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ABSTRACT
N, o

A simplified but nonlinear model is used for the autopilot in the
single-axis missile interceptor problem. A recent exact design technique
for uncertain nonlinear feedback systems, is used to design the autopilot.
A large number of target initial range, position, velocity and acceleration
values were used. Also, uncertainty in the aerodynamic missile parameters
was allowed. The objective was to guarantee that the autopilot response
satisfied specified tolerances over the above ranges. This was
satisfactorily achieved. This autopilot design was then used in the
simulation of the single-axis interceptor system, over the above set of

target trajectories. The results were highly satisfactory.
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APPLICATION OF SYNTHESIS TECHNIQUE FOR NONLINEAR UNCERTAIN

SYSTEMS TO FLIGHT CONTROL OF ADVANCED MISSILES

1. INTRODUCTION

1.1. In many control systems there is a given constrained part, denoted
here as the Plant, whose output is the system output of interest. Math-
ematically, the plant is represented by nonlinear differentiél equations.
Often, the parameters of the differential equations are not precisely known
and/or may change in time. Also, there may be external disturbances, such as
wind gusts, not known in advance. Generally, it is desired that the system
output satisfy given performance specifications, despite the parameter un-

certainty and the external disturbances, so a feedback structure is necessary.

There have not been available exact techniques for designing feedback
systems around nonlinear uncertain plants, so a variety of approximate
techniques have emerged. These are usually supplemented by considerable
testing and experimentation. However, there has recently appeared an exact
synthesis procedure for a large class of nonlinear plant (even nonlinear time-
varying) with significant parameter uncertainty [1,2]. The specialty of this
technique is synthesis to satisfy assigned performance specifications. In

fact, the assignment of such performance specifications is essential — which

is generally not an unreasonable demand. But even in those cases where there
is uncertainty as to what constitutes reasonable performance, one may use his
best judgement to formulate them anyhow and proceed with the design technique.
If the performance specifications are unreasonable, the design which emerges
will reveal this, typically by signal levels at some points which exceed the

saturation values of plant elements. The specifications can then be suitably
modified.

1.2. The Nonlinear Design Philosophy

To simplify the presentation, consider a nonlinear, time-invariant plant
set W = {w} (a set because of uncertainty). Each parameter combination
gives a different w . The basic idea is to convert this set into a linear
tlmg-lnvariant (denoted by #ti ) plant set P = {p(s)} , such that P is
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precisely equivalent to the nonlinear set W providing the output of any

P(s) in P belongs to the set of acceptable outputs. To help grasp this

idea, consider a black box B' which contains a nonlinear element wo -

Let the input be x, and the resulting output be y, = wo(xl) . Now one
could (in most cases) build another black box B2 containing a linear
element p such that for this same input Xy the output is vy, = p(x‘) .

If you are not allowed to apply any other input except Xy it is impossible
for you to determine which is the linear and which the nonlinear box. The
following is a simple technique for finding p . Obtain the Laplace trans-
forms of yI(t) , xI(t) : Yi(s) = Ly'(t) . X'(s) - Lxl(t) and let P(s) =
Y,(s)/x,(s) . Then p(t) = L '(s) and y,(t) = P(t)*x‘(t) , where *
indicates linear convolution of signals. Hence two necessary conditions for

this equivalence of ti p to nonlinear w, are:

1. The output Y, = wo(x') is unique or equivalently given Yy o the input
x, = wa‘(y‘) is unique.

2. The signals yl(t) , x‘(t) are Laplace transformable. This condition

is difficult to violate.

Condition 1 excludes a large nonlinear class, e.g. hard saturation.
Nevertheless, this technique has been applied to the latter case, by replacing
the hard saturation by very low gain over the applicable intervals {2). But
obviously, it is then essential that the specified set of desired system out-
puts, be consistent with the limitation due to saturation. Actually, a good
argument can be made for the violation of Condition 1, providing (a) the
single output Y, can be associated with a compact set X, = {x} , i.e. a
set which can be approximated as accurately as desired by a finite number of
elements and (b) a small enough change in output y, results in a small

change in the associated Xy . But this has not as yet been rigorously proven.

In any case, in the above, only one nonlinear plant Wo and one output
y|(t) were considered. The idea can be extended to uncountable sets
W={w} and VY = (y(t)]} , as follows. We work backwards from the output of
the nonlinear plant, because in a synthesis problem oﬁe generally knows what
kind of outputs he would like to have in response to the command input (not
the plant input — for example the latter could be the elevator control surface
while the former is the pilot stick motion). Due to uncertainty, there is a
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set of nonlinear plants W = {w} . Take any pair y‘ €Yy , wj €W and
find ;}(t) - w}‘(yi(t)) . Then find p; , the tti equivalent of w
(with respect to yl ). as shown above e.g., by finding Y'(s) - Ly'(t) ,
x}(s) - Lx}(t) and setting Y'(s)/X}}s) 4 P;(s) - LP}(t) . Thl? is

€Y giving aset P= (Pj} . The
set P is the tti equivalent of W , with respect to the set Y . If W

repeated over the w; €EW and the vy

has 10 elements and Y has 20, then P has 200 elements. In practice, both
W and Y are in general infinite and so Is P . Of course, in the execution

of the design technique a finite number of W and V elements are taken.

The above tti equivalence idea is the heart of the method. Once we
have a linear time-invariant plant set P , we have a purely fti problem,
It is essential that we be able to solve this £fLti problem. For only then
it Is guaranteed that the actual output is indeed a member of the acceptable
set Y , no matter which w € W happens to be the actual plant. Thus, the
solution ( F(s) , G(s) 1in Figure 1 if <eti compensation is used), to the
Lti problem is guaranteed to also be the solution of the nonlinear un-
certainty problem. It is important to emphasize that there are no approx-

imations involved here. The procedure is exact and theoretically rigorous.

In the above, only a single command input r = "a in Figure 1 was
assumed, and the output set Va is the set of acceptable responses to ra(t)
i.e. in Figure 1 it is required that c(t) € ¥ . This is a highly exceptional
case. Usually one has a set R = {r} of typical inputs. Suppose one wants
the closed-licop system to essentially behave like a tti one, in response to
these inputs, with transfer function T(s) € T , the set of acceptable transfer
functions. Note that a set of acceptable (T(s)}] must be specified when there
is plant uncertainty, because invariance is impossible to achieve. Then the
overall total set V = (V;} is obtained by generating Y:(s) - Ra(s)Tb(s)
for the Ra €R , Tb €T . One then finds the (ti equivalent of this total
Y set.

It is worth emphasizing that the synthesis technique has even greater
flexibility. Suppose an overall closed-loop nonlinear system is desired, in
the following sense: For input fa ON€ wanls system response characterized

by Ta - {Ta(s)} » but for input r_  one wants system response characterized

b
by set Tb - {Tb(s)) . For example, supposec r is a unit step and its

R L AL T
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acceptable response function set is T. . Suppose s Is a unit ramp but
one does not want the system response to be the integral of its response

when the input was a unit step, but of a different nature entirely. This

can be done. The F In Figure | must then be nonlinear. See Reference 2
for an example of such design. The output c(t) due to a two-value step
need not be twice that of a unit-valued step etc., If one does not want it so.

it is worth reemphasizing the importance of the synthesis approach. One
must formulate the set of desired plant outputs or alternatively its desired
set of inputs. Otherwise it is not possible to find the tti equivalent set
P . which is the basis of the technique. It is also worth including here, as
Appendix 1, the design results for an application of this design technique,
recently done for the U.S. Air Force. Here, the set of acceptable plant out-
puts was very clearly apriori specified at the very beginning. Unfortunately,
In our present case, however, a great deal of work was required to obtain the
set of acceptable outputs.

