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force and moment depends is also responsible for generation of part of the
radiated acoustic or noise field. In this study, the objective was to investi-
gate unsteady response. Thus, the acoustic problem was not treated in detail.
However, a brief discussion is presented which shows how the results can be
applied to define the related acoustic source field.

In this study, an existing two-dimensional, nonviscous theory which employed a
simplified vortex model in conjunction with the assumptions of thin airfoil
theory to define cascade unsteady lift was modified and extended to include an
expression for unsteady pitching moment. Computed theoretical results were
compared with measured values of unsteady lift force and pitching moment co-
efficients and their phase angles and with the unsteady center-of-pressure
position.-The measured quantities were defined in a series of experiments
conductedli; a large axial flow fan test facility. Specially designed screens
were employed to produce a variety of rotor inlet flows having a sinusoidally
varying axial velocity component. Uncambered rotor response during operation
in these harmonically varying inflows was determined by employing a strain-gaged
sensing element on one rotor blade. The cascade stagger angle and space-to-
chord ratio and the flow properties, mean incidence angle and reduced frequency,
were varied in the program. The results show that, in general, the theory tends
to overpredict the magnitude of the force and moment coefficients, that good
agreement exists between the majority of the measured and predicted phase angle
data, and that the validity of the theory in its present form should be re-
stricted to values of reduced frequency greater than 0.8. The theory was also
employed to define the effects of reduced frequency, mean incidence angle,
space-to-chord ratio, stagger angle, and maximum camber on the magnitude of the
force and moment coefficients. This analysis defined reduced frequency regions
where mean incidence, camber or a combination of both can be employed to reduce
the magnitude of these coefficients.

The fact that the theory tends to overpredict the force and moment coefficient
magnitude was attributed to known real fluid effects. They are attenuation of
the distortion velocity as it approaches and passes through the rotor and the
effects of fluid viscosity on the blade wakes. Recommendations are made for
incorporation of these factors into the theoretical model and for future experi-
mental efforts. The recommended experimental effort is directed toward obtain-
ing data at higher values of reduced frequency for the uncambered rotor and for
obtaining data over the full reduced frequency range for a rotor having cambered
blades.
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ABSTRACT

Two problems facing designers of axial flow turbomachines at pre-

sent are requirements for operation with increased efficiency and

reduced radiated noise. To meet these requirements, it is necessary to

have detailed information on the influence of geometrical and operating

characteristics of blade rows on their unsteady response to distortions

in the inflow velocity field. Unsteady response as defined here refers

to the unsteady lift force and pitching moment generated on a rigid

(i.e., nonvibrating) blade operating in a nonuniform, inviscid, incom-

pressible flow. The unsteady pressure upon which the unsteady force

and moment depends is also responsible for generation of part of the

radiated acoustic or noise field. In this study, the objective was to

investigate unsteady response. Thus, the acoustic problem was not

treated in detail. However, a brief discussion is presented which

shows how the results can be applied to define the related acoustic

source field.

In this study, an existing two-dimensional, nonviscous theory

which employed a simplified vortex model in conjunction with the

assumptions of thin airfoil theory to define cascade unsteady lift was

modified and extended to include an expression for unsteady pitching

moment. Computed theoretical results were compared with measured

values of unsteady lift force and pitching moment coefficients and

their phase angles and with the unsteady center-of-pressure position.

The measured quantities were defined in a series of experiments
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conducted in a large axial flow fan test facility. Specially designed

screens were employed to produce a variety of rotor inlet flows having

a sinusoidally varying axial velocity component. Uncambered rotor

response during operation in these harmonically varying inflows was

determined by employing a strain-gaged sensing element on one rotor

blade. The cascade stagger angle and space-to-chord ratio and the flow

properties, mean incidence angle and reduced frequency, were varied in

the program. The results show that, in general, the theory tends to

overpredict the magnitude of the force and moment coefficients, that

good agreement exists between the majority of the measured and predic-

ted phase angle data, and that the validity of the theory in its pre-

sent form should be restricted to values of reduced frequency greater

than 0.8. The theory was also employed to define the effects of

reduced frequency, mean incidence angle, space-to-chord ratio, stagger

angle, and maximum camber on the magnitude of the force and moment

coefficients. This analysis defined reduced frequency regions where

mean incidence, camber, or a combination of both can be employed to

reduce the magnitude of these coefficients.

The fact that the theory tends to overpredict the force and moment

coefficient magnitude was attributed to known real fluid effects. They

are attenuation of the distortion velocity as it approaches and passes

through the rotor and the effects of fluid viscosity on the blade wakes.

Recommendations are made for incorporation of these factors into the

theoretical model and for future experimental efforts. The recommended

experimental effort is directed toward obtaining data at higher values

of reduced frequency for the uncambered rotor and for obtaining data
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over the full reduced frequency range for a rotor having cambered

blades.

i
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CHAPTER 1

INTRODUCTION

Two of the most pressing problems facing axial flow turbomachinery

design teams at present are associated with requirements for operation

with increased efficiency and decreased radiated noise. To meet these

requirements, it is necessary to have detailed information on the influ-

ence of geometrical and operating characteristics of blade rows on their

unsteady response to distortions in the inflow velocity field. Unsteady

response as defined here refers to the unsteady lift force and pitching

moment generated on a rigid (i.e., nonvibrating) blade operating in a

nonuniform, inviscid, incompressible flow. The unsteady pressure upon

which the unsteady force and moment depends is also responsible for

generation of part of the radiated acoustic or noise field. In this

study, the objective was to investigate unsteady response. Thus, the

acoustic problem was not treated in detail. However, a brief discus-

sion is presented herein which shows how the results of this study can

be applied to define the related acoustic source field.

Historically, the best known and most widely used method for pre-

dicting the unsteady response of a turbomachine blade is a result of

the work of Kemp and Sears (1, 2]. This method is based on an

adaptation of earlier work by von Krmin and Sears [3] and Sears [4)

which defines the fluctuating lift and moment on an uncambered

flat-plate isolated Airfoil subjected to a small sinusoidal velocity

disturbance in the direction normal to the chord. Kemp (5] called
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attention to the relation between Sears' result for the transverse

sinusoidal gust and Theodorsen's [6] result for an oscillating airfoil.

Later, Meyer [7] undertook a detailed study of the pressure and velocity

fluctuations on a flat plate. His equation for the pressure perturba-

tion agreed with Kssner's [8] result for a sinusoidal "snaking" air-

foil. Yeh and Eisenhuth [9] predicted theoretically the unsteady pres-

sure distributions on a blade as a result of interaction with periodic

wakes shed by an upstream blade row. They also compared their

predictions with the results of a series of cavitation experiments.

More recently, Horlock [10] obtained a solution for the response of an

isolated airfoil at small mean angles of incidence subjected to small

sinusoidal velocity perturbations parallel to the chord. He combined

his results with those of Sears to treat the case of a generalized

disturbance. Horlock [11] and Naumann and Yeh [12] considered the

effects of camber and Naumann and Yeh produced a series of design charts

which define the variation of unsteady lift as a function of blade

camber and stagger angle. Holmes [13] extended these results by solving

the generalized disturbance case for the pressure distribution and the

pitching moment.

Even with these developments, analyses of this type are of

questionable validity for treatment of the flow in a real turbomachine

since they do not account for the effect on a given blade of

fluctuations occurring on other blades of the same blade row. This

cascade effect could exert a strong influence on the results,

particularly for blade rows with close blade-to-blade spacing and high

values of stagger angle.
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Several authors, for example, Whitehead [14], Mai [15], Schorr

and Reddy [16], and Smith [17], in a continuation of Whitehead's work,

have developed analytical models which account for the unsteady effects

of the entire blade row. However, these methods specify the response

only for a cascade of uncambered flat-plate blades at zero mean inci-

dence angle. For efficeat design work, it is necessary to specify how

the fluctuating forces and moments vary, in both magnitude and phase,

with variations in blade geometry and operating conditions.

In recently published results, Hendersn. [18] has solved the

unsteady cascade lift problem when postulated in this frame of refer-

ence. He obtained agreement between theoretically and experimentally

determined rotor response inferred from analysis of the time-mean total

pressure change across the rotor. He concluded that the contribution

of neighboring blades in the blade row to the unsteady lift on the ref-

erence blade was significant and that, as a result, representation of

the unsteady response of a turbomachine blade by isolated airfoil

analyses, however well refined, was not valid.

The rigid blade, or blade response, analyses of the type previously

discussed have counterparts in vibrating blade, or flutter, analyses.

Two-dimensional, incompressible, inviscid flow solutions to this problem

have been presented by Whitehead [14] and by Hanamura [19]. As noted

previously, Whitehead's solution applies to cascades with uncambered

blades operating at zero mean incidence angle. Hanamura's solution is

more general in that it applies to cascades having thin circular arc

blades with arbitrary amounts of camber operating at a series of

arbitrary mean incidence angles. In his report, Hanamura presented a

large body of theoretical and experimental results on the flutter

*k~~i IJ
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characteristics of cascades having flexure and torsion degress of free-

dom. These results are presented for a wide range of variation in cam-

ber, stagger angle, space-to-chord ratio, incidence, and the blade

elastic properties.

The theoretical developments and analyses of the present study

employ Henderson's theoretical model as a basis. Chapter 2 contains

the details of the derivation due to Henderson which leads to an

expression for cascade unsteady lift force and the extension of this

derivation to include an expression for cascade unsteady pitching

moment. The derivation presented in Chapter 2 differs in certain areas

from Henderson's derivation. These differences are discussed in detail

in Appendix A. Chapter 3 contains a description of the experimental

apparatus employed in obtaining, for the first time, direct measurements

of the unsteady normal force and pitching moment 3cting on a rotor blade

that is operating in nonuniform inflow. Chapter 4 presents a comparison

of the theoretically predicted and experimentally determined performance

parameters and concludes with a brief discussion of possible causes for

the discrepancies. Included in Chapter 4 are theoretical predictions

based on the Whitehead-Smith model and on the theoretical model devel-

oped in Chapter 2. The two models differ in two fundamental respects.

First, in the model developed in Chapter 2, the reference blade, the

blade whose unsteady lift force and pitching moment is to be determined,

is represented by a continuous distribution of bound vorticity and the

bound vorticity on all neighboring blades is lumped at the quarter-chord

point. In the Whitehead-Smith model, each blade in the cascade is

represented by an odd number of equally spaced bound vortices. In each

model, the strength of the bound vortices varies continuously, thus
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giving rise to wakes containing continuous distributions of free vor-

ticity. Second, in the model developed herein, the solution employs

integration over an arbitrary neighboring blade and its wake followed

by summation over all blades, whereas the Whitehead-Smith model employs

the same operations in the reverse order. The effects of this second

difference appear in the manner in which the predicted force and moment

coefficients vary with reduced frequency in the neighborhood of reduced

frequencies corresponding to flow conditions for which the blade-to-

blade spacing is equal to the wavelength of the inflow distortion or to

a multiple of this wavelength. At these critical reduced frequencies

the theory developed herein predicts significant changes in the level

of the coefficients. The experimental results, in a number of cases,

undergo similar level changes at the same critical values of reduced

frequency. These abrupt changes in level in the variation of the coef-

ficients with reduced frequency are not predicted by the Whitehead-Smith

theory. The only major cascade physical parameter included in the

theory that was not varied in the experimental program was blade camber.

This deficiency is overcome in the analytical results presented in

Chapter 5. This chapter contains theoretical results which define the

effects of changes in cascade physical parameters and operating

conditions on cascade response for a range of conditions beyond those

covered in the experimental program.

The manner in which the unsteady results obtained in this study

can be applied to the problem of isolated rotor noise generation is

quite straightforward. Rotor-alone noise generation is a problem that

has been studied extensively because of the many and varied uses for

rotors in fluid systems in homes, farms, commercial buildings, industry,
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and all phases of transportation. The literature is much too extensive

to permit a thorough review here; however, a few key references should

serve as a starting point.

One of the earliest studies of multibladed rotor, or propeller,

radiated noise was conducted by Gutin [20] who replaced the periodic

forces by acoustic dipoles. More recently, Tyler and Sofrin [21]

reviewed this problem and also presented a solution for the case of a

rotor located in a cylindrical duct. A thorough review of the entire

problem area was recently presented by House [22]. He states that, in

subsonic, incompressible, aerodynamic noise problems, both monopole and

dipole source mechanisms can exist but that it has been demonstrated

that the really important aspects arise from sources of the dipole

type.

An acoustic analysis employing the unsteady force results obtained

in this study should be restricted to apply to cases for which the

wavelength of the radiated sound is much greater than the chord length

of the blade. For these cases, the blade acts, from an acoustic stand-

point, as a compact dipole source. Then the magnitude of the acoustic

pressure at a distant point is proportional to the product of the fre-

quency times the magnitude of the unsteady force times the directivity

index (a cosine dependence) divided by the product of the distance from

the source to the distant point times the speed of sound in the fluid

medium. Thus, an equivalent acoustic dipole can be defined to represent

the unsteady force acting on any radial increment of a reference blade.

The dipole should be located at the blade center-of-pressure position

and aligned with its major axis normal to the blade chord line. By

representing the reference blade as a finite number of equal height
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radial increments, a radial distribution of equivalent acoustic dipoles

would result. The equivalent acoustic source distribution for the

entire rotor could then be defined by specifying the acoustic pressure

magnitude on the remaining blades by use of the blade-to-blade phase

relationship. This equivalent acoustic source distribution would then

represent the unsteady lift forces acting on the rotor.

A listing of the major tasks that were completed in this study is

presented below for the experimental, theoretical, and analytical areas.

They are:

(1) Experimental

(a) Designed, assembled, and conducted shakedown testing

of the Axial Flow Research Fan facility.

(b) Designed, fabricated, and calibrated the disturbance-

generating wire grids.

(c) Designed, fabricated, instrumented, and statically

and dynamically calibrated the unsteady force and

moment sensor.

(d) Developed a working data acquisition and reduction

system.

(e) Conducted tests to determine unsteady cascade response.

(2) Theoretical

(a) Rederived Henderson's solution for unsteady cascade

lift and improved the derivation by:

(1) Solving certain integrals that previously had

been computed numerically,
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(2) Included a term dependent upon mean incidence

and camber that previously had been ignored,

and

(3) Rigorously defined the region of validity of

the theoretical model.

(b) Derived the equation for the unsteady cascade

pitching moment.

(3) Analytical

(a) Defined the over-all effects of cascade stagger angle.

space-to-chord ratio, mean incidence, camber, and

reduced frequency on cascade unsteady response.

Conclusions and recommendations for the direction of future theoretical

and experimental work are presented as Chapter 6.



CHAPTER 2

DERIVATION OF THE THEORETICAL MODEL

2.1 Introduction

This analysis was originally intended to consist of an extention

of Henderson's [18] analysis of the fluctuating lift on an axial flow

rotor by derivation of the expression for the fluctuating pitching

moment. However, in reviewing Henderson's derivation, a number of

errors were detected and corrected. Thus, the results presented in the

following sections of this chapter contain a complete derivation of a

revised equation for the fluctuating lift as well as the derivation of

the desired expression for the fluctuating pitching moment. The com-

plete statement of the analysis presented herein necessarily repeats

much of Henderson's work. A discussion of the differences that exist

in the two analyses is presented in Appendix A.

2.2 Flow Model and Basic Assumptions

The problem under consideration is the interaction of an isolate*.

axial flow rotor with a spatially varying periodic incompressible inlet

flow. In order to permit a two-dimensional treatment, it is necessary

to assume that the flow proceeds through the rotor along concentric

cylindrical surfaces. Any chosen cylindrical stream surface or section

through the rotor may then be developed into a plane, as shown in Figure

1. The resulting representation is called an infinite cascade of

blades. Its geometric parameters are stagger angle 6, blade-to-blade

spacing S, chord length C, and maximum camber ymax*
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Figure 1. Two-Dimensional Cascade of Cambered Airfoils

Moving Through a Disturbance Flow Field.



The disturbance flow shown in Figure 1 represents a special case

in which the rotor inlet absolute velocity is axial in direction and

varies sinusoidally, with wavelength 1, in the direction of motion of

the blades. This sinusoidal representation is appropriate since any

periodic inflow can be decomposed by Fourier analysis into a related

series of harmonic waves of this type. Such a purely axial inflow could

be generated by the presence of support struts which produce no mean

tangential flow.

Throughout this analysis, the disturbance flow properties charac-

terize this flow as it exists prior to its interaction with the rotor,

i.e., far upstream. In Figure 1, the circumferential mean rotor inlet

absolute velocity V represents the velocity with which fluid is trans-

ported through the machine. The far upstream disturbance flow field is

fixed relative to solid boundaries, and the rotor blade row moves

through the flow field with a constant rotational velocity U. The cir-

cumferential mean velocities, relative to the blades at the inlet and

exit, are shown as W 1 and W2 along with the mean reiative velocity W

which is displaced from the axial direction by the angle B m . The

disturbance velocity amplitude wd is positive in the direction of

positive V. Components of wd perpendicular and parallel to the blade

chord are vd and ud, respectively.

Based on the circulation theory of airfoils, each blade in a

cascade is represented by a vortex sheet, i.e., by a system of vortex

lines with a continuous distribution of vorticity. Since the total

circulation around each blade is variable, because of the nonuniformity

of the inflow and the effects of neighboring blades, each blade leaves

a wake composed of continuously distributed vortex lines behind itself.
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This is the concept upon which this analysis is based; however, a modi-

fication to this model, shown in Figure 2, is employed herein which

greatly simplifies the mathematical treatment. This modification

affects only the vortex distribution on the blades. It is suggested by

the results of Tanabe and Horlock [23], who analyzed the steady lift in

a cascade. They represented the reference blade (n - 0 in Figure 2),

the blade whose lift they evaluated, by vortex lines distributed con-

tinuously along the blade chord and concentrated the vorticity on the

adjacent blades (n = ±1, ±2, etc., in Figure 2) in a vortex line located

at the quarter-chord point. This simplified model produced results in

excellent agreement with an exact analysis by Weinig [24] except at

very low values of space-to-chord ratio, S/C < 0.5, and high values of

stagger angle, > 600.

The mathematical analysis presented in the remainder of this chap-

ter follows the procedure utilized by Bisplinghoff et al. [25] for the

case of an isolated airfoil. Bisplinghoff et al.'s analysis, in turn,

draws heavily on results presented earlier by Reissner [26]. In the

present case, the treatment is more complex due to the presence of the

additional blades in the cascade. Additional assumptions which are

required in isolated airfoil theory also apply in this cascade analysis.

They are:

(1) the flow is nonviscous;

(2) the blades may be represented by thin slightly cambered

airfoils at small mean angles of incidence;

(3) the disturbance velocities, vd and ud, are small in

comparison with the mean relative velocity W ;
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(4) the shed or trailing vorticity is transported away from

the blades in the direction of the blade chord with the

mean relative velocity W ;

(5) a blade induces no chordwise velocity upon itself; and

(6) all flow quantities representing the unsteadiness vary

as harmonic functions with respect to time.

