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reface

At the time T started looking for a thesis topic I decided

that the type of problem T wanted to solve would be one that

‘1nvolved the two areas I had been studying: communications

and electromagnetics/antennas., T felt that "apt. Stanley
Robinson would be the person who would have the best insight
into a problem that included both of these areas., After some
consultation we settled on this problem suggested by “'aj. Jurgen
nobien at Rome Air nNevelopment Center. Together, Capt. Tobinson
and 7 formulated an approach to the problem but came to a dead
end after an extensive literature search. !inally, we hit on
an approach that worked and got the ball rolling. The results
we came up with are for a simple case and there is so much more
that needs to be done. This is true with any research, though,
Probably the most important result of this thesis is that T
have had the chance to take things from the classroom and apply
them to a real world problem. T have really had a start at being
able to think problems ;hrough for myself and make some engineering
decisions, That is the real worth of this work to me, All the
mistakes T have made along the way bave beer a real .aid to my
learning, Tf only T could start this study where it is being
stopped.

I would 1like to thank Capt. “obinson for all the hours he
has spent putting up with inexperience and getting me to really
think deep about the thought processes involved in doing research

of this type. T would also like to thank I.t. Col. Carpinella
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and “avt. Golden for their help with my drafts and clearing up
ny conceptual difficulties. A special thanks goes to "ant,
“onald Ottinger at “ome Alir "evelopment "enter for his help in
at.aining and interpreting the data vlots, Al1s0 much thanks
goes t0 ‘'r. "avid "otts and the people in the '‘ybrid “imulation
"ivision at the 23" Computer "enter for their help in digitizing
the data so it could be run through the computer,

T want to give extra svecial thanks and recognition to the
three nost important peonle in my life: my wife, "inda; my
daughter, ‘enuifer; and my son, Mi-hael., These three have been
a real joy to me in my times of frusttation and depression, T
want to thank linda for all her support and Jeunifer and Michael
for all those much needed and pleasant distractions. lastly,
and most iamportantly, I want to thank God for the patience and
perserverence he has given me,

Jeffrey T.. Frack
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A statistical model of the effects of multipath reflectiors
for antenna arrays mounted on aircraft is developed to predict

antenna system performance as a function of communication signal

arrival angle. Zach array element is assumed to have a quiescent

3 PR

pattern function that is a Gaussian random process with known

statistics. Using these assumed statistics of the array elements

e gy w—tr

the statistics of the array pattern function are determined. These

array statistics are used to determine the performance of the

P

system. Three performance measures are used: the probability B
that, at each arrival angle, the pattern function is above some
threshold; probability level curves to show what threshold

c function the array pattern will be above a specified percentage of
the time; and the probability the array function will be above
some threshold on an interval of arrival angle. These performance
measures are calculated numerically for a particular array
configuration and plotted versus arrival angle. As the statistical

variance of the elements increases the system performance, on the

B0 b R L W M, Ta MR g drs )

average, decreases. Therefore, for large fluctuations in the »

conditions that affect multipath over the length of an aircraft's ;
mission, the system performance will be poorer than a mission with :
smaller fluctuations, An illustration of the technique is done
using measured data to determine the statistics of the array and these :

results are then compared against the results for the assumed case, ;

viii




T ITntroduction

A. Background

‘Yhenever a new communicatior system is designed,the question
is always asked: how will it perform™ Tart of this system
performance determination involves the antenna that is used as

part of the system., Any antenna system will be altered in its .

operating characteristics by reflections from the object to

which it is mounted and other objects in the vicinity. " is is

particularly true of antennas mounted on aircraft. ¥=ngines,
wings, and armament all provide proints of refléction and thus,
distortion for the antenna., The way in which these multipath
reflections affect the operating characteristics varies with the
aircraft configuration (armament and antenna placement,etc.) and the
orientation of the aircraft with respect to the arrival angle of

the communication signal . Tn order to determine system performance
antenna engineers make many measurements; however, each set of
measurements is only valid for one arrival angle,operating
frequency,set of weather conditions, and aircraft geometrical
configuration. Turing the course of a mission an aircraft can
assume an infinite number of orientations; plus the aircraft

can pass through different weather and the aircraft geometry can
change due to the release of ordinance and the build-up of ice,

This would seem to indicate the need for many, many measurements

for each combination of angle, weather conditions, frequency,
and geometry. %ven if such measurements were practical, the

great volume of data would give 1little insight into overall

1




system performance, 't :0uld seem much simpler to develop a
statistical model and stantistically motivated performance
measures to predict performance over a range of arrival angles

ard conditions such as yeather and aireraft geometry.

U, Prodblem Statemernt

"he problem, ther, is to develop a statistical model for the
multipath reflections of antenrnas mounted on aircraft, ‘his

model is to be used for rredictinsg cormmunications nerformance,

Ce A2xnronch

Since aircraft movements, weather conditions, and the tirmes
at which »rdinance are released are random effects, the multipatn
reflection effects will be modeled as being random also. ¥For
basic simplicity a one-dimensional linear array with N nonisotropic
elements is used to model the multipath effects., The elements
that comprise the array are assumed to have different guiescent

patterns which are assumed to be complex Jaussian random processes,

This assumption is made mainly for mathematical convenience,

however the assumption can be justified. 'f the number of reflection

T

points 1is large enough, by the central limit theorem for random

w- W

processes, the pattern would become nearly Jaussian. Jith these

assumptions about the individual elements the statistics for the

entire array can be found,

once the model is set up, certain performance measures can
be developed. Jne measure of performance is the probability that,
at each arrival angle, the array gain will be above some threhold

level., Another measure of performance is confidence levels; i.e.




what curve will the array gain be above a specified percentage
of the time? The third performance measure involves looking
at the pattern on some interval of arrival angle and determining
an estimate on the probability that the pattern will be above
some level on that interval.
Since data is available in the form of polar plots from three
antenna elements located at different points on the aircraft,
the performance measures can be evaluated using sample statistics

to 1llustrate the approach,

De. Outline

In chapter IT the model is developed for the array and its
associated statistics are determined based on assumptions about
the individual elements. The pattern functions for the individual
elements and then the array pattern function are broken into
their respective real and imaginary parts to find the probability
density function of the magnitude of the array pattern function.
This will be needed later for some of the performance measure
calculations.

