
3ADA80 361 AIR FORCE INST OF TECH WRIGHT-PATTERSON AFO ON4 SCH400-ETC F/6 2O/5
STUDY OF APPLICABILITY OF ITERArIVE SATURATED GAIN MODEL 'IN CON-fETC(U)
DEC 79 R 6 SORENSON

UNCLASSIFIED AFIT/6EO/PH/79D-2 NLnrIIIIIIIInI
Illllllllllll
-EIIIIIEIIIEIhEI~lllll1111l

IIIIIIIIMIEND
flfllflfflfflfllflf 38



AF IT/GEO/PH/790-2

- ,TUDY OF JAPPLICABILITY OF
JTERArIVE §ATURATED 4AIN OODEL

IN ONFOCALV~NSTABLE JESONATOR NALYSIS,

THESIS,

Q,~AFI/G~/pH7~HRussell G./Sorenson

Approved for public release; distribution unlimited



AF IT/GEO/PH/ 790-2

STUDY OF APPLICABILITY OF

INTERATIVE SATURATED GAIN MODEL

IN CONFOCAL UNSTABLE RESONATOR ANALYSIS

THESIS

Presented to the Faculty of the School of Engineering

of the Air Force Institute of Technology

Air University

In Partial Fulfillment of the -

Requirements for the Degree of o-

Master of Science

by

Russell G. Sorenson, B.S.

Captain USAF

Graduate Electro Optics

December 1979

This document has been approved for public release
and sale; its distribution is unlimited.



Preface

This study of unstable resonators has been a truely unique educational

experit.ice. It has expanded my knowledge and understanding of optics and

lasers and has renewed my deep appreciation of the computational powers of

a digital computer.

I have become indebted to many people. First is my thesis advisor,

Major Glenn Doughty, who provided the background needed to attack this

subject and careful guidance as this study advanced. I thank Major John

Erkkila who suggested the topic and provided assistance in understanding

the computer program and then contributed freely of his time throughout

the study. I also wish to thank Captain Mike Grone who worked side-by-

side with me during the initial phases of this study and provided a

sounding board for my ideas. Last, but not least, I thank my wife for

her encouragement and assistance in typing the numerous rough drafts.

i.i



Table of Contents

page

Preface .. .. ... ...... ..... .............. ii

List of Figuret .. .. .... ...... ..... ...... ... iv

Abstract .. ... ..... ...... ..... ...... .... v

1. Introduction .. ... ..... ...... ..... .......

11. Theoretical Background .. ... ...... ..... ...... 4

Review of Moore and McCarthy's Paper. .. ..... .... 4
Propagation to the Far Field. .. ..... ..... ... 14
Saturated Gain. .. ..... ...... ..... .... 15

111. Results of IPasic Program. .. ..... ..... ....... 17

Validation of Program .. .. .... ..... ....... 17
Far Field Patterns. .. ..... ..... ......... 22

IV. Analysis of Iterated Gain .. .. .... ...... ...... 29

Application to Present Program. .. ..... ........ 29
Attempted Models. .. ..... ..... ...... ... 32
Problem Analysis. .. ..... ..... ...... ... 34

V. Conclusions and Recommnendations .. .. .... ...... ... 37

Conclusions. .. ... ..... ..... ...... ... 37
Recommnendations. .. ... ..... ..... ....... 37

Bibliography .. ... ..... ...... ..... ..... ... 39

Appendix A: Development of Amplitude Equations. .. .. ........ 40

Appendix B: Derivation of Boundary Conditions .. ... ....... 46

Appendix C: DerivationOf Sn(x) .. ... ...... ..... ... 56

Appendix D: Plots. .. ..... ..... ...... ........ 60

Vita. .. ..... ..... ..... ...... ..... .... 71



List of Figures

Figure Page

1 Basic Geometry ...... ... ..................... 5

2 Illustration of a and an( -). .... ............... 

3 Intensity for lowest loss mode ..... .............. 19

4 Phase for lowest loss mode ...... ................ 20

5 Gamma prime for n -1 through 7 ..... ............. 21

6 Sample of propogated field ...... ................ 22a

7 Positive Gaussian gain, lowest loss mode ........... ... 23

8 Positive Gaussian gain, 2nd lowest loss mode ... ....... 24

9 Far field, positive gain, lowest loss mode ... ........ 25

10 Far field, positive gain, 2nd lowest loss mode ... ...... 26

11 Iteration Flow Diagram .... .................. ... 30

A-1 Geometry for right traveling wave ..... ............ 41

A-2 Geometry for left traveling wave ... ............. ... 44

0-1 Positive gain, lowest loss mode ..... ............. 61

D-2 Phase, positive gain, lowest loss mode .... .......... 62

0-3 Intensity, bare cavity, 2nd lowest loss mode ........ ... 63

D-4 Phase, bare cavity, 2nd lowest loss mode ........... ... 64

D-5 Intensity, bare cavity, lowest loss mode ........... ... 65

D-6 Phase, bare cavity, lowest loss mode .... ........... 66

0-7 Intensity, positive gain, lowest loss mode .... ....... 67

0-8 Phase, positive gain, lowest loss mode .... .......... 68

0-9 Intensity, negative gain, lowest loss mode ... ........ 69

0-10 Phase, negative gain, lowest loss mode .... .......... 70

iv



AF T/GEOIPN/790-2

Abstract

An existing method of calculating the elgenmodes of confocal unstable

strip resonators is reviewed. This method has the advantage of accurately

F accounting for diffraction effects but is limited to inclusion of an

arbitrary symmetric gain distribution. An extension of this method to

include a realistic saturated gain distribution is proposed. This gain

distribution is calculated numerically by using an iterative technique to

arrive at a self-consistent solution for both the gain and field distribu-

tions. Several appendicies are presented to aid in understanding the

basic theory.

I . .. . . . . .. . . . . ... ..



STUDY OF APPLICABILITY OF ITERATIVE SATURATED

GAIN MODEL IN CONFOCAL UNSTABLE RESONATOR ANALYSIS

I. Introduction

Background

Unstable laser resonators have long been recognized as desirable

cavities for use in high power lasers because of their large mode volume,

direct output coupling, and mode control properties (Ref 8). As the use

of unstable resonators has expanded, the need to develop quick and accu-

rate methods of analytically studying the behavior of the modes within

the resonator has become more important. Since the positive branch con-

focal resonator Is an important resonator for many applications and

representative of this class of resonator, its analysis is considered in

this paper.