2.3 Unsteady Induced Velocities

Consider the general situation illustrated in Figure 3. Let the

n - +2 blade represent any neighboring blade. From the Biot-Savart law,

the velocity dwi induced at a point x on the refere2nce (n - 0) blade
0 P

due to an element of positive circulation y ndX located at the point xn

on the nth blade is

Yn (x n)dx
dwi Xp) 2nr

For positive circulation, dwi is positive as shown. The components of
o
0

dwi parallel to the x- and y-axes are
0

dui (x) -dw i (x p)COS
o op

and

d (xp idw (x )sinc

respectively. With the relations

nScos&
cos r
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Figure 3. Incremental Velocity Induced at a Point on the

Reference Blade by an Element of Bound
Circulation on a Neighboring Blade.
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x n-X +_nSsin&

and

r -[(nScos)' 2+ (x n x P+ nSsin&) 2jl/2

it follows that

du ~ 2w Y (x )nScosF~dx

o 7 (nScos&) + (x n- x P+ nSsin&) 2  a

and

dvi (x - 1 (x n)(x n- x P+ nSain&)dx (b
o 7 (nScos&) + (x n- x p+ nSsin&)2

Since the distorted inflow is periodic, the vorticity at a given dis-

tance from the leading edge of each blade in the cascade must have the

same amplitude yo. In addition, a constant blade-to-blade phase dif-

ference must exist which is given by

2w S

where T is negative since the vorticity variation on a given blade leads

the variation on the blade that follows [i.e., the variation on the n th

blade leads the variation on the (n + 1) thblade]. Therefore,

Yn(x y (x)e n
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Utilizing the assumption that unsteady quantities vary harmonically

with time,

~n x) - y(ei(vt + nT) ,

- iv tdu i (x)P du i (x )e

and

dv C x di(x )e t

where v, the frequency with which waves pass a point on the blade, is

2iiM
V a--i

and the overbar denotes the presence of a phase angle In the quantity

involved. With these results, Equations (1) may be written as

du ( 1 YOr(x)e nScostdx (a

o p 2 (nScos&) 2+ (x n -xp+ sit2

and

- inT

dYi () L y(x)e (x n- x p+ nSsin0dx (2b)21Ti 22
0 (nScosE) + (x n - x p+ nSsin&)2

The e itterm has been cancelled since it appears on both sides of

these relations; however, its presence is implied.
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Equations (2) express the incremental velocity induced at a point

x on the reference blade by an element of circulation located at the
p

point x on the nth blade. When integrated from the leading edgen

(x 0 0) to x - in the wake, they yield the total velocity induced at

x due to the flow over the nth blade. However, before integrating, it

is necessary to relate the free vorticity in the wake to the bound vor-

ticity on the blade.

Consider an element of free vorticity in the wake of the reference

- ivt
blade of strength y a y e which is being transported away from the

w w
blade with velocity W along the positive x-axis. Then, at any location

m

(x,O) downstream of the blade, if G is a constant to be determined,

~x
Yo y 0oe~ Geit - -m  (3)

w w

In general, the total circulation on the reference blade 7 can beo

expressed as

- ivt
0  0

and, at any instant in time,

C

JYodx
0 0

0

In an interval of time 6t, the total circulation on the blade changes

its strength by

I.
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dr
-- ivt eivt-6t -- (roe )6t ir e at

This change in total circulation results in the production of an element

of wake circulation which is shed at x - C and moves downstream a dis-

tance W 'St in the time at. By Kelvin's circulation theorem, this cir-

culation Is equal in magnitude and opposite in sign to the change in

circulation on the blade. Therefore, from Equation (3), since

dr in-y dx--o W at
w w

it follows that

d t- ivt

S ivrev(t C
YO W at W InW

From this,

ivr --- e ,m

G i
m

and then

iv x - -
o wiV t) -(4)

w m

Now, rewrite Equations (2) in the form

1-
dui (x) " - YO(x)Adx (5a)

and
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dv (x ) o (x)Bdx (5b)

where

mnT

A- e ncos&
x n s + in&] 2 + [n os&]2

and

e iT n xP + nsin]
B -

Xn + nsinQ]2 + [ncosE]2

The total velocity induced in the chordwise direction at the point xp

on the reference blade due to the flow over the nt h blade is

ui (x) - f du
0

and, from Equation (Sa),

- C

(X) - - Y Jo(x)Adx - - 2 J o(x)Adx y J o(x)Adx

o 0 C

From Appendix B, A so U() (x ) becomes
op

C
i (-- - - J o(x)O(X) dx - ' J (x)O(X)dx( p ) - S- I Y O S

0 C

CK
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Consider the first integral in this expression. If the bound vorticity

thon the n blade is concentrated at the point xc, then O(X ) f(x),

and this term can be taken outside of the integral sign. Then, this

integral becomes

C C
Y-(x)O(x)dx " O(X) Y(X)dx O(X

0 0

Now consider the second integral. With the wake vorticity distribution

given by Equation (4),

ivr C- x
_ iv~~o  e iv(..---.)O(x)dx

Y (x)O(X)dx - - I ( m
0w WmI

C C

J 0 e i seV(W )O()dx

C

-eiW

where the reduced frequency W = -. By defining A - --- , this can
m

be written as

SY (x)O(X)dx - -2iwA J e C (x)d

C C

With a transformation of coordinates to a nondimensionalized system

whose origin Is located at the mid-chord point on the reference blade

defined by
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x+ . 2x 1 + . 2-y

C = C

the wake integral becomes

C W

I (x)O(X)dx - -i e-wx O(X+)dx+

C 1

Note that in the nondimensional coordinate system, the leading edge of

the reference blade is located at the point (-1,0) and the trailing

edge is located at the point (1,0). Thus, the total velocity induced

+
in the chordwise direction at a point x + on the reference blade by the

flow over the nth blade can be expressed as

rl e(x+) i
o x+ 0c + jWA C iw' (+)A (6)

1

where A + is a dummy variable of integration running only in the wake.

Now, consider the total velocity induced normal to the chord at

the point x on the reference blade by the flow over the nth blade. ByP

analogy with the development above,

vi(X) = J dv i
0

From Equation (5b),
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- C

v7 (x) Jo(x)Bd - Y (x)Ddx + J Y W Bdx

o 0 C

1
From Appendix B, B - - "(X), so

C

V(xi, p - iSJ1'0 (x)O(X)dx - 47i JO '(x)O(X)dx

0 C

Since the bound vorticity on all blades except the reference blade is

concentrated at the point x .(x c ) # f(x) and the fi:st integral inC
9

this expression becomes

C C

Yo(x)O(x)dx - (Xc) J 0o(x)dx - O(Xc )r

o 0

By employing the wake vorticity distribution, Equation (4), the second

integral can be written as

I_ .' (C - X.

Yo (x)O(x)dx " - W eiv( W m (X)dx
w -

C C

- -iCWA e-iWx+, (X+)dx+

Lamm
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Thus, the total velocity induced in the direction normal to the chord

+ th
at the point x on the reference blade due to the flow over the n

p

blade is

++

4vi (x + g L e '%x+da + (7)

The total velocity induced at the point x+ by all of the blades
p

can be found by taking the summation of Equations (6) and (7) from n -

- to n = 4 . For the chordwise velocity component, the result is

u (x) -4T +~+

+~~ [*1 [. l0 j e-iWx + (4)dX+ (8)

Sr

4w +

where, within the framework of thin airfoil theory, it has been assumed

that the reference (n -0) blade induces no chordwise velocity upon

itself.

Io
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The transverse velocity component is given by

v ) -0

-. B x (

2 S x 0

+ Yo (xo)B Bdx°  (9)

0

where the last term represents the effect of the reference blade. Note

that the vorticity distribution on the reference blade o (x ) is a con-

00tinuous function of x .

The last term in Equation (9) can be rearranged by utilizing
S

Equation (4) and the fact that B° = x0 -x " Employing the procedures
0 p

used previously leads to

2S Y(0)00d0 -2irS Y(x0)0 0+ 2w YO(x)B dx0
-~ I( d -- -1-i 1ir J oo
0 0 C

21 x -x 0 21W x 0

0 p m 0 p
0 C
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0 Y(x )dx eIA2 + + i + 04ST x A -x
- 0 o p 10 p

where the Cauchy principal value is required for the airfoil integral.

Substituting this result into Equation (9) leads to the desired relation

I -( +)dx + I'I i ++ 4ii ,,I
I +

v(x5 + ; 0( 0 0+ A e-XdX 0+(+
- o p 1 p

+"e + e (X) d X+

where X+ has been set equal to X+ since X + varies from 1 to - for all

values of n. If the terms containing the summations are neglected in

Equation (10), the remaining two terms are identical to the results

presented by Bisplinghoff et al. [25] for an isolated airfoil.

2.4 Unsteady Vorticity Distribution

Definition of the unsteady response of a cascade of blades sub-

jected to a periodic perturbation in inlet velocity requires an evalua-

tion of the vorticity distribution y (xp) on the reference blade. The

basis for solution of Equation (10) for Y (x ) is the inversion formula
0op

by Shngen [27] which states that, for any two functions P and Q of

engineering interest, the unique solution of the integral equation
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+ ~Q(x +-. 11 x+  +
P (x ) - - -+

-21 + p

for which Q(1) is finite or zero, is

l-x i 1 x+ O+ o
1 +X P(x )

Q(x ) o 0 +

+ +  - x+ x - x
P -i p 0

The functions P and Q must be continuous, except possibly for a finite

number of finite discontinuities and/or a finite number of integrable

+ + !

singularities. An integrable singularity at x - x is one which, in
o p 1

the neighborhood of this point, can be shown to behave like + 1

where d is a positive number less than one. 
p 0

By rewriting Equation (10) as

(x+)dx+ +A-0 _o o xo., - oX + e-wX-d
21r + x+ v i x p i + +

-I 0  p 1 p

0~ (X++)
-4i

+o[Z]+ e- iW(+x)+ +d

-CO1
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and temporarily regarding A (i.e., F0) as a known quantity, application

of the inversion formula leads to

So (o dx+

":°(P) IT+x j. x+ + 0
P Ix p 0

2x__+ + "Xo + d +

17- x !" + x°

+x5  2 _ ___ -

p+ x+ +x + 0

- 1  
0p

4i + +1+ xj 1 x j(A x)x - x)
_p 01 o

- + +-- -+

P -io 0

r +

I I-x

p p 0

NF [ J
-1

f eiA(~d + -; -

where the '+ operation has been placed outside of the integral

S-O 1

sign since the same result can be obtained by considering the reference

I.
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blade and integrating along the nth blade after which the summation is

carried out.

Note that only the induced velocity vi (x ) appears in this expres-0

- + 0
sion. The velocity vi (x o) will eventually be specified through bound-

0 .A=

ary conditions on the reference blade. The influence of ui (x) has

bec neglected since, as is shown by Tanabe and Horlock [23], its con-

tribution is of a higher order.

B,; interchanging the order of integration in the second and fourth

terms or, the right-hand side, dropping the subscript zero in the

quantities x and vi and introducing expressions for O(X ) and (X A)
0c-;+

from Appendix B, Yo (x ) can be written as

v(x +
+ +( +x

Y° (XP p -- ++-x x+  x - x

(x~~~ + ___

o iL + x+ ed+

-l p..... ( -ix +

-xi
2 + Xp + + -

- pon- 11 d

e- - :-
+

gc - c P
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2 -
,I

in x , -p -xX
I -

in i x + 1 d I A] dx++

e + n = + + n + +

where gc -x + + n + +- t h = -- andh a -n The1: c ib' Ab

quantities g and h defIfne th ' pos ition of the concentrated bound vor-

ticies on the neighboring blades, while g\ and h define the position

of elements of shed (or wake) vorticitv.

The products of the form (k - x + + - x ) which appear in the
p

second and fourth terms of tht. right-hand side of this expression can

be rewritten as

P Px Lx x kx

Use of this relation in the expression for Yo (x p) leads to

-+ 2 1 1 -+v (x

(x - -- --+dx
p i +

p p

+

A .x dx +

inT2 1 x+  \+ + + + +
P P -I P
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E+ { x:+f d:: x ddA+
*e + +

9c p p

-~ ~ x:f+ + dx+ +
+x J x

x+ d+

x+ h

-ix +d
-1 x ii +

P~~1
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+ ii +ix gx 1-1

+ h + - d +

p p

-1

-l

- +

Equation (11) is the basic eLquation defining Y (xp). The next step in
o p

+
the solution for Yo (x ) requires evaluation of the ten integrals with

+ .

respect to the variable x in the last terms on the right-hand side.

The value to be assigned to these integrals depends upon whether the
+

magnitude of the individual quantities x, X+ gc hc, g,, and h, is

greater than or less than one. It is clear that x+12 < 1 since x -

p -p
represents a point on the reference blade. It is also clear that

,A+12 > 1 since A+ represents a point in the wake of the reference

blade. In Appendix C, an analysis is presented which shows that the

magnitude of the remaining quantities (g., hc, g,' and h,) is greater

than one for values of the cascade parameters space-to-chord ratio (S/C)

and stagger angle (&) of interest. In fact, the boundary defined on a

plot of (S/C) versus sinE by setting Igc 2 = IhcI
2 I 1 and Iglj2 =

jhX 2  1 1 establishes the limiting values of the cascade parameters for

which this theoretical model is valid (see Appendix C).
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Replacing the ten integrals discussed above by appropriate values,

obtained from Equations (1) and (2) of Appendix D, and simplifying

yields the following expression for the reference blade vorticity dis-

tribution:

y(x+ (x ) :x

++ +

+ +
x+le +

21wA l- +d
+ + +

71 X1 I -A - x

++

.inT[ 1 /- +1+ + jh

1c -xi + l

iw C - x h p c

e [ X +1 e -iX++e J + d
X A
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i X + I -i +
h e _x jd (12)

h x1 P

In this quation, the first two terms on the right-hand side represent

the vorticity distribution on an isolated airfoil.

The total circulation on the reference blade 1 is given by
0

C

T 0  Y0 (xp)dxp

0

C + C +

With x -- (Xp + 1) and dxp -dxp, the relation for To becomes
p p p 2

-1
0 0+. P +

Substituting Equation (12) into this relation and bringing the summa-

tions outside of the integrals as was done previously leads to

21F dx vi (x)dx+

0 2i ~ x~+l pj 1 +1 x+ x+ + x + e ( d

ldx + i-P +7T x +-+
1 21p p
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++ en g 1 - dXp
+c +xe i nt +x c-X

+

cp pI+ h I-x
h p c p

WA in 9A.

C&

-41

d x + - 1

+ +
h1  -1 eP

+ hX +lI x dx e-iX+d+
+ + : i~A

l+x p h A -x I
The values of the integrals with respect to the variable x on the

right-hand side of this expression are given by Equations (3) and (4)

of Appendix D. Substituting these values into the above expression,

T iWu0eutilizing the relation A = ° , and simplifying poue
prdue



36

1-- "-2 /i-==-- - vi (x +)dx +

2r
0 -c c

1

ex [ 1~ 2

2iwe F \ -±- - 1 ]e-iw) dA

1

- W iIe eX 1 e-iw+dX+

+- =+ 1 1W___ 1
h h I 1 e d (13)

The value of the integral with respect to the variable X+ in the middle

term inside the large bracket on the right-hand side of Equation (13)

is given as Equation (5) in Appendix D. Substituting this value into

the above expression, introducing the notation

Cl g + I
c

C ... h C +1
h-1

C

c4
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D I ___-_i I e-i X +

1

and

,C .[x d

and collecting terms yields the following expression for the total cir-

+ i

0 o (14)

iw[H 12(W) + Wi M] i (2 (2 Y+ [e'nT(GpC

-Cc1

where G- [C1 + C2 - 2 - iwe L(D I + D2)] . In Equation (14), the num-

erator and the first term of the denominator represent the circulation

magnitude on an isolated airfoil.