Chapter III introduces the performance measures, !(‘otivation
for why these performance measures are being used is presented.
There are three performance measures that are developed. The
first is the probability that the magnitude of ths array
pattern function is above some threshold at each arrival
angle, The second performance measure developed involves the
level curves to show what threshold function the array gain is
above some specified fraction of the time., Finally, a probability

for the array gain being above some threshold on an angular

3




interval is developed.,

Tn chapter IV a configuration is assumed and the performance
measures are plotted for arrival angles from O to 360 degrees in
one plane, This is done using assumed statistics and then
statistics determined from measured data, Conclusions are drawn
concerning the change in performance due to changes in the variance
of the array function and the differences between the assumed
statistics and the measured data are discussed. Recommendations

for extensions of this study are then made,




1T "™he “odel

This chapter develops a model for multivath using a linear
array., Using assumed statistics for the array elements, the
statistics for the entire array are determined. The statistics
for the array are then used to find the probability density of

the magnitude of the array pattern function,

A. Array and Assumed “tatistics

Tor simplicity, the multivath effects will be modelled
using an antenna array with N arbitrarily ‘but not randomly’
spaced, nonisotrovic elements, TYf each element has a guiescent

electric field pattern, G,6{9), the total scalar electric field

i(
pattern function i3 given by
N

v
= 2, o3t g (o) w (1)
i=1

where
k=2%/\
A is the operating wavelength
¢1 = kx; co0s @ (2)
Xy is the spacing of the ith element from the array origin
® is measured from the array axis

w, 1s a complex beam steering weight which is assumed constant,

i
See Figure ' for the details of the array. To include the effects
of multipath, which are unknown apriori, the 11(0\ are assumed

to be complex Taussian random processes with known statistics




{ e e o
3 : -
x‘ xz x5 XN 'x
Tigure 1, N Element Array.
E[a,(0)] = T () (3
E [5,(e)63(6M]= »,(8,0") (4
2[5y 9)"'(9'\]— Ry 5(0,0") (s
1> [Gi(e)si(e')]= Rpy (050" (6
E[3,00)3,(69]= Ry, 4(8,0") (7)

mhese statistics are assumed here to be known, but they can
be determined from actual data measurements, #ith these statistics
the autocovariance and the crosscovariance of Gi(e) can be

found to be

€,4(9,0') = ®,(6,0')- G;(6)G(6") - (8)
Ca14(0:0') = R 4(8,8")- G,(8) 5y(8") (9)

@5 B. Statistics of f£(98)

The first things that need to be determined, based on these
assumptions, are the statistics of the pattern function,f(@).

The mean of f(@) (the ensemble average pattern function) is given

by




T [£(0)] = x wy B¢ G,(e)

The autocorrelation of f(@) becomes
2
E[f(0)r*(8")] = ﬁ; R,(0,0") |w1|

N | PRl 2
+§}ij(0,9') wiw;j e‘j( 1)

From eqns.10 and 11 the covariance of f(®) can be found to be

€;(0,0")= E [£(8)f*(8")] - E[£(8)] E[ £*(0")]

= 2;[1%1(?,0') - 6,(9) G;(oﬂ] |w1l2

)
+Z;Z‘[Rij(o,o-> - §,(0) 03(9-)] ed71 J&-1w3(13)

This can also be expressed as

. X 2
Cf(O,O' Y= Z:j CGi(OyO')|wi|

: V.-
i ] J( i J) *
+ Z E CGiJ(G,O ) e wiwy

The second moment of f(0) is found from

\] w _wl
E [0 f(e")] = 2: R (8,00ed" Ty 42

J¥LT¥Y)
*& Roij(e,e')e win (15)

The covariance type function associated with this second moment

is found by subtracting the product of the means. Thus,

€,(0,0")= E [£(8)£(8")] - E [£()] E [£(o")]




-w'
] [Qoi(0,0')- G,(0) G0 5')‘]e3(“ J)(wi)z

¥i=v!
‘2_‘:;[3?0“(9,0')-01(9) -.':J(o')]ej( i J)win (16)

These statistics of f(©) are not necessarily useful in their

M=

own right, They are, however, useful as tools to get toward the
performance measures of chapter III,

Ine of the performance measures involves the notion of
correlation distance. Correlation distance for the array is the
angular distance apart two samples of the pattern must be to be
uncorrelated. This is really a measure of the rate at which
the pattern changes with angle., Small correlation distance means
that the pattern undergoes relatively large changes with a small
change in angle. Thus the uncorrelated sample points are closer
together.

All of the performance measures evaluated by this thesis

involve the magnitude of f(@), given by

Ife)| = J(reer(en?»f (Tm£(9))°2 (17)

where

Ref(8)= the real part of f(9)

Inf(©)= the imaginary part of f£(0)

£(0)= Ref(0) + JImf(Q) (18)
The magnitude of f(©) is used because most antenna measurements
are power measurements and do not include phase information.
What really turns out to be most useful is the probability

density of |f(9)| « This is determined next.

