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FOREWORD

The Silver Anniversary of the Conferences of Army Mathematicians was
conducted on the dates 6-8 June 1979. The U. S. Army Ballistic Research
Laboratory and the Johns Hopkins University served as its hosts. It was
held on the Homewood Campus of the Johns Hopkins University in Baltimore,
Maryland. The first meetings in this series were entitled *Conferences
.- of Arsénal Mathematicians®. The initial one was conducted at Watertown
Arsenal on 29 October 1954. The host for the meeting this year served

in the same capacity for the second conference which was only a one-day
meeting with one invited speaker. The eighth meeting in the series was
the first one to come under the auspices of the Army Mathematics Steering
Committee (AMSC). This Committee requested that these conferences be
held on an Army-wide basis and suggested that their title be changed to
*Conferences of Army Mathematicians’.

YContinuum Mechanics? was the theme selected for the Silver Jubilee. To
celebrate this occasion the number of guest speakers were increased, and
those individuals who were invited to talk were selected because they are
effective researchers who are in the frontiers of their fields. Another
important reason for their appearance on the program is that they are
interested in current and envisioned U. S. Army materiel research and
development problems. As in previous conferences there were a large
number of papers contributed by Army scientists. These, on the whole,
addressed problems of immediate interest to scientists in the various
Army laboratories. T«

The keynote speaker was Professor R. S. Rivlin, Director of the Center for
the Application of Mathematics at Lehigh University. The title of his
address was "The Mechanics of Non-Newtonian Fluids". Professor Werner
Goldsmith, Department of Applied Mechanics, University of California-Berkeley,
gave a featured presentation on "Mathematical Modeling of Some Aspects of
the Penetration of Plates by Projectiles". On the morning of the second

day of the conference, Professor Daniel D. Joseph, Department of Aerospace
Engineering and Mechanics, University of Minnesota, spoke about "Motions
which Perturb States of Rest of Viscoelastic Solids". On the afterncon

of this same day, Professor S. Nemat-Nasser, Department of Civil Engineering,
Northwestern University, gave an address entitled "Finite Deformation
Plasticity and Plastic Instability".

Other invited speakers were Professor George Papanicolaou, Courant Institute
of Mathematical Sciences, New York University, Professor Harry F. Tiersten,
Department of Mechanical Engineering, Aeronautical Engineering and Mechanics,
Rensselaer Polytechnic Institute and Professor Morton Gurtin, Department of
Mathematics, Carnegie-Mellon University. These gentlemen addressed the
conference on the third and last morning of this meeting.




Cr. Papanicolaou's topic was "Effective Parameters and Fluctuation
Phenomena in Continuum Mechanics". Dr. Tiersten reporte” on the
“Theory of Interpenetrating Solid Continua and Some Appl:cations",
while Dr. Gurtin addressed the group on the topic "Recent Results in
Finite Elasticity".

Another outstanding feature of this Silver Anniversary conference was

the awarding of the Decoration forn Distinguished Civilian Service to
Professor Benjamin Noble upon his retirement as Director, Mathematics
Research Center (MRC), University of Wisconsin-Madison. This presentation
was made at the banquet by Dr. Percy Pierre, Assistant Secretary of the
Army for Research and Development. DOr. Pierre pointed to the many
outstanding scientific contributions made by Professor Noble to the

field of mathematics, and he also stressed the fact that Noble had

striven with unprecedented vigor, enthusiasm and innovation to render

MRC more responsive to Army needs. [In the photograph on one of the following
pages, Professor Noble is shown receiving the award from Dr. Pierre. The
gentlemﬁn on the right is Professor John A. Nohel, the incoming Director
of MRC.

Members of the AMSC would like to thank the Ballistic Research Laboratory
(BRL) and Johns Hopkins University for serving as hosts of the Twenty-
Fifth Conference of Army Mathematicians. Dr. Stephen S. Wolff, Chairman
of Local Arrangements, did an outstanding job of arranging for all the
needs of the speakers, and for handling the many requests for help by
those in attendance. He was ably assisted with these tasks by various
staff members of BRL and also employees of Johns Hopkins University.

A11 those that spent time to prepare and present papers are also due
their thanks. Their scientific ideas and methods for treating difficult
problems were enlighting to members of the audience. The latter group
added to the value of this conference by raising interesting questions
and making valuable suggestions on possible ways to cope with troublesome
problems.
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Wednenday, 6 Jane 1979

oAIRI0  Regietrmiion

08 30-0%00

0900- 1000

Opening remarks

GENERAL SESSION |
Dr. Ben Noble, Director, Mathematics Research Center, University of Wisconsin

Spesher: Prof. Ronald S. Riviin, Direetor, Center for the Application of Mathematics, Lebigh University
THE MECHANICS OF NON NEWTONIAN FLLIDS

1000-10M0  Break

0% 1218

TFCHNICAL SFSSION |
Dr. Aivars Celmins
ARRAIDCOM Ballistic Research Laborstory

Philip Hall, Rensselscr Polytechnic [nstitate
Tuybor ¥ ortares in Finte ( viinders

Jobn 1.
{.uboratacy
The History of the Uthzanon of Eulenan }iydrodwane (om
uter Cendes at the Balhsie Rescarch Laboratory

Harrison, ARRADCOM Ballistic Rescarch

Abdul R. Kiwsn, ARRAIX OV Ballistic Research Labora-
tory
Study of Convergent Flows in Certaan Shaped (Charpe Systems

Janet E. Lacvters and Willlam P. Walters, ARRADCOM
Batlistic Research Laboratory

Thevretical and Fxprnmental Sanhes of Hemsphencal Shaped
Charse Liners

Johr Mescull, Army Materials snd Mcchanics Ruscerch
Center

Computer Simdation of Adabatc Shear Processes in Halli s
Impact and Fragmeniation

1215-1347  Lunch

1345- 1518

TECHNICAL SESSION 111
Dr. Thomas F. Simkins
ARRANCOM Large Callber Wenpon Systems Laboratory

Jolan F. Polk, ARRADNCOM Ballistic Rescarch Laboratory
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THE MECHANICS OF NON-NEWTONIAN FLUIDS

Ronald S. Rivlin
Center for the Application of Mathematics
Lehigh University
Bethlehem, Pennsylvaniu

ABSTRACT. The continuum-mechanical theory of non-Newtonian fluids pre-

dicts muny interesting flow effects which are qualitatively different from those
which arc observed in Newtonian fluids. A number of these effects are discussed.
For the most part, the Rivlin-Ericksen constitutive equation is used as a basis

tor this discussion.

1. INTRODUCTION. One of the most striking advances in continuum

mechanics in recent years has been the development of a rational theory for the
mechanics of non-Newtonian fluids. One might think that the predictions of such
a theory would consist of no more than minor modifications of those provided by
the classical mechanics of Newtonian fluids in which effects, which in Newtonian
fluids obey linear laws, for non-Newtonian fluids obey non-linear laws, That
this is not the case was made evident from the rod-climbing experiment of Garner
and Nissan [1] which showed that, at any rate in certain non-Newtonian fluids,
rotation of a cylindrical rod with constant angular velocity in a bath of non-
Newtonian fluid would result in a rise of the fluid up the stirrer, rather than a
depression of the fluid due to the centrifugal effect, It was quickly realized
that such effects may arise from the tensorial character of the non-linear rela-
tion between the stress and the kinematic variables describing the flow field.
Theories based on such considerations have undergone a considerable development
since that time and have lead to many unexpected flow phenomena, some of them of
a spectacular character. It is not possible in this paper to introduce the many
different formulations of the mechanics of non-Newtonian fluids which have been
published, We concentrate on one particular formulation, due to Rivlin and
Ericksen [2],and give some examples of the more interesting effects which it

predicts,

2.  RECTILINEAR SHEAR FLOW. For an incompressible Newtonian fluid in a

state of rectilinear shearing flow with velocity gradient «k, direction of shear

parallel to the x_ -axis of a rectangular cartesian coordinate system x, and

1
the x x,-plane as the plane of shear, the stress 0o = ||oij|| is given by
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O1p = Opy = K, O,, =0, = 033 =-p, (2.1)
where n is the viscosity of the fluid, p 1is an arbitrary hydrostatic i
pressure and the remaining components of 0 are zero. The expressions (2.1)
are valid whether or not k is time-dependent.

More generally, for an incompressible non-Newtonian fluid, we can argue J
from simple symmetry considerations that, provided « is time-independent, A
012(=021) is an odd function of «k and, apart from an arbitrary hydrostatic
pressure, 0,,, Osps 033 are even functions of k. Again, the remaining com-

ponents of ¢ are zero. Thus,

o o = Kf(K2) ,

12 21 (2.2)

"

o

2 - 2 = .
11 fl(K) - P> 022—1:2('() - P 033 P -

(The even function of « in the expression for 033 has been absorbed into the

arbitrary hydrostatic pressure p.)

We note immediately one striking feature which distinguishes the mechanics

of a non-Newtonian fluid from that of a Newtonian fluid. While for rectilinear
shearing flow of a Newtonian fluid the three normal components of the stress are
equal, this is not in general true for a non-Newtonian fluid. Effects which

arise from this fact are called normal stress effects. We also note the non-

linear dependence of the shear components of the stress on «k .

Provided that the functions f, fl’ f, are sufficiently smooth, we may

2
express them as Taylor series and neglect terms of higher degree than the second

in x . We then have

= =1 =1 2
912 991 T %K s 0y TRk - P, (2.3)
O,, = (0 +la )K2 - o,, =
22 2'1%3 P, O33=-P,

where the a's are constants. (The manner in which the constant coefficients

in (2.3) are written is chosen in order to conform with notation used later.)

If in (2.3) terms of higher degree than the first in k are negiected we arrive
at the cxpressions (2.1) for the stress in a Newtonian fluid. This can accor-
dingly be regarded as the first-order approximation to the stress associated with
slow time-independent rectilinear shearing flow in a non-Newtonian fluid.

Equations (2.3) can be regarded as the second-order approximation. Third and
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higher order approximations can be obtained by including in the approximations

to the functions f, fl, f., terms of degrce three or higher in k . For ox-

ample, in the third-order iheory we must add to the cxpression for o,, in
(2.3) a term constant X K3
If « 1is not time-independent, then the functions f, fl and f_ in
(2.2) may depend not only on K , but also on time derivatives of «
various orders, or alternatively on the history « (1) of the velocity g¢radient
up to and including the instant at which O is measured. In cither casc the
parity of these functions must be such that f changes sign and fl’ f2 remain
unchanged when k and its time derivatives change sign simultaneously, or wher
k(1) changes sign. The dependence of stress on the time derivatives of « , or
on its history, implies many interesting ecffects which are not present in New-

tonian fluids.

3. VISCOMETRIC FLOWS. There are a number of simple flows which can be

generated in non-Newtonian fluids, without the application of body forces, in

which the flow, referred to a local rectangular cartesian coordinate system ro-

tating with an appropriate angular velocity, is a rectilinear shearing flow. The

stress referred to this coordinate system, or to a local inertial coordinate sys-

tem instantaneously coinciding with it, is then given by (2.2) if appropriate
substitution is made for the velocity gradient « ,

Examples of such flows are:

(i) Poiseuille flow in a straight pipe of circular cross-section, or in
the annular region between two coaxial circular pipes, under a
constant pressure gradient.

(ii}) Couette flow in the annular region between two infinite coaxial cylin-
ders, due to the rotation of the outer cylinder, the inner cylinder,
or both, with constant angular velocities.

(i1.) Rectilinear shearing flow between infinite coaxial cylinders, in
which the flow is produced by the relative uniform motion, with con-
stant longitudinal velocity, of one cylinder relative to the other,

{(iv) Superpositions of Couette flow, rectilinear shearing flow, and
Poiseuille flow between infinite coaxial cylinders are also visco-
metric flows.

(v) Torsional flow in which a circular cylindrical mass of fluid is con-

tained between rigid discs, one of which is held stationary, while
the other is rotated with constant angular velocity. (This is

-~
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strictly a viscometric fiow only if the effect of inertial forces
is neglected.)

(vi) Biconical torsional flow in which the fluid is contained between two
infinite cones with common apexes and axes, one or both of which are
rotated with constant angular velocities. As a special case one of
the cones may be a flat plate. (This is not strictly a viscometric
flow, but is very nearly so if inertial forces are neglected and the
semi-vertical angles of the cones are nearly equal.)

For the viscometric flows, the forces and velocity fields resulting from
given boundary conditions can be calculated by using equations (2.2) for the
stress.

For example, in the case of Poiseuille flow in a straight circular pipe,
we find that the fluid particles flow down the pipe in rectilinear paths, with
velocity w(r) at radial distance r from the axis of the pipe, where w is

given hy the differential equation

—

wEw'®y = Loer (3.1)

with w = 0 at the wall of the pipe. The prime denotes differentiation with

respect to r , and P denotes the pressure gradient along the pipe. The longi-

tudinal normal stress component is then given by
T
- - ip
f2 j f2/r dr + Pz , (3.2)

where f2 = f2(w'2), and z 1is distance measured along the pipe. Equation
(3.1) leads, in general, to a non-parabolic distribution of velocity over the
cross-section of the pipe and a non-proportionality between the rate of dis-
charge and the pressure gradient. Equation (3.2) implies that, in general, the
normal force per unit area exerted by the fluid over a cross-section of the pipe
varies with r . For a Newtonian fluid it is, of course, constant.

For Couette flow the angular velocity w varies with radial distance r

from the axis of the cylinders in accordance with the formula
23w £(r2w'?) = M, (3.3)

where M is the couple per unit length exerted on the cylinders, and w takes

the specified values on the cylindrical boundaries. One of the more interesting
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new features which arises is that the normal forces which arce exerted by the
fluid on the bounding cylinders are no longer cqual, cven if inertial forces are
neglected, as they are in the casce of a Newtonian fluid. The difference in the

radial normal stress componeats at the inner and outer cylinders is given by

R R, /f.-f
oo { Ly 1, prw2 dr , (3.4)

where R, and R, are the radii of the outer and inner cylinders respectively

1 2
and p© 1s the density of the fluid. Also, if we calculate the longitudinal

normal stress component Oy » We obtain

T 1 o
Oyq = - £, - J [;(fg-fl) + prw.]dr . (3.5)

The term orw2 in the integral is an inertial term and is present whether or
not the fluid is Newtonian. The remaining terms in (3.5) vanish if the fluid is
Newtonian. An important effect of the non-constancy of 033 even when inertial
forces are neglected arises if we consider the axis of the system to be vertical
and the fluid to have initially a force-free horizontal surface. Then, the
rotation of the inner or outer cylinder may be expected to result in a distor-
tion of the free-surface, apart from that due to inertia. In practice it is
generally found that the fluid rises at the inner cylinder and falls at the outer
cylinders. This effect is called the rod-climbing effect and was discovered by
Garner and Nissan {1] during the Second World War. It was this discovery which
was largely responsible for attracting attention to the whole problem of the
mechanics of viscoelastic fluids. Results equivalent to those described above
were first given by Rivlin [3]. Their derivation was subsequently modified and
simplified by a number of people.

Recently the rod-climbing experiment has been analyzed by Joseph and his
collaborators [4,5,6} and investigated experimentally in the case when a cylin-
der of radius R rotates in a half-space of the non-Newtonian fluid
(R2=R, Rl=W). For sufficiently slow flows the profile of the free-surface is

given approximately by
h=- 033/pg + constant , (3.6)

where 033 is given by (3.5) and the constant is adjusted so that the constancy

of volume of the fluid is preserved. g denotes the gravitational acceleration




and h denotes the height of risc of the fluid above its level when the cylin-
der is not rotating. f, fl and f2 in (3.4) and (3.5) are replaced by their
expressions in the second-order equations (2.3). More accurate calculations
were also carried out by Joseph and his collaborators by taking into account the
effect of surface tension. They found excellent agreement between the measured
and calculated profiles.

In (3.6), p denotes strictly the difference between the density of the
non-Newtonian fluid and air. A very striking effect arises if a Newtonian fluid
of density p say, very slightly less than that of the non-Newtonian fluid and
immiscible with it, is floated on the non-Newtonian fluid. Then in (3.6) we
must replace P by p - p and it is seen [7] that h can be amplified vir-
tually without limit by choosing the densities of the Newtonian and non-Newtonian
fluids to be sufficiently close. Of course, in practice, a limit will be set by
the instability of the profile when the magnitude of the gradient dh/dr becomes

too large.

4. GENERAL THEORY. The constitutive equations in 82 are limited to

flows which are, at any rate locally, rectilinear shearing flows. More general
constitutive equations can be formulated in a variety of ways. We shall consider
here the constitutive equation for the flow of a non-Newtonian fluid formulated
by Rivlin and Ericksen in 1955 [2]. The constitutive assumption which provides
the st.rting point is that the stress o depends not only on the velocity
gradient YZ , as in the case of a Newtonian fluid, but also on the gradients

of time derivatives of the velocity of various orders, thus:
o = c(Vv,V\‘/,...,Vv(u)) - ps . (4.1)

The term -p§ is introduced to express the fact that for an incompressible
fluid the flow is unchanged by the addition of a hydrostatic pressure.

If we superpose on the assumed deformation an arbitrary time-dependent
rigid rotation, the stress is rotated by a corresponding amount. This fact
leads to a restriction on the manner in which the stress can depend on the kine-

matic gradients Vv, VQ, etc, It is found that they must depend on them through

the so-called Rivlin-Ericksen tensors Al""’Au defined by
_1 +
A=z W+ (W],

4.2)

dA
- 0 . ¥
e 7 2+ T @A+ (E0AT




where the dagger denotes the transposc. Thus,

0 = 0(A_,A

by | “'2’.-.’/‘\4“) - p6 . (4..‘))

~

[sotropy of the fluid leads to restrictions on the manner in which the stress
can depend on the Rivlin-Ericksen tensors. Canonical forms expressing these
restrictions have been obtained by Spencer and Rivlin (see, for cxample, the
review article by Spencer [8]). They are rather complicated and will not be
given here. For rectilinear shearing flow the constitutive equation (4.3), to-
gether with the restrictions imposed by isotropy, reduce to equations (2.2).
Generally boundary value problems based on the constitutive equation
(4.3) are non-linear and their solution presents formidable difficulties.
Nevertheless, many problems of considerable interest can be solved where
linecarization of the governing partial differential equation is possible. We

mention three classes of problems of this type:
() If the material is only slightly non-Newtonian, we can replace equation
(4.3) by

~

0= oAy + e0(A),. A ) - PS8, (4.4)

where € 1is a small parameter and '§ is an isotropic matrix function of the
argument matrices. By taking € = 0 , we arrive at the constitutive equation
for an incompressible Newtonian fluid. We can solve boundary value problems
based on the constitutive equation (4.4) by first solving the corresponding
problem for a Newtonian fluid and then obtaining a correction to this solution
by a perturbation procedure based on linearization of the governing equations
with respect to ¢ ,

(ii) We have scen thdat it is possible to solve the viscometric flow problems
for a non-Newtonian fluid with some generality. Accordingly, problems in which
the flows are only slightly different from viscometric flows can be solved,
using a perturbation procedure involving linearization in the difference between
the actual velocity field and that corresponding to the neighboring viscometric
flow.

(1ii) It was seen in 82 that, for rectilinear shearing flows, a hierarch; of
slow flow approximations to the expressions (2.2) for the stress can be con-
structed. A corresponding hierarchy based on (4.3) can be set up for more gen-
eral flows. We assume that the dependence of the stress on thc Rivlin-Ericksen

tensors is sufficiently smooth so that it can be expressed as an isotropic




matrix polynomial in the latter. We can then write

g=F +F+ ...+ F -pS, (4.5)
where
F. = a.A F., = oA, + a A2
~1 1.1 > =2 2.2 3.1 °

-
|

= Bi(tr AA) + BAL + Ba(AA, + A,

. 3
Eh : (Yltr 51+Y2tr AA_ + Y. tr A

Ao *+ Yt AJA (4.6)

2 2 2 2
T A MAFYAL) + YAy + Yo (AJA, + AAY)
* Yg(A)AS + ASAL) + YA,

where the a's, B's and Y's are constants and the a's have the same values

as those occurring in (2.3). Expressions for Fa with o > 4 can also be

~

rcadily obtained from the canonical representations of Rivlin and Spencer [8].
We observe, as did Coleman and Noll [9], that Aa , defined in (4.2),

is of dimensionality -o in time. Accordingly, A1 is of dimensionality -1

and Ai are of dimensionality -2, and so on; 1i.e. Fa is

~

in time A
’ ~2

formed by taking all the terms in the canonical expression for an isotropic
matrix polynomial in the A's which are of dimensionality -o in time. By
considering a sufficiently severe retardation of the given flow, we can

approximate the stress by retaining only the term F in (4.5). For a less

1

severe retardation, we retain F and F2 , and so on.

Alternatively [10}, in the case when the flow is steady-state, so that
BAG/Bt = 0 in (4.2), we note that Aa is homogeneous of degree a in v

and its spatial derivatives. Accordingly, Fa is homogeneous of degree a

in v and its spatial derivatives and the hierarchy of slow flow approximations

~

follows as before. For slow flows we write the velocity v in the form

e+ , 4.7

vV = gu, + €2u
v Yy b B

~2

where ¢ is a small parameter. Boundary value problems can then be solved for
uy by linearizing the governing equations in € (which is equivalent to solving
the corresponding problem for a Newtonian fluid). Uss 33,... are then

obtained as successive regular perturbations. Some examples of the results

obtained by this procedure are given in the next section.




5. FLOW IN STRAIGHT PIPES AND RELATED PROBLEMS. If a Newtonian fluid

with viscosity %—al is caused to flow in a straight pipe of uniform non-
circular cross-s;ction under a uniform pressure gradient P , then, provided
the flow is not so fast that it becomes turbulent, each particle of the fluid
moves in a rectilinear longitudinal path with velocity w determined by the

cquation

7w = 2P/0 (5.1)
and the no-slip boundary condition w = 0 on the pipe. It was found by
Ericksen [11] that if the fluid is non-Newtonian and we assume that, as in the
case of a Newtonian fluid, the particles of the fluid travel in rectilinear
longitudinal paths, then the differential equations for the determination of the
manner in which this longitudinal velocity and the hydrostatic pressure p in
the constitutive cquation vary over the cross-section of the pipe, have, in
general, no solution. The problem of determining the flow field was taken up
by Green and Rivlin [12] and by Langlois and Rivlin [13,10}. 1In [12] and [13]
the problem was discussed on the assumption that the fluid is only slightly non-
Newtonian and in [10] on the basis of the assumption that the flow is slow, so
that the slow flow approximations to the Rivlin-Ericksen constitutive equations
discussed in 31 can be used. It was found in [10] that if the flow is suffic-
iently slow so that the material properties are adequately described by the
second-order theory then the flow field is unaltered from that which obtains if
the first-order (i.ec. Newtonian) theory is used. The third-order theory leads
to a change in the detailed distribution of the longitudinal velocity over the
cross-section of the pipe. However, the analysis based on the fourth-order
theory leads to the conclusion that purely longitudinal flow is no longer
possible. Superimposed on the longitudinal flow given by the third-order theory,
there is a steady flow in transverse planes, for which the stream-function ¢

is given by an equation of the form

o

I
vty = i) T (x,,x,) (5.2)
1

where
(a + l o ) - l ( +4 + 4Y +2Y ) (5 3)
ot 7 %30 -7 (s 6 Y7 ¥

and the function ¢ depends on the shape of the cross-section and can be

-9-
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calculated explicitly from the third-order solution. In the case when the pipe
has an elliptical cross-section

2
X

I N

X
1
—- *t =1, (5.4)

32 b

Y 1is given by

H(b2x2+a2x2—32b2)
w = - lh 2 ) (5.5)
3a1(5a +6a2b2+5bﬂg

where

k 22 2 .2
_12<_p_) T ab(a-b) . (5.6)

% (a%+b2) 3
/

H

The stream-function (5.5) represents an eddy in each of the four quadrants of
the elliptical cross-section.

We note that the transverse flow field involves only a single combination
of the constants occurring in the fourth-order Rivlin-Ericksen equations. It
has recently been shown [14] that this is generally true if we calculate, accor-
ding to the fourth-order theory, the transverse secondary flow associated with
any steady antiplane primary flow.

Another interesting effect which arises in the flow of a non-Newtonian
fluid through a pipe of non-circular cross-section was analyzed by Pipkin and
Rivlin [15].

For a Newtonian fluid the normal force exerted, per unit area, vy the
fluid on the pipe does not change as we move round the periphery of a cross-
section of the pipe. This is no longer the case if the fluid is non-Newtonian.
Indeed, it was shown in [15] that it is given by

200t Fag)
- ———= P YW'YE + Px3 + constant , (5.7)

a2
1

where Xz is distance measured along the tube.

