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CHAPTER I
INTRODUCTION

This study describes the performance of a Kalman filter imple-
mentation of a sample data delay lock loop. The (non-sampled) delay
lock loon was originally studied by Spilker[17,18] and Gill[16] for
use in the tracking of pseudo-noise (PN) coded signals. A sampled
data version of this loop was developed by Huff et al.[19,20,211 for
receiver timing in a time division multiple access (TDMA) satellite
communications system.

To facilitate receiver timing in this system, a PN coded clock
pulse is periodically transmitted from the satellite. In the receiver
the sample data delay lock loop "tracks" the clock pulse by control-
ling the frequency and phase of a local square wave oscillator (local
clock). In the interval between clock pulses, the transitions of
the local clock are used to time the correlators in the receiver de-
tection circuits. Errors in clock tracking (biases and/or jitter)
result in imperfect timing of the detectors with a corresponding in-
crease in bit error probability[7,22]. Thus, it is desirable to mini-
mize the bias and error variance (jitter) of the local clock. The
desire to increase PN code ratios to 40 MHz makes the timing require-
ment more critical. Furthermore, the incorporation of highly maneu-
verable terminals (i.e., aircraft) in the system compounds the track-
ing problem by adding time variable doppler effects.

In order to achieve the desired tracking accuracy the Kalman
filter algorithm was chosen[6]. This algorithm is known to yield
both ootimum estimates (unbiased, minimum variance estimates) and
a measure of its own performance, an error covariance matrixL1,2,3,4].
In order to be implemented, however, the Kalman filter does require
a mathematical model. This is a set of equations which describes
the process to be filtered. The error variances contained in the
error covariance matrix are the error variances for the modeled (as
opoosed to the actual) situation. One should have some knowledge
concerning model accuracy before basing a design upon the error vari-
ances of the model. The model chosen for the tracking filter appli-
cation is a statistical representation of the time variable propagation
delays generated by terminal motion, specifically aircraft flight.
Checks on the accuracy of the model would involve comparisons of the
error variances yielded by the algorithm with the error variances
actually obtained by implementing the filter in a moving terminal.
This is beyond the scope of this study.



The purpose of this study is to evaluate the performance of a
Kalman tracking filter independently of the question of model accuracy.
Given the mathematical model, the structure and gains of the filter
are determined by the algorithm. The resulting filter may then be
analyzed for its response to deterministic inputs and noise using
conventional techniques. Plus, the model is used only to determine
the filter structure and noL to determine performance. Because the
Kalman filter is in state variable form, the most convenient techni-
que for analysis is computer simulation. Other techniques include
state variable techniques and z-transform methods. Since the Kalman
filter is linear, suoerposition ma- be used to determine the response
to linear combinations of inputs.

Chapter II of this study presents an overview of the SDDLL, Kalman
theory, the model chosen for this application, and some discussion
of computer simulation. In Chapter III the steadv-state response
of the Kalman filter to input noise is analyzed using the state vari-
able techniques. Monte Calro simulation is used to verify the results.
In addition, an analysis using z-transform techniques is presented.
The steady-state response of the Kalman tracking filter to determin-
istic delay changes caused by a terminal maneuvering through 1800

turns is presented in Chapter IV. In Chapter V the comhined response
to noise and maneuvers is considered. Three examples are presented
which illustrate the usefulness of the preceeding data. Chapter VI
documents an analysis of the lockup characteristics of the tracking
loop. Here the response to step, ramp, and parabolic delay changes
is determined for Kalman tracking filters in both the transient and
the steady state. The number of iterations required for lock-up (con-
vergence) for special cases of interest is also determined. Chapter
VII presents the conclusions of the study.
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CHAPTER II
KALMAN FILTERING AND THE TDMA CLOCK LOOP

A. Introduction

In this chapter a short review of the TDMA clock loop is presented.
This is followed by an overview of Kalman filter theory for the pur-
pose of introducing the notation, equations, and concepts to be used
in subsequent analyses.

B. The TDMA Clock Loop

The OSU/RADC TDMA system uses pseudo-noise (PN) coding for im-
proved multipath and anti-jam performanceL23]. A pulsed envelope
PN coded "clock" pulse is periodically transmitted on the down-link
to facilitate PN code tracking at the receiver. ligure I shows the
envelope of the clock pulse. Here, A is the chip duration, M is
the number of chips per clock pulse, T is the duration of the clock
pulse, and Tf is interval between leadi~g edges of successive clock
pulses.

0 2 4A I 2M6 3MA (k- IMA W& (k + )M

TF

Fiqure 1. The envelope of thp nseudo-random network clock signal.