2. STATEMENT OF THE PROBLEM

2.1, The problem considered is the single-axis missile interceptor
problem, shown in Figure 2. Feedback around the body pitch-rate is usuvally
used. The nonlinear missile equations of motion are usually linearized.

But if the missile has a large flight envelope, then such linearization may
be inadequate. The objective here is to use nonlinear equations of motion
and the tti plant-equivalent method described in Section 1, to perform the
design of the auto-pii~t in Figure 2.

The equations describing Figure 2, are

Autopilot (Figure 3).
a = angle of attack (radians), 8 = q = body axis pitch rate (r/s, s =seconds),
A = line of sight angle (r), y = velocity angle tangent to trajectory (r),
§ = elevator deflection (r).

S
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Y = €K (a)a + K, ,(6)8)

o= CyKyg (ada + K ((8)8 + C,d) (ta-c)
a=0-y

C~ - gQ/NVm per sec. , C3-QD/A per secz. . cz-'gno/zv sec.
g = 9.8 m/s2 (metors/secz) , Q=176 kgm , Kmq = -1000
Me=70k (kgm) , V =200m/s , D=.17 , A=3.8

= C, (17+1.3a) , =-C . (15+1.16)
o ™ Ya a e ™ Cus } (3a-d)
Kmo - cmu(‘8‘6 -2a) , Km6 - Cm6(25+ .8a)

In (3a-d), the coefficients are independently uncertain.

cLu'cLé'cmu'cmﬁ € [(0.8,1.2) (&)
M y - : 2 =
Geometry: y = YV /s° , V= 200 o/s (5)
(the hat over the time function represents its Laplace transform).
ayt?
Input: The target position Yrarg = Yo + vt + =3 (6)

vya € [0,200lm , v, € [0,10lm/s
° . 0 (7)
a, € [0,2)m/s

(2)

These give the range of target position (initial), velocity and acceleration

values, constants in a specific run.

Feedback equations:

v dx =R -V tcosy (8)

- 4y - -
X = arc tan s Ay yTarg Ym

Ax
R (range) € [1500,3000)m (9)

N (Fig. 2) € [2,4) - (10)

Initial conditions:

v(0) = y(0) = 8(0) = 6(0) = a(0) = &(0) =0 . (1)

- . . VR TARRR Mg .. e
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3. APPLICATION OF NONLINEAR SYNTHES|S TECHNIQUE

3.1. The Set of Acceptable Outputs Y . It was emphasized in Section 1,

that it is imperative that a set of acceptable plant outputs Y , be specified,
in order to obtain the .ti equivalent set P . The latter set is guaranteed
to be the correct equivalent of the nonlinear plant set W , only for the set
Y (although it may and usually is so, for a larger set than Y ). Hence, it
is essential that VY contain the true typical nonlinear plant outputs which 3
are desired under actual working conditions, including the extreme cases.

Here, the nonlinear synthesis technique is to be applied to the portion

labelled A/P (autopilot), in Figure 2 and the nonlinear plant ( w of
Section 1) is the portion from § to ; . So the set Y refers to the set
of desirable ; that exist over the range of conditions described by

Equations (1-10), with particular attention paid to the parameter uncertainty

- A RS

spread given in Equations (4,7,9,10).

e ey

To achieve such a Y in the present case, the :utopilot in Figure 2 was
modelled as a second order system with transfer function (for y/A , where

the hat over a time function represents its Laplace transform).

. Nu? ,

t=— L ., N of Eq. (10) (12)

A s+ 2;wns +w %

w € (1,41 5 ¢=.7 . (13)

This second-order simulation of the autopilot replaced the autopilot in §

Figure 2. Several hundred runs were made of this simplified Figure 2 system. i

The fictitious ;(t) values so obtained, i.e. the output of this second order é

simulation, provided the acceptable set Y . Each y € ¥ was then used as §

a known signal in Equations (la-c), to solve for 8(t) , 8(t) . giving an ’é

tti equivalent P(s) . ?F

3.2. The LTI Equivalent Set .’ ( g

Several hundred random combinations were used of the 10 parameters of ;?

Equations (4,7,9,10,13) in the above manner. For each combination, the time 5‘
functions &(t) , 8(t) were obtained to give the fti plant equivalent. g‘
Note that 6(t) rather than y(t) is used at this stage for the nonlinear {

plant output, because the feedback is taken from 8 . A representative Ei
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nusber of these time function pairs |s shown In Figures ha-q. In these
ond later figures:

XN = N (Eq. 10) , AT = L (Eq. 7)
Wavy (0.7 , 0=y, (0. 7) ,
R=R (Eq. 9) » Weyu (Eq. 13) , (14)

CLA=c, (Eq. 3a) , CLD = Cis (Eq. 3b) ,

CMA = (Zmu (Eq. 3¢) , CMD = cm& (Eq. 3d) .

The tti equivalent P(juw)

Pliw) = 8w /8 (Jw) . (15) -

3.3. The Frequency-Response Calculation Problem

At first, attempts were made to find 6(juw) , 3(jw) separately and
perform the division in (15). Adaptive numerical Integration, of

CART T RIS AL O ARG . 7

(]
[ f(¢) c?s “' 4t was made, in the sense that the time increment for :
0 sin wt

numerical integration was shortened as w was increased. For many cases,

good results were obtained. For many others, the results were quite poor In

T N TN

the high-frequency range. Other computer library techniques,

including '""Fast Fourler Transform', were tried and found to be highly in-
adequate In the high-frequency range. These routines are adequate for

: communication-oriented problems, where good accuracy over the signal band-
>>£ width, Is usually sufficient. However, in a feedback-c:iented problem such
«'f as the present one, with significant parameter uncertainty, good accuracy is

needed for a very much larger frequency range. It is especially important

S TSI INITITY” 3, M

to have clean results for several octaves in the high-frequency asymptotic
reglon. Thus, given & signal x(t) and its transform X(s) , as s + = ,

e
X(s) + k/s P , where ep Is the excess of X(s) poles over zeros. In feed-

back problems of the present type, it Is essential to have good results for

- several octaves in this range.

In our problem, it turned out eventually that P(Jjw) , the ratio In
(15), was relatively simple. However, each of 8 , § was very complex, with

the complexity cancelling out in the division. After numerical integration

was found Inadequate at high frequencies, It was thought to use a separate

PRRY T i m l
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representation for 8(t) , 6(t) , for small t , since the latter corresponds
to large w values in the signal transforms. The Taylor series expansion

was used. A computer program was prepared which used a large number of time
samples and an optimization routine, to find the best Taylor serlies fit for
some range t € [0,T/m) , m a fraction of the run time. Numerical integration
was also used. |If there was an overlapping frequency range where the two
techniques gave very similar values, then the results were considered satis-
factory. The numerical integration results were then used in the low frequency
range, and the Taylor series results in the high-frequency range. This
approach was helpful for a significant number of runs, but there still

remained a substantial number of cases where it too failed. Figures 5a,b are

illustrative of the |P(jw)| of Equation (15) obtained in such cases.

