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T'reface

At the time T started looking for a thesis topic I decided

that the type of problem T wanted to solve would be one that

involved the two areas I -had been studying: communications

and electromagnetics/antennas. T felt that 'apt. Itanley

?obinson would be the person who would have the best insight

into a problem that included both of these areas. After some

consultation we settled on this problem suggested by "aj. Jurgen

lobien at lome Air Development Center. Together, Capt. 7obinson

and T formulated an approach to the problem but came to a dead

end after an extensive literature search. Finally, we hit on

an approach that worked and got the ball rolling. The results

we came up with are for a simple case and there is so much more

that needs to be done. This is true with any research, though.

Probably the most important result of this thesis is that I

have had the chance to take things from the classroom and apply

them to a real world problem. T have really had a start at being

able to think problems through for myself and make some engineering

decisions. That is the real worth of this work to me. All the

mistakes T have made along the way have been A real aid to my

learning. If only T could start this study where it is being

stopped.

I would like to thank Capt. Iobinson for all the hours he

has spent putting up with inexperience and getting me to really

think deep about the thought processes involved in doing research

of this type. T would also like to thank It. Col. (arpinella
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and napt. G1olden for their help with m'y drafts and clearing up

m~y conceptual difficulties. 4 special thanks goes to "ant,

nonald Ittinger at *'ome A~ir evelopment frenter for his help in

at,.a±iing and interpreting the data plots, Also much thanks

goes to "r, "avid otts and the people in the '!ybrid limulntion

livision at the ki Computer ^enter for their help in digitizing

the data so it could be run through the computer.

T want to give extra snecial thanks and recoCnition to the

three most important peonle in mry life; my wife, linda; my

daughter, *eniiifer; and my son, Mi-hael. These three have been

a real joy to me in my times of frusttation and depression. I

want to thank Tinda for all her support and Jennifer and Michael

for all those much needed and pleasant distractions. Vastly,

and most importantly, I want to thank God for the patience and

perserverence he has given me.

Jeffrey T,. Frack
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Abstract

A statistical model of the effects of multipath reflections

for antenna arrays mounted on aircraft is developed to predict

antenna system performance as a function of communication signal

arrival angle. 7.ach array element is assumed to have a quiescent

pattern function that is a Gaussian random process with known

statistics. Using these assumed statistics of the array elements

the statistics of the array pattern function are determined. These

array statistics are used to determine the performance of the

system. Three performance measures are used: the probability

that, at each arrival angle, the pattern function is above some

threshold; probability level curves to show what threshold

function the array pattern will be above a specified percentage of

the time; and the probability the array function will be above

some threshold on an interval of arrival angle. These performance

measures are calculated numerically for a particular array

configuration and plotted versus arrival angle. As the statistical

variance of the elements increases the system performance, on the

average, decreases. Therefore, for large fluctuations in the

conditions that affect raultipath over the length of an aircraft's

mission, the system performance will be poorer than a mission with

smaller fluctuations. An illustration of the technique is done

using measured data to determine the statistics of the array and these

results are then compared against the results for the assumed case.

viii



Introduction

h. ackground

Whenever a new communication system is designed,the question

is always asked: how will it perform' "art of this system

performance determination involves the antenna that is used as

part of the system. ny antenna system will be altered in its

operating characteristics by reflections from the object to

which it is mounted and other objects in the vicinity. i ts is

particularly true of antennas mounted on aircraft. Engines,

wings, and armament all provide points of reflection and thus,

distortion for the antenna. The way in which these multipath

reflections affect the operating characteristics varies with the

aircraft configuration (armament and antenna placement,etc.) and the

orientation of the aircraft with respect to the arrival angle of

the communication signal . Tn order to determine system performance

antenna engineers make many measurements; however, each set of

measurements is only valid for one arrival angle,operating

frequency,set of weather conditions, and aircraft geometrical

configuration. "uring the course of a mission an aircraft can

assume an infinite number of orientations; plus the aircraft

can pass through different weather and the aircraft geometry can

change due to the release of ordinance and the build-up of ice.

This would seem to indicate the need for many, many measurements

for each combination of angle, weather conditions, frequency,

and geometry. Fven if such measurements were practical, the

great volume of data would give little insight into overall
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system perforrance. t :ould seem much simpler to develop a

statistical model A*nd statistically -'otivated performance

measures to predict performance over a range of arrival anvles

and cor.ditiorn3 such .; .\'eather and aircraft -eometry.

i. Problem qtate::ent

'he problem, then, is to develop a statistical model for the

multipath reflections of intennas mounted or aircraft. his

model is to be used for 7redicting communications nerformance.

C. An-ronch

lince aircraft "ovmert:,et, entlher condit. ns, an, the tize3

at ihic" )!dinance ire relewised are random effe:ts, the multipatil

reflection effects will be modeled as being random also. For

basic simplicity a one-dimensional linear array with N nonisotropic

elements is used to model the multipath effects. The elements

that comprise the array are assumed to have different quiescent

patterns which are assumed to be complex 3aussian random processes.