A chip is the elementary unit of a PN code and is analogous to a

hit in a binary data stream.
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Tracking of the PN code is accomplished at the receiver by a
sampled-data delay-lock loop (SDDLL)[16,17,18,19,20,21], a block dia-
gram of which is shown in Figure 2. The function of this tracking
loop is to phase lock a locally generated replica (i.e., the "local
clock") of the clock pulse with the down link signal. The local clock
signal is generated by a pulse generator and feedback shift register.
Delayed and advanced versions of the local clock are correlated with
the down-link clock signal in the upper and lower mixer- bandpass filter-
detector circuits, respectively. The difference of the correlator
outputs is then sampled, yielding the sampled error voltage E . This
is shown in Figure 3 as a function of the timing error (c) between
the received and local clock pulses. The error voltage is then fil-
tered by the discrete loop filter. This filter can be implemented
with a variety of algorithms. The present system uses a simple av-
eraging filter. This study considers implementation with a Kalman
algorithm. The output of the discrete filter is then fed to the clock
correction circuitry to adjust the time base of the local clock.

C. Kalman Filter Theory

The Kalman estimator algorithms are optimum algorithms in that
they yield minimum variance, unbiased estimates for gaussian processes.
Unlike the Wiener filter, which produces optimum estimates in the
steady-state, the Kalman algorithms oroduce optimum transient as well
as optimum steady-state response. They also yield optimum estimates
for non-stationary or periodically stationary processes for which
a steady-state does not exist. Because of the feature of optimality
the Kalman algorithms were chosen as a method for potentially upgrading
the performance of the SDDLL.

These algorithms are cast in state variable form and require
mathematical models of both the random process to be filtered and of
the observations of the process. The random process should be modeled
in the form

z(k+l) = D(k)7(k) +F {k~u(k) I

where k is the iteration number and where

A
z(k) = n dimensional state vector,

A
(k= r dimensional zero mean white process noise vector,

A
r(k) = nxr dimensional forcing matrix,

and A
a (k) = nxn dimensional state transition matrix operating on the

kth state

4
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Figure 2. Block diagram of the sampled data delay lock loop (SDDLL)

Es

A/ A 3/A/

Figure 3. Sampled error voltage (Es) as a function of timing error(c)
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The observation model should be in the form

x(k) = H(k) z(k) + v(k) (2)

where x(k) s dimensional observation vector,
v(k) s dimensional zero mean White measurement, noise

vector,
and H(k) sxn dimensional observation matrix.

Together these two equations model the input to the algorithms. The
first equation qenerates the state vector z. From Equation (2) the
ohservation of the process is composed of a linear combination of the
states (H(k)z(kY) plus additive white measurement noise (v(k)). The
covariance matrices of the two noise vectors and v(k) are also re-
quired for implementation of the algorithm. These are defined by

E{u(j)uT(k)1 Vu(k), the rxr dimensional process noise
covariance matrix,

and EAv(j)u T (k)} v(k), the sxs dimensional observation

noise covariance matrix.

Here E is the expectation operation and T represents transposition.
Thus, the models required for implementation of the Kalman algorithms
are completely determined by specifying the matrices 4(k), r(k, H(k),
Vu (k), and Vv (k).

The two Kalman algorithms investigated for use in the SDDLL are
the Kalman one step predictor algorithm and the Kalman filter algo-
rithm. The one step predictor equation is given byl,2,3,4J

i(k+l/k) = @(k)i(k/k-1)+K (k)[x(k)-H(k)i(k/k-l)], (3)p,

wherew (k+l/k) the n dimensional prediction of the state vector at
the (k+!)st iteration given k data samples

andA
K p(k) = the nxs dimensional predictor gain matrix.

This algorithm is iterative; in order to generate the prediction of
the (k+l)st state, the prediction of the kth state is required. Thus,
to start the algorithm, an initial estimate must be obtained by means
other than Equation (3). Also, notice that the term in brackets
(x(k)-H(k)z(k/k-1)) is the observation minus the prediction obser-
vation. This term is sometimes called the innovation and represents
the new information contained in the measurement. In the present
application the observation will be modeled as noise corrupted propa-
gation delay from a satellite. A measurement of the propagation delay

6



is impossible in the SDDLL, which can only measure the difference
in the time bases of the downlink and local clock signals. However,
bv forcing the local clock to follow the predicted delay, a measure-
ment of the term in brackets (i.e., delay minus predicted delay, the
innovation) is obtained . Equation (3) states that the new pre-
diction ({(k+/k)) is obtained by advancinq the old prediction
(z(k/k!)) one step ahead with the state transition matrix CD(k)) and
addinq weighted (by the aain matrix, K (k) amounts of new information
(innovation).

The gain matrix needed for use in Equation (3) is given by

K p(k) = 4(k)P(k)HT(k)[H(k)P(k)HT (k)+Vv(k)]-' ,(4)

Here, ¢(k), H(k), and V V(k) were specified for the process and obser-
vation models. P(k) is the prediction error covariance matrix, de-
fined by

P(k) 4 E{z (k)jT(k)1, the nxn dimensional prediction error
covariance matrix,

where

S(k) = z(k)-i(k/k-1), the one step prediction error at the kth
point given k-1 data samples.

