL , 0 . 0 C C .  ~.J0~ 3 0 .013313
3 2 1 0 . 0 0 0 0  0 . 3 1 - 0 0  U.u~~CG 0 .0003 0.0200
3 2 2 3 .0000 .,C-21 ~~~~~ 0 .OUuO 0.01313
3 2 3 0.0030 .0242 .9758 0.0063 3.0 .90-0
3 2 ‘. 3 .0030 0 .0600 0 .0600 3 .3013) 3.6310
3 2 5 3.013)0 0 .0010 0.0300 0.0003 3 .6300
3 3 1. 3 .0030 0.0000 U.O C CL 0 .0003 0.0030
3 3 2 3 . 0 0 0 0  .4925 ~~~~ 0 . 0 0 0 3  1 3 . . 3 3 C
3 3 3 G . O C U O  .3329 .9361 .0313 0 . 0 0 0 0
3 3 1. 0 . 0 0 3 0  0 .0~~~~~ .51~ 9 .4851 3 .0 ~ 3 Z
3 3 5 3 .0100 0.U~~~-3 0.0 11414 1 .0303 0.0330
3 1~ 1. 0.0600 0.0031, ~.01Ci0 C.3~ C-3 3. 61013
3 1p 2 0 . 00 3 0  O . 0 0 C ~~ u . 0 L U C  ~..uJu3 13 .3000
3 * 3 .0 C ’~~0 o...~~0o .8’ 51 .I.3~i3 - .~~~00
3 ~ ‘, 9.0000 3 .0600 .5~~L~-& .4055 3 .0333
3 4 5 3 . 0 f l O 0  3 . J ( C G  0 . 0 ( 0 1 4  0.30~’3 1 .00313
3 5 3. 3 .3306 0.3~~10 J.0~ 00 ~~~~~ 0.0030
3 5 2 0.0000 0.9000 0.u130 L .-3~ u J 0 .0u3~l
3 5 3 0.OO CO 0 .0000 0.0t 0~ 0.0~ U J 3 . O u ) 0
3 5 4 3 . 0 3 0 0  U . 0 . u . , 0 .6100 0.0003 3 .003)
3 ~ 5- 0 . 0 6 0 0  0 . 3 0 3 0  3.0.00 ~.003J 3 .033 0
4 1 1 9.0000 0 . 3 0 0 0  6 . 3 U~ ~.0uti 3 3 .63)3
4 1. 2 O .000u 0.3C30 3.0100 0.3000 3 .00313
4 1 3 0.0000 0.0030 o.0300 3.06u3 0 .00313
4 1, 3 .00314 0 .0600 J.bi.00 u .030) 3.030 3
4 1 , 3 .0300 0.0606 0..,00u 0.0063 3. 0303
4 2 1 13 .0000 0.00~’3 0.01-00 j.000’J O .U~ 00
4 2 2 3 .0030 0 .000o 0 .OLoC u.0 u C13 0 .30013
4 2 3 0 . 0 0 0 0  0 .0 6 0 6  0 . G O uO ~.O3~ 3 3 . 3 0 0 0
4. 2 1~ 3.0000 0.0000 0 .C000 J.Ou (, 3 0 . 0 3 0 3
4. 2 5 0.0330 3 .0000 3.0(00 0.0001 0.G~j3O
4. 3 1 3.0000 0.00t~0 0.0100 0.003) 3 .3039
4. 3 2 0.0000 0.0.~0L3 1 .0030 0.0000 0.6030
1 3 3 0 . 0 0 0 0  0 . 0 . . . Q  .5~ 22 .4*73 3.01300
1. 3 1. 0.0000 0.0003 .u!86 .9333 .0071,
4. 3 5 0.0030 0 . 0 3 0 3  0 . 0 6 1 4 0  ~.0J01 0 .0030
4 1. 1 3 .0000 0.3000 0.0600 0 .OOuJ 0.6)130
4 2 0 .0 .6 00  0 . 3 0 0 0  t 3 . O L u t -  U.O Oo ) 3 .003~
4. 4 3 0.0030 0.0000 .5316 .*54T .0037
4. 1. 4 3.0300 0.0000 •(a438 .9331 .0232 -
4 * 3 Q .03u0 0 .3000 0 ,00uO .4635 .5364
1 5 1 0.0200 J .06~ 0 3.0~ uC 0.0303 Q .300
1 5 2 0 . 0 3 0 0  0 . 0 3 3 0  0 . 0 0 0 0  U . 3 O t J  3 . 0 0 3 0
1 5 3 0.0006 0 .0360 0.6633 0.0003 3 .0000
4. 5 1. 0 .0100 0.0000 0.OL i.C .9375 .0525
4. 5 5 0.01300 0 .3000 0.06 00 .63~. .3646
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TRANS ITION PROBA PILITY MA T RI X

I J K L 1  L 2  L 3

5 1 1 3.0030 J .300u 0.0000 0.UOo3 0.6033
~ 1 2 0.0300 o.a~oo 0.0000 0 .06u3 13.~~i 313
5 1 3 0 . 0 0 0 0  3 .3 0 0 0  3 . 3 6j 0  ~ .333 ) 3 . 1 0 3 0
5 1 1. 0.0~ 30 0.06)3 U. 066u 0.0~ C 3 0 .0333
5 1 5 ~.0C03 0.Gt0~ G .3~ C0 0 .03.3 0.o3~~05 2 ± 0.130 03 0.0000 3 .01CC u.0003 0.00130
5 2 2 0 .0100 0.0633 3.0 (06 0.0000 0.0333
5 2 3 0 .C300 u. 0300 0.0060 3.03 (0 0.3003
5 2 I. 6.0006 0.0(30 3.0.00 ~.00O3 0 .011!0
5 2 5 0 .13000 Qe 0000 3.0~.0t) 0.30~ J 0.1.’3t 3 0
5 3 1 ~.0~ 00 0.3 (03 3.0c 0~ v .003) 0.0000
5 3 2 1 3 . 3 0 0 0  0 . o r u a  J .0~~0b U . 3 0 b 3  3 . 0 3 0 3
5 3 3 0 . 0 0 0 0  0 .oOu U J .003Q 0.0003 13 .033 0
5 3 4. 3 .0 03 0  3.u~ 3u 0.0 (00 3.066) t.6’03’3
5 3 5 0.0000 3.0.00 3.03 03 ~~.3J1i 3 0 .C0J ~’
5 4. 1 9 .0 0 3 0  0 . O C O G  3 . 0 1 0 0  6 .003)  0 .3333
5 ~ 2 0 .0~ 00 6 . 0 6 3 0  0.~~ 3u 0.300) 0.13 3 30

4. 3 0.0330 0.Q t140 0 .01400 0.300j 1.3000
5 4. ~ 0 .Ot GU 0.306) 3.0~ 30 .4433 .5567
5 I. 5 3.0000 0.0003 0.0660 .04.~2 .95085 5 1 0 . 0 3 3 0  0 . O o Q O  U .OGuO C .0~a u3 0.0030
5 5 2 3 . C 0 0 6  0 . 0 1 4 0 0  0 . 0 6 6 3  0.OuOU 0.0330
5 5 3 0 . 0 0 0 0  0 . 0 6 ~~0 ~ .C r 03  0.33 1-3 0.0~ 00
5 , . C.6000 3 .030v U.~U 3 0  .o429 .3~7I5 5 5 3 . 0 0 0 0  4 . 0 6 0 0  0.0 .03 .063* •93~~c~
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CUM UL4 TIV~ Tr~A NSIT~.0N P~ ORI e~L3.TY M .’ITR I X
I J ‘( 1 1  L 2  1 3  1 = 4  1 = 6