-his assumption is made mainly for mathematical convenience,

however the assumption can be justified. 'f the number of reflection

points is large enough, by the central limit theorem for random

processes, the pattern would become nearly vaussian. ."ith these

assumptions about the individual elements the statistics for the

entire array can be found.

Once the model is set up, certain performance measures can

be developed. Ine measure of performance is the probability that,

at each arrival angle, the array gain will be above some threhold

level. Another measure of performance is confidence levels; i.e.

2



what curve will the array gain be above a specified percentage

of the time? The third performance measure involves looking

at the pattern on some interval of arrival angle and determining

an estimate on the probability that the pattern will be above

some level on that interval.

Since data is available in the form of polar plots from three

antenna elements located at different points on the aircraft,

the performance measures can be evaluated using sample statistics

to illustrate the approach.

D. Outline

In chapter II the model is developed for the array and its

associated statistics are determined based on assumptions about

the individual elements. The pattern functions for the individual

elements and then the array pattern function are broken into

their respective real and imaginary parts to find the probability

density function of the magnitude of the array pattern function.

This will be needed later for some of the performance measure

calculations.

Chapter III introduces the performance measures. "otivation

for why these performance measures are being used is presented.

*There are three performance measures that are developed. The

first is the probability that the magnitude of the array

pattern function is above some threshold at each arrival

angle. The second performance measure developed involves the

level curves to show what threshold function the array gain is

above some specified fraction of the time. Finally, a probability

for the array gain being above some threshold on an angular

3



II

interval is developed.

Tn chapter !V a configuration is assumed and the performance

measures are plotted for arrival angles from 0 to 360 degrees in

one plane. This is done using assumed statistics and then

statistics determined from measured data. Conclusions are drawn

concerning the change in performance due to changes in the variance

of the array function and the differences between the assumed

statistics and the measured data are discussed. Recommendations

for extensions of this study are then made.

4



IT The Model

"his chapter develops a model for multipath using a linear

array. Using assumed statistics for the array elements, the

statistics for the entire array are determined. The statistics

for the array are then used to find the probability density of

the magnitude of the array pattern function.

A. Array and Assumed itatistics

or simplicity, the multipath effects will be modelled

using an antenna array with N arbitrarily -but not randomly'

spaced, nonisotrooic elements. If each element has a quiescent

electric field pattern, G ij), the total scalar electric field

pattern function ij given by

where

X is the operating wavelength

0 = kxi cosO (2

x i is the spacing of the ith element from the array origin

e is measured from the array axis

w is a complex beam steering weight which is assumed constant.

qee Figure I for the details of the array. To include the effects

of multipath, which are unknown apriori, the I1(9) are assumed

to be complex laussian random processes with known statistics
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x x2  x 3  xN x

Figure 1. N Element Array.

F ((Ii(eGAi@3: C, (3)I

:, [C' (()'I (0"]1= IR (0,01) (6)

[i()i(,] Roi g8 6

E [ I i(MI (G-)]= R oij(9,@' (7)

-hese statistics are assumed here to be known, but they can

be determined from actual data measurements. With these statistics

the autocovariance and the crosscovariance of Gi(9) can be

found to be

c 'i(9,0') R . (0,@,9- G j- 0)-- Q- (8)

C'ij (9,') = R j(9,@')- Gi() GI(O) (9)

B. Statistics of f(G)

The first things that need to be determined, based on these

assumptions, are the statistics of the pattern function,f(Q).

The mean of f(e) (the ensemble average pattern function) is given

by

6



L~(e) e" -G,707I (10)

The autocorrelation of f(@) becomes

p ij(,@9') wiw e

From eqns.10 and 11 the covariance of f(G) can be found to be

C f(,9,)= E [f(Q(),eQ)] - 4[f(G] E[f.(9,)] (12)

+ [R ij(9') - Gi(79 e j (  i ' 13)

This can also be expressed as

+ C, C ij(19,0) eJ( i- J wi w5 (14)

The second moment of f(@) is found from

E [f(G)f(o')] = Roi(9,0,)e J ) i (3(wi)2

+4 RoijC9,@')eJ( 'i J)wiw 1 (15)

The covariance type function associated with this second moment

is found by subtracting the product of the means. Thus,

C o(G9,)= E [f(Q)f(e,)] - S [f(G)) E [f(91)]

_ 7
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These statistics of f(Q) are not necessarily useful in their

own right. They are, however, useful as tools to get toward the

performance measures of chapter II.

Ine of the performance measures involves the notion of

correlation distance. Correlation distance for the array is the

angular distance apart two samples of the pattern must be to be

uncorrelated. This is really a measure of the rate at which

the pattern changes with angle. Small correlation distance means

that the pattern undergoes relatively large changes with a small

change in angle. Thus the uncorrelated sample points are closer

together.