The error matrix may be calculated iteratively via the equation

Rk+]) = 0(k)P(k)4,T(k)+r(k)Vu(k)rT(k) (5)

- 4P(k)P(k)HT(k)[H(k)P(k)HT(k)+Vv(k)] -i H(k)P(k)4T(k).

This equation is a function of O(k),j(k), H(k), V (k) and V (k), all
of which are specified for the process and observation modes. Since
Equation (5) is iterative, an initial error covariance matrix is needed
for the first iteratioA. This matrix may be obtained from an error
analysis of the initial estimate used to begin the iterations of Eq-
uation (3). If the process and observation models are stationary
(non time varying) the error covariance matrix (and hence also the
predictor gain matrix) will approach asymptotic or steady-state values
as the iterations proceed. In addition to its use for computing the
gain matrix (Equation (4)), the error covariance matrix also provides
a measure of the predictor performance in response to the modeled
process. The diagonal elements of this matrix are the variances of

1To avoid confusion, the term observation will be used exclusively
to represent x(k) and the term measurement will be used exclusively
to represent the error signal obtained from the SDDLL (i.e., the in-
novation).
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the prediction error vector i.. If the process model accurately re-
flects the physical situation, then the error convariances obtained
in an actual implementation will approach those given theoretically
by Equation (5).

Equations (3), (4), and (5) are collectively known as the Kalman
one step predictor algorithm. Equation (3) forms the actual prediction.
A block diagram of the equation is shown in Figure 4. Equations (4)
and (5) are used for the calculation of the gain matrix used in Eq-
uation (3). These equations can be used in either of two methods.
Figure 5 shows a block diagram for implementing the entire prediction
algorithm in real time. After updating the prediction, the error
covariance and gain matrices are calculated prior to taking the next
measurement. The measurement is then obtained, the prediction up-
dated, and the process repeated. This method is possible as long
as the time interval between measurements is long enough to allow
the necessary computations. Alternately, since the error covariance
and gain matrices are functions only of the process and measurement
models and not of the actual measurements, they may both be computed
and stored prior to enabling the predictor equation. With the gain
matrix for each iteration available in memory, a considerable savings
in computation time can be achieved for the operation of the predictor
equation.

The optimal filtered estimate is related to the optimal one step
prediction by[l,2]

;(k-1) = D_1(k)_(k/k-1) (6)
or

z(k/k-1) = 4(k-1)z(k-1) (7)

where 0- 1(k) may be thought of as the reverse state transition matrix
(i.e., the transition matrix going from the kth state to the (k-1.)st
state) and where

z(k-1) 4 the (n dimensional vector) filtered estimate of
the state z(k-1) after processing the (k-I) data
sample.

Equations (3), (6), and (7) may be used to derive Equation (8), the
Kalman filter equation:

2(k) = D(k-1)z(k-1)+Kf(k)Lx(k)-H(k)4(k-1)2(k-1)]. (8)

Here K (k) is the filter gain matrix for the kth data point. Note
that the term 0(k-1)z(k-) is the one step prediction z(k/k-1). Fur-
thermore, the term inside the brackets is again the innovation. Eq-
uation (8) states that the filtered estimate is obtained from a sum
of two components. The first component is the previous filtered es-
timate advanced one step forward by the state transition matrix. The

8
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OBSERVATION 
DLY

Figure 4. Block diagram of the Kalman Predictor Equation

OBAI PI)COMPU TE GAINKp(K) (EQ.4)

OBTAIN z(0/-i) UPDATE ESTIMATE ( EQ. 3)1*
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START COM PUTE P(K+I) (EQ.5)

Figure 5. Flow chart for the Kalman Predictor Alonrithm
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second term is the innovation (new information) weighted by the filter

aain matrix Kf(k).

The filter gain matrix is qiven by

Kf(k) = V-l(k)K p(k) = P(k)HT(k)LH(k)P(k)HT(k)+V v(k)] -'. (9)

As in the case of the predictor gain matrix, the filter gain matrix
is also a function of the prediction error covariance matrix. The
prediction error covariance matrix is calculated iteratively in Eq-
uation (5), Equations (8), (9), and (5) collectively from the Kalman
filter algorithm[l,2]. These equations are used in a manner analo-
gous to the predictor algorithm with Equations (5) and (9) being used
to compute the gain matrix necessary for the computation of the fil-
tered estimate (Equation (8)).