The primary difficulties in analyzing unstable resonators arise from

the rapidly oscillating field caused by diffraction from the edges of the

output mirror. Other difficulties are cuased by a transverse spatial de-

pendence on gain and a spatial dependence on the index of refraction of

the laser medium. Several previous attempts to develop an analytical

model have been applicable to only specific problems or excessive in

computational costs. The geometrical technique presented by Moore and

McCarthy (Ref 5) is very inexpensive but ignores the edge diffraction

effects and is therefore not very accurate at low Fresnel numbers. The

iterative technique presented by Rensch and Chester (Ref 7) does not

account for transversely varying gain, gives solutions for only lowest-



loss mode, and becomes extremely expensive at high Fresnel numbers. The

matrix technique suggested by Sanderson and Streifer (Ref 8) also fails

to include transverse gain and is very expensive for higher Fresnel numbers

but does allow for solutions corresponding to higher loss models. Siegman

and Sziklas (Ref 12) proposed a Fast Fourier Transform technique which

includes the effects of edge diffraction, transversely varying gain, and

index of refraction buy only provides a solution for the lowest loss mode

and despite its expense is the widely used technique presently available.

Objective

The first objective is to understand the technique developed by Moore

and McCarthy (Ref 6) to study positive branch confocal unstable resonators

including a symmetric gain distribution. This effort includes an analysis

of their assumptions, the limitations of their theory, and the numerical

integration techniques they employed. The second objective is to then

adapt the computer program developed by Moore and McCarthy to the AFIT

CDC 6600/CYBER 74 computer system. The results obtained will then be

compared to Moore and McCarthy's previous results to validate the program

implementation at AFIT. The usefullness of this program as an analytical

tool will next be demonstrated by studying far field distributions for

several different gain distributions. The final objective is to extend

this program to study the made characteristics for a saturated gain dis-

tribution. This requires the calculation of the saturated gain distri-

bution from the output intensity distribution by an iterative technique

to arrive at a self-consistent solution.

2



Organization

This report contains five chapters and four appendices. The chapters

following this introduction are II, Theoretical odckground; III Results of

Basic Program; IV Analysis of Iterated Gain Models and finally V Recorenda-

tions and Conclusions. A summary of Moore and McCarthy's paper is pre-

sented in Chapter II along with the theoretical background necessary to

propagate the field to the far field and calculate the saturated gain model.

The results of using the program in its original form are discussed in

Chapter III including the fare field calculations. In Chapter IV, several

methods of deriving a saturated gain model are presented and their vali-

dity is discussed. Chapter V contains specific conclusions and recommenda-

tions for future work in this area. The four appendices include derivations

of specific portions of Moore and McCarthy's theory and explain the use of

the computer program.

3



11. Theoretical Background

This chapter contains a review of the basic theory proposed by Moore

and McCarthy (Ref 6) which is used to study the eigenmodes of unstable

resonators. This work is hereafter referred to as Ref 6. This discus-

sion is designed to provide an understanding of their theory when con-

sidered in conjunction with Ref 6. Specific difficult sections of their

theory are expanded in the appendicies. Also included in this chapter

are discussions of the method used to find the far field intensity dis-

tribution and thp relationship of the output field to the saturated gain

distribution.

Review of Moore and McCarthy's Theory

The specific case that Moore and McCarthy assumed was that of a

positive-branch confocal strip resonator. The basic geometry of this

resonator is illustrated in Figure 1. The resonator consists of a large

concave mirror and a small convex feedback mirror which are aligned to

share a common focal point. In this geometry the resonator magnification

is M = + d where D is the length of the resonator and d is the distance

from the feedback mirror to the focal point. Another important parameter
=a~kof the resonator is the effective Fresnel Number Fff a e k

is the wave number and a is the radius of the feedback mirror. This

value is often called Neq by other authors and is important because mode

separation shows a dependence on Feff.

Ignoring the diffraction effects of the feedback mirrors results in

a geometrical solution for the eigenmodes of the cavity. In the limit

4
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Figure 1. Basic Geometry

of this geometrical intepretation, the light traveling to the left in the

cavity is a cylindrical wave emanating from the focal point while the light

traveling to the right is a plane wave. These two types of waves suggest

*the use of a cartesian coordinate system to represent the right traveling

plane wave and a cylindrical coordinate system centered at the focal point

to represente the left-traveling wave. When the non-geometric analysis is

completed these waveforms retain their basic shape but are modified by a

rapidly oscillating amplitude component which is caused by the diffrac-

tion effects of the output mirror. The field inside the resonator is

therefore of the form

E = f(z,x) exp [k(z+Md] P- p g(poe) exp [ikP] 1

and obeys the scalar Helmkoltz equation. Applying the scalar Helmkoltz

equation to Eq (1) and making the paraxial approximation, the following

equations for f(z,x) and g(p,o) are obtained.

a _ (Zx) 1 2 (Z X )

21k - g(p,x) f(zx) + = 0 (2)

21k [a g(pgx) - gp'' + p-2 p_ 2  0 (3)
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Since the total field E must be zero on the mirrors, the boundary condi-

tions for the geometrical solution to Eq (1) are

f(o,Mde) = (Md) "  g(Md,e) (4)

g(d,e) d f(D,de) e" i D , (eI < a/d

o , lei < a/d (5)

The geometrical theory is applied to a strip resonator by assuming that

the last terms on the left-hand side of the rate equations, Eqs (2) and

(3), are negligible, allowing the rate equations to be integrated directly.

These second derivative terms must be included to account for diffraction

effects form the mirror edges. This necessitates rewriting f(z,x) and

g(p,e) in forms that take into account the cylindrical diffraction wave-

lets emanating from the edges of the feedback mirror and propagating

through n round trips of the cavity. The derivation of these expressions

for the amplitudes of f(z,x) and g(p,e) is contained in Appendix A. The

resulting expressions are

N
f(z,x) =- n "  ik(x-xn)2

n~zrx (Pn-P)~ [exp( Pn _P f(j,x)nn "

•exp ik(xxn)2) fn(P,-x) + f(p,x) (6)

-N+l

n o,-l... p Pn

texpy ik(eXn/j n)2g(p,-X) + p '  g(p'x) (7)

6



The ampli tudes f11, qn , , are slowly varying f unct I on'. *While I' And

g are rapidly varying. expecia1 ly at large I Since the plrimr Qoaleff*
is to calculate thle amlpl i hde of tilt field at thet out put ml rir * li,

the valuie,, filr the amplitu de coefficient-; fn(I \) and fl" (Ii 1 ust fi rst

be found.

H rst thle extivVsions for f, 1q (b~) , And q, *t 1 7) . Are slt ittuted

into tile rate equat ions. * 1s (C" ) And (3) , to developl a new set of ratea

equations Wh ichi is depenident on the d1i rpc tionl of ray liopata t ton

through the cayvit~y

s- f ~ ,~ f1 (s,\)

Where ind icates the di rectilona 1d~eri vativye a lonk) the dirtect ionl of

ray prolpagation. In addition to thi% set of rate equlaltiot' ile 11w oundkal

cond itions at the ml rrov-s mus0tihe found forl each amp lit ii coc ff1 cent.