Now suppose that the elliptical pipe is tilted at a small angle B to
the horizontal, the axes of the elliptical cross-sections of length 2a also
being horizontal. Suppose also that the fluid flows down the pipe slowly under
the action of gravity. The thrust T per unit area exerted on the tilted
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mid-plane in the pipe by the fluid above it can be calculated on thc basis of

the sccond-order theory as

. 2
T = 2(a+ L ) bgb sin8 (2b2+a2)x2 - 32(32+h2) + pgx. sinf, (5.8)
2 4 3 2.2 1 2
o, (a"+b7)
1
where Xy denotes the distance measured horizontally from the center of the
cross-section and x is the length measured along the tube from its highest

3

point to the cross-scction considered. It follows, from reasoning similar to
that employed in discussing the free-surface profile in the rod-climbing experi-
ment, that for slow flow of a non-Newtonian fluid in a tilted channel with semi-
elliptical cross-section, the free surface of the fluid filling the channel will,
in general, have a curved profile, the height h of this profilec above some

ambient level being given approximately by

1
2(a.+ 5 a,) . 2
h=_2 4 3| pgbsinB (2b%+a°)x° - a®(a®+b%) | + constant .  (5.9)
pg 2.2 1

al(a +b7)

The constant in (5.9) is, of course, determined by the condition that the cross-
sectional area of the fluid remains that of the elliptical cross-section. If
the fluid is Newtonian, o, + %-a3 = 0 and the profile is no longer curved. For
non-Newtonian fluids which have been studied experimentally, it is found that

o, * %—aB < 0, so that, from (5.9), the fluid rises above the ambient level at
the center of the free-surface and falls at its edges. Of course, analogous
results follow for channels with other cross-sectional shapes. The calculation
of the free-surface profiles was first carried out by Wineman and Pipkin [16]
and later modified by Sturges and Joseph {17] to include the effects of surface
tension. The effect was studied experimentally by Tanner [18].

One may expect that if the calculations were carried out on the basis of
the fourth-order Rivlin-Ericksen theory, one would find that a steady secondary
flow in the cross-sectional planes will be imposed on the longitudinal flow.
That this is indeed the case was shown by Sturges and Joseph [17] except in the
case when the channel has a semi-circular cross-section. In that case secondary
transverse flows arise only when the sixth-order constitutive equations arc
adopted. The particular status of the semi-circular cross-section is less sur-
prising when we consider that no transverse secondary flows arise in Poiseuille

flow of a non-Newtonian fluid through a pipe of circular cross-section.
We have seen that in Poiseuille flow of a non-Newtonian fluid through a
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straight pipe of non-circutar cross-scction, the velocity distribution, calcu-
lated according to the second-order theory, is the same as that given by the
first-order - i.c. Newtonian - theory. Ifowever, the force per unit area exerted
normally by the fluid on the pipe varies as we move round the periphery of a
cross-section. The resultant force exerted by the fluid in a transverse direction
is however necessarily zero. !

We now consider the fluid to flow in the annular region between two infin-
ite circular cylinders with parallel axes, either as the result of the uniform
relative longitudinal motion of the cylinders,or as a result of the application
of a uniform longitudinal pressure gradient. In cither case, it is found that
the fluid exerts a resultant transverse force on the inner cylinder and, of
course, an cqual and opposite transverse force on the outer cylinder.

If the flow is due to a uniform relative motion of the cylinders with
velocity V , then the force on the inner cylinder, measured per unit length
and calvulated on the basis of the second-order constitutive equation, is given

by [19]

1 2
Tloy* 7 0 IV/R, (5.10)

where T is a non-dimensional function of R = R2/R the ratio between the

,
radii of the inner and outer cylinders respectively,land of e/(Rl- R2) , where
«. is the distance between the cylinder axes. The force is positive if it

tends to drive the inner cylinder towards coaxiality with the outer cylinder and
is negative if it tends to drive it towards contact. The manner in which T
depends on R and € 1is shown in Fig.1(a). We note that T is negative and,
since we may expect that in practical situations a, + %—u3 will be negative,
we sce that the force tends to drive the cylinders towards coaxiality. This
contrasts with the situation which arises when the flow results from a uniform
pressure gradient P . Then, the transverse force per unit length is given by

[20]
3

1 2
T(a2 + 7 a3)P Rl , (5.11)

where T 1is again a non-dimensional function of R and € , its dependence on

which is shown in Fig.1l(b). We see that if a,+ l-u <90 this force tends to

2 4 3 ’
drive the cylinders towards contact.

6. FLOW BETWEEN ROTATING ECCENTRIC CYLINDERS AND RELATED PROBLEMS. We

now suppose that in the eccentric cylinder arrangement of §5, plane flow is

~12-




produced in the annular region between the cylinders by rotating one or both of
the cylinders about their respective axes with constant angular velocities.
According to a thcorem due to Tanner [21], the flow ficld in a steady plane
problem, in which the velocities are specified on the boundaries, is the same
whether calculated on the basis of the first-order or second-order constitutive
equations*. In particular, this applics to the flow ficld in the annular region
between the cylinders. However, the stress fields and conscquently the forces
cxerted on the cyl *::»rs by the fluid are different. It is found that, on the
basis of the sccond-cuvder theory, and with the neglect of inertial forces, a
resultant transverse force is exerted by the fluid on the inner cylinder. This

is given, per unit lengt: of the cylinder, by [23]

oc2Rl(TQ§ + T2, f‘szg) , (6.1)

where T, T and T are the non-dimensional functions of R and ¢ plotted
in Fig.2, and Ql and 92 are the constant angular velocities of the outer and
inner cylinders. If this force is positive it tends to drive the cylinders to-
wards coaxiility. In practice o, is negative and, from Fig.2,it is seen that
T, T and T are all negative. So, provided that Ql and 92 are of the same
sign (i.e. the cylinders are rotating in the same sense) the transverse, or lift,
force tends to drive the inner cylinder towards coaxiality with the outer. In
fact it can be shown numerically that this is also the case when Ql and 92
are of opposite signs.

We may contrast the manner in which the 1ift force depends on R 2nd €
in the case discussed with that which obtains when the fluid is Newtonian but
inertial forces are not neglected. The lift force, per unit length of the cylin-

der, is then given, in the linearized inertial approximation, by [24,25]
3,542 ~ Al 5
pRl(TQl + F9192 + TQ2) s (6.2)

where T, T and T are the non-dimensional functions of R and € plotted in
Fig.3, p 1is the density of the fluid and up 1is its viscosity. It is seen

that T is negative, while both T and T are negative for the lower

* Strictly, Tanner proved this theorem only in the case when inertial effects
are neglected. Recently, however, a slight extension of the theorem was made
1 by Kazakia and Rivlin [22] which renders it also applicable to linearized
inertial approximations to the flow fields.
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eccentricities and positive for the higher eccentricities. The 1ift force
accordingly tends to drive the inner cylinder towards some intermediate position
between coaxiality and contact with the outer cylinder.

The 1ift force (6.1) has been calculated for a non-Newtonian fluid on the
basis of the second-order theory and with the total neglect of incrtia. The
1ift force (6.2) has been calculated for a Newtonian fluid with the linearized
inertial approximation. It has been shown [22] that in order to obtain the 1lift
force for a non-Newtonian fluid on the basis of the second-order theory, but in-

cluding the effect of inertia in the linearized inertial approximation, we have
1

7o .

From the above results we can derive [25] corresponding results for some

merely to add the forces given in (6.1) and (6.2), with u =

different related systems. Suppose that we consider our eccentric cylinder sys-
tem to sit on a turntable rotating about the axis of the outer cylinder with con-
stant angular velocity -Q . In order that the motion of the fluid, referred to
a coordinate system fixed to the turntable, shall be same as that which obtains
in the previous problem, body forces must be applied throughout the fluid to bal-
ance the inertial and Coriolis forces which are called into play by the motion of
the turntable. It emerges that these are derivable from a potential function and
can, accordingly, be absorbed into the hydrostatic pressure term in the ex-
pression for the stress. The effect of the rotation of the turntable is thus to
superpose on the motion previously obtained a rigid rotation with angular
velocity -Q about the axis of the outer cylinder and to modify the stress
field and consequently the forces exerted by the fluid on the cylinders. Again
from the point of view of an inertial reference system, the outer cylinder is
rotating with angular velocitysajﬁ about its axis, while the inner cylinder is
rotating about its axis with angular velocity 92 and is simultaneously execu-
ting a planetary motion about the axis of the outer cylinder with angular
velocity - . This may be regarded as an idealized stirrer arrangement,

Another interesting result can be obtained by considering the limiting
situation in which R, + «©, g + = and §'=S¥L+ 0 in such a way that Rlnl has

1
a constant value, V say, and the value of R, - € remains constant. The

configuration which is thus obtained is an inf%nite cylinder of radius R2

moving, in an infinite half-space of the fluid bounded by a rigid wall, with
velocity V parallel to the wall and perpendicular to its own length, while
simultaneously rotating about its axis with angular velocity 92 . While the

calculated forces and flow field obtained in this way are correct if inertia is
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neglected, they do not properly take account of inertial effects. This is, no
doubt, due to the fact that the expression of the solution in powers of the
Reynolds number, on which the linearized inertial approximation is based, breaks {

down when the fluid is of infinite extent.

7. EFFECT OF VIBRATION ON POISEUILLE FLOW. In previous sections we have

discussed problems in which the flows are either steady or derivabhle from steady

flows by the supcrposition of a rigid motion. In the present scction we discuss

a class of unsteady flows. The analysis of these flows was motivated by an 1
experiment of Mancro and Mena [26]. 1In their experiment a polymer solution
flows through a straight pipe of circular cross-section under a constant pressure
gradient. Simultancously, the tube is subjected to a longitudinal vibration and
the effect of this vibration on the time-averaged rate of discharge of the fluid
is measured. It is found that it may be incrcased many times by the vihration.
In contrast, the time-averaged rate of discharge is unchanged if the fluid is
Newtonian.

If the fluid is Newtonian and has viscosity 1, then the velocity of the
fluid is longitudinal and, at a distance r from the axis of the pipe, is given

by

P . )
v = R (ag_rg) + L(r)sin wt + M(r)cos ot R (7.1)
where
L(r) = v ber va be;‘ vr_+ be; va_bei vr
ber“va + bei“va
(7.2)
M(r) = V her va be; vr - be; va ber vr .
ber“va + beji“va
with
2 7
Vo= pw/n (7.3)

In these equations a denotes the radius of the pipe and the vibration velo-
city of the pipc is V sin wt

It is easily shown that for a non-Newtonian fluid the velocity of the
fluid particles is longitudinal, whatever the constitutive cquation adopted.
Morcover, it emerges that we need only consider the constitutive ecquation for
the shear component, o0 say, of the stress in order to calculate the mecan rate

of discharge of the fluid. We may write this constitutive equation in the form
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o =nk + eF[k(D)] , (7.4)

where k(1) 1is the velocity gradient at time T and F denotes a functional
of the history of the velocity gradient from time T = -® to the time t at
which the stress is measured. n and € are constants. Alternatively, we may

write the constitutive equation for o in the form

o =1nk + ef(k,k,x,...) , (7.5)

where «,K,K,... are the velocity gradient and its time derivatives of
various orders measured at time t .

The mean rate of discharge Q is then given by [27]

4 a r2n/w
_ mPa €6 2
L] f [ r2F[c(r) Jatdr (7.6)
0 O
or
L a (2n/w
_ mPa Ew 2 .
Q = st o J I r“f(x,k,K,...)dtdr , (7.7
0 0

If ¢ 1is sufficiently small we can calculate Q by replacing the actual
velocity gradient field by that appropriate to the Newtonian case, i.e. by the
velocity gradient field calculated from (7.1). 1In this way the effect on the
time-averaged rate of discharge of various types of term in the constitutive
equation for a slightly non-Newtonian fluid can be examined. For example, it is

seen that if the constitutive ecquation
G=nk+e(K +NK + K ) , (7.8)

where the n's arc constants, is adopted, then Q 1is given by [27]
4 3,6- 2
_ mPa wPra™n nv
Q - SYT— - E “_“T [] + 36(—P—a~—é‘> A} > (7.9)

where A is defined by

av(berzav + bcizav)(A+l)
= 222 (ber av ber'av + bei av bei'av)

+ 2(ber av bei'av - bei av ber'av) (7.10)

and Vv is given by 5
VT o= pw/n (7.11)
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We note that, of the non-Newtonian terms in (7.8). only the term in K3 contri-
butes to the change of the time-averaged rate of discharge as a result of the
superposed vibration. lowever, this term contributes to Q through two terms,
one of which is independent of the presence of a superposed vibration and the
other is not., We note that both of these terms give increases in Q if n is
negative, as we may expect it to be for a polymer solution,

The analysis of the above problem has led to a number of further predic-
tions regarding the cffect, on the time-averaged rate of discharge of a polymer
solution, of superposed vibrations [27,28]. For example, we may also expect that
rotational vibration of the pipe will increase the time-averaged rate of dis-
charge. Also, non-zero time-averaged rates of discharge may be obtained, even
when no pressurce gradient is applied, if two, or more, sinusoidal vibrations,
with appropriately related frequencies, are applied to the pipe.

Indeed, the calculations in [27,28] draw attention to the whole range of
rectification and modulation phenomena in non-Newtonian fluids. These will dif-
fer from the usual discussions of rectification and modulation phenomena in many
other areas of physics, as a result of their possible three-dimensional character.

For example, Kazakia and Rivlin [29] have studied the effect of a super-
posed longitudinal vibration on the flow of a non-Newtonian fluid, under a uni-
form pressure gradient, thrcugh a straight pipe of non-circular cross-section.
They found that if the second-order Rivlin-Ericksen constitutive equation is
adopted, it is predicted that a sccondary flow in transverse planes will be
superposed on the rectilinear flow. This is, of coursc, an unsteady flow, but
has a non-zero time-averaged velocity field. The strcam-lines for this field
are shown in Fig.4 in the casc when the cross-section of the pipe is rectangular
with various aspect ratios. It is seen that in the case when the cross-section
is square there are two eddies in cach quadrant. As the aspect ratio changes
from unity one of these eddies grows at the cxpense of the other and eventually
seems to disappear. It is not, however, certain that it does disappear, since
the strecam-line patterns shown in Fig.4 were obtained by a finite element calcu-
lation and we cannot be certain that therc is no eddy of dimensions smaller than

those of the finite elements.
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Fig.1l Plot of 1 wvs. R for various values of ¢

(b)

(a) rectangular shearing flow

(by Poiscuille flow

Reprinted from Rheologica Acta
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. Fig.2 Plot of T, Tand T vs & for
various valucs of R, for non-

. Newtonian fluid in annular region
between rotating eccentric cvlin-

.3 ders,

. Reprinted from Trans. Soc. Rhcology
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Fig. 5 Plot of 1, 1 and 1 vs € for various values of R, for Newtonian fluid
in annular region between rotating eccentric cylinders {(linear inertial
approximation).

Reprinted from Archive for Rational Mechanics and Analysis
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Fig.4

Stream-lines for time-averaged transverse flow in rectangular pipe for
1.
aspect ratios 1, 0.9, 0.8, 0.5 and a(wp/n) = = 1

= (top, left quadrant),
[a =

larger dimension of quadrant, n = viscosity, w = angular

frequency of vibration, p = density of fluid.]

Reprinted from J. Non-Newtonian Fluid Mechanics.
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CENTRIFUGAL INSTABILITIES IN FINITE CONTAINERS

Philip Hall, Mathematical Sciences Department,

Rensselaer Polytechnic Institute, Troy, New York 12181
Abstract

The effect of endwalls in a Taylor vortex apparatus is j..Jooo i-
gated using nonlinear stability theory. It 1s shown that one import-
ant consequence of the finiteness of any such apparatus is that the
initial vortex motion develops smoothly with increasing Taylor number
and not as a bifurcation from circumferential flow. Morescver, in
short cylinders, the dominant nonlinearty motions is quadratic and
not cubic as 1is well known for the infinite problem.

1. Introduction

In this paper we discuss the response of circumferential flows
in finite cylinders to centrifugal instabilities. In very long
turbed flow
1s periodic along the axes of the cylinders and this flow is usually

contalners it is observed experimentally that the dis

called a Taylor-vortex flow. Until recently the large number of
theoretical papers on this problem have assumed that the cylinders
are infinitely long. 1If this assumption is made, and the inner
cylinder rotates, then linear stability theory predicts tnat this
flow becomes unstable when the angular velocity of the inner cylinder
reaches a certain critical value. If the angular velocity is
increased slightly above this value, then nonlinear stability theory
shows that a stable supercritical equilibrium flow exists. ilowever,
if the angular velocity is further increased, the axisymmetric
Taylor vortex flow itself becomes unstable to wavy vortex modes
which are periodic along the axes of the cylinders and around the
cylinders.

Suppose then that we now restrict the cylinders to be of finite
length and that the ends of the cylinders are at rest. The basic
flow set up when the inner cylinder rotates is now three-dimensional
and can only be calculated numerically unless the speed of rotation
of the inner cylinder is small. Thus even before the onset of any
instabilities, a circulatory flow exists in the cylinders. Related

studies in Bénard convection theory by Daniels (1977) and Hall and
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Walton (1977) suggest that this flow develops smoothly into a Taylor
flow, without any bifurcations taking place. In addition
to the three-dimensional nature of the basic flow, any disturbances
to the flow will be influenced by the end walls which constrain
the possible fluid motions between the cylinders. We shall concen-
trate on the latter effect here and describe the bifurcation problem
in cylinders having end walls rotating such that the basic flow is
purely circumferential. For such flows we show that if the length
of the cylinders is the same order as their separation, then the
amplitude equations determining finite amplitude disturbances have
quadratic nonlinearities.

The linear stability theory for the flow which we consider
here has recently been discussed by Blennerhassett and Hall (1979),
hereafter referred to as I. 1In that paper it was found that the
clasc of unstable disturbances to the flow could be divided into
those having axial velocity even about the mid-plane of the cylinders
and those odd about that plane. Depending on L, the nondimensional
length of the cylinders, the most dangerous disturbance can be
either odd or even. In fact at a given value of L, there exists
an infinite sequence of values for @, the angular velocity of the
inner cylinder, at which disturbances become unstable. For large
values of L the results given in I show that the critical value
of @ differs from its value for the infinite problem by an amount
of order L °.
2. Formulation of the problem

We consider the flow of a viscous incompressible fluid of
kinematic viscosity v between concentric cylinders of radii Ro

and Ro + d and of common length 2Ld. The inner cylinder rotates

with angular velocity 0 whilst the outer cylinder is at rest. We

restrict our attention to the small gap limit %— + 0 and define
dimensionless coordinates x and ¢ by 0

(2.1a,b)




where r is the distance of any point from the common axis of the
cylinders whilst z measures distance along that axis. The boundaries
of the cylinders are defined by x = 0,1 and ¢ = +L.

If %E < 1, and the cylinders are infinitely long, the fluid
moves with azimuthal velocity QRO(O,l-x,O). We assume that the
ends of the cylinders in the problem to be considered here rotate
with this velocity so that the basic flow between the cylinders is
purely circumferential.

We now suppose that this flow is perturbed in an axisymmetric
QR v

manner such that the new velocity field is (%%u, QRy (1-x) + 20 ,
- %aw). We note that the azimuthal component of the disturbance

velocity is scaled on QRO whilst the radial and axial components

are scaled on %a , the factor 2 and the minus sign are introduced
for convenience. We further note that the perturbation pressure p
associated with the above disturbance is independent of the polar
angle 0. The Taylor number T associated with the basic flow is

defined by

T= —s— ° (2.2)

_ 9 3
g2+ 25, (2.3)
ax2 A
and
e = Y ¢, (2.4)
a2

The equations which determine u, v, w are obtained by eliminating
the pressure from the first and third momentum equations and by
using the continuity equation. We obtain

3 _ 1 1
(0= gre) un TU=KIVee = = 291 46 * 29x¢ -
(2.5a,b,c)
3 = -1 =
(4 - ==x)v-u = - 350, , u, *wy =0,
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where

_ 1. 2
Q1 = uux + wu, - 7Tv P

¢

Q2 = uw, + WW, (2.6a,b,c)

Q3 = uvx + wv¢ .

We must solve the above partial differential system subject to the

no-slip conditions at the ends and curved surfaces of the cylinders:
u=v=w=20, x=20,1

(2.7a,b)
u=v=w=20, ¢ =+L .

3. Finite amplitude solutions for L ~ 0(1)

In I it was shown that depending on the length of the cylinders
the most dangerous disturbance can have axial velocity component
even or odd about the plane ¢ = 0. The main results of I are shown
here in Figure 1 reproduced from I. We see that in addition to
the first odd and even eigencurves, there are further higher modes.
In fact, there is an infinite sequence of pairs of odd and even
eigencurves which wrap around each other when L varies. We denote
the first even and odd critical Taylor numbers by TE(L) and TO(L)
and near any point of intersection (L*,T*) of these curves we can

write

* -L* * 4oL
TE(L) T* + (L-L )'1‘E ’

(3.1a,b)

* —L* *
TO(L) T* + (L-L )To + c.. .

We note that all the intersection points of the curves shown in

Figure 1 are such that TE*, T * are both negative. Thus if for

0

example TE* > To* the even mode is the most dangerous for L < L*

whilst the odd mode becomes the most dangerous for L > L¥*. We now
assume that the point (L,T) is close to the intersection point
(L*,T*). More precisely, we write

2
—4 *
T T* + eTl + € 'I'2 + aee o
(3.2a,b)

L

L* + cLl '

}




where ¢ is small and positive whilst Ll’ Tl’ Ty etc., are prescribed
constants of order 60. A straightforward analysis of the linecarized
form of (2.5) shows that the growth rates of the first odd and even
modes are of order ¢ when T - T*are of order . Thus we define a

slow time variable 1 by

T = gT1* . (3.3)
j U
We now expand the disturbance velocity /v; in the form
w
fu\ jue \ /uot\ /'u20\ Y2e
. ' / 2 2
i | =
LV j e Vg } + E/ vo |+ et vy }+ e[ Voo *oeen (3.4)
i ! /
S Ve | & Yo | \ Y20 Y2e ]

where subscripts o and e denote velocity fields having axial veloci-
ties odd and even about the plane z = 0 respectively.

The functions U, 4, are just the linear eigenfunctions given
in I. In fact, these modes have amplitudes A{T1) and B(1) where
these amplitude functions are determined at order €2. We find that

the "amplitude equations” determining A and B are

da _
e & = {e2Tl + e3L1}A + e,AB
(3.5a,b)
dB _ 2 2
fl dr = {fZTl + f3Ll}B + f4A + f5B

where el,f etc., must be calculated numerically at each point

ll
of intersection of the odd and even eigencurves. Some values of
these coefficients are given by Hall (1979).

4. The solutions of the amplitude equations for L . 0(l) and

discussion.
In this section we shall discuss the ecuilibrium solutions
of (3.5a,b) for the particular values of the coefficients ey f1
obtained by Hall (1979). The three equilibrium solutions (A

/B.)
dA _ dB E E

of these equations are obtained by setting I3 " 0 and solving

the resulting equations to give
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II. A_ =20, B, = - {f

E E 2
(4.1la,b,c)
_ -1
III. BE = {ele + e3Ll}e4 ,
B i) /2
. £,0, + f3L,  fole,T; + e3L1]!/
AE =+, (e, T, + e.L.) - —,
=4 ‘271 371 e, e 2 it
{ £, ' 4 4

The first solutiocn is the trivial one which corresponds to the
unperturbed state. The second solution represents a finite ampli-
tude odd disturbance which exists for all values of Ll and Tl.

(We note that odd and even modes correspond to disturbance velocity
fields which are respectively syvmmetric and antisymmetric about the
mid plane ¢ = 0.) Finally, the third type of solution corresponds
to a disturbance which is neither odd nor even. Since AE rnust be

1 anéd T

lowever, it is easy to show that, for the values calculated hy

real, this disturbance does not exist for all values of L 1°

Hall (1979), this solution exists for T, in the range hetween

-1 -1
= - T = m - - — F
Ty ejlie, and Ty 15 Ll[e3f5 e4f3][e4f2 e2n5] .
The latter value corresponds to the Tl coorcdinate of the point
. . . -1
= = {Ff
of intersection of the lines B {_2T1 + f3Ll}f5 and
- - -1
By = {e2T1 + e3Ll}e4 .