The error covariance matrix for the filtered (as opposed to the
predicted) estimate is defined by

P(k) E[2 (k)2T(Q]
where 

^

z :(k) = z(k)-z(k)

is the n dimensional filter error vector at the kth iteration. The
filter error covariance matrix may be obtained from the predictor
error covariance matrix via the equation

P(k) : [I-Kfk)H(k)]P(k) (10)

The matrix P(k) is a measure of filter performance just as the matrix
P(k) is a measure of predictor performance. Both P(k) and P(k) are
error covariance matrices for the modeled situation. The values given
by these matrices may be considered accurate only if the model is
accurate in its representation of the actual process. Thus, the ac-
curacy of a given process model must be established before the error
covariance matrices can be considered reliable.

Fortunately, it is possible to evaluate the performance of the
Kalman algorithms without establishing the accuracy of the process
model. Suppose the process and observation models are specified.
This determines the structure and gain of the resulting predictor
and filter equations (Equations (3) and (8), respectively). The re-
sponses of these equations to various inputs (such as steps, ramps,
white noise, etc.) can then be determined using conventional tech-
niques. Note that the responses obtained can be considered true re-
sponses even if the process model does not accurately represent the
random process (i.e., even if there are modeling errors). This is
so because the structure and gain of the Kalman filter and/or pre-
dictor are functions only of the model, not of the model accuracy.

10



For example, suppose a process model is chosen which accurately
models the propagation delays generated by a slowly moving mobile
terminal (such as an automobile). Using this process model, the step
response of Equation (3) (the predictor equation) is determined.
Now, suppose the same process model is used to represent the propa-
gation delays generated by a rapidly moving mobile terminal (such
as an aircraft). Obviously, some modeling errors will probably be
present. However, the step response will be the same simply because
the same process model is used.

This technique is used in the remainder of this study to obtain
performance data for a wide variety of inputs. All of the data pre-
sented in the sequel can be considered valid regardless of the process
and observation model accuracies. This is generally not true of the
performance data contained in the previous study[6J, most of which
is valid only if the process and observation models are accurate.

D. The Process and Observation Models
for the Clock Loop

The Drocess model for the Kalman clock loop filter is chosen
from Sinqer and Behnke[5] and models delay and the first two deriv-
atives of delay with respect to time as a random process. Specif-
ically,

To(k+) To(k)+fo(k)Tf+To(k)T2/2, (Ila)

f0(k+) f T0(k) + TTf, (11b)

and

To(k+1) T= PT(k) + u(k) (llc)

where

To(k) r(k) = downlink propagation delay at the kth sample0 c instant,

o(k) dTo(k)
- d0 k downlink propagation delay rate at the kth

sample sample instant (delay velocity),

To d 2  downlink propagation delay acceleration atdt2  the kth sample instant,

c 4 speed of light,

r(k) downlink range at kth sample instant,



and

P= E{'(t+T) * T(t)}I T=T = delay acceleration correlation
coefficient,

Equations (11a) and (11b) are Taylor's series representations for
delay (three term Taylor series) and delay rate (two term Taylor
series). Equation (11c) models acceleration as a correlated random
process. The coefficient is chosen from an exponential correlation
function so that

21_( 3
p(T) = e-

'T = l-XT + - j _ +(12)

where X has units of sec -1 and is considered to be the inverse of
the averaqe maneuver duration[5,6]. For T=Tf and XTf<< 1, p is given
approximately by

p! 1- XTf . (13)

Equations (11a), (11b), and (11c) are in the form of Equation (1)
where

T o(k)

z(k) = T(k) state vector, (14a)

T 0(k)

1 Tf T2 

44k) = = I Tf = constant state transition
matrix, (1.4b)

n 0 p

r(k) r ( ) = constant forcing matrix, (14c)

12



and

u(k) = scalar white process noise with constant variance a
2

U
(14d)

Note that the vector u(k) in Equation (1) is of dimension one here
(i.e., a scalar). Hence, the covariance matrix V (k) in he Kalman
algorithms (Equations (5) and 9)) reduces to the calar a,. Squaring
both sides of Equation (11c) and taking expected values y4elds

a2(1-P) = (15)

2. 2 Tofn 2Thus, a is easily found given p and a.. To find a. the probabilityu T T
density function shown in Figure 6 is assumed[5,6]. The quantity
AT in this figure represents the maximum delay acceleration given
by

AT = A/c (16)

where

A = maximum terminal acceleration (m/sec 2),

and

c = speed of light (m/sec).

a"2 =A 2 (I+4P -P)/3
T m 0

P.Y (a)

Pm PO PM

Ib

-AT AT

b= ( 1- 2 Pm P)/ 2 AT

Figure 6. The Probability Density Function Function for
DWlay Acceleration
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From this density function, c4 is easily found to be

2. A 0+4Pm-Po (17)
Mi 0

where

Pm = probability of maximum acceleration

and

Po = probability of zero acceleration.