2.5 Unsteady Pressure Distribution

The unsteady distribution of the pressure difference across the

reference blade can be determined by application of the equation of

motion in the chordwise direction

+~ 1 1 a+ q ) (q() - q(+)) - T - - p+) )

)t x Px~p_) (A,
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where q Wm + ud is the net chordwise velocity along the airfoil, and

the subscripts (-) and (+) refer to the suction and pressure surfaces

of the blade, respectively. The velocities q() and q(+) can be written

as

'Y

q(_) W m + Ud + 2

and

YO
q(+) W + U d  - --m d 2

where ud is the disturbance velocity in the chordwise direction (see
Yo

Figure 1) and T is the velocity induced by the vorticity distribution

y which represents the reference blade. Thus, the equation of motion

can be written as

-+ (Wn + ud Yo

at m ax 0 -P a

Integration of this expression from the leading edge of the blade to

any location a yields the pressure difference at a in terms of the vor-

ticity distribution as

0

-Ap(o) - P(Wm + Udo() + Pt YO(k)dk

0

where k is a dummy integration variable. The vorticity distribution

YO(O) is now assumed to consist of the sum of a steady part y0 (o) and
s

an unsteady part y0 (a), i.e.,
U u2
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0 (a) - Yo (o) + Yo (a)
S u

In keeping with the assumptions of linearized unsteady flow theory,

YO () is considered to be small in comparison with yo (0).
u a

Substituting this expression for yo(a) into the equation for the

unsteady pressure difference leads to

a

-Ap(o) - PWmYo(a) + PUdY (a) + Po J Yo(k)dk

0

where, since ud is also considered to be small in comparison with Wm,

the term containing the product udYo (a) has been dropped. In the non-
u

dimensional coordinate system, this relation can be written as

a+ +

APO + " (oa + +Os[° + 1 ok+)dk+
PW 0 0 L 2W mJat

0

Assuming, as has been done throughout this analysis, that all quantities

associated with the flow vary harmonically with time,

A 4O -+e ivtp(o+) -p~ - +)eI~

(a+ - (G+ )eivt

0 0

and

u d = d e l

--- Mim
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Substituting these relations into the expression for the unsteady

pressure difference leads to

+- I
APO Y (a + YO 

(a + ) + iW Yo(k+)dk+ (15)

The last term on the right-hand side of Equation (15) requires

integrating the expression for yo(k ) given as Equation (12) between

the limits -1 and a+ . This integration is performed by moving the sum-

mations outside of the integral sign, reversing the order of integration

in the first, second, and fourth terms, employing Equations (6) and (7)

of Appendix D, and collecting terms. The result is

+a 1

f (k++ 1+ + sin-',,+

-1 -1

+ Q(a+,x+) j vi(x+)dx+

21w + sin-l+

A(a~)~ ] e w dX RC [+ 1

., .-?
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eilT c[+ii+][~ +-1sin- h
1c

+ <o+,g ) + ^co+,h) ] i +

+ A(a ,g + j~ , h ) X
•e -9, : 1 2" i-a

1

+ A(o+,hX) ] e-iW +dA+

As noted by Bisplinghoff et al. E25), this expression can be simplified
by subtracting from it the product of the quantity -(-+ sin-la) and

h 22

Equation (13). The result is

0+ 1r

++ +fY (k+)dk+ Q-o-,x I V (- J [ A(a ,A)

-1 -1 1

....- '- ' -.. .A ... . .. ... ... . . . .. i lit.. . .~ . .. . .. . . ." ,, , i# z - '4:;
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-1

+ + sin-1 l+  e- dA+ + +

ef i .a (o+,g) + A(a h + 2 + sin- a+

ern [J { 00 ,~

77 + e a X

r .- I + ] -iWAdX+
+ F+ sin- a e 1

iCL 2
A A(L, ,h X)  + + sin - ° e W d

+ - + sin-' +

Values for the three integrals with respect to the variable X+ in the

second and fourth terms on the right-hand side of this expression are

given by Equations (8) and (9) of Appendix D. After substituting appro-

priate values for these integrals and collecting terms, the result is

0 1

Y o(k+)dk+ _ - l(o+,x+)Vi(x+)dx+ I a ++ d+

r-i -i
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Ae- t , j e in A( + - A(o+ h )
+ + ,g ) +

- A(o+.g1 ) - A(o+ h )I -[ + j

e ein-i [ IA(o +g X) -iW + dA +

+ J ( h - dX+ (16)

The first two terms on the right-hand side of this expression agree

with the result presented by Bisplinghoff et al. [25] for an isolated

airfoil. Now, if j is temporarily permitted to represent X, gV or

h\, the relation

+

_ - 1 _:_1 ++I
0 AljVIP 1-0

can be applied in evaluating the three integrals on the right-hand side

of the above expression. This leads to

+

S- (O+, X+)v (x
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-13

+ 1
+ AV x -e I + - c

! -L - -

Lt'i

+ A(o+ li - A(+ ,g 1 ) - A(o+,h1 )3

TA + e n T  
- 1-

+ , + eI +w d
/iw + +

+e d A(7

+ -1 h (
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By substituting Equations (12) and (17) into Equation (15), employ-

ing Equation (10) of Appendix D, collecting terms, and introducing the

notat ion

:w

and

e d+
j 2I - 1

the unsteady distribution of the pressure difference across the refer-

ence blade is given by

-3l

-1

w + +

(2) 1-a + iw~e i
e 1)o

•ein'[A~ii,gc) + A(a 4,hc) - Aao,gl) -Ao+,h1 )]

IJ
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+ Ae1iW +

in ~ ~ CC2 iW(1 ]

• ein -i+ + +iwe (B1 +B 2) (18)
g -o h - a

2.6 Unsteady Lift Force

The unsteady lift on a blade, in this case the reference (n = 0)

blade, in a cascade can now be determined. The basic equation is

C

L - [-Ap(o)]do

0

and with a = (o + 1),

c J [-p (o+)] do+

-1

Then, the unsteady lift coefficient can be expressed as

1

-2d - pW do +  (19)

By substituting Equation (18) into Equation (19), reversing the order

of integration in the second and third terms on the right-hand side,

moving the sumnations outside of the integral signs, employing Equations

(3), (4), and (11) of Appendix D, and collecting terms, the result is
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+ - ++?Ldy =I - (x)dx+  v I+)x
L xiW + - ( x )dx
21TW xd [ J fW d dx+

-1 +)+] w

I~~~ ~~Y -( x'-- / t x )  (+)do+ d x+ -/H() ( )

Si-wAe- iW X+ einTj A(a+,gc)do+
2 r 2 d J

A(o+,h)d +  +-

-1 I "d
*~ ~ ii,[c c d

e i[C 1 + C 2 - 2 - WeiW(1 + 2))

Integration by parts can be employed with the aid of Equations (12) and

(13) of Appendix D to evaluate the remaining five integrals on the

right-hand side with respect to the variable a Values for these

integrals are presented as Equations (14) and (15) of Appendix D.

Substituting the appropriate values into the above expression leads to
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2L W1 u ( )dx - + X v (x+)dx+

1i -1I

-fW - (+v(x+dx- iwe -i +
d w

w (-

Inh +h h1 - _

e ~~ + - g+
hC 

--

1 

-1

gc 91+1  19 + I1

1 +1 h 1
h + 1 1 1 h,+1
11

wH(2) r -i
0 + Ae
2wd 2wd _

e inT [C1 + C2  2- iweiw(B1 + B2)] (20)

By employing Equation (14) and the relation 1 0 ACe-1w defined earlier,

the above expression for unsteady lift coefficient becomes

1 +

1 [ + - (w~x c'/C& + + ~ 1 x)x
L 2wW d adY(x)dx nd x+ i(x )dx
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1- (x+)2 v (x+)dx+ (21)

-1

where the function

G(w,x +,S/C,'E) -

-C

1 -1 +1 + -1

with)

with

E 1  2T. - - g - 1 + g

2 2c
£2 " hc2-1- h - h21 1 + h 1

and

iwi

G a CI + C - 2 - iwe W(B1 + B2 )

This function is the cascade equivalent of the Theodorsen [6] function

H(2) (w)
C() - (2) i (2)

HI (w) + (W)
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which appears in the expression for the unsteady lift on an oscillating

isolated airfoil. For the case of very large blade spacing (i.e., S-,m)

the terms containing the summations in Equation (22) approach zero, and,

in the limit,

G(W,x+,-,9) - C(W)
c

as shown in Appendix E.

The analysis of the unsteady lift now requires development of

expressonsor.te u~at-e -V x . u. andy (x ), the only remain-
s

ing unknowns in Equation (21)

To specify vi(x+), the velocity induced normal to the chord of the

reference blade, a boundary condition is introduced which states that

the total flow (mean flow plus disturbances plus any induced flow) at

each point on the blade must be tangent to the blade camber line at

that point. Thus, the general condition

dy+ Wmsinim + vd + vi

W
dx + W Wmcosi m + ud + u

applies, where y is the nondimensional camber line coordinate, i ism

the mean incidence angle, and the subscripts d and i denote disturbance

and induced velocities, respectively. By assuming that i is small,m

this expression reduces to

dy+  W i + vd + vi

+ W + u + U
dx m d i
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Henderson [18] concludes, based upon the results of Tanabe and Horlock

[233, that the induced velocity in the chordwise direction, ui, can be

neglected. Thus, the boundary condition can be reduced to the expres-

sion

dy +  W mi m + v d + V id W +Vd (23)

dx+ W m +u d

The induced velocity normal to the chord, vi, is composed of a steady

part, vi , and an unsteady part, vi  (i.e., v, - vt + vi ). Thus, the
S u S u

steady flow boundary condition is

dy+ Wm m + vi

- s (24)

dx+  m

From Equation (23),

v i(W + ud)d- i vd
dx

and, from Equation (24),

i mdx m m

Therefore, since vi - vi - i

u d

Ve e t u d dx t+ - v d  (25)

expresses the unsteady flow boundary condition.
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The equation for a symmetrical parabolic arc camber line is

= Ymax [l (X (26)

+

where y + is the nondimensional maximum camber. Thus, the slope of

the camber line is

+

dy - -2y+ X+
d+ maxdx+

Substitution of this expression into the equations for the induced

velocities leads to

v- -2y +a(W + Ud)X+  Wm i d (27a)
max m du m mV

vi -2y+a Wx - Wmi (27b)
~max m m m

and

v, -2y uaxUd X Vd (27c)

u

Throughout this analysis, the assumption that all fluctuating

quantities vary harmonically with time has been repeatedly applied.

Thus, the disturbance velocities, vd and ud, which are functions of
+

x and t, can be expressed as

Ud(x + t) +dx+ ivt dei(Vt -x

and
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lix

Vd(Xt) = (x+)e i vt  Vde i (Vt

These are expressions for a general harmonic disturbance. When v

they are applicable to the case analyzed by Kemp [5] and by Kemp and

Sears [1] of rotor interaction with wakes shed by an upstream stator.
+

When v - p, the form of the dependence upon x and t is identical to

that employed by Sears [4], Kemp and Sears (2], Horlock [10], Naumann

and Yeh [12], Whitehead [IJ, and Bisplinghoff et al. [25]. The param-

eter p defines the behavior of the disturbance as it moves downstream

through the cascade. For example, if p is expressed as a complex quan-

tity, PR + iVI1, then:

(1) if PI = 0, the disturbance maximum amplitude is indepen-

+
dent of x ;

(2) if PI < 0, the disturbance maximum amplitude decays

+
exponentially with x ;

(3) if PR a v, the disturbance is convected and moves in the

x direction with the constant velocity W;

(4) if pR  v v, the disturbance moves in the x+ direction

with a constant velocity different than W .m

By defining a second reduced frequency, e E , and noting that, in2w
m

the nondimensional coordinate system C = 2, the expressions for ud and

vd become

Ud(X+t) d e i(vt -x) (28a)

and
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vd(x+,t) Vde i (V t - Ox+) (28b)

Note that, when p. a v and ,= 0 (i.e., when v v), 6 w w, the reduced

frequency defined earlier in this analysis.

Substitution of Equations (28) into Equation (27c) defines the

following expression for thte normal component of the unsteady induced

velocity:

+ -(2y+ x+' + i(vt - ex+)

i  max + v')eu

This expression can also be written as

v (x - vi(x )eiJ 't
U

where

S+ +( +_ -iex 
+

v(x )  -(2ymaxX+Ud + v d)e (29)

The rotor inflow velocity field shown in Figure 1 is a special

case in which the mean velocity and the disturbance velocity are axial

in direction. This case was chosen deliberately to avoid unnecessary

complications. In the paragraphs that follow, a more general inflow

velocity field will be presented and expressions for the associated

normal and chordwise disturbance velocities, vd and Ud, will be devel-

oped.

Consider the situation depicted in Figure 4. This figure illus-

trates the effect of a stationary upstream blade row on the flow enter-

ing a rotor blade row. The flow entering the stator is assumed to be
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_____ __ fu -2 __ _____
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Figure 4. General Rotor Inlet Disturbance Flow Field.
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uniform. The angle a represents the mean swirl of the flow leavingm

the stator blade row. This flow contains wakes shed by the stator

blades with a spacing equal to Z, the stator blade-to-blade spacing.

The velocity which characterizes the stator wake deficit, wd, represents

a fluctuation about the stator exit mean absolute velocity V. The mean

inlet velocity relative to the rotor, W., is determined by V and the

rotor rotational velocity U. Its direction differs from the direction

of the rotor blade chord by the angle i .m

The stator exit flow shown in Figure 4 can be represented, for

analysis purposes, by a Fourier series. Such a representation would

contain a number of harmonics, each of which would contribute to the

fluctuating pressures, forces, and moments acting on the rotor blades.

No generality in the development or application of this theoretical

model is lost if the stator exit flow is assumed to consist of a mean

flow, characterized by the velocity V, and one harmonic of the disturb-

ance flow, wd.

The components of th- disturbance flow normal to and parallel to

the rotor blade chord ere

vd - WdCOSE

and

ud wdsine

where the positive direction for wd is taken as the direction of the

mean absolute flow approaching the rotor (consistent between Figures 1

and 4) and the negative sign arises because of the relation between the
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positive direction for wd and the orientation of the (x+,y ) axis sys-

tem on the reference rotor blade. As shown in Figure 4, * - 1800

m - and c + am + & =90
° . Thus, £ - * -90 ° , and the disturbance

flow velocity components can be written as

vd - -w dsln (30a)

and

ud = -WdcoSO (30b)

Note that, if am - 0, the disturbance flow field of Figure 1 is

regained, 0 - 1800 - &, and

V d ft-w d sin&

and

ud WdCOS •

Relative to the moving rotor blades, the disturbance velocity is

harmonic with respect to time. Thus, it can be written as

wd =d
i v t " Wd i (V t " ex+) (1

d d e(1

After substituting Equations (28) and (31) into Equations (30),

Equation (29) may be written as

VI(x d(2Y max CoOs + sinO)e " x (32)
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This is the general expression for the velocity induced normal to the

chord of the reference blade.

The form for the chordwise disturbance velocity required in the

- ivtsolution of Equation (21) can be obtained by noting that ud = ude

and inserting this relation and Equation (31) into Equation (30b). The

result is

-iox+u -we coso (33)d d

The steady vorticity distribution, yo (x ) can be obtained from
a

Equation (12) evaluated with a = 0. Thus,

I

o x+) " _Z::: -x+  --k s k
+ 2 (k )

( +0 7T/I +1 - k x +-k
- 1

+;-- +-x _-
+ +[ + 1 gc -c x hc - x+]

where k is a dummy integration variable and use has been made of the

fact that, if w - 0, v - Ot if v a 0, t - m; and, if t T - 0, and

then ein T - 1. The steady circulation distribution, r , can be evalu-

ated from Equation (13) with w 0. Thus,
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/ 1 + +kr1 kJ 1 -- - ( k ) d k

.C -1

21 - 2+Z [C1 + C2  2

Substitution of this relation into the expression for yo(x and col-

lecting terms leads to

1

=+ I 1- + k
y (x ) =-/:+

0 s i + { k{+k

r -1

+ [ -x + 2- .
r 1 V (k)dk-1 a* vi8

2- [ + J C1 +C2 -2] J

This expression can be simplified by noting that

G(o,x+, S/C,&)

= llm G(w,x ,S/C,&)
Wr*o



60

(~lt2)()

-rniiiwH 1 ()W

iiw[H (2)(M + iH 2)( ()c + C2 - 2]

- 2 (34)

2 m 2

w(2) = i (2) -21 +since lim 2o 0 =M 0 and l 2( -12(w Thus, y (x+ ) can be
O (0-*00

expressed as

1
+ (ox S/C,0

y (x fl)k
0 it i1- + 2

The steady velocityinducednOrmal to the chord, v (x+) is given by 

Equation (27b). Substituting Equation (27b) into the expression for

++

yo(x ) and colcigtrsleads to the relation
+~~ -n d

9c (x I2c [~~x-1il+
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+ k 2dk 1+ dk

+ kdk ] G (o,x x S/CFO

-1 V/ k2 (x+ k)J2

k dk + mj Vf1-+kd

+ I[ Cl x+ + hcC-2

Values for the integrals with respect to the variable k on the right-

hand side of this expression are given by Equations (16) through (20)

of Appendix D. Substituting these values into the above expression and

collecting terms yields

y (X+)inW l X [ 4Y~ + x)+ + 21
01 ,+ + mx + m

+ (i m+ ymax)G(o,x c ,s/C 1 +
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+ 1 C (35)

The desired expression for the unsteady lift can now be derived by

substitution of the expressions for v i(x) u d(x) and y 0 (X) given

by Equations (32), (33), and (35) into Equation (21). This leads to

the following relation for the unsteady lift coefficient:

- co". [4 + x + 21m) [ 1-----+-io dx ]
L 2wx++ma + +

+ 4y -- e- e dx+

max l4-1 + -x +

+ Ei + Y+ )G(o,x + S/CI0~

{Cl[ x 3
l-xigx++

+~ -iex

1 , + x+ h x+]
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+a + [ l+x+ + 10x+ 1
" 4y+ e G(wx C e X

-1

+ fO + +
+ 41y+[ax J1 - (x+)2 x+e -1x dx+ ]

inc s / + + +

i

c X+

+ iW[J l (X+), e-o+ dx+

Values for the integrals on the right-hand side of this expression are

given in Equations (21) through (27) of Appendix D. Substituting appro-

priate values for the integrals and collecting terms in the resulting

expression leads to the following equation for the unsteady lift coef-

ficient for a blade in a cascade of symmetrical parabolic arc blades

operating at a nonzero mean angle of incidence in a velocity field that

contains both transverse and chordwise disturbance velocities:

m - cos{ [ ea ] J2 (e) + Jo()

G(w,x s/C,&)[Jo(e) - I2(e) - 20 I()]
c 2 iJ1()
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+y +1
+ Ymax 2  iraG(Ox+ S/C,)

2f) + j [Cl + C2 -

-2 1 ()- m Jm(e) m - + [hc - h7c- 1 ] j

m 1

+ i[Jo() + iJ1 (6)] - sin{ G(w,x+,S/CE)[Jo(e) - iJ1 (e)]

+ [ ] Jl(e) }(36)

In Appendix E, it is shown that, for very large values of blade spacing

(i.e., S- ), Equation (36) reduces to the isolated airfoil result

obtained by Horlock [II].

2.7 Unsteady Pitching Moment

The basic equation for the unsteady pitching moment about an axis

through the mid-chord position, positive for leading-edge up rotation,

is

C

M,, - [p (+)() -p(_)(0)] Fl - do

0

As defined previously,

.1
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C3 -(a +1
2

s0

C +

do -()do

and then

C2 (a+ado

in the nondimensional coordinate system. From this,

1

M.- 1 [- I. (C,+2i aJ+o+ (37)

By substituting Equation (18) into Equation (37), reversing the order

of integration in the second and third terms on the right-hand side,

moving the suumations outside of the integral signs, employing Equations

(22), (28), and (29) of Appendix D, and collecting terms, the result is

M - udY (x )x dx - I 1 (x)2 v i(x +)dx+
4%W wd s 2 2rw J

1H (2)M
iw + +__+__0

+2nr " d I i x (o x )ado+ dx+ - 8w
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iwAe- iW + i n T  A( + ,g )°++

4vT Wd c W 1-

+ } A(a+,hc)+d + - j A(o+,gl)o+d°+ - A(o+,hl)o+do+

-1 ~-i -i

Ae1 W +- 1 in I 9(C I - 1) - C1  + h C2- 1) - C2

+ iwe( 1 + B2 ) ]

Integration by parts can be employed with the aid of Equations (30) and

(31) of Appendix D to evaluate the remaining five integrals on the
+

right-hand side with respect to the variable a . Values for these

integrals are presented as Equations (32) and (33) of Appendix D.

Substituting the appropriate values into the above expression leads to

1 1

+ x_!. J (x+)2 x I vi(x+)dx+ o

d -ld8d
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iwAei + e gc - ) -N/"

+ e ~ g!