The stability of the ecuilibrium solutions can he investigated
in the usual way. Ve perturb the equilibrium flow by writing

- o1 _ oT

A= AE + ae ' B = BE + be
where a,b are small and independent of 1. Substituting for A and B
from above into (3.2€) and retaining only linear terms in a,b, ve
obtain

€1ga = aleyTy + egly + e By} + bleyay)

f,0bh

]

1 a{2f4AE} + b{szl + f3L1 + 2fSBE} .
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The growth rates ¢ 0., are determined from the roots of the quadratic

’
equation which ensires the existence of a nontrivial solution to the
above homogeneous equations. If the real parts of 04 and g, are both
negative, the equilibrium flow is stable. If either growth rate

has positive real part, the equilibrium flow is unstable. The three
equilibrium solutions (4.1) corresponding to the different values

of (L*,T*) given by Hall (197%) were investigated in this way.

The stabilitv properties of the ecuilibrium solution depend on the
coefficients el, fl, etc., at anv value of (L*,T*). Lowever,
surprisingly enough, at any value of (L*,T*) there are only two
distinct cases to consider.

Case a. The most dangerous mode an odd disturbance

Suppose that L, is such that the most dangerous mode is an odd

1
mode. In this case the trivial solution is stable until the bifur-
1

cation point Tl = - f3Llf2_ and for Tl greater than this value

it is unstable. The equilibrium solution II is stable for

- -1 - £ -1 .
Tl > f3Llf2 and unstable for Tl < L3L f2 . Thus the zero
solution and the type II equilibrium flow exchange stability charac-
teristics at the bifurcation point Tl = - f3Llf2-l. The third

type of solution, III, is unstable wherever it exists. These results
are summarized graphically in Figure 2a where continuous lines
represent stable solutions and dotted lines represent unstable

solutions. We conclude that when L, is held fixed and T, increased,

1
then, if the odd mode is the most dangerous, the unperturbed flow

is stable for T1 < = f3Llf2“l and for Tl greater than this value

an odd disturbance with magnitude proportional to Tl exists. This
latter flow corresponds to an even number of cells in the range

-L < ¢ <L.

Case b. The most dangerous mode an even disturbance

The stabilitv characteristics of the equilibrium solutions in
this case are summarized in Figure 2b. We note that for

T, < --e3L1e2-1 the only stable configuration is the unperturbed

. . -1
state. If T1 lies in the range (—e3Lle2 ’ TlB)' the only stable




equilibrium flow is a type III solution corresponding to a distur-
bance neither odd nor even in ¢ . However, this solution exists
only for Tl in this range and for T1 > T1B the only stable solution
is an odd disturbance corresponding to II in (4.1).

Thus, we conclude that, in general, the nmost likely disturbance
to be observed is an odd mode; the mixed mode exists for a finite
range of values for Tl and is only stable when the most dangercus
mode of linear theory has axial velocity even in ¢ .

Finally, we brieflv describe the effect of applying more
realistic conditions at the ends of the cylinders. It has been
shown by Hall (1979) that if we perturb the end conditions towards
the no-slip conditions appropriate to the case of fixed rigid

endwalls, then (3.5a,b) are modified to give

dA _
ela_? = { ele + e3L]. }4 + e4AB .
B _ ¢ ¢ 2 4 £ 32
flE? [ £,T, + f3Ll IB + f4A + £.B7 + f6 .

The introduction of the constant term in the second ecuation is
a direct consecuence of the more realistic end conditions. The
effect of this term on the equilibrium solutions of the amplitude
equations is dramatic. We now find that the solution 2 = B = 0
of (3.5) is no longer a solution of the more realistic problem.
An investigation of the above equations shows that there exists
a smoothly developing odd mode (A = C) for all values of T,. 1In
some cases, this smoothly developing solution becomes unst;ble to
mixed mode solutions with both A and B nonzero. '
This work was partially supported bv the Army Research Office.
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THE HISTORY OF THE UTILIZATION OF EULERIAN HYDRODYNAMIC
COMPUTER CODES AT THE BALLISTIC RESEARCH LABORATORY

John T. Harrison
Shaped Charge Branch
Terminaf Ballistics Division
Ballistic Research Laboratory
US Army Research and Development Command
Aberdeen Proving Ground, MD 2109S

ABSTRACT. The Ballistic Research Laboratory has been involued with the
development and utilization of hydrodynamic computer codes for over
twenty years. The final product of one of these developmental efforts is
the two-dimensional, Eularian, finite-difference, hydredynamic code
called *HELP®. This paper will tracs its history and point out some

of its applications.

The HELP code has evolved from four major hydrodynamic programs
which were developed over a twenty-year pariod.” Its genesis is the orig-
inal Particla-In-Cell (PIC) code written by M.W. Evans and F. Harlow at
the Los Alamos Scientific Laboratory. The next step was the OIL code
which replaced the discrste particle mass transport scheme by a contin-
uum. The RPM code, which respesented the material as havin? rigid per-
fectly-plastic properties, was third in the series. Finally, the HELP
code was developed with a multi-material capability and representing
the material propertiss as elastic-plastic.

These codes have been used in a wide range of problems in continuum
mechanics. Their evolution has had a immense infuence on research and
development in both governmeni and industry.

I. INTRODUCTION. The Ballistic Research Laboratory (BRL) has a rich
history of advancements in computer ischnology. This has snabled the
accoanLahuent of some remarkadb'e studies in a wide scope of fislds, and
continuum mechanics i1s one of these. It i{s now possible to examine in
detail such problems as:

1. The penetration produced by a hypervelocity impact.

2. Ths cratering produced by a °chunky’ fragment upon impact.

3. The detonation of a stick of explosive and corresponding
deformation of the adjacent materials, and many more of
similar complexity.

Two things wers required to accomplish these investigations. One was
the deve?opment of the the computers and congutar languages themseives.

The other was the development of the mathematical techniques that trans-
form the basic differential equations into forms suitable for numerical
analysis. This ﬁaper will concentrate on the historical development and
utilization of the latter, but it is use{ul to mention briefly the com-
uters which were available to the numerical analyst at the BRL from a
tstorical standpoint [11.

First, the world’s premier high-speed,alectronic digital compuier,
the ENIAC, was operational at the BRL from 1947 to the sarly 58’s. This
was a decimal computer and programmable only in machine language.

Second, EDVAC was the first binary and stored program computer. I}
was operational from 1951 to the esarly 63’s. This too was programmable
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only in mach.ns language.

Third, the ORDUAC was operational from the early 50’s to the mid-
1968’s. This computer was ﬁrogramuable in both a pusedo-language termed
assembly language and a machine language.

Fourth, BRLESC 1 was operational from the early 60’s to the mid 70’s.
Computer systems analysts at the BRL developed a high level language
cal?ed Formula and Assembly Translator, FORARST. This high leve? lang-
uage was designed for Lhe scientific programmer and was operational until
1568 when FORTRAN IV was adopted.

Fifth, BRLESC II was operational from the mid 60’s to the mid 70’s
when both it and BRLESC I were replaced by a Control Data Corporation,
Cyber 170 computing system.

Beyond this, we will not go into computers in any great detail.
Instead, we examine the initial congrehensive research project which
was i1nstituted to obtain solutions to U.S5. Army related problems. This
initial {rodect examined, in detail, the numerical scheme used toc obtain
these solutions. This gaper will cover the following:

1. The personrnel responsible for and involved with the project.

2. Thedpgoblens in continuum mechanics for which solutions uere
needed.

3. The governing equations and undert ing approximations consid-
ered to obtain suitable solutions %o he problems and the
numerical schemes used.

4. A brief statement about the results of this inital studg
and observalions concerning future code development work.

As a resull of the initial investigation, a series of improvementis

~to this numerical scheme whers supported by the BRL over a seventeen year
period. The chronological order og development for those Eulerian
umerical codes used at the BRL will be presented. Finally, a 'Family

Tree' of Eulerian hydrodynamic codes will place each in their respectivs
branch.

Many of these codes ars still being used today. It is the intent of
this paper to not only familiarize those using these codes with their
origin, but also to acquaint them to the part that the BRL played in
their evolution.

II. BACKGROUND. The initial theoretical analysis, code development,
and experimental work was a combined comprehensive research program in
the field of hypervelocity impact. The work was initiated in May 1962
under an Advanced Research Projects Agency (ARPA) Order No. 71-62. This
resulied from a series of recommendations by Dr. R.E. Duff, who, as a
sember of the Institute for Defense Analysis, prepared a planning docu-
ment to assist personnel at ARPA.

The experimential work and overall responsibility for the project
was delegated to the Army’s Ballistic Research Laboratories. The
theoretical analzsis and code development work was completed bg personnel
at the General Atomic Division (GAMD), General Dynamics under Contract
No. DA-04-495-AMC-116(X). In addition to the the ARPA contract, Arng
funds were used to support a modest theoretical effort at Drexel Insti-
tute of Technology under Contract No. DA-36-934-0RD-3672-RD.

This resesrch ?rogram was a cooperative venture between eight scient-
i1:ts sad the overall coordinator for the project, Dr. F.E. Allison of the
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BRL. Others 3%t the BRL included J.H. Kineks, J.T. Frazier, and U.N.
Boylae. Uork at the General Atomics Divison of General Dynamics was under
the tschnical supervision of J.7. Walsh. Others there= included J.E.
Johason, J.X. Dienes, and J.H. Tillotson. UWork at the Drexel Tnstitutse
of Technology was under the technical supsrvision of Pe=i Chi Chou.

Central to iha program was the development and use of the hydro-
dynamic computar code called *OIL'CZ,33. IL 15 2 tuo~spaca dizsnsiorns
and time dependent code with only one-material and based upon ihe
Eulerian or {ixed grid numerical formulatton. This code i35 closely
related to the Particle-In-Cell (PIC) code [4,51. ! was daveloped
by modifying the General Atomic PIC code named SHELL [53 oy the intro-
duction of a coniinuous mass transport schese.

The OIL code was used o obtain numerical solutions for the fnitial
interaction between a projectile and target in an hypervelociiy situa-
tion. This simulated the penetration of a continuous shaped charge

et. A _second problem was also studied during this initial investiga-
lon. This was the study of cratars produced by 'chunky® {ragments. It
analyzed the cratering eifects producad by a shaped chargs je
after it has broken into sany discrete particles or by a iragmeniing
sunition. Experimental evidencs showed that the initlal ianteraciion

of the pro;ecz;le and targst, in both cases, is a hudrodgnamic procsss,
which can be treated as a probles in compressible fluid dynamics. Thaas
atud? of the hydrodynamic phase of the inter=ction lead %o significisnt
conciluslions concarning Lhe terwminal effects of the impaci.

ITII. GOUERMNING EQUATIONS. The penetration of a larg=t by a projeciile
can be described in terms of classical hydrodynamics. The cratering
roblem also has a hydodynamic phasa during the tnittfal interaction of

he targei and projeciile which can be irsated as a problea in comar=ss-~
ibls fluid dynamics. The leading edge of the interaction is defined by a

shock front across which the flow satisfies the Rankine-i : aqua—-
tions C73: sfles the Rankine-rugoniol equa

ool = (U - uy) (1)
Py - Py =pg Uy, (2)
El = E0 = li(Pl + po )(VQ - Vl) . (3)

Elsewhers, the equations for continuous compre=ssihle flow [?7] ars assumed

o apply: 30 -
ac* 7w =0, 4)
-
Ju
TV =0, (5)
dE_ p v
dt dt - (6)

Here the derivaies d/di denote Lhe usual conveci:ue derivatives: i.e.,

-
dfsdt = 3f/3t + u - (VE). This set of squations is completed by sgec:iy-
ing an equation of state which i3 takan Lo be of the gensral fora: .

P L4 f (D;E)o (7)
‘ \)‘L i‘M‘_ 3 i
th'-" -« ° .
w1 'mi ‘mu Lswes TV
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To provide a realistic thermodynamic description of the =material, lhe
equation of stals is construcied by fitting available experaintal data.
The preczeding equations are solved numerically by the OEL cede.

gn exiremely useful properiy of the precading eguations is thai the
solutions can be scaled; i.8., An impaci, for which the characteristic
length of the projectile ts Lo, has the same hydrodynasic solution as a

eometrically similar lspact (same velocily) wilh ithe characteristic
1ength Flg, excapt that all tizes and dislances ars changed by the facter

F. Intensive variables such as pressure, densiiy, and velocity remain
unchanged under tha iransformation.

IV. UNDERLYING APPROXIMATIONS.  The principal approximations needed to
derive Equations 4-6 ars: (1) diffusion effects (such as those dues 1o
viscosity, thersal conduciion, and radiation) are nregligible within the
continuous flow; and (2) the tensor sir=sses due to material stirength

can be negelected. These approximations and the previously sitated

siaple scaling law are cloae?g relatad.

“The former approxismations, i.2. the diffusion effects, would
introduce higher—ordar derivatives in the continuous~flow esguations.
This would cause a degariure {roa the siaple scaling laws. Thereiore,
since the main body of experimenial evidencs at that tize indicaled
that siaple scaling was a valid approximation, nesglecting the eifectis
of diffusion was a good approxiaagxon.

The latier approximation is valid by dafinfiion for tha so-called
hydrodynamic phase of th= japact procs=s3, which is taksn to bes itrat
early part of the intaraction during which the equation-oi-sials pres-
sures ars large comparsd o ihe smaiarial yisld sirengihs. Alihough
strength effecis ares negligible in the hycredynamic phase, it is neces-

sary Yo not= that ihe ordinary siress-sirain effecis do scale; whareas

the tims—-dependance wiithin the stress-strain relations causes a breakiown
in siaple scaling.

U. CONCLUSIONS AND RECOMMENDATICNMS. Many aspecis of experimental
and theorstical analysis were taksn inio consideration during this
atud1.' These included the uss of one and tuo-dimensional impact
models with an ideal gas equation-of-state, sisilarity solutions, and
experimental-theoretical corrslations. As a result the cruciatl tiak
between the hydrodynamic phase and the tarminal effecis was first
observed ia iapact calculations from a hydodynamic code based upon
the PIC formulation of compresssible fluid flow. This result was
improved ucon by tha use of the OIL code. This was the the firss
signiiicant result atiributed to hydro-cede calculations and was
verified :n 1963 by experimental observat:ions [31.

The crucial link was teraed ‘late-siage equivalencs.' 1It, simpl
stated, meant thad two ispact c:lculattong hegoae Lndisting:iahah?: g
when the characieristic dimensions of Lhe projeciiles are related

to their velocities through the ralation (Lg’/Ly)l=(UgUo’)%, ihen

the two flows will become equ-valent in their later stage=s. Figure

Ls a siample one-dimensional c.rve showing ths concapt of late-siage
equivalenca. )
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Despite the fact that sxgnif;cant conclusions were obtained by
examining the hydrodynamic phase of the impact interaction, it was
highly desirable to obtain a detailed description of the actual
mechanics for the strength-dependent portion of the interaction. The
mos! promising approach to the grohlen consisted of generalizing the
hydrodynamic codes so that problems in strength-dependent deformation
could ge computed. An additional area which required attention was
that of an impact which was not axi-symmetric. A theoretical under-
standing of the so-called obliquity etfects must be based upon
calculations of flows with Lhree space variables and time.

As a result of these recommendations and observations, the BRL
sponsored the scientists who are responsible for the development of tuo
of the hyrodynamic compuler codes used today. These are the HELP (9]
and TRIDURF [10] codes. The HELP code is a two-dimensional, multi-mat-
erial, Eulerian compuler model with an elastic-plastic consituative rela-
tionship. The code was developed by L.J. Hageman under the technical su-

ervision of J.M. Walsh at the System, Science, and Software (555). The
RIDORF code is a three-dimensional, rigid perfectly-plastic material
strength, Eulerian code having the computational capability of handling
two materials in a zone. The latter code was a product of the so-called
evolutionarg computer code development iree. The developer was U.E.
Johnson of the Computer Code Consultants.

UI. CHRONQLOGICAL ORDER OF DEULOPMENT. Table 1 lists the chrono-
loaical order of development of two and three dimensional, Eulerian,
hydrodynamic comguter codes. The table presents the date of first
publication of the users manuals, the aughors name, and a short dis-
cription of the code. Tha genasis of these codes is the particle-in-
cell code developed hg M.U. Evans and F. Harlow in 1957 for all of the
codes listed except the SMITE code Ciil. The SMITE code is a high-order
accurate differencing scheme which is based upon the Eulerian method.

It was developed by 5.2. Burstein and H.S. Schecter from Mathematical
dpplications group. Incorporated (MAGI). This code was developed under
a BRL contract in 1972.

These codes have been used hy researchers at the BRL from their very
beginning. A good reason for this is the fact that their development has
been very well documented. The bihliographﬂ of this paper will contain
the refersnces for these codess based upon the first reported date.

VUII. THE EULERIAN HYDRO CODE TREE. The Eulerian hydro code tree
shows the evolution of the Eulerian, hydrodynamic computer codes. The
tree 13 a direct ouigrowth of research sponsored for the most part by the
BRL. *The development of these numerical schemes has had a great inilu-
snce on both government and industry.

Table 2 is a _representation of the Eulerian hydro code tree. At its
trunk rests the PIC code, developed at iLhe Los Alamos Scientific Laborat-
ory. Next, the SHELL code which has the same formulation as PIC,

i.6. with discrets mass particles dispersed in fixed, Eulerian cells. It
was developed at the General Atomic Division of General Dynamics by

W.E. Johnson. The next in the chain came a code that had a large

impact on the code development industry, the OIL code. OIL was the

ca algst for the outgroutn of many other codes because it replaced

the discrete particle mass iransport scheme by a continuum. The
predominate reason for its ifmpacl is that it reduced the amount of
computer internal storage requirements to do even a simple calculation.
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Thereafter, many computers were then able Lhe suppor® the use of the
code.

From this point, the hydro code itree branched in five different
directions. First, a material atren?th branch, the RPM code Ci2], was
added to the 0IL code. Second, a muliimaterial kranch, the TOIL code
C13], was added to the QOIL code. Third, a branch of the OIL code was
added with three space dimensions and time as the independenit variable.
This code was appropriately called the TRIOIL code [14]1. The fourth
branch of the O { code is a new calculational tachnique called *"the
splitting technique'. The new code, SOIL L[15] was developed by U.E.
Johnson.

A fifth branch is a limb Yo itself. This limb contains the HULL
codes C16]. The HULL code was initially developed at the Air Force
Weapons Laboratory (AFUL) by a modifation of the SHELL code. The HULL
code has been used by personnel at the BRL since its inception.

Tha multi~purpose code in much use today is th: HELP code [17]. It’s
a two-dimensional, multimatarial, hydrodynamic code with elastic-plastic
formulation for material strength. "The code has avolved from four
ma jor hydrodynamic grograus developed over a long period of time. In
Table 2, we trace it from its genesis, the PIC code, to the OIL code, %o
the RPM code, and then to the RELP code. The HELP code has undergone
several programming changss over the years. These changes varied from
minor programming changes to major code modifications such as the BRLSC
code [18]. The most recent was a change in the numerical differencing
proceesdure for the calculation of specific internal energies. This
version has been modified by personnel! at the BRL and thus receives the
acronym, BRLHELP cede £131].

The hydrodynamic codes listed in this paper are a small sample of
those in existance. They are those mostly used by scientists at the BRL.
Nevertheless they have had a tremendous ingact in our national defense.
We are on the threshold of a new 2ra in both the use of the hydro-
dynamic codss and the computing machines that run them. Solutions
to a wide variety of theorstical ressearch problems are now forthcoming.
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Table 1.

Date

p 4
1957C41]

1959L61
1961L63]
1963C21

1965L31

1967C13]
1967C14]
1967C€201

1968€12]
197eC93

19710213

1971€£131]
1973C111

19730221
1975C17]
1976C16]
1976C103
1977C153

1978C19]

Name

PIC

SHELL
SPEAR
OIL

oIL
TOIL
TRIOIL
RIPPLE

RPM

HELP

DORF

BRLSC

SMITE

HELPGRID

HELP

HULL

TRIDORF

SOIL

BRLHELP

The Chronological Order of D
Three Dimensional Eulerian,

Codea.

Authors

- ——

M.4.Evans,F.Harlow

U.E.Johnson
U.E.Johnson
U.E.Johnson

U.E.Johnson
U.E.Johnson
W.E.Johnson

M.V.Evans,Ll.Hageman
8J.A.Uilliamson

Johnson,Hageman
Evans,Dienes,alsh

L.J.Hageman &
J.M.Jalsh.

W.E.Johnson

M.Getiings

<Burstein,
.Schecter
L.Turkel.
.SeYutck,
~Walsh,D.dilkins
.Hageman,et.al.
H.A.Frg,ct.ll.
W.E.Johnson
W.E.Johnson

J.Lacetera,
J.Schmid, &
J.Lacstera.

Los Alamos

GAMD
GAMD
GAND

GAMD
GAMD
GAMD
GARMD

GAMD

§SS

§8S

SSS

MAGL

§SS

§SS

AFUL

cce

cce

BRL

evelopment of Two and
Hydrodynamic Computer

Descripition

Particle-in-cell,2-D,
Hydro.

Version of the PIC code
Improved SHELL code

Continuous Mass Trans-
port, 2-D,1-Mat., Hydro

Improved OIL code.
OIL with 2-materials.
3-D OIL,i-Mat., Hydro.

The OIL code used for
solving detonation
problems.

OIL Method with rigid
crf.ctlg-plaatic sa-
garxnl strength.

OIL Mathod,Elastic-
plastic strength,Muti~
material,2-D,Hydro.

0Il code,2-Mat.,Rigid
perfectly-plastic,e-D.

HELP modified to solve
the shaped charge
problea,

Hx?h order accurate
di fereacxna scheme,
2-D,2-Mat. ,Hy

Improved BRLSC code,
with grid packaging.

Improved HELP for the
plugging and shaped
charge probless.

Improved SHELL.

3-D DORF,Rigid per-
fectly-plastic,2-Mat.

dro

oIL uatng the split-
ting tecanique.

Improved HELP7?S (cor-
recting the internal
energy problem).

2
€] - The nusbers inside of the Drackets represent Lhe refersnce number

of the first publication. (ses bibliagraphy).
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TABLE 2. A hydrodynamic, Eulerian computer code "family® tree.

TRIDORF SOIL BRLHELP HULL78
DORF9 HJLP?S HULL |
HJLPGRID
DORF BRLSC ' A
HJLP
TRIOIL TOIL . RJH
L t I
oIL RIPPLE SHELL-OIL
spéan
suéLL

PIC
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STUDY OF CONVERGENT FLOWS IN CERTAIN SHAPED CHARGE SYSTEMS

By Abdul R. Kiwan
Vulnerability Methodology Team
USA ARRADCOM, BALLISTIC RESEARCH LABORATORY

ABSTRACT

Convergent flows arise in a certain class of shaped charge systems
with hemispherical liners which are set in motion by a convergent detona-
tion wave. The study of such flows explains the processes of liner
collapse, jet formation, flight and elongation, the resultant jets and
their properties in such systems. The mathematical and computational
part of this study utilized the HELP code which is a two dimensional
Eulerian, multi-material hydrodynamic code. The study showed that the
jet forms as a result of the liner compression and differs from the
process of jet formation in conical shaped charge systems. Furthermore
the resulting jet did not possess an inverse velocity gradient. Jets
from such systems possess different distributions of mass, momentum, and
energy which make them suitable for certain applications. The study of
such flows explained the cause of some of the experimentally observed
problems with jets from such systems. The theoretical predictions from
this study have been corroborated qualitatively and quantitatively by
experimental measurements.