8
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C. Probability Nensity of‘lf(Qﬂ

In order to determine the density of |f(°)| s the statistics
of the real and imaginary parts of f(@) need to be found, Once
the joint statistics of Ref(0) and Tmf (@) are determined it is
just a transformation to find those of |f(@)l . To determine
the means of Jef(®) and Imf(Q) it is necessary to look at 31(0)
and break it into real and imaginary parts. Gi(O) can be expressed

as
G4(8)= "en (@) + JImd (0) (19)

The mean of 11(9) becomes

2 = “e} ) 3
3,(8)= “e i(é, + jIm ;(o) (20)

where Reﬁi(e) and TmGi(e) are joint Gaussian random processes,
Combining eqns.(1){(17)and(18)the real and imaginary parts of the

mean of f(®) can be expressed as

Ref(0)= ﬁ (“\'e(wi)cos‘Pi -Im(wi)sinwi)wesi(ei
- (Ro(w_i)sin'bi + Im(wi)coswi)tmaiie) (2n
Imf(@) = ;2; (Qe(wi)sin¢a - Im(wi)cos¢i)ReiiZQS

+ (Re(wi)coswi - Im(wi)sinwi)lmnizo5 (22)

The covariances of Ref(9) and Tmf(@) are found by breaking the
covariance of (@), C¢(940'), and the second moment, CO(O,O').

according to real and imaginary parts. Ce(0,9') 1s defined as

£e(0,0M)= E[f(0)1*(8"] - E [f(®)] E [£2(8")]

9
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P e

e - -

\ = Ref{O)Ref(0'' - Ref(Q) "ef(0'' + Imf(O)ImI(O")
- "mf(0) "mf(0''~- jRef(O)Tmf{Q'' + jRef(O@) Tmf(0')

+ jRef(0")Tmf(0) - jRef(0'} "mf(Q) (23

Tikewise, CO(O,O'\ becomes

co(o,e')= Ref(O)Ref(©') - Ref(@) Ref(9') - Imf(0)Imf(0")

+ Tmf(0) Imf{0') + jRef(O)Imf(08') -~ jRef(O) Imf(0')

+ jRef{@")Imr(09) - JjRef(®') Tmf(Q) (24"

The covariance terms of Ref(®) and Imf(08) can be found from these

two equations (2% and 24) to be

+

“ef @Ref(O@'' - Ref(@) 2ef(0' )= %Re[Cf(G,Q') co(o,o')] (25)

Tmf{@)Imf(8') - Tmf(8' Imf(0''= IRe(r (0,0') - € (0,0")] (26)
Ref(0')Imf(8) - Ref(6') Imf(@)= ¥Im[C(0,0') + co(o,o'ﬂ (27)
Ref(0)Imf(0') - Ref(0) Imf(of§=-}rm[cf(e,o') - co(e,o'ﬂ (28)

The performance measures of chapter IIT involve only lf(eﬂ
at a given angle, ©, at any one time, so the concern here is
only first order and thus, 0=0' . The covariance terms now
reduce to having a variance interpretation, Variance is a
measure of how much the pattern changes at a given angle, O,
when changes are made in the conditions that affect multipath
(aircraft geometry,orientation of the aircraft, weather, icing, etc.).

The variance of the real part of f(©) becomes

o:(e) = Ref(O)Ref(O) - Ref(O) Ref(O) (29)

10
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"he variance of "mf(®) is given by

qf(e\ = "afe' Tmf(9Y - “mf{Q' Tmf{O® (300

To check for correlation between Ref(©) and ITmf(®), a correlation

coefficient, r, is defined as

po S [(hefi@) - Refl@ \('nf(@) - Tmfio")
- od(ﬁ‘ 0&(9‘

. Im [~ 00,0 + ¢ (0,0] (310
20,00 a,(@}

At any given angle, 8, the random processes are random variables,
Since Nef{®' and 'mf(®) are made ur of sums of the real and
imaginary parts of 11(0‘, which are joint Taussian random variables,
then they are joint Taussian random variables whose joint density is

given by ‘Ref 182}

\ (1o =Y om =) - (u-ﬁ\e-ar(u-ﬁ‘(v-V‘oginlz (32
Hu, v =5 1gv 5 (o7 °*° N PE 2
SO o2 oo (o0 0o

2{ 1=r™)
"n general, one could use this joint density in the transformation
of eqe(17'to find the density of |f(e‘]. ™his is very complex

and beyond the score of this thesis. 4 relatively simole

solution does exist, howev:r, when Ref(®) and Imf(®) are uncorrelated
with common variance. “ﬁis implies that r=0 and ¢r§i€)=o§(0) .

‘ne way of meeting these conditions is by making two assumptions,

The first is that the real and imaginary varts of 61(0) are
uncorrelated with equal covariances and thus,at each © , have egual
variances, Thlis is reasonable since there is nothing in the

physical setting of the problem that would favor one quadrature

"




over the other. The second assumption is that the individual

element functions, G,{@), are uncorrelated from each other, Recause

i
each of the element patterns depends upon an identical aircraft
geometry and there is mutual coupling between the antennas, this
assumption is not altogether realistic. Actually,then, what is
assumed here is that the crosscorrelation between the elements

is negligible compared to the autocorrelation of each element,
Vith these assumptions various reductions occur in the statistics.
"he crosscorrelation of the elements (eqe. 5) becomes the product
of the means and the crosscovariance (eq. 9) becomes zero., The
autocovariance (ej. 8) becomes twice the covariance of the real

part of 31'0‘ since the real and imaginary parts are uncorrelated

with equal covariances., The covariance of f{©) then reduces to

- ~n ”~ ’ ’ 2
nf(9,9'¥=2§;{ ® \eGi(O)Reui\O')] - PeG,(0) ReG {0') }|wi] (33

For similar reasons R {6,0') and Rm§9.e') are both zero which

oij
causes c°(9,9'3 to become

£ (0,8') = 0 | (340

From eq.(33)it is evident that Cf(0,0') is a real function. This

combined with eq(34)¢auses the correlation coefficient, r, to

becone
Tm [C.(0,0)]
r = W) =0 (}5)

The variances of the real and imaginary parts of f(@) are then

equal to 3Re( Cf(0,0)] « This can be shown by combining egns.