1 I

C

4 2 d 2 2 1 2

-I -II

+ ilw! (B + B2)

2-1 2

By employing Equation (14) and the relation r 0 - ~ as was done in

10

the unsteady lift analysis, the above expression for the unsteady pitch-

ing moment coefficient becomes

+ +

1 f yxS (x )x+dx +  (x+)2 ( 8)
4wW w d - d

1

+ th functiv v +)xdx

4iw

B(w,x + S/C,'O +(8C + ++~

where the function
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B(w,x ,S/C,&)

tH(2)(M + i nT  l + Im[B + B2]

0 + 1

00-1 , (39)

iiTuW[H 1 (w) + iH 0 CW)] + [ :+ [] ete(G 1)]
with

K1 = iwe-iWCF1 + F2 ] + 2eiw [g c(C - I) - 1 + hc(C 2 -1) - 2 ,

i~~ C1  h(C C2"111

and

F2 hcChc c 11~h 1 h

The function B(w,x ,S/C, ) represents the cascade effect on the

unsteady pitching moment coefficient. An analysis is presented in

Appendix F which shows that, for very large values of blade spacing

(i.e., S-. ), the terms containing the summations in Equation (39)

approach zero. In the limit, when S -

B(w,x+,,&) - C() - 1

The final expression for the unsteady pitching moment can now be

derived by substituting the expressions for vi(x+), Ud(X), and y (x )
8
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developed in the unsteady lift analysis section and given by Equations

(32), (33), and (35), into Equation (38). This leads to the expression

Vt 1-+ +
-- X+-e dx+

co" 2 21 - + -i+

+ + 2 +-e +'
"+21wy 1-x (x)2 (x)+ e-o dx

-1

" Fi + Y+ x]G(o,x+,S/C,&) +
~m nax c

C -1-x+L- + x+
+i + g -x

+io +

+ Cx x+ ei X+1

+e + o++

-l mi a :h- -x X+ +ixd

+ +

+ " 2(+)2 e +itdi4nd
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i+ i J I - (x+) x+e- iOX +dx

-1

I

Values for the integrals on the right-hand side of this expression are

given as Equations (22), (24) through (27), (34), and (35) of Appendix

D. Substituting appropriate values for the integrals and collecting

terms in the resulting expression leads to the expression

++

6+ W I 1aix 2

"I m e2 12e

" [ + + SG(o, ++ - e dx

• g [g(Cl 1 1) - CI1 + h C(C 2 1 ) C C2]Jo(8) - (C I + C 2 )JI(0)
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- 2 gc . (t)=(gc- gc-1)- w1

+ 1 (i)-(h - m J  ( )

m - i 1 -[

+ B(w,x,S/C,E)Cj (6) - i J(0) ] (40)

This is the equation for the unsteady pitching moment coefficient for a

blade in a cascade of symmetrical parabolic arc blades operating at a

nonzero mean angle of incidence in a velocity field that contains both

transverse and chordwise disturbance velocities. Its value for the

linmiting case of infinite spacing between adjacent blades provides a

check on its validity, since, for this case, the isolated airfoil

result obtained by Holmes E13] should be obtained. An analysis pre-

sented in Appendix G shows that Equation (40) reduces to Holmes' result

in the limit.

4 0 6 2



CHAPTER 3

EXPERIMENTAL APPARATUS, DATA ACQUISITION,

AND DATA ANALYSIS

3.1 Introduction

The facility described in this chapter was designed specifically

to provide a capability for research on the response of axial flow

turbomachinery blade rows to subsonic, incompressible, unsteady inlet

flows. It is called the Axial Flow Research Fan. It is locat-d in the

Garfield Thomas Water Tunnel Building of the Applied Research

Laboratory. A detailed description of the facility and related data

acquisition and reduction techniques has been presented by Bruce [28].

The data obtained using this facility are presented in a later chapter

where they are compared with theoretical predictions. An analysis of

the experimental error associated with the data is presented in Appendix

H.

3.2 The Axial Flow Research Fan

The facility is shown schematically in Figure 5. It is 18.8 ft

long and consists of an annular flow passage bounded at one end by a

bellmouth inlet and at the other end by an exhaust throttle. It has a

hub radius of 4.750 in. and a hub-to-tip radius ratio of 0.442, and it

operates in the stagnation pressure ratio range from 1.0 to 1.1. The

facility can be operated with mean axial velocities up to 110 ft/sec

with test rotor tip speeds up to 320 ft/sec. The forward region, from

the inlet to a point just upstream of the test rotor drive motor, is
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bounded by a 9.500-in. diameter cylindrical hub surface and a 21.500-in.

inside diameter cylindrical outer casing. These surfaces are tapered

to slightly larger diameters near the downstream end to permit housing

the 20 HP test rotor drive motor inside the hub and to permit mating

with the auxiliary fan outer casing. The auxiliary fan delivers 15,000

ft3 of air per minute at a pressure of 3.5 in. of water gage at its

nominal operating point. The auxilary fan drive motor and the test

rotor drive motor speed can be adjusted independently at values up to

56.7 revolutions per second.

The 48.0-in. long segment located just downstreart of the bellmouth

inlet is the disturbance-generating section. This long flow path was

required to permit the development of distorted flow fields, generated

by placing specially tailored wire grids at selected positions within

the cylindrical annulus, into a desired pattern at the test rotor inlet.

The section immediately downstream of the disturbance-generating

section houses the test rotor-stator stage. The outer casing of the

part of this section forward of the stator housing is supported by two

large bearings and is free to rotate about the facility centerline.

Rotation of this outer casing segment can be controlled automatically

in preselected increments from a minimum step of 0.01250 to a maximum

step in excess of 3600. This feature permits controlled rotation of

casing mounted flow surveying probes in the circumferential direction.

The facility contains split outer casing and hub sections, both

upstream of and downstream of the stator. By interchanging split sec-

tions of different lengths, it is possible to move the stator blade row

relative to the rotor blade row. Rotor-stator axial spacing can be

varied by this means from 3 in. to 12 in.
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The hardware components downstream of the stator position are a

14-channel coin-silver slip-ring unit, the test rotor drive motor, the

auxiliary fan, and the throttle. The motors and throttle yere Inten-

tionally located at a downstream distance large enough to permit Inser-

tion of a silencer between the stator and the noise-generating drive

motors. A silencer was available, but it was not required for this

research program.

3.3 Disturbance-Generating Wire Grids

A fluid stream passing through a grid experiences a loss in total

pressure AP. This pressure drop can be described by ,o dimensionless

resistance coefficient K based on the upstream fluid properties as

2P

A number of investigators, including Weighardt (29], have shown that

grid geometry and resistance coefficient can be related by an equation

of the form

K - ca (41)

( - s)2

where s is the grid solidity and c is a loss coefficient which is a

function of Reynolds number Re based on grid wire diameter d and the

V
interstitial velocity through the grid (1 - s)" Grid solidity is

defined as the ratio of blocked area to total area. For a square mesh

grid composed of wires of diameter d with wire center-to-center spacing

m, grid solidity is given by
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S d 1 (d2

m

Cornell [30] analyzed grid resistance data for Re < 20,000 and found,

for square mesh wire grids, that c initially decreased with increasing

Reynolds number, then leveled off at about 0.80 in the range 600 < Re <

4000, and then rose gradually to a value of 1.00 at Re a 15,000.

In fabricating disturbance-generating grids for use in this

research program, a grid overlay technique was used; i.e., segments of

wire grid having different mesh sizes and wire diameters were placed

side-by-side in a prescribed pattern over a single support grid of low

resistance coefficient. McCarthy [31] has reported the results of a

series of experiments for an arrangement of this type. His experiments

covered the Reynolds number range from 600 to 5000 based on the overlay

grid geometry. He found that the combined resistance coefficient was

accurately predicted by adding the individual resistance coefficients

of the support and overlay grids as predicted using Equation (41) with

c - 0.78. His experiments were conducted in a water tunnel using a

support grid with a solidity of 0.267. The measured combined resistance

coefficients varied from 0.8 to 17.00.

McCarthy also developed an analytical solution for the steady,

moderately sheared, three-dimensional flow past wire grids of arbitrary

resistance distribution placed normal to the axis of a duct of arbitrary

but constant cross-section. His formulation represents an extension of

the work of Owen and Zienkiewicz [32] and Elder [33] which applies for

weakly sheared, two-dimensional flow past wire grids.

In this research program, the desired mid-span rotor inlet flow

field consists of a spatially fixed axial velocity V(n) that is

a.J
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independent of radial position and varies sinusoidally in the circum-

ferential direction. Thus, V(n) may be expressed as

V(n) - V 1 + (w-)sin(Nn) (42)

where n is circumferential position, V is circumferential mean rotor

inlet absolute velocity, wd is disturbance velocity, and N is number of

cycles of velocity variation per circumference. In terms of V(n) and

V, McCarthy's solution has the form

VWn 1 1.02(l + ) '( 1 + 6 3 3(43)
V ( + *3)2/3 6*2

Substitution of Equation (42) into Equation (43) leads to the expres-

sion

Wd - 1.02(1 + )(T _ 1 + 6 3 )
( --) sinNn - 2/32 (44)

( + ,) 2/3 62

where

(1 + K)1 /2

+63 (1 + 32/3

6/ 0 2 1.02V(l + 0

and

o0 (1 + Kin) /
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At any circumferential position, the grid resistance coefficient can be

expressed as

K - Kmin + AK

where Kmin is associated with the large wire diameter, large wire

spacing grid used to provide structural support for the grid assembly

and AK is the increment in resistance coefficient associated with the

overlay grid. Note that both K and AK are functions of n and that, for
wd

selected values of Kn, (-), and N, Equation (44) defines the varia-

tion of K with circumferential position n.

The support grid used in the grids fabricated for this research

program was made of brass with d - 0.135 in., m = 1.015 in., s - 0.248,

and Kmin ' 0.343. Results obtained by solving Equation (44) with

w 
d

Figure 6. For all values of (i-), the circumferential variation of

resistance coefficient is characterized by a peak at n - 2700 that is

sharper than the valley at n =900. This occurs because the flow in the

vicinity of the screen tends to curve away from the region of high re-

sistance coefficient and toward the region of low resistance coefficient.

The design information presented in Figure 6 with (-) 0.20 was

the basis for fabrication of the grids used in this research program.

The required variation of K with n for grids having values of N other

than N - 1 was obtained by replotting the data from Figure 6 with n

replaced by !. Grids were fabricated for values of N of 1, 2, 4, 5, 6,

9, 12, and 15; however, due to hardware frequency response limitations,

the 9-, 12-, and 15-cycle grids were not used in the research program.

A detailed description of the design and evaluation of all of the grids

I A -N
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has been presented by Bruce [34]. The following paragraphs summarize

this effort with respect to the l-, 2-, 4-, 5-, and 6-cycle grids.

Fabrication of grids with (--)- 0.20 and Kmin - 0.343 using

McCarthy's single overlay technique required the use of overlay grid

segments covering the range 0 < AK < 1.248. A summary of the charac-

teristics of grids that were available for this purpose is presented in

Table 1. As shown in Table 1, the design required definition of the

angular extent of segments having combined resistance coefficients of

0.343, 0.484, 0.569, etc., to provide an approximate representation of

the design variation of resistance coefficient.

Overlay segment characteristics employed in fabrication of the

1-cycle grid are presented in Figure 7. Identical overlay segment com-

binations were employed in fabricating the 2- and 4-cycle grids and in

fabricating the 5- and 6-cycle grids. These combinations are shown in

Figures 8 and 9 for the 2- and 6-cycle grids, respectively. Pictures

of the 1-, 2-, aad 6-cycle grids are shown as Figures 10, 11, and 12.

The overlay setments were positioned on the support grid with the aid

of a full-scale drawing and were attached using fine wire. All of the

overlay segments were rugged enough to withstand damage during normal

handling except for the AK - 0.226 setments used in the 2- and 4- cycle

grids. These segments were fragile, thus necessitating extra precau-

tions.

Nondimensionalized results of measurements of the mid-span rotor

inlet velocity profiles generated by three of the grids are presented

in Figures 13, 14, and 15. For these measurements, the grids were

placed on the upstream side of the inlet support struts, and the rotor

blade row was replaced by a smooth hub. Thus, the results represent
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Characteristics.
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Figure 11. Picture of Two-Cycle Grid.
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Figure 12. Picture of Six-Cycle Grid. i
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the flow field that, for analytical purposes, would exist far upstream

of the rotor. The profiles are based on measured values of mid-span

total pressure taken at 20 increments over the full circumference and

combined with the measured value of the wall static pressure. The

results shown are typical of those obtained for each of the grids over

a range of values of the circumferential mean absolute velocity V. The

solid line shown on these figures represents the variation as given by

the fundamental harmonic obtained from Fourier analysis of the data,

where

Eo i(jn + )
V = 0 

+  Ee

Additional characteristics of the velocity profiles obtained from

Fourier analysis are shown in Figures 16, 17, and 18. If the design

variation of the velocity profile had been obtained, each of these plots

would contain a single line with magnitude 0.20 at the harmonic number

corresponding to the fundamental. In each of the figures, the magnitude

of the fundamental is close to the desired value of 0.20, and the magni-

tudes of other high harmonics are approximately an order of magnitude

below this value. These results show that McCarthy's solution is ade-

quate for the design of grids of this type.

In the report describing the details of the design and evaluation

of all of the wire grids, Bruce (34] shows that the rotor inlet velocity

profile magnitude is dependent upon the value of the circumferential

mean absolute velocity V and the distance from the grid to the rotor

inlet. These dependencies are due to the effects of Reynolds number

~J-
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Figure 16. One-Cycle Grid Rotor Inlet Velocity Profile
Fourier Coefficient Magnitude Distribution.
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Figure 17. Two-Cycle Grid Rotor Inlet Velocity Profile
Fourier Coefficient Magnitude Distribution.
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Figure 18. Six-Cycle Grid Rotor Inlet Velocity Profile
Fourier Coefficient Magnitude Distribution.
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and turbulent mixing, respectively. The Reynolds number dependence is

slight and is in general agreement with the results of Cornell [30].

Turbulent mixing has an increasingly severe detrimental effect on the

velocity profile magnitude as the number of cycles of velocity variation

per circumference increases. This brings the regions of maximum and

minimum velocity closer together and results in more rapid mixing.

The grid performance characteristics required for reduction of the

data obtained in the research program are presented in Table 2. Since

all of the grids produce velocity profiles dominated by a single har-

monic, the contributions due to all other harmonics were neglected in

data analysis.

3.4 Test Rotor

The rotor employed in this program is unique in that it operates

with no pressure rise at its uniform inflow design condition. This

feature permits investigation of unsteady flow effects in the absence

of steady rotor forces and moments.

The rotor design is based on the relation

-1 Um W tan (U)

with E 450 at mid-span (i.e., at r - 7.75 in.). The blades have an

uncambered 10% thick Cl profile as described by Howell [35], a chord of

6.00 in., a span of 5.90 In., and are made of aluminum. The rotor can

be assembled with 2, 3, 4, 6, or 12 blades. Thus, configurations with

mid-span space-to-chord ratios, S/C, of 4.058, 2.705, 2.029, 1.353, or

0.676 can be evaluated. Values of S/C of 2.029, 1.353, and 0.676 were

included in this program.
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When the rotor is operating at a selected condition, the mean

axial velocity is controlled by the auxiliary fan. The test rotor is

driven by a separate 20 HP motor--hence, control of test rotor speed is

independent of auxiliary fan speed. Starting from design conditions

and increasing test rotor speed while making minor adjustments to aux-

iliary fan speed to maintain a constant value of mean axial velocity

permits operating the test rotor at preselected positive mean incidence

angles.

As noted above, the design stagger angle at the mid-span radius

was 450 . The rotor was also assembled for testing in this program with

mid-span stagger angles of 350 and 550 . Operation at these stagger

angle settings, or at positive mean incidence angles as described above,

has the disadvantage of introducing three-dimensional flow effects into

the data.

3.5 System for Measuring Unsteady Normal Force and Pitching Moment

A system was developed and used in this program to measure rotor

blade mid-span section unsteady normal force and pitching moment. The

major features of this system are depicted in Figure 19. They are:

(1) A 1.00-in. span instrumented segment is cantilevered from

the blade hub at the mid-chord position by means of a

beam which contains a force cube and a torque tube. The

center section of the blade segment is located at the

blade mid-span radius. Miniature, commercially avail-

able strain gages are bonded to the force cube and

torque tube.

- __ . -, -
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(2) The hollow 1.00-in. span itstrumented segment is made of

magnesium to minimize its mass and moment of inertia.

It is mass balanced to preclude uneven displacement due

to the forces generated by rotation. It is structurally

independent of the rotor blade except for the cantilever

mount. The aluminum tip section of the blade is attached

to posts which extend outward from the hub section and

pass through slots in the 1.00-in, span instrumented seg-

ment . A maximum clearance of O.OOS in. exists between

adjacent blade and Inst rumented stegment surfaces.

(3) lnput power and signal transmission li nes run from the

strain-gaged beam through the rotor hub and the hollow

drive shaft to a slip-ring unit. Lines running from

the slip-ring unit to power supplies and/or data record-

ing and analysis equipment pass through holes drilled

in one of the aft support struts.

The static response of the force and moment sensors was linear

over the full operating range with values of 0.119 volts/oz and 0.056

volts!in.-oz, respectively. Both sensors were calibrated dynamically

with excitation provided by electromagnetic shakers as shown in Figure

20. In-phaat operation of the shakers produced an applied time-

dependent torque, while out-of-phase operation produced an applied

time-dependent force. The sensor response curves obtained by this

means, after applying corrections for differences between the beam/

shaker effective mass and the blade segment mass, are shown In Figure

21. In the test ing performed in the research program, the maximum

fundamental frequency encountered was on the order of 130 Hz. This
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frequency was thought to be low enough to avoid complications due to

the system resonance near 200 Hz. The difference in phase between the

input signal and the sensor output was recorded as part of the dynamic

calibration. For frequencies below 150 Hz, the phase difference was

negligible.

3.6 Unsteady Force and Moment Data Acquisition System

A block diagram of the test instrumentation is shown in Figure 22.

Power to the strain gages and the unsteady signals from the strain gages

were transmitted across a coin-silver slip-ring unit. A capacitor was

installed in the moment gage signal transmission line to eliminate the

voltage due to the steady moment induced by rotation. The fluctuating

signal from the force and moment gages and the output of a protocell

mounted on the rotor drive motor casing were displayed on an oscillo-

scope and were simultaneously recorded on FM tape for subsequent analy-

sis. The photocell signal was adjusted to appear at the instant during

each rotor revolution when the point at the mid-span radius on the

leading edge of the instrumented segment passed a selected circumfer-

ential position. This photocell signal was used as a trigger for

ensemble averaging during data analysis and in defining the phase

relationship between the circumferentially nonuniform rotor inflow and

the unsteady force and moment generated on the instrumented blade

segment. The three recorded signals were selectively displayed on the

oscilloscope for comparison with the input signal during each test to

assure that the recorded signal was identical to the input signal.

Prior to and after recording each set of data, calibration tones with

Oggi
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preselected amplitudes were recorded on each data channel for use in

monitoring the recorded signal voltage levels.

3.7 Data Analysis

A 150-sec duration record was made at each test condition of the

force and moment gage output and of the output of the photocell which

emitted one pulse for each revolution of the test rotor. The maximum

and minimum rotor speeds used in the experimental program were 1309 and

593 RPM, respectively. As a result, the period for one rotor revolution

varied from a minimum of 0.0458 to a maximum of 0.1011 sec. Thus, the

total taped record contained data for a minimum of 1484 and a maximum

of 3275 rotor revolutions at each test condition.