I. INTRODUCTION

Considerable interest was shown recently in the application of
convergent flows to the design of a new generation of shaped charge
warheads of the future. It was believed that if a metallic hemispherical
liner is set in motion by a convergent detonation wave striking it, then
the resulting shaped charge jet might possess high velocities and other
desirable properties. This consideration has been the primary reason
behind the present study. Intuitively it seems that the collapse of the
liner might be understood by considering the motion of a typical liner
element E relative to an observer at the pole P of the hemisphere as
shown in Figure 1. The observer at the pole P which is moving towards
the center C with velocity V will see the flow from element E coming at
him with velocity Vr' In a stationary coordinate system E is collapsing
towards C with velotity V. The liner will continually get thicker
during the collapse until eventually it starts jetting to relieve the
high compression in the liner material. The dotted line shows the
actually computed liner configuration. The numerical simulation of the
collapse and jet formation process was achieved with the HELP code which
we describe briefly below.
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Figure 1: Idealized Schematic Figure 2: A Schematic of the
of Imploded Hemisphere Collapse computational setup

IT. DESCRIPTION OF THE COMPUTATIONAL PROCESS

HELP1 is a two dimensional, Eulerian, multi-material, finite
difference hydrodynamic code. The material model in HELP also includes
strength effects. The equations that are solved numerically in HELP
on the computational grid are the conservation quations of a continuous
medium in motion written in the conservation form™:

) 3
56 = "ok, U5 M
3 =9 ) )
5t PY5) T 3x.5i5 T 3k, T Ak, Y4 Yy)» (2)
1 J 1
3 = 2 A R
3t @B T, Biyyy) - axi(p“i) ax, PUifr) (3

X., u, denote the ith coordinate of position and velocity component,

t theltime, p is the material density, E. is the total energy, S.. is

the deviator stress tensor, and p is the hydrostatic pressure. ﬁ&uations
(1) to (3) together with an equation of state are integrated in three
phases. In the first phase (SPHASE) only the terms due to strength
effects are considered, while the other terms due to the hydrodynamic
pressure forces or transport are temporarily neglected. In the second
phase (HPHASE), only the pressure terms are considered while only the
transport terms are considered in phase 3 (TPHASE). Thus during phase

2 thz considered equations are of the form:
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HELP employs the Tillotson3 equation of state to represent inert
material properties. This equation can be represented symbolically

by
p = £(E, o), (7)
where EI is the internal energy,
1
EI = ET -y ugug. (8)

Equations (1) to (3) are integrated in a given computational cycle

over the volume V of a typical computational cell., The volume integrals
arising on the right hand side of the above equations are converted to
surface integrals. Executing the three phases of the calculations
described above updates cell mass, moment%hand energy from cycle n to
cycle (n+l). The pressure p at the (n+l) cycle is then updated from
equation (7). The stress deviator S.., the pressure p, the velocity
components u., and the energy E are*dalculated at the center of each
computationai cell. Boundary surface values of those variables that

are needed to evaluate the surface integrals are obtained by averaging
the adjacent cell centered values of those variables. HELP contains

a transmittive and reflective boundary conditions which are optional at
some of the grid boundaries. Material interfaces are defined in
Lagrangian manner by means of massless tracer particles. Passive tracer
particles provide the option to follow the motion of individual material
particles in a cell. Tracer particles are moved with the local flow
velocity. Sliplines can be introduced along material interfaces. HELP
employs the Von Mises yield condition and contains a tensile failure
criterion, and has an explosive burn routine based on the JWL equation

of state. The time step is determined from a courant stability condition.
Additional information about the form of the resulting difference equations,
the various options available, and the treatment of boundary and interface
cells can be found in the HELP manual-.

The calculations below were set up in axisymmetric geometry which
implies that our representative cell is a torus. Our calculations
neglected tge strength effects but contained artificial viscosity.

J. M. Walsh reported in similar calculations that his results were not
substantiaily affected when the strength effects were incorporated in
the calculations.
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I11. THE COMPUTATIONAL RESULTS AND EXPERIMENTAL COMPARISONS

The problem considered in this study is a shaped charge with a
hemispherical copper liner of an outer diameter 2R = 50.8mm, thickness =
1.9mm, and has a hemispherical charge layer 12.7mm thick of PBX 9404 as
shown in Figure 2. The computation was set in an axisymmetric grid
containing 50 x 90 cells. Each cell was 0.8mm x 0.8mm in the region
containing the liner. The cells were gradually enlarged radially and
axially to the end of the grid. Ten equally spaced angularly latitude
circles, 9° apart, were selected on the outer hemispherical surface of
the charge. The simultaneous initiation of these rings was assumed to
simulate a convergent detonation wave and the experimental situation.

Figure 3 shows the liner configuration at t = 1.92 us and the
velocity field in the liner and explosive. The liner is seen starting
to collapse after being hit by the almost convergent detonation wave
about 0.46 us earlier. The lack of confinement on the equatorial plane
of the charge allows the detonation products to expand rapidly from that
surface causing a departure from the idealized collapse depicted in
Figure 1. The equatorial section of the liner starts to elongate at the
explosive-metal-air interface. As the equatorial rarefaction wave
travels toward the pole the pressures are relieved. Figure 4 shows the
pressure in the flow field at t = 1.92 us which is seen to be large in
the collapsing liner and has a maximum value of 0.328 Mbar. About this

.

4 Time = 1.92us

Time = 1.92 us .200

4

ALIS OF SYIRRITEY (OW)

oIS (O0

Figure 3: Early stage of liner Figure 4: Pressure field at an early

collapse stage
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time the effect of the rarefaction from the nearest unconfined spherical
surface of the charge starts to affect the liner surface and the pressure
begins to decrease. Figure 5 shows the flow velocity field at t = 5.8 us.
The liner is observed to be getting thicker at the pole and elongating
further in the equatorial region. The pressure field at this time is seen
in Figure 6 to have decreased significantly by that time. The maximum
pressure in the liner material is found to be 0.15 Mbar. As the liner
collapse advances, the pressure in the liner starts to increase again

0.1600 PRESSURE{NSARI

Time = 5.81 us :::

0.0400

ALIS OF STHNETRY (W)

0.0200

\
RADIUS (00

Figure 5: Flow field prior to Figure 6: Reduced pressure field due
jet formation to nonconfinement

due to liner compression and reaches a maximum value of 0.603 Mbar,

at t = 9.2 us as can be seen in Figure 7. The pressure decreases
thereafter due to the influence of the equatorial rarefaction wave and

the expansion of liner material arising from jet formation and elongation.
The equatorial rarefaction wave reaches the polar region about t = 7.2 us
and the jet becomes discernable after that time. Figures 8, 9, and 10
show the process of jet formation and the beginniag of its flight. The
short arrows show the direction of flow velocity in the different layers
of liner material. It is clear from those figures that the jet forms

from the innermost liner layer. Figure 11 shows the equatorial section
of the liner in the process of impacting the jet. A radiograph of the

jet from such a system, at late time, showed part of the jet to be missing.
The cause of the missing part was not known then but our calculations
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Figure 11: Jet pinchoff Figure 12: Radiograph of jet
pinchoff 17us

later shown in Figure 11 explained it. Figure 12 -shows an experimental
radiograph taken subsequently, of the jet being struck by the equator at
about t = 17 us. Figure 13 shows a plot of velocity versus time for ten
passive tracer particles placed on the inside surface of the hemispherical
liner. As remarked earlier all these particles attain jet velocities.
Similar plots of velocities of passive tracers placed across liner
thickness reveal that only those placed on the innermost liner surface
attain jet velocities (i.e. v > 2mm|us). Figure 14 shows a plot of the
average velocity components of the metallic liner as functions of time,
while Figure 15 shows the different liner energies as functions of time.
The initial rarefaction wave arriving at the liner surface due to the
nonconfinement of the spherical charge surface reduces the liner accel-
eration, while the equatorial rarefaction wave causes the jet to become
distinguishable. The continued liner compression converts the liner
radial momentum to axial momentum. The total liner energy increases
rapidly at first and approaches an asymptotic value later on. Figure 16
shows a plot of jet velocity as a function of cumulative mass at various

times. The jet mass continually increases as more metal is accelerated
to jet velocities.
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It was found computationally that about 18.7% of the hemispherical

liner forms the jet (i.e., has velocity > 2mm|us).

Experimental

measurements estimate the jet mass to be about 18% of the liner mass.
Our calculations indicate that about 19.9% of the explosive energy is
delivered to the copper lirer of which 11.8% is in kinetic energy form.
The kinetic energy of the jet is 41% of the total energy of the liner.
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Figure 13: History of velocities of
tracer particles on inner
liner surface
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This is in agreement with cxperimental observations. The jet tip
velocity was found to be 6.42 mm{us. Two experimental measurements of
jet tip velocity for such a charge were made at BRL of 7.07 mm|us and
7.57 mm|us. In the experimental tests the hemispherical charge used

was 0.151 kg of PBX9404 and the initiation package contained 0.2685 kg
of composition B-3. [In the computations only the energy from the hemi-
spherical charge was incorporated in the calculations. If one adds the
kinetic energy of the flier plate in the initiation package to the
explosive energy of the charge and accounts also for the effect of
confinemgnt provided by the flier plate then the resultant jet tip
velocity™ will be found to be 7.35 mm|us which is within the range of
experimental measurements. Parametric studies which included variations
of liner and charge thicknesses, confinement and geometry were conducted
and their effects on the resultant jet. studied. The details of those
studies can be found in reference 5.

IV. CONCLUSIONS

It is clear from the above study that the processes of collapse
and jet formation for a hemispherical liner which is set in motion by an
almost cogvergent detonation wave are fundamentally different from those
of a cone’ The various hemispherical liner elements converge in this
case towards a single point as they collapse. The jet forms due to the
compression of the liner material which squeezes out the jet as in an
extrusion process. The jet forms from the innermost layer of liner
material. No inverse velocity gradient was observed in jets from such
systems and consequently the leading jet particle has a small mass. The
total amounts of jet mass and kinetic energy from such a system are
similar to those obtained from conical systems (same order of magnitude),
although their distributions along the jet length appear to be different.
Jets from the present hemispherical systems have greater length.
Experimental observations indicate that jets from such systems have
longer breakup time. According to jet penetration theory the depth of
penetration P by a jet of length l is given by

1/2

b z(ﬁ) , (9)

p

where p. is the jet density, p is the target density, and ) is a
parametér which is equal to one for continuous jet and equals two for
dispersed particle jet. Equation (9) indicates that deeper penetrations
would be obtained frow the longer jets obtained from the present hemi-
spherical systems. This has been observed experimentally to be the
case, although the penetration holes have smaller cross sectional area
since these jets have smaller cross sections as a consequence of the
conservation of mass.
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THEORETICAL AND EXPERIMENTAL STUDIES OF
HEMESPHERICAL SHAPED-CHARGE LINERS

Janet L. Lacetera and William P. Walters
Ballistic Research Laboratory
US Army Armament Research and Development Command
Aberdeen Proving Ground, Maryland 21005

The collapse, jet formation and performance of shaped-charge
liners are influenced by many factors. These factors relate basically
to the geometry and characteristics of the high enerev explosive used
to collapse the liner as well as to the liner gcometry and liner
material properties.

Hemispherical liners are especially sensitive to the variation in
wall thickness from pole to equator, i.e., wall taper. In fact, the
wall taper can dramatically alter the collapse and jet formation pro-
cess and the pertormance characteristics of hemispherical liners. In
this paper, the collapse and jet formation behavior of Flectrolytic
Tough Pitch (ETP) copper hemispherical liners with severe Y?li)taper
ratios of up to two to one will be examined using the HELP ° code.

A uniform-wall-thickness liner was used as the reference case to
assess the effects of severe wall taper ratios. This reference liner
had a constant wall thickness of 3.790 mm and an outside diameter of 127
mm. The liner was driven by 75/25 Octol high explosive with 127-mm head
height (distance from base of charge to pole of the liner) and sub-
calibration (overlap of explosive on each side of liner) of 3 mm. The
explosive was point detonated on the axis of symmetry at the base of
the charge. In the experimental test assembly, an aluminum casing 190
mm long and 3.2 mm thick surrounded the charge. This casing was
omitted from the analytical calculations since the thin aluminum body
has a minimal effect on the liner collapse and formation process.
Figure 1 illustrates the analytical liner configuration as well as
tapered wall configurations of the thick and thin pole designs investi-
gated in this study.

The thick pole designs utilized the same equatorial thickness as
the uniform wall hemisphere and achieved the thickened pole effect by
offsetting the center of the inner wall of the liner to increase the
size of the pole region. Similarly, the thin pole effect was achieved
by increasing the equatorial thickness over that of the uniform wall
hemisphere and holding the pole region constant by offsetting the
center of the semicircle forming the inner liner. No attempt was made
in this study to optimize the liner mass. Both thick and thin pole
design were more massive than the uniform liner.
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It is also feasible to form tapered liners with less mass than the
uniform wall liner by causing the maximum thickness of the tapered
liner to be the thickness of the uniform wall liner and removing
material t?z?btain the prescribed tapers. This approach was taken in a
1978 study °’ performed at the BRL/ARRADCOM on hemispherical wall varia-
tions using two to one taper ratios. In this case the thick pole con-
figuration produced a jet with a higher tip velocity than the jet pro-
duced by the uniform wall liner. The thin pole liner did not, however,
form a coherent jet due to the extreme two to one taper ratio at the
pole. This behavior was quite different from that observed by increas-
ing the liner mass as we presently show. ‘

Other open literature studies regarding tapered hemispherical
liners were reported by the Los Alamos Scientific Laboratory (LASL}.
The LASL design called the TL?4$Tapered Liner Charge) investigates
tapers of less severe ratios.

In the present study, the reference copper hemisphere was varied
from pole to equator using taper ratios of 1.5 to 1, 2.0 to 1 (thick
poles) and 1 to 1.5 and 1 to 2.0 (thin poles) as shown in Figure 2.

This study was designed as a reference or base case from which further
design improvements could be made. Besides wall tapering, other improve-
ments are possible depending on the applif§t§ n of the warhead, such as
heavy steel c?gginement of the explosive, v’ (4a5%iner taper resulting
in less mass, an alternate linef4?aterial, ? an optimized mass
distribution of the liner material and an optiwéiation of the explo-
sive, explosive geometry, and mode of initiation.

The short-time collapse and jet formation properties were examined
with the two-dimensional finite difference Eulerian computer code HELP.
HELP is capable of describing unsteady multimaterial interactions and
treating compressible fluids or solids in the hydrodynamic or elastic-
plastic regime. The compressible, two-dimensional mass, momentum, and
energy conservation equations are solved together with an equation of
state (in this case Tillotson) that governs the thermodynamic behavior
of the liner and body material. For the calculations presented here
the code T75§§ use of an explosive burn routine based on JWL equation
of state.

Figure 3 illustrates the collapse and jet formation sequence at
early times for the uniform wall liner as calculated with HELP. Notice-
able deformation has occurred by 10 ps after denotation with the pene-
trator developing a jet tip velocity of 4.0 mm/us (Table 1) and becom-
ing increasingly well defined as time passes. This collapse and
formation sequence as well as the predicted jet tip velocities show
excellent agreement with experimentally obtained data.
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TABLE |
Liner Jet Tip Velocity
{mm/ ps)

Uniform Wall 4.0
Thin Pole

(1 to 1.5) 3.8

(1 to 2.0) 3.6
Thick Pole

(1.5 to 1) 3.6

(2.0 to 1) 3.3

After successfully modeling the collapse and jet formation behav-
tor for a uniform wall hemisphere, the tapered designs were analyzed.
In the case of the thick pole liners, the intent of these desiens was
to create a slower but more massive jet. Such a jet should have a
longer breakup time, that is, remain continuous longer than unitform
wall liners, and should be less susceptible to radial breakup while
spinning when gun launched. Figures 4 and 5 present the collapse and
jet formation process for thick pole tapers of 1.5 to I and 2.0 to 1,
respectively. In these cases, the equatorial thickness was conserved
at 3.79 mm and the pole thickness set at 1.5 or 2.0 times the equa-
torial thickness. Both the 1.5 and 2.0 tapers produce substantially
more massive jet than in the uniform case, and show a jet tip velocity
decrease of 107 and 17.5%, respectively. For the early time computer
results it was apparent that the thick pole penetrators would form mas-
sive coherent jets and this was verified experimentally.

The thin pole configuration involved the same severe taper ratios,
but in these cases the equator was 1.5 or 2.0 times the nominal pole
thickness (3.79 mm). Figures 6 and 7 show the collapse and jet forma-
tion pattern to be expected. These ecarly time scquences were viewed
with some concern because of the appearance of an indentation at the
base of the jet which could presage a later instability on the pene-
trator. However, late time experimental radiographs show the formation
of a coherent penetrator un}%ke the low mass, thin pole configuration
reported by Aseltine et al. ™ The improved behavior is undoubtedly
due to the thicker wall design. The effect of the thick equator is to
slow down the rear of the jet and increase the velocity gradient. The
thin pole penetrators are predicted to yield higher tip velocities (3.8
for 1 to 1.5 and 3.6 for 1 to 2.0) than the thick pole designs, but
they reach lower velocities than the less massive uniform wall hemi-
sphere. We note also that the thin-pole, thick-cquator designs will
have a lower jet tail or rear velocity due to the more massive equa-
torial portion of the liner. This thick equator effect will slow down
the collapse of the base of the liner and, for the appropriate explo-
;ive g?gwetry, may prevent the jet pinch-off effect observed by

iwan.
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In general, we see that liner taper, both in degree and direction,
alters the collapse and jet formation process of the hemispherical
liner. Exemplifying this, Figure % compares the uniform wall, 2 to |
taper thick pole and the 1 to 2 taper thin pole designs at 10 and
190 ps. The formation of the penetrator is clearly different for these
three cases.

We can conclude from this study and evidence presented in the
works cited, that the HELP code can be an effective design tool in
creating unique warhead configurations. Unconventional liner wall
thickness tapers, various liner geometries, various liner materials,
heavy confinement effects, head height effects, explosive geometry
variations, types of explosives and modes of explosive initiation can
all be simulated with HELP. Here we found that the collapse ~»3 jet
formation process, as well as the jet tip velocity for hemisph.. ical
liners was accurately predicted by HELP. Such information is extremely
useful when fabricating new designs and an a priori knowledge of the
jet tip velocity is necessary to set the appropriate delay times for
the experimental flash radiographs.

Reviewing the results obtained by the severe wall tapers, we note
that the thick pole designs result in a slower, more massive jet than
the uniform hemisphere. The thin pole designs created by adding mass
form a coherent jet with a large breakup time. Further studies involv-
ing the properties of tapered hemispherical liners are underway based
on the encouraging results of these preliminary investigations.
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LINER GEOMETRY
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SEVERE TAPER DESIGNS

v ﬁ

2:1 POLE TO EQUATOR 1:2 POLE TO EQUATOR
POI.E TO EQUATOR 1.5 POI.E TO EQUATOR
Figure 2
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COLLAPSE & JET FCRFAATION PROCESS
FOR UNIFORM HEMISPHERICAL LINER

t=16us t=18 ps

Figure 3




COLLAPSE & JET FORMATION PRQOCESS
FOR A THICK POLE HEMISPHERICAL LINER.

(1.5 TO 1)
t= S5ps . t =10 ys t=12 us

t=14 us t=16us t=18us

Figure 4 4
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COLLAPSE & JET FORMATION PROCESS
FOR THICK POLE HEMISPHERICAL LINER (2:1)

t=5us t=10us t=12us

> 9 Y9

© t=ldus t=16us =17 us

Figure 5
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COLLAPSE & JET FORMATION PROCESS
OF A THIN POLE HEMISPHERICAL LINER

(17O 1.5)
t=5us t=12 us t=14 ys
t*16ps t=18ps t=19ps
Figure 6
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COLLAPSE & JET FORMATION PROCESS
FOR THIN POLE HEMISPHERICAL LINER (1:2)

\_J v

t=10us

GACEEVAS

F=14us t=15us

b =12 ps
t=5us

Figure 7
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COMPARISON OF UNIFORM,
THIN & THICK POLE AT 10 & 14 ps (2:1) (1:2)
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THICK
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OPTIMAL MIXED STRATEGIES IN DYNAMIC GAMES*

P. R. KUMAR
Department of Mathematics
University of Maryland Baltimore County
Baltimore, Maryland 21228

ABSTRACT. We treat a class of two person, zero sum, dynamic games cf
the type xK+1 = f(xK,uK,wK) . The two players each wish to steer the system

to a different subset of the state-space. The optimal solutions for this
class of games have to be sought in the class of mixed strategies. A theory
of optimality is developed.

The specific class of games considered is one of the most classic of
the problems in game theory. A gun is firing at a moving object., How best
should the object move in order to reach a certain destination? Conversely,
where should the gun fire in order to prevent the object from reaching its
destination? This problem occurs in different guises in a variety of situa-
tions. The moving object could, for example, be a ship or a tank. The

optimal strategies of the two players have, of necessity, to be mixed.

* A more detailed treatment of this presentation can be found in Reference [1] .
The research reported in this paper was supported in part by Scientific
Services Agreement with Battelle Columbus Laboratories under Contract
No. DAAG-29-76-D100 and in part by the U, S, Army Research Office under
Grant No. DAAG-29-79-C-0064.
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I, INTRODUéTION. Consider the two-person, zero-sum, dynamic game:

xl(_'_1 ’ Xy - v(t - s(xx)) uy "
= +
YR+1 0 't

x 20 specified .

u, € [- va(xg), + v s(x)]
v € (- =)
J({ug b fig]) =1 if for some n, x <0 and
(=, +u) €ly, -7y, ,,+ 1) for
i=0,1,2,...,n -1

= 0 otherwise .
Xy .
Players I and I1 both observe [y ] , the state of the system, and based
K
on these observations choose uy and wg respectively to maximize and
respectively minimize the cost criterion.

This system models the following dynamic game.

Gun \ Tank
. N x

0

Figure 1

A gun located as shown wishes to prevent a tank located initially at x,

from entering (-«,0) . The game proceeds as follows., The gun aims at Yi* %

and fires a projectile at the tank. The projectile take:s a time period s(xo) to

e

reach the vicinity of the tank.

During this interval, the tank whose forward and




backward velocities are bounded by v and vy respectively, moves a distance

r_ PR
u, € vs(xo), + vy s(xo)] . If the new position of tank X, + u, belongs

to a certain neighborhood of the point at which the projectile lands — more

precisely if (x0 + uo) € [y -r + r) — the tank is destoyed,

i+l " T Va4

and the game ends, If not, then assuming that the gun fires every ¢t seconds,

there is a certain time period t- s(x during which the gun does not fire.

o’
In this time period, the tank moves at full speed and takes up a position

X = X + u0 - (t-s(xo))v at the next instant of firing of the gun. If

Xy € (-»,0), then the tank has accomplished its objective and the game ends.
If not, the above sequence of events repeats itself. If the tank safely reaches

(- «,0), then it wins and the payoff J = 1, otherwise J =0 .,

II., MIXED STRATEGIES.

For any deterministic {UK} chosen by the tank (with each wug
chosen as a function of past history), the gun can choose {VK}, to ensure
J =0, Similarly, for any deterministic policy {VK} chosen by the gun, the tank

can choose ‘UK} to guarantee J = 1, Hence min max J =1 >0 = max min J .
el o) ol fo )

Therefore a saddle-point does not exist in the class of pure strategies. Turn-
ing therefore to mixed strategies, we define a mixed strategy for the tank as

a collection {Fx : x 20} where each F_is a probability distribution on

[x -vs(x), x + vy s(x)] . Fx is the probability distribution of x + u,

given that the current position of the tank is x. Similarly, we define a
mixed strategy for the gun as a collection {Gx tx 2 0‘ where each Gx is a
prob, dist, on (- ®,«) ., The gun is assumed to choose v, the position at
which it aims its fire according to Gx’ when the tank is located at x at a

firing instant,

B a




Implicit in these definitions is a restriction of the mixed strategies

to be both Markovian and stationary. However, the optimal mixed strategies
belong to this class, and therefore we avoid notational complexities. The

reader is referred to [1] for greater detail.

I1I, OPTIMAL SOLUTIONS. t = s(x)

We consider the restrictive case where the flight time of the pro-
jectile is a constant precisely equal to the interfiring time of the gun.
For more general situations the reader is referred to [1] . We also assume
vt = 2nr for some integer n.

The following definitions are necessary. Let F = {Fx X 2 0} and
G = ti : x 20} represent mixed strategies for the tank and gun respectively.

Let 1 - K(x,; F,G) := E[J|F,G] represent the probability that the tank

0’
achieves its goal, given that its initial position is X and the mixed stra-

tegy pair (F,G) 1is adopted. If inf 1 - K(xo; FO, G) = sup 1 - K(xO;F,Go) =
F

G
0 0 0 . . :
1 - K" x5) then (F ,G') will be a saddle-point in mixed-strategies and
1 -~ Ko(xo) will be the value of the game, for the initial position Xq - Let

I(a) denote the largest integer less than or equal to a and H({x}) repre-

sents the prob. measure under H of the singleton set {x‘ .

Proposition 2

The game has a mixed strategy pair (Fo, GO) which is a saddle-point
for every X - The value of the game is given by

1

0
1-K(xp) = {5210

for 2jr < X,

< 2(j+1)r

where f 1is given by the linear recurrence,
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£(2jr) = O for j=-1, -2, -3,....
j-1
= n}]. 1+ 2 £(2ir) for j =0,1,2,...
i=3j-n
Also -1
0 n
F, (fx - 2ir}) = {1-KOx-2in)] T ]
=1 O -2ir)
for j=1,2,...,n
0 X 1- KO(X)
Gx({ZI(—E;) - 2jr - r}) =1 - 5 =
1- K (2I¢( ot )r - 2ir - 1)
for j=0,1,...,n-1.
Proof See [1].

IV, SOME INTERPRETATIONS .