1 1 1 .~~‘45 i.)~ 133 i.~ ..i. 0 1.0.~t)
1 1 2 .6286 ~~~~~~ 1 . L L C C  1.00~iJ 1.~~130
1 1 3 .~~‘3u ~~~~~~ 0 . .  01 . 0a ~.3
1 1 4 0.~’000 0.0 014 0.CI C I. U .Uj 63 3~ ’~3~~Q
1 1 . 0 ~ 0.~~~0~a ~.LC ~~0 .~.U0uJ
1 2 1 .9265 1.~~-.CC i.3 (uu 1.0633 1.i033
1 2 2 .3133 1.3~~~) 1.~~~uC 1 .0013 1.0)33
1 2 3 0 . 3 3 0 0  3 .3161’ 3 . G~~C L~ 0 . 03 0 )  0 . 6 3 1 0
1 2 4 ~. O 0 0 0  D.a~~ou ~i .0L1u ~~~~~~ 3.13 0)1
1 2 5 ).fl~ 00 0.3 0J 0.0626 C.3 ’30J 0.~~’1,0
1 3 1 3 .0’00 0.0~~i.J 0.~~~62 u .J C C J
1. 3 2 13.0 ”36 0.0~ C0 3.OtOl 3 .0013 ).C~~)t1 3 3 J .0~ rjC 0.00~ J ~~~~ I . J C C J  3. ’ 3 0
1 3 4 .0 ~JU 3.u~~~6 3.C~ t)( 1 .JD1J 3. -~fl0
1 3 5 3 .0~~O O 3 . 0 .- ’.iU 3 . 1 4 ( 6 0  0 . i3 th. J 3.~~ 3 0 )
1 ‘. I 0 .0)00 0 . U L ’ 0~ ~~. C ( 0 0  0 .0 - .s (~ 3 0 . 1 3)~~
1 4. 2 0. 11 

~06 0.3600 3.OL C 0.C~J1J .3~ 03
1 4 3 3 .010 1  0.C1 C3 J . O C 3 e  ~~~~~~~~ 3. 0 ) 3 1 3
1 ).‘~~~30 0 .O i- fj U u . Q (  IC. u.000i
1 5 ~. 0 0 0 6  U.~1~~u0 0 . u  66 C . 0~~uJ 0 . C 0 3 6
I I 3.O (’Jv U.3~ 313 u .b t 6~. ~~~~~~ 1.11330
1. 5 2 3.33 ~JU 0 .0cC) 0.e (1U 0..~u LJ 3. ’~33 0
1 5 3 3 . 61 0 0  0 . 0 6 63  o . 1 3 0 6  3 . 0 0~~3 3 . 3 0 0  C
1 5 1 .t ’13C 6 .iC0U 0.~ 1IC ’ C .~J~.Cj  3. ” l-J C
1 5 5 3 .0000 o.~J t 0 0  U.~ I ( tJD u . 3 3 0 3  3 . 6 ) 0 0
2 1 1 .3712 1.0000 1.0600 1.603 J 1.N ?3)
2 1 2 • 0652 .98~ 1 1.1300 1 .03u3 I. C~~13C
2 1 3 0.0000 3.3 C0 J .Li 30 ~.Q3~ ) 1 .3333
2 1 4 0 . 0 0 0 0  0 . O O u O  0 . u 1 6 l  2 . 0 0 0 0  0 . 0 J 0 !~
2 1. 5 0.0 ;-OL , 0.~~~6U U.o..01 -3 .030 .3 0.~~3-3!
2 2 1 . 4 ; 4 6  ~~~~~~ 1 .3166 1 .0303 1.0333
2 2 2 .0298  .952 1+ 1 . o C o C  1 . O O C O  1.03 - ) )
2 2 3 3 . f ll~ uO • ..3!~2 1.~~~~u6 1 .0 3 ( 3  1 .C i -3 0
2 2 4. 6.0000 u.0~..(:0 0.61.1.6 ).~~~ J U • ”O- )O
2 2 5 0 . 0 0 3 6  3.~~-~CJ 0.1~t.1I 3 . 0 0 3 )  3.~~’-1 3-
2 3 1 3 . 0 3 3 0  0 . 6 0 3 0  0 . C L O I  J . 0 G~~J 0 . 03 3 3
2 3 2 . 0 3 7 2  .9~- 20  1.th.o& 1.O u C ) I.L~3 0 0
2 3 3 3 . 0 0 0 0  .5489 1 .6603  1 .60 61 1.C3 ’ 1 13

7 I f~ I%~~~f f ~ ~ ~~~~~~ ~ I’, t P  “nr~~ t~~~ - J S U . . . I ~~ ~~~~~~~~ v~~~~~~JI~ ~~•~~~II’JJ v . w J
2 3 5 0 . 0 0 0 0  13 .0~~30 3 . C C 0 0  o .J0 ~~

) 3. 623 1
2 ~ I 0.0CUC 0.u~~~33 0.11 3u 3 .301 ) 0.0330
2 1 2 0.0’OO 0.G~~L0 0 . C C o o  0.OOi.. J 3 .3130
2 1 3 Q.3~ 1414 u . 6 3~~u 0 .OCo C O .JU C J
2 4 4. 3 . 0 1 0 1 4  ).v~~03 0.0tv~ 0.0303 1.0)t1
2 4. 5 0.0~ v L 0 .3.30 3 .0 (00 3 .03C’1 0.3)00
2 5 1 3 .0100 3.0060 0.0 (01 0 .0363 3.03)0
2 5 2 Ci. (1 1390 -3 . 3. 0 3  1 4 . 0 ( 3 6  2 . O O C J  3.61 3 0
2 5 3 0.0C~,0 0.0600 0.0 tG o J.0~ u J 0.0010
2 5 4. 0.0~~3 C 0 . 0. 0 3  0 . 3 . 0 1  0 . 03 . )  1 .C 3 1 9
2 5 5 3. f l 1 3 1 3 3  3 . 3 0 3 3  0.0006 u . 0 0 3J  3..03~
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TR 4NSITION
I J K 1 :1  L 2  L 3  L 4 L = 5