All of the performance measures evaluated by this thesis

involve the magnitude of f(G), given by

If(G)I = (?f(Q,)2+ (Tmf()) 2  (17)

where

7ef(G)= the real part of f(G)

Imf(G)= the imaginary part of f(G)

f(Q)= Ref(Q) + jlmf(O) (18)

The magnitude of f(G) is used because most antenna measurements

are power measurements and do not include phase i.nformation.

What really turns out to be most useful is the probability

density of If(e)l . This is determined next.

8



C. Probability nensity of If(@)

In order to determine the density of If()l , the statistics

of the real and imaginary parts of f(9) need to be found. Once

the joint statistics of "ef(Q) and Tmf (9) are determined it is

just a transformation to find those of If(9)I • To determine

the means of ef(G) and Tmf(Q) it is necessary to look at 12(9)

and break it into real and imaginary parts. i(0) can be expressed

as

r, (9= e ii(Q9) + iTm () (19)

The mean of 1(0) becomes

.i(@)= 'eN + JIm7i(9) (20)

where -ei (0) and TmOi(0) are joint Gaussian random processes.

lomb-ning eqns.(1)(17)and(18)the real and imaginary parts of the

mean of f(Q) can be expressed as

Re fC0= (Re(wi)cosO i -Tm(wi)sin*i)T eSi(-Q-

- (Re(wi)sin*i + Im(wi)cosO i)Tm7i(9) (21)

Tm T~= ~ (?e(wi)sinOi - Tm(wi)cos0i),Tze

+ (Re(wi)cosOi - Tm(Wi)sinO i)TmX(9J07 (22)

The covariances of Ref(G) and Tmf(9) are found by breaking the

covariance of f(G), Cf(0,0'), and the second moment, Co(Q,@')0

according to real and imaginary parts. Cf(,,') is defined as

r.(Q,0,y [f( 01f*(e'q - E [f(0)] E [f*(e,)]

9



Ref(Q)Ref(R') - Re-f9 'ef(9') + Tmf(Q)Tmf(9')

-'mf(Q) Tmf(9'7- jRef(O)Tmf '' *, jTef- () Tmf(9')

* jRef(9')Tmf(Q) - JRef(9') Tmf(7- (23)

Likewise, 0 (0,@') becomes

Co0(9,0)= 'R()Re9)Ref(5'' - 577f97 Ref(9') - Imf(g)Imf(9')

" 7rf(G) Imf(Q') + j'ef(@)Imf(@') - jRef(Q, Imf(@')

" jRef(A0)Imf() - jRef(@') Tmf( (24)

The covariance terms of Ref(@) and Imf(@) can be found from these

two equations (2', and 24) to be

° ef9@ Ref(9'' - Ref(-) ef(9')= IRe[Cr(@,9') co(@,@''] (25)

Imf(@)Imf(9') - Tmf(@' Tmf(9' = ',Re[r f(0,') - C0 (9,9')] (26)

Ref(G')Imf(G) - Ref(9') Imf(9)= IIm[Cf(9,') + 0 (9,0')) (27)

Ref(G)Tmf(9') - Ref(9) Imf(9')=-jTm[Cf(,9') - C 0(0,0')] (28)

The performance measures of chapter III involve only If(O)l

at a given angle, 9, at any one time, so the concern here is

only first order and thus, 0=9' . The covariance terms now

reduce to having a variance interpretation. Variance is a

measure of how much the pattern changes at a given angle, 0,

when changes are made in the conditions that affect multipath

(aircraft geometryorientation of the aircraft, weather, icing, etc.).

The variance of the real part if f(G) becomes

a2(e) = Ref(O)Ref(9) - 779 Ref(9) (29)

10



"'he variance of 'mf(9) is given by

T m , ON T M f(9 - -- fT T:Mf(4)7 (30)

To check for correlation between Ref(Q) and Tmf(Q), a correlation

coefficient, r, is defined as

e' f er' -? Te ''~f 9~ - Tm f 9OM)

Tm ("f( ,,) + Co9Q, ] (411
or R() a"T" (0M

At any given angle, 9, the random processes are random variables.

qince 'We ,( and Tmf(@) are made up of sums of the real and

imaginary ,arts of which are joint laussian random variables,

then they are joint laussian random variables whose joint density is

given by 'efer6 1,2N

f(uv'~i r a exn 2 (-2r ( --1 (-(?

T n general, one could use this joint density in the transformation

of eq.(17)to find the density of If(O)I. "'his is very complex

and beyond the scope of this thesis. 4 relatively simple

solution does exist, howevr, when ,ef(ON and Imf(O) are uncorrelated

with common variance. "his implies that r=O and a.,9'=o2(9)

Ine way of meeting these conditions is by making two assumptions.