12




(29),026,(29),(30),(32)e The variances can then be exvressed as

02(0)= 02(0)= oB(0)= ;g; o2, (Of(Re(w )2 + (1m(w 2] (36)

where
2 ~ w - Do hY ~
UG1(°)= Re\:iYO) \861(9) Re».,-I(O. Reqi(07 (37)
This afi(o> is the variance of both the real and imaginary
3 _

parts of Gi(O). It is found from CGi(O,O') by setting ©0=0' .
at a given angle, @, W¥ith Ref(0) and Imf(@) being uncorrelated
joirt faussian random variables with common variance, their

joint density is given by

¢ () = @o7l (D e (veB)° (38)
Ref,Tmf 2 PI=—5
’ 02(0) 0°(0)

From the joint density of Ref(®) and ITmf(©) the density of
!f(O)lcan be determined (Ref6 :195-196)., Tf |£f(©) 4is given
by eq:17)and Ref(@) and Imf(®) are uncorrelated joint Gaussian
random variables with different means and common variance, then

the probability density of |f(@) is given by

£ (z)=—2 exp[-zau?eﬂQ;‘ea-Imfﬁg 2]T [zf"—mf ezma] (39)
) 2 0%(0) ° 72(e)

for all 2z>0, where 2= |f(0)| and T is the modified 3essel

function of order zero,

Tn summary, this chapter has presented a model for multipath
reflection effects, Statistics for the array were detsrmined
using the assumed known statistics of the individual elements of

the array. All the geometry, weather, frequency, etc. effects are

13
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taken into account in the statistics of 31(0). The statistics
of £f(Q) were then found from the known statistics aad these were
used to determine statistics for Ref(®) and Tmf(Q). The general
case for the joint density of “ef(Q) and Imf(©)was too complex
to perform the transformation to determine the density of the
magnitude of (@), To simplify the transformation the 31(0)
were assumed uncorrelated from each other with uncorrelated

real and imaginary parts that had equal covariances. This led
eqe. 39, the density of the magnitude of f(®). This density
function is what is needed to determine the performance measures

of chapter 177,
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TIT Terformance ''easures

ow that the model has been established, what need to be
determined are measures of system performance that use the
nodel., “here are three performance measures develored in this
chapte™ along with some nmnativation for why one would want to use

these verformance measures.

1. “robability that [f(OH is Jreater Than a Threshold

In a typical comrunications scenario, usually there is a
minimum signal to noise ratio below which reliable communication
is impossible. This signal to noise ratio corresponds to a particular
relative anteina gain. The question might be asked, how reliable
are communications in a certain direction given that a certain
relative gain needs to be obtainede Since the way in which
multapath affects the relative gain can be viewed as being
random, a measure of reliability would be the probability that
|f(0)| is above some threshold value, R, in a given direction,

"his probability is found by integrating the density of If(eﬂ,
pri |r(o)| >R} = T« (2) dz (40)
g k(e

The density of the magnitude of f(@) was calculated in chapter
1T and is given by e3.(39). This equation was based on the

assumptions that the underlying Gi(e) are uncorrelated and their ]
real and imaginary parts are uncorrelated with equal covariances,
Thus, the probability that |f(@)| is greater than some threshold,

R, is given by

15




» _-,2 rd TZ 4 2
Prilf(eprf = "?15' exp [ 2"+ Ref(8'“+ Imf(@) ]

R “(0) 2 -0
Yy 2 Te
R Ref(9) "+ Imf(O dz (41)
° 02(0)

“he density of the magnitude of (@) is not integrable in closed
form and must be integrated numerically. These results are

plotted in chapter IV for one particular aircraft configuration,

Be. Tevel “urves

Along the same idea as the first performance measure where
a certain confidence is placed on communications reliability
given some threshold, the second measure examines the converse.
The question to be answered is what curve, R(©), will the
magnitude of f(©) be above a specified percentage of the time?
Tn other words, what is the maximum relative gain the system
will operate above p percent of the time? Given a direction

angle, 8, the orobability statement becomes
prijs(o)>riet = o (4

The threshold function, R{©‘, can be determined by solving the

the integral ejuation

e
f£ (2> dz = p (43)
Z
R
Again this integration needs to be done numerically. With the
assumption of a certain array configuration R(®) is computed

and plotted in chapter IV,
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T« Probability |f(e) is Above a Threshold 7n an Angular Tnterval

The first two performance measures were obtained vsing a
probability statement at each value of ®., 35ince, for an antenna,

one is concerned with the performance over some angular interval,

o AT g o g .= < -

the distribution at each angle is insufficient to predict

overall verformance. If]|f{@)] at a given <] is greater than
R(©), then with probability 1 |f(e+ AO” will be greater than
R(©) also if A® is small enough. This is because of a strong
correlation between £(©) and f(o+ A0) for A0 small enough. Tf

A © is large enough f(©) and f(9+ AQ) become uncorrelated. Thus
an estimate can be made of the probability that If(@)] is greater
than R on an entire interval.,