The observation is modeled as

x(k) = T0 (k) + v(k). (18)

This is in the form of Equation (2) where x(k) is now a scalar and

where

v(k) = scalar white measurement noise with stationary variance

02 (19a)v

and

H(k) = H = (1 0 0 = constant observation matrix. (19b)

Since v is a scalar, t e covariance matrix V (k) in Equations (4),
(s), and (8) becomes y . In Reference 7, Equation (39) it is shown
that the variance of a single unprocessed measurement (sample) in
the SDDLL is

C2 = I i.211 +C 1.476 (20)
v (E/No)2

where E = received enerqy in the clock pulse (joules),

No 0 one sided noise power spectral density (watts/Hz),

and

{l for linear detection

2 for square law detection.

Thus, can be obtained given a knowledge of E/N

v 0

14



Eauations (1), (2), (14a,b,c,d), and (19a,b) together with vari-

ances o? and o2 completely define the model for the Kalman filter
considered subsequently. This model is a function of four parameters:

Tf, 1 2 and X (or p), Neither the equations nor the parameters
vary with time; hence the model is stationary. A typical aircraft
fliqht might consist predominantly of mild maneuvers with perhaps
more severe manuevers occasionally. In other words, typical aircraft
flight is non-stationary. This presents problems to the designer.
If the selection of model parameters is based upon average maneuvers,
the tracking error may become excessively large during severe maneuvers.

Alternately, X and or (and hence a) may be selected to be representative
of more severe maneuvers,lperhaps with some performance degradation
for less severe maneuvers . Furthermore, even if a maneuver is speci-
cified, an appropriate selection of the statistical parameters X and

a to optimally represent the maneuver is not obvious. To confidently

select usable model parameters, the designer needs to know either
(1) the relationships of the model parameters to the performance of
the aircraft or (2) the relationships of the model parameters to the
filter behavior when subjected to a wide variety of inputs.

E. Computer Simulation

The problem of simulating a filter's response to an input signal
may be broken into two parts, (1) simulating the input signal and
(2) simulating the filter. In the Kalman filter SDDLL described in
Reference 6 the time hase of the local clock serves the function
of both the optimal estimate and the optimal prediction of the delay
function T (t). Immediately after the processing of a new sample,
the time base of local clock serves as the filtered estimate. Be-
tween data samples, the time base is the optimum prediction. Immed-
iately before the next data sample the local time base serves as the
optimal one-step prediction. This is the "worst case" point for the
filter, the time at which the largest tracking errors generally occur.
To investigate the worst case behavior of the filter, the computer
programs used in the remainder of this report simulate a Kalman one-
step predictor. This is easily accomplished by direct simulation
of Equations (3), (4), and (5).

Simulation of the predictor during transient studies requires
an initial prediction vector z(O/-1) and an initial covariance matrixP(o).

1It should be noted that an adaptive scheme, perhaps with accelerom-
eter inputs, could be used to adjust the model parameters to maintain
an optimal filter for a wide variety of maneuvers. This, however,
is beyond the scope of this report.
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For steady-state studies, the covariance matrix may be iterated
using Equation (5) until steady-state is achieved. The predictor
qain vector may then be computed using Equation (4). Alternately,
one may compute the steady state gain vector and covariance matrix
using the equations given in Reference 6. The later was not done be-
cause (1) the computer programs described subsequently were intended
to be general (i.e., used both for transient and steady-state simu-
lations) and (2) solution by iteration serves as a useful check on
the analytic solutions given in Reference 6.
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CHAPTER III
STEADY-STATE RESPONSE TO NOISE

Since the Kalman predictor is linear, superposition may be used
to find the response to a sum of a deterministic input plus noise.
That is, one may find the response due to noise alone and then sep-
arately find the response due to the deterministic input (without
noise). The total response is the sum of the individual response.
This technique was used in this study, and this chapter documents
the analysis of the response to noise.

A. State-Variable Approach

In state-variable terminology, the solution of the predictor
response to measurement noise alone is accomplished by constraining
the state vector to be zero for all iterations. The prediction error
is then given by

i(k = - in(k/k-l) (21)
En n

where the subscript n indicates the contribution due to noise only.
Thus, under the precedinq constraint, the error covariance is the
prediction covariance. That is

E z (k) z zT (k)} = E{n (k/k-1) Z(k/k-J}) (22)

n n

The prediction is given by the recursion relation (from Equation (3))

z(k+l/k) : (f-k p(k)H) z(k/k+l)+K p(k)x(k) (23)

where x(k) is the observation.

