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replacing the values of the functions considered at a and b with their
values at a+0 and b-0. In this way the result of Marchand can be
improved. Further 1mprovements are pointed out for Sylvester's
theorems and Newton's Rule. AR
The reversible transformation of space elements can be characterized,
starting from ordinary one-to-one transformations between two convenient
spaces and the complete sets of integrals of certain partial
differential equations, which can be expressed by convenient determinants.
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i. The paper contains a simplified proof of a sharpening of Syb-

vaster's theorems, obtained by replacing the values of the func-
tions considered at a and b with their values at a+0 and b~0. In
this way the wesult of Ma>chand can be improved. Further improve-

ments are pointed out for Sylvester's theorems and Newton's Rule.

I11. The reversible transformation of space elements can be
characterized, starting from ordinary one to one transformations
between two convenient spaces and the complete sets of integrals

of certain partial differential equations, which can be expressed
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I. On Newton-Sylvester's theorems

l. For

n .
(1) . fo(x) =ax +aX +.ota ,a =1

form the expressions

’ 2
Fv(x) 1= rvf(V)(x)-rb_lf(v-l)(x)f(v+1)(x) (y=1,...,n-1) ,

(2)
Fo(x) 1= fo(x)2 , Fn(x) =1,

assuning that the positive constants ry satisfy the relations
(3) rv+l = 2rv - r'_l (9=1,...,n-2) .

Denote by VP(xo) the number of indices y with

sgn(?(v-l)(xo)f(v)(x°i> = 1", sgn(%v_l(xo)Pv(xoi> = +1 .

These are variation permanences corresponding to y and xo. Simi-

larly denote by PP(xo) the number of indices y with

T R RSO i e e oA e 7 o

oen(z ) (x )6 (x ) = een(r, s (x)p (x,) = 42 -

R

Here we have permanence pexrmanences corresponding to ¥ and x .
Denoting by Nm(a,b) the number of zeros of £'’(x) in i

Bt 2 S L

(a,b),'Sylvester's theorems say that the expressions

(4) ‘ ve(a) - VE(b) - N _(a,b) ,

SN L LR

(s PP(v) - PR(a) - N _(a,b) o

' 3

are non-negative and even.
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2. The proofs given by Sylvester, Genocchi and de Jonguidres
were rather incomplete and only Marchand (1913) gave a complete
discussion of the theorems in their original form. Difficulties
arrcse mainly about the right interpretation of zeros in the
double sequence of f(v),Fv for 2 and b. In this respect the solu-
tion given by Marchand is not optimal since the optimal results

can be only obtained for the open interval (a,b) considering the

numbers of VP and PP at e+0 and b-0. Thus, asking for convenient
attribution of the signs at a, b themselves is practically asking

the wrong question.

3. In this paper a generalization of Sylvester's theorems
is derived assuming only that fiv)(x)(v=0,...,n) are continuous
functions of x in (a,b>»with finite numbers of zeros in <a,b),
while f n does not vanish in (a,b). We further have to assume
that each of the F, formed accordingly to (2) for a fixed choice
of the r,-either identically venishes or has there only a finite

number of zeros. Identically vanishing FV are assumed to be pro-

"vided with the plus sign.

Defining for a<b the interval functions

(6) At;‘(a,b) 1= VPm(a+0) - VPm(b-O) ,

(7 A'(a,b) := PP (v-0) -PPm(a+0) ",

we can formulate our main result as saying that the differences
(8) &:(a,v) - (No(a.b)-Nm(a.b)) , Adla,p) - (No(a'b)-Nm(a'bD

are non-negative even numbers.

We further give the explicit solution of the problem of

obtaining the signs at a+0 and at b-0 for the valﬁeb of functions
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at a, b and derive as coxocllaries of our main result corresponding

generalizations of Newton's Rule. The paper contains as compared
with Marchand's presentation an essentially simplified presenta-

tion of the whole subject.

1]

ITI. Reveraible transformations of spacé elements

Consider, for n>»1l, the coordinates, xl,...,xn, of a gene-
ral point of the n~-dimensionel space, depending on and arbitrarily
often differentiable with respect to m parameters Tl,... ,Tm. De-
note generally the derivatives %—;L by PV}A (v=1,... nip=l,... ym) e

In this paper we are going '::o consider the transformation

(1) Yy = Y{;(xv.pvp) (Vv=1,...,n) ,

where the Ys are homogeneous of dimension 0 in the ;’)v,‘ and have

the further property:
Differentiating Yy in (1) with respect %o the Tf" and putting

3y

——t
o=

qu\ : a'r»

we can, eliminating the pm and their derivatives, express the xy

in function of Yy and qu,

(2) : xv =,>x;(yv'qv") (V:l,...,n) . ’
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where the X§ ares homogeneous of dimension 0 in the qu; and in-
versely (1) can be deduced differentiating (2) and eliminating
the QWP' The functions X}, Y; are assumed arbitrarily often dif-
ferentiable in their arguments.

Such transformations will be called reversible transfor-

mations.
Wie prove that there exist two sets of k functions

(3) Ty = rﬁ(xyvpyp) ’ By = 5;1(viqu) (2=lp°--'k) ’

where each set is independent, and which have the property that

the expressions Y; in (1) and X; in (2) can be written as

(4) Yy =: Yv(xv,pn) T, X o= Xv(yy,sx) (V=1,...,n) .

Hence, there exists: a one to one transformation vetween

two (n+k)-dimensional spaces (xy,rx) and (yv,sx),

Sx(xy,ry)
Ry rog) 7

vy = Yylxy,ra) » sy
(5) T =1,..,n;R=1,..,k) .

Xy = Xy(Yy 9sx) y. TR

The main problem of the paper is to find characteristic

properties of the transformations (5).

The method of the paper consists in studying the system of

partial differential equations
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where U is a function of the Xys T pVP.

The integrals of these equations are the so called functions

b i T )
-

with the property U. The maximal number of such independent inte-

ram

grale is

N = m(n-k-m+d) .

e e Py ¢ v, r e 1 0

Further, we prove that both systems (6) and (7) are complete as
well as the system consisting of (6) and (7) taken together.
Further, the system (6) and the system (7) are independent, while

both systems taken together are not necessarily so. The discussion

o ey o

depends essentially on the number of independent relations exis-

ting between (6) and (7). This number can be denoted by dm, where

d has the values 0,l,...,m. But the cases d »0 are exceptional.
For d=0 we can write, using k indefinitely often differen-

tiable arbitrary functions,

A RIS S N T A FIPIR 0 O R AR
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(8) ry = '?x(u(k*l),...,u(km))

(n;l,...,k) ,

() (®)

where U are N independent integrals of (6) and (7). The U
can be formed, using convenient determinants of the X; and Pyuk +
Sy F
where the X! are expressed in xy, Ty and py. However, in order
. Vs,g
to obtain the Ty solving the k equations (8), certain determinants
must be assumed to be 0.

As to the exceptional cases (d> 0), we give a complete

T IR

solution for d=1 and d=m, obtained by some special methods. We

} obtain further, using such methods, the relation

| | n-m &
: (9) k€T +0 . 0<@€3 .

The author wae no.longer able to discuss the applications

of the theory to the discussion of the partial differential

equations solvable without integration.
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