This is eastl IV accotiipl I ishe d for th 1i Ieft end 0' thei cavit.Y 'Si lice it is

essentitall y Anl in ftiit e constIant "' sutrf"ace Ooer Wh ichi 0n1Y one condition

must be 111t. 1 his condit ion is that the iht-tavlngwave Imust cancel

thle left -travepl inq wave onl the l rror . 1 he houiar\ cokndi i ow, at thle

right etid of the cavi ty are w~re di f f1 cul t since two condi t Wins mu'~ tihe

met.. Thle twvo conditions are t hat t he tw ft el.1 must catice1 each other

Oil the mirror (-a Xla ) while Ill~) ust tie ;eri outside the l rroir

(x- Ia I) The boutidary condi tions aire at tile left end of thle cay t.\ a re
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f(Md,x)-(Mdh)" g(Md,x) (10)

The boundary conditions at the right end are then found by using the

Horwitz approximation to the rresnel diffraction inteoral (Ret 3). The

method used is presented in iore detail in Appendix B. This numerical

integration yields not only the boundary conditions otn the right-hand

mirror but an expression for gO(Ix) which is the amplitude of the

diffracted wave on its first trip across the cavity. The boundary con-

ditions at the right end of the cavity are

e 2ikd(IIn-d) ' fdt(d.x)(d-)x)

e2 ikd 1(in-d)" exp 1iki . fN(d 'x) + fN(d.-x) t (dx)

d' 9 (d~x)(1)

The equation for go(o.x) derived from the integral is

go.a ("-d) -t

x [exp f ix-a) fn(da)(,n -

-exp j (fn(d,-a),n(" + ((1.3)

The right side of this equation must he multiplied by the exponential of

the gain integral in order to be valid over the whole lenqth of the cavity.

In this equation ;I is the angle with respect to the axis of the ray from

the mirror edge (da) to the point where go is evaluated.
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Figure 2. Illustration of , and in(+)

The angles 3n(+) are the angles with respect to the axis of the rays

emanating from the virtual image points (-nl +X-n) and striking the

output mirror edge at (d,a) (i.e. 'n()n W (l+Mn)).

The expressions for the amplitude coefficients fn(dx) and f(dx)

at the output mirror are now developed in order to find the total out-

put field f(d,x). The go(o,x) teri is propagated back and forth through

the cavity by alternatively solving the rate equations, Eq (8), and apply-

ing the boundary conditions, Eqs (9) and (11). After a significant amount

of algebra the following equation for fn(dx) is obtained

fn(dx) e- f(ds(X)) (14)

where sn(x) is a type of shorthand notation which represents the path a

ray must follow in order to end up at (dx) after making n round trips

through the cavity. The expression for sn(x) is developed in Appendix C.

The function n(x) is the exponential of the integrated gain mirror

9



(d,a), makes n round trips across the cavity then strikes the output

mirror plane at a point (dx). It is given by the following expression

nM(x)=exPI [ d G( .i-, (_Mnx + a)
+ P [ Md -M-

p M--n m (x-M-na))dp +G(G M-n+m (xM-n+T ~~~~~~~~1-M-Znd p"1-'-_n (-'a

P" M-m (_-nx + d'

d'1MZj) (15)

An expression for fl(d,x) is developed by propagating go(p,x) to the

left end of the cavity. Upon examination of the expression for fl(d,x)

the major transverse dependence is contained in the term rl(x)/a-x/m) which

is factored out allowing all the remaining slowly, varying transverse terms

to be collected in a new term called q(x). The resulting expression for

fl(d,x) becomes

fl(dx) = e2ikD M11 rl(x) q(x)L(a-x)T (16)
m

The expression for q(x) containing all the slowly varying transverse

terms becomes

N
/ (M2ml)- Iexp (ika2  1-m
-\2nka2 /k 2d .+M.'$M2

m=l

X qn/2.-'+.'-. a) (,+M-m) (,_- a"'°(l-"' 2 1 
X Mm /2 r m(a)q ( lyj- a (l+Mm(a-x)

o10

. . . . . ... . .. .. . . ... : ... lm. . ... ...1 0



I

e2 mkD 4m/2 r m(-a)

x -- - a) (l-M-m) (i- aMm .J2)J( M-M -m MM)a-)

+d a f(d,a)(1-M "2) (17)

In order to solve this equation for the modes of the resonator, an expres-

sion for f(da) must be found. This expression is found by applying the

boundary conditions at both ends of the cavity and then using the approxi-

mation to the exponential terms for large N. For large N the exponentials

becom expika2become exp ) The resulting expression for f(d,x) is

'~,x d[ ika;1

f(dMx) [ d" P exp -a pN j I'N(x) + r'N(-X)l

X q(a) a-(l-M' 2 ) "1  + f(d,x)j11

X exp( Md G' (p ,Mx)dp + dfMd G (p I-) d (18)

In its limiting form for large N, the expression for r'N(x) approaches

a symmetric function so the solution for the antisymnmetric modes become

f(dx) a o . For the symmetric modes the solution to Eq (16) becomes

N+I 1% i
f(d,x) - d exp

X 2 rn (x) q () a 1 (l-M 2 ) "  (19)

Using this equation evaluated at x-a in Eq (14) yields an equation in which

11
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the only unknown amplitude is q(x). The final approximation necessary

in order to get a polynomial equation for v is to assure that q(x) is

constant for all x. Moore and McCarthy discuss two approximations

which could be used to accomplish this. Both approximations appear

to be valid assuming the major transverse dependence has already been

separated out of the expression for q(x).

The final polynomial expression for p is obtained by using the above

symmetric mode expression for f(d,a) and then dividing by q(x) to get

1 Iit -
1~ 7* F ef l~.~---)~ exp(2ni F eff 6.)a rm (a)

m=l

texp ( 2 iFpff a r I mOm m mrm (-a) 1 1

x ( for symmetric modes of m=N+l) (20)

where om a . This is the equation which is solved numerically

to calculate the roots of the polynomial corresponding to the eigenvalues

of the various elgenmodes of the resonator.

Once the roots of p are found the amplitudes fn(d,x) and f(dx) can

be calculated and substituted into Eq (16) to calculate the field at the

output mirror. The resulting field can only be found out to the shadow

boundary, x=Ma, because of the divergence which occurs at the end points

of the diffraction integral used to solve for the boundary conditions

at the right hand mirror.

Moore and McCarthy chose to extend the calculation for the field

through the shadow boundary by using a slightly different form of the

12



ntegral equation used to solve for the right hand boundary conditions.