We provide below some interpretations of the above result,

Firstly, the tank does not utilize its backward motion capability.
Such a capability is therefore unnecessary in the situation t = s(x) . How-
ever for t >s8(x), see [1], such a capability is useful.

- Secondly, the optimal prob. dist Fg is almost a discrete unitorm
prob, dist. on f[x-vs(x), x] . Since a discrete uniform distribuﬁion is the
distribution which renders the tank hardest to "hit", such a distribution is
precisely what thé tank Would adopr T "1ty vuly goal was Survival, and if it
did not have a destination, Therefore, the optimal mixed strategy Fo is

close to a pure survival strategy.

However, a similar situation does not hold for the gun.
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V. CONCLUSIONS. We have considered a dynamic game of the type

Xep1 = f(xK,uK,wK) where each player attempts to steer the system to a sub-
set of the state-space. The particular system considered is a model of the
encounter between a tank and a gun., Pure strategies are of no use in such a
game, and a value does not exist in such a class., However, a value and saddle-
point do exist in the class of mixed strategies. Such optimal mixed strate-

gies have been presented.

VI. REFERENCES .

1) P. R. Kumar, "Optimal Mixed Strategies in Dynamic Games,'" Mathematics

Research Report No. 79-3, UMBC, May 1979.




THE USE OF SIMILITUDE METHODS TO REDUCE THE
SIZE AND COST OF GAME COMPUTATIONS

Morton A. Hirschberg, USA BRL/ARRADCOM
and
Benjamin E. Cummings, USAMSAA
Aberdeen Proving Ground, MD 21005

ABSTRACT. The Buckingham Pi Theorem was applied to Lanchester Linear Models
and conventional war games (e.g. DIVLEV) to reduce their size and/or computer costs.
The Lanchester models could not be reduced; however, the approach is a serious
alternative for Lanchester modeling. Conventional games are candidates for size
and cost reduction when the number of computations performed is large in relation
to accounting or bookkeeping in the code. In addition, the use of similitude can
play an important role in the formulation of new models and games.

I. INTRODUCTION, The scientific computer codes in use in the Army span the
complete range from simple models of physical phenomena through large, complex
simulations and games Jdepicting division and Army level combat scenarios. The :ize
and cost of game computations have been of concern to the authors and others for
some time. Sophisticated mathematical techniques such as matrix decomposition or
manitold reduction are just beginning to find their way into the analysis and struc-
ture of new models and games but are rare even in recent (i.e. 3-5 vear old) codes.

This paper is an examination of existing models and games and the possible
reduction of their size and/or running costs. In addition, we wish to present a
methodology for minimizing size and cost of future models and games. The basis of
the analysis is the Buckingham Pi Theorem or Pi Theorem, the major tool of dimen-
sional or similitude analysis.

A practical working definition of similitude is the investigation of complex
phenomena using experiments or models of similar phenomena which are easier to
describe and analyze Using similitude one forms a likeness to the complex pheno-
mena incorporating as many features of that phenomena which adequately represent it
in the areas of interest. Representation of some aspects of the phenomena may be
distorted or completely lacking. It is not our intention in this paper to deal
with the complete theory of similitude, its strengths and weaknesses, or to teach
one exactly how to use similitude (especially what constitutes an adequate repre-
sentation of a complex phenomena). These topics are outside the scope of the paper;
however, we suggest the following references for further information on similitude:

L. I. Sedov, Similarity and Dimensional Methods in Mechanics, Academic
Press, New York, 1959.

H. L. Langhaar, Dimensional Analysis and Theory of Models, Wiley, New
York, 1951.

W. E. Baker, P. S. Westine, and F. T. Dodge, Similarity Methods in Engi-
neering Dynamics, Hayden, New Jersey, 1973.

The Journal of the Franklin Institute, Special Issue, Modern Dimensional
Analysis, 292, 6, December, 1971.

art Zehgne e = S

-75=




[I. Buckingham I'i Theorem. The principal tool of similitude and dimensional
analvsis is the Buckingham Pi Theorem. Its simplest statement, shown below, while
not strictly correct, serves well for most instances.

Buckingham Pi Theorcm

Given n variables involving N reference units, these may be
combined to form n-N dimensionless parameters each having
N+1 variables.

The theorem tells us that if we have a set of n dimensional formulas expressed
in terms of N reference units we may reduce this set of formulas to an equivalent
set of n-N formulas (called pi terms) each of which contains N+1 of the original
n variables. A complete algebraic treatment of the Pi Theorem appears in Langhaar.

As an example from physics, consider the following five dimensional equations
expressed in terms of three reference units.

F=F

u o= FLToT
A= 12

p = FL 472
v =11t

where F = force, y = viscosity, A = area, p = density, v = velocity, L = length,
and T = time. These may be combined to form two dimensionless pi terms:

m, = F2 and T, =
Apv vA“p

(note wn., is the Reynold's number).

2
An important aspect of the Pi Theorem is the nature of the functional rela-
tionship of the quantities characterizing the phenomena under investigation. The
numerical values of dimensional quantities depend upon a choice of units which has
no connection with the substance of the phenomenon. That is, the functional rela-
tions are independent of a choice of units. This fact is most germain to our appli-
cation of the Buckingham Pi Theorem to phenomena which are not necessarily physical.
It allows us to introduce nonphysical reference units. In addition, it allows us
to introduce artificial reference units into physical or nonphysical phenomenon as
long as the functional relationships of the phenomena are not altered. With this
knowledge, we may now extend the use of the Buckingham Pi Theorem to arbitrary
phenomena such as economics, or in our case military models and games.

11I. The Lanchester Model. The authors chose two courses; first, an examina-
tion of the Lanchester linear model, second, an examination of DIVLEV, a tradition
large scale war game model. Both will be discussed in detail below.
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The Lanchester linear model is given by:

it - —allM - al2N + rl(t)
dN _
I - -321M - azzN + I‘z(t)

These two equations comprise a mathematical model describing the interaction of
two military forces -- Red and Blue -- which inflict an attrition upon each other
while each is also undergoing replacement. We shall identify Red forces by M and
Blue forces by XN.

The first equation, which describes the rate of change, (dM/dt), of a military
force indicates that the Red force is modified byv: (1) a loss component, repre-
scented by (—a]lM), which is proportional to the magnitude of the Red force, M,

(2) a loss component, represented by (-al,N), which is proportional to the magni-
tude of the opposing Blue force, N, and (3) a replacement rate, rl(t), describing
the forces added to the Red side. The second cquation has a similar interpretation

for Blue forces.

As a mathematical model, we note that these equations are characterized by four
basic aspects:

(a) Economy of Expression

(b) Availability of Solutions

{(c) Determination of Values of Parameter
(d) Applications and Predictions.

To simplify the analysis, the authors sclected for study the combat situation

involved in the capture of Iwo Jima by US forces]. The following equations result:
Japanese Forces without replacement

dM
T - -BM

US Forces with replacement

5= CAN - DM« R(t)

1T. E. Oberbeck, Military Operations Research Lecturel, Lanchester's Equations,

IDA, 1964.

-77-




AD=A080 736 ARMY RESEARCH OFFICE RESEARCH TRIANGLE PARK NC F/0
TRANSACTIONS OF THE CONFERENCE OF ARMY MATHEMATICIANS (25TH}, (V)

JAN 80
UNCLASSIFIED ARO=80-1 N

baa>36

20/




Formulating a difference cquation solution for the dimensional version of this
model we obtain:

M -BN, At + M

k+1 k k

I

N

K+1 (I-AAt)Nk - DM

(At + R ()4t

There are six parameters in this model; M, N, R, A, B, and D.

The difference equation solution for the nondimensional version of this model

M - 1 ,NJAT + M

k+1 B 'k k
Nk+l = (1 - ﬂAAT)Nk - ﬂDMkAT + ﬂR(T)AT
Here we have four dimensionless parameters Tar Tps Tp and TR however, we have the

following expressions for the ='s.

T, = BNO
g =
aB Mo
oM
(s}
'"‘ =

- R(1)

S

™
where: Mo is the initial Japanese force.

No is the initial US force.

a is the attrition of the US due to Japanese.

B is the attrition of the Japanese due to US.

v is the loss factor based on the size of the US forces.
R(t) is the replacement of the US forces.




and the dimensions of:

¥ o US
~ Japanese T
8 = Japanese
Us T
1
=T
us
R=7

where: T is time.

In comparing the dimensional and nondimensional versions of the Iwo Jima linear
Lanchester models we see that the nondimensional version has two less parameters.
The computational size of both versions are comparible and both are small. The com-
putational speeds of both are comparible. Furthermore, unless the replacement rate
is constant, the bulk of the computational time in both versions may be governed by
calculating R(t) or nR(r).

The conclusion is that in general either version of the Lanchester linear mod-
el should run extremely fast. Cost reductions using the Lanchester model will de-
pend upon the skill of the analyst in formulating as few computer runs as possible.
The use of similitude does however present an alternative method of viewing the
Lanchester equations.

In passing it should also be noted that when closed form solutions of the Lan-
chester equations exist they are already in nondimensional form.

IV. DIVLEV DIVLEV2 is a combined arms war game model that takes player
determined organizations and tactical decisions for both forces in the game and
determines the movement and attrition that occur based on this information. Its
primary purpose is the evaluation of material systems. DIVLEV consists of a main
program, 66 subroutines and 10 functions.

The game may be played in an open or closed fashion. It is usually run with a
5 minute clock cycle with status reports generated at every 15 minutes game time
and plots of force deployment generated at every 30 minutes of game time. The game
is usually stopped after each 30 minutes of game time for analysis. A typical game
may require anywhere from one to several months for analysis and involve many hours
of computer time (see Figure 1).

Data for DIVLEV exists as in-line code (DATA statements) of a fixed nature and
input parameters in the form of cards (as many as 38 different card types involving
hundreds of parameters may be needed for one DIVLEV game).

2DIVLEV War Gamc Model Computer Program, USAMSAA, January 1977.
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DIVLEV

PRELIMINARY PHASE
|

OBJECTIVES OF STUDY:
TACTICS TO BE USED

T

RESOLUTION OF PLAYER-CONTROLLED
UNITS IN GAME

J

ORGANIZE FOR COMBAT -- 1 MAN-MONTH
EQUIPMENT INPUT -- 1 MAN-MONTH
POSITIONING OF UNITS ~-- 2 MAN-MONTHS
COMPILATION OF EFFECTIVENESS DATA -- 3 MAN-MONTHS

1

CHECK OF VALIDITY OF
DATA BY "CONTROL'" TEAM

|

PREPARE TO RUN PROGRAM

Figure 1. Sequence of Events in Preliminary Phase.
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Using parameters from the data statements, 19 dimensional formulas were devel-
oped in terms of ten reference units. These are shown in Figure 2. The meanings
of the variables and reference units are given in Table I,

The equations listed in Figure 2 are read, e.g., as follows:

IDEPLOYT
NPBP

TIME
NUMBER x WEAPON x KILLPERS

Noting the large number of variables and reference units one sees it is not
practical to solve large dimensional problems by hand. A computer program developed

by Sloan and l{app3 to generate integer solutions was embedded into a procedure for

solving, permuting, and identifying nondimensional parameters4. The importance of
permuting dimensional equations is in the fact that an application of the Buckingham
Pi Theorem produces one set of = terms for a given ordering of the dimensional equa-
tions. A particular ordering of the equations may yield trivally simple nondimen-
sional solutions (e.g., TIME/TIME), while more fruitful solutions go unnoticed. By
permuting the dimensional equations one increases the chances of finding interesting
nondimensional solutions (of course many more trivial solutions are generated, too).
The procedure developed in Reference 4 also attempts to identify solutions by com-
paring generated solutions with well-known nondimensional numbers (e.g., the Rey-

1
‘ nolds number (DENSITY x VELOCITY x LENGTH/VISCOSITY) or vaé/u (see sample problem
on page 2). The importance of identifying well-known nondimensional numbers is ob-
vious when considering physical problems; in problems where artificial reference
units are introduced the importance is that one may discover meaningful analogs to
physical problems which explain the phenomena under investigation.

Returning to DIVLEV, and applying the Buckingham Pi Theorem one sees that there
are nine Pi terms each involving 11 variables for each ordering of the dimensional
equations. One such Pi term generated is:

STDLP
MTAH x BARTER

The explanation for this Pi term is that it relates the length of time a helicopter
is with a unit, to the coverage the helicopter can give to that unit (a very impor-
tant piece of information).

While this is all very interesting, did it help reduce the size or cost of
DIVLEV? The answer is that, when the authors examined the DIVLEV code in detail,
they found there were few modeling computations performed in relation to the account-
ing or bookkeeping in the code. That is, there were few models in comparison to the

3A. D. Sloan and W. W. Happ, Computer Program for Dimensional Analysis, NASA TN
D-5165, April 1969.

4M. A. Hirschberg, The Evaluation, Manipulation, and Identification of Nondim-
sional Numbers, ARBRL-TR-02076, June 1978. '
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Table I.

IDEPLOYT
BARTER -
POST -
FUEL1 -
FUEL2 -
NAMPRE -
NAMBRT -
STDLP -
NPBP -
NPBA -
NABP -
NABA -
AEL -
PCCAS1 -
PCCAS2 -
MTAH -
ITATAH -
RPM -
RPK -

TIME -
DISTANCE
TONNAGE
NUMBER
WEAPON
ARMORED
KILLPERS
KILLARMO
ARTILLERY -
ROUNDS -

Meaning of Variables and Reference Units Used in Dimensional Formulas

Variables

Time for unit to deploy.

Barrier.

Posture description of unit,

Fuel capacity.

Fuel usage rate.

Number of artillery battalions.

Number of artillery battalions.

Distance between concentration points,

Number of unarmored weapons that kill personnel.
Number of armored weapons that kill personnel.
Number of unarmored weapons that kill armor.
Number of armored weapon, that kill armor.

Area effects for artillery and missiles.
Fraction of acceptable loss rate for personnel.
Fraction of acceptable loss rate for armor.
Length of time hclicopter is with unit.

Length of time helicopter is in laager area.
Rounds per minute

Rounds per armor kill

Reference Units

Time

Distance

Tonnage

Number

Weapon

Armored

Kill of personnel.
Kill of armor.

Artillery

Rounds




number of tests to determine which model to use. The hulk of the code and computer

time is used in testing and not model computation. This finding was somewhat shock-
ing but cantfirmed by examining another conventionsl came model.
V. DISCHUSSION,  The tvpical scaling problem of s:militude analysis is one of

saving money through testing at reduced size or reduced number of parameters. That
is 2ot illy the situation which can be exploited in the similitude analysis of
existing games. A\ most valuable associated result of similitude analyscs is reduced
cost through improved understanding. One may hope for this result, provided an an-
alyst has the initiative to apply these methods.

The tyvpical scaling that we have referred to starts with a tabulation of rele-
vant parameters; proceeds to th: reduction of a set of pi-parameters; obtains the
constraints that must be applied for realistic testing; and, finally verifies that
the response functions exhibit null variation under changes of scale. The nature
of games i5 to exploit the human variation of the players and so to develop the
knowledge of how to win. Thus, only some of the parameters which may be developed
can be held constant from run to run. The response function will thus be a function
of scaled pi-parameters and uncontrolled or quasi-controlled pi-parameters, or what
we might call upsilon-parameters (Tr). The reality of the game is that the scaling

constraints are in fact relaxed by the nature of the model (man-in-the-loop) z d so
the analyst must recognize the loss of these constraints in his methods.

The conventional similitude analysis recognizes that the response functions take
the form:

Fl(Rl’ Tis eees nN) =0

FQ(RQ’ Mys =ees nN) =0

and the associated response functions are:

Rl = Rl(wi)

Rz = Rz("i)'

The ordinary scaling of the response functions is achieved if scaling of vari-
ables leads to fixed pi-parameters and a resultant null variation in the response
functions. Because of the presence of player in the game, it may not be possible
to achieve this class of scaling in a similitude analysis of a war game. In that
situation an inherently less restrictive analysis is appropriate. Instead of the
restriction:

v, = constant for 0 < i < N;
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we introduce:
mos constant for 0 < i <n
T. = m. for < i«
i i C 1 <n

and

T, # constant for n < i < N.

Then the variation of the response functions will change from

SR. =0
J
under scaling to
SR, = ¢, 0
J J ?
and
e. = €,(T.,.
; J( i/

One method of obtaining useful information from these residuals is by making
a Taylor's series expansion

© ® m n.m+n
Rer,Ty = Y Y =) (r-H 3" R

n=0 m=0 m!n!vaBTn

but of course m = £ = constant so that

lu—-

3R
a7h

R(m,T) = 2, (r-1".
n=0

3

The finite size of the computed set of games will, of course, truncate the series
which can be fitted to the data set.

In many cases it will be desirable to use the residuals to do regression analy-
sis rather than Taylor's series fits to the game results. Other methods should also
be considered for analysis of these solutions. For instance solutions of the Lan-
chester model give the form for the time history of a simple engagement. This form
could be used to find a trial solution to the response equations and the Galerkin
method applied to optimize the parameters of the solution through driving the weight-
ed error to zero. Most certainly there will be other methods which could be applied.
The starting point for all, however, is in the application of the concepts of simili-
tude modeling. Toward that end we offer the following conclusions.
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VI.  CONCLUSTONS.  The conclusions reached during the study of conventional
wWar games are:
a. Use of similitude showed definite results (c.g., air cover through
a barrier).
b. Pi terms are useful for structuring future models. Dimensional equa-

tions can be written for input and output variables to show rclationships for model
and game construction and analysis of the outputs.

c. Pi terms are useful for studying doctrine in existing games.

d. Existing conventional games which contain too few physical computations
in relation to the amount of testing should be examined in other ways for size and
computation reduction (e.g., decision tables).

VII. SUMMARY. We have employed the Buckingham Pi Theorem, the major tool of
similitude analysis to various models and war games and find it to be a useful tool,
but one which warrants further use and further analysis.

The authors propose to apply dimensional analysis to other more heavily compute

bound problems, such as the Hemp5 code, with the expectation of finding relation-
ships between variables more amenable to size and computation rcductions.

In addition, the authors propose to catalog the results of many runs of the
same games using similitude analysis applied to the outputs. The notion of saving
results from old runs and applying new techniques to those Tesults is not new; how-
ever, it deserves more attention than currently given to it.

Finally, the authors strongly feel the techniques presented in this paper offer
new alternatives for looking at old problems and a means of looking at new problems
and new problem areas in an old but promising way.

SE. D. Giroux, Hemp User's Manual, Lawrence Livermore Laboratory, UCRL-51079, Rev. 1,
December 1973.
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also showed that a necessary condition for a strictly banded matrix to have a
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shown in [5] that a Trench wmatrix is nonsingular if and only if A(x) and
B(x) have no common zero, and that a strictly banded matrix has a Toeplitz
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1. Introduction.
In [5] W. F. Trench and I studied the conditions under which a band

matrix has a Toeplitz inverse. More specifically, let H = (hij)g,j=0 e a ﬂ
real or complex matrix, where
hij =0 for j-i>r or i-3js>s ,
with
r>0, s>0 .

Such a matrix we called a band matrix. We called it strictly banded if, in

addition,

Let

N .
Ho(x) = ] h . x

be the generating function of the elements of the ith row of H. 1In this

paper I define a Trench matrix as a strictly banded matrix such that

. i
[x A ] b ox7Y (0 <i<s)
1=0
(1.1) Hi(x) = <xi A(x) B(1l/x) (s <i<N-1x)
. N-1 .
x* B(1/x) a x’ (N-xr<i<nN) .
\ o v —
v=
where
r s
Al{x) = Z a x’ R B(x) = 2 b x*
v=0 u=0 H

are polynomials with real or complex coefficients (according as H is real

or complex) and a, bo # 0.

Though the form (1.1) in its full generality previously appeared in a

joint paper [5], it was first suggested by Trench, and, for a particular case,

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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had been published by him in 1967 [8]. It is therefore appropriately called
by his name.

By lerma 3 of [5] a Trench matrix is nonsingular if and only if A(x)

and xs B(1/x) have no common zero. (Both real and complex zeros must be
taken into account even if H is real.) 1In fact, it is shown in [5} that a
strictly banded matrix has a Toeplitz inverse if and only if it is a non-
singular Trench matrix.

It is also shown in [5] that a Trench matrix is persymmetric: that is, J

symmetric about its secondary diagonal, and is also quasi-Toeplitz. The

latter term implies that it has the Toeplitz property
Bien,5e1 = iy
so long as neither of these elements is in the s by r submatrix in the
upper left corner or the r by s submatrix in the lower right corner.
It is the purpose of this paper to establish certain bounds for the
eigenvalues of Hermitian Trench matrices. More specifically, let the poly-
nimials A(x) and B(x) be given, and consider the corresponding family of

Trench matrices HN given by (1.1) of all orders from r + s +1 to «. We

wish to establish bounds depending on A(x) and B(x), but independent of

N, for the eigenvalues of HN' As there is an extensive literature on

bounds for eigenvalues of Toeplitz matrices (see, e.g., [2]1, [9]), it is
tempting to think that in the nonsingular case one could deduce bounds for
the Trench matrices from what is known about their Toeplitz inverses. How-
ever, it turns out that this would impose severe restrictions on the choice
of the polynomials A(x) and B(x).

Consider the family of Toeplitz matrices TN characterized by the

P o N -
doubly infinite sequence {t\)}\b_m so that TN = (tij)i,j=0' where tij =
t. and note that, while the Trench matrices are banded, their Toeplitz

3-i’
inverses are not, so that the entire sequence (tv} is involved. The
available theorems regarding bounds for eigenvalues of such families of

Toeplitz matrices require that the Laurent saries

. \Y
(1.2) vz_w £, x
-89~
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converge in some fashion in an appropriate region of the complex plane. The
convergence may be weak (see, e.g., [9]), but we wish to extend our consid-
eration to cases in which the series (1.2) does not exist or its convergence #
fails entirely.

Now, for the family of Toeplitz matrices whose inverses belong to the

given family of Trench matrices, it was shown in [4] that (1.2) converges in

some part of the plane if and only if all zeros of x> B(l/x) are smaller in ﬂ
absolute value than all zeros of A(x). The case in which this condition is
fulfilled is an important one, as we shall see in Theorem 1 and its proof,
but by no means do we wish to limit our consideration to that case. More~
over, we shall find it expedient to take full advantage of the very special
structure of Trench matrices by working directly with them rather than with
their inverses.

We do, however, confine our attention to Hermitian Trench matrices.
While the case of greatest practical interest is that of a real symmetric
matrix, our results have been extended to Hermitian complex Trench matrices,
as this was easily accomplished. It is hoped that someone will pursue a sim-
ilar investigation for the more difficult case of non-Hermitian Trench
matrices. In this connection, some fragmentary results are available. Con-

sider, for example, a real tridiagonal Trench matrix H; this implies that

both A(x) and B{(x) are linear. If the single zero of A(x) and that of
B(x) have the same sign, it is easily shown that H is similar to a real
symmetric (tridiagonal) matrix. Thus the eigenvalues are real, and the
results of this paper apply to the transformed matrix.

2. The Main Results.

It is easily seen that the Trench matrix H given by (1.1) is Hermitian

if and only if r =s and

(2.1) a b =a b (0 <y <) . ‘
v U H V - -
If we define
r— —
(2.2) At (x) = 2 a xV=2a(x .,
v=0 Y

then (2.1) is easily seen to be equivalent to the condition
B(x) = cA*(x) ,
where ¢ is a nonzero real constant. If c¢ is negative, we can consider

the matrix -H, whose eigenvalues are, of course, the negatives of those of
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H. If ¢ 1is positive, A{(x) and B(x) can be normalized so that B(x) =
A*(x). Thus there is no loss of gencrality if we limit consideration to
Hermitian Trench matrices with B(x) = A*(x).

The function

X
(2.3) h(x) = A(x) B(1/x) = Alx) A*(1/x) = ] h_ x
v=-r

\V]

will play an important role in this paper, as it did in [4]. Consider the

values of this function on the unit circle. If x =e¢ , it follows from

(2.2) and from the fact that for this x, x--l = ;, that
S 2 i
(2.4) h(x) = A(x) A(x) = |A(x)| x =% .

Therefore h(x) is real and nonnegative on the unit circle, and moreover
h(x) = ¢(0) 1is a continuous periodic function of the real variable & with
period 27. Hence it has a maximum and a minimum value, which we denote by
M and m, respectively.

The following two theorems are the main results of this paper. Theorem
1 deals with the "reqular" case in which (1.2} converges and Szegd's theorem
applies; Theorem 2 asserts a weaker conclusion in a more general context.