For the purpose of computing the gains, the problem is modeled
normally by2specif*ng the matrices given in Equation (14) and the
variances a and a . When computing the prediction, the 2observation
x(k) is composed oxly of white noise ( ) with variance a . Here we
are allowing for2 the possibility that the noise may not have th mod-
eled variance (a ) but instead may have a different variance (ao).

and v both represent measurement noise, but is necessary as a
dummy variable to allow for noise variance other than those modeled.
Equation (23) then becomes

Zn (k+]/k) = (-kp (kH)Zn (k/k+l) + K p (k) (k) (24)
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Under the pryceding assumptions, the error covariance matrix (i.e.,
r [j " (k+l).Z n(k+1l ) is given by

'(k H)T + K o2KT(k)
n-pk nk pp p

When $ is stationary, Pn (k+1) equals n(k) for sufficiently large
k. Thus, in the steady state

Pn = (-K pH)P n(-K H)T + 2 K ,K (25)n ppnpp 25)

where P _ lim P n(k) and Kp = lim K p(k).wee n no k

Let the elements of P n be given by

P In ]P? n P 3n1
[2n /In 5n~  (26

PIn P P 6n

By expanding Equation (5), a set of linear eouations is obtained which
may he written as

AP I (27)

where A, P, and B are given by

(1-k ) 2_ 1. 2Tf ('-k) T2 (1-k Tf3  T4/4

-(1-k )k2  -(k +k Tf T (l-k1 )-(T 
2k 12 T22 T2 112 12f ff 2/2 f fT/ Tf/

A -(1-k)k 3  -Tfk3  p(l-kl)-(Tfk3 /2)-l 0 pTf pT2/2

k2 -2k2  -2Tfk2  0 2T T2

k2 k3  -k 3 -( Pk2 +Tfk3 ) 0 p-1 pTf

k 0 -2k3P 0 0 2-

(28a)

where k,, k2, and k3 are the 
1 st, 2nd, and 3rd components of the vec-

tor Kp
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Pl -k ke

22
ini

P = 3n (28b) and B : -k1 k3 f . (28c)

4n -k 20

P6n_ -k k 2
56n 22

Once p, Tf, 2, and o (i.e., the model parameters) are speci-
fied, the steadv-sate qaiX vector an hence the matrix A are both
uniquely determined. Bv specifying a the vector B is also deter-
mined, so that one may easily solve f~r P usinq a computer.

A computer program (named VPCALC) was written to solve for P
for a wide variety of model parameters. A listing of VPCALC is given
in Appendix I. The main computation in the program is accomplished
in subroutine VPGAUS, which forms the matrix A and solves for P by
Gaussian eliminatioi followed by back substitution 8,9,10 . A sol-
ution by finding A-- and using the equation

P = A B

was not persued because Gaussian elimination followed by back sub-
stitution is considerably more economical in terms of computer time
than matrix inversion.

Figure 7 (solid lines) shows values of -in/O, the normalized
jitter, obtained from VPGAUS as a function of p ans R*,

where R* = GO 2/T (29)v T

For comparison,JPT/A as given by Kalman theory for the process and
observation models is vplotted (dotted lines) versus the same param-
eters. The latter results were obtained by iterating Equation (5)
to converqence-. The standard deviation of the timing error due to
measurement noise alone is observed to be always less than the standard
deviation of the timing error due to the modeled process. Also, as
R* and p increase the two curves tend to converge. Large R* and p
result from models where accelerations are highly correlated and

1 1terations were halted when all elements of P(k) agreed to nine sig-
nificant figures with the corresponding elements in P(k-]).
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Figure 7. Jitter performance of the Kalman Predictor as
a function of model parameters.
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measurement noise (a v) dominates the maneuver noise (a..). Under these
T

circumstances, measurement noise is the predominant source of tracking
jitter. Thus, the error standard deviation due to noise alone ap-
proaches that due to the model.

It should be noted that the normalizations used in Figure 7 (i.e.,
R* and p) were checked repeatedly by running modified versions of
VPCALC. 2Many different versions were run using different values for
Tf, X, Cv, and o... In each case, the resulting data agrees with that

presented here fir corresponding values of R* and p.

B. Noise Response by Computer Simulation

One method for checking the validity of the preceding derivation
is Monte-Carlo simulation. Here, the algorithm given by Equdtion
(3) is implemented directly on a computer with the observation x(k)
supplied by a random number (noise) generator. The state vector z(k)
is constrained to zero for all the iterations (i.e., all k). Since
the error covariance and the predictor covariance are equal under
this constraint, the tracking error variance (P ) may be approximated
by the sample variance of the 1st component of tRe prediction. That
is, for sufficiently large N

N iz n(k)l2
In =  N

weeNi k-e Nme (30)ains utbecoe areeog

where N is the number of iterations. N must be chosen large enough
to make the initial transient effects neqligible.

The computer program VSIM, listed in Appendix II, performs the
above procedure for a wide variety of model parameters. As the mod-
eled acceleration becomes more correlated (i.e., as p increases) the
steady-state time constant of the corresponding filter increases so
N must be increased. Table I shows the number of iterations used
in VSIM as a function of p. The data from the simulation is plotted
with circles on Figure 7 and is virtually identical with that obtained
in Section A.