Finally, a new technique, original (to the best of our knowledge): was
developed in which P(jw) was found directly, without first finding é(jm)
a(jw) of Equationk(lS). In this way, there is avoided the problem of finding
the very complex 8(jw) , 3(jw) . This technique is described in Appendix 2,
and is a valuable byproduct of the research effort. Some results are shown
in Figures 6a-f. To check the results, numerous runs were made in which the
§(t) signal was the input to £ti network with the transfer function P(ju)
gotten by the above. Numerical inverse transform integration was used to find
the resulting output. Representative results are shown in Figures 7a-c. |In
each of these figures, the first part gives the 6(t) , 5(t) signals obtained
from the original simulation described in 3.1. The second part shows |P(jm)|
obtained by the new method. Arg P(jw) was obtained but is not shown. The
third part gives L-IP(jm)g(jw) = 0%(t) , which should be checked against

é(t) of the first figure. It is seen that excellent agreement was obtained.

3.4, Review of LTI Synthesis Technique

Once C , the tti plant equivalent of the nonlinear plant set W has
been obtained, the problem becomes one of designing a eti feedback system
to cope with uncertainty of a gti plant. A detailed synthesis technique

for this purpose is described in Reference 3, which is briefly reviewed here.
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Figure 8 is used, in which the closed-loop transfer function is
T(s) = F(s)‘fz ss . It is assumed that the compensation networks F , G ,
whose power level can be very low (as the plant contains the power elements),
can be constructed with negligible uncertainty in their transfer functions.

Hence, due to the uncertainty in P ,

unr-aznm-azn-LL- , L=GP (16)

and An|T(Juw)]| = A!-nh—%' . (17)

There are given w-domain specifications on |[T(jw)| , as in Figure 9. Given
that the maximum allowed change Atn|T(juw)| ¢ §, db for example at w, in
Figure 9 , what are the resulting constraints on L(jw) ? It is convenient
to pick a '"nominal’ plant Po(s) , and derive the bounds on the resulting
"nominal' loop function FO = POG . These bounds can be found by means of a
digital computer, but it is very useful for insight to see it done on the
Nichols chart (logarithmic complex plane with abcissa in degrees, ordinate
in decibels = 20 '°9|o)' The procedure is illustrated for the case

P(S) ?(-;:._—aT s 1gskg10 ;3 1cacgl0 . (‘8)

At w=2 rps , P(j2) lies within the boundaries given by ABCD in Figure 10.
Since £&nL = nG + &nP , the pattern outlined by ABCD may be translated, but
not rotated, on the Nichols chart, the amount of transliation being given by

the value of 2nG(j2) . For example, if a trial design of L(j2) corresponds

to the template P(j2) at A'B'C'D' in Figure 10, then

(19a)
(-2.0) - (-13.0) = 11.0 db

Arg G(j2) = Arg L(j2) - Arg P(}2)

(19b)
(-60°) - (-153.4°) = 93.4°

3.5.2. Bounds on L(jw) in the Nichols chart

The templates of P(jw) are manipulated to find the position of L(jw)

which results in the specifications of Figure 9 on tn|T(ju)| being satisfied.

Taking the w=2 template, one tries, for example, ..ositioning it, as shown

e YOG QM e AT Y
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FIGURE 9 Bounds on |T(1w)|.
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in Figure 10, at A'B'C'D'. Contours of constant £n|L/(1+L)] are available
on the Nichols chart. Using these contours, it is seen that the maximum
change in tn|L/(1+L) | , which from (17) is the maximum change in 2n|T| s,
in this case, very closely (-0.49) - (-5.7) = 5.2 db , the maximum being at
point C', the minimum at point A'., Suppose that the specifications tolerate
a change of 6.5 db at w=2 , so the above trial position of |[L{j2)| 1is in
this case more than satisfactory. The template is lowered on the Nichols
chart to A"B''C'D", where the extreme value of an|L/(1+L)| are at C"

(-0.7 db), A" (-7.2 db). Thus if Arg LA(jz) = -60° , then -4.2 db is the
smallest magnitude of LA(jZ) which satisfies the 6.5 db specification for
A!n|T| . Any larger magnitude is satisfactory but represents over-design at
that frequency. The manipulation of the w=2 template is repeated along a
new vertical line, and a cotresponding new minimum of ILA(jZ)l found.
Sufficient points are obtained in this manner to permit drawing a continuous
curve of the bound on LA(j2) , as shown in Figure 10. The above is repeated

at other frequencies, resulting in a family of boundaries on LA(jZ)

3.4.3. Nature of the bounds on L{jw)

A typical set of bounds is shown in Fiqure 11. The bounds tend to move
down in the Nichols chart (become less onerous), obviously because as w
increases, greater change in |T{(jw)| is permitted, as in Figure 9. It is
in fact essential that at large enough w , the uncertainty in |[T(juw)]|
(i.e., the bounds on |T(jw)| ) be greater than the uncertainty in P{juw) ,
because the net sensitivity reduction is always zero in any practical system

as was long ago (4] shown by Bode,

[

f Qn\SI(}m)\dm = - an]1+L(jw)|dw =0 (20)
0 0

where S; = g;/; is the sensitivity function.

in the above example, as w +> © , P -+ ka/s2 , so Atn|P| -+ Atn(ka) =
ho db . Note in Figure 9 that the permitted Atn|T(jw)|>>40 db for
w>50 . Such large tolerances on |T(jw)| at large w are tolerable because
[T(jw)| is negligible at large w , e.g., if |[P(jw)| can change at most by
40 db at large w but |T(jw)| changes by 52 db, whoscares if this 52 db

change is from lTImin =10 " to lTlmax to 400 x 10™°. In return, one can
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concentrate the sensitivity reduction over the bandwidth of T(jw) . Thus,
although |P(jw)| iIn this region vaies by say 40 db, |T(jw)| may be
controlled to vary by only 4 db, or 0.04 db if desired.

3.4.4. Universal high-frequency boundary

As noted, in the high-frequency range Atn|T(jw)| must realistically
be allowed to be >> Atn|P(jw)| , and this is reflected In the bounds on
Lo(Ju) tending to a very narrow pencil. in Figure 12, Bs Is drawn for the
case AfnL = Atnk = 20 db , At |T(jw)| = AwnfL/(V4L)] « 23 db &t W
However, the resulting peak value of |L/(1+L)] 1is 23 db = 14.1 arithmetic
at k"kmax , indicating a highly under -damped pole pair at the corresponding
frequency with damping ratio £=0.034 , when k'kmax . This tremendous
peaking does not appear In the system response to the command inputs R |
because it is filterad out by the pre-filter F in Figure 8. But the system
response ta a disturbance 0 1is given by Td = C/D = (I*L)_' . Disturbance
attenuation generates its own requirements on L , which may lead to more
stringent bounds on L than those due to T{(jw) . The final contours used
in the desiqn [3) must be the most stringent composite of the two. However,
even if D is very small, It is usually certain that a peak ‘]d' of 11
is intolerable. It is reasonable to add a requirement lel £y some
constant, for all w and over the whole range of P parameter values.