Theorem 1. Let HN be the Hermitian Trench matrix of order N + 1 > 2r

+ 1 characterized by the polynomials A(x) and B(x) = A*(x) of degree
r > 0. Then HN is positive definite if and only if all the zeros of A(x)

are outside the unit circle. It is positive semidefinite if and only if all
the zeros of A(x) that are not also zeros of A*(1l/x) are outside the unit
circle. 1If it is positive definite, all its eigenvalues are greater than m

and less than M, and if pl and PN+l denote the smallest and largest

eigenvalue, respectively,

limp, = m , lim p =M .
+
N 1 N+1
Theorem 2. Let HN denote the Hermitian Trench matrix of order N + 1

described in Theorem 1, and let Sy denote its spectral radius. Then

aN <M for all N, and

limo_ =M .,
N-N”N

3. Some Implications of the Theorems.

Before proceeding to the proofs of the theorems, we shall briefly
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discuss a few of their implications. 1In some applications (see, e.g., [31)
we are interested in matrices of the form
(3.1) G=1I-kH ,
where H 1is a Hermitian Trench matrix and k is a positive constant. 1In
particular we would like to know if the limit

- R n
(3.2) G =1lim G

norvo

exists. We note that Oldenburger [6] and Dresden [1] have shown that, for

any square matrix G, Gm exists if and only if either all the eigenvalues of
G are inside the unit circle, or else +1 is a simple zero of the minimum
polynomial of G and all other zeros are inside the unit circle. The fol-
lowing corollary (first conjectured by Trench) is a consequence of Theorems

1 and 2.

Corollary 1. Let G be given by (3.1), where H is the Hermitian
Trench matrix described in Theorem 1. Then the limit (3.2) exists for all
N if and only if
(3.3) k < 2/M
and no zero of A(x) is inside the unit circle unless it is also a zero of
A*(1/x).

Proof. Let (3.3) and the condition on the zeros of A(x) be satisfied.
Then, H is positive semidefinite by Theorem 1, since any zero of A(x)
on the unit circle is a zero of A*{(l/x), and therefore its eigenvalues are
nonnegative. By Theorem 2 the eigenvalues of H are less than M. Since
the eigenvalues of G are obtained by subtracting from unity k times those
of H, the former are greater than 1 - kM and not greater than i. 1In
fact, if H is singular, 1 1is an eigenvalue of G. Since H (and there-
fore G) is Hermitian, all zeros of the minimum polynomial are simple, and 1
is at most a simple zero. Since k < 2/M, 1 - kM > -1 and so the eigen-
values of G are greater than -1. Thus, the condition of Oldenburger and
Dresden is satisfied and G exists.

On the other hand, if a zero of A(x) that is not a zero of A*(1/x)
is inside the unit circle, by Theorem 1, H has a negative eigenvalue.
Since k is positive, this implies that G has an eigenvalue greater than
1, and so G°° does not exist. Alternatively, if A(x) has no zero inside

the unit circle, but k > 2/M, then, for sufficiently large N, G has a
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negative eigenvalue arbitrarily close to 1 - kM < -1. Thus G fails to
exist for some N.

4. Proofs of the Theorems.

In these proofs we shall employ a certain special matrix notation. Let

d \Y
P(x) = 2 p, X
v=0

be a given polynomial. Then we define the matrix

m n
Poon = (pij)i=llj=l ’
where
Pjy = Py v

and it is understood that p, = 0 for v <0 and for v > 4.
We shall also need to use the special matrix JN' which is defined as

the square matrix of order N having 1l's on its secondary diagonal and
0's elsewhere. Note that multiplying an m by n matrix on the left by
Jm reverses the order of the rows, and multiplying it on the right by Jn
reverses the order of the columns. Of course, JN = IN. For convenience we
shall often omit the subscript of J when the context makes this clear. A
persymmetric matrix Q is characterized by the fact that

Jo3 = QF .

In the proof of Theorem 1 we shall find the case of a singular Trench
matrix to be more difficult than the nonsingular case, and we shall need a
lemma that expresses a singular Trench matrix as the product of a nonsingular
Trench matrix and two rectangular matrices. Because singular Trench matrices
appear to be interesting in their own right, the lemma is stated with more
generality (i.e:, without the restriction to Hermitian matrices) than is
required for the purposes of this pager.

lemma 1. Suppose the polynomial

1 v
E(x) = Z e x
v
v=0
divides both A(x) and xs B{(l1/x) and define

e = 2 B
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. r-q
(4.1) A(x) = A(x)/E(x) = § a_ x°
v
v=0
and
. sq .
(4.2) Bx) = sx/E ) = ] b oF .
w=o ¥

Let H be the Trench matrix of order N + 1 characterized by A(x) and
B(x) as in (1.1), and let D be the Trench matrix of order N - q + 1
characterized by A(x) and B(x); thus, the generating function of the

elements of the ith row of D is

. i
[x" A(x) 2 b x " (0 <i<s-gq)
w=o "
(4.3) D (x) = {x" Ax) B/x) (s-q<i<N-r
i N-i
" B(1/x) } a, x° (N-xr<i<N-=-gq).
v=0
Then,
(4.4) H=E"

N-q+1,N+1 DEN-q+1,N+1

Proof. For convenience let us drop the subscripts of the rectangular
matrices in (4.4). It follows from (4.3) and from the structure of E that
the generating function of the elements of the ith row of DE is

Di(x) E(x). (Note that D is of order N - q + 1, and that the "special
rows" at the bottomof D are r - q in number, and (N-q + 1) -~ (r - q)
=N-xr+1.)

With the understanding that bu = 0 for u>s, the first two parts of
(1.1) can both be written in the form

i i
i-u H
(4.5) Ho(x) =A(x) ] b x "=2a(x) | b,__ x' .
i p=o yso M
Thus, by (4.1) and (4.2) we have
i

= A N u

(4.6) .Di(X) a(x) uzo bi-u x .

Therefore, the generating function of the elements of the ith row of E‘T DE

is
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i i
) fak D ) EG = A ]

e _ H
k=0 9 k=0

k
e . z b X
-it+k k-
qg-1 u=0 H
by (4.1) and (4.6). Reversing the order of summation gives
e )
(4.7) A(x) X Z e . b R
- + -
=0 k=p It k k-u
and the summation with respect to k can be rewritten as

i-y

~

e -y bi- N b,
v=0 9 u-v 1-y

by (4.2). Thus (4.7) reduces finally to

i
A(x) ) b, x" = (x)
u=0 1=y i

by (4.5). This proves (4.4) for rows 0 to N - r, inclusive, of H.

Let us now consider the matrix JHJ, in which the order of both rows
and columns of H 1is reversed. By means of (1.1) it is not difficult to see
that this is a Trench matrix in which, as compared with H, the roles of
A(x) and B(x) are interchanged. Therefore by the first part of this

proof, the equation

(4.8) au7 = eI’
holds for rows 0 to N - s, inclusive, of the matrices on both sides.

Now, it is easily verified that JET J = E#T and JE# J = E. Thus,

multiplying (4.8) by J both on the left and on the right gives (4.4). As
rows 0 to N-s of JBJ become rows s to N of H (with the order of
the elements reversed), this completes the proof of the lemma.

Proof of Theorem 1. This proof consists of three parts. First, we

shall use Szeg8's theorem to show that if all the zeros of A(x) are outside
the unit circle, then H is positive definite, and the inequalities and
limiting relations for the eigenvalues follow. Second, we shall prove that

if A(x) has one or more zeros on or inside the unit circle that are also

zeros of x= A*(1/x) (but all other zeros are outside the unit circle), then

H is positive semidefinite. Finally, we shall show that if A(x) has a

zero inside the unit circle that is not a zero of x° A*(1/x) as well, H is
not positive definite or semidefinite.
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Iet all the zeros of A(x) ke outside the unit circle. Then the zeros

of xs B(l/x) = xr A*(1/x) are all inside the unit circle, and it was

1 1

shown in {4] that hix)] — = [A(x) A*(l/x)]- has a Laurent expansion (1.2)

that converges in an annular region containing the unit circle. It follows

from the discussion preceding Theorem 1 that [h(x)].1 is real and posi-~

tive on the unit circle, its maximum and minimum values there being 1/m and

1/M, respectively. Therefore, by Szegd's theorem (see Chapter 5 of [2]) the }

eigenvalues of TN = H;I are greater than 1/M and less than 1/m for all

N, and these bounds are the limits of the smallest and the largest eigen-

|
values as N goes to infinity. As the eigenvalues of HN are the recipro- J
{

cals of those of TN' the statements in Theorem 1 concerning the positive

definite case follow at once.

In order to deal with the case in which H is singular, we specialize
the formula (4.4) established in Lemma 1. We recall that the zeros of
B(1/x) = A*(1/x) are the conjugates of the reciprocals of those of A(x).
et all the zeros of A(x) that are not also zeros of A*(l/x) be outside
the unit cirecle. In fact, since the conjugate of a point on the unit circle
is also its reciprocal, any zero of A(x) that is on the unit circle is also
a zero of A*(l/x). Therefore, let A(x) = A(x) E(x), where the zeros of
A(x) are those of A(x) that are outside the wnit circle, and the zeros of

E(x) are those of A(x) that are also zeros of A*(1/x). It follows that
E*(x) and E“(x) have the same zeros, and are therefore identical. Since

B'(x) is obtained from E(x) by reversing the order of the coefficients,

and E*(x) by taking the conjugates of the coefficients, we must have

eq_v=ev (V=0,1.---:Q)9
It follows that E'® = ECY, and (4.4) becomes
CT
(4.9) '& E:N-q+1,N+1 DEN-q+1,N+1 :
CT
If u is an arbitrary nonzero vector, and v = Eu, then by (4.9), u HN u

- vCT Dv, which is nonnegative, since D is positive definite. Therefore,

H is positive semidefinite.
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We come finally to the third part of the proof. let A(x) have a zero,
x = ¢, inside the wunit circle such that A*(g-l) # 0. Since H 1is a Trench
matrix, a, # 0, and so & #¥ 0. It follows that E -1 (which is of course
outside the unit circle) is a zero of A*(1/x). Now let v be the vector
whose ith component (starting the numbering with 0) is £ _i. It follows
from the definition of the generating function that the ith component of

Hv is Hi (€ —1). For all but the first r components (i.e., those numbered

from 0 to r - 1), A*(E) = 0 is a factor of Hi (E -1), and so these com-

ponents vanish. For 0 < i < r,

= -1 ST T
(4.10) HE ) =a€ ) L a BV
i o
Now, let the polynomial
r-1 v
F(x) = z £f x

v=0
be defined by '
(4.11) Ax) = (x - E)F(x) = -E(L - xE D)F(x) .

Then,

F(x) = -E_l 1 - xE‘-l)—:L A(x) ,

and consequently,

fj = - % a, Ev-j-l = -E-j-l i a, g’ (0<j<) ,
v=0 v=0
or
(4.12) % a, 7 - e, .
' v=0 J

Substitution of (4.11) and the conjugate of (4.12) in (4.10) gives

- -1 - -1 = -1 = = -1 =
B (g ) =-E@E - OFE f = (66 - VFEE NIE

and so

-1 _. - _ -
Tae= [ e u @ H e @@-vr@hr@h
i=0

al sxpression which is clearly negative, since le] <1 ana
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ogareh =aG h=Fgt-orEh .

- =1 L. .. .
so that F(g ) # 0. It follows that H is not positive definite or semi-
definite. This completes the proof of Theorem 1. T

In the proof of Theorem 2 we shall need a lemma that expresses the

Hermitian Trench matrix H in terms of simpler matrices. Let us define

A(x) by
Alx) = x° A*(1/x) |, A
and let us define A as the square matrix of order N + 1
. [ o
(4.13) A= .
0 A
r,r

Then we have
Lemma 2. If H is the Hermitian Trench matrix defined in Theorem 1,

~CT =~

(4.14) - A A .

H= ASTI,N+1 AN+1,N+1
Proof. First we note that H and the first term of the right member of
(4.14) agree in all their elements except the square submatrices of order «r
in the lower right corner. For all but the last r rows, this follows
easily from (1.1) taking B(x) = A*(x). For the last r rows, excluding the
square submatrix in the right corner, it follows from the Hermitian symmetry

of both matrices. Moreover, the second term of the right member of (4.14)

has zeros everywhere except in the corner submatrix mentioned. These obser-
vations make (4.14) at least plausible, and permit us to limit our attention
to the r by r submatrices in the lower right corner.
In the case of the first term of the right member of (4.14), this cormer
submatrix is obtained by multiplying the last r rows of the first factor by
the last r columns of the second factor. Taking into account that some of
the elements of these rows and columns are zeros, this product can be written ‘
as

ir,2r isz: )

Moreover, by partitioning the first factor of this latter product into the
first r colums and the last r columns, and the second factor similarly
by rows, we obtain

- ~CT - =CT CT

+ A A
Ar.2r Ar,2r = Ar,r r,r r,r r,r '
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or

CcT ~ ~CT ~ ~
(4.15) A A = A Ac - A ACT .
r,r r,r r,2r r,2r r,r r,r

Now, the left member of (4.15) is precisely the square submatrix of

order r in the upper left corner of H. Since H is Hermitian and persym- 4
metric, the one in the lower right corner is obtained from it by reversing
the order of both rows and columns and then taking the conjugate. According-

ly, let us perform these operations on the right member. As the first term

A

is Hermitian and Toeplitz, the effect of the operations is to leave that term A
unchanged. Coming now to the second term, since

~ ~CT - ~CT
A A J =J_A J J_ A 3,
r r,r Yr,r xz r r,r r X r,r r

we can perform the operations on each factor separately. We note also that

the effect of the three operations on a matrix Pr r is to take the conju-
r

gate transpose. Thus the result is ASTr ir ;- In view of (4.13), this
[4 '

proves (4.14).
Proof of Theorem 2. Let us denote by K and L the respective

products in the right member of (4.14), so that

H=XK-L .
Clearly K is Hermitian positive definite and L is Hermitian positive semi-
definite. lLet v be an arbitrary nonzero vector of complex elements. Then

the Rayleigh quotients satisfy

(4.16) VCT Hv - VCT Kv _ VCT Lv < VCT Kv
- CT CT CT - _CT *
v v v v v v v v
Let
N .
ivt
vit) = Z v, ®
v=0

be the characteristic function of v. Then,

: N
A i vy = I ow e,
V==X

where, for 0 < v <N, w“ is the vth component of AN+1,N+1 v. (It may be

helpful to the reader to think of the vector v as being extended by annex-
ing a number of zeros at the bottom.) By Parseval's formula (see (7},
p. 699)
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2m
CT 2 1 2
v o vs= |v| =3-7TIO lv(t)l at
while
CcT 2 1 2" o 2
v Kv = IPN+1,N+1 v| f_i—n-{) [Ae™ ") vir)|© at .
But by (2.4), lA(e_it)[2 = h(e-it), and therefore
2n .
(4.17) vCT Kv < L h(e—lt) V(t) 2 dt < M VCT v .
— 27 o

Note that since the zeros of V(t) are a set of measure zero, the second
inequality of (4.17) could be replaced by equality only if h(x) is a con-
stant function, which would imply that H is diagonal, and therefore a
scalar matrix. This is tantamount to saying that r = 0, contrary to hy-
pothesis (see description of H in Thecrem 1).

It follows from (4.16) and (4.17) that

v°T By
(4.18) < <M
v v

and, since the greatest eigenvalue of H is the maximum value of the
Rayleigh quotient in the left member of (4.18), we have shown that the great-
est eigenvalue of H is less than M.

However, it will be noted that in Theorem 2 we have not imposed the
condition that would make H positive definite or semidefinite. Thus H
may have negative eigenvalues, and it is conceivable that such a negative
eigenvalue might exceed M in absolute valie. We must prove that this is
not the case. The algebraically smallest eigenvalue is the minimum value of
the Rayleigh quotient in the left member of (4.18). Since K and L are
both Hermitian positive semidefinite, this minimum value is greater than, or
at least equal to the negative of the maximum value of the Rayleigh quotient
with respect to L.

It follows from (4.13) and (4.14) that the elements of L are all zero
with the exception of the square submatrix of order r in the lower right
corner. Because of this structure, the eigenvalues of 1L, other than zero,

are those of L = RSTr ir c Therefore the maximum Rayleigh quotient with
’ ’

respect to L is the same as that with respect to L. Therefore, a lower
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bound to the eigenvalues of H is =-p, where 5 is the largest eigenvalue
of L. 1In order to complete the proof that the spectral radius of H is
less than M, we must show that p < M. In fact, if v is an arbitrary

vector of r complex components and its characteristic function is
r-1 .
1vt
vit) = 2 v eV R
v
v=0

then, by reasoning closely parallel to that used in the first part of this

proof, we conclude that

27 .
CT - -
v Lv < —L-f [a* (e 1ty V(t)l2 at < mv"T v .
— 27
0
Since 1 is Hermitian, § is the maximum value of the Rayleigh gquotient.
To prove the second part we let M' be an arbitrary positive constant

less than M and show that, for a suitable vector v and for sufficiently
. . CcT cT
large N, the Rayleigh quotient v HN v/v v can be made larger than
M'. Since h(elt) is a continuous function of t and M is its maximum
value in {0, 27), there is some value t = 1, such that
it
h(e1 ) > M

T -ivTt
' vN] so that v, = e for 0 < v < N.

1]

Let us choose v [vo, vl, « . .

Then, except for the first r and the last r components, the Vth compo-

nent of Hv is h(elT) vv. Therefore

(4.19) vVThv= (N-2r + )hiel) + ¢ ,

where C 1is the contribution of the first r and the last r components.
Since every component of v has absolute value 1, an upper bound to the
absolute value of C is the sum of the absolute values of the elements in
the first r and the last r rows of H. Call this C', and note that ('
does not depend on N.

Now choose N sufficiently large so that

C' + 2r h(elT)
h(elr) - M

N+1>

Then

(N + 1)[h(eiT) - M]>C + 2x h(eir) .
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or

W - 2r + Dhe™y > @+ 1Mo+ |c]

and consequently
(4.20) (N-2r + 1)h(e'™) +c> (N + 1)M' .
. 2
Since lvv[ =1 for every v,
CT
v
and therefore by (4.19) and (4.20)

vCT Hy

CT
v Vv

> M!

as required. This completes the proof of Theorem 2.
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EFFICIENT ALGORITHMS FOR CONTINUOUS PIECEWISE
LINEAR APPROXIMANTS WITH VARIABLE KNOTS

Royce W. Soanes dJr.

US Army Armament Research and Development Command
Large Caliber Weapon Systems Laboratory
Benet Weapons Laboratory
Watervliet, NY 12189

ABSTRACT. Algorithms are derived for selecting and moving the knots
of a continuous piecewise linear approximant. Knots are selected and
moved as a subset of n equally spaced mesh points. As knots are selected,
neighboring knots are moved for the purpose of more closely approximating
their optimal values. A least squares fit criterion is used and the
movement of each knot improves the global error sum of squares. If all
the interior knots are moved during an iteration, only O(n) arithmetic
operations of any kind are consumed. A simple example of the reduction
in computational complexity obtainable with the methods herein discussed
is the least squares fitting of a straight Tine to an arbitrarily large
set of data using only five multiplications or divisions.

I. INTRODUCTION. The purpose of this article is to derive efficient
and reliable algorithms for attacking the problem of continuous piecewise
linear approximation of relatively large amounts of data, consisting of
perhaps thousands of points. Approximation is done in the least squares
sense, where we strive to make the global error sum of squares (SSE)
small. We are not, however, concerned with obtaining a precisely optimal
solution, as this would be prohibitively expensive for the large amounts
of data involved [1]. The continuous piecewise linear approximants
(Vinear splines) used will be defined over a variable knot mesh with
respect to which we will nearly minimize jlobal SSE.

Authors of available algorithms [1,3,5,6] seem reluctant to deal
with the large amounts of data which are common as a result of analog to
digital conversion. Indeed, they generally consider no more than a few
dozen data points and only a handful of knots, neither do they consider
data with an appreciable noise level. This reluctance is evidently due
to the large computation times that would result in the large sample case
or to the unreliability of analytic methods of seeking global optima in
the presence of noise. On the other hand, elementary linear smoothing
methods are efficient, but they either suffer from Gibb's phenomenon in
the case of oscillatory kernel smoothing or are prone to cut off corners
in the case of positive kernel smoothing [2].
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The algorithims presented here are conceptually simple and therefore
not difficult for nonspecialists in this area to implement. The data
mesh is uniform as is invariably the case with data converted from analog
to digital form. The nonuniform knot mesh is a subset of the uniform
data mesh. We do not select knots from a continuum because the unlimited
number of analog digital points that can be generated makes continuous
variation of the knots unnecessary. Also, the algorithms derived here
make exhaustive local searches for global improvements of SSE quite
efficient.

In all that follows, let slow operation denote multiplication or
division and let fast operation denote addition or subtraction. Slow
operation and fast operation will be further abbreviated to SO and FO
respectively. When we subsequently refer to n * ¢ operations of one kind
or another, where c is a small integer constant, we will write n for
simplicity. In general, we will refer only to the high order term in
computation time expressions i.e. 5n2 + 2n + 3 will be "about 5n2".

II. A SIMPLE EXAMPLE OF COMPLEXITY REDUCTION. Shamos [4] describes
the ordinary algorithm for fitting a straight 1ine as requiring 0(n)
time. He makes no distinction between SO's and FO's. Since the usual
formulas are O(n) for both addition and multiplication, and the O(n)
additions cannot be avoided, he remains correct. The 0(n) SO's involved
in fitting a straight 1ine may be reduced to five, however, as the
algorithm following shows; multiplications by small integer constants
are not counted here since these may be done faster through addition.

S, =T, =0
$i = Si,, + Yy

1:"1“
Ty = Ty * S

c= 2[Sn + (Sn - 2Tn)/n]/(n +1)

v, = [2(T, - s)/n - cln-2))(n - 1)

v, = v, + 3c where v; and v, are the values of the approximant
at the left and right extremes of the equally spaced data. This algorithm

is derived using the well known formulas for sums of first and second
powers and summation by parts. Summation by parts, for instance, enables
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one to reduce the sum

11Yi

no 3

i
involving n SO's and n FO's to the expression

n i
Y., - Y.

(n+1) r =z
1 7 4= §=1 Y

i

[ et B §

involving only one SO and 2n FQ's.

For the sake of brevity and to emphasize the central role played by
summation by parts, the algorithms derived here are called SBP algorithms.
It is perhaps not particularly important to derive more efficient formulas
for fitting a straight line, but it s important to reduce 0{n) SO's to a
constant number of SO's because the same technique will make it possible
to reduce 0(n?) SO's + 0(n2) FO's to O(n) SO's + O(n) FO's in the next
algorithm.

III. DESCRIPTION OF FUNDAMENTAL ALGORITHMS SBP (1) and SBP (2).
Consider a linear spline consisting of two segments i.e. two fixed end
knots and a single variable internal knot between them. There is only
one way to find the globally optimal internal knot: for every internal
data mesh point, set up the three normal equations, solve them for the
three ordinates, and compute the SSE. Programming this algorithm naively
(not using summation by parts) may be done in about 7n2 SO's and 6n” FO's.
On the other hand, the SBP algorithm for this case (SBP(1)), accomplishes
exactly the same computation using only 15n SO's and about 35n FO's. The
ratio of naive effort to SBP effort for SO's therefore goes approximately
as n/2. The effort ratio can obviously be as large as 1000 to 1 for a
data set consisting of only a couple of thousand points. The SBP(1)
algorithm is used to pick out points of abrupt behavior in the data for
the purpose of splitting subintervals and inserting new knots.

The other fundamental algorithm presented here is quite similar to
the preceding one except that the end ordinates are held fixed instead
of being free. There is therefore only one normal equation instead of
three. The optimal 1internal knot for this case is obtained in 12n SO's.
This SBP(2) algorithm assures improvement of global SSE when it is used
to move the knots,
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IV. THE GENERAL NORMAL EQUATIONS. Let (xi.yi) 1 <1 <nbealarge
set of data with equally spaced x values and let (uj,vi) 1 -~ i < Nbea

small set of data whose linear spline approximates the (x,y) data in the
least squares sense. The u's are a subset of the x's.

The linear spline approximant on the ith knot subinterval is defined
as:

Li(x) = (1 - ri(x))vi + ri(x)viﬂ

where

ri(x) = (x - u)/(uy, - yuy) .

Let M be the mesh index of the ith knot. The error sum of squares is
given by:

N'] M1+ "] N
SSE = & L (Li(xm) = ym)2 + = (vi - ym.)7.
1=1 n=My+1 i=1 '

The following symbolic abbreviations will hold throughout the article:
abbreviate ry(xy) to ry and 1 - ry{xp) to s;.