This new form of the integral can be expressed as a Rubinowicz line

integral. Their changes of variables and use of the Rubinowicz line

integral have the effect of pushing the discontinuity outside of the

region of interest. The resulting equation for the output field which

is used by the computer program is

n-2

+(~x (1mexp ( 12vFeff (lMn)21- -M-.n'l )

r, ()l2-nX) 0( rI(.x)l 4+fX)

exp 2ir 0l-';nx 2 rn(-X )(,+M-nx)- (,_M-n- x]

- [(exp (12tFeff (1M"'.L2- ) 2 r- T (x)(_-2)

f -M1n+l +

X Pn(lM-2n)-k I exp (i2nFeff TIW rn l (1)(+Mn+l)

-"2n+2  I -l n  _x2

X R( 2nFeff (-M.n)(1-M-2 M-n+l I

X C 1 -M-n-lxM-n 1 , -X)I

S(same expression w#ith x replaced by -x)]

x( u-- for the symmectic modes if n - N+Il (20)

13



Propagation to the Far Field

The purpose of this section is to discuss the method which is used

to determine the far field pattern.

As outlined in the previous section, the output field of the reson-

ator can be calculated and is denoted f(D,x). The output field which is

actually propagated is this field, fl(D,x), minus the central portion

that is reflected back into the cavity by the output mirror. For the

purpose of this discussion, the field to be propagated is denoted U(x).

Since the far field pattern is desired, the Fraunhofer diffraction equa-

tion is u~ed to propagate the field *(x) to the observation plane accord-

ing to the formula (Ref 1:61)

ik 2

U(xo) ikz e U(x) exp (-I xx dx (22)
XoJX) d (

In this analysis the one-dimensional Fourier transform is defined as

F lg(x)l - J g(x)ei21fxx dx (23)

where g(x) is a complex function and fx is an independent variable

called a spatial frequency. For the case at hand, the spatial frequency

term, fx, is defined as

xo

fx " Az (24)

The last portion of the Fraunhofer diffraction integral can r. ; be

written as

14



IU(x)e ifx dx *F fu(x)I x X
x= (25)

The Fraunhofer equation for the far field then becomes

k 2

o fIU~ ~~- 0• k e'z F [ U(x)jU(o) / -f -z x o

x z (26)

The complex far field distribution, U(x ), can therefore be found
0

directly by taking the Fourier transform of the near field, U(x).

Saturated Gain

The magnitude of the laser threshold or steady state oscillation

condition for a stable resonator is defined as

1 - LOSSJ e 2g (27)

where LOSS is the sum of all the loss terms including media and output

losses and g is the gain necessary to support steady state oscillations.

For an unstable resonator this equation becomes

= - LOSSJ I 2gD (28)

where P is the root of the polynomial expression which was previously

determined. This equation indicates the losses per round trip must be

offset by the gain in the laser medium in order to sustain laser oscilla-

tions. The gain of the medium is not constant but depends on various

material parameters and the field intensity as follows

15



1+ sat (29)

where g0 is the small signal gain coefficient of the medium, Isat is the

intensity level necessary to cause the population inversion of the laser

to drop to one-half its nonsaturated value, and I is the intensity in

watts per square meter of the optical field (Ref 13:108). The intensity

can be determined by squaring the magnitude of the output field, f(D,x).

In the present analysis the rapid transverse variations of the field

and therefore the intensity cause an expected transverse variation in the

gain so that Eq (29) becomes

g(x) 0I+ I(x)
Isat (30)

where (x) indicates the transverse dimension. This equation is only valid

for homogeneously broadened media, however, many present applications

utilize this type of media. If the desired medium is inhomogeneously

broadened, a different equation would have to be utilized.

16



Ill. Results of Basic Program

The purpose of this chapter is to discuss the use of the basic

computer program without the changes necessary to include a saturated

gain profile. The changes necessary to make the program compatible with

the AFIT CDC 6600/CYBER 74 computer system are discussed. Representative

plots of the magnitude and phase of the output field are presented and

compared to expected results. Finally the usefulness of this program as

an analytical tool is demonstrated by changing the program to calculate

this for field distribution.

Validation of Prog)3m

The program that was provided by AFWL had undergone several signifi-

cant modifications since being initially developed by Moore and McCarthy.

The primary modification was that two programs ROOTS and MODES were coin-

bined into one program thereby allowing the direct calculation of the

output field for a selected number of lowest-loss modes. The plotting

routines for both the original program and AFWL modifications were not

compatible with the AFIT system and therefore required significant modi-

fiLation. The ROOTS program had also been modified to use a ne% complex

root solving routine ZRPCC instead of the CPQR routine which was used by

Moore and McCarthy. In addition the loaded resonator portion of the

program had not been utilized since the two programs were combined and

did not calculate the expected field distributions when it was first

utilized.

The program was methodically checked out to correct these areas.

17



Table I Validation Cases

Previous Program Current Program
eff g Real Imag Real Imag

8.4 2.0 Bare Cavity
Lowest loss 0.95172 -.00602 0.96175 -.005947

2nd lowest * * 1.09313 -.779319

Positive Gain 0.97160 -.003881 0.97076 -.003932

16.4 2.9 Bare Cavity 0.96145 -.00427 0.96143 -.004147

Positive Gain 0.97999 -.00280 0.97936 -.002798

Negative Gain * * 0.94903 -.004514

* no previous example

First all the unused portions, such as old plotting routines and duplica-

ting subroutines, were deleted. A new plotting routine, HGRAPH, was added

which plots the output field intensity and phase for a specified number of

lowest loss modes of the cavity. The gain routines that calculated the

gaussian gain distributions were modified to produce similar results to

those contained in Ref (6). The input and output statements were also

modified to allow easy use of the program from the INTERCOM terminals.

The specific cases presented in Table I were used to facilitate

comparison to the results obtained by Moore and McCarthy. The table

includes the complex values of the root of the polynominal, p, from

both Moore and McCarthy's paper (Ref 6) and the program as it is presently

configured on the AFIT computer system. There are slight differences in

the values of the calculated roots. The largest difference between cal-

-4
culated real parts is 8.4 x 10- which is <0.1% error while the largest

1i
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difference between imaginary parts is 1.23 x 10-4 which is 1% error.

These very slight differences are attributed round off errors and the

use of the new complex root finding routine XRPCC instead of the slower

CPQR. The larger error for the imaginary terml is less important when

the magnitude of the root is considered.