Let @ be the set of On where (91’92""’°N) are far enough
apart for f(G]) ’ f(GZ) seeey f(ON) to be uncorrelated. Since
the f(On) are jointly normal and uncorrelated, they are also
independent. In view of this independence, the probability that
lf(GN will exceed R over the entire interval is given by the
product of the probabilities at the independent sample points,
Thus,

N

pr {lf(e)>R eve_@}=nn1 pri (e )I>R} (44)
where N is the number of independent sample points in the interval.
This type of performance measure is useful in the following scenario.
Suppose an alrcraft pilot needs to communicate with his wing
man who could located anywhere on an interval of 30 degrees
centered at 90 degrees from the first pilot's direction of flight,

The question is asked, how reliable are the communications

17




between the pilot and his wingman? Fquivalently, what is the
probability that the relative gain will be above the mi.imum
needed for reliable communication? This probability measure
can be obtained using the probability at indevendent sample

points. Tn order to determine how far apart samples must be

et Kt

to be independent, the correlation distance for the array has

VP

to be found. Appendix A 4nvolves . calculating the covariance

of the array pattern function, This is then used to find the
correlation distance. For example, if the correlation distance

for the array were 15 degrees the probability would be given

T VSR ST S

by
prije(el >R 75°< @<105°% = pri|f(75)> R}t Pr{|r(90)] >R}
.prile(105)] >R} (45)

These probablilities can be obtained from the probabilities

determined by the probability that |f(9)| 1s greater than R at

any © (the first performance measure). An actual sample calculation

is performed in chapter 7V and measured data is done in Appendix A.
These performance measures have been developed to predict

communication system performance using the model from chapter "1,

Now what remains is to calculate the performance measures and

plot the results to see how the system performs with changes in

variance and mean. This leads into chapter TV,

18




IV Numerical Results and "onclusions

The model and the resulting performance measures have been
developed in general for an N element linear array with arbitrary
element spacings. In order to get some specific results for
illustration purposes a particular configuration for the array

must be assumed,

A. Configuration for the Array

The configuration to be examined in this chavter is that of

a three element array with one wavelength svacing between the
elements, ™hree elements are assumed because measured data

is available for three elements located at different places on
the aircraft. Current application uses one wavelength spacing.
Details concerning the measured data are found in Appendix A,
Fven though the array configuration may be , in practice, more
complex, the basic proceedure is the same as for this simple
caseé, The array pattern will be the quiescent or unaampted

pattern with the w, set equal to one. There 1s, therefore, no

i
beamsteering. “ince from a power plot there is no way to find
phase information, there is no way to tell how much of the
pattern is due to the real part and how much is due to the
imaginary part of Gi(O). Tor simplicity, then, the mean of
Gi(O) will be assumed to be purely real. 't should be emphasized
that the results that follow are only valid for this particular

array configuration, The technique is perfectly general, but

the calculations become more involved for more elements and




[P

different spacings, .ith these assumptions in mind the paramoters

for the density of |fi®)] bocome

\'1 ER | for all 1 (LoD
rlay(e] = Rea,(ev (4N
E[mma (0] = 0 (48)
LS
N L o Y - N 4 : \ )
Qef(0 = ;E;cnawiRoGi\O ~1n31!m31\0 (40
4
TME(O = ;sinwlnucl ©) = cosd,Tma, (@) (o0
0,0 =gy 8) = 0 (0) = Z 0ny(9) (5N
u)' <« O (S’N’\
., = 2 coz @ (S8
Py = < cos O CH4L)

"hese parameters were developed in chapter 1T,

“he best relative gain that can obtained from each antenna
elemont is O db or a relative gain of one. Since multipath
causes a degradation in antenna gain, the bost that can be
obtained is a relative gain of one which corresvonds to having
no multipath. The mcan of each element will be assumed to be
3 061(9\ down from a gain of one{ 061(0) i3 standard deviation)
a0 that with probability nearly egual to one, the pattern for
each element will not exceed a rolative gain of one, This is to
make the model fit the physical constraints. Yor the simplicity

of the numerical calculations each random pattern function,

20
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Gi(O). will be assumed to have constant and equal means and
variances, This is not true with the real data, however this
assumption is made to get a first order look at the changes in

performance due to changes in variance,

s ATPA T AT ST % 1S

B. prilf(e)>rl

The first performance measure to be evaluated is the

probability that |£(@)] 1is greater than a threshold, R, at each
angle, @, The expression to be evaluated (eq.(41)) is not
integrable in closed form so it is done numerically. The results
of this are plotted for R=1 in Figure 2 for four different values
of assumed variance., Curves for R=1,2,3 are found in Appendix B
for the same four values of variance. As the variance increases
the probadbility that If(Oﬂ exceeds 3 is nearly zero, Since
large variance indicates wider variations about a smaller mean,
the probability that |f(@)| is greater than three standard
deviations away from the mean is very small. This indicates

that the assumption about the mean will yield pattern functions
that are less than the maximum gain. The actual data never
exceeds O dbs The trend in the plots of Figure 2 is that as
variance increases the probabilities of being able to communicate
tend to decrease. This would indicate that a mission that
involved far sweeping changes in aircrarf orientation, conditions
of the atmosphere, aircraft geometrical configuration(due to

icing and release of ordinance) which will change the number of

reflections, and polarization (all yielding higher variance) ylelds

probabilities of being able to reliably communicate that are

21
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much lower than a mission which has more stable conditions,