The error sum of squares therefore becomes:

SSE = ¢ (sqvy + rsv -y 2 .z vV, - Yy .
i=1 m=Mi+] i i‘in1 m i i Mi

Setting the partial derivative of SSE with respect to vj equal to zero, we
have:

o TR
v ro_sio+vi(l+ £ rjn IS
-1 J-17J71 J = =
I imeM 41 meM, 41 m=M+1
M -1 M;-1 Mi-1
O + % Y- * YmS (4.1)

r.s: =Y, j-1 h
J“m=Mj+] 32 Mj meM 4] m=M+1

if vj_y» vj and vy, are defined.
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If only Vj and Vj4, are defined, the rasult is:

Mj+1'] ) Mj"’l-] Mj"'l—]
vi(l + £ s3) +vijy & ris; =y, + L YpSs (4.2)
J m=M;+1] ! J m=M;+1 I Mj m=M.;+1 )
J J J
If only Viey and vj are defined,
Mj-] : Mj-] )
Vi z r: 1s;, +v.(1+ ¢ r: ) =
J-1 j-1?j J _ -1
m-Mj._l +] m-Mj_l +]
Mj-1
Yy + I yor:_ (4.3)
MJ m=MJ-_1+] mJ-1

The following abbreviations regarding summation notation will be
observed throughout the article.

My
Abbreviate b to z
=M'i"l ‘]
Min
L to L
=Mi 0
and Mi+1
L to .
m=Mi -10
-1

The normal equations therefore become:

2 =
i-15i-1 +I8%) + vy Erys,

Vi-f%r' s + vy +j%r$_l

'yMi +faymr1-| *-3¥m51 (Vi-l’ vy and vy, defined) (4.4)
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2 . .
v ISy *v,, Ir.s. = syms.i (vi and Vi defined) (4.5)

0 1+1011

2 _ .
vi_l_):]ri_]si_l + Vi_z."'i-l = _Z1ym"i-1 (vj., and v; defined) (4.6)

V. GENERATION AND SOLUTION OF SBP(1) NORMAL EQUATIONS. Considering
only three local knots uj.;, uj and uj, , we may write down the normal
equations for vi_,, v4 and vi4, using (4.6), (4.4), and (4.5) respectively.

,
Vi-1 ZSjop * ViEriaSia = IYmSi (5.1)

2 2 -
Vi IPi iS5y tvg(Rlenrl +Isl) v Iris, =
-1 - 0 0
It _Z]ym"i-l + Téymsi (5.2)
ViLriss + v Zrz-zyr (5.3)
i i°1i i+1 2§~ m'i .
o 11 L ¢

Adding 5.1 and 5.3 to 5.2 we obtain

Viep Sqo, P viltIrgvIsy) tviIry = Loy
i=t %4 LA 0 0 RISl

since r+s =1.

The contents of the appendix should be reviewed at this point.

After substituting sums from the appendix into these normal equations
and performing a couple of row operations, we may obtain the following
simplified normal equations:

vi-1(2"1-1”) + Vi("i-x'” = 6(T_l 'S-x)/("i-xﬂ) (5.4)
Vi *vilngngi2) + vy = - pfl(T -5 ) (ny 41)

(T -5 =T_ M (ng+1)] (5.2)

=1

vi(ng-1) + vis (2ng41) = 6[S_;p + (T.,-S_, =T, )/ (ns+1)1  (5.6)




Excluding multiplications by small integer constants, the augmented matrix
for these equations may be computed in only two SO's.

Using Gaussian elimination on:
ay a;, 0 ¢
1 a., 1 ¢
0 38,33 g
we have:
8 v A, - ap/ag

C2 + Cp - cyfan

q + a,/a

a3z« as3-q

€z +« C3 - C29

Vig " €3/a3;

Vi < (e, - vy lay,
Viae (e -a,vy)ag,

Hence, Viogr Yy and Vi Mmay be computed in eight SO's.

+1
VI. ERROR SUM OF SQUARES FOR SBP(1). The SSE for SBP(1) is given by:

My-1 o Mia ,
L (8o Vi1 tri Vi-yp)e + 2 H(Sivi""'iviﬂ -ym)? + (vi-ym,)?
-1

SSE

‘{‘(si-lvi-lﬂ“l-lv'l ¥ )2+ g(si\ﬁ +rivis1 -ym)? - (vi-yMi)Z (6.1)
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Expansion of these sums, making substitutions from the normal equations, and
considerable fortuitous cancellation yields:

2
SSE = ¢ = Vi 3L Si ¥m -vi{Zr;. + LSiynp -
_1Oym i 1_] i-1¥m 1(_1 i-1Ym o i¥m yni)

- vi"‘l Briym (6.2)

If we now substitute the required sums from the appendix into 6.2, we get the
final expression for SSE:

SSE = % Y + (vi'vi~1)(T-1'S-1)/"i-1 + (vi-v.+

; 1)(T_I-S_l'rs -T )

-10 ~10

/n S (6.3)

i " Vo0

It is obvious that the sum of squares of the data values in 6.3 is a constant
component of SSE for any uj between uy_, and uj4; . We need not therefore ac-
tually compute this sum of squares as we exhaustively search for the uj with

the smallest SSE. The variable component of SSE may therefore be compute.

in unly five SO's.

Given a u;j, we may therefore set up the SBP(1) normal oquations, solve
them and ultimately compute the variable component of SSE in orly fifteen S0’s.
If n is the number of internal mesh points, we may find the best uj in 15n SO's.
It is also important to notice that S_,; and T_,. do not depend on the position
of u; and that although S_; and T_, do depend on the position nf u;, these sums

need only be updated using two FO's per mesh point as we calculate SS5E for each
internal mesh point. The significance of this is that although the computation
of SSE for one and only one uj is 0(n) for FO's, the computation of SSE for

all the uy's is still only 0(n) for FO's. Hence the entire SBP(1) algorithm
is 0(n) for both SO's and FO's.

This is in sharp contrast to the 0(n”) complexity for SO's and FO's which
would have been the case had summation by parts not been exploited. This overall
reduction of complexity from 0(n?) to O(n) makes the SBP(1) algorithm a viable
technique, especially in the context of large sets of data and in spite of the
fact that it is an exhaustive, brute force search method.

VII. NORMAL EQUATION AND SSE FOR SBP(2). If the endpoints are fixed
instead of free in the 3 knot case, there is only one normal equation (5.2):

% ",'Si

2 2
Vi  ZPe  Se o Hvf-145r: +5ss) 4+ v
i 1_1 =171 1 R i-1 0 1 i+ 0

= M, + zlym"i-x + éymsi




Substituting the expressions for the various sums from the appendix, we
have:

Vi (g =1/ngy )+ v (Ung tUng2(ng | 403)) vy, (ng=1/ny)

= SIS T ngy - (SgS T - T )] (7.1)
The general expression for SSE is given by 6.1.
Expanding 6.1 and substituting 5.2 into it yields:

z 52 s. y)

2
SE = + -2z
SSE Z‘vm Vi i-1 _y j-1"m

v
-10 i-1" 1-19

2 2 2 2
+ Viq (Vip Sr1-26riym) - vi(-1+-zlri_l+asi) (7.2)

Using the sums from the appendix in 7.2 gives:

2
6SSE = 6_§0ym + vi-l[vi-l(]/nf-l+3+2ni—l)—IZ(T-I-S-l)/ni-l]

+ Vi Dvia (1/mg#3e2ng )-12(S_ 1 +(S_#T_, =S =T 14 )/ny)]
- v$(1/ni_1+1/ni+2(n1_1+ni)) (7.3)

Excluding multiplications by small integer constants, the variable
component of SSE in the SBP(2) algorithm may be obtained in 12 SO's.

VIII. A STRATEGY FOR USING SBP{1) AND SBP(2). There are many ways
one could employ SBP{1) and SBP(2) for knot selection and movement
respectively. Based on experimental results, the following technique
seems to be quite reliable - especially when there is considerable
variation in noise level or ringing amplitude.

(1) Initialize the knot set to consist of three knots and corresponding
ordinates using SBP(1).

(2) Find the knot subinterval which shows the most “"promise" for
knot insertion.

(3) Insert a knot in this "promising" interval using SBP(2).

(4) Use SBP(2) to move the knots to the left of the newly inserted
knot and stop when the position of the moved knot doesn't change
signifigantly (relative to the sum of its left and right knot subinterval
lengths).
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(5) Use SBP(2) to move the knots to the right of the new knot in
the same manner.

(6) Move the new knot once.
(7) Quit or go back to (2).

The amount of "promise” that a subinterval exhibits for knot insertion

is determined by first computing the SSE (variable component) for the
knot subinterval in question and then tentatively inserting a knot using
SBP(1) and noting the SSE associated with this tentative insertion. The
difference between these two SSE's gives some measure of how much the
global SSE 1s likely to be ultimately reduced by the knot insertion. The
knot subinterval having the largest such reduction is therefore picked
for knot insertion.

It should be recalled that when we use SBP(2) for moving a knot, we
are also redefining the ordinate of the approximant corresponding to the
moved knot. What this amounts to is simply Gauss-Seidel iteration for
the ordinates simultaneously mixed with knot movement. This doubly
iterative process makes it unnecessary to compute the global normal
equations and solve the resulting tridiagonal system.

IX. SSE FOR APPROXIMANT OVER ONE KNOT SUBINTERVAL. The SSE for
knot subinterval i-1 is derived here.

T e A R U O

o—

“ViVig) ¢+ (Vi'vi—l)z]/(snf-x) + {2/ng ) M7 =S M vi-visy)
-ZViS_l
The variable component of this SSE can be computed in 9 SO's.

X. FIRST AND LAST ORDINATE ESTIMATION. The normal equation for the
first ordinate of the approximant (i=1) is:

2
v;iEsy t v Lr;s; = Ly .S
101 "+1011 om“

Substituting sums from the appendix gives:

v; (1/n, 4342n,) + v,(n,-1/n;) = 6(T,-S,)/n, (10.1)
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With 10.1 we compute v, when v, is held fixed. This is essentially a
specia’ case of the SBP(2) algorithm; we cannot move the first knot but
we must estimate its ordinate.

Vi1 EPSia Y Yy X]r'i-l = ?]?ym'“m

1
The normal equation for the last ordinate of the approximant (i=N) is: +

Substituting sums from the apperdix in this gives us:

Vo e o1y )+ vy (Wi #3420y ) = 6[S_1+(S_i—T_l)/nN_!] (10.2) A

With 10.2 we compute vy when v\ 1is held fixed.




e

APPENDIX

Let n; = the number of data mesh subintervals in the it: knot subinterval

- njh = ugy-ug = 1y where h is the mesh size r
now, L (m-1)h
and uj = X ¢ (Mi-l)h

oyl = (xm'ui)/]i = (m'Mi)/ni ;

similarly, vy (xp) = (m-M;_ )/n; ..
These last two identities are used throughout the derivation of the various
sums.

A1l the sums given here in the appendix are calculated using the
formulas for sums of first and second powers and summation by parts:

n
i = n(n+1)/2
i=1

n
1 %12 = n(n+1)(2n+1)/6

n n n i
. I a:by = a 2 by - fAa;:i b,
i=m 1 n+%=m i f=m 5=m J

The summation by parts formula (due to Abel) may be derived in the following
manner:

aajby = ay,,byy,-ayby
(a1+1'ai+ai)bi+1 - aibi

b1+]a a; + agA b1

ai') b1 = A aibi - b1f1 '\ai
n n

L apby = a5, bpyy = apby - I byyyt 2y
i=m f=m

let Cy = Ay
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n
I ¢, = -b
j=m 1 n+l m
n n
T oaqc L c; a -3 +z C;
jag 21C1 3, %11 mPm i%m %1J
n n i
= 3y byt apy, Locy - agby - b (3p4,-3p) - L1a; L
i=m i=m  j=m
n n i
= 5 s - . .
duy I €y - T3y I oc
i=m i=m Jj=m

The power sum formulas may also be derived using summation by parts.

Sums:
M;
S,y = & ¥
! m=Mi_l m
IVI1 k
T = L Ly
-1 - _ m
k=M, m=My
Mi+1
S. £ ¥m
10 szi-‘
Mi+1 k
T.,, = y Ly
Y kg, me (T
-§ rodm S + (S_I-T )/n1]
Ls = (T -S n
k iet"m (v -5 Mny_

IrgYp = St (SoppmSo T -To 0 )y

%S1ym =y, oS- (S-ln's—1+r-1'r-1o)/"i
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j% S j} riey = (i #1) (@0 41)/(6ng )
T Szi = I f‘% = (n1+])(2n1+‘ )/(6"1)
0 0

_% $4-1 © _ﬁ rioy = (g #1)/2

L s, = 6 ry = (n1+1)/2

ey S4ey " (n1_1+1)(n1_1-])/(6ni_])

g resy = (n1+1)(n1-1)/(6n1)
Mie1
S¢e = I Y
m=Mi
M-i.‘,] k
To = I I Ym
k=M; m=N,
% riym = [{ng+1)So-To)/n;

% siym. = (Tg=So)/ny
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An Extension Co of Cj That has an Application in Learning Theory

Charles R. Leake
US Army Armor and Engineer Board
Fort Knox, Kentucky 40121

ABSTRACT
Ca which is an extension of Cj is discussed. Ca is a class of algebras

that are commutative, generally nonassociative with inverses for all non
zero elements when the ground field is the reals. In general Ca con-

tains divisors of zero. Each Ca has an involutorial automorphism and is
a quadratic extension of the ground field. Moreover, for each element x
in any Ca there are unique elements T, and Ny. An example is given show-

™ .

ing how previous, experimental and concurrent learning can be resolved
and how the magnitude of the learning or training effectiveness can be
measired.

1. The concept of Cy and CN. In a recent paper f9' has shown that Cy

and CN have applications in thermodynamics. C; is generally a commu-

tative, nonassociative algebra of order J with identity 1#0 which under
the condition that the ground field is the real numbers contains an in-
verse for each nonzero element as well as zero divisors. In a special

case for J = 2, Cy=C, the complex numbers and for J = 1, Cg=R, the real

numbers. Cy is generally a noncommutative, nonassociative algebra of

order N with identity 1#0 which under the condition that the ground field
is R contains an inverse for each nonzero element as well as zero divi-
sors. Under appropriate conditions for N = 1,2 & 4; Cy*R CN=C and C=Q,

the quaternions. Cy & Cj were also shown in 19) to belong to a broad
class of algebras that are known as quadratic extensions T of a field K.

Considerable work has been done on sets r. In 3! r is character-

ized for the real, complex, quaternions and cayley number systems. In

} 1 is generalized to a field K where there is an element i such that ‘

1€-gi-a=0. The concept is then extended to the case when K is a commu-
tative r1ng with unit that admits an involutorial automorphism in !5
and in 6} the geometry of the place of a quadratic extension r of a

field K is discussed. In f7) and 8) there are examples of when r 4

is a nonassociative algebra.
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Quadratic extensions belong to a class of algebras commonly known
as Clifford numbers. Vander Waerden in f11) discusses a class of these
numbers which he calls hypercomplex numbers.

This paper will be limited to a discussion of Ca which is an ex-
tension of C;.

2. The concept of the commutative algebra Co over a field K of character-
istic # 2. Ca is an algebra of order M > 1 where 1, €5, €35 .05 € is a

m
basis for Ca. In the case of M =1, Ca = K. In addition there exist aj,

@2, ...» ay € K. Using the operations defined on K, Ca has the following

sum and products defined on it for all a, b ¢ Ca and 6, a;, bj K

(1) a+b-= g (ai + by) ey
i=1
M
(2) ea =61 aje,
i=1
M M
(3) ab = (aiz ajby - £ ay2 a;bj) 1+ 2 (a3 af a3 by + a01aiby) e

i=2 i=2
The automorphism a ——> a is

M
a.l -z a; e

(4) a

i=2
The unit or 1 in Ca is
M

5) 1=1-30
(5) =21

The trace T, and norm N, are

(6) Ta=a+aand (7) N, = aa

-120-




Ta and N3 e K and ab = ba for all a, b ¢ Ca. When the characteristic
of K is 0, K = T, the set Ca has inverses
=a
Na
Moreover, in general

(8) Nab # N3 Np

(7) a-l

(9) Na2 # (Na)Z

For aj = 1, i=1, 2,..., M, Ca = Cy

Each element a of Co satisfies the equation,

(10) a2 . T,a+N; =0

Thus Ca also belongs to the class of algebras known as quadratic ex-
tensions T of a field K. See f1', 21, 31, (4) (5 and 7' for a
more generalized discussion of quadratic extensions.

3. An application of Ca to learning theory. One of the problems with
learning theory is its lack of a geometric base. Early discoveries in
science were related to Euclidean geometry and many of its premises were
directly related to observations made in terms of Euclidean geometry. We
are no longer so naive as to believe that the universe is Euclidean, but
in moving away from this geometry, we have been led into a position where
geometries are now abritrary. In some sciences the geometry is related to
the law of least squares with a statistical intepretation of the results,
but this makes it difficult to combine results from other sources. The
least squares approach has also been tried in educational circles, but
with rather disappointing results. What is needed is a geometry that
incorporates recent learning and affords the researcher the opportunity
of combinin? da}a from other sources with his theories such as those in
10" and '17 & f2'. In order to do this, it is required to move beyond
one and two dimensional space into N-dimensional space. Until now thought
in this area has been limited due to the striking results provided by the
Cartan-Hurowitz theorem. However, Jordan has provided us with some in-
sights into the problem of multi dimensional algebras, but these have

been mainly limited to the physical sciences and biology. Ca offers us

a geometry which is relevant to experimentally based educational data.
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Of prime concern in education theory is coordinating previous
learning experiences with those being examined experimentally. Presently
this is being done by using a statistical technique known as the analysis
of covariance where previous educational or intelligence factors are
covariated out, usually in a linear manner. Other techniques such as
rotational techniques are designed to remove cross terms. These again
are based on a least squares interpretation of the data which attempts
to unscramble the interlocking relationships between the variables into
a manageable array. The method proposed in this paper is different. Previous
experiences as well as concurrent experiences are resolved in the traditional
manner by vector addition.

For example, suppose as a start in analyzing subject A with regards to
a particular educational goal, we used the classification scheme indicated
in f1'. This would require that we measure the subject in six dimensions.
We are not limited by any means to a six dimensional analysis and as many
as we chose could be subtracted or added to the original array. 1 has
six classifications, namely knowledge, comprehension, application, analysis,
synthesis and evaluation. We could very easily add to this array I.Q.
or any other dimension which we wished to include. For the purposes of
this example, we will not. Suppose subject A was doing some work which
was connected with a proposed experiment. We could call that concurrent
education and measure the effect on the educational goal in six dimensions.
Next, we give subject A some treatment. Again we measure him in six

dimensions in terms of our educational goal. Call these measurements
ups U2 & ug respectively. The resolution of subject A's learning is

(12) X = up + u2 + u3

The magnitude of his learning would be Na, where
6
(13) Mo = = ai? x;2
i=1

The a;'s could at first be based upon expert opinion. Ultimately they
could be experimentally derived.

Another feature of this method is that it enables us to resolve
not only the cognitive part of learning, but the affective as well.
In f2) there is a relation between the cognitive dimensions in f11.
If we change the ground field from the reals to the complex, the
affective part of learning could become the imaginary component of
learning. The definition for the resolution and magnitude of learning

-122-




remain the same as given above. However, the possibility for showing
negative learning can be developed when using complex numbers as the
ground field instead of the real numbers,

The effect of scalar multiplication can be used to establish
standards for goals to attain in training programs or refresher courses.
Erasing bad training can be established by examining the inverses to
learning. Vector multiplication can be used to resolve different
educational goals where zero divisors represent conflicts that cancel
learning.

The method descr1bed so far need not be limited to the applications
suggested by 1) and 2 but can be used for multi-tiered learning such
as that suggested in 8. Moreover, a skill such as learning how to fire
a main gun of a tank can be broken up into its skill components each of
which can be ass1gned a dimension. Resolution of learning can be obtained
by f12Y, and 713! can be used to predict main gun performance or corre-
lated w1th 1t Or the skills that are desired can be related to those
given in 1) and 2‘ with resolution of learning and its magnitude as
previously defined. .

The purpose of this paper was to show that Ca had an application
in learning theory. Clearly, there are a multitude of applications of
Ca not only to learning theory but the physical and behavioral sciences
as well.
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AN ALGORITHM FOR HEAT TRANSFER
IN GUN BARRELS

John F. Polk
Fragmentation Branch
Terminal Ballistics Division
US Army Ballistic Research Laboratory
Armament Research and Development Command
Aberdeen Proving Ground, MD 21005

ABSTRACT. Experimental measurements indicate that steep temperature
gradients exist near the bore surface of gun barrels during operation.
These pose severe difficulties for obtaining the true surfacc temperatures
and for developing effective mathcematical models of the heat transfer
process. Singular perturbation methods provide a natural means for
attacking the mathematics underlying such problems and can be used to
obtain asymptotic expansions for the bore surface temperature, valid for
small times. These expansions have been incorporated into a basic
algorithm which can be repeated as frequently as necessary to predict
temperatures over longer time intervals. In conjunction with a simple
physical model of the interior ballistics this procedure has resulted in
temperature predictions showing excellent overall agreement with measured
data.

I. INTRODUCTION. On the most elementary level the transient heat
transfer occurring in a gun barrel can be described by the following model.
The temperature 6 at a given axial station will be assumed to depend only
on the radial coordinate, R, and on time, T, which vary over the ranges

R,<RS<R and 0 ST< T1

0 1
where
R0 = inner bore radius
Rl = exterior barrel radius
T = 0 when the bullet passes the axial station
T = T1 is the maximum time of interest.

In order for the short time asymptotic methods which we shall use to be
valid it will be necessary to assume that

T, << R(z)/k (1.1;

where k = K/pc is the coefficient of thermal diffusivity,
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=
b

thermal conductivity

i

o density

¢ = specific heat.

More comment will be made on this point shortly, however we should note
that longer term solutions can be constructed by repeating the basic
approximations over successive time intervals m Tl ST < (m+l) Tl'

For convenience we shall henceforth use the non-dimensional form

U (R)T) = (6(R9T) - eo)/(eM - eo)

to describe the temperature where

0

o ambient temperature

M

melting point for gun barrel steel.
We suppose that this function is known at time T = 0 in the form
U (R,0) = F (R) (1.2)

and that its subsequent rise is governed by the linear heat equation, in
cylindrical form

1
Up = k [Upp *+ 7 Upl- (1.3)

At the bore surface the heat transfer obeys the convective law

6 (m - o
K _ _ _gas o
U-FU) R, =6(M = i————eM =N (1.4)

where H is the heat transfer coefficient and @ as (T) is the instantaneous
temperature of the propellant gas inthe barrel. At the outer surface the
short term heat losses will be considered negligible so that the zero

flux condition

UR (RI'T) =0 0<T< T1 (1.5)

applies. The zero flux condition at R = R, can be obtained as a special
case of (1.4) by letting H » 0.
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Clearly this model is a simple one since it is linear and implicitly
assumes that the gas dynamics and heat transfer to the barrel are
separahle problems. It also assumes that H and G (T) are known whcreas
the available experimental data concerning these quantities is very
sketchy. Nevertheless, an analysis of the problem, as formulated, is
relevant for several reasons: first, it provides a qualitative insight
into the relative importance of the various parameters; second, an under-
standing of the non-linear problem is only possible after a thorough
rendering of the linear case; third, more complicated problems can be

handled by quasi-linearization in which the equations are treated locally

as linear in restricted sub-regions; finally, even with this simple model
we are able to obtain reasonable agreement with experimental data, in
some cases.

To reduce the problem even further and to obtain explicit solutions
we limit our consideration to low order polynomial forms for F (R) and
G (T). In this regard we shall let V, (R,T), n = 0,1 and W, (R,T)

n =0,1,2 denote the five solutions of problem (1.2} - (1.5 having the
particular supplementary data indicated in Table 1.

Table 1
Problem Solution Initial Values Gas Temp.
F (R) G (T
1 v 0 1
0
2 V1 0 T/Tl
3 W 1 0
0
4 Wy (R-R_)/R 0
2
) w2 ((R-Ro)/Ro) /2 0

Other functions of physical interest could be considered but this table
represents a minimal list of functions we should be able to treat. It
also appears to be adequate for application to the gun barrel problem.

II. ANALYSIS. As a first step let us non-dimensionalize the fore-
going model by introducing the independent variables

T = R/R0
2
t = kT/Ro
which vary over the ranges
i<r< r, and 0<t< Ll
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where

2
r = Rl/Ro and t, = k Tl/Ro .