3 1 1 3.0000 13. 330 3 3.Ut .0 ~.uu03 0.’ 0 )1
3 1 2 6.0”30 0.3 ’OL ~~~~~~ ~‘.0-) Ci
3 1 3 0.~~ . 0 0  3 . 3 0~i0 0 .t i ~. 0 C  (.3uU 3 3 . 3 ~~3 1
3 1 ‘. 3.~~ 3 0 O  0 . 0 0 3 3  3 . 0~~u 6  ~ .U C U )  0.3 - 3 03
3 1 5 0 . 0’ . 3  ~ .0~~00 J .0&C 0 o.G ~a 03
3 2 1 ).~~0)0 d .0 , . - JJ  0.0130 6.0U~~3 0. )~ ‘313
3 2 2 13 .Ol u o .5t21 1.((30 1.0C~ -) I..~~33
3 2 3 o. fl~’0u .02’~2 1.01 U I 1.~~.a0’J 1.0330
3 2 4. 0.0)90 0.~~100 3 .OlO u (‘.01.3) 3 .(013
3 2 b 0.11 100 0.0 (03 J.0~~.1 3.014 0) 1.013313
3 3 1 0 . 0 0 0  0 0 . C . 0 U  o . o o u o  ~i .3d0 J ).‘~1 313C
3 3 2 0 . C ’ ~0 0  .4925 1 .C . 0 6  1 .3 0 0 3  t . ’ ’ ~10
3 3 3 ~.013 00 .0329 .~~.90 i .006J i. .003
3 3 4. 0 . 0 ’ ~30 0 . 3 0 6 )  •51q9
3 3 5 0 . 0 3 3 0  3 .0~~UU 0 . 0 1 1 4 1  L . J C ~~J 3. ‘~~)1
3 ~4 1. 0 . 3 1 3 0  ~ .0t - ~~0 0 . 0 ( u O  U . O t ) O J  3 . 0 3 ) 0
3 4. 2 0 . 0 - j U C  3.31. jJ 0.0~ L 1 ~.J 3t~3 3.’~t) 0C
3 4. 3 ~.C100 3.) .L6 .8’51 ~..U.’..) 1.01) 0
3 * 4. 3.0130 0.3(00 ~~~~ 1.iJO3 1.’~13 -3 0
3 5 C . 0 ~~00 3 . 0 0 3 6  ~i . 0 c U 0  ).I.’tJ -j J J. ’ 3 j 3 0
3 5 1 0.0.03 v.6 (30 u.OCcn. u.0063 13.~~3 313
3 5 2 0.0~ J0 o.3063 Q .6 u0 o.JO r .j 3.0300
3 5 3 3 . 0 6 0 0  O . O t . 0 0  u.~~~ 01 u. )oui 13 .00133
3 5 4. c.~~u o  ( j . O v C J  J . C~~~~CL  u . 3 CC )  3.~~~~~~i - 1 3fl

3 5 5 0 . 0 0 0 0  0 . O C 0 U  0 . 3 1 6 - 3  ü . J 3 , J  3 . 0 3 3 0
4 1 1 0 .0133 0 0.000) C . 0 C u U  0 . O O I J  3. 1 3 0 0 0
4. 1 2 3 .0 .003 C j .OuOO 0 .016 1 6 .OO uJ 3 .30133
4. j  3 1 4 , 3~~3 ( 1  0 .0 6 . 0  3.0 (01 ~,0 3-) 0 0. )333
4. 1 4. 0.0 030 3 .31.u3 0.1.600 o .u ooo o .C000
4 1 5 0.000o 0 . i Jr UJ  0.0C 63 u.OOI J -1 .3 330
4. 2 1 3.0~J 36 0 . 00 . 0  d . t i f C l  0 . 3 0 6 3  0 . 0 0 3 0
4. 2 2 0 . 0 6 - 3 3 0 . 0 2 . 1 1 )  ~a .0 . 0 C  J. OuOi ) 3 .63 )13
ii 2 3 0 s f l~1 Q ( ’  u. 3600 0 .U L C L  14 .036 3 3 .0013 0
4 2 1 0.0)03 0 .0 10 0  0 . u ( O 6  0 .0 0 0)  3 .0900
4. 2 5 G.t~ ’3 U  ~i .0C00 3.0 631 L.00 03 1 3 . 0 0 1 0
4. 3 1. 3 .0030 0. &tuJ 0.0~..- 00 0.063 J 3.Cj)~
4 3 2 0.030C 3.0 (00 1.0.00
4 3 3 0.0300 0 .0100 . 2 2  1.0003 1.0033
4 3 ~. 3 .O rU u U . O O u G  .0~ b8 .992~ 1.0300
4 3 5 0.0000 0.0.0) 0.~~ 00 0.v)143 9 .6313
4 4. 1 C. 0 0 0 6  3 . 0 2 ~~0 u • C CIO ~ •3.3i3 3, ) 33
4 4. 2 0.~~C Q0 3 . 0 ’ I O J  J . O t C u  6.00140 0.~~1 1C
4 4 3 0,033.0 •0.0C~ u .~-316 .9~63 I.3~33 ’~
4 4. 4. 0.0.00 3 . 0 3 0 3  .0~.3 b .9763 j , 3 1 1 3 3
4. 4. 5 0 .0 1 3 0  C . U ~-u0 u. OoOO .4B33 1 .3031 -
4 5 1 (i.0 ;iO U 0 .0603 u .GOo G 0.OOo) 0.30130
4. 5 2 0 . 0 0 0 0  ~,j.3~~u3 0.ia (Co ~.00o) 3 .630)
4. 5 3 0 . 00 ) 0  0 . 3 0 6 0  0 . 0 6 0 1 4  0 .0 -) 0 . 3 0 0 t
4 5 4. 0.0100 0.0600 0.0.00 .9375 1.’)03
4 5 5 3.01300 0.0000 0 .6614 0 .63~’. 1.9003
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CUMUL 4TTV ~ y r a p~sITIoN
1 . 1 K L~~~ 1 ~~~~~~~~~~~~~~~~~~~ L~~~5

5 1 1 0.0~’00 ~.O6 C~ J.6f (~.- 3.)C u3 0.3~~)3
5 1 2 0.fl~~~u ~~~~~~ 3 . U~ ~~ 1.0 1413  3 . 6 3 0 0
5 1 3 0.0333 0.3~~.0 0.~ L L  ~.3J ~ j )~~C )3

- i A~~~ . 11 A II. , - ~
~~ .& 4 u~ ..J U  ~~~~~~~~~~~~~ J .~~~~u( ~~~~~~ ii .111

5 1 5 3 ,3 l’~(’ 0.3 (03 0.U~ 14C o.OCo J
5 2 1 C.~~~3C ) .uO(- J 4 . 0 ,. .UC C . 3 0 1 3 i  0 . 3~a 1 3
5 2 2 0 .0103 3 .3063 v .3.06 ..0J,.J Ø , eI .j33

A •~ l~ •
~ 2 3 ..C~.0D ~~~~~~~~ ià .u C O l  u . 3 J ~.)  3. i . 0 3 3
5 2 4 3 .1130 0 U. C 003 0.0C~~u (‘.0O~ J 3. fl11~A ?~~~ A A  I’ ~~ I’ A ~ ~• ~ •~•~~•
~ ~ ~ ~~~~~~~~~~~~~ w . U ~ .-. U ~~. u ( 1 4 u  ~. , , v . j 1 .j  .~~~t - J J .