Ce. level Curves

"he second performance measure developed in chapter TIT
were the level curves, The solution to the integral equation
of eqe.(432) is found at each angle, @, and then plotted versus
@ in Yigures 3-5, These prlots are for four different variances
and at confidence levels of 70%, S0%, 90%., Figure & 1is a rlot
of the free snace pattern in the same plane; i.c. & three element
array with no multipaths This is for comvarison to see actually
how much degradation there is due to multipathe As the variance
increases the threshold function, R(Q), decreases., Tncrease in
variance indicates greater fluctuations,thus,in order to stay
above the curve with the same confidence, the value of the
function has to be less. Also it should be pointed out that
as the percentage increases the tlhireshold function decreases
for the same basic reason,

As the effect of the multipath becomes less, the variance
also becomes less until when there i1s no multipath the variance
becomes zero,at which point the pattern should be that of the
free space plot(Figure (6)s Tt should be rointed out that the
0.07% variance curves in Figures 3-=% beogin to show nulls at the
same locatlions and beamwidths on the same order as the free space
pattern, Smaller variances could not be used numerically because
the prodadbility density approaches an impulse as the variance
approaches zero and the exponential term of eq. (39) goes out

of bounds for computer evaluation,
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D. ngjf(ﬁ)]>9}fon an '"nterval of Arrival Angle

Tn chapter Y11 a general example was done to indicate
performance on an angular interval. 'ow the same example will

be done using the plotted performance measures. From eq.{45) the

the probability that the magnitude of f(@) is greater than some ;
R on the interval from 75 degrees to 105 degrees, assuming a

correlation distance for the array of 1% desrees, was

pri [£(Q)>R;75s 05 1051 = Pr{|r(75) >RIpPr{Ir(90) >r}

oPr} i 105> R} (45

Assuming a variance for the array of 0,225 and R=1 (corresponding
to a gain of =4,77db) the probabilitles can be found by sampling
the curve for variance=0,225 in “igure 2 at 7%, 90, and 10%

degrees. Thus,

prilf(@)] >1 ; 75205105} = prile(79)] >1} vri 90V >1}
“Pr {u(losﬂ >1}
2(0.09)(0.6)(0.09)
=0.00486 (59)

The probablility of reliable communications on the entire 30
degree interval is low for this large of variance. That is,
of course, assuming that R=1 1is the gain threshold below

which the minimum signal to noise ratio is not attained,

FEe Measured Nata

The previous results have depended on the assumption of

the elements having indentical and constant means and variance
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~he true tests of performance should surely include the statistics

of the measured data., “he data analysis is outlined in Appendix
A, !sing the statistics calculated in Aprendix A the same
verformance calculations were done, ™he results are plotted in
“igures 7-'0, The data plots have the same general shape as

the theoretical curves but there are sonre differences. “igure

7 is a plot of the probability that |f(e‘ is greater than R,
for each 0, using a samrle wean and variance at each @, The
difforences betwcen this and the theoreticnl curves come about
from a numnber of things. “he theoreticnl analysis assures
stationarity for the mean ard variance. ‘hese two quantities
are not constant over all @ and thus not strictly stationary.
This accounts for much of the fluctuations., The data runs for
the level curves (Figures 8-10) are remarkably similar to the
0,075 variance plots of Figures 3-5., This may not be a true
picture of actual closeness because of the compression capability
of the logarithm function used in calculating db gain, The
differences that do occur are again because of the lack of

stationarity of the data,

Fe LUtility of the ' odel

The question will be raised, how can this model be used®
It was pointed out at the start that the model was general for
ax N element linear array with arbitrary (but nonrandom) spacings,
An antenna engineer with a lot of antenna data (on the order of
100-200 plots) now has a method through which to calculate

system performance. All that necds to be done is analyze the
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OATA RUN
70% CURVE

Figure 8. Level Curve for 7065 confidence using statistics
from measured datae.

R(DB)
OAMR RUN

80X CURYE

Z
\S

Figure 9. lLevel Curve for 8C% confidence using sample
statistics from measured date,
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R(DBI
DATA RUN -
0% CURVE
-1
-15 ::::;\\\\\

Figure 'C. Level Curve for a0 confidence using Sample
statistics from measured data.

data as in Appendix A to determine sample statistics in order
to get mean, varlance and correlation distance. After deciding

upon a cofiguration and assigning sample statistics to each

A element, he can then systematically do the same type of calculations
to determine how much gain degradation multipath will give to
i the system. The probability of f(©) being greater than R at

each © will probably not be of much use in its own right, but

when used to find the probability on an angular interval it
becomes very useful. Tf the correlation distance is greater
than or equal to the length of the interval then the probability
can be obtained by one sample point., Thus the probability at

one point describes the probability over the whole interval,

30
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Typically, an antenna engineer might have tried to predict system
performance by taking an average of relative gain. That does

not take into account the randomness associated with the multipath
effect., By usiug statistics to determine the performance, fhe
engineer can make a prediction that will acknowledge the randomness
encountered over the length of a mission.

As an example of the usefulness of this technique the following
problem is examined. Suppose a system is designed so that the
minimum signal to noise ratio required for reliable communication
is achieved at a maximum of 1/3 the free space maximum relative
gain, There are several angles on the free space pattern that
correspond to 1/3 the maximum or -4.,77 db. At those angles
what is the probability the antenna gives that gain or more in
the presence of multipath? For example, from Figure 6 -4.77 &b
corresponds to 40 degrees. =rrom Figure 2 this corresponds to
a probability of nearly 1 for variance of 0.075 and decpeases to
about 0.05 for a variance of 0.30., Thus, for small variance
there will be reliable communications at an arrival angle of
40 degrees in the presence of multipath., That reliability
decreases appreciably for higher variances.