1
The function U can now be written as

u (rt) = U (rR, t R(z)/k,‘ - U (R,T)

and problem (1.2) - (1.5) transforms into

ut = urr + % ur (2.1)

u(r,0) = f (r) = F (r Ro) (2.2)

[u - “'*% ul(1,t) = g (£) = G (t R2/K) (2.3)
u, (rl,t) = 0. (2.4)

Note that the coefficients in (2.1) are all of order unity while (1.1)
implies that

0<t <<l (2.5)
Thus the problem in this form is truly a short-time problem.

In this non-dimensional form problem (2.1) - (2.4) is suitable for
analysis using the DESS (Diffusion Equation Solution Sequence) method
which was introduced in a separate discussion!>?2. This is a technique,
based on the assumption of small times, in which asymptotic expansions
are developed for the solution in those regions where singularities such
as steep gradients (boundary layers) are encountered. In the present
case such a phenomenon is observed near the bore surface and is caused
by the sudden rush of hot gasses over an initially cool surface. The
flux of heat to the barrel is so sudden that it cannot be diffused
uniformly outward but results in a thin, high-temperature region near the
bore surface R = R_ (r = 1). 1In the mathematical context this condition
arises when (1.1) 1s satisfied. For gun barrels we have the typical
values

R ~1cm
o
2
k~ .1 cm"/sec

and thus our analysis will apply when

T, << 10 sec.

1
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For common gun systems this is many times greater than the time during
which convective heating of the barrel occurs.

In our previous discussion of the DESS method asymptotic expansions
for solutions of the equation

u, = a(x) u + b(x) u o+ c(x) u

were obtained in explicit form. However, only the Dirichlet type (function

value specified) of boundary condition was considered so that the expan-
sions obtained previously do not directly apply to the present case. On
the other hand the formal procedures used to derive those expansions can
be repeated for problem (2.1) - (2.4) to obtain a different, but still
explicit, expansion for its solution. Let us now see how this is done.

The basic procedure is to emphasize the local, short-term behavior
of u near r = 1 by introducing the stretched variables

o = (r-1)/¢

T = t/e2

and a transformed or "inner" solution

2
i(c,7) = u(l + £ o, € 1) = ulr,t)
where, for convenience we have introduced the notation

€ = /EI‘= vk Ti/Ro .

From (2.1) - (2.3) we can obtain the new equations

L= 3 ~

U " Y% *T+e % o>0, T>0 (2.6)
i(c,0) = f(o) = £ (1 + € q) o> o0 2.7)
L d(0,1) = (1) = g(e? 1) T>o0 (2.8)

h
where Lh here denotes the operator

Lh u=u-

u
o

>

ith
" h = H ViI/Kpc
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The boundary condition at R = Ry is ignored in this new system since it
now occurs at the coordinate

0, = (r1 - 1)/e

which, for small values of e, is very remote. In its place we should
require that u(o,1) satisfy a growth condition as ¢ » . In the present
discussion, however, we are not concerned with the questions of uniqueness
and continuous dependence on the data but only wish to explain the
mechanics by which a formal expansion is obtained. The only justification
of our methods is accomplished a postoriori by comparing our computations
with experiment.

5 In connection with problems 1-5 we shall use the notation Vn(o,r) and
Wn(o,1) in place of the general solution u(o,t). The supplementary data
for these problems, obtained by transforming Table 1, is given in Table 2.

Table 2. Supplementary data for Problems 1-5 in
Stretched Variables

Problem Solution Initial Temp. Gas Temp.
u(o,1) f(a) gty
] Vo lo.1) 0 1
2 vl(o,T) 0 T
3 WO(O,T) 1 0
4 a}(o,T) €o 0
22
5 W.)(O.r) vy Tat/2 0
Let us now suppose that u can he r small ¢ > o in the

asymptotic form
G-~ P I“() + e ] . (2.9)

The value of the exponent p follows frow «e particular choice of the ]
supplementary data; from Tabie 2 we sec

0 for problems 1, 2, 3
P = 1 for problem 4 (2.10)

2 ‘or problem 5.
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Substituting (2.9) into (2.6), recalling the expansion

1
1 + eo

~ 1 - g0 + (eo)2 - (eo)3 + ..

and collecting by powers of € results in the following system
(UO)T ) (uO)oo =0

(ﬁl)T ) (ul)oc - (”o)c j
(), - (ﬁ2)oo - (al)o -0 (uglgs
and, in general,
-~ k ~
- (O = L. u . (2.11
(w), - @ jzl i k- {2.11)

where Lj is defined by

s j-1 -
Lj u = (- a) u, -

The sequence {u, : k = 0,1,2, ....} therefore forms a DESS according to
the definition in References 1 and 2.

Specializing to the solutions of problems 1-5 let us use the notation
Vn,k and W, K in place of the individual terms ﬁk of (2.9); that is, we
seek the expansions

Y 2

Vn (o,1) ~ [VnO + € an + € Vn2 + ...] (o,7) (2.12)
W (o,m) ~e" W o+ e W .+ c2W .+ ...] (a,1) (2.13)
n ’ n0 ~ 'nl l n2 v A :
These satisfy the equations
|
0 k=0 ‘
V) -y ={kx _ . (2.14)
nk’t nk’o0 Y L.v., .  ksl,2...
j=l J n’k'.]
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0 k=0

(wnk)T B (wnk)oo 1k L (2.15)
)L, W k=1,2,
jop 3 Mk

in the domain ¢ > o, 1 > 0. Supplementary data for these terms is
obtained by substituting from Table 2 into (2.12) and (2.13) and collect-
ing by powers of €. This yields

n K (c,0) = 0 k=0,1,2,... (2.16)

t"/n! k=0

Eh Vn’k (0,7) =

0 k=1,2,3,... (2.17)
and
on/n! k=0
Wn,k (o,0) =
0 k=1,2,3,... (2.18)
Lh wn,k (o,7) = 0 k=0,1,2,... (2.19)

The systems (2.14), (2.16) and (2.17) for V K and (2.15), (2.18) and
(2.19) for W, ; can be explicitly solved in terms of certain special
functions whlch have been investigated by the author in separate work.

In the next section we shall hriefly review these functions and apply them
to the present problem.

IT¥. SPECIAL FUNCTIONS. The special functions Hy, H;, ZY and Zt

(v is any real number) were defined and investigated in References 3 and
4 which can be consulted for more detail. Their basic significance is
that they are solutions of the heat equation which satisfy special initial
and boundary conditions. The most basic of these are the functions H
which are defined for t > 0 by Y

-1/2 / sY
H  (x,t) = (4nt) = exp [- (x-s) /4t]ds
Y 0 Y:

when y > - 1 and recursively by
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a
moo(x,t) = ° N X, t
y o8 =i )

when y £ - 1. For t = 0 and all y we define

HY (x,0) = hY (x) = (3.1)
X/ x > 0

The functions H: are next defined by

HY (x,t) = HY (- x,t)

and bave the initial values

HY (x,0) = hY (x) = hY (-x). (3.1)

Along x = 0 these functions take on the values

H o (0,1) = H: (0,t) = /T'/2(x/2)! (3.2)

For integer values of y, y = n, the functions HY and H: can be obtained in

explicit functional forms. For example

Mo, (x,1) - (ant) V2 exp [- x%/at]

H, (x,t) = {1/2) erfc (- x//4t)

_ (3.3)
Hy (x,t) = X Hy + 2t H_|

_oreu? :
H, (x,t) = [(x" + 2t) Hy + 2xt H_l]/Z

3 . 2 2

H3 (x,t) = [x~ + 6xt) H0 +2 (xt+417) H_l]/3!
Hy () = (64 e 128t v 12e?) Wy v 2 P v 10xe?) W 1/a

All of the functions‘HY and H' are infinitely differentiable with respect

to both variables and satisfy the following relations
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P _ 9 * *
X HY = H\(_1 X HY = - Hy—l
' d _ 3 % _ *
at HY - Hy—Z at Hy o Hy-Z .

The functions ZY and Z: can now be defined as the transformations

Z (x,t) =T

Y h HY (x,t)

"

*
z, (x,1) = Ty H o (x,1)

where
[--]

T, fxw) = n £t PO s,

X

This transformation is actually the inverse of the differential operation

Lh u=u- %—u so that
X

Lh ZY HY
# *
b 2y

H
Y
and consequently along x = 0 we have from (3.2)

b, 2, (0,t) = 1 2! (0,0) - /2 /2(v/2)1 (3.4)

The differentialiability of the functions H_ and H® carries over to
their transforms; we have Y Y

3 _ T #
3% %y = zy_1 ax zY =-Z (3.5)
3 3 # i
9 5, 2 7% 2 3.6
At zY zy_2 5t zY zY_2 (3.6)

For our applications only the functions Z:’ not Zy, will be needed.

These can be shown to have the series representation

~134-




@«

# _ ik
z, (5t = kgl (-h)" H o (x,t) (3.7)

and thus from (3.1) and (3.2) we have

zi (x,0) = 0 x>0 (3.8)

R E Wk

2L G/t t>0; (3.9)

#
VA ,t = -
Y(0)

the latter series can be truncated for small values of h Yt. When y is
an integer we have the following explicit functional forms for ZY: for
y=-1

2 (x,t) = (h/2) erfc ((x + 2ht )/YAT) exp (hx + h’t) (3.10a)

-1
otherwise
L k-n _*
) (-h) H (x,i), n>0
# -n-1 _# k=0
z, (x,t) = (-h) z7, (x,t)+ (3.10b)
-n-1
I h™ e (x,t),n < -2
k=1
Along X = 0 we then have
z' (0,t) = % erfc (W) exp (h’t) (3.11a)
g (_h)k‘“ _ZEE__ , n=o0
o k721

AN CRI TN E N R AN CR S IR

2
-n-1 -n-k /fk

i£1 (-h) a7t <2

(3.11b)

For large values of h/t we can combine (3.11) with the standard
asymptotic formula

2 1 1 1«3 1345
erfc (z) exp (z7) ~ [ - —+ - L
el 222 22H?%  32H3
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as z > = to obtain

, 1, . .-n 1 (wDF

(3.12)

as hv/t » =,

We can now return to the problems formulated at the end of Section II
and write explicit solutions for the terms V, , and Wk of expansions
(2.12} and (2.13). We have ’ :

. #
Voo (0:0) = 22,
- b #
Vo, () =2y - 272t (3.13)
~ _ 2 4 2 #
Vo2 o) = © 2+ /D) 2
: o
vl,O (o,1) = 2 Z2
v =328 - 2.7
1,1 (0o7) =32z -211Z
. ¥ 2 _#
V), (0 = - 22, (0272 + 47) zf - <% 2! (3.14)
W (e, =1-272"
0,0 V727 o
_ ' #
"0,1 (o,7) = 2 1 Z_1 - Z1 (3.15)
. o2 b2y
"0,2 (o,1) = (c7/2) Zo 1 2_2
N (0,1) =+ (2/) 2"
1,0 o
W = @vn ' samz2t-27 3.16
l,l (ODT) =1 - T ) _1 1 - 2 ( . )
. ' ’ 2 " 2 # "
"1,2 (0,71) = 2 1 2l -3 Z3 + (t7/h) Z_2 - ot + (67/2h) Z0 - (2/h) 22
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#

~ 2
w2’0 (ost) =07 /2 + 1 -2 Z2

. # # #
w2,l (og,1) = o1 + (2/h) Z2 + 21 Z1 -3 Z3 (3.17)

~ 2 2 # 2 #
wz’2 (0,1) = - 06"t - t7/2 + (3/h) 23 + (21 -07/2) 22

# 2 _#
- (2 t/h) Z1 + T Zo

where the functions Zﬁ in the right hand expressions are to be evaluated
at o,71. Verification of these solutions can be accomplished by direct
substitution into the appropriate equations, using (3.4), (3.5), (3.6) and
(3.8).

By reversing the derivation in Section II we can express these func-
tions in terms of the original variables R and T. This yields

Vn (R, T) ~ Vn (o,1)

- ~ 2 -~
~ [VnO + € an + € VnZ] (o0,1)

and

W O(R,T) ~c® [W.+eW . +e> W] (5,7)

n ? n0 nl n2 ’

where

e = vk T1/R

o= (R - Ro)/VE T1

T = ’I'/T1 .

The terms Vnk and ﬁnk are evaluated using the above list of functions with

the parameter h given by
h =H /Tl/Kpc .

But the parameter T1 may be considered as a dummy variable since it can be
replaced by any value satisfying (1.1). Thus we can replace T1 by T in

the above formulas to obtain the somewhat simpler forms

~ -~ 2 ~
VR ~ [V g+ eV +e” Vo] (0,1) (3.18)
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WoRT) ~ X W ve W+l i) (o,1) (3.19)
where now

€ = /fT/RO

o = (R-R)//AT (3.20)
and h = H YT/Kpc

In particular, along the bore surface R = R, we can approximate V_ and
W_ by n
n

Vn (RO,T) ~ Vn (0,1)
2

2

Vno (0,1) + € an (0,1) + ¢ Vn2 (0,1) (3.21)

W (R ,T) ~ W (0,1)

~ el [ﬁno (0,1) + e W1 (0,1) + ¢ ﬁnz (0,1)] (3.22)

Formulas (3.13) - (3.17) can also be used to obtain approximations
for U (R,T) in the special case of zero flux at R = R, by letting h > 0.
Note from (3.7) that

#
yA R -0
Y (o,1)

and 1 .# *
h ZY (0,1) » Hy+l (o,1)

as h > 0. Thus formulas (3.13) - (3.17) take on the simplified forms

vnk (6,1) = 0 for all n and k
iOO (o,7) = 1
ﬁOI (0,1) = 0 (3.15)"
iOZ (o,7) = 0
-138-~
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~ *
w10 (o,1) o+ 2 Hl

W, (6,0) =1 -2+ H(’; . n; (3.16) "
W, (0m) = 0 - ot v (0%/2) 1Y - 2 ]

WZO (o,1) = 02/2 + T

Wy (0,7) = o1 + 2 H; (3.17)"
W22 (o,1) =—62T - 12/2 + 3 HZ - 2t H;

when the zero flux condition holds at R = Ro.

IV. COMPUTATIONAL ALGORITHM. The preceeding expansions can be
incorporated into a numerical algorithm which effectively computes the
heat transfer over longer durations. To describe this in more detail let
us consider the original formulation, equations (1.2) - (1.5). We
suppose that a numerical mesh is constructed as indicated in Figure 1,
that values of U are known at the nodal points at time T = T,, denoted

Ug» Ul’ UZ’ UN’ and that GO =G (To) and Gl = G (To + AT) ?re known. 1h?
values of U at the new time T = T+ AT will be denoted U, , Ul', s Uy
We first consider how to obtain UO'. At time To the variation in U

near R = R0 can be approximated by a power series

R-R\ &, fRR z
U R,T,) ~ay + a DYAEL LA

= U (Ro’To)

where a
1 - Ro UR (Ro’To)

Y/
a = Ro URR (Ro'To)

These coefficients can be determined from the knowledge of UO’ U1 and G0

in conjunction with boundary condition (1.4); we have

3g = Uy

[
1]

1 = (HRJ/K) [Uy - Gyl

[
n

2
2 RZ [U) - Uy - a; BRI/AR
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where AR is the distance hetween the first two nodal points. We can
similarly approximate G(T) by

G(T =~ G0 + (G1 - GO](T - To)/AT .

If we were now to introduce a shifted time variable

with 0 < T' < AT then the analysis of the last two sections would carry
over identically with T' in place of T and AT in place of Ty. Using the
approximate formulas developed in Section ITI we would thus obtain

1

Up' = U (R, 4T)

[a0 WO *+a) Wl +a, W2 + G0 V0 + (G1 - Go) Vl] (Ro, AT)

2

or

' - ~ ~ ~
U0 e [ao WO +a, Wl +a, W2 + G0 V0 + (G1 - GO) VI] (0,1) (4.1)

where Wn (0,1) and On (0,1) are evaluated from (3.21) and (3.22) using
e = /K AT/Ro and h = H YAT/Kpc .

A similar discussion using the DESS method can be used to develop an
approximation for U at the exterior boundary R = R. where the zero flux
condition (1.5)applies. (This is not really necessary for the gun barrel
problem since no thermal boundary layers are observed in this region.
However the derivations are still valid). This results in the following
approximate solution

U = U (R,, T + AT)
N 1 o (4.2)
a UN + a €2 (1 + 4 € - % 92 + ...)
3/n
where a=2 R2 (U - U )/AR2
- 1 N-1 N
¢ = /kAT/R

1
and AR is the distance between the last two nodal points.
Once values of U,' and U,' have been determined the problem can be

regarded as one with Dirichlet boundary conditions and the solution
advanced at interior nodes using any of the standard explicit or implicit
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algorithms for parabolic differential equations. We have incorporated
this general approach into a computer code written in BASIC for the
Hewlett Packard 9845A desk top computer. Some of the resulting calcula-
tions will be given in the next section after the introduction of a simple
model of the propellant thermodynamics. However, as mentioned earlier,
the algorithm which we have just described can also be coupled with a
sophisticated interior ballistics code which provides update. values of

H and Ygas (T) at each time step of the calculation.

V. A SIMPLE OVER-ALL MODEL. The coefficient of heat transfer H and
the propellant gas temperature 9 (T) appearing in (1.4) are poorly

gas
understood physical parameters which may vary considerably during a single
firing cycle. Nevertheless we can consider the following simplistic
model.

H,, 0<T<T,
H = (5.1)
0 T>T,
F(R) = 0 R, S R<R (5.2)
G(T) = G, T>0 (5.3)

where HO is a constant and Te denotes the exposure time after which the

heat transfer becomes negligible and (1.4} can be replaced by the —ero

flux condition. The constant G0 may be taken as

Gy = (

0 - 850/ (8y - 0))

eflame

where eflame is the adiabatic flame temperature for the propellant. The

most appropriate values for Ho and Te are not at all clear from currently

available physical theories. However we can treat these as adjustable
parameters which can be chosen for best agreement with experimental data.
If this is done for the 37mm gun studied in Reference 5, for example, we
obtain

H0 ~ ,28 cal/sec (cm)2 °c
T = .018 sec.
e

(These values should be considered preliminary since the data was not
available in tabular form and best agreement was obtained by visual com-
parison with the figures in Reference 5. There is clearly some distortion
in the reproduction process and it is suspected that H_ should be somewhat
larger and T, smaller.) The resulting claculations using our numerical
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scheme are plotted in Figure 2; run time was approximately one minute.
The actual measured data is shown in Figure 2 and shows excellent agree-
ment. Quite similar agreement has been obtained for the 5.56mm and 20mm
guns also studied in Reference 5. This would seem to indicate both that
our simple model forms a rcasonable first approximation to the actual
heat transfer process and that our numerical scheme is working properly.
It is the author's intention to pursue this matter in more detail in
future work so that greater confidence can be gained. For the moment
these comparisons are only qualitative,

To simplify things even more one can dispense with the numerical
scheme altogether when the exposure time satisfies

2
Te << Ro/k
and approximate the temperature rise using only the single term VO’ that
is
U (R,T) = GO V0 (R,T)
~ ~ 2 ~
~ G0 [V00 + € V01 + € V02] (o,1) (5.4)

where formulas (3.20) are used for €, o and h. In particular, along the
bore surface

~ ~ 2 ~
U (RO,T) = G0 [VOO (0,1) + ¢ VOl (0,1) + ¢ V02 (0,1)]

for 0TS Te. To approximate U for T > Te note that the variation of

U in the R direction at time T = Te is approximated by
az 2
U (R,T,) ~ ag*ay ((R-R)/R)) + 5E((R-R))/R) (5.5)

where a, b and ¢ are obtained by differentiation of (5.4) with respect to
R. Explicity we can show that

- # # # 2 4
3y =6, [22) -2¢e2, +e2;+6"2,] (0,1)
# # # #
a =Gy [-(2/e) 2., + 22, - 27 -¢2,] (0,1)
2 # # # # #
a, = Go {(2/¢7) 2_2 - (2/¢) Z_3 + (1/€) Z_1 + Z_4 + Zo] (0,1)
where e=vkT /R .
e o

Using (5.5) for initial values beginning at time T = Te, assuming a zero
flux condition we then have, for T > T,
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R W1 0,1)
(5.6)

N 2 .
0
(W + € W21 + € sz]( »1)

where equations (3.16)' and (3.17)' are used to evaluauz@nk and

£ = K(T-T /R,

Unfortunately (5.6) breaks down quickly because of the inaccuracy in (5.5).

VI. SUMMARY AND CONCLUSIONS. We have used a small paramcter analysis
to derive an algorithm which can be used to generate numerical solutions
for problems (1.2) - (1.5). This algorithm was then used in conjunction
with the simplified physical assumptions (5.1) and (5.3) to produce
temperature profiles quite similar to experimentally measured temperatures.

An overall predictive model for the likely temperature profiles in a
gun barrel is given by formulas (5.4) and (5.6). It involves two adjust-
able parameters H  (average heat transfer coefficient) and Te (effective
duration of exposurc to hot gasses). 1t is hoped that this model will
provide a useful tool for weapons designers who only reed a general
qualitative understanding of the gun barrel temperature responsc. By
building up a data base of typical values of Il and T, for existing guns
and propellants it might be feasible to extrapolate to the cxpected
thermal behavior of proposed weapons systems.
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Figure 2. Calculated temperature/time profiles at scveral
distances from bore surface of 37mm gun barrel.

500
1 = .406 mm FROM BORE SURFACE
2 =,864 mm
3= 2.5 mm
450H 4= 556 mm
)
wl
o
2 400
< 4
]
a
s
w
e

350

3

4
/n/——r‘"’T ] I I I —J

1
100 200 300 400 500 600 700 800 900 1000
TIME, (ms)

O

Figure 3. Experimentally measured temperature/time curves from
BRL Report No. 1740.
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DYNAMICS OF ICNITION

A. K. Kapila
Department of Mathematical Sciences
Rensselaer Polytechnic Institute
Troy, New York 12181

ABSTRACT. Activation-energy asymptotics is employed to
determine the complete burning history, from ignition to
deflagration, of a premixed combustible in a spatially in-
homogeneous configuration. The sequence of events consists
of a benign induction period, followed by the rapid develop-
ment and growth of a hot spot. When the entire reactant
within the hot spot is consumed, tnhe latter transforms into
a practically steady deflaarating wave travelling across the
vessel.

I. Introduction. Ignition and subsequent burninc of a
premixed combustible in a confined space 1s a complex pro-
cess. Even for the simple case of a homogeneous, constant-

property gas mixture, the mathematical proklem is a diffi-
cult one, primarily due to the strong coupling between
chemistry and gas dynamics. Matters are compounded still
further in any realistic situation, such as combustion in a
gun barrel.

In an attempt to develop appropriate mathematical tech-
niques, this paper takes a first step by treatincg an ex-
tremely idealized model, where the combustible 1s assumed
to have negligible thermal expansion. This assumption
removes gas dynamics from the scene, and reduces the probilier
to a purely reactive-diffusive one. Large activation energy
asymptotics is used to trace the complete burning history
of the system. The analysis is the spatially varving
counterpart of Kassoy's treatment [1) of the "lumped" version
of the problem. It is envisaged that the notions developec
here can be extended to include gas-dynamic effects.

A more detailed treatment of this presentation can be
found in [2].

I1. Formulation. Let a cold combustible mixture, at
initially uniform temperature and reactant concentration, be
confined to the recion between the planes x = *1. Let tle
boundaries of the region be maintained at the initial levels
of temperature and concentration for t>0. (Thus, heat,
fresh mixture and products of combustion are allowed to
cross the boundaries.) Taking the Lewis number to be unity

and invoking symmetry about x = 0, the mathematical problem
to be considered is
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z = (1+p-y) /8, (1)
Ye = Yyu ¥ (D/(PY)} (1+£-y) exp(y-Yv/y), 0<x<1, t>0, (2)
v, (0,t) =0, y(l,t) =1, (3)
y(x,0) = 1. (4)

This dimensionless system describes a single, one-step
Arrhenius reaction (Fuel + Oxidant »* Product). Here, y is
the temperature and z the concentration of a reactant (say,
fuel), while R is the chemicCal heat release,y the acti-
vation energy and D the Damkohler number. It is assumed
that

D> 0.878,

which assures that the system is potentially explosive [3].
Henceforth, we shall treat eans. (2-4) for y; 2z is then
given by (1). The object is to determine how the solution
evolves in time. The analysis will be based on the asymp-
totic limit y->w.

IITI. Induction Stage. Equation (2) and the initial

condition (4) suggest that in the beginning, y - 1 = C(v-l).
Therefore we employ the expansion
_ -1
y =1 + ¥y ¥y + ... (5)

which, to leading order, yields the reduced problem

Y
Y T Y, + De 7, 0<x<l1l, t>0,
t XX

(6)
y