5 3 1 ~.0~’3L1 J .J 0 i~. 0 . 1 ( 0 6  U.3J t t ~3 3.3t l~5 3 2 0.~~’~U u ~.J- ~’J 3 .0606 ~.0~a6- ) 0.63)0
5 3 3 O .0 ’30 t’.3333 J.~. I u 0  0 . 0 3 0 3  3 . 0 3 3 0
5 3 4. 0 . 0f l o O  ~j , 3 i - 3 3 3 . 3 1 . 0 1  o.000’3
5 3 5 C. t~J 0 ( ’  0 .3C~ u U. uL00 3 .003) 0.00131
5 4. 1 0 . 9 13 3  9 .3L-~ 3 U . O L U C  v . 0 0 3 )  v . ( f l l O
5 4. 2 0.0006 0 .d - 0J 0.Iil b i, Ia.~j 03 )  3, r 3 3 1 3
5 a, 3 L .C - ’u Q 0 . 0 0 6 3  1 4 . 6 ( 1 0  J . O u . 3  1.uYl O
5 4. 4. G .0~ 0U 3.Co.0 3 .0 (03 .4433 I.~..01C
5 4. 5 1.Q~~30 0 . C ; 3 0  J . O i  U .  .6492 t . j 1 1 1 3
5 5 1 3.0~ 30 0 .3021 U ,ut06 3 .01403 3 .0013!
5 5 2 0 .01300 0 . O u C 3  3.~~~t.0 u .060J 3 .90)3
5 5 3 0 .0000 3 . 0 0 6 0  3 . 3 6 0 3  u e J U l l  3.33013
5 5 ‘. 0 . 0 : 0 0  C . 0 ~~C 3 3 . 0 1 6 1  .6..29 i.~~3 3 f l
5 5 5 0 .0100 0 .O C Ov 3.1.606 .~43k 1 .3300
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METH OD 1. TRANSITION MATRIX

NUMBER OF TRAN SITION S

JK = INPUT STATE , IL = OUTPUT STATE
— JK IL NUMBER IL NUMBER IL NUMBER IL NUMBER TOTAL

11 11 759 12 62 21 49 22 83

- 12 11 51 12 68 21 6 22 85
23 1 211

21 11 63 12 5 21 53 22 78 199

22 11 77 12 73 21 84 22 2597
23 134 32 118 33 117 3200

23 22 94 23 122 32 4 33 161 381

32 21 1 22 129 23 8 32 132
33 136 43 1 407

33 22 146 23 120 32 155 33 4407
- 34 146 43 148 44 120 5242

34 33 138 34 130 43 8 44 127
45 1 55 2 406

43 33 j45 34 17 43 143 44 125
45 1 55 1 432

44 33 170 34 116 43 138 44 2941
45 73 54 43 55 54 3535

45 44 51 45 59 54 3 55 58 171

54 44 60 45 4 54 54 55 30 148

55 44 61 45 35 54 50 55 739 885

TOTAL NUMBER OF TRANSITIONS 16170

— -  
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‘METHOD 1’ TRANSITION MATRIX

TRAN SITI ON PR OBABILITIES

JK = INP UT STATE , IL = OUTPU T STATE
Jt< IL PROB . IL PROB . IL PROB . IL FROB .

11 11 .7964 12 .0651 21 .0514 22 .0871

12 11 .2417 12 .3223 21 .0284 22 .4028
23 .0047

21 11 .3166 12 .0251 21 .2663 22 .3920

22 11 .0241 12 .0228 21 .0262 22 .8116
23 .0419 32 .0369 33 .0366

23 22 .2467 23 .3202 32 .0105 33 .4226

32 21 .0025 22 .3194 23 .3391 32 .3243
33 .3342 43 .0025

33 22 .0279 23 .0229 32 .0296 33 .8407
34 .0279 43 .0282 44 .0229

34 33 .3399 34 .3202 43 .0197 44 .3128
45 .0025 55 .0049

43 33 .335 6 34 .0394 43 .3311 44 .2894
45 .0023 55 .0023

44 33 .0401 34 .0328 43 .0390 44 .8320
45 .0207 54 .0122 55 .0153

45 44 .2982 45 .3450 54 .0175 55 .33 92

54 44 .4054 45 .0270 54 .3649 55 .2027

55 44 .0689 45 .0395 54 .0565 55 .8350
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NUMBE R OF TRANSITIONS

• 

;~ 
; ; :; 1;: L~ 3 L=

~

: 

I ROW IM

1. 2 2 90 128 0 0 0 218
1 2 3  0 1 0 14 0 1

• 1 2 4  0 0 0 14 0 0
1 2 5  0 0 0 14 0 0
1 3 1 .  0 0 0 0 0 0
1 3 2  0 0 0 0 0 14
1 3 3  0 0 0 0 0 0
1 3 4 .  0 0 0 14 0 0
1 3 5  0 0 0 14 0 0
1 4 1  0 0 0 0 0 0
1 4 . 2  0 0 0 14 0 0
1~~ . 3 0 0 0 14 0 0
1 4 . 4 .  0 0 14 14 0 14
1 4 . 5 0 0 0 0 0 0
1 5 1  0 0 0 0 3 14
1 5 2 0 0 0 0 0 0
1 5 3  0 0 0 0 0 0
1 5 ’ ,  0 0 0 3 0 0
1 5 5  0 0 ii 0 0
2 1 1, -79 96 0 0 0 175
2 1. 2 16 52 0 0 0 68
2 1 3  0 0 0 0 0 0
2 1 4  0 0 0 0 0 0
2 1 5  0 0 0 0 0 0
2 2 1. 35 109 0 0 0 14.’.
2 2  2 50 2302 60 14 0 21i 12
2 2 3 0 176 73 0 0 249
2 2 ’ S 0 0 3 0 0 0
2 2 5  0 0 0 0 0 0
2 3 1 0 0 0 0 0 0
2 3 2 0 64 10 0 0 74.
2 3 3 0 1.59 197 14 0 356
2 3 4  0 0 0 0 0 3
2 3 5  0 0 0 0 0 14
2 4 1  0 0 0 0 0 3 -
2 4 . 2  0 0 0 0 0 .0
2 4 . 3  0 0 0 0 0 14
2 4 . t, 0 0 0 C 0 0
2 4 . 5  0 0 0 0 0 0
2 5 1  0 0 0 14 0 0
2 5 2  0 0 0 0 0 0
2 5 3  0 0 0 Ii 0 0
2 5 4 .  0 0 0 0 0 0
2 5 5  fl 0 0 0 S 0
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NUIRE R OF TRANSIT IONS