Data analysis at each test condition was based on a total of 500

samples of the taped gage output which were digitized and phase-lock

averaged, using the photocell output as a trigger. Each data sample

contained 512 points with a time increment between points of 0.0002 sec.

The time duration of the digitizing process, 0.1024 sec, exceeded the

rotor period in all cases. The portion of this averaged signal which

corresponded to the time for one rotor revolution, starting with the

photocell pulse at time zero, was then Fourier analyzed to define the

gage output--both magnitude and phase angle--associated with the fre-

quencies which corresponded to integer multiples of the rotor speed.

The gage output at the frequency at which the gages were driven by the

disturbance-generating wire grids was then reduced to force or moment

coefficient form and the phase angle results were combined with the

measured no-rotor disturbance flow field data to obtain the force and

moment coefficient phase angle results.
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The usual purpose of phase-lock averaging is to extract a periodic

signal that is obscured by the presence of noise. The signals analyzed

here were not of this type; however, the process was used to assure

elimination of the effects of gage response to random sources of excita-

tion, such as mechanical vibration and turbulence. Results at a number

of test conditions were examined to determine how the number of samples

used in the averaging process affected the final result. Results for

one of the most strongly affected cases are shown in Figure 23 and

Table 3. These results show that the noise present in the signals did

not have a significant effect on either the magnitude or the phase of

the gage output at the driven frequency.
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ROTOR: SIC 1. 353, 350

DISTURBANCE GRID: 4 CYCLE

OPERATING CONDITION: V =U =56.8 if Ise

1 SAMPLE
0.2

0

-0. a I

0. AVG. OF 5 ,SAMPLES.

0

AVG. OF 500 SAMPLES

00.1

TiINE, t Isec)

Figure 23. Kffect of increasing Number of Samples
on Moment Gage Output Signal.
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TABLE 3

EFFECT OF INCREASING NUMBER OF SAMPLES ON
FOURIER COEFFICIENTS AT THE DRIVEN FREQUENCY

ROTOR: S/C - 1.353, C - 35 0

DISTURBAN4CE GRID: 4-cycle
OPERATING CONDITION: V - U -56.8 ft/sec

Number Amplitude Phase
of (E4) 04)

Sampls-s volts deg

1 0.07667 228.91

5 0.07755 226.60

10 0.07672 226.17

50 0.07764 225.44

100 0.07805 225.16

500 0.07757 225.31



CHAPTER 4

EXPERIMENTAL AND THEORETICAL RESULTS

4.1 Introduction

Experimental results obtained using the system described in Chapter

3 are presented herein in the form of unsteady normal force and pitching

moment coefficients, N and , the related phase angles, *F and #M* and

the nondimensionalized location of the unsteady center-of-pressure,
x C. p.C-P These experimental results are compared with predictions

C

obtained from Equations (36) and (40) of Chapter 2 and from the theory

of Whitehead-Smith [17]. Since the results are limited to mean angles

of incidence below 90, the difference at a given test condition between

normal force coefficient and lift force coefficient is small enough to

be neglected. Accordingly, the ordinate in the figures where force

coefficient comparisons are shown is denoted as unsteady lift force

coefficient even though the data points represent normal force coef-

ficients.

4.2 Programming of the Theoretical Solution

The computer program developed by Henderson [18] was modified and

extended as a result of the analysis presented in Chapter 2 to obtain

lift force and pitching moment coefficient predictions based on

Equations (36) and (40). In Henderson's program, the only programming

that was not straightforward was associated with evaluation of the func-

tion G(w,xc,S/C,). He evaluated the integrals defined as B1, B2, D1,
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and D, [see Equation (22)] numerically since they could not be evaluated

in closed form. Based on the fact that the behavior of the integrands,

for all values of the other parameters, was characterized by a damped

oscillation about the value zero as A increased, he argued that conver-

gence of the integrals was assured. By adopting a convergence criterion

of an increase in the magnitude of the value of the integral less than

0.001 for a one-wavelength increase in X+ to define the value of the

integrals, he then evaluated each integral for a given value of n and

constructed sums--which also were characterized by a damped, oscillatory

behavior--by including the contribution due to positive and negative

pairs (n - ±1, ±2, etc.) of values for the integrals combined with the

contributions due to the terms containing the factor [C1 + C2 - 2].

The calculation of each sum was continued, with these complex quantities

separated into real and imaginary parts, until the difference between

the average value of the individual sums computed from In! = 3 to In! =

k differed from the average value of the individual sums computed from

In- - 3 to In! - k + 1 by less than a factor of 0.01. Henderson's

programming of this part of the solution for G(w,x+,S/C,r) was retained

in the present analysis.

As shown in Appendix A, the term in the expression for G(u,x , S/C,

1) that Henderson expressed as

-1 O

inT~ 21we iu (A1 + A2 A3  A)

was replaced in the present analysis by its integrated value

L I.
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r -1 1[~ +~j ei.ueL(E + E,)]

The convergence criterion described above based on the magnitude of the

difference between successive average values of the sums was also

applied to this term. This change had no effect on the computed values

fthe function G(,xS/C,&), as the values co..puted for use in this

analysis agree with Henderson's values to five d cimal places. Computed

values of the function G(o,x+ ,/C,&) also were not affected since this

term is zero when w - 0. For most cases, the value of these functions

had converged for n < ±12. More terms were required for convergence

for cases with low values of reduced frequency and for cases where the

wavelength of the inlet disturbance, Z, was equal to the blade spacing

divided by a positive integer.

Computed unsteady lift force coefficients based on Equation (36)

differ from those computed by Henderson (see Appendix A) by the contri-

bution due to the term

-Ymax + i +)G(ox4,S/C, +

ma m 2 1]

In [m~l i)"Jm(6 [ g2  1: + [hc if] -l

m [oc vl o

In adding this term to the computer program, the summations on m were

carried out with a fixed upper value of m -f 20. This upper limit was
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selected to assure convergence of these interior sums. A preliminary

examination of their behavior showed that they had converged to a fixed

value good to five decimal places with values of m in the range between

m - 5 and m - 10. Examination of the value of this entire term as a

function of n showed that the convergence criterion adopted by Henderson

for evaluation of the term containing the integrals denoted as B1, B2 ,

DI . and D2 would not he satisfactory. In Henderson's case, large oscil-

lations in the value of the tern were restricted to values of n in the

range Inl < 3. In this term, the oscillations were more lightly damped

and the final value of the sum was much closer to the intermediate

values given by terminating the summation with any positive value of n.

Consequently, the value of the sun in this term was determined by taking

the average of the values obtained for each individual value of n in

the range from n - 20 to n - -30.

The solution for the unsteady pitching moment, Equation (40), con-

tains two new summations on n, the number of blades. One of these sum-

mations appears as the part of the second term in the numerator of

Equation (39), the equation for the function B(w,xc+,S/CO, which

contains the expressions grouped together as K The other summation

appears in Equation (40) as a factor to be multiplied by 
A[, m ax

G(o,x+,S/C,). A detailed examination of the behavior of these

summations showed that they approached a finite value in all cases

while undergoing an oscillation that was more lightly damped than were

the summations in the equation for the unsteady lift. As a result, the

values of these summation:; were determined by taking the average of the

values obtained for each individual value of n in the range from n - 40

to n - -50. Convergence of the interior sums on m in Equation (40)

j.y
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also was slower. As a result, these sumations were carried out with a

fixed upper value of m - 40.

The unsteady lift force and pitching moment coefficients, as

expressed by Equations (36) and (40), are complex quantities. Thus,

they can be expressed as

L " R .) +  L. 1

and

M) ~ R + i(MI

An alternate form for expressing these quantities, which i discussed

in detail by von KArmAn and Sears [3], utilizes magnitude and phase

relattonships such that

•I - 2 + 0 1 /2 ta - I Y)L .R C L ) R

and

~(2I/2
+ OM tan'

where the phase angles represent the amount by which the forco or moment

vector lags the vector of the oscillating velocity wd. These magnitude-

phase relationships have been employed in the results presented in the

remainder of this chapter.

With these definitions of the magnitude of the unsteady lift force

and pitching moment coefficients, the location of the unsteady center
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of pressure, xc.p., measured from the leading edge of the blade and

expressed as a fraction of the chord length, is given by

XC.P. 1 I1MI
C 2

By treating the summations in Equations (36) and (40) as outlined

above, the quantities L M M *F *, and x were com-
L' W' LJ 14Ml F H

puted for values of &, S/C, and i covered in the experimental program

with ymax 0 and w = 0.2, 0.3, 0.4, ..., 2.0, 2.1, 2.2. The results

of these computations are presented in the final section of this chapter

where they are compared with the measured data and with available com-
+

putations based on the Whitehead-Smith theory with im a Ymax - 0.

4.3 Comparison of Theoretical Predictions and Measured Data

Comparisons between experimental and theoretical force coeffi-

cients, I Ll or J Nj , moment coefficients, JIMI, center-of-pressure

locations, C , force coefficient phase angles, *F and moment

coefficient phase angles, *M' are presented as Figures 24 through 38.

Examination of the results at S/C - 1.353 and 2.029 shows that certain

critical reduced frequencies exist at which the theory developed in

Chapter 2 predicts the occurrence of significant changes in cascade

performance. These theoretically predicted changes are substantiated,

in many cases, by the experimental results. The values of reduced

frequency at which these changes occur are associated with cascade

inflow conditions for which the spacing between blades, S, is equal to

the wavelength of the distorted inflow, E, or an integer multiple of

this wavelength. If k represents the integers 1, 2, 3, ... , then, for
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1m M(deg) EXPER[MENT EQUATION (36)
0.24 0
2.78 a0 - - - --

5.03A
7.01 v

WHITEHEAD-SMITH THEORY WITH I = 0 -

0.4 1

SIC =0.676

0.2

- 0

0.4 SIC 1.353

U 0.2

L&J

0

~0.6SIC =2.029

~0.4

0.2 -

0 IL t

000.5 1.0 1.5 2.0

REDUCED FREQUENCY,

Figure 24. Comparison of Experimental and Theoretical Unsteady

Lift Force Coefficients with y max -0 and C - 350
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I m (dog) EXPERIMENT EQUATION (36)

0 0
40
9

WHITEHEAD-SMITH THEORY WITH I= 0 -

0.51 1

0.4 -SIC - 0.676

o( .3-- *

~0.2- 0 0h 0

z 0.1

OF I

S0.5

LA 0.4 -SC-1 5
LA_

C-)
2 0.3-...2...

LL 0.

0 0.2- ODA - I

0.2

0.1

0) 0.5 1.0 1.5 2.0

REDUCED FREQUENCY, u

Figure 25. Comparison of Experimental and Theoretical Unsteady
+ 0

Lift Force Coefficients with y a- 0 and (-45
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1 M (dog) EXPERIMENT EQUATION (36)

0.71 0
4.67 0
8.61 A

WHITEHEAD-SMITH THEORY WITH Im = 0 -

0.5 1

0.4 -SIC -0.676j

-0.3-

S0.1

10.5

0.3-

0.1

0.4 SIC - 2.029

0.3-

0.2- I
0. 1

o0.5 1.0 1.5 2.0
REDUCED FREQUENCY, w~

Figure 26. Comparison of Experimental and Theoretical unsteady
Lift~-4 FreCefcetwihy+ 0ad 50,Lif FoceCoefiiens wth -0an ~m55
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i (dog) EXPERIMENT EQUATION 140)M
0.24 0
2.78 0a
5.0
7.01

WHITEHEAD-SMITH THEORY WITH I M 0-
0.10m

SIC .0.676

0.
0.10

0.05 0,.

z
FE 0

S0.10

0.05

0
0 0.5 1.0 1.5 2.0

REDUCED FREQUENCY, w

Figure 27. Comparison of Experimental and Theoretical Unsteady

Pitching Moment Coefficients with y - 0 and
-350



118

' m (dog EXPERIMENT EQUATION (4)

0 0

8
WHITEHEAD-SMITH THEORY WITH I 0-

FLSIC =0.676

0.10

S0.05- 0

CLSIC =1. 353

0.10

0.05-

SiC 2.029

0 [ I
00 0.5 1.0 1.5 2.0

REDUCED FREQUENCY, W

Figure 28. Comparison of Experimental and Theoretical Unsteady

Pitching Moment coefficients with yma 0 and

450
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i m (deg) EXPERIMENT EQUATION (40)

0.71 0
4.67o
8.61

WHITEHEAD-SMITH THEORY WITH = 0 -

0.10

- SIC =0.676

a .0 0 00

z
0.I

~ 010 SIC 1.353

E 0.05-~ A---.

S0.10

z

0.05-

SIC 2.029 ' ...

00 0.5 1.0 1.5 2.0
REDUCED FREQUENCY. u

Figure 29. comparison of Experimental and Theoretical Unsteady

Pitching Moment Coefficients with y+ 1  0 and

~ 550
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I (dog) EXPER IMENT EQUATIONS (36) AND (40)

0.24 0
2.78 0 - - - - - -

5.03 A
7.01 v

WHITEHEAD-SMITH THEORY WITH IM 0

0.4- SIC =0.676

0.2

0.4 SIC 1.353

~0.2

S0. 4 SIC =2.029

0.2

0
0 0.5 1.0 1.5 2.0

REDUCED FREQUENCY, vi

Figure 30. Comparison of Experimental and Theoretical Unsteady

Center-of-Pressure Locations with y ma 0 and

E 350
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I m (dog) EXPERIMENT EQUATIONS (36) AND (40)
0 0
4

WHITEHEAD-SMITH THEORY WITH Im 0 -

0.-SIC - 0.676

0.3-

o 0.2- r

0.1

SIC - 1. 353
S 0.4-

0.3-/---

0.2-

0.3

0
0.1

0.5- 1.0 1.502.

REUEDFEQECY-

Fl1r 1 oprsn fEprmna n TertclUsed
0.2- 8

Center-of-Pressure Locations with y ma 0 and

~ 450
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I m (dog) EXPERIMENT EQUATIONS (36) AND (40)
0.71 0
4.67 a
8.61 A

WHITEHEAD-SMITH THEORY WITH I = 0-
0.5 I

0.4 SIC 0.676

0.3 0.

00

.5

0.41

0.3
CA

S0.2

S0.1 0 A

S 0
0.5

0.4 SIC =2.029

0.3 ---

0.2

0.1

00.5 1.0 1.5 2.0
REDUCED FREQUENCY,

Figure 32. Comparison of Experimental and Theoretical Unsteady

Center-of-Pressure Locations with y.x 0 and

~ 550

MIME-&
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1 m (deg) EXPERIMENT EQUATION (36)
0.24 0
2.78 a0
5.03&
7.01 v

WHITEHEAD-SMITH THEORY WITH =m 0 -

300

200

00

z

a. 200

~100 I

200

10 I I I
10 0.5 1.0 1.5 2.0

REDUCED FREQUENCY,

Figure 33. comparison of Experimental and Theoretical Unsteady
+ 0

Lift Force Phase Angles with ya 0 and E-35.
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1 M deg) EXPERIMENT EQUATION (36)
m 0

4 a
8 A

WHITEHEAD-SMITH THEORY WITH 1 = 0 -

300 1

20-SIC 
- 0. 676

2000

z
LlJ 300

cc200-
0z0

100
0 0.5 1.0 1.5 2.0

REDUCED FREQUENCY, ui

Figure 34. Comparison of Experimental and Theoretical Unsteady
+ 0Lift Force Phase Angles with y max =0 and E 45
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I M(deg) EXPERIMENT EQUATION (36)

0.11 0
4.61 0 ----

8.61
WHITEHEAD-SMITH THEORY WITH =m 0 -

SIC- 0.676 1

200-

0 01

S 300

b 200-

Z 100 II

0 0.5 1.0 1.5 2.0
REDUCED FREQUENCY.

Figure 35. Comparison of Experimental and Theoretical Unsteady

Lift Force Phase Angles with y 8 0 and . -550
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1m (deg) EXPERIMENT EQUATION (A0)

0.24 0
2.78 a

WHITEHEAD-SMITH THEORY WITH 1 0 -
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200
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S300
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~200 0
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300T

2300

100,I
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Figure 36. Comparison of Experimental and Theoretical Unsteady

Pitching Moment Phase Angles with y 0 and

; 350
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1 (dog) EXPERIMENT EQUATION (40)
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Figure 37. Comparison of Experimental and Theoretical Unsteady

Pitching Moment Phase Angles with +x 0 and

450
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I m (dog) EXPER IMENT EQUATION (40)
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Figure 38. Comparison of Experimental and Theoretical unsteady

Pitching Moment Phase Angles with Yma- 0 and

~ 550



129

this condition, S - ki. For the case of interest here, am - 0, VR = V,
U nksin a

and UI M 0, so e - w, and, with sinE -, w Values of
m

computed using this relation are presented in Table 4 for k - 1, 2, and

3; & - 350, 450, and 550; and (S/C) - 0.676, 1.353, and 2.029.

Henderson (18] classified these critical values of w as "resonance"

points and noted that, since the computed quantities remained finite at

these points, they were not associated with singularities in the solu-

tion or in the computational procedure. He also suggested a physical

interpretation based on phase-angle differences as follows. A basic

assumption in the analysis is that the vorticity and, as a result, the

circulation on the nth blade differs from that on the reference blade

only by the phase angle T. When T - -2k, the vorticity and circulation

on all blades and their wakes are in-phase and their individual contri-

butions to the unsteady response of the reference blade tend to be

additive. When T 0 -2kr, an out-of-phase condition exists, and some

cancellation of the contributions due to neighboring blades occurs.

These "resonance" conditions are well known in turbomachinery

design--they correspond, for example, to cases in which an inlet guide

vane blade row with a given number of blades is employed upstream of a

rotor blade row having the same number of blades. Designs such as this

are avoided since their performance is characterized by high levels of

radiated noise and vibration. A common rule of thumb in design practice

is to mismatch the number of blades employed in adjacent blade rows.

As shown in Figures 24 through 38, the Whitehead-Smith analysis

does not indicate the existence of these "resonances." Henderson attri-

buted this to the use of a limit value for the summation of the induced

velocities due to all of the blades in the cascade. The limit value



130

TABLE 4

CRITICAL REDUCED FREQUENCIES

Stagger Space- Reduced Frequency
Angle to-Chord (w)
() Ratio
deg (S/C) k- 1 k - 2 k- 3

35 0.676 2.666 5.331 7.997

35 1.353 1.332 2.664 3.995

35 2.029 0.888 1.776 2.664

45 0.676 3.286 6.572 9.858

45 1.353 1.642 3.284 4.926

45 2.029 1.095 2.190 3.285

55 0.676 3.807 7.614 11.421

55 1.353 1.902 3.804 5.706

55 2.029 1.268 2.537 3.805

now"
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is restricted to values of i in the range -21 < Y < 0. Thus, computa-

tions at points corresponding to r - -2ki are prohibited in the

Whitehead-Smith analysis.