This study has only involved the antenna portion of the
communication system. ToO really check performance of the entire
system one needs to consider the modem and the rest of the system.
Since signal to noise ratio is a measure of communications
performance, some way has to be found ;o use the antenna performance
to predict performance in terms of signal to noise rgtio. This

study has looked at performance in terms of signal to noise ratio
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given a relative gain or lf(G)l « To get the overall signal to
noise ratio all one has to do is average over the statistics
of If(G)l and thus arrive at a measure of performance for the

overall system,

3. Recommendations

This study has been simplistic in that the array considered
was a one dimensional array. A logical extension would be to
extend this model to include two and three dimensional arrays
and also examine the effects of multipath in three dimensions
instead of just one plane., Also assumed in this develooment was
the uncorrelatedness of the elements and no beamsteering was used,;
either., The next step is to examine the case where the elements
are correlated and adapt the pattern in response to some jamming
threat., New performance measures for the adapted array should
be developed. ‘“hen the adapted weights are substituted back
into the equations for performance developed in this thesis,

"the statistics become quite difficult to evaluate.
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Apvendix A: Tata Analysis

A, Measurements

Measured data is avajilable for three individu.l, but identical
antennas located at different volaces on an A-10 aircraft. The
data was obtained through Tant. Nonald “ttinger at RADC/DCID at
Rome Alir Nevelopment "enter, Sriffiss AF3, l'ew Vork. Figure 11
shows a side view of the A-10 with the antenna locations marked,
Veasurements were taken for the antennas one at a time. These
measurements were made at a fixed location in svace while the
aircraft was rotated through 36C degrees of azimuth angle. The
elevation angle was then changed and the aircraft was rotated
again, igure 12 illustrates the nhysical setup for the measurements.
Azimuth nlots were taken for elevation angles of -15, 0, 15, and
30 degrees, each at frequencies of 257, 300, and 385 MY2., "he
angle, 8, is a measure of azimuth; thus, each data plot is

measured power in one plane for © between C and 360 degrees. 'l'he

Antenna 1 Antenna 2

Antenna 3

Figure 11, Antenna Tocations for Measured "ata on A-10 Aircraft.
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data plots are contained in Appendix C, The antenna used was a

blade antenna. A diagram of this antenna is siown in Figure 13,

B. Mean and Yariance

There are 12 plats available for each of the three elements.,
Fach of these is a realization of the random process, Gi’e).

Sampling the process at a given O yields an ensemble of 12

realizations of a random variable, This is because whenever the
random process, Gi(O), has @ fixed the result is a random variable,
An illustration of the realizations of a random process is given
in Figure 14, 7f Py is a sample of one of the realizations at a

given @, the mean of the random variable at a given © is estimated

by

t = ;‘ > Py (A=1)

The variance of the data at a given © is estimated by

N
e 1 E 2 N A2
[ ] - - ———— -

;__‘__;.
—~
>

b

9
va
>

AR MAVA RS
Figure 14, Realizations of a Random Process.
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Tf each of the samples are identically independently distributed
these two estinmators are unbiased. ™he variances of the estimates
vary approximately on the order of 1/N, so when evaluating the

Tchebycheff inequality,given by

o ———— g s i i

T v 4 AP ST

Pr{l'x\ -x|z€}s(var(§(\\)2 (A-3)
. €

. the estimator does not become really accurate until N is on

the order of several hundred, ith 12 realizations, the estiualors 3
are not very good, but there are only twelve nlots for each ‘
element., These calculations for mean and variance are made at

every one degrec and are rlotted in Figures 15=-23%, *igures

15-17 are plots of the mean in db and “igures 18-0 are the

plots of the algebraic mean. The variance plots are in ¥igures

21-23, These valdes for mean and variance can then be substituted

into the performance measure equations to determine performance

as in chapters "I7T and TV, learly the mean and variance change

with arrival angle to reflect the change in geometry caused

by rotating the aircraft,

C. ~orrelation Nistance

Tn order to calculate the probability that | (@) is greater

than some threshold on an interval, some estimate of correlation

i S s

distance is needed. ™0 get the correlation distance one needs
to look at the covariance of the data waveforms. "he autocovariance

of each waveform is given by

' T
€ (a0 =t [ (p,(0)-8(0) (p, (¢ 30)-R(0+ 20)) 40 (A=t
o
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This function is a covariance assuming the orocess is stationary.
T is the interval on which the function is observed and in this
case it is 350 degrees. ‘hen using sampled data this can be
approximated by a series of covariances for different values of
shift in @, 3Jiven a series of samples representing one waveform
Ai’ AZ’ seey AN’ for a shift of j, the autocovariance is given

by (Ref 13:59)

N-j+1
1
= —— - - -5)
Ry = oo mg (Ag= AVER) (A, | ~AVER) (A-5)
where
N
AVER = =1 2. A : (A-6)
| - i
. i=1
N = the number of sample points in A
j = 1, 2, 3’ ece L I‘epresentingAO of O, 1, 2’ see L"]
The R

3 can be plotted versus A® for the covariance of each

waveform. Rj is autocovariance not to be confused sith autocorrelation.
The function depicted by Rj versus theta shift is Ci(O), the
autocovariance of the single waveform, ‘hat is needed is an

estimate of autocovariance for the entire process and not just

each waveform, however. The total autocovariance is then estimated

by

n

1
C( A9) = F B = ci( AQ) (A=7)

This estimate 1s unbiased and it has the same problem gg

the previous estimates: not enough waveforms, rrom these

autocovariances the correlation distances can be found by the angle
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where the covariance reaches 1/10 of its peak value (1/10 is

an arbitrary assignment depending on the definition of correlation
distance). “his works out to about 15 or 20 degrees. This can
then be used in calculating the probability that |f(@) 1is greater
than a threshold on some interval. ‘ample autocovariance for

each of the three elements are vlotted in Figures _24-2v.