I J K 1*1 (‘2 La 3 (al. 1a5 R.) W SUM

3 1 1 .  0 0 0 6 0 C’
3 1 2  0 0 0 C 0 0
3 1 3  0 0 0 14 0 0
3 1 ’ .  0 0 0 C. 0 C
3 1. 5 0 0 0 14 0 CI
3 2 1  0 5 3 14 0
3 2 2 0 216 1.48 C 0
3 2 3  0 19 6’. 0 0 103
3 2 4  0 0 0 0 0 0
3 2 5  0 0 0 0 0 14
3 3 1  0 0 0 14 0 0
3 3 2 0 70 225 0 0 295
3 3 3 0 79 3951 70 0 4.100
3 3 1~ 0 0 229 78 0 307
3 3 5 0 0 0 14 0 14
3 4 . 1  0 0 0 C) 0 0
3 1 , 2  0 0 0 14 0 0
3 4 3 0 0 86 2€ 0 11.2
3 4. 0 0 195 199 0 394.
3 4 . 5  0 0 0 14 0 0
3 5 1 0 0 0 14 0 14
3 5 2  0 0 14 C. 0 là
3 5 3  0 0 0 0 0 a
3 5 4 .  0 0 0 0 0 0
3 5 5  0 0 0 0 0 0
4 1 1  14 0 0 C 0 14
4 . 1 2  0 U 0 0 0 14
4 1 3 0 0 0 0 0 0
4 . 1 1. 0 0 0 0 0
4 . 1 5  0 0 0 14 0 0
4 . 2 1 .  0 0 0 0 0 I’
4 . 2 2  0 0 3 0 0 1
1. 2 3  0 0 0 C 0 C
1. 2 ’ s 0 0 0 14 0 C
4 . 2 5  0 0 0 0 0 14
1 . 3 1  0 0 0 14 0 0
1 . 3 2  14 0 2 0 0 2
4, 3 3 0 0 255 171 0 ls 2S
4 3 4 .  0 0 17 52 3, 70
4 . 3 5 0 0 0 14 0 C
4 4 . 1  0 0 0 Ce 0 0
4 4. 2 0. 0 14 0 0 .0
1~ 1. 3 C! 0 68 204 1. 273
4. 4. 4. CI 0 65 2612 40 271?
4 . 4 . 5 0 3 0 96 34 130
4. 5 1  0 0 0 0 3 (1
4. 5 2  0 0 0 0 0 C
4 . 5 3  0 0 3 0 0 14
4. 5 4. 0 0 0 1.14 3 1~ 5’.
4, 5 5 3 0 63 78 141
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NUMBER OF TRANSITIONS

I J K L’i La2 L’3 L” L’5 ROW SUM

5 1 1  0 0 0 0 0 0
5 3 , 2  C 0 0 0 0 14
5 1 3  0 0 0 0 0 C
5 1 4 .  (I 0 0 0 0 14
5 1 5 0 0 0 0 0 0
5 2 1 0 0 0 14 0 0
5 2 2  0 0 0 14 0 14
5 2 3  0 3 0 0 0 14
5 2 ’ . 0 0 0 0 0 C
5 2 5  0 0 0 14 0 0
5 3 1  0 0 0 0 0 14
5 3 2  0 0 0 0 0 14
5 3 3  0 0 0 0 0 0
5 3 l ~ 0 0 0 0 1 1
5 3 5  0 0 0 14 0 14
5 1 . 1  0 0 0 0 0 14
5 4 . 2  0 0 0 0 0 C
5 4 3  0 0 14 1 0 1
5 ‘. 0 0 0 76 52 120
5 I. 5 0 0 0 6 24 314
5 5 1  0 0 0 14 0 0
5 5 2  0 0 0 0 0 C
5 5 3  0 0 0 0 0 0
5 5 1, 0 0 0 23 b4 81
5 5 5 0 0 0 27 676 703

TOTAL NUMBER OF TRANSITIONS IS 15015
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TRA PS ITION PROBABILITY MAT RIX
I J  IC

~ s j  I ~ 2 1 3  L a ’ .  L 5

1 1. 1 .96146 .3394 0.00014 3.0000 3 .0300
1 1 2 .7273 .2727 J .u14014 0.14000 0.0000
1 1. 3 0 . 3 3 1 4 0  0 .0 00 3 0 . 0& ~.0 0 .3 000 0 . 0 1 4 0 0
1 1 ‘. 0 . 3 1 4 0 1 4  1 4 . 0 0 C C  0 . 0 4 0 C  O. u 30 0 )~~0 1 C0
1. 1 5 0 . 0 0 0 1 4  0 . 0 0 1 4 1 4  3.00014 0.J0J0 J .30”O
1. 2 1 .8 710 .129 14 0 . 1401414  0 . 00 00 0 .00 3 0
1 2 2 .4128 .5672 i~.J0CG 14 .0003 3 .3000
1 2 3 0 .0000  1.0000 0 . 3 0 0 0  14 . 14033  0 .0 3 00
1 2 0 . ) 0 0 0  0 .0 )0 0  0 . 0 0 1 4 C  0 .0 00 0  0 .0003
1 2 5 0 .0000  0 .030 0  0 .Ol j OC 14 . 0 00 6  0 . 3 1 4 1 4 0
1 3 1. 0 . 0 1 4 0 0  0 .00 00  0.O COI.  C .00 0 0  3 . 1 4 0 0 0
1 3 2 0 . C i J O O  0 . 0 3 0 0  0 .0 0 0 14  D. u03 0 3 .0~ 00
1 3 3 0 .0~~I’f 0 .0 0014  0 . 0 1 4 0 1 4  U. i 0 0 0 - 3 . 3 1 4 0 0
1 3 i. 0 . 3 0 0 0  0 .000 0 14 .0 14043 0.3030 J . 3 1 4 0 0
1 3 5 0 . 0 0 0 0  0 .0000  0 . 0 14 0 14  0 .0030  3 . 0 0 3 0
1 Is I 0 . 0 3 0 0  0 .0000  0 . 3 1 4 0 1 4  0 . 0000 0 . 3 0 0 0
1. 4. 2 0 . 3 0 0 0  0 . 0 0 0 C  U.04.uO 0.0000 0.30130
1 1, 3 0.0303 0.0000 3 . 14 00 0  14 .00 00 0 . 0 1 3 0 0
1 4 4 0 .000 0  0 .00 0 0 0 . 0 0 0 0  0 .J 000 0 . 3 0 0 0
1. 4. ~ 3 .14000 0.0)00 0.0(00 0.6000 0.3003
1 5 1 0.0000 0.0000 0 .001414 14 .0000 3 .003~
1 5 2 0.0000 14 .001414 0.0 431414 0.0000 3.0000
1 5 3 0.3000 0.3300 0.00140 14 .01430 3.3 (00
1 5 is 0 .0300 0 .UJOO 0.3000 14.~J03 0 J.OC ~ 3
1 5 5 0.3000 0.000C 0.30014 0.0000 0.0(00
2 1. 1. .451’. .54.86 0.01400 0.0000 0.0033
2 1 2 •2353 .7647 0.3003 0.0003 0.0000
2 1 3 0.3000 0.0000 0.00140 0.0000 3.3000
2 1 4. 0 . 3 0 1 4 0  0 . 003 0  0 .0 14 0 0  G. u000 3 .OCOO
2 1. 5 0.0000 0.0000 0.01403 G.0003 .1.3030
2 2 1 .2431 .7569 0 .0 0014  0 .00 00  0.0030
2 2 2 .0207 .954’. .0249 0.14030 0.0300
2 2 3 0 . 0 0 0 0  .7068 •2932 0.0033 3.01400
2 2 4 0.GC OO 14 .0330 0.00014 0.14000 3 .3000
2 2 5 0.0300 0.0030 0.0000 0.0000 3.0t~G0
2 3 1 0.0000 0.0033 0.03CC 0 .OGOO 0.0000
2 3 2 0.30014 .86!.9 .1351 0.0000 3.0(100
2 3 3 0 . 3 3 1 4 0  .4.’ .o6 .5534 0.0000 3.0030
2 3 1. 0 .0000  0 .0 003  3 . 3 0 0 1 4  0.0003 0 .314 00
2 3 5 0.0000 0.0300 0.0603 0.0000 0.3000
2 Is 1 0.0000 0.0300 0.01400 0.0003 0 .01430
2 4 2 0.30013 0.0000 0 .OCOO 0.0030 ‘1.31400
2 4. 3 0.0000 0.0000 0.01430 0.0000 3.3030
2 1. 1. 0.0000 0.0000 0.000C 0.0000 0 . 0 0 0 0
2 4. 5 0.6000 0.0000 0.00014 O.u000 0.0030
2 5 1 0 . 0 0 0 0  0.0000 0.03014 14 .0000 0 .C000
2 5 2 0 .0 0 00  14 .0 30 0  0 .0 14 0 0  0.000 0 3 .0 033
2 5 3 0 . 0 0 0 0  0 .3 000  0 .000 C 0.0030 3 . 0 000
2 5 4. 0 . 3 0 0 0  0 .0 0 00  0 . 014 0 0 0.00 30 0. ’1000
2 5 5 0 .0000 0.0 000 0 .0000 0.000 0 3 .0 000
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PR OBABILITY MATRI X - 
-