The resulting constraining contours denoted by Bg are shown in Figqure 12
for the case Atnk = 20 db , and for y = 2.3, 3.5, 5 db (all these contours
are symmetrical with respect to the verical ltine Arg L = -180° on the
Nichols' chart). If y=5 db is used, then B(mv) indicates the composite
contour shown in Figure 12. For w W, [AT(jw)| increase while
remains the same, so that sooner or later there is r1eached a frequency

my 3 8(w) is a fixed boundary 8: , effective V o ~m‘

3.4.5. The optimum L{juw)

It has been shown [5]) a realistic definttion of optimum in the tti

system is the minimization of k , defined by lim L{s) = ks © , where e

§ von

is the excess of poles over zeros assigned to L(s)

It has been proven [5]) that the optimum L llies on its boundary B'

at each w, and that such an optimum exists and is unique. Most important
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for the present purpose, is that in significant plant ignorance problems

the ideal optimal L has the properties shown in Figure 13, l.e., over a
significant range it follows Bh along UY to the point J at which it
abruptly jumps to infinity along W'W' and returns on the vertical line YZ,
whose phase is (-90°)-e . Such an ideal L(jw) 1is, of course, impractical.

A practical suboptimum L is shown in Figure 13,

Some results of a numerical design example are shown in Figure 14,

They were derived for the following problem,

Numerical example. (Figure 14)

Plant: P = P]P2

Plant ignorance: P‘ = kl/s , V2 g k] &

Py = ky/s /i’skzslo/z'

10V2

Performance Specification: Shown in Figure 9 were originally derived

from time domain bounds 5],

Disturbance response: y £ 2.0 db .

The derivation of a rational Lo(s) which satisfies the bounds B(w)
on Lo(jw) , is somewhat of an art. Ffor a given skill in the art, there is
trade-off between design complexity and Lo(jw) bandwidth reduction. Some
computer programs have been prepared for automatic derivation of a practical

opt imum Lo(im) , but complicated B8(w) patterns require human interaction,

3.4.6. Design of prefilter F(s)

The above only guarantees that A log |T(jw)| s the relative change
allowed by the tolerances in figure 9. For example at wy . say the allowed

'T'max = -].6 db , and allowed |T| = -22 db , l.e. a maximum change of

4.4 db. A proper design of Lo(s)m'?n the manner described above only
guarantees that the change of |L/1+L| < 14.4 db . But it is possible for
‘L(jm')/l OL(im‘)l to actuvally be, for example, in the range 1.2 db to

-8 db. The function of the prefilter F{jw) in Figure 8, is to achieve the
shift needed. In this example any IF(jm‘)l € (-8.8,-14) db is satisfactory,

an allowance of 5.2 db because Lo(j“l) was overdesigned by 5.2 db.
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We now turn to the application of the methods of Section 3.4 to our

present problem.

3.5. Design of Autopilot

Section 3.3 described how the frequency response P(jw) of the Iti
equivalent plant was obtained. Following 3.4.1, the next step is to find
Tp{w) templates of P(jw) , for a reasonable number of discrete w values.
Tp(m‘) is simply the set (P(iml)) . A number of these are shown in
Figure 15, in which the case marked by the large star is the chosen nominal
plant function Po(jw) . At very small w , Tp(w) is a vertical line because
then P(jw) * a constant of zeio phase but a different constant for different
parameter combinations. At large w , each P(s) » kp/s in the case, with
kp a function of the parameter. Hence Tp(w) is again a vertical line.
Note the relatively small area of Tp(w) , indicating rather small un-
certainty. Compare these Tp(w) with those in the aircraft flight control
problem of Appendix | (see Figures 6a-c, Appendix 1). in the latter some
P € P are unstable (e.g. cases e,f in Figure 5 there). This is also seen
from Appendix 1, Figure 6, where there are two verical line sub-templates
360° apart, due to the two groups of Iti P(jw) , one stable and the other
with two right half-plane poles. The uncertainty and nonlinearity in this
missile problem are considerably less than in the aircraft problem of

Appendix 1.

The bounds on |T(jw)| (recall 3.4, Figure 9) are needed. These are
determined by the model T(s) in Equations (12,13), used for the autopiliot.
The resulting permissible spread in |T(jw)| , due to w, allowed to range
€ {1,4) , is shown in Figure 16. The procedure described in 3.4.1 (Figure 10,
etc.) is next followed to find the bounds on Lo(jm) . These are shown in
Figure 17. The bounds are very moderate ones, due to the relatively small
Tp(w) sizes (small effective uncertainty in P(jo) ), and generous |T(juw)|
tolerances. In view of these small demands, a very generous Lo(jm) was
chosen which satisfied the bounds B(w) , with much to spare — shown in
Figures 17,18.




YAy T AT TR SR AR R IR S e

2
pd

g -440 i -400

-380 -36C - -2 -3

- 382 -36C -34C -2

) @

I

A*V L1 Y
n‘.’ '000' u c.”“n“mm-
B 4
sty hddu-l .
E

Fl16.15.

PLANT (Bf}) TENPATES
n micHots CHAKT,

Pecfiks .

4 16

ole

'gg:?

%M\' :
KeSVpsr
y o,

TTIE0 .40 400 -7 3 -380 -360 -340 -320 -360 -360 -340 -320

TEMPLATE OF EQIVALENT PLANT(#m)







T

ias S




TR g YT o emereae e e e

.- . T T it A S R

& } }
& 1 o dr56

| Fi16. /8 Lol
24— | BeDE PloT oF LoGu)

A

Nunﬁhu = /o q\&..Nl

Af144_ )
?p *ou :,Mmlo

3




B e L 2o o 2N

-60-

Design of Prefilter. The design of F(s) of Figure 8, to satisfy the

bounds on |T(jw)| of Figure 9, has been described in 3.4.6. Our problem
is more complicated because the feedback loop is around 8 » while the
tolerances are on the ; response in Figure 2. .lt is therefore necessary
to derive 5/; which multiplies the bounds on ; , to give the resulting
boun?s~on g . A serious difficulty would arise if the uncertainty (spread)
in é/{ was of the same order of magnitude as that of P(ju) = é/& . It is
essential that the former be somewhat less than the latter. Fortunately, in
this example there is little uncertainty in §/$ . Numerous runs (as des-
cribed in 3.2), were made, giving 8(t) , y(t) . The new technique of
Appendix 2 was used to find é/; . Representative samples are shown in
Figures 19a-f, and it is seen that there is little uncertainty in 8/$ . In
each of Figures 19a-f, the first part gives the time functions, and the
second the frequency response [é(jw)/i(jm)[ . The new bounds on |T(jw)| ,

due to 6 being considered as the autopilot output, are given in Table 2.