The discussion which follows applies to the experimentally deter-

mined variation of ILI with (S/C), &, and w. However, with only a few

exceptions, which will be noted, the observations also apply to IjI.

As shown in Figures 24, 25, and 26, the effect of (S/C) on I L1 is most

strongly felt through the manner in which I LI varies with w. These

characteristic variations are only slightly dependent on t. Basically,

they show a strong cascade effect in that the variation of ICLI with w

at (S/C) - 0.676 is characterized by low values of I LI at low values

of w followed by a rise to a peak value of ILI at a value of w that

increases with increasing E. This variation changes as (S/C) increases

and, at (S/C) - 2.029, it approaches the type of variation of ILI with

w that is more characteristic of an isolated airfoil. The cascade

effect is still evident at (S/C) * 2.029 as shown by the slight increase

in I L' with an increase in w at the two highest reduced frequencies

included in the experimental program at each value of t. This increase

in I Ll with an increase in w is due in part to the fact that J Ll

decreases at each value of & as w passes through the k - 1 critical

frequency. Clear evidence of this decrease in LI is also present at

the k - 1 critical reduced frequency with (S/C) = 1.353.

These observations apply as well to the measured values of

see Figures 27, 28, and 29--except for the fact that M I is practically

independent of w at (S/C) - 0.676. The effect of mean incidence angle,

iIn, on RLI and I 1 is strongest at low and high values of w with
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-- and -- negative for all values of (S/C) and & at low values of

im 31m

w. At high values of w, t gradually becomes less negative for all
m

values of (S/C) and C, while ai goes through zero and becomes more
m

and more strongly positive with increasing values of (S/C), &, and w.
xC.p.

With regard to - , the data points shown in Figures 30, 31, and

32 reveal a cascade effect at (S/C) - 0.676 by the rearward movement of
xc CP 0

with increasing w at all values of C. For 1 - 35 , there is veryC"

little effect due to changes in im, and the center-of pressure moves

aft of the isolated airfoil location at the quarter-chord point as w

increases. At E - 45 and 55 with i M 0, xc'p moves aft to the
m C

quarter-chord point as w increases, while, at the higher reduced fre-

quencies for which data are available, the effect of positive mean inci-

dence is to move the center-of-pressure forward. At (S/C) - 1.353, for

low values of im , --- is close to the isolated airfoil positio for
mC

all values of C and for all values of w except those in the neighborhood

of a critical reduced frequency. Near these frequencies, the measured

TC.P. location is forward of the location occupied at neighboring values

C

of w. As w and & increase, the effect of increases in I is to move them

center-of-pressure forward. These observations also apply to the data

at (S/C) - 2.029, except for the fact that the data points at high

values of w for E - 450 and 550 define a position well forward of the

risolated airfoil location.
Phase-angle data for the lift force, fF1 and pitching moment, M*

are presented in Figures 33-35 and 36-38, respectively. These data are

essentially independent of C. Their dependence on (S/C) is slight. It

Li ___
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consists of a slight increase in the slope of the linear variation of

OF with w, for values of w above 0.4, with increasing values of (S/C).

At values of w less than 0.4, the data approach a constant value of *F
0180 . The effect of a positive change in i is a slight reduction inU

OF; however, this effect becomes smaller as w increases. These data do

not show a significant effect at values of w close to the critical val-

ues listed in Table 4 as do the IL, ICMI, and - data.

Theoretical predictions based on Equations (36) and (40) of Chapter

2 and on the Whitehead-Smith theory are also shown in Figures 24 through

38. As shown in Appendix C, the theoretical model developed herein is

not valid for & - 450 and 550 at (S/C) - 0.676. Consequently, the data

for these cases are compared only with the Whitehead-Smith results.

As shown in Figures 24, 25, and 26, Equation (36) predicts I LI

for I - 0 fairly accurately for w > 0.8. For w < 0.8, the predictedm

I I is too large. and the disagreement increases as w decreases. The

general trend is for the theory to predict a IJI that is higher than

the measured value. Equation (36) does predict many of the changes

shown in the data near critical values of reduced frequency regardless

of whether they represent increases or decreases in ILI. Throughout

the range of reduced frequencies covered by the experiments, the theo-

retical is negative and, in general, the predicted effect due to

increasing i exceeds the measured effect.m

Figures 27, 28, and 29 show that, in most cases, the I Ml as pre-

dicted by Equation (40) at i - 0 also exceeds the measured values.
m

Except for the points for w < 0.8 with (S/C) - 1.353 and E - 550, the

points where the theory underpredicts the data are associated with the
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relatively large changes in predicted values of I I that occur at

reduced frequencies near the critical values listed in Table 4. At val-

ues of w < 1.0 with - 35 and i M 0, while fairly accurately pre-
a

dicting the results at (S/C) - 0.676, the theory then overpredicts the

measured results to a greater and greater degree as (S/C) increases.

The most accurate prediction in this reduced frequency range shifts to

(S/C) - 1.353 at = 450 and to (S/C) - 2.029 at E - 550. At higher

reduced frequencies, the predicted cascade effects are reduced and,

except for variations associated with reduced frequencies near critical

values, the predicted performance tends to be independent of (S/C) and

(. Equation (40) predicts negative values of I--- -for all cases coy-

m

ered by the experiments except for the (S/C) - 1.353, 550 case for

low values of w. This trend is supported by the data only at low values

of reduced frequency.

Curves defining the predicted center-of-pressure position for the

unsteady lift are presented in Figures 30, 31, and 32. Since the ratio
x

of ] [ to I LI is used in the definition of -c.P_ , it is possible for

the predicted C to agree with the measured value in cases where good
C

agreement is not present between the predicted and measured values of

IJ M and I L. Examples of this behavior are the low reduced frequency

cases for - 350 with (S/C) - 1.353 and 2.029 and the low reduced

frequency case with = 45° and (S/C) - 2.029. The predicted and

measured values for i - 0 are in good agreement, i.e., to within 5% ofm

the chord length, for all cases covered by the experiments except for:

0
(1) w < 0.6 for E - 35 and (S/C) - 0.676,

(2) w < 0.4 for & - 450 and (S/C) - 1.353,
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(3) w > 1.6 for E - 450 and (S/C) - 2.029,

(4) all values of w for E - 550 and (S/C) - 1.353,

(5) w < 0.5 for C - 550 and (S/C) - 2.029, and

(6) w > 1.6 for E - 55 and (S/C) - 2.029.

In all of the cases noted above, except for w > 1.8 with 550 and

(S/C) - 1.353, the predicted -a- position is aft of the measured posi-

tion. The predicted forward center-of-pressure position for this case

occurs at one of the critical reduced frequency conditions listed in

Table 4. The theoretical curves show that the center-of-pressure moves

forward at each of these critical reduced frequencies. In all cases

where this predicted movement is significant, the measured data also

show a forward p- movement.
C

The predicted effect of increasing mean incidence angle, i, on
Cp is generally not as large as in the case of and ] A sig-

C

nificant forward shift of C- - with increasing i is shown by the data
C m

for all values of (S/C) for C - 550 and w = 2.0. The theory for (S/C) -

2.029 defines a much more aft XC-'- position and a trend due to inci-C

dence that is in the opposite direction. Examination of the high

reduced frequency measured data for 550 shows the largest effects

due to incidence and the poorest agreement with the levels and trends

predicted by the theory for both and * at (SIC) - 1.353 and

2.029. Theoretical predictions are not available for (S/C) - 0.676;

ow ,the data for at this condition show a trend due to

incidence that is similar to the trend at the other values of (S/C) and
is in opposition to the trend established by the lower reduced frequency

data at (S/C) - 0.676. These differences are sufficient to arouse

suspicion as to the validity of the data for w 2.0 with 550 ,
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particularly at high values of i . The fundamental frequencies, f,
m

required in the generation of these data points were among the highest

of any in the entire experimental program. For i - 4.670, f - 110.7

Hz, and, for i - 8.610, f - 130.6 Hz. As shown in Figure 21, operationm

at these frequencies requires an amplitude ratio correction on the order

of 10 to 30Z which, since the sensor was accurately calibrated, should

not have caused any loss of data accuracy. In operating the facility,

the rotor inlet velocity components V and U were adjusted as & and im

were changed so as to maintain a minimum Reynolds number, based on C

and W1, of 250,000. Horlock [36] has shown that large total pressure

losses can be avoided in cascade testing by operating at or above this

value. In the test program, (& + im) changed from about 350 to about

650. This change was accompanied by a gradual decrease in the value of

V and a gradual increase in the value of U. Thus, if a loss of accuracy

in the experimental data could have been caused by driving the force or

moment sensors at high frequencies, it would have appeared in the data

at large values of (& + i m). An adequate check on these data points

would require repeating the experiments using a sensor designed to pro-

vide higher resonant frequencies. This dynamic performance improvement

could only be achieved at the expense of reduced static sensitivity, so

clearly a careful tradeoff would be required.

Figures 33, 34, and 35 show that the predicted unsteady lift force

phase angle, 0F' is in good agreement with the measured data at all con-

ditions covered in the experimental program except for w K 0.6. As W

decreases, starting from w r 0.6, the theoretical predictions and the

measured data gradually diverge until a difference of approximately 200

exists at w 0.2. Theoretical results were not generated for w < 0.2
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because no data were available for comparison in this range and because

the computer program running time increased significantly as w

approached zero. In the limit, when w - 0, Equation (36) yields the

value *F - 180 for i W 0, which is in agreement with the result pre-m

sented by Henderson [18 3 .

The figures also show that the predicted effects on unsteady lift

force phase angle due to variations in (S/C) and i and due to operationm

at or near the critical reduced frequencies listed in Table 4 are small.

The effects due to changes in stagger angle, C, are negligible for

0 0
35 < E < 55

The predicted unsteady pitching moment phase angles, *M9 are shown

in Figures 36, 37, and 38. Examination of these results shows that

agreement with the measured data is poor at low values of (S/C), at low

values of w, and at values of w close to the critical values. In the

limit, when w - 0, with i + 0, Equation (40) reduces to

m -max n ,Euto 4)rdcst

= i = Yw Y O 0] sn[B(ox+SC) + 1]
m max

where

-1

x+

B(o,x cS/C' ) -

1 + (C1 + C2 - 2)- 111

a positive real number. Thus, for this condition, #M 1800. This

value is in agreement with the trend established by the experimental
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results. It also indicates that the theory will predict large changes

in M due to small changes in w for w < 0.2, a characteristic which

lacks experimental support. The rapid changes in 0M predicted by

Equation (40) in the neighborhood of critical reduced frequencies also

are not supported by the data. At fixed values of &, w, and im, the

theory predicts a slight reduction in 0M with increasing (S/C). This

feature is supported by the measured results as is the trend due to

changes in i . However, the theory generally overpredicts the effectm

on 0M due to changes in im

The performance predictions based on the Whitehead-Smith model are
+

valid only for im = Ymax ' 0. Figures 24, 25, and 26 show that this

model overpredicts the measured I LI in all cases. However, it predicts

the trends of the variation of ICLI with w very well even though it

does not follow closely the changes in the level of I LI shown by the

data in the neighborhood of critical reduced frequencies. Except for

the low reduced frequency region and regions containing critical reduced

frequencies, predictions based on the Whitehead-Smith theory and

Equation (36) are generally close to each other.

Figures 27, 28, and 29 show that the Whitehead-Smith theory over-

predicts the measured values of I I in all cases except (S/C) - 0.676

with & - 450 and 550, which it predicts quite accurately, and w 2.0

with & - 550, where the validity of the data could be questionable.

This multiple bound vortex theory also predicts the trends of the varia-

tion of 1 1 with w quite well except for the w < 0.8 region with & - 350

and (S/C) - 2.029. For all cases where low reduced frequency and criti-

cal reduced frequency effects do not cause large changes in I as
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predicted by Equation (40), predicted levels of J Mj as given by the two

theories do not differ greatly.
Xc.C.P.

The Witehead-Smith prediction of is quite good as shown by

Figures 30, 31, and 32. In cases where the predicted and measured

center-of-pressure positions do not agre? closely, the predicted posi-

tion is aft of the measured position. These cases are (S/C) - 0.676

with C - 450 and 550, critical reduced frequency regions for (S/C) -

1.353 for all values of C, and the regions near w - 2.0 with - 5 5 0 .

The Whitehead-Smith unsteady lift force phase angle predictions,

shown in Figures 33, 34. anti 35, are also quite accurate except for

reduced frequencies below w - 0.4. The predictions due to the two theo-

retical models are essentially in agreement, with differences appearing

only where the values of *F given by Equation (36) are affected by crit-

ical reduced frequency effects. Figures 36. 37, and 38 show that

predict ions by the Whitehead-Smith theory of *M' the unsteady pitching

moment phase angle, are also in good agreement with the measured results

for reduced frequencies above w - 0.6. These predict ions are

significantly better than predictions based on Equation (40) at valuts

of w below w 0.6 for all values of (S/C) and L and for all values of

w with (S/C) - 0.676 and F - 350.

The preceeding comparisons show that the theory developed herein

tends to overpredIct the effect on ILI and I?'M due to changes in mean

incidence angle and that both theories tend to overpredict the measured

values of and J ] at zero mean incidence. Possible reasons for

these overpredicttons can be traced to two main sources as noted in the

following paragraphs.

L 006, MMA
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First, in the theoretical models, the assumption is made that dis-

turbance velocities proceed through the rotor with no amplitude attenua-

tion. In recently conducted experiments, it has been demonstrated by

Yocum [37] that significant attenuation of these velocities occurs

upstream of the rotor, due to potential flow interactions, and that

still further attenuation occurs as the distortion passes through the

rotor blade row. Attenuation means a lessening of the disturbance

velocity magnitude. The attenuation that occurs between flow conditions

far upstream of the rotor and flow conditions at the rotor inleL is

defined as the ratio of the magnitude of the dominant harmonic of the

axial velocity profile as measured at the rotor inlet to the corres-

ponding harmonic of the far upstream axial velocity profile. The term

total attenuation is defined as the corresponding ratio applied to the

rotor exit-to-far upstream conditions. Attenuation may be greater than

one (negative attenuation) or less than one (positive attenuation).

Increasing attenuation is associated with decreasing values of the

velucity ratio, and, conversely, decreasing attenuation is associated

with increasing values of the velocity ratio. Yocum also showed that

the total attenuation increased with increasing values of im, E, and w

for values of these parameters covered in the experimental program

described herein. The degree of increase in total attenuation at W = 1

due to increasing i was greater for E - 350 than C - 450 . At E - 550m

with w 2 1, Yocum obtained no increase in total attenuation due to

variations in i . Over the full range of variations in i the general
m

trend was for attenuation upstream of the rotor to decrease from a value

of approximately 0.6 at w - 0.3 to a value of approximately 0.7 at w

1.8. The total attenuation, on the other hand, increased from a value

,..

2
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of approximately 0.4 at w = 0.3 to a value of approximately 0.2 at w =

1.8. The failure of the theoretical models to account for this distor-

tion velocity attenuation is one sure source for overprediction of the

measured results. The fact that the total attenuation is slightly

dependent upon i could also contribute to the disagreement between them

measured and predicted effects due to changes in this variable.

Second, the role of fluid viscosity is neglected in the theoretical

models. Due to viscosity, the wake formed downstream of each blade is

characterized by a velocity defect profile. As a result, the fluid in

the wake moves away from the blade at a velocity that is less than that

of the surrounding stream. Thus, the assumption that the shed or trail-

ing vorticity is transported away from the blades with the mean relative

velocity W is not valid. Bradshaw et al. [38J have shown that a morem

realistic assumption would equate this transport velocity to a lower

value such as 0.6 W or 0.7 W . In addition, viscosity causes dissipa-m m

tion of the shed vorticity; thus, the assumption that the wake vorticity

extends unaltered to an infinite distance downstream of each blade also

is not valid. In this regard it would be more realistic to introduce a

factor which would force the wake vorticity distribution to decay in

some prescribed manner with increasing distance from the airfoil. An

exponential decay is a reasonable choice for a first attempt.

Up to this point in this research program, no attention has been

given to an evaluation of the effects of blade camber. This is because

experimental data are not available for a rotor containing cambered

blades. In addition, the analysis of the effects of reduced frequency

has been limited to values covered in the experimental program. The

results presented in Chapter 5 remedy these situations by the
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presentation of results obtained using Equations (36) and (40) in the

form of plots for E - 350, 45 and 550 of I L  0 ' i ' "a

IM 1, a , and + versus w for 0.2 < w <_ 10.0 for 0.676 or
0,0 m Dy

1.353 < (S/C) < 99. Here, " L I and J I denote values of the
0,0 0,0

lift force and pitching moment coefficients computed for the case of

zero mean incidence angle and zero camber. These basic values are

essential for computation of the final coefficients which may be expres-o

sed as

I + ''Ll +aILI +Y(5
LII- 'k aL +

0 , 0  m aYmax

and

"~'. 1+ mm + +max (46)
0,0 ayma

The plots clearly show regions where cascade effects are significant;

however, their greatest utility is perhaps in the rapid estimation of

cascade unsteady response including effects of blade camber and positive

mean incidence angle.

4,

4j



CHAPTER 5

THEORETICAL PREDICTIONS OF THE EFFECTS OF STAGGER ANGLE,
SPACE-TO-CHORD RATIO, MEAN INCIDENCE, AND CAMBER ON THE
LIFT FORCE AND PITCHING MOMENT COEFFICIENT MAGNITUDE FOR

A RANGE OF VALUES OF REDUCED FREQUENCY

5.1 Introduction

Theoretical results given by Equations (36) and (40) are presented

in Figures 39 through 56 in the form of plots for C - 350 , 450, and 550

ofk alLI 1Ll 31m aIMI aIMIof k I. + I'm 1, ,and - versus w for 0.2 <o'. o a, i m a ' 0 0 3 'aa +-
max Omax

w < 10.0 with (S/C) - 0.676 or 1.353, 2.029, and 99. The expanded

ranges covered by the parameters w and (S/C) are sufficient to define

regions where cascade effects are significant by comparison with iso-

lated airfoil results. A second, and perhaps more important, use for

the plots is as a means for the rapid estimation of cascade unsteady
+

performance as a function of &, w, (S/C), im9 and ya

5.2 Discussion of Results

The characteristics of each coefficient or partial derivative are

discussed separately in the following paragraphs. These paragraphs are

followed by a discussion of a more general nature. In this analysis,

the cascade results for (S/C) - 99 are considered to be equivalent to

isolated airfoil results.