The program has also been configured to provide plots of the magni-

tude and phase of the output field. The plots for the first case in

Table 1 are included here while the plots for the rest of the cases are

contained in Appendix D. These plots can be compared directly to Figures

13, 11, 8 and 10 from Ref 6 but could not be reproduced well enough for

inclusion. After a qualitative comparison of the plots from Ref 6 and

the present program, the curves are seen to have the same height and

variations in the transverse dimension. An additional check of the gain

portion of the program was obtained by plotting the calculated values

for gamna prime versus the transverse output dimension. This plot

(Figure 5) can be compared directly to Figure 5 of Moore and McCarthy's

paper (Ref 6). The plot shows that the gamla function approaches a

symmetric function for an increasing number of passes which corresponds

to the case of large N. These independent checks indicate that the

program is correctly calculating and plotting the output fields for

both bare and loaded cavities.

Far Field Patterns

The program was next modified to calculate the magnitude of the

far field distribution by using the Fourier transform technique discus-

sed in Chapter II. The Fourier t:ansform is calculated by a complex
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Fast Fourier transform routine, FFT2C, from the IMSL program library.

Since the basic program only calculates half of the output field, the

field must be mirrored around the optical axis to represent the other

half of the field and then have the center portion deleted to represent

the obscuration introduced by the output mirror. The shape of the output

field which is finally propagated is illustrated in Figure 6. The trans-

verse dimension in the near field is X/a so that the mirror edge is

normalized to 1. The transverse dimension in the far field becomes

afx = ax
X(31)

by the scaling property of the Fourier transform when the near field is

normalized to the radius, a, of the small mirror.

The near and far field intensity distributions for the two lowest

loss modes of a loaded resonator with Feff ' 8.4 and a magnification

- 2.0 are presented in Figures 7, 8, 9, and 10. It is obvious that

both fare field patterns have lost any remanent of the centered obscur-

ation and are focused down to a relatively small area. The sharp dis-

continuities caused by the centered obscuration tend to make the output

field approach a square wave with relatively small variations in ampli-

tude until the shadow boundary is reached. When the limiting case of

a pure square wave is propagated the far field distribution becomes a

delta function. This property of a square wave coupled with the general

shape of the output field accounts for the relatively minor differences

between the lowest loss and next lowest loss far field patterns. A
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somewhat more detailed study of the far fields could be accomplished by

calculating the intensity within the first Airy Disk. This is often

called the "power in a bucket" and allows a more quantitative study of

the far field distribution than simply observing the far field. Regard-

less of the method used to study the far field patterns, the utility of

the basic program was demonstrated by allowing quick calculations for

several different resonator parameters.
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IV. Analysis of Iterated Gain

The purpose of this chapter is to discuss the modifications to the

basic program necessary to calculate a saturated gain profile. The

application of the theory to the parameters calculated by the program

will be discussed first followed by a review of several attempts at

developing reasonable models. This Chapter is concluded with a discus-

sion of possible problem areas which must be addressed in order to

derive an ideal saturated gain model.

Applications to Present Program

Moore and McCarthy's basic technique can calculate the eigennodes

for either a "bare" cavity or a cavity which has an arbitrary symmetric

gain distribution. They chose to provide examples where the slowly

varying gain function was either a positive or negative Gaussia dis-

tribution. However, in a real laser resonator the gain distribution

is neither constant nor arbitrary but is actually dependent on the

field intensity according to the relationship developed in Chapter 11.

This relationship of gain to intensity is repeated here

G(x) = 0
1+Isat  (32)

where go is the small signal gain of the laser medium, (Ix) is the out-

put intensity at a distance x from the optical axis, and Isat is the

saturation intensity which is dependent on pumping levels and mode

volume.
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CALCULATE THE ROOTS
(MODES OF RESONATORS)

USE ROOTS (u) TO

CALCULATE OUTPUT FIELD

SCALCULATE GAIN DISTRIBUTION

FROM OUTPUT FIELD

Figure 11. Iteration Flow Diagram

To calculate the required gain distribution the following iterative

approach illustrated in Figure 11 was used to arrive at a self consistent

solution for the output field and the gain distribution. A bare cavity

was assumed on the first iteration to determine an initial intensity

distribution. A new gain distribution was then calculated and used in

turn to find new values for V the root of polynomial. This new root

is then used to calculate a new output field from which a second gain

distribution was calculated. This process was repeated until the value

for p, the gain distribution, and the output field distribution changed
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by less than 0.1% from one iteration to the next. Convergence using this

criteria always occurred within 10 iterations and usually within 5 itera-

tinns.

The gain distribution, G(x), calculated using Eq (22) could not be

used directly since the program had been arranged to use the related

value G'(x) which is defined

G'(x) = G(x) - Q/D (33)

where

Md
Q df G(p*,o) dp (34)

or specifically for this case

Q = G(o)D (35)

The formula used to calculate a new G'(x) is therefore taken to be

G'(x) G(x) - G(o) (36)

or

G'(x) g l -;F~) (7
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By inspection it is easy to see that G'(o) = 0 as is required by its

definition.

This approach of using only the field at the output mirror does not

take into account the dynamic changes that occur during a round trip of

the cavity. The approach is useful however in determining the validity

of calculating a saturated gain distribution using this iterative ap-

proach is useful however in determining the validity of calculating a

saturated gain distribution using this iterative approach. This method

could be extended to calculate the intensity and gain distribution at

several locations throughout the cavity to account for the dynamic

changes in the gain.

Attempted Models

In the above expression for G'(x), the value for Isat is a material

dependent parameter that cannot be fixed without assuming a specific

lasing material and pumping level. Since the goal is to achieve a model

for saturated gain without having to specify the lasing material and

since Isat is simply a constant that affects the gain uniformly it was

at first ignored. In this case the equation for G'(x) became

G (x) g + I(x) 1 + I(o) ) (38)

The value of g0 is also dependent on the media, but since the program

uses round-trip gain coefficients, it is considered a dimensionless

quantity representing the gain per pass. It was chosen to be a constant

between 0 and 10 where 0 corresponds to below threshold conditions and
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10 corresponds to very large gain which should cause the output field

to saturate.

After several runs using this technique, it became obvious that the

large values of output intensity (- 1000) completely dominated the expres-

sion for G'(x) and closely approached the bare cavity (G'(x) - 0) solu-

tion. This large intensity also completely negated any variation in the

90 term. It was therefore obvious that some value for Isat had to be

chosen in order to calculate a reasonable value for saturated gain. To

avoid choosing a media, Isat was chosen to be simply the intensity along

the optical axis of the resonator. The equation for G (x) now became

G'(x) - g( 1
Ioo 1 o (39)

with g0 remaing as before. This method allowed the calculation of a

gain distribution with a reasonable variation but since I(o) was dif-

ferent for each iteration the assumed value for Isat was not very

realistic. In addition, this method did not exhibit tile desired decay-

ing modes for gain less than threshold or saturated intensity for ex-

tremely large gain coefficients.