MEAN(DB)
ARTENNA 1

NS

*igure 15, Sample Mean in db; Antenna !
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MERAN(DB)
ANTENNA 2

®lgure 15. Samnle Yean in db:

Antenna 2

MEAN(DB )
ANTENNA 3

Figure 17. Sample “ean in db: Antenna 3
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Appendix B: Supplementary Probability Plots

This appendix contains plots for the first performance

measure determined in chapter TI1 and plotted in chapter TV, ™These

plots are the probability that the magnitude of f(8) is greater
than a threshold R, for R=1,2,3 at four different variances for
the array. Figure 27 is for var=0.075 ; Figure 28 is for

var=0,150 ; Flgure 29 is for var=z0,225 ; and Figure 30 is for

var=0,300.
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Apvendix C: "™ata "'lots

This apoendix contains the data plots used for determining
the statistics of the array elements as outlined in Aprendix A,
All the plots are for vertical polarization and they are plots
of measured power in one plane, Migures 31-42 are the plots
for Antenna 1 ; “igures 43=54 are the plots for Antenna 2; and
“fgures 55-66 are the plots for Antenna 3., "he plots for each
element are for elevations of -«15, O, 15, and 30 degrees each at
frequencies of 257, 300, and 385 MYz, The letters "SGH' found
on each plot refer to 3tandard Jain "'orn. The SGY level marked

on each vrlot refers to O db'of relative gain.
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Figure 31, Data PMlot:Antenna l;elevation:}Oo;frequency:ZS?ﬁHz.
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Figure 32.

Data Mlot: Antenna 1;elevationz15°;frequency:ZE?NHz.
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Figure

33

Data Plot: Antenna l;elevation:Oo;frequency:ZB?MHz.
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Figure 34, DNata Flot:Antenna l;e1evation=-15°;frequency=257MHz.
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frequency=300MHz.

o]

elevation=30

Antenna 1
58

Data Plot

Figure 35.
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Figure 3G. Data "lot:Antenna t;clevatioanBO;froquoncy:SOOan.
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Figure 37. Data Plot: Antenna l;elevation:OO:frequency:*OOMWz.

S

50




Figure 33,




Figure 3. Data I"lot:Antennn 1;olevntion;%oo;froquuncyuﬂs‘swiz.
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Figure 4O, MNata Flot:Antenna 1;elevation:\So;frequency=385Mhz.
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Data Mlot

igure 41,
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Figure 42, Data Plot:Antenna 1;elevations=

-'So;frequency=385xuz.-
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Figure 43, Data Plot: Antenna 2;e1evation=}0°;rrequency=257HHz.

66




A% 2 2ah L,', . ] e
E3% Logu) FESUR RRSET bogy: Ty
”. L\ \\"T"'\T‘ ey el JM\.;‘ S el .
h \ ‘\\‘\ ;L\-v ‘Lt'.lb"‘so;“ . w.*\j\\vc‘.\
® ) X ‘,.\ V“"“ ieftle "“}“r‘« : oy Y STty
et A L N RS TS :?z;;rf-},,-:: 52 :
‘ O\ NMNLHY .l A
ALY

-1y

[“‘ 80y gputliis. Mo*

——~

oker R

3

S EEE
T R

) o
L “\-‘j"" 8
i e
ey =
;20" P& SEranl SRR :
L by T S Rl ~ <l
{ 0 S 2 .
AT " '
PEwy *
j.‘ -yl . \
N P \ . : ‘ L)
v a ot . | T
b e, R N B e ) ' \ bl
e B R s NIRRT i RN
; ekl Sk 4 S b 1y e} Aot Nyt 200
90 2. F-pee s e Pi b anneb @i R saee 1N, R Dot Sy
iR ARSI S ;
PERES 2
S

g et A e

v."
Lk
-",5 P B
Sl yait oo
T
ST

Figure 44, MNata TMlot:Antenna 2;eleVation=15°;frequencya257MWz.
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elevation
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Antenna 2

Data Plot

Figure 45.
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Data rlot: Antenna 2;elevation:}Oo;frequency:}OOM?z.

Figure 47.
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Figure 48 .

Dat :
a Flot:Antenna 2;elevation= 15%;frequency=300M1z
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Figure 52, Data Plot:Antenna 9;010vnt10n:150;frequency:BSSMl:. i
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Figure 53. Data Plot:Antenna 2;elevation=0°;frequency:}BSMWz.
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Figure 54,
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Antenna 3jelevation=30

Data Plot

Figure 55,
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Figure 56,

Data Plot:Antenna j;elevation=15°;frequency:ZS?MHz.
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frequency=257M4z,

=0°
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Data Plot:Antenna 3;elevation

Figure 57,
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Antenna Z*;elevation

Data Plot

Figure 59.
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Figure 60. Data Plot: Antcrnrna );elevation=15°;frequency=300M42.
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Tigure 61, Nata Plot:Antenna 3;elevation=0°;frequency=300M7z,
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Figure 62, nata Plot: Antenna 3ielevati

ou:-lso;frequency:SOOqu.
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Figure 63,

Data Plot: Antenna 3;e1evation=30°;frequency:BBSMHz.
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Figure 64,

Nata Flot;elovntion:lso;frequ-ucnySSsz.
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Figure 65. DNata "lot:¢Antenna 3;910vntion=0°;frequency=585xqz.
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