Figures 39, 40, and 41 contain the ' L I data. They show that,
0,0

for a given value of w with (S/C) - 99, an increase in the value of
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results in an increase in L  j. Cascade effects, i.e., effects due
OO

to changes in the value of the parameter (S/C), are absent for w > 4

except for small perturbations at values of w in the neighborhood of

critical values. Thus, for w > 4, values of t L I predicted by iso-
0,0

lated airfoil theory represent a good approximation of cascade perform-

ance.

al L
The characteristics of the partial derivative a are shown in

m

Figures 42, 43, and 44. For a given value of w with (S/C) - 99, this

partial derivative increases as & increases. Cascade effects are impor-

tant at low values of E, where -- L--- becomes significantly less negative
m

as (S/C) decreases from 2.029 to 0.676. At other values of (S/C) and E,

cascade effects are unimportant for w > 2. Values of this derivative

are negative for all values of C, w, and (S/C), indicating that positive

values of mean incidence angle could be employed to reduce I L.

The results shown in Figures 45, 46, and 47 show chat the partial

derivative -- is practically independent of &. Variations in this
aymax

derivative in the neighborhood of critical values of w are small and

cascade effects are important only for w < I with (S/C) < 2.029 and for

w > 2.5 with (S/C) < 2.029 and C < 45g. The value of the derivative is

negative for w < 1.7; therefore, camber could be used to reduce I LI in

this range. For values of w > 1.7, I Lt increases with increasing

camber.

The computed unsteady pitching moment coefficient results are

presented in Figures 48, 49, and 50. They show that, for a fixed value

- I. . . .AL -I.. W+ ' - , _ . . , . .. .... ..
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of w with (S/C) - 99, an increase in stagger angle, , leads to an

increase in I M 1. The results also show that cascade effects are
oo

small for w > 4, in all cases except for (S/C) < 2.029 with C < 450, if

changes in I M I at values of w in the neighborhood of critical values

are neglected. The results presented in Chapter 4 show that neglecting

the predicted large changes of this type would produce both a more real-

istic representation of the data and better agreement with the predic-

tions of the Whitehead-Smith theory. Such a smoothing of the theoreti-

cal predictions, if adopted, would not eliminate the cascade effects

entirely.

Figures 51, 52, and 53 define the predicted effect of mean

incidence angle, i., on I MI. Again, at a given value of w with (S/C) =

99, a---Iincreases as & increases. Cascade effects are important at
m

low values of C, where a becomes less negative as (S/C) decreases
m

from 2.029 to 0.676. At other values of (S/C), except for local changes

at critical values of w, cascade effects are unimportant for w > 3. The

aRtI
values of - are negative in all cases for w > 0.5. Therefore, for

m

w > 0.5, positive values of mean incidence could be employed to reduce

The final group of figures, Figures 54, 55, and 56, define the

predicted effect of camber on I Ml. Just as - is practically

independent of &, + is only slightly influenced by changes in C at

amaxa given value of w with (S/C) =99. The typical effects of critical
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reduced frequency are present only at low values of w, and for w > 4

cascade effects are unimportant except for (S/C) < 2.029 with < 450*

Values of -- are negative for 1.5 < w < 3.2, so in this region posi-
+
Ymax

tive camber can be employed to reduce I I. At values of w outside of

this region, I l increases with increases in camber.

The results presented in Figures 39 through 56, when considered as

an entity, reveal a number of significant aspects regarding cascade

response to distorted inflow. First, with the exception of cascades

with (S/C) < 2.029 and E < 450, cascade response to distorted inflow

can be adequately approximated by isolated airfoil theory for w > 4.

Second, for w < 1.7, positive mean incidence and positive camber can be

employed beneficially to reduce I Ll' For w > 1.7, the effect of posi-

tive camber becomes detrimental, while the effect of positive mean inci-

dence remains beneficial. Third, with the exception of cascades having

low values of (S/C) operating at very low values of w, positive values

of mean incidence angle can be employed to reduce I I. In the range

1.5 < w < 3.2, positive camber can be employed to obtain a further

reduction in I M. Fourth, the above results show that it is only in

the narrow region 1.5 w < 1.7 that both positive mean incidence and

positive camber can be employed to reduce both I Ll and I 1.



CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

The following conclusions are based on the results of a study of

unsteady cascade performance using the theoretical model developed

herein over an extended range of variation of the parameters (S/C) and

w. These conclusions are of particular significance with regard to the

selection of cascades with minimum response during operation in a given

distorted flow:

(1) To predict the unsteady performance of a given cascade

containing cambered blades and operating at a nonzero

mean incidence angle, the best approach at present

would be to obtain zero mean incidence, zero camber

results from the Whitehead-Smith theory and apply cor-

rections for camber and incidence as defined by the

theory developed herein. If the zero mean incidence,

zero camber results are denoted by L I and l 1,
0,0 0,0

then the desired results are expressed by Equations

(45) and (46) as

ILI aI LI +
L1 I L + 71-m + a +-7ymax0,0 m Ymax

and
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MI M ' + i 5Y: 1m +T+-max
oo m aYmax

In this formulation, the partial derivatives would be

obtained from Equations (36) and (40). Alternately,

Equations (36) and (40) could be employed directly to

comnpute I LI and I MI; however, in this case, large

changes in the predicted level of the coefficients at

values of reduced frequency in the neighborhood of

critical values should be ignored.

(2) With the exception of cascades with (S/C) < 2.029 and

< 450, cascade response to distorted inflow can be

adequately approximated by isolated airfoil theory for

w > 4. For cascades with (S/C) < 2.029 and < 450,

the only term in Equations (45) and (46) which does

not exhibit significant cascade effects is IL .
oo

(3) In the reduced frequency range where cascade effects

are important for all values of the parameters (S/C)

and 6, i.e., for w < 4, low values of ' L I and
0,0

I M I at a given value of w are generally associ-
0,0

ated with low values of &. The value of the parameter

(S/C) also has a significant effect on I L I and
0,0

IM Iand, for given values of w and , judicious
oo

selection of the value of (S/C) can result in signifi-

cant reductions in ICL I and CM I.
OO O90

(4) In addition to the effects on the basic quantities

l L and I M due to variationt, in w anid (S/C)
0,0 0,0
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noted above, the final values I LI and I I can be

reduced to still lower levels through selection of

advantageous values for mean incidence angle and maxi-

mum camber. For all values of (S/C) with w < 1.7,

positive mean incidence and positive camber can be

employed beneficially to reduce I LI. For w > 1.7,

the effect of positive camber becomes detrimental

while the effect of positive mean incidence remains

beneficial. With the exception of cascades having low

values of (S/C) operating at very low values of w,

positive values of mean incidence angle can be employed

to reduce I MI. In the range 1.5 < w 4 3.2, positive

camber can be employed to obtain a further reduction in

R MI. Thus, it is only in the narrow region 1.5 < w <

1.7 that both positive mean incidence and positive cam-

ber can be employed to reduce both IRLI and 1CMI.

(5) The information presented in Figures 39 through 56 can

be employed in the estimation of the unsteady perform-

ance of a given cascade operating in a given distorted

inflow.

The following conclusions are based on the results of the portion

of this study in which theoretical predictions of cascade performance

were compared with measured performance:

(1) The Whitehead-Smith theory, while it does not predict

the changes in performance levels substantiated by

the data in the neighborhood of critical reduced

frequencies, provides a better over-all estimate of
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unsteady cascade performance at zero mean incidence

angle and zero camber than does the model developed

herein. This superior prediction capability in

thought to be due to the use in the Whitehead-Smith

model of a more detailed unsteady bound vorticity

distribution.

(2) The theory presented herein does not provide a good

prediction of unsteady cascade performance at low

values of reduced frequency, I.e., w < 0.8. In addi-

tion, the unsteady lift force coefficient pre dicted

by Equation (36) undergoes significant changes in level

in the neighborhood of values of reduced frequency for

which the blade-to-blade spacing is an integer multiple

of the wavelength of the distorted inflow. These level

changes also appear in the measured data. Similar

changes in level are predicted by Equation (40) for the

unsteady pitching moment coefficient; however, the

related changes in the measured data are not as pro-

nounced.

(3) For w > 0.8, in regions away from critical values of

reduced frequency, differences in performance predic-

tions by the two theoretical models are not large. In

general, both models overpredict I LI and J 1 and

accurately predict F and '

(4) The theoretical model developed herein predicts effects

due to positive values of mean incidence angle that are

generally greater than th, effects shown by the measured
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data. Effects due to different levels of blade camber

were not evaluated experimentally; however, this theo-

retical model can be used in an analytical evaluation

of the effects of camber on cascade unsteady perform-

ance.

(5) Two factors not included in the theoretical predictions

that may be responsible for the overpredictions noted

above are distortion velocity attenuation and fluid

viscosity. Recently published results show that sig-

nificant attenuation of the distortion velocity occurs

as the flow approaches and passes through the rotor.

In addition, due to viscosity, the wake vorticity is

transported away from the blades at 60 to 70% of the

mean flow velocity and is dissipated completely within

some finite distance.

The unsteady force coefficient results can be used as input data

in radiated noise studies for cases in which the wavelength of the

radiated sound is much greater than the blade chord length. For these

cases, the blade acts, from an acoustic standpoint, as a compact dipole

source. By computing the unsteady force magnitude for equally spaced

spanwise blade elements and employing the blade-to-blade phase angle

relationship, an equivalent acoustic dipole source strength distribution

for an entire rotor can be generated.

Recommendations for the direction of additional theoretical and

experimental efforts are as follows:

(1) Modify the theoretical model developed herein to account

for distortion velocity attenuation. This can be done
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by using Yocum's (37] data to define the parameter V

in the expression for e, the generalized reduced fre-

quency parameter.

(2) Modify the theoretical model developed herein to account

for the effects of fluid viscosity on the contribution

due to the blade wakes. This can be done by reducing

the wake transport velocity to a value on the order of

0.6 W to 0.7 W and introducing an exponential factor
m m

to reduce the strength of the wake vorticity as a func-

tion of distance travelled in the wake.

(3) Conduct a detailed evaluation of the magnitude of the

individual terms in Equation (40), the equation for

, at reduced frequencies in the neighborhood of

critical values to determine which terms undergo

significant magnitude changes at critical reduced

frequencies and whether modifications to the conver-

gence criteria used in the computer program are

justified as a means for attempting to reduce these

magnitude changes.

(4) Extend the reduced frequency range of the experimental

data to w - 4, the approximate upper limit for

significant cascade effects. The existing strain-gaged

sensing element could be used in a new rotor having a

chord length on the order of 12 in. to achieve this
ffCsinB

value of w, since w = .m This would permit

operating the test facility at the same conditions as

in the present tests while using the same
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distortion-generating wire grids. An alternate approach

which would permit using the present test rotor would

require the design, fabrication, and calibration of a

new sensing element having higher natural frequencies.

This could be accomplished with some sacrifice in static

sensitivity. This approach would require using addi-

tional distortion-generating wire grids having higher

values of N, the number of distortion cycles per circum-

ference. The required grids are available at present.

(5) Conduct a series of experiments employing a test rotor

with cambered blades and compare the results with pre-

dictions obtained using the theoretical model modified

in the manner noted above.
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DIFFERENCES BETWEEN THE PRESENT ANALYSIS
AND HENDERSON'S ANALYSIS



177

The objective of this appendix is to describe the differences that

exist between the theoretical analysis of unsteady lift presented in

Chapter 2 and the related analysis by Henderson [18]. These differences

affect the following items:

(1) the region of validity of the theoretical model,

(2) the identification of the type of blade camber line used

in the model,

(3) the form of the equation which defines the cascade lift

function C(w ,xS/CO, and

(4) the equation which defines the unsteady lift coefficient

CL•

Each of these items is discussed in detail in the paragraphs that

follow.

A thorough analysis of the region of validity of the theoretical

model is presented in Appendix C. There it is shown that, for

1gc1 2 _ Ihci2 > I and for Ig1,2 - IhX,42 > 1, the limiting boundary is

defined by combining results for the point locating the lumped vorticity

on the n - +1 blade and results for points locating the distributed

vorticity in the wake of the n - -1 blade. The two curves thus formed

define lower limit values of permissible cascade space-to-chord ratio

S/C as a function of the sine of the blade stagger angle E. In compari-

son with Henderson's approximate definition of the region of validity,
I

as values of S/C > !-or sinE, whichever is greater, the exact definition

developed in Appendix C expands the region of validity slightly at low

values of sin& and contracts the region of validity both at moderate

and at high values of sin&.
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The equation for the blade camber line used in this analysis and

in Henderson's analysis is given in Equation (26) as

+ +y I Y a[1 - (x+)2]. This is the equation for a symmetrical parabolic
max

arc rather than a circular arc as stated by Henderson. Equation (26)

has been used frequently in isolated thin airfoil analyses as an approx-

imate relation for a circular arc. Such an approximation is acceptable
+ +

only for low values of ym+ i.e., ymax << 0.06.

The differences in the form of the two expressions which define

the cascade lift function G(w,xS/C,) have their origin in the analy-

sis of the unsteady pressure distribution. In Equation (16), in the

three integrals with respect to the variable X in the second and fourth

terms on the right-hand side, the integrand in Henderson's formulation

+ - iWX A(o+,k)-iWA+has the form A(o+ ,k)e-  whereas the correct form is ( '" -  0

where k represents X+, g,, or h . This is a typographical error, since

the terms that would have been affected subsequently in Henderson's

expression for the unsteady distribution of the pressure difference are

correct as he presented them. Another difference in form exists with

respect to the fifth term on the right-hand side of Equation (18).

This term is

-1

TAe-i I2+ I eint[A(o+,gc) + A(o+,hc) +A(og)

A(o+,h1 )J

Its form is easily verified by examination of Equations (17) and (15).

The corresponding term in Henderson's derivation was expressed as
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21welwiT 1Al '2 '3 _41

aJ a 3+ a~

where

J (1- o(n - 2) +

A tan' do

-1 L J

-1 J
A- tan-o+ iad+

and

1 ( + ) + . 1 (n

A- tan' + i do+
+ Ja ( +)(x-1 -- )I

-A 4 1 ia j+(+

It is clear that since A1 , A 2, A 3, and A4are definite integrals with

respect to the variable a , their partial derivatives with respect to

a +are zero. Thus, the entire term, in Henderson's formulation, should
3A, 3A 2

have been set equal to zero. The fact that the notation 0-, TCj,: etc.,

was erroneous and was not followed in a rigorous sense becomes evident

r+
upon examination of Henderson's equation for G(w,x c S/C,&). The term
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in question appears in the numerator of the second term on the right-

hand side. It was presented correctly as

[ Z einT [ 2te- (A+ - A3 -A 4)]

The corresponding term in Equation (22) Is

'sf~ ]h -e f ( + h -

which Is the integrated form of Henderson's expression.

The remaining difference in the two analyses concerns the final

equation for the unsteady lift. This difference concerns the expression

(C1 + C2 - 2)J0 () - 2 -i: (0J(O)[(g c - /8c2 - m +

m-1

(hc - s/h - )m]

which appears in one term on the right-hand side of Equation (36). In CJ
Henderson's analysis, he retained only the m - I term in this expres-

sion, arguing that the remaining terms were of higher order and were,

as a result, negligible. Since this conclusion is not obvious, the

I
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summations on m were retained throughout the analysis presented in

Chapter 2. If m - 1, the term in question is

(C1 + C2 - e2)J(O) + 2J (O)[gc - 167-1 + hc - Jhc2- 1

Henderson's expression for the same term is

(C1 + C2 )Jo(e) - 2 - 2Jl(e)[gc(g - -I+ h (he - 4 -1

which contains a number of typographical errors. In Henderson's predic-

tions of unsteady lift coefficient, the effect due to the part of the

above term given by

21JJ1 (e) [gc - I7i71 + h c - Jh C I'

was not included since, when he programmed his solution, this term was

dropped. Thus, predictions of unsteady lift coefficient presented in

Chapters 4 and 5 differ from Henderson's predictions for corresponding

cases at nonzero values of mean incidence and blade camber.
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In Equations (5), the terms which involve cascade parameters are

e flcost
x - x

S+ nsinQJ2 + [ncosQJ2

and

x - x
e iT nS p+ nsmnQJ

x - x
n S + nint]2  + [ncost] 2

An approach has been developed by Whitehead [14] in which these expres-

sions are rewritten as

A - - e "F(X) + e F(x)l

and

B - - ie'F(X -e F(s)l

where X - ize, X - z and F(X) X +r If *

and O(X) are defined as

e(X) - e- F(X) +eai FGx)

and

then
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10 X

and

In the text. the coordinate transformation

+ _2x +2
X _tT 1 y

is introduced. In the transformed nondimensional system,

2 +

and

+ -ic

Then,

F and

1 +

The expression for O(+) can be written as
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O - em [ + ei

+ i)Cx-' - + +)cei&
i n xp 2S ix n -2

(2S) , n +r [ 1 + _

Sn p n p

where - + T,- h uu~- a C~ and b Ce
n = n a' ni - n ib' 2S - 2S

By a similar analysis,

o X) S ()e n11
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In solving for the vorticity distribution on the reference blade,

values must be specified for integrals of the form

1 J + k d
41- k j- k

where J can represent any of the parameters g , hc , 81 , h.. The value

of the integral depends upon the magnitude of J, for if I1i2 < 1, the

Cauchy principal value must be taken with the result

1+ k dk
S- -w
l-k k

-I

while if IjI2 > 1, the result is

J I+k d k 13 -+T1k- -k . J-j

-i

Consequently, an analysis of the expressions for the square of the mag-

nitude of the quantities gc, hc, g,, and h, must be conducted.

Consider first the parameters gc and hc, the parameters that locate

points where vorticity has been lumped on the neighboring blades. With

+ n + n + 2xc x C Ce- it
c "Xc +i' hc "Xc -ji'Xc " - I - c " am- --- and

Ce1

b - 2--, it follows that

a - 2n(-)ainC i 2n( )cost
C 2
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and

h m(2n(tS)sin + i [2n( i)cosE
Since hc is the complex conjugate of gct

ig hl2 - - 2n(t)sin& + 4n (S)2

The boundary between regions on a plot of I versus sint for whichC

Igc1 2 - Ihc12 < 1 and Igc1 2 _ Ihc12 > 1 is defined by the relation

I&cl 2 - Ihl2 - 1. For this condition,

S 1
S~ - 1 [±sin& + ont+3

where the plus sign applies if n - 1, 2. 3, ... , and the minus sign

applies if n - -1, -2, -3, .... Boundary limits defined by assigning

successive values of n and solving the above expression for - as aC

function of sinE are shown in Figure Cl. For any value of n, in the

region above the curve for that n, Igcl - lhcl 2 > 1. The n - +1 case

is the limiting case. Consequently, to the extent that g and h con-
Sc

trol the over-all situation, the theoretical model is valid for com-
S

binations of values of - and sinE lying above the n - +1 line in Figure
C

Cl.