The old bounds, due to vy as output, are given in Table 1. The bounds on

|F(jw)| were then obtained, as explained in 3.4.6, resulting in

Fis) =

48
(s+1.5)(s+4)(s +8)

3.6. Design Simulation — Local

It is important to recall that the non!inear design technique has been

applied only to the autopilot in Figure 2 — not to the entire closed-loop

system of Figure 2. The proper verification of the design is then only for

this autopilot portion. To effect this verification, the simulation of 3.2

was used to derive XA which became the input driving our above-designed
autopilot. In the latter, there were used aerodynamic equations (1-3) and
the G(s) , F(s) of 3.5. Thus, only the autopilot as a self-contained
closed-loop system was checked at this point — not as a part of the larger
closed-loop structure of Figure 12. The results of the simulation for a
representative number of runs, including the extreme (largest 8 values),
are shown in Figures 20a-e, for A(t) and &(t) . Each figure has three
parts. The first repeats the result obtained in the simulation of 3.2 with
the second-order T(s) wmodel of Equations (12,13) (i.e. same as in

S hinai . s
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Figures (4a-q)). The second part uses the same input A (to the autopilot)
as in the first part and the outer loop is not closed. It is only a test of
the autopilot and is therefore denoted as 'local feedback simulation''. In
the third part the outer loop is closed, so the simulation is that of a

“'practical' system.

It is seen that in general the &(t) , 8(t) values in the last two
parts are larger in magnitude, but considerably smoother than in the first.
But in considering the actual tracking, the outer loop was not found

satisfactory. This is next treated.

3.7. Outer Loop Modification and Global Simulation

The above autopilot design was next imbedded into the over-all structure
of Figure 2, and the tracking examined ( Yr and Ym ). In a sense it is an
unfair comparison of the nonlinear design technique, because the latter was
executed only for the autopilot part. |In any case, when effected, the poorest
results were the three shown in Figure 21, In which yT(t) represents the

target trajectory and ym(t) , the missile trajectory. The run is stopped

precisely when R = th cos vy , i.e. when Ax=0 . A perfect hit requires
YT = Y precisely at this end-point. In Figure 2la, there is an error of
6 meters, and much smaller errors in 21b,c. Also, the ym(t) trajectories

in Figures 21a,b are much too oscillatory.

The reson for the above is due to the fact that the design was, up to
this point, completely a local one — of the autopilot alone, to achieve a
specified response range for the autopilot. No overall global closed-loop
response was considered at all. The logical procedure at this point would
be to find the tti equivalent of the time-varying portion of the structure
(i.e. of the A = tan" Ay/Ax portion) and apply the design technique to
the outer loop. The nonlinear design technique applies also to |inear and
nonlinear time-varying uncertain plants — see Reference 1. However, there
was [nsufficient time left for effecting such a design. Therefore an ad-hoc
modification of the prefilter F(s) was made, with the new

768 s+, (2‘)

s+1) (s+4) (s+ s+12

F(s) =
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This gave much better results, shown in figures 22a~t, whose inter-
. pretation is the same as of Figure 21. The star (explosion) indicates an
i Yerror'' < 2 meters, interpreted as a "hit'. Of all the runs made, there

was only one case where the error &~ 3 meters, in Figure 22s.

To complete the picture, a large number of runs of the variables
§ , a , accel 4 VY/g are shown in Figures 23a-p.
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APTENDIX 1
FLIGHT CONTROL DESTCN BASED ON NONLINEAR

MODEL WITH UNCERTAIN PARAMETERS

1 * * ‘
laaac Horowitz |, Boris Golubev |, Tavi Kopelman
Department of Applicd Mathematics

The Weldzmann Tastitute of Science ;
Rehovot, Tsvael

Absatuact
A sfmplified but sipgniticantly nonbinear model ve need tor the short period
longfitudinal {light control problem, with b taken as the output.  Uneertaintvy
fa fnctuded (o the maded by allowving for a large vange in velocity and atv-density,
without any proviston for theiv measutement.  The output  c* (1) s to lie within
specificd bounds {n vesponse to a vauge of step commands. A recent exact desipn
technique for uncertain nonlinear systems {2 vsed. In this teclnique, the non
linear plant set 18 vreplaced by a lincar time fnvariant plant set, which ia
preciscly equivalent to the nonlincar set with respect to the problem tolerances,
The desipgn execution then {uvelves frequency vesponse concepts and techniques.
For a large problem clasa, the resulting desipgn {s guaranteed to solve the

problem, for the uspecific class of fnputa posed. The design was simulated with

excellent results,

Index Categories: Guidance and Control; Handling Qualit{es, Stahility and

Control,

+ Cohen Professor of Applied Mathemat{es
®*  Students
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E Nomenclature
a ~ paramcter in model of T(s)
B(w) ~ bounds on G(jw)

H . C — nmean aerodynamic chord, m .

Cij(a) various aerodynamic coefficients
*

¢ -- output variable = a handling qualities criterion
c*e) - Lc*(t)

db -- decibels (20 loglo)

eG - excess of poles over zeros of G(s)
F(s)- prefilter transfer function

g —— gravity acceleration 9.8 m/sec2
G(s) - loop compensation function

I -- moment of interia in pitch, kgm-m2
j - /T

k -- see R

1ti - 1linear time-invariant

L(s) = G(s)P(s) , loop transfer function
x - Laplace transform

m ~- mass of vehicle, kgm

ap — wminimum-phase

nmp -~ non minimum-phase

p(v), Py equivalent 1ti plant function

P(8) Ip(t)
' f set {p} or (P(s)}

pitch angular velocity

. Qb
r(t) system command input
R(s) Lr(t) - /s
K set {r(t)} or (R(s))
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ﬂ 8 -- complex variable
E S — wing surface arca, m2
I T(8) closed loop transfer funct:.n

:'-] - set {T(s8))
J -~ template of P = P(ju)
-~ vertical velocity, m/sec

u
vV -~ horizontal velocity = Vg constant
w -~ nonlinear plant function, y = w(x)

w -~ inverse of w , x = w'l(y)

x’ set {w}

X, Xy input to nonlinear plant

X(s) - ,[x(t)

Yo¥y acceptable output of plant

Y(s) Iy(t)
9/ set (y}

a angle of attack

8 elevator deflection

A(s) I(‘ (t)

'4 parameter in model of T(s)
P air density, kgm/m3

w frequency, rps

———— - -

R~

B N s

T e e e
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FLIGHT CONTROL DESIGN BASI'D ON NONLINEAR

MODEL WITH UNCERTAIN PARAMETERS

INTRODUCT LON

In most flight control design techniques, the nonlinear diffevential
equations are linearized about a trim condition. The resulting Incremental
linear time invariant (1lti) model with its fixed acrodvnamic coefficionts,
is reasonalbly valid for small excursions from trim. By using different trim
points, there are obtained different sets of coefficient values. The model
is then taken as 1ti in which these sets are treated cither
(1) as uncertain parameters in a 1lti design technique for securing specificd
performance over the uncertain parameter set, or
(2) as known functions of Mach and dynamic pressure. The latter are
monitored, leading to a "Scheduling"” design, or
(3) as uncertain parameters to be {dentified and compensated for fu a so-called
"Adaptive" design.
A combination of all three may also be used. However, in all of these

approaches the model used {s 1ti

There have recently been attempts at {ncorporating the nonlinearities to
some extent {nto the system model, the vehicle for doing so being optimal control -
theory. However, the calculations have been very laborious, requiring vounsidevable
approximations (sce Ref. 1 and its references for discussion). This paper takes
a far different approach and is based on a recent2 synthesis technique for
feedback around a nonlincar uncertain plant, the latter denoting the constrained

part of the system. This synthesis technique has the following impartant

properties.

e O S et

G Pppmep et . AT WD e 73 TN B IR - 3

e T ST IR RN LA AT el LRSI Gor SO B e o
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1. For a large class of practical nonlinear plants, the design Is precise
and direct with no approximations even for highly nonlinear (even nonlinecar
time-varying) models with large uncertainties in the plant parameters.