'he first is that the real and imaginary parts of Gi(G) are

uncorrelated with equal covariances and thus,at each Q , have egual

variances. This is reasonable since there is nothing in the

physical setting of the problem that would favor one quadrature

11



over the other. The second assumption is that the individual

element functions, Gi(Q', are uncorrelated from each other. Recause

each of the element patterns depends upon an identical aircraft

geometry and there is mutual coupling between the antennas, this

assumption is not altogether realistic. Actually,then, what is

assumed here is that the crosscorrelation between the elements

is negligible compared to the autocorrelation of each element.

Xith these assumptions various reductions occur in the statistics.

-he crosscorrelation of the elements (eq. 5) becomes the product

of the means and the crosscovariance (eq. 9) becomes zero. The

autocovariance (el. 8) becomes twice the covariance of the real

part of 1)Q'@ since the real and imaginary parts are uncorrelated

with equal covariances. 'he covariance of f(@' then reduces to

f(91,N=2 I [ eG i 9)Re3i('Q e i 'Q ReGi Q') Iw i l 2  (3,5'

For similar reasons R 0oj 1 ,') and Ro(, 9') are both zero which

causes C0 (0,') to become

Co(QQ') = 0 (34)

From eq.(33)it is evident that Cf(9,9') is a real function. This

combined with eqi34)dauses the correlation coefficient, r, to

become

i. [C f Q$Q)]
r 0 = (35)

The variances of the real and imaginary parts of f(G) are then

equal to jRe[ Cf(0,0)] . This can be shown by combining eqns.

12



(25),(26),(29),(30),(32). "he variances can then be expressed as

a2 = =2 2 R(.2 (Im(w )2 ]  (36)

where

2
a Gi(0)= Re-3i(9Y'?eGi(9)' - Re:;'i(Q9) 1e (0)3?

This oT1 (9) is the variance of both the real and imaginary

parts of G (9). Tt is found from CGi(0,0') by setting 0=0'

at a given angle, 9. With Ref(G) and Imf(@) being uncorrelated

joint laussian random variables with common variance, their

joint density is given by

f (u'v)= (2-)- e . u-u)2 + (V-) 2  (38)
Pef,Tmf 2 exp 2 ( )

From the joint density of Pef(Q) and Tmf(9) the density of

I f(Q)I can be determined (.ef 6 :195-196). Tf If(@)I is given

by eqQ 17)and Pef(@) and Imf(@) are uncorrelated joint Gaussian

random variables with different means and common variance, then

the probability density of If(9)I is given by

z2 + -_ T2+ o_2+ -, 
1

f- z [ze y2f1 _ (39)
f (z)=---exp 2T2Q L 2 Q

for all z2!O, where z= If(9)I and Io is the modified 3essel

function of order zero.

Tn summary, this chapter has presented a model for multipath

reflection effects. 9tatistics for the array were determined

using the assumed known statistics of the individual elements of

the array. All the geometry, weather, frequency, etc. effects are

13



taken into account in the statistics of 31(We The statistics

of f(G) were then found from the known statistics aad these were

used to determine statistics for Ref(G) and Tmf(Q). The general

case for the joint density of ' ef(Q) and Imf(G)was too complex

to perform the transformation to determine the density of the

magnitude of f(G). To simplify the transformation the 3i(Q)

were assumed uncorrelated from each other with uncorrelated

real and imaginary parts that had equal covariances. This led

eq. 39, the density of the magnitude of f(Q). "'his density

function is what is needed to determine the performance measures

of chapter TTT.

14



T Performance 'easures

:ow that the model has been established, what need to be

determined are measures of system performance that use tho

model. "here are three performance measures developed in this

chapte- along with sone .-otivation for why one would sant to use

these performance measures.

k. 7robability that If(Q)I is 'reater 'hnn a Threshold

In a typical communications scenario, usually there is a

minimum signal to noise ratio below which reliable communication

is impossible. This signal to noise ratio corresponds to a particular

relative antenna gain. The question might be asked, how reliable

are communication3 in a certain direction given that a certain

relative gain needs to be obtained. Since the way in which

multipath affects the relative gain can be viewed as being

random, a measure of reliability would be the probability that

If(G)I is above some threshold value, R, in a given direction.

-his probability is found by integrating the density of If(),

Pr1 Ir(e)h Rt I f ~I(.1 (z) dz (40)

The density of the magnitude of f(Q) was calculated in chapter

TI and is given by eq.(39). This equation was based on the

assumptions that the underlying Gi(0) are uncorrelated and their

real and imaginary parts are uncorrelated with equal covariances.

Thus, the probability that If(G) I is greater than some threshold,

N, is given by
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Pr If (G)I>R~ j 1 exp fe(Q 2 = j2
R 9) 2 ()

zI2 RefQ I 72 - 02] dz (41)
012 (J

-he density of the magnitude of f(9" is not integrable in closed

form and must be integrated numerically. -hese results are

plotted in chapter IV for one particular aircraft configuration.