This method was modified to use the first iteration value of I(o)

as the value of Isat in all future iterations. This is also an artifi-

cial way of selecting Isat and still has the problem of not acting

properly for varying gain.

For the final attempt, the gain was fixed at the value required

for steady-state oscillations according to the formula
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SR" M e2 gD (40)

Solving this equation, the gain necessary to support steady-state

oscillations is seen to be

gs I Ln pj +  In M
D (41)

where p1 is the magnitude of the root of the lowest loss mode and D is

the length of the cavity. The value for Isat was then taken to be

which assumes that Isat is some fraction of the intensity along the

optical axis. This is again an artificial value because the laser media

is not considered, but does account for increased pumping by increasing

the value for n. The equation for G (x) in this case becomes

G'(x) = g ( +n

(0) (42)

For small values of n (less than 5) this method caused convergence but

still did not correctly account for other than threshold gain assumptions.

For larter values of n, the n term dominated the equation and the gain

distribution apporached the bare cavity level.

Problem Analysijs

None of these attempts at calculating realistic naturated gain dis-

tributions were adequate in all respects, but some important conclusions

can be derived. First, a specific laser medium must be specified in
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order to derive the expressions for the small signal gain, go. and the
4t

saturation intensity, Isat . Without specifying the medium these values

are set rather arbitrarily to be of the proper magnitude. The second

and primary conclusion is that the iterative routine does calculate an

appropriate shape for the transverse gain distribution but does not

account for saturation effects when it recalculates the_ouput _field dis-

tribution. The basic problem is that the ROOTS subroutine always must

assume a steady-state condition in order to calculate the value of u.

When the program goes on to calculate the output field a steady-state

condition has already been assumed so the expected decay for gain lower

than the threshold value does not cause the output field to decay as

would normally be expected. The proposed solution is to use a different

value for u when the output field is calculated that the value used to

find the roots of the polynomial. One possible method for accomplishing

this "decoupling" is outlined below but has not been implemented in the

program. As the program is presently configured, the magnitude of the

steady state gain is defined by the equation

M-1 e2G(o)L (43)

on the first iteration through the program. To account for the satura-

tion effects on subsequent iterations through the program, a new value

of p must be defined by the equation

M52G (
O)L

PS M exp + - -() )(44)
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Solving for p s in terms of U, which is the basic root of the polynomial,

the following expression is obtained

Ps 0 M ' e x p  2 ( 1n ' +' l nM) /

1 sat (45)

This value can now be used in Eq (20) to calculate the output field which

should now be decoupled from the steady state assumption necessary to

calculate the first p. This procedure should be validated by changing

the program then applying either very low or high gain factors to observe

the effect on the shape of the output field.
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V. Conclusions and Recommendations

Conclusions

The first objective was accomplished. The theory presented by

Moore and McCarthy was reproduced in detail and the necessary approxi-

mations were analyzed. The Appendicies A, B, and C and be used to under-

stand some of the particularly difficult sections of Moore and McCarthy's

theory without having to go back to basic principles. The second objec-

tive was also met. The program is now completely operational locally and

has been modified to do some basic resonator analysis. The program can

now be used to study both loaded and bare cavities for a variety of

effective Fresnel numbers and magnifications with very low cost.

The third objective was not fully achieved, however, significant

progress was made toward isolating the problem area. As presently con-

figured the basic shape of the saturated gain distribution can be found

and a method for accounting for saturation effects has been identified

but not validated. Once this problem is overcome the mode characteristics

of resonators with realistic saturated gain distribution can be accom-

plished at realtively low cost.

Recommendations

The analysis of the application of saturation effects should be

continued to derive an acceptable technique that behaves properly for

all gain levels. Once this method is complete a model for the longi-

tudinal variation in gain should be included rather than the simple

single gain sheet model discussed in this paper.
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The study of the far field distributions should be expanded to

allow "power in the bucket" calculations. This would be particularly

interesting for field distributions calculated using an ideal saturated

gain model. Another interesting exercise would be to expand this theory

and associated program to a three-dimentional cavity. This would more

closely represent a "reil" laser cavity and would permit variations of

gain in two dimensions to simulate a flowing medium.
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Appendix A

Development of Amplitude Equations

This appendix will cover the approximations necessary to arrive at

the expressions for the amplitudes f and g in Eqs (20) and (21) of Moore

and McCarthy's paper (Ref 6).

The geometrical theory predicts a plane wave for the right-traveling

portion fo the field inside the cavity and a cylindrical wave emanating

from the focal point for the left-traveling wave. When edge diffraction

effects are included in the right-traveling wave is found to be the sum-

mation of the basis plane wave and cylindrical wavelets emanating from,

the vitual images at the points specifiec by (pn,- Xn) where

Pn dM2n (A-l)

xn  = aMn (A-2)

as specified in Ref 6. The objective of the following discussion is to

derive the approximations necessary in the magnitude and phase of these

cylindrical wavelets.

The expression for a cylindrical wave is given by the following

formula (Ref 2:25)

*(rx) = 1 A(px)eikR
V/-R_ (A-3)

where A(px) is the amplitude of the wavelet and R is the distance from

the virtual image to the observation point as shown in Figure A-1.
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Figure A-I. Geometry for right traveling wave

In the magnitude portion of Eq (A-3) the distance R may be approximated as

R= z -x
n

:Pn -p (A-4)

since the paraxial approximation has already been assumed. The approxi-

mation for the distance R in the phase term requires more care. From

geometry it is obvious that

R - [(on - 0)2  + (x-xn) 2  I (A-5)

Using the binomial series expansion for the square root
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R n [ (-0) 2 2) 1 l(.fj.2 ) 2 + (A-6)
2(n -P Pn-

The Fresnel degree of approximation assumes that only the first two terms

of the series must be used, therefore,

F = (p - p) + (x-Xn)2

nPn -p (A-7)

Now using the above approximations for R in Eq A-3 the field at the

thobservation point due to the n virtual image becomes

*n(Px) = (Pn -p) An (PX) e e (A-8)

Since the exp(ik(pn -P) term is slowly varing it is lumped together with

the amplitude term to give a new slowly varying amplitude expression

f n(p,x) = A n(p,x) e kr.-") (A-9)

The field due to the nth source is therefore

*n(P'x) = (Pn "p )  fn(p ' x )  e n-( (X(Xn) 2 0

To arrive at the total expression for the amplitude of the right-travel-

ing wave the effect of the fields from N virtual images must be summed

along with the basic plane wave to give the following expression
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f(zx) = (P- [ex( )i iSkLx xn) fn(Px)
F(Pn n

p  n

texp ( ik(x~xn) ) f(P-x)l + f(p,x) (A-li)
pn- _P n J

where f(p,x) is the amplitude due to the basic plane wave. This corres-

ponds to Eq (20) of Ref 6.