I J I C
L z i  1 = 2  1 = 3  L = 4  1 = 5

3 1. 1 0.0000 0.30014 3.0 03 0.0000 0.3030
3 1 2 0.0000 C.-OO uO 0 .314014 0.u030 3 .01403
3 1. 3 0.3300 0.00014 0.014013 0.0030 3.0000
3 3. 1. 0.0000 0.0000 0 . 3 0 0 .  0 . 0 0 3 0  3 . 0 1 4 0 0
3 1 5 0.0000 0.0000 0.01400 0,3000 3.0000
3 2 1 0.01300 1.03014 0.0000 0.0000 0 .30140
3 2 2 0.33140 •593a .4066 0.3000 0.0000
3 2 3 0.0000 .1845 .8155 0.14033 0.01403 

- -
- 

- 3 2 4 3 .00014 0.0000 3.01400 14.0000 0.0000
3 2 5 0.0000 0.0030 0 .0141414 0.3000 3.0140!)
3 3 1 0 . 0 0 0 0  0 .030 0 0 . 314 0 14  0.0000 0.3rD! )
3 3 2 0.3000 .2373 .7b21 0.3000 0.3I.13 3
3 3 3 0.14000 .0193 .9637 .0171 0.0003
3 3 1. 0.0603 0.0000 .7459 .2541 0.0300
3 3 5 0.14300 0.00014 0.0000 C.o000 3 .01400
3 1 1 0.0000 0.0000 0.00014 0.0000 0.3003
3 1 2 0.14000 0.0300 J .&oOC 0.0000 0.0000
3 1, 3 0.01400 0.0000 .7679 .2321 J.0000
3 I. 4. 0 . 000 0  0 . 0 0 0 0  • 4 949 .5051 3.0000
3 ~ 5 0.0300 0.0000 0.00140 0.0003 0.0000
3 5 1. 0 000 0 0 . 0000  0 . 0 4 3 1 4 1 4  U~ 0000 0 .0000
3 5 2 0 . 0 0 0 0  0 .00 00 0 .0000 0 .3 030 0 .3 000
3 5 3 0 .0000  0.0300 0 . 0 1 4 0 0  0 .0000 3 . O J C O
3 5 I. 0 .0000  0.0000 0.0000 0.0000 0.0000
3 5 5 Q ,31314 fl 0.0030 0.014014 0.0003 0.0010
4 1 1. 0.6000 0 . 0 0 0 3  0.3 1414 0 0.14036 3.OuCO
4 1. 2 0.0000 0.0000 0.0o0~ 0.0000 0.000’)
4 1 3 0.0000 0.0030 0.0000 14.0000 .1.3000
1. 1. 4. 0.0000 0.0000 3.00014 0.3000 0 .0003
1. 1 5 0.0000 0 . 0 00 0  0 . 0 14 0 14  0 .000 0 0 . 1 3 0 3 0
1, 2 1 0 .3000  0 .0000 Q.4.e (i Q%i C, .0000 0 . 003 0
1 2 2 0 . 0 0 0 0  0 . 0 0 0 0  1 . 0 1 4 0 1 4  C . o u u o  J . i . 4 3 C 0
1 2 3 0.0003 0.0000 3.0000 0.0000 0.0300
4 2 4. 0 .0000  0 .0000 0 .0 14 0 14  0 .0000 0 . 014 0 0
4 2 5 0 .0 0 00  0 .000 0  0 .0 14014 0 .3000 0 . 3140 0
4 3 1 0 .0 0 00  0 .0 000  0 . 0140 0  C . i 0 0 0  0 . 0 0 0 0
4. 3 2 0 . 0 0 0 0  0 .0 0 00  1.3003 3 .0000 3 .0 00 3
4 3 3 0.0000 0.0000 .5~ 86 .‘.0ik 0 .03140
4 3 4 3.0000 0.0000 .2429 .7429 .0143
4 3 5 3.3000 0.0000 0.00CC 0.14003 0.3000
4 4. 1 0.0000 0.000 0 0.0000 0.0000 3.01403

4 I. 2 3.0000 0.00014 0.0u0O 0.0000 0.0030
1 4. 3 0.0000 0 . 0000  .2491 .7473 .0037
4. 4. ‘s 0 .30 00  0 .003 0  .0239 .961’. .014.7
is 4. 5 0 .0 0 00  0 . 0 0 0 0  0 .0 0 0 14  .7385 •2615
4 ~ 1 0.0000 0.00014 0.0003 3.0000 2.0~ 00
I. 5 2 0.0000 0.0000 0.0000 0.0300 0.3000

- 

- 4
~ 5 3 0 . 0 0 0 0  0.000 14 14. 00 00 0 .0000 0 .0 000
‘s 5 I, 0.000 0 0.0300 0.00CC .7407 .2!93
4, 5 5 0.030 0 0.0000 0.0003 .‘.468 .5532
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TRA NSITION PROBS BILITY MA TR I X
I J  K

L~~~~~~~~~i 1 z 2  L — 3  1 = ’ .  1 = 5

5 1 3. 0.0000 0.0000 0.00014 14.0000 0.00140
5 3. 2 0.3300 14.0300 0.014014 0.3000 3.00133

5 1 3 0.0001) 14.0000 0.01400 0.3000 0.0000
5 1 4. 0.0000 0.0000 ~j.0(C~ 0.00314 0.33005 1 5 0 . 0 0 0 0  0.0000 0.00014 0.0000 0.01400
5 2 1 0.0000 0.0000 3.OoO& 3.u000 0.0300
5 2 2 0.000 0 0.0000 0.0003 0.3003 0 .31400