B. Tevel Curves

Along the same idea as the first performance measure where

a certain confidence is placed on communications reliability

given some threshold, the second measure examines the converse,

The question to be answered is vhat curve, R(W, will the

magnitude of f(Q) be above a specified percentage of the time?

Tn other words, what is the maximum relative gain the system

will operate above p percent of the time? Given a direction

angle, 9, the probability statement becomes

Prlf(G)l>R(Q' I p (4?

-he threshold function, R(@W, can be determined by solving the

the integral equation

0

f fz(z' d-: p (43)
R

Again this integration needs to be done numerically. With the

assumption of a certain array configuration R(O) is computed

and plotted in chapter IV.

16



C. Probability If(Q9i is Above a Threshold In an kngular Tnterval

The first two performance measures were obtained using a

probability stateaent at each value of 9. Since, for an antenna,

one is concerned with the performance over some angular interval,

the distribution at each angle is insufficient to predict

overall performance. TIff')Iat a given 0 is greater than

R(9O, then with probability I If(G+ A@)I will be greater than

R(@) also if AG is small enough. This is because of a strong

correlation between f(G) and f(Q+ AG) for Ag small enough. Tf

A e is large enough f(g) and f(G+ A@) become uncorrelated. Thus

an estimate can be made of the probability that If(G)l is greater

than R on an entire interval.

Let 0 be the set of 0 n where (OD,@2,...,@N) are far enough

apart for f(@1) , gets., f( N) to be uncorrelated. Since

the f( n) are jointly normal and uncorrelated, they are also

independent. In view of this independence, the probability that

If(G)l will exceed R over the entire interval is given by the

product of the probabilities at the independent sample points.

Thus,

N
Pr ilf()I>R Ge 01= fl Pr$If( n)I>Rt (44)

n=1

where N is the number of independent sample points in the interval.

This type of performance measure is useful in the following scenario.

Suppose an aircraft pilot needs to communicate with his wing

man who could located anywhere on an interval of 30 degrees

centered at 90 degrees from the first pilot's direction of flight.

The question is asked, how reliable are the communications

17



between the pilot and his wingman? Equivalently, what is the

probability that the relative gain will be above the mir.imum

needed for reliable communication? This probability measure

can be obtained using the probability at independent sample

points. Tn order to determine how far apart samples must be

to be independent, the correlation distance for the array has

to be found. Appendix A involves calculating the covariance

of the array pattern function. This is then used to find the

correlation distance. For example, if the correlation distance

for the array were 15 degrees the probability would be given

by

Prf lf(9)>'R 75' 0:105 °1 = Pri If(75)l>R.' Prj lf(90)l>Rl

•PrI If( 105)1 >RI (45)

These probabilities can be obtained from the probabilities

determined by the probability that If(G)l is greater than R at

any 0 (the first performance measure). An actual sample calculation

is performed in chapter TV and measured data is done in Appendix A.

These performance measures have been developed to predict

communication system performance using the model from chapter TT.

Now what remains is to calculate the performance measures and

plot the results to see how the system performs with changes in

variance and mean. This leads into chapter TV.

18
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TV Numerical Results and "onclusions

The model and the resulting performance measures have been

developed in general for an N element linear array with arbitrary

element spacings. In order to get some specific results for

illutitration purposes a particular configuration for the array

must be assumed.

A. ronfiguration for the Array

The configuration to be examined in this chapter is that of

a three element array with one wavelength spacing between the

elements. Three elements are assumed because measured data

is available for three elements located at different places on

the aircraft. Current application uses one wavelength spacing.

Details concerning the measured data are found in kppendix A.

Even though the array configuration may be , in practice, more

complex, the basic proceedure is the same as for this simple

case. The array pattern will be the quiescent or unadpted

pattern with the wi set equal to one. There is, therefore, no

beamsteering. lince from a power plot there is no way to find

phase information, there is no way to tell how much of the

pattern is due to the real part and how much is due to the

imaginary part of Gi(O). For simplicity, then, the mean of

G (0) will be assumed to be purely real. T t should be emphasized

that the results that follow are only valid for this particular

array configuration. The technique is perfectly general, but

the calculations become more involved for more elements and

19



different spacings. ith these assumptions in mind the parameters

for the density of Ifk' I become

w 1 7. 1 for all i 46)

F. [a i (O ] -- (4

-[mn . Q = 0 1#8) -

0*e.A' -cs~~()~g - 2. n'lm1g Lj

cocoo 0

Tmf(g) 11 ilQo, r. -) c o.til~q Tn (0)

2 coa a

"hose parameters were developed in chapter TT.