This procedure is repeated to find the amplitudes for the left

traveling wave. The virtual images are now to the right of the cavity

as illustrated in Figure A-2. The approximation for the distance R is

found in the following manner. From geometry

R2  (Z-in) + (X-Xn)
= n (A-12)

using the fact that z=p2-X2 and zn= -n 2 Xn and squaring all terms

R2 =p2 + p -2 W/ P2 x2) -2xxn n n n(A-13)

substitute x=Bp and xn=enPn in the previous equation to get

R- =P + p - 20nPP n  - 2pp (1- )(- n) (A-14)

The value under the square root becomes

V(l-e 2)(l- 7) Ye2 2 612 +A
S-en On 4A-15)
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Figure A-2. Geometry for left traveling wave

4
Since the terms on the order of 0 are much smaller than the remaining

terms, this equation is approximated as

V1o2)1 62  Y,] e2  _ '

2 2

l1 + 0 2 n
0 2 (A-16)

when the Fresnel degree of approximation is assumed. The equation for

R2 now becomes

= (PPn)2 + ppn(e-en)2
R2 + nn n(A-l7)

Again use the binomial series expansion for the square root to the Fresnel

degree of approximation to get the following expression for the distance R

2
R = n + l/PnI/P (A-18)

This expression is then substituted into the phase termi of a cylindrical

wave Eq (A-3) to yield
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g(p,e) = (P-n) An (p,x)e ik(P'pn e2 n /P) (A-19)

Again the exp(ik(p-pn)) term is lumped together with the slowly varying

amplitude coefficient to give a new slowly varying amplitude expression.

gn(P,X) = O A n (p,X) e ik(P-p n
)  (A-20)

The entire expression for the left-traveling amplitude expression must

sum the contributions of the main cylindrical wave and the wavelets

emanating from all the vitual images to the right of the output mirror.

The final expression becomes

; T O O ' 2' o , i k, o _ x n , )
-g(p,e) (Ppn) exp 2/n- /

X n(,X +ex ( ik(e+_Xn/pn,)2  (,X]

-px x I/p n - /p gn p - x

+ p' g(p,X) (A-21)
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Appendix B

Derivation of Boundary Conditions

The purpose of this section is to explain the procedure for solving

the integral equation and then use its solution to derive the boundary

conditions at the right end of the cavity as well as the expression for

the diffracted wave on its first trip to the right.

As was explained in Ref 6, the equation which must be solved to

match the boundary conditions at the right end of the cavity is

g(pe) I ( 2ikn ad e2ikD
- FI/p - l/d )

-If f(D,an) exp ( 1 d dn (B-1)

Remember that from Eq (6)

N I ik(an-xn)2

f(Dan) = (Pnd)_2 I\ ( P-d /

X f(d,an) texp Man +d n

X fn(d,-an)] + f(d,an) (B-2)

Substituting this into the integral expression, Eq (B-l) becomes

g(p,e) = 1 (lk21 ad- e21kD (11+I +I2w /-/d a ++ 3)  (8-3)
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where

N / 1
Sn= I (p -d) exp - .. )

(k °aL)2

-21( - -d

X f n(d.a) exp /d dn (B-4)

N 

2

1k(, an2\
X fn (d~an) exp - dii (B-5)

I k, 2- - --

13 m / f(d.ati) exp -17 TT/d- dn (8-6)

These integral expressions can be solved using an asymptotic approxima-

tion developed by Horwitz (Ref 3). This formula can be written as

+1

I T./exp Ii(A112 - 2Bi, + c)I F(,,) d,

+F(-l) (21(A+B) exp (i(A+28+C))

+F(l) (21(A-B) ) exp (i(A-2B+c)) (B-7)

For this approximation to be valid, it is assumed that A and B are large

and that B/A lies within the domain of integration and not close to n-11.
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The function F() must also be slowly varying.

Now solving for 11 using this approximation

1 N N, , ) [-If (d.an)

X exp i i(Al 21 AAI, 1 1 ) d kill,

where,

AI

C k x j .U. , 1 :0 )

Solving for the partial teoms of the approximation

"1  tl"t-d3 ) (, -1I B

A"1 - I d(0  . , -_ II (B i,1

A1  + B1  k a. A- 1  t4 -~ # ((w14A1  - - P. , ,-, ( (,1,0
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A 2 +C p Ia~na2 + ed) 2

AI+2B+C= I+ d(p-d)(B-16)

A1  2B + 1 " n + d{ p d 2- (B -17 )

Substituting these into the approximation the solution for I becomes

N

S (pn-d) ' (21 dnd -nIk--  d(,,-d) Pn--
n=l

X/exxj+ (p- d+ ) If n (d'd ( ---- q'))

(FXd3?4 At~) n

Xex I P(xn-od )

+ f (d,-a) ika ( +-+ + {°+od

exi ~ ~~ _I - tld)1 f da

dTx-dP))d (B-I ti)

Similar expressions for 12 and 13 can be found yb using a similar procedure.

After finding expressions for 12 and 13, Eq (B-I) becomes

g(P0) 1 ( 2 kad - e21kD (ond
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x exp ik p~n d + f (d,-a)

12 dik(p-d + p~p n-d)J1 n

X I k ex ( 2a- + fi(ka flkaxn . 29

2A '1kod neaod

X expf~ ik faoL 2 + f (d,a) ikai a!xl+ P{~O.) [

X ep L (axn 2 exp ik p~-d fn(.a

2 lnd I f- tdd i1

Ilk x od2 1 2 d(p-d) 2 I
Aep 2 ~a+od) -2 + +ja qd2

1)-2

X exp I k Q~ilq + (d) 2 ) 1 2ka {d 2 1

2 d(-d)+ Ppn-d) k50



Now remember that the specific form of the gk , ) term on the left side

of the equation is given by Eq (7) with n=-m

g(f .4 =1 _ (oOn)' exp
n=1,2 l/ p

X gn(P,x) t exPL k 'o + X-n L

I/g $:n~ i) "(px) + g(Px) (B-20)

After some algebra and in the limit p4-d the following exponential from

the left side

exp kx-

-nl/_n'l//

can be shown to equal the following exponential from the integral expres-

sion.

exp ( k (X-ed) 2

2- d(p-d) + p(pn-d))

These exponentials both reduce to

exp( i - 2
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in the limited p-+d. Similarly, the remaining exponential on the left

side can be equated to an integral exponential in the limit p-*d as

follows

/k xn/

px( _n 2
2x d)-d = e (L( on-od) )