: ‘ 2. Design execution is in the frequency domain,

REVIEW OF NONLINEAR DESIGN TECHNIQUE

The key ingredient is the extension to sets of an idea often used by

engineers: Given a specific nonlinear element w , 1t is usually pussible to

Fm e Ry R T TS ATV

find an 1t{ eclement p which is equivalent, in a certain sense, to w for

a single specific output yl(t) (or input xl(t)): Let yl(t) = w(x](t))

be the (assumed) unfque output of w duc to input xl(t) . Choose p so
that its output {s also Yy when its fnput is xl(t) . A simple way to do
this i{s to find (Laplacce transform) Iyl(t) & Yl(s) " and le(t) 4 Xl(s) .
Then let P(s) QYI(S)/XI(S) , giving p(t) = I:l P(s) the 1ti equivalent
of w but only for the special case when the input is X, . Hence, the two
essential conditions are: (1) w has a unique inverse, thus excluding hard
saturation etc. which, however, could be replaced by very low gain over the

appropriate interval. (2) the desired plant output y(t) and the resulting

X = w-l(y) , are Laplace transformable, a condition difficult to violate.

This eqivalence idea can be extended to a set of nonlincar plants

W- {w} for which a 1ti set denoted by pl can be found which is equivalent

i A
for each v, Gknd let pl - {pi} . A further extension is to find a 1ti

to %. with respect to yl(t) . Simply find Py the yl-equivalent of w

set pvhich is eqivalent to }ywith respect to a set of outputs ﬂ- (yj}.

1
To find f. repeat the previous for each yj €Y giving pj and then g
g

e g
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f. (fj b.ooaf % has 10 elements and 9 has 20 , f has 200 members.

But in general, both ),’ and a are uncountable and so is F

In Fig. 1, the closed-loop system is to behave like a 1ti one, with
transfer function T(s) , in response to any command input in a set 4= {r}
and for any w = %. i.e. Iy(t) 4 Y(s) = T(s)R(s) , where R(s) =Ir(t)
However, due to the uncertainty, a set of acceptable ({T(s))} = ‘a must be
specified, insomuch as dynamic invariant response for all w in )" is
impossible. The sets R ,U determine the set of desired acceptable system
outputs ? = {y(t)} , via Iy(t) = Y(s) = T(s)R(s) , or vice versa. The
nonlinear set Z' is then replaced by the 1ti set p which is equivaloent
to ’,’ with respect to ? .. We say that p is mp (minimum-phase) with
respect to 9 , if all P(s) € have no zeros in the right half-plane,and
stable {f they all have no such poles. 1In our specifi’c problem P ifsnp ,

but not stable.

We now have a pure 1lti fecdback problem: Find the 1ti compensation
F(s) , G(s) needed in FIg. 1, such that the system transfer function
T=FL/(14L), L = GP , is a member of the set D , no matter which P € f
is used. A frequency-response design technique for a very general problem
class3. is available for minimum-phase p f may have unstable elements.
If this 1ti problem is solvable, then under quite general conditions the
solution (i.e., the F(s) , G(s) compensation pair used) is also preciscly
valid for the original nonlinear problem. The details and proof2 involve
functional analysis techniques. However, design executiéon involves frequency-

respense concepts, as next seen.




PROBLEM STATEMENT AND EXECUTION

Nonlinear Plunt. The nonlinear plant is described by Eqs. 1-3 (see

Nomenclature Section).

. pVoS ﬁ
u=qVy+gcos 8 - -5— [CNa(a) + CNG(G)al ¢} :
w . PVGSC c -1 u
0 =q-= T [Cmd(a)G + CM(l(a) + —2-‘-]'5 Cmq(a)q] , & = tan v_o' . (2,3)
y
* ° 1 . ° N
c = 12,40 + 3.8 (v - voe + 60) (4)

5.6
is the Outputa to be controlled, i.e. to be in %;. The numbers used are

1, = 207,000 ke m?, m=17,600 kg, C = 4.89 meters , S = 49.2 m> . The

; Cij(a) are nonlinear functions of a , see Fig. 2. Since a (Fig. 9)

ranges in [0,35°], there is strong nonlinear operation. The horizontal

velocity v was taken as V0 fixed, which is incorrect for some low-velocity

i cases, but the objective here is to demonstrate the validity of the design

by means of the nonlinear C_,(a)

1)

E technique in a strongly nonlinear situation, which is achieved sufficiently
%

The bounds” on the acceptable c*(t) 1in response to a unit step command
are included in Fig. 3, which also includes design simulatfon results. The
set of command f{nputs “? consists of steps 1 to 5 1in magnitude. Paramcter
uncertainty is due to o ranging in [.3,1.22] and Vo in [75,206] . Initial
conditions are G(O) = &(0) = q(0) =0, a(0) =6(0) , giving inftial values
for 6 (as well as u , 8 , a) which is substracted out so that the change
in & 1s used to find the 1ti equivalent Pset . The detailed steps in the

! : design implementation are next presented, with comments postponed to the end.

i ibidaiin
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* A %
Step 1. The 1ti se»t_p. Let Ic (t) ¢ (s) = T(s)R(s) ,

R(s) = k/s with k € [1,5] and T(s) € :7l derived from the bounds in

Fig. 3. A simple means for generating E) , takon from Ref. 5, is to let

T(s) = az(s + 2.9)/2.9(s? + 2Zas + az) y & ranging in [3.7, 1.5] , a in
(3.14, 7.6} , giving the bounds on [T(jm\! in Fig. 4, Such bounds sufficv‘
for mp (and obviously stahle) T(s) . Anv T(s) , R(s) pair thus generates

an acceptable c*(t) . A computer program solved Eqs. (1-4) backwards for

§(t) and then checked the result by solving Fgs. (1,4) forwards for c*(t)

from &(t) . The program was considered adequate only when excellent agreement
was obtained over the entire range considered. C*(s) was apriori available and
M) QL(UI‘.“\ was obtained by numerical intearation. As  ¢*  is a short-periad
criterion and for all the acceptable cases has definitely reached steadv-state
in 4 seconds (see Fipg. 3, Egqs. (1,4) were solved only for t € [0,4 seconds],

and the constant 8§(4) was used for t >~ 4 .