'"he best relative gain that can obtained from each antenna

element is 0 db or a relative gain of one. Since multApath

causes a degradation in nntenna gain, the best that can be

obtained in a relative gain of one which corresponds to having

no multipath. The mean of each element will be assumed to be

5 .n % (ON down from a gain of one( O'(9i() io. standard deviationN

so that with probability noarly equal to one, tho pattern for

each element will not exceed a relative gain of one. This is to

make the model fit the physical constraints. For the simplicity

Of the numerical calculations each random pattern function,

20



*i(0), will be assumed to have constant and equal means and

variances. This is not true with the real data, however this

assumption is made to get a first order look at the changes in

performance due to changes in variance.

Be Pr I If (O)l >RI

The first performance measure to be evaluated is the

probability that If(Q)I is greater than a threshold, R, ateach

angle, 0. The expression to be evaluated (eq.(41)) is not

integrable in closed form so it is donu numerically. The results

of this are plotted for R=I in Figure 2 for four different values

of assumed variance. Curves for R=1,2,3 are found in Appendix B

for the same four values of variance. As the variance increases

the probability that If(G)l exceeds 3 is nearly zero. Since

large variance indicates wider variations about a smaller mean,

the probability that If(Q)I is greater than three standard

deviations away from the mean is very small. This indicates

that the assumption about the mean will yield pattern functions

that are less than the maximum gain. "he actual data never

exceeds 0 db. The trend in the plots of Figure 2 is that as

variance increases the probabilities of being able to communicate

tend to decrease. This would indicate that a mission that

involved far sweeping changes in aircraft orientation, conditions

* jof the atmosphere, aircraft geometrical configuration(due to

icing and release of ordinance) which will change the number of

reflections, and polarization (all yielding higher variance) yields

probabilities of being able to reliably communicate that are

21



ruu

11 Cu

\10

t

00 4)

£4

tko

0 0.1 ~ c ~ 0 ~ 0 ~ 0 0 0 to 0

0S

j~Ie);~Jd44



I

much lower than a mission which has more stable conditions.

C, Level ?urves

The second performance measure developed in chapter TTT

were the level curves. The solution to the integral equation

of eq.(45) is found at each angle, 9, and then plotted versus

9 in Figures 3-r. These plots are for four different variatnces

and at confidence levels of 70%, 80%, 90%. Figure 6 is a rlot

of the free snace pattern in the same plane; i.e. a three element

array with no inultipath. This is for comparison to see actually

how much degradation there is due to multipath. ks the variance

increases the threshold function, RkQ@, decrenses. Tncrene in

variance indicates greater fluctuationsthus,in order to stay

above the curve with the same confidence, the value of the

function has to be less. Also it should be pointed out that

as the percentage increases the threshold function decreases

for the same basic reason.

As the effect of the multLpath becomes less, the variance

also becomes less until when there is no multipath the variance

becomes zeroat which point the pattern should be that of the

free space plot(Figure U&. Tt should be pointed out that the

0.075 variance curves in Figures 3-5 begin to sh6w nulls at the

same locations and beamwidths on the same order as the free space

pattern. 'maller variances could not be used numerically because

the probability density approaches an impulse as the variance

approaches zero and the exponential term of eq. (39) goes out

of bounds for computer evaluation.
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D. rIIlfC) >' on an 'nterval of krrival kngle

'n chapter YTI a general example was done to indicate

performance on an angular interval. 'ow the same example will

be done using the plotted performance measures. From eq.(45) the

the probability that the magnitude of f(Q) is greater than some

R on the interval from 75 degrees to 105 degrees, assuming a

correlation distance for the array of 15 degrees, was

Pri If(G)I>R;75S-Q 1051 = Pr tIf(7I>RlPr If(90'>RI

*Pri If( 1O5)>Rl WOY

Assuming a variance for the array of 0.225 and R=1 (corresponing

to a gain of -4.77db' the probabilities can be found by sampling

the curve for variance=0.225 in '-'igure 2 at 75, 90, and 105

degrees. Thus,

PrI jf(Q)j)>1 ; 75S9S1051 = PrIof(75I>11 Prl 'f(90').1>

=(0.09) (0.6) (0.09)

=0.00486 (55)

The probability of reliable communications on the entire 30

degree interval is low for this large of variance. rhat is,

of course, assuming that R=I is the gain threshold below

which the minimum signal to noise ratio is not attained.

R. Measured lata

The previous results have depended on the assumption of

the elements having indentical and constant means and variance

26



-he true tests of performance should surely include the statistics

of the measured data. -he data analysis is outlined in Appendix

k. "sing the statistics calculated in lkprendix A the same

performance calculations were done. "'he results are plotted in

-igures 7-10. -he data plots have the same general shape as

the theoretical curves but there are some differences. Figure

7 is a plot of tho probibility that If(WI is Freater than R,

for each 9, using a saxrle mean and variance at each Q. The

differences between this and the theoretical curves come about

from a number of things. 'he theoreticnl analysis assures

stationarity for the mean ann viriance. 'hese two quantities

are not constant over all 9 and thus not strictly stationary.