The wake parameters 8A and hA also affect the region of validity

of the model. With gA- A+ 0n hM+ n and >

-X 2n( S)sinE + A~ i [2n( S)cost~
and

'M"R40,-1A
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Figure Cl. Effect of Neighboring Blade Number on the
Region of Validity of the Theoretical
Model.
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[ 2n( )sin + + i 2n()cosE ]

From these relations,

IgXI 2 - IhA1 2 . (X+)2 + 4X+n(&)sin& + 4n2(S)
2

Examination of this relation shows immediately that IgX12 - 12 > 1
S

for all positive values of n since X+ > 1, and - and sin& are always

positive quantities. To examine this relation for negative values of

n, it is advantageous to set IgI 2 _ IhX1 2 = 1 and solve the resulting

expression for sin& as a function of A+, n, and T ie result is

C.
1 - (X+)2 _ 4n2 S)2

sin& 4

4A +n(S)

With n - -1, this relation defines the boundary shown in Figure C2.

Here, each value of X+ defines a line which separates a region, in the
2

plot of versus sin&, where =gI . Ih X 2 > 1 from a region where
C

IgX12 _ IhX 2 1 1. For all values of X+, IgX1 2 - IhX1 2 > 1 in the

region above the envelope of the X+ curves. Setting n - -2 and repeat-

ing this procedure defines the larger region of validity for the theo-

retical model shown in Figure C3. Setting n - -3, -4, -5, ..., in turn

defines successively larger regions of validity. Thus, for the quan-

tities g, and h,, which locate points in the wakes of neighboring

blades, n - -1 is the limiting case.

The over-all region of validity of the theoretical model is defined

by combining the results for the n - +1 case from the analysis of gc and

hc, and the results for the n - -1 case from the analysis of g, and h, .

MIA
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This region is shown as a shaded area in Figure C4. Also shown in

Figure C4 is the approximate region of validity defined by Henderson
SI1

(18] as values of > 1 or sinE, depending upon which is larger. With

respect to Henderson's approximate definition, the present exact defini-

tion expands the region of validity slightly at low values of sinE and

contracts the region of validity both at moderate and at high values of

sinE.

,~. I...



194

1 .0o (SIC> 0.50OR SIN f.

6o 0.

CL 0.4 BY THE QUARTER-
/A CHORD POINT ON

0.2- ~ THE n +1BLADE

0

0  0.2 0.4 0.6 0.8 1.0

sin

Figure C4. Region of Validity (Crosahatched) of the
Theoretical Model Defined by Considering
Points on Neighboring Blades and in the
Wakes of Neighboring Blades.
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The equations presented herein consist of integrals and their

values. Solutions for these integrals are required in the development

of the unsteady cascade theory of Chapter 2. Restrictions upon the

region of validity of the solutions are listed, where appropraite, as

are references for those equations obtained from previous work.

1. { :K- - for j 2<1Van Dyke £39]

1 -, k 1+1*k

2. 1- k j-k 1 - Ej i for IjI >

Henderson [18)

1. r -k dk - for hIJ 2  Van Dyke [9
+k j- k -1£9

4. /1 -k dk k w[i i for IJ12 >1

5. 7 [ 1 e Wikdk - - jC 2 ) + 0H(2)(w)] - iw

Durand [40)
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6. A~ ' '-- dk + @in 1 a + /IEIf(a J) frII
,I-+k jk 2 + fr

-1

where (a,J) In -I

R.isener [26]

7. 1 - k dk W+ in'ia+ A(aj) for lj12 > 1
/I + k j1k m 2 j + 1

-1

where A(c,j) -2tanl[ 1 ()

Reissner (26]

8 A(o,k) + + sin-'a e dk !:1--- 1- + sin-

1 3 A(-- k)iwkdk+iW ak

1

for k -
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9. A(a'kx) + sin-1 a1 i A(c'kj) + 2 + sin-'a

1

+ A(,k) -iwkdk

++ + ), =

for k X kx = . and k - gl or for k A , k - hA, and

k, = hI1

Shen [41]

10 iwk r 1 (2)(w

-0.k = [ 'w ] H() Durand [40]

e - dk=- k -

10

1

1

13. k - ede+so1 for 8
-k
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1

14. J (o,k)da v - for k12 < I Henderson [181

-~1

1

15. JA(o,k)do -- t[1+ -k + kL~ '~ for tIk12 >1
-1

1

16. dk " 0 for It2 < 1 Van Dyke [39]
1- 1 - k2 (j - k)

1

17. i kdk _ -, for IJ1i2 <1 Van Dyke [39]
-1 1-k 2 (j1 k)

1

18. k 2-dk - ij for I112 < 1 Van Dyke [39]
-1 1 k 2 (.j k)

AJ +k..

-119. J iikit
20. Jdk H Henderson [18]

10 - k 2

-1

21. J 1 - ke-ek dk - io(J ) + i31 ()l Henderson [18]

-1
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22. J k. e dk 1 [J2() e)- Jo(e) - 21J 1 (6) ]  Henderson [18]

-1 +

23. k -2

-1

m=
* (i) m ti -,/j' 1]njm(e)]

for IJ12 > 1 Goldstein [42]

24. :+k ikdk - w[Jo(a) - iJ1 (e)] Reissner [26]

-1

25. J - ke dk - ([Jo() - J2(O) - 21J1 (8)] Henderson [18]

-1

26. y/7 k iekdk J1(0)

-1
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27. J1 k'7~ ke- idk--
-1

-1

A -k kdkI1

2 - k j - J) for ,j.2 1

/ k I for 2 >

29. J +~~~i k .L -k w [i- +
-1

-1

1

=k'- 2+  1 f or IJ2 <

30. kj2

-1
31 /T -k-k 2 dk + i j 2 2 Ifor IJ,2 > 1

31. /-kJ 3- k - 2 +J+ - J

-1

32. J l(a,k)odo " 2(k) J k 2 for lk 12 < I

-1

33. A(o,k)odo -[k - - k N/Ti1 for Ik

-12
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34 +k m i4k jo(e) /~i~ ~J - ii, (e)

-2j

j -2m (e)3

for j i2

-1
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The general equation for the unsteady lift coefficient for a blade

in a cascade of symmetrical parabolic arc blades operating at a nonzero

mean angle of incidence in a velocity field that contains both trans-

verse and chordwise disturbance velocities is presented as Equation (36)

in Chapter 2. The objective of this appendix is to show that when the

spacing between blades becomes infinite this equation reduces to the

well-known solution for an isolated airfoil.

First consider the function G(w,xc ,S/C,C) defined by Equation (22)

of Chapter 2. Henderson and Daneshyar [43] have shown that lim B 1
SOm

lim - B2 = lr im D2 , 0 and lim C m1  lis C2  1. To determine
S 2 S- 1 S-im S-M s-l
the limiting value of E1 and E2, express E1 in the form

from which

since, by analogy with Henderson and Daneshyar's result that

glCc +1 + +

lim c1 -lm l- "1lm-Ja
S" S-cSm""

E!

g- J gC_:

.c c r - .ldl~ ,d
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To determine the limiting value of the term g [ :c: 1 1
express g as g - x + iSk, where k In[ ] e i. Then,

X +1

- ik

X+

~~c[q :c+ _ik

X iSk

0

an indeterminate form. Applying L'Hospital's rule with

ag c

c c -1)

and

agc

leads to
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lim g KgI:+::li

r c x +

c k

S

x 1
By analogy with this result, lIm [g - I 1  = 1. Thus,

lim E1  0, and a completely similar analysis shows that lim E2 - 0.

Consequently, in the limit when S -

wH (2) (W)
G(u,x+,Mo,E) - 1 + 0

C irW[(H (2) (w) + iH(2) (W)]c0

C(w)

Now consider the terms inside the double summation in Equation

(36). Clearly, since lim C1 - lim C2 1, the term C + C2 -2=0

when S = w. The remaining term contains the sum [g- - l m +

[hc - h7 1 where m 1 1, 2, 3, .... From the results presented

above,

LMI
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lin~~g- +2.) lr . [ __ 1 g c :+1]N/ g 2 - - _ - i ' J9

-0

By analogy, lim~h - /h- 1 0. With these resultv, the entire

term inside the double summation is equal to zero when S

With these results, Equation (36) ~.f Chapter 2 reduces to

CL ma-coO + [w 1 2() J(e)

" C(W)[J 0(0) - 2 (a) -2i 1 (e))]

+ i[JO(O) + iJ1l(O)J] -sino C(w) [J (0) - iJ1 (6)]

+ [ J(0)j

Henderson and Daneshyar [43] have shown that this equation is equivalent

to the equation presented by Horlock [il] for the unsteady lift of an

isolated airfoil.



APPENDIX F

VALUE OF THE FUNCTION B(Ih,x cS/C,E) FOR

THE CASE OF INFINITE SPACING



209

The objective of this appendix is to define the value of the func-

tion B(w,xc ,S/C,&) when the spacing between blades in the cascade

becomes infinite. With B(w,x c,S/C,E) given by Equation (39) of Chapter

2 and with the results lim B1 - lim B2 = lDm D- lim D2 =
S-MD S'0+0 S-O-W S-''

lim g (C1 - 1) - C1 - lm h(C 2 - 1) - C2 - 0 and lim C1 - lim C2 - 1
S- S--S-,

from Appendix E, it is clear that the function B(w,x c,S/C,C) reduces to

B(w,x+,.,F) = c( ) - 1

if it can be shown that lim FI + F2 - 0.
S-12

Rewrite the expression for F as

F -g 
9c g c+1 ]c c c

F1 gg- i g g- lji

c c

gl + 9 E-:l i

+ r~,wer 2n 1 e
express g as g xc+ iSk, where k - e , and consider the

term in F1 that is dependent upon gc. Then,
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+-gc 1 +11

x x -+1
C C

inimS ik -1k

: x - k) +

c 1-

+1 -1)

ag
=C C-1+ as
-C 9c+1 (g -1)2

9C as

and

ag~

-aa
(g )2

leads to
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s- ,,/ 9C

r 2
Sgc-1 g

m- i [1-gM] (gc 1 )

I cS"g

c cc

-1e

+ g l g- 1 [1

1 c + g c

since lim + 1 - 1 and lim g -1

S-0 (gc -) C + l

1 1 from Appendix E.

By analogy with this result, it follows that

li [ 51+1 [ 1 1+ 1 1 1llmti 91- ,i I

r h +1Ih
lim h h c h 1
S-OW c c

and

lim h 1 h h 1 ]I

Thus, in the limit when S, F1 . F2 - 0 and B(w,x ,-, ) C() -1.1 2 .
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The general equation for the unsteady pitching moment coefficient

for a blade in a cascade of symetrical parabolic blades operating at a

nonzero mean of angle of incidence in a velocity field that contains

both transverse and chordwise disturbance velocities is presented as

Equation (40) in Chapter 2. The objective of this appendix is to show

that when the spacing between blades becomes infinite this equation

reduces to the solution for an isolated airfoil.

In Appendix E, an analysis is presented which shows that in the

limit when S = , the function B(w,xc,S/C,F) reduces to the value

B(w,x+,-,&) - C() - 1.
c

Consider the terms in Equation (40) that are inside the bracket

that are summed over integer values of n from n = m to n - -1 and from

n - 1 to n = -. Results presented in Appendix E, when applied to the

term [gcg(C -1)- C1 + hc(C 2 -1)- C2) show that lim[c(C1 -1) -

CI + hc(C 2 - 1) - C2] - 0. Now consider only the part of the remaining
+

terms that contains the parameter gc" With gc = xc - iSk, where k 

[-] e",

C0

lSm /Igc + ( )  2g (i)-m

m 1

g- 1 7 -Jm ()] -i(1)J1 () 2(-)(0)

since, from Appendix E, 1 I = I and limag -A if]= 0
Si ,-c -l c c

and lim gc - - The form of the limiting value above is indeterminate.

Applying L'Hospital's rule with

Mo
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a =gCc cc ~ as~
as~~~ - g+1 ~ 12

and

~~ _ 1n~ (m)C& (e)

ag [Am

- cg -M [gi7iJ O ]
lead c f~o-1

Mh
N/-T -0
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+i !2:1 1 1() gcc ]r I 6

min

_____ Ci J (e)2 Egk111:I 21g 1

mu c 1)

2 fT2
+2~~ [c Svm

mm 1

+- -1 [ 2L-1)1 e - ()+2cO

2 i ] -1

c

2 1
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and from Appendix F, limrg2  9c g -1 1. By a similar analysis,

It follows that

1 +
lim -1 J%(J) - 2h 1)-S-OW c

m-

[h [h 2- _]mJ (0 ) -0

Thus, in the limit, when S = , the entire term in Equation (40) inside

the bracket affected by the double summation vanishes. Thus, the equa-

tion for the unsteady pitching moment on an isolated airfoil, defined

by the limiting value of the cascade pitching moment equation, is

Scos [ -I Jo(8) + 2i a - i ( )m 0 Ymax -m I

+ im ma I J ] e) y+~C~ - 13[J0(e) -20J 1(8)

-J(e))] -sin# [ 1. 1- J(e) - [ (e)

2 4 6y1a2

+ [C(w) - )[Jo(0) - i1l(0)J ]

For the case of zero camber, this equation reduces to

DISTRIBUTION LIST FOR AlL UNCLASSIFIED TM 79-149 bv X. P. Bruce dated 14 Ausat iQ 7
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m --fJo(6) + 2iJ1(8) - 8 B J (e)

- I 2() + (C(w) - 1)Eo(0) - iJl(e)) ]

If the disturbance velocity is convected with the mean relative veloc- I
ity, 0 - w, and the above equation becomes

iMCOS 0a(w) + 21J1 (W) - J 2 (w)]

-j [ J3(W) - J2 (w) + [C(W) - 1](oJ(W) - iJl(w)]
4 [ I 1 1.

Holmes [13] has presented an expression for the unsteady pitching

moment of an uncambered isolated airfoil by combining Sears' [4] result

for a transverse disturbance velocity and Horlock's 10] result for a

chordwise disturbance velocity. His result, when differences in sign

conventions and nomenclature are accounted for, is identical to the

result presented above except for the fact that he retained the Sears

function S(w) in the sin4 term. Holmes' expression, when written in

the nomenclature used herein, is

i cos,
I cost[Jo (w) + 2i1 (w)- _2() -- in#Sw)]

To show that

[ Jll(w) - J2(w) + IC(w) - 1)Jo(w) - IJl(w)] a S(w)
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it is convenient to recall the relations

2 ] M1(w) -J2(w) Jo()

and

H (2(w)C(w) - 1 (2 o 2i[H 1 (w) + iH 2 (w)]

Inserting these relations into the left-hand side of the above expres-

sion and simplifying the result leads to the expression

- (w) 2) ill (2)
H ( ) + N (w)

With H(2)(w) - J (w) - iY (w) and H(2) M J (w) - (w), this becomes

0 0 0H 1  (w 1(w i 1(wti eoe

iEJ 1 (I)Yo(w) - ao(0)Y l(w) ]

LJI(w) - iY1(w)] + i[a (W) - iYo(w)] s l)

Operating on this expression using the relations

K "(iw) - - - iYo(w)]

and

K1 (iw) - 1 JI(w) - iY1 (w)]

leads to the relation
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j (w)K (iw) + ij (w)K ,(iw)

K (1w) + K 1 *Sww
1 (1w)

This is the form given originally by Sears (4).
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The objective of this appendix is to present the results of an

analysis of the percent error associated with measured values of the

quantities I LI, IMlM OF$ and *M" The method presented by Schenck [44]

was used. This method defines the percentage of the correct reading

represented by the standard deviation for a quantity which is func-

tionally dependent upon combinations of products, quotients, or sums of

other measured quantities. The data set for each of the other measured

quantities is assumed to possess a Gaussian distribution (i.e., small

skew) and to contain statistically independent readings.

The error associated with determination of the quantities I LI and

I Ml Is dependent upon the error in determination of L, . W , Wdo and

C. With functional relations defined by

-k [ -L ]

and

I?.Ml k .- 2t
mWdC

where k is a constant of proportionality, the percent error in deter-

mination of each quantity is given by

2 W []2 w [d]2 0 [C]2 1/2
L m dC J

and
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[ 2 + 3 2 ([d]2 OC ]2]

Im "d

where a is the standard deviation for each data sample and the overbar

denotes the sample mean value.

The error associated with determination of the phase angles #F and

M is dependent upon the error in determination of the angular position

of the distortion flow field relative to the facility outer casing,

and the error in determination of the angular position of the sensor

output signal relative to the facility outer casing, *' or *. The

appropriate functional relations are

F +

and

The related expressions for the percent error are

100 [2 + [q ] 2 1 / 2

and

. . . . - . I ...[ [..2 .. l2M + q.1
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These relations were applied to the portion of the measured data

for which repeated evaluations were made at identical test conditions.

All of the data points for tests in which the one-cycle distortion-

generating grid was used were included in this analysis. In addition,

the data points for the five-cycle distortion-generating wire grid with

(S/C) - 1.353 and 450 were included. In total, this data sample

represented approximately 40% of the entire data set. The results were

% I LI" 5.7

% I MI - 6.4

% 2.1

and

%M 2.3

These results indicate that the experimental portion of this study was

completed with acceptable accuracy. They also reflect the greater dif-

ficulty associated with accurate measurement of the pitching moment.

This result was expected since the sensor pitching moment static sen-

sitivity was less than the normal force static sensitivity.

From a statistical point of view, the results presented above

represent an error estimate of less than desirable confidence because

of the small number of data points available at each test condition.

At 30 test conditions, only two data points were available for analysis,

and, at three test conditions, only four data points were available for
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analysis. For a statistically adequate evaluation of percent error, a

total of at least seven data points should be included at each test

condition.

The post-test analysis presented above also represents the least

desirable form for application of Schenck's probable error method. A

more useful application is in the planning stage of an experiment. By

applying the ideas presented above to the sensing, transmitting. record-

ing, and analyzing elements in the chain of operations that leads to

specification of each measured quantity, it is possible to detect

instruments or operations which have a dominant influence on the prob-

able error level for an entire experiment. Upon detection, these

instruments or operations can be modified, prior to recording a single

data point, to reduce the probable error level. As an example, consider

the instrumentation block diagram presented in Figure 22. Application

of Schenck's method would require a pretest determination of the lift

and moment gage output signals due to repeated application of known

loads; a pretest determination of the slip-ring output signals for

repeated, known input signals; and a pretest determination of the tape

recorder output for repeated, known input signals. Additional steps in

the chain of operations not shown in Figure 22 are associated with

digitizing, phase-lock averaging, and Fourier analyzing the tape

recorded signal. After evaluating the percent error associated with

each of these analysis operations, an anticipated over-all percent error

could be obtained by summing the results for each operation. This pre-

test evaluation, by its nature, would also yield information on the

probable error distribution; thus, limiting operations could be

identified and modified before initiating the test program.
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