Loci of six P(ju) are shown in Fig. 5, two of them (e,f) unstable
with a pair of right half-plane poles, which ave zevos of  A(s). The set
includes a large number of such unstable 1ti P(s) , which the 1ti desipn

tochniqno3 can casily handle.

Plant templates. At any «w say w = Wy o the set {P(j)} , P € J‘7

consists of a reglon in the logarithmic complex plant (Nichols chart) denoted

as the ml-plant template :Jp(MI) . A number of :}L(m) are shown in

Figa. 6a-c. At very small u there are two almost constant angle sub-templates
360° apart. This is due the presence of both stable and unstable P € ‘;7 .

and the fact that Atg P near w =0 s either = 0 or an/2 for

some integer n . As w iIncreases, the two groups merge together and

approach a single vertical line at large w well beyond the plant “dynamics”
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(w = 12 1is large enough in this case,see¢ Fig. 6Ga-c). Note how this frequency

response approach is indifferent to system order.

Step 2. Bounds B(w) on G(jw) Given the set é;,- {P} , the problem is
to find F(s) , G(s) iIn Fig. 1 such that the svstem transfer function
T(j@) = FGP/(1:GP) € :) , for all P € ‘:z One may program the computor
to find the (unique) bounds B(w) on G(Jjw) , so that as P ranges over
‘;> . Q]an(jM)' = Aln ]l$§§i < (Az(m) - A](m)] db  of Fig. 4. Alternatively
this may be done by hand, piving usetul {nsight: The template of LOwpy -
G(jwl)P(jml) i{s that of P, shifted (in the Nichols chart) by Arg G(jm‘\
in the x axis and by 20 loglolc(jml)f in the v axis. Suppose :]p(i))
is given by ABCD in Fig. 7 and one tries positioning it at A'B'C'D' | to
give the template of L(j2) . From the contours of constant L/ | in
the Nichols chart, {t is seen that the maximum change in !T(j2)l is then
i closely  (=-.49) - (-5.7) = 5.2 db , with maximum at ' |, minimum at Al
Suppose the IT(jm)l tolerance permits a maximum change of 6.5 db  at @ = 2
sa the above trial is conservative. The template mav be shifted lower to
A"B"C"D" , at which the [T(jw)| tolerances are precisely satisfied. Choose
1 some specific P as nominal, e.g., point A giving Po(jZ) = -113 db z—153.4°

Since Lo(jQ) (A" in Fig. 7) = = 4.2 db [/ -60° |, the corresponding bound on

G(1?2) = Lo(jQ)/Po(jB) is 8.8 db 93.4° , f.e., {f Avg G(i2) s 93.4° ,

it is neccssary for [G(32)| 3 8.8 db , in order that AJT(J)] & 6.5 db due
to the uncertainty in P(j2) . This manipulation of :7p(2) ts rvepeated
along a new vertical line, giving another point on the houndary B(2) of

permissible G(j2)

.
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Fig. 8 shows the bounds so obtained on G(jw) , and the G(jw) chosen

to satisfy these bounds. Let eq be the excess of poles over zervos assigned
' e
to G(s) , so that as s »+ » | G » kC/s ¢ . It is reasonable to define
the optimum G as that which satisfies fts bounds with minimum kv . It has
been shown7 that G lies on B(w) at all « and that G cexists and
opt opt

is unique. The design of a practical G(s) to satisfy the bounds is some-

what of an art3. For a given skill in the art, the greater the number of

poles and zeros of G, the closer one can get to the optimum, so there is

trade-off between complexity and bandwidth. Here, we chose simply by cut
and try G(s) = (1 + .2s/s(1 + .033s2)(1 + .002s + 10-&52) with very modest
bandwidth, Figs. 4, 8. A much simpler G(s) could have been chosen with
larger bandwidth. The designer must make his own trade-off. Ref. 3 offers
some advice on the shaping of a function to satisfy a set {B(w)} in the

Nichols chart.

Step 3. Qpﬁjgg~9§__)igilL G(s) only guarantees that AlT(im)l < Az(m)-Al(m)
of Fig. 4, e.g., at w = 10 , the actual change in |L(j10)/(l+L(j|0ﬁl is
from -7 db to &4 db , while from Fig, 4, the permitted change in

|T(j10)] = |FL/(1+L)| 1s from -15 to 2.8 db . Hencc, any value of
|F(j10)| € [-8, -1.2 db]) is acceptable. In this way, upper and lower hounds

on |F(jw)| arc obtained and F(s) 1is chosen to satisfy them, which is also

somewhat of an art. In this example, a satisfactory F(s) = (14+.33:)(1+.05:)/

(1+.25s)(l+.23)(1+.0]25s)2, see Fig. 4.
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Design Results. The nonlinear system was simulated and its response found

for several hundred command inputs and gust disturbances, some of which are

* .
shown in Figs. 3, 9-12, Some typical responses to ¢ step commands are shown '

.. in Fig. 3 for various V0 . p and step (k) wvalues. The assigned bounds on

: * o
. c are also shown. The transient response of a(t) , 8(t) etc. depend, of

course, on the values of k , op, V0 . Two sets of these are shown in Figs.
9a, b, with Fig. 9a depicting very large a(t) excursion, for which the
Cij(a) in Fig. 2 are in strongly nonlinear ranges. These are the inputs
for which the system was designed, and for which guarantees can be made. In

§ a very few cases there was very slight excursion out of the bounds. It is

possible to include in the design other inputs and gust disturbances, with

o rll

specificd response tolerances - and then guarantees can be made for these as

well. The response to other inputs is nevertheless found here to be also quite

A B s S

satisfactory. This js typical of the design, i.e., the system is not very
sharply tuned to the class of inputs used in the design execution. There is

reasonable response continuity to other inputs.

*
Some responses to very large ¢ step commands causing hard ¢ saturation

are shown in Fig. 10. Response to Gust Disturbances. The gust input was

modelled by replacing a 1in (3, by a = tan-l Y v
V0 gust

a were used. In one a is a half-sine wave of amplitude 20/V_ radians
gust gust 0

. Two kinds of

PRGBSI P PO RN SEAGEIN K28, ~ 1 A

and half-period THALF € [.2,2]scc . Some results are shown inf Figs. lla,b.

In both, the gust begins precisely at the instant of application of simultaneous

*
¢ step commands. The second kind, as in Fig. 11b, is stochastic guassian with

2,2
+ = .
power spectrum k/(l+w )Vo and (agust) s 6/Vo radians. Examples of

*
responses to a single square wave ¢ command with equal positive and negative

values k and total duration 2 THALF are shown in Fig. 12,

. o pa——
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DISCUSSION AND CONCLUSTONS

A second-order model was used tor T(s) with excess of poles aver zeros

e, = 1, in Step 1. This :ppeara to be fncompatible with G, F tifth order

and excesses e, % 4 , 0 = 2 , and P (no analytical expression but lincarized

G ¥
(1-4) give second-order P) with e, = 0 . Strict design exccution appears
to require a T(s) of complexity compatible with T = F GP/(1 4+ 6P). Note,

however, that in Step 1, the model of T(s) {18 used only to generate a sot

which covers the range of apriori specifiod acceptable outputs 9’. Any  T(s)

model which achieves this {8 clearly sati{sfactory, and the stmpler the bhetter.