"his accounts for much of the fluctuations. The data runs for

the level curves (Figures 8-10) are remarkably similar to the

OO75 variance plots of Figures 3-5. This may not be a true

picture of actual closeness because of the compression capability

of the logarithm function used in calculating db gain. The

differences that do occur are again because of the lack of

stationarity of the data.

F, Utility of the ' odel

The question will be raised, how can this model be used?

Tt was pointed out at the start that the model was general for

an N element linear array with arbitrary (but nonrandom) spacings.

An antenna engineer with a lot of antenna data (on the order of

100-200 plots) now has a method through which to calculate

system performance. All that needs to be done is analyze the
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RrOTRUN

Figure 8. Level Curve for 70%4 confidence using statistics
from measured data.

Figure 9. Level Curve for 80%, confidence using sample

statistics from measured date..
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R(B)DATA RUN

Ot CU V E

Figure !C. Level C'urve for Qa' confidence using Sample
statistics from neasured data.

data as in Appendix 4 to deterrine sample statistics in order

to get mean, variance and correlation distance. After deciding

upon a cofiguration and assigning sample statistics to each

element, he can then systematically do the same type of calculations

to determine how much gain degradation multipath will give to

the system. mhe probability of f(G) being greater than R at

each 9 will probably not be of much use in its own right, but

when used to find the probability on an angular interval it

becomes very useful. Tf the correlation distance is greater

than or equal to the length of the interval then the probability

can be obtained by one sample point. Thus the probability at

one point describes the probability over the whole interval.
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Typically, an antenna engineer might have tried to predict system

performance by taking an average of relative gain. That does

not take into account the randomness associated with the multipath

effect. By usivng statistics to determine the performance, the

engineer can make a prediction that will acknowledge the randomness

encountered over the length of a mission.

As an example of the usefulness of this technique the following

problem is examined. quppose a system is designed so that the

minimum signal to noise ratio required for reliable communication

is achieved at a maximum of 1/3 the free space maximum relative

gain. There are several angles on the free space pattern that

correspond to 1/3 the maximum or -4.77 db. At those angles

what is the probability the antenna gives that gain or more in

the presence of multipath? For example, from Figure 6 -4.77 db

corresponds to 40 degrees. From Figure 2 this corresponds to

a probability of nearly 1 for variance of 0.075 and decreases to

about 0.05 for a variance of 0.30. Thus, for small variance

there will be reliable communications at an arrival angle of

40 degrees in the presence of multipath. That reliability

decreases appreciably for higher variances.

This study has only involved the antenna portion of the

communication system. To really check performance of the entire

system one needs to consider the modem and the rest of the system.

Since signal to noise ratio is a measure of communications

performance, some way has to be found to use the antenna performance

to predict performance in terms of signal to noise ratio. This

study has looked at performance in terms of signal to noise ratio
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given a relative gain or I f(Q)I . To get the overall signal to

noise ratio all one has to do is average over the statistics

of If(G)l and thus arrive at a measure of performance for the

overall system.

1. Recommendations

This study has been simplistic in that the array considered

was a one dimensional array. A logical extension would be to

extend this model to include two and three dimensional arrays

and also examine the effects of multipath in three dimensions

instead of just one plane. Also assumed in this development was

the uncorrelatedness of the elements and no beamsteering was used;

either. The next step is to examine the case where the elements

are correlated and adapt the pattern in response to some jamming

threat. New performance measures for the adapted array should

be developed. 'hen the adapted weights are substituted back

into the equations for performance developed in this thesis,

the statistics become quite difficult to evaluate.
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Aprendix A: nata Analysis

A. Measurements

Measured data is avagilable for three individu.,l, but identical

antennas located at different Dlaces on an A-10 aircraft. The

data was obtained through lant. nonald Ittinger at RADC/DCTD at

'ome *ir ' evelopment 'enter, Iriffiss AFI, 1'ew York. Figure 11

shows a side view of the A-10 with the antenna locations marked.

Veasurements were taken for the antennas one at a time. These

measurements were made at a fixed location in snace while the

aircraft was rotated through 360 degrees of azimuth angle. The

elevation angle was then changed nnd the aircraft was rotated

again. Pigure 12 illustrates the physical setup for the measurements.

Azimuth nlots were taken for elevation angles of -15, 0, 15, and

30 degrees, each at frequencies of 257, 300, and 3F5 MNft. 'he

angle, 9, is a measure of azimuth; thus, each data plot is

measured power in one plane for 9 between 0 and 360 degrees. The

Antenna I Antenna 2

Antenna 3

Figure 11. Antenna Tocations for Yeasured nata on A-10 Aircraft.
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data plots are contained in Appendix C. The antenna used was a

blade antenna. A diagram of this antenna is shown in Figure 13.

B. Mean and Variance

There are 12 plOts available for each of the three elements.

Each of these is a realization of the random process, I

qampling the process at a given 9 yields an ensemble of 12

realizations of a random variable. This is because whenever the

random process, G(), has 9 fixed the result is a random variable.