5 2 3 0.0000 0.0300 0.014014 14.0030 0.01400
5 2 4 0 .0000  0 .000 0 0.Ote g C 0.0 140 0 3 . 3 3 1 4 0
5 2 5 0.3000 0.0330 0.0 14CC 0.0000 3 ,3 14 13 0
5 3 1 0.0000 0.0000 0.03~~~~~ 0.0003 3.0300
5 3 2 0.3000 0.0000 0.Oi.Gt 6.41430 3 .0600
5 3 3 0 . 0 0 0 0  0 , 0 3 0 0  0 . 0 0 0 0  0 .3 030  3 . 0 0 0 0
5 3 4. 0.0000 0.0000 3.00014 0.01400 1.0C~’0
5 3 5 0.0000 Oe0000 0.0000 0.U000 0.00140
5 1. 1 0.0000 0.0000 0 .314014 o.0003 0.0000
5 4. 2 0.3000 0.0300 0 .OuUO 0.0000 0.00143
5 4 3 0.0000 0.0003 0.01406 1.0000 3.0000
5 4 4 0.0000 0.0004 0.00014 .5938 .4.1463
5 1~ 5 0.1414 014 0.0000 0.0000 .2000 .8000
5 5 1 0.0000 0.0000 3,0000 43.0060 3 .0 0 0 0
5 5 2 0.000 0 0.0000 0.014014 0.0000 0.00014
5 5 3 0.0000 0.0000 0,014014 0.00130 3.0000
5 5 4. 0.0000 0.0000 0.0~~OC .2644. .7356
5 5 5 0.000” 0.0300 0,0 14u14 .0381. .9616

P
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CUMULAT IVE TRANSITION PROBAB i LITY MATRIX
I J  K

L s l  L z 2  L 3  1 4  1 5

1 1 3. •9&06 1.0000 i.OfiOO 1.0000 1.3000
1 1 2 .7273 1.0300 i.uOO (. 1.0000 1.0000
1 1 3 0.0003 14.0000 0.00140 Ia .0030 0.3300

1 3. ~. 0.30011 0.0003 0.0330 14.4000 0.0000
1 1 5 0.0300 0.0300 0.00014 0.3040 0.0’00
1. 2 3. .3710 1.0060 1.00014 1.0000 1.OCuO
1 2 2 .4.128 1.00CC 1.OCOO 1.0000 1.0300
3. 2 3 0.3300 1.0000 1,0000 1.0000 1.0000
3. 2 4. 0.0000 0.0000 0.60014 3.0000 0.OU CO
1 2 5 0.0000 0.0060 0,0%.OC 0.0000 3 .OCCO
1 3 1 0.0000 0.0000 3 .00014 0.0000 3 .01400
3. 3 2 0.0000 0.0330 0.0000 14.0430 3 .0000
1 3 3 0.0000 0.0000 0.0000 0.0000 3.01100
1 3 4 0.0003 0.0000 0.03014 G.u000 3.3140 0
1 3 5 0.0000 0.0006 0.OCOO 0.3000 0 .01460
1 4. 1 0.0003 0.0000 13.00014 0.0000 3.O C C iC
1 I. 2 0.0000 0.0300 0.014140 0 .01400 3 .01400

1 4. 3 0.0000 0.3300 0.J~ 014 0.14030 0 .00140
1 I. 4. 0.0000 0.0000 0.0000 3.0000 0.0000
1 4. 5 0.0t100 0.0000 0.OCGC 0.00314 0.3u140
1 5 1 0.C000 3 .001443 0.00140 0.6000 0.00140
1 5 2 0.0000 C .300C 3.000 14 0.0000 0.0000
3. 5 3 0.0000 0.001)0 D .014u & 14.00014 3 .0000
1 5 4 0.0000 0.0030 0.0003 0.14000 0 .3000
1 5 5 0.01300 0.0000 0 .014014 0 . 3 0 0 0  3 . 0 0 1 4 0
2 1 1 ,4. 3.i, 1.0000 1,01400 1.0033 1.014~ 0
2 1 2 .2353 1.0300 1.00014 1.0000 1.0000
2 1 3 0.0000 0.u300 0.0000  0 .0003 0.01400
2 1 1~ 0.3000 0.0300 0 . 0 1 4 0 0  0 . 4 0 0 3  0 . 3 0 1 4 3
2 1. 5 0.0000 0.0300 0.0000 0.0000 3 .00142

2 2 1 .24.31 1.0000 1.31403 1.14000 1.3000
2 2 2 .0207 .975 1 1.0000 1.00140 1.3fl30
2 2 3 0,0000 .7068 1.0000 1.0000 1.31400
2 2 i 0.0000 0,0306 0.00014 0.u033 3.0000
2 2 5 0.3000 0.0000 3 .01400 0.0000 0.0000
2 3 1 0.0000 0.0000 0.0000 0.0003 0.0000
2 3 2 0.0600 .864.9 1.0000 1.0000 1.000!)
2 3 3 0.0600 .4.466 1.0000 1.0000 1.0000
2 3 4 3.30140 0.0000 0.3000 0.~~000 0.0000
2 3 5 0.0000 0.0000 0.3006 0.0000 0.31400
2 4. 1 0.3000 0.00CC 0.0133C 0.3000 0.0000
2 4. 2 0.O COO 0.0300 0.303C 0.00140 3 .3003
2 4. 3 0,06(10 0,0000 0.3.OL 0.0000 3 ,3003
2 4. 4. 0.0000 0.00014 3 .OoOO C.0000 0 .31140
2 I. 5 0.0000 0.0000 3 .014014 0.0000 0.0000
2 5 1 0.0003 0.000o 0.0000 0.0003 3 .01400
2 5 2 0.0000 0.0006 0 .OCuO 0.0033 0.0000
2 5 3 0 . 0 0 0 0  0 .0 000 0 .0 14 0 14  0 .60 00 3 . 0 003
2 5 1 0 , Q ’ ) C 3  0.0003 0.01400 0,0303 0.31400
2 5 5 0.0003 0.0000 0.0000 0.3003 0.0000
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CUMULATIVE TRANSITION PRO t3ABILITY MA TRIX
I J K

L 1 L = 2 L 3 L = l .  1 5

3 1 1 0.0000 0 .001414 0.41400 6.0000 3.0000
3 1 2 0.14002 0.Oi]00 0.OO uL 11.0003 3.3000
3 1 3 0.0000 14.0000 0.030t 0 .00014 3 .0000
3 1 4. 0 . 0 3 0 0  0 .03143 0.0~.Lt 0.14030 0.0000
3 1 5 0.0000 0.0000 3.0~~

’03 14.00130 3 .01409

3 2 1. 0.00(10 1.00014 i.ii14014 1.0003 1.0000
3 2 2 0.0000 .5934 i.00tlC 1.0000 1.0000
3 2 3 0.3300 .184.5 1.0~ 61’ 1.0030 1.0030
3 2 I. 0.0001 0.0000 0.0000 14 .0000 0.0~ 03
3 2 5 0.0000 0.0033 3.014 014 C.~~6Ju 3 .0000
3 3 1 0.00014 0.0303 0.0030 0.0000 0.0~ 00
3 3 2 0.0000 .237 3 i.0(.e C 1.0000 1.0~ 00
3 3 3 0.0000 .0193 .9825 1.0000 j.0OiO
3 3 1 0.0900 0.0033 .?~ 55 1.~~000 1.0600
3 3 5 0.0000 0.0000 0.30014 0 .u000 3 .0000
3 4 1 0.3000 0.0030 0.3006 0.0000 0.0009
3 4. 2 0.0000 0.0000 0 . 0 1 4 0 0  0 . 0 0 0 0  3 .00140
3 !~ 3 0.0030 0.030u .7679 1.3000 1 ,O COO
3 4. 4. 0.0000 0.0000 .‘.949 1.3000 1.9060
3 4 5 0.0300 14 .0000 0.0~.0C 0.0640 0.01430