The designer can later choose the complexity of G(s) , F(s) , with no regard

for that of the T(s) model used In Sten i,

The class of applicable nonlinearities has been defined {mplicitly in
Ref, 2, but one very large class can be detined explicitly, Let Dl y(t) =

D, operators which may be nonlinear, uncertain and

1')2 x(t) with t)l » Dy

time-varying, e.g.
w5 A+ Bte™ ) .2 (n 2
D1 y = M(y)(y) "spn y + \ Sele .- v 1yl + Uy
F + Ft

E€(1,5), Fe€[.54], A€ [-3,6], ac€].5,1.5]

B € [-3,2] , HE€ [-4,1], ne€ [.5,2), M€ [1,5]

The range of M must be of the same sign. All y € %P and D1 y must be

bounded for all t in [O0,~] and D1 y must exist. Hence y must be twice

differentiable except, at most, at a countable number of peints. Then
D1 y é v(t) 18 known and there must exist a unique solution for x in
02 x = ¢(t) . The solution must be bounded for all ¢ € (0,~] . Thus,

D2 x = y(t) must be "bounded-tnput, bounded-output” stable. However,

D, 2(t) = v(t) may be "unstable™ fn that a bounded v(t) s allowed to resull
1 y

Eaam e ———
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in unbounded z(t) . It is only necessary that bounded z(t) gives boundud
v(t).

It is possible that a simple linearization might do just as well in
practice, but this i{s a matter of chance, whereas this design tcchnique is
guarantced to work if the constraintsare satisfied. It can be argued that
the constraint of uniqueness may be waived in Sec. 2, if the set of {nputs
{x(t)} which can give the single output y(t) , is "compact", {.e. {f that
set can be covered as accurately as desired by a finite number of elements.
A single w , y pair then generates a set of 1ti P instead of only one.

However, this has not been rigorously proven as yet.

The constraint on )" that f is mp, 18 required because only then
can one guarantce that any specifications no matter how narrow (AZ—A1
arbitrarily small but nonzero in Fig. 4),may be satisfied for arbitrarily
large but bounded parameter uncertainty (but some parameters must not change
sign7). No such gurantee can be made for nmp 6?, but the problem is still

solvable if the specifications are not too narrow and 1§>is not too largos'9

a set.

Flnally, a recent extension7is to linear and uwonltucar multiple Input-
2
output systems, where the problem 1s transformed into the design of n

single-loop 1ti systems like Fig. 1.
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FIGURE TITLES

Figure 1. System structure. sz’= {w} is replaced by {;s) = {p} .
Figure 2. Aerodynamic coefficients Cij(“) .

Figure 3. Normalized bounds on acceptable c*(t) . Representative

simulation results.
Figure 4. Bounds on |T(ju)| . Bode plots of designed [F(juw)| , |6(jw)] .

Figure 5. Loci of typical Iti P(jw) . Cases e,f are open-loop unstable.

. k L “n Yo e Smax _ “max_

2 () 1 1.0 3.77 180 .3 6.3 16.4
(b) 2 1.0 3.77 100 1.05 11.0 23.5
(c) 4 45 5.66 120 .1.05 18.6 29.3
(d) 4 .45 5.66 117 1.05 22.4 31.3
(e) 4 1.0 3.77 230 .36 13.8 27.0
(f) 3 .92 7.54 180 .36 27.4  34.2

Figures 6a-c. Templates é]p(m) of (P(jw)} at w = .04, 1.9, 12 .
Figqure 7. Hand derivation of bounds on L{jw) in Nichols chart.

Figure 8. Bounds B(w) on G(jw) , and G(jw) chosen.

- . -
- - . s, contlichitin, i i




Figure 9 a,b.

g Figure 10.
‘g - Figure 11.

: Figure 12.
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Representative responses of a(t), &, 6, c*.
Responses for input causing hard § saturation.

Responses to gusts and simultaneous c* step command

(a) half-sine gust, (b) random gaussian.

Responses to square wave c* command.
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APPENDIX 2

Derivation of the transfer function of a system,

from an input-output pair

Let x(t) , y(t) be the input and output of a system for

t € [0,T)

Find a transfer function T(s) = Y(s)/X(s) , where Y(s) = Ly(t) , etc.

Actually, we seek a rational approximation of T(s) , P(s)/Q(s) , where P

m

and Q are polynomials of degree m , n respectively. Llet P(s) = z PyS

k=0

Q(s) = . =1,
kzoqk 9
Q0s) () - PAs) y(q)

Y(s) _ P(s) _ Q(s)¥(s) - P(s)x(s) _ s" n )

21'7' Qls) = x(s)a(s) '

‘f Y{s) is a rational function th Qiil (s) - (s) =0 i
X(sY n en y(s x(s s a

exact representation. We seek the coefficients P+ 9

I” QU Y(w) _ P(jw)X(jw) |?

J n n
-0 (ju‘) (_i ‘l‘)
© n qY(jw) m ka(jM)|2
= k" ——— dw
- im0 (ju)" k=0 (juw)" R

Parseval's formula gives J = | ]f(t)]zdt , where

Ft) = y a0 - T e My

k=0
t

) t :
y( i)(t) » the i-times integral of y(t) , [ ... [ y(t)de'
0 0

0 2 T 2 - 2
Jou [ F(e)|%de ¢ [ F(0)]|%dt + [ |F(e)]%ar
- 0 T

LU

which minimize

(2)

(3)

0
IR

since y(t) =0 , x{(t) =0 for t.0 ; { (f(t)lzdt =0, since x(t)
T

k

n

y(t) for t3T can be defined correspondingly for any Py + 9 + Therefore

TR

XL
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.
J= [ 1f)? ae (4)
0

and the minimization of J determines P+ 9y uniquely.

Ltet x(t) , y(t) be given at the points t=0,h,2h,...1h =T . We

construct the integral y(-l)(t) by the following formulae:

y(")(o) =0 , y(")(ih) = y(")(h(i-l)) + ;‘— ly(ih) +y(i=1)h))

The multiple integrals y(-k)(t) , 1sksgn and x(-u)(t) , Nn-mgugn are
computed in the same manner. We replace the integral (4) by the corresponding

sum:
L n m 2
= (n=k) (. 0y = (n-k) . .
J=nh izo [kZO q,y (ih) ‘kZO P X (ih) ] v oq =1

and determine the coefficients p , as coefficients of linear regression
. k' %

(by the least square method).

Remarks

(1) The degrees of the polynomials P(s) and Q(s) should be chosen
from the apriori information about the system. |If apriori information is
lacking, different degree choices of P , Q may be tried and the best
selected. Another kind of apriori information which could be used in this
method is, for example, asymptotic behavior of the functions. The difference
in degree of P , Q can be judged by the difference in smoothness, at t=0,
of x(t) and y(t) , because of the initial value theorem in Laplace
transforms.

(2) If the function P(s)/Q(s) is stable, then the approximation can

Pis

be checked by computation of y(t) = ats

with y(t) .

(x(t)] and comparison of y(t)

T T . A - ‘
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