An illustration of the realizations of a random process is given

in Figure 14. Tf p, is a sample of one of the realizations at a

given 9, the mean of the random variable at a given 9 is estimated

by

N

m - N Pi (A- I)
i= 1

The variance of the data at a given 9 is estimated by

N

LA^

l,'/ k :/V

l/2 . \- .^K - N ; i2 ^.^-2)

{ -V Vv-' -V,- V ---,, - ,

Figure 14. Realizations of a Random Process.
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I
Tf each of the samples are identically independently distributed

these two estimators are unbiased. "he variances of the estimates

vary approximately on the order of 1/N, so when evaluating the

Tchebycheff inequality,given by

the estimator does not become really accurate until N is on

the order of several hundred. 'lith I? realizations, the esti!,iators

are not very good, but there are only twelve Plots for each

element. These calculations for mean and variance are made at

every one derree and are Plotted in Figures 15-2,. 'igtures

15-17 are plots of the mean in db and !.'igures 18-,20 are the

plots of the algebraic mean. "he variance plots are in Figures

21-23. These values for mean and variance can then be substituted

into the performance measure equations to determine performance

as in chapters 'TT and IV, Clearly the mean and variance change

with arrival angle to reflect the change in geometry caused

by rotating the aircraft.

C. Correlation nistance

Tn order to calculate the probability that If(Q'I is greater

than some threshold on an interval, some estimate of correlation

distance is needed. 'o get the correlation distance one needs

to look at the covariance of the data waveforms. "'he autocovariance

of each waveform is given by

T

0
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This function is a covariance assuming the process is otationary.

T is the interval on which the function is observed and in this

case it is 360 degrees. 7hen using sampled data this can be

approximated by a series of covariances for different values of

shift in e. eiven a series of samples representing one waveform

AV' k2i "''. A., for a shift of j, the autocovariance is given

by (7 ef 13:59)

N-j I
Rj 1, (A m  AVER)(Am~_-V A5

- N-j+! m=1 -MJI VR A5

where

N
AVE Ai  (A-6)

ii

N = the number of sample points in A

J = 1, 2, 3, ... ! representingAG of 0, 1, 2, ... L-I

The Rj can be plotted versus A@ for the covariance of each

waveform. Rj is autocovariance not to be confused Tith autocorrelation.

The function depicted by R versus theta shift is Ci(0), the

autocovariance of the single waveform. "'hat is needed is an

estimate of autocovariance for the entire process and not just

each waveform, however. The total autocovariance is then estimated

by
12

C( 9)= Ci( AG) (A-7)

12 1

This estimate is unbiased and it has the same problem as

the previous estimates: not enough waveforms. From these

autocovariances the correlation distances can be found by the angle
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7I

where the covariance reaches 1/10 of its peak value (1/10 is

an arbitrary assignm'ent depending on the definition of correlation

distance). "his works out to about 15 or 20 degrees. 'his can

then be used in calculating the probability thnt If(G'I is ere.Rter

than a threshold on some interval. 7ample autocovarianem for

each of the three elements are olotted tn Figure-24-26.

MEAN( DBJ ~

ANTENNA t

-igure 15. Sample Yean in db; Dkntenna 1
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ANTENN t

F'igure 17. Sample "ean in db: Avitenna5
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Appendix R: Supplementary Probability Plots

This appendix contains plots for the first performance

measure determined in chapter TIT and plotted in chapter TV. 'hese

plots are the probability that the magnitude of f(G) is greater

than a threshold R, for R=1,2,3 at four different variances for

the array. Figure 27 is for var=O.075 ; Figure 28 is for

var2O.150 ; Figure 29 is for var=0.225 ; and Figure 30 is for

var=O. 300.
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Appendix C: '"ata "'lots

This apnendix contains the data plots used for determining

the statistics of the array elements as outlined in Appendix A.

All the plots are for vertical polarization and they are plots

of measured power in one plane. 'igures 31-42 are the plots

for Antenna I ; ,'igures 43-54 are the rlots for kntenna 2; and

igures 55-66 are the plots for Antenna 3. "'he plots for each

element are for elevations of -15, O, 15, and 30 degrees each at

frequencies of 257, 300, and 385 M"7z. The letters "SG4" found

on each plot refer to Itandard lain "orn. "he SGI level marked

on each rlot refers to 0 db of relative gain.
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'performance measures for the array: the probability that the array
Bain Is above a threshold; probability level curves to show what
threshold function the gain will be above a specified percentage of
the time; and the probability that the array gain will be above some
threshold on an entire interval. Those rerformance measures are
evaluated for a specific array configuration for a set of assumed
statistics and then plotted versus arrival angle. rhe results for
different array varixnce are compared and the result is that higher
variance results in poorer average antenna performance. The same
measures are then evaluated for an array whose statistics are determined
from actual measured data.
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