--1-n"IP (B-21)

Now equating terms from both sides that share an equivalent exponential

expression, the following partial boundary results

P,(- - -(')= 11 2wika 2  e 2ikD
-n g-( p x) = -i d(I/p elk

X (Pd)- [ 2ri d(p-d)(pn-d)n- a-7 d(p-d) + p(p n- d)

X fn (d,d Xn (p-d) + ep(p-d)n=,....N1(-2

-n)+ p-d)) , n=l,2,.,N- (B-22)

In the limit p-'d, this equation becomes

e21kd(pn-d)- fn(dx)=(d-pn)'  gn(dx) n=l,2,...,N-1 (B-23)

This equation can be duplicated by using the other set of similar exponen-

tials. This equation is the same as Eq (29) of Ref 6. This equation only

accounts for the terms from ntl through N-i. The Nth terms from the right

side of the equation are equated to the remaining g(p,x) term on the left

to give
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g~p~u 2wik - 21kD

1(px) kad e (-d)

x[ ,  . -d(pd) + P(PN -d) fN(dx)

lk exn -ed) 2Nd,
X exp 2 d(p-d)"+ p(PN -d)

X expP(XN + d)2  2w1 d(p-d) 1

e-p 2 d,--d) +N l o ] .,f(d,x) (B-24)

In the limit p d and N large this becomes

g(d,x) = dAe2MkD -(PNd)' exp (ti /2

X IfN(dx) - fN(d,-x)I + f(dx)j (B-25)

This is equivalent to the boundary condition Eq (30) of Ref 6.

The remaining terms are now combined to give an expression for

go(px) which is interpreted as the amplitude of the diffracted wave on

its first trip across the cavity. The expression is

2

P(P-P)'h exp k X) (

0 PO

11% Ip go(P,x)

I 12ri ka2  1
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X e 21kD N d- f~ a Iik 'a+x oa-d

+ Iika ( at+ + L~ exp1 2 k (~n

X exp Ii Lk ~a-d)2j

2 aT2

(dfa( 'I a + p-~-a--'-j ex(PJ I k(

X x k ea)2 + 2ikD ( x . p(a-ed 2 I
2w d sp-)

2 2 -1

X exp L ~k p~a~ed)2j + f(d,a) Ilika R~a-ed)2  -1

These terms can now be equated by the following equivalent exponentlals

exP[ - e/p 2 d~-d (B-27)

and
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IX
exp (1 

lip (B-28)

which are equated by remembering that xo  a and po = d.

g ~ 1 21ritka 2  e2k

p ('d)' go(px) = i/d)

N

X I (Pn-d) "

n-l

X f(d -a) [ika / + p(a-ed) expj 1 L.d 2

d-x pa-d)1 )1 Al  (a+Xn) 2

+ fn(d,.a) Iik ( ! +(.-o°d>,d - exp I' T 1 d

+ [2vika2  e 21kD i" a [ika p(a'ed)2 -1
2r I/p-1/d) I 1- 1 (8-29)

This equation is aimilar to Eq (31) of Ref 6 and can be made to equal it

exactly if the variables 3 and 3n( are derived from the coefficients

of the amplitude terms. From the f(d,a) term, the following relationship

must be solved to find a value for ).

i d(p-d) (B-30)

Solving for a
x-a
p-d (B-31)
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Now using this value in the expression for the coefficient of the

f n (d,a) term

( Q) a -x + a-d
n P- 1 pd

-t (B-32)n

Therefore,

n p- (B-33)
n

Using the substitutions for x n and n

() a -1
n (I (+ M- (8-34)
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Appendix C

Derivation of Sn(x)

The purpose of this section is to illustrate the origin of the

Sn (x) term. The relationship for Sn (x) first occurs in the equation

relating the amplitude f n(d,x) on the nth pass to the amplitude

f1(d,Sn(x)) on the first pass. This equation is

fn (d,x) e2 t (n- 1)kD M

r I (Sn (X) fl(dSn(X)) (C-1)

In this equation the S n(x) is a shorthand expression of the path a ray

must travel in order to end up at x on the final pass.

The procedure for deriving the general expression for Sn (x) will

be to first derive the relationship between f n(dx) and f nl(d,r n(x))

and then use this to propagate all the way back to fl(dsn(x)). The

amplitude f n(d,x) will first be propagated back to the left hand mirror

where the appropriate boundary conditions will be applied. This expres-

sion will then be propagated back to the output mirror where the boundary

condition will again be applied. For the purpose of this discussion

the exponential gain is assumed to be unity.

Starting with Eq (32) of Ref 6 and propagating it backwards from

right to left and letting z=D

f n(d,x) fn (d,Xi) n=1,2,...,N (C-2)
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where

X xM.M2n  aM n(MI )

X-M 1-M n=l,2,...,N (C-3)

Using the boundary condition of Eq (24) of Ref 6 at the left end of the

cavity

f M2 n- M \
nM-M 2  1 nT 1-n (M , ) n= 1,2,.. ,,, (C-4)

The g1 n (Md,Xi) term is then propagated back to the right end of the

cavity using Eq (33) of Ref 6

(M2 -M ) =/(M2n M \. 1g
1 n(Md,X I ) =

X g1-n (dr n xW )  n=2,3,... ,N (C-5)

where

rn(x) = X l-M2(1n) + a M(-n)(M)
n I M-M2(ln) M-M'2(1-n)

n=2,3.... ,N (C-6)

Next, the boundary condition at the right end of the cavity is applied

resulting in
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(M-M 2D
91-nTii J 1 (d,r n(x)) =ek

X Q, M2(1-n) M .M / n-iX H2(n- )_i ,_E~l-n) n.1dr(

n=2,3,...,N (C-7)

Using Eqs (C-3) and (C-6) the r n(x) value can be expressed in terms of x

r(x) = x M2n -M Mn (M-M- 1 )
x - M -I1 n=2,3,...,N (C-8)

The relationship for f n(d,x) to f n-(d,r (x)) finally becomes

f n (d,x) = e2ikD M fnI(d,rn(X)) n=2,3,....N (C-9)

By using a similar procedure the fnI(d rn(x)) term can be related to

the fn- 2 (d,rn_1(x))) term in the following manner

fn-I (d,rn (x)) = e21kD M fn- 2(d,rnl(x))) (C-10)

This is repeated until

f 2(d,r 3(r 4( ...r n.1(r n(x) ) e ) e21kD

x M" fI(dSn(X)) (C-1l)
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where

S n Wx r r2(r 3( .r n-(r n(x) )..))(C-12)

This resulting expression for S (x) is clearly the required starting

location for a ray that ends up at x after n round trips.
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Appendix D

Plots

This section contains the graphs for the cases in Table 1.
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