3 5 1. 0 . 3 0 3 3  1 4 . 0 0 0 0  U . ~3 t C 6  0 .3 0 0 0  0 . O C O D
3 5 2 0.0000 0.0000 0.3000 0.0000 0.13000
3 5 3 0,0000 0.b000 U.3 14bu 0 .ODCO 0.3~’00
3 5 1 0 ,0003 0.0030 0.0~~t.b 0.0433 u 0 .0003
3 5 5 0.0003 6.0300 G.J~~~0 14 0.3000 0 .0300
I. 1 1 0 . 0 0 0 0  0 . 0 0 0 0  0 . O u f j O  14.0030 0 . 9 0 0 3
4. 1 2 0.3000 0.0060 0.0006 0 .0033 0 ,3J 03
4 1 3 0,0000 0.0000 0.300( 0.u000 0 .3030
4 1 4 0.0000 3 .00014 0.01400 14 .00314 0.0000
4. 1 5 0.0000 0.0003 3.0G~ C 0.3000 0.3000
4 2 1 0.0000 0.0000 0.00014 0.3000 3.0030
4 2 2 0,0000 0.0000 1 . J o C G  1.3030 1 .0000
l 2 3 0.0000 0.0000 0 .014 014 0.0003 0.0003
4. 2 4. 0 . 0 0 0 0  0 . 0 0 0 3  0 . O o O O  1 4 . 0 0 0 0  0 . 3 0 0 0
4 2 5 0.3003 0.0330 0.00~~ 6 . 00 0 0  2 . 0 0 3 3
4 3 1 0.0003 0.0000 0.0600 0.o030 3.0000
4. 3 2 0 . 0 0 0 0  0 . 0 0 0 0  1. 0 0 0 3  1 .0000  1.0 000
4. 3 3 0.0000 0.0000 .5980 1.4000 1.0300
Ii 3 4. 0.0000 0.0090 .24.29 .9857 t .OC flO
Ii 3 5 0.0000 0.0300 0.31430 0.0000 0.0330
1 4. 1 0.0000 0.0000 0 .014014 0.0030 0.0000

4. 4. 2 0.0000 6.0300 0.00014 0.0000 0.01400
4. 4. 3 0.0000 0.0000 .2491 .9963 1.0003
4. i 4 0.0000 0.0000 .0239 .9853 1. 0000
4. 1 5 0.00140 0.0000 0.0600 .7385 1.0300
4, 5 1 0.0000 0.0000 0 .01433 0 .140140 0.0000
I. 5 2 0.3000 0.0000 0.0000 0.0000 3.3030
4. 5 3 0.0000 0 . 0 0 0 1 4  0 . 0 0 1 4 0  0 . ’ .014 0 3.0000

v 4. 5 I 0.0000 0,0000 0 . 0 1 4 C C  .74.0? 1 .OuOO
4. 5 5 0.0000 0.3000 0.0000 .4468 1.0000
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CUMULATIVE TRANSI T ION PRO BABILITY MATRIX
I J  K

L : 1  L 2 L = 3 L 4 .  L 5

5 1 1 0.00fl~ 0.0006 3.04014 0.3000 0.0000
5 1 2 0.00140 0.0300 0.0130 0.0030 3.0000
5 1 3 0.0000 0.0000 U.OuO C 6.0000 3 .0000
5 1. 4. 0.0000 0.00014 0.00014 14.3000 0.0000
5 1 5 0.0000 0.0006 0 . O O u C  0 .0 00 0 3 . 0 3 0 0
5 2 1. 0 .01400 0.0030 0.0000 0.0000 0.0600
5 2 2 0.0000 0.630u 0 .0 14014 0.0030 3 .0039
5 2 3 0.0000 0.03014 3.30014 0 . 0 0 0 4  3 . 0 1 4 3 0
5 2 4. 0.0600 0.0000 3 .OuOO 0 .3000 3.0000
5 2 5 0.0009 0.00014 0.0 14 014 0.0030 3.0000
5 3 3. 0.0003 0.9030 0.001414 C~ 14 000  3 . 0 1 4 1 4 0
5 3 2 0,000 (1 0.0006 0 .314014 0.0000 0.0000 t -.
5 3 3 0.0303 0 .03014 0.Q 0C~ 14.0000 3 . 0 0 0 0
5 3 1 0.0000 0.0000 0 .01014 0 .14000 1.0600
5 3 5 0.0000 0.0000 0 . O CCO  0.u000 0 .01400

5 4. 1 0 . 0 3 0 0  0.3030 0.i31400 0 .000 6  3 . 3 3 0 3
5 1 2 0 .0 0 0 0  0 . 0 3 0 0  0 . 0 140 0  0.00~a O J . 0~~03
5 4. 3 0 . 0 6 0 0  (i.031i] 14 .014 014 1.0000 1.3000
5 4 4 0 . 0 0 0 0  0 . 0 0 1 40  U . U u O O  .5938 1.0000
5 ~ 5 0 . 0 3 0 0  0.033u 0 . .3000  .2000 1 .0633
5 5 1 0 .0 3 0 3  0 . 1 4 0 0 0  0 . O O u C  0 .0003 0 .0 0 0 0
5 5 2 3 . 0 0 3 0  0 . 0 3 0 0  1 4 . 0 6 0 6  0.~,000 0.OLOO
~, 5 3 0.3000 0.0003 0.06014 0 .00 00 3 . 0 00 0
5 5 4. 0.0000 0.0000 0.00 1414 .26.. 1.0000
5 5 5 0.0300 0.0300 0.U uO C .0384. 1.0030

- 
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observed weather data in the context of simulating weather as
a stochastic process is also given.

The data base used for the example consisted of gridded
weekl y maps of temperature departures from normal in an area
of the United States. For most analyses , the da ta was con-
verted to five states, from state 1 (coldest) to state 5
(warmest). In the real. data, it was rare to have an occurrence
of unequal and nonconsecutive states in adjacent grid points.
Such occurrences were called Punusual transitions ,’ and one
criterion for evaluating the realism of a weather simulation
scheme was the frequency of generating such transitions. —
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Most of the proposed two-dimensional simulation methods
produced data fields that were basically quite realistic, but
they also produced “unusual transitions” more frequently than
in the .ortgtnal data. An additional suggested method , no more
complex than the other methods , was found to greatly reduce
the frequency of these “unusual transitions” in the simulated
data fields. In this method , the probability distribution
of the state at any interior point of the grid depends on the
states observed at the points immediately west , north, and
northeast of each point , and the interior of the grid is
simulated by rows (in a weBt— to—east direction). All of the
proposed simulation methods are very easy to perform on a
computer.
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