C. Z-Transform Approach

While Equations (27) and (28) provide a convenient means for
numerically computing the prediction error variance, they do not pro-
vide a simple analytical formula where the effects of each parameter
are observable. The desire for a formula of the form
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Table 1

The number of iterations per data point in the programVSIM

o Iterations

.99 20000

.999 40000

.999 60000

.9995 80000

.9q 100000

P1  f(kjk 2,k3 ,Tf,p) (31)

led to yet a third approach, Z-transform analysis. From Equation
(3) and the model (Equations (17)), a signal flow graph of the Kalman
predictor may be drawn. This flowgraph is shown in Figure 8. By
using Mason's ruleI15], the transfer function between the input and
zI is found to be:

kl -1+BZ-

H(Z) =1 z 1 +0 2  EZ 3  (32)H( 1 = + C Z- I + D Z- 2 + E Z- 3 (2

where

A = -k1(1+p) + k2Tf + kT2 (33a)

B = kip -k2TfP + k3T2/2 (33b)

C = k1 - p -2 23c
I (33c)

D = A + 2p+I (33d)

E = B-P (33e)
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Figure 8. Signal flow graph of the Kalman Predictor.
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From Z-transform theory[11], if x(k) has an autocorrelation sequence
4 (k) with transform qi (z), the transformed autocorrelation sequence
ofxthe output (zl) is gXen by

¢I11(Z) = H(Z)H(Z-1 )xx(Z) (34)

For the case at hand, we have an input of white noise, so that

I (Z) = 2 (35)

and

Pi@ ](Z) H(Z)H(Z - 1 ) o  (36)

Thus

0;-(Z) k2+A 2+B2+(Ak +AB)(Z+Z'!)+k B(Z2+Z-2)

2 I+C2+D2+E2+(C+CD+DE)(Z+Z-I)+(D+CE)(Z2+Z 2 )+E(Z3+Z-3)

(37)

Note that @D--(Z) is the Z-transform of a symmetric autocorrelation
function, s6 Zit is a two-sided transform. We would like to employ
the initial value theorer{11] to determine 4 (k)l which is the
variance of the output. However, this theorM onlv-ipplies to a one
sided transform F(Z) for which f(k) is zero for negative k. In order
to apply this theorem, we will split '--(Z) into two parts, one cor-
responding to non-negativek and the other to non-positive k. That
is,

z' (Z) = G+(Z) + G-7Z) (38)

zzz
where G+(Z) is the transform of zz (k) for k > 0 ((bi k))

and G-7Z) is the transform of .- (k) for k < 0 (6-(k)).zz

Note that at k=O, G*(Z) and G-(Z) eac contain one half the total
contrihution of iD.

From the oroDerties of Z-transformLl?], if f(k) has the Z-trans-
form c(z), then f(-k) has the Z transform F(Z- ).Since d-(k) is
an even function, ZZ
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= ~ (39)

and

G-(Z) : G+(Z - ) (40)

so
0Z + + 1(1
zz G(Z) + G (Z- )41)

Let GZ) be represented by

G +M u(Z) e (42)
G+eZ) :

where Num(Z) = the numerator of G+(Z)

Den(Z) = the denominator of G+(Z)

Now, G+(Z) is the Z-transform ofla finite time function, so its poles
will be those poles of H(Z) H(Z- ) which lie inside the unit circle
in te Z plane. These are the poles of H(Z). Thus, the denominator
of G (Z) is the same as the denominator of H(Z), or

Den(Z) = 1+CZ - 1 + DZ-2 + EZ-3  (43)

The numerator of G+(Z) will be a polynomial of the form

Num(Z) = V+WZ "1 + xz-2 + YZ-3  (44)

with V, W, X, Y to be determined. Thus,

G+(Z) V+Wz-I+xz- 2+yz-3 (45)
!+CZ-1 +DZ-2 +EZ-3

and

c1 (Z) W- + Z -2+yz-3 V+WZ+XZ2+yz3
0 

+2 3 (46)
G I+CZ-I+DZ- 2+EZ

- 3  I+CZ+DZ 2+EZ 3

Combining terms yields
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S {2(V+CW+DX+EY)+(CV+DW+EX+W+CW+DY)(Z+Z-) (47)

+ (DV+EW+X+CY)(Z 2+ 2)+(EV+Y)(Z 3+Z 3 )}

{(I+CZ-I+Dz-2+EZ
-3 ) (I+CZ+DZ2+EZ3

By equating coefficients of Z in the numerators of Equations (37)
and (47), one obtains

EV+Y = 0 (48a)

DV+EW+X+CY = k1B (48b)

CV+DW+EX+W+CS+DY = Akl+AB (48c)

2(V+CW+DX+EY) = kI + A
2 + B2 (48d)

Note that one could include coefficients for both lower and higher
powers of Z in the expression for Num(Z) (Equation (44)). However,
after cross multiplying and equating coefficients, one would find that
the coefficients of these other powers of Z are zero. Application
of the initial value theorem to the expresison for G+(Z) (37) yields:

4 t..(k)

2a Ik=O

Thus, we will solve the set of Equations (48) for V. From (48a),

Y = -EV (49)

and by substitution for Y the remaining equations can be written

(D-CE)V + EW + X = k B (50a)

(C-DE)V + (0+1)W+(C+E)X = AkI+AB (50b)

2(1-E2)V + 2CW+2DX = k2 + A2 + B2 (50c)

These may be solved via Cramer's Rule to yield
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k18 E 1

AkI +AB D+1 C+E

k2+A2+B 2  2C 2D

v = 1 2 (51)
D-CE E 1

C-DE D+1 C+E

2(I-E 2) 2C 2D

where 'I indicates determinant. Thus,
V :{(kiB) (D+1)(2D) + E(C+E)(k2 +A2+B 2 + 2C(Akz+AB )  (52)

-(D+I)(k2+A2+B 2)-2E(Ak +AB)D-2kl B (C+E)C} +

{(D-CE)(D+1)(2D) + E(C+E)2(1-E 2) + 2(C-DE)C

- (D+1)2(1-E2 )-2E(C-DE)D-2(D-CE)(C+E)C}

Finally, 2 is given by

zz + 2zz 2

+7 02a2 ~ 2 V(3

To check the validity of Equations (51) and (52) a computer pro-
gram named ZSIM was written to evaluate them directly. A listing
of ZSIM appears in Appendix III. For the cases of p=0.99 and p=0.995

the values for i Pin/oa obtained from running ZSIM agree with those
presented in Figur 7 [o five significant figures. For the larger
values of p (0.999, 0.9995, and 0.9999) numerical instabilities (i.e.,
over and/or under flows) were observed for the larger values of R*.
The cause of the instabilities was traced to the determinants in Eq-
uation (51). For large R* and large p, both of the determinants in
Equation (51) approach zero. In evaluating the determinants, (via
Equation (52)) subtraction of nearly equal terms to yield nearly zero
determinants result in a loss of significant bits in the computation.
If the machine precision (i.e., word length) is not sufficient, all
of the significant bits may be lost. The initial runs of ZSIM were
made in double precision on a Datacraft 6024 computer with 24 bits
per word, resulting in approximately 13 decimal digits of precision.
Many different versions of ZSIM were run, each using different combi-
nations of model parameters (a a T , X) to generate R* and p.
None of these were any more orviestsutcessful than the version given
in Appendix III.
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As a final check on the cause of the numerical instabilities
of ZSIM, a modified version was run on an Amdahl 470 computer (32
bit words) usinq extended (quadruple) precision. This yields 128
hits per variable or about 34 decimal digits of precision. By com-
putinq the gains to 30 significant figures, it was possible to com-

pute"jPn/Or to agree with the data in Figure 7 to at least
Fdigit . Thus, Equation (52) appears to be correct but must be re-
garded as numerically unstable.
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CHAPTER IV
NOISELESS RESPONSE OF THE KALMAN PREDICTOR TO AIRCRAFT MANEUVERS

Recall that we are using superposition to find the Kalman clock-
loop predictor's response to an input composed of noise plus a deter-
ministic signal. Chapter III documents the Kalman predictor's per-
formance with white noise inputs. In this chapter, we solve the 2nd
part of the problem - finding the response to deterministic inputs.

To accomplish this, it was decided to simulate (by computer)
actual maneuvers rather than step changes in delay, velocity, or ac-
celeration. Although step changes are much easier to simulate on
the computer, with the possible exception of steps in acceleration
they are not physically realistic of aircraft maneuvers. The maneu-
vers which were simulated are shown in Figure 9a and Figure 10a. Both
are IRO turns. In Figure 9a, the initial and final flight paths 0
are along the axis to the satellite. This is called the axial 1800
turn. In Figure ina, the initial and final flight paths are perpendi-
cular to the axis to the satellite. This is called the orthogonal
!8 turn. In both cases, the radius and angular velocity are given
respectively by (see Reference 14, Section 3.4)

R = V2/A (54)

and

= A/V (55)

where A = magnitude of the constant, radially inward acceleration

and V = magnitude of the initial velocity.

Of course, s;nce we are simulating delay functions, A is given in units
of chins/sec and V is given in units of chips/sec. Letting t=O at
0=0, 0 is then given by

e = 6t (56)

For the axial turn, the state vector z (i.e., (T f , T)T)

is given by (assuming that the satellite is at infinity) 0

To0(O)-Vt/c; A ; t < 0

zl(t) = T (t) { (Tn) - sin t; t < (57a)

T0(0) + Vt/c; - t
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C- To (0)

01-

+RANGE SATELLITE

R=V/ = A/v

DIRECTION
OF FLIGHT (a)

Z (t)

z = To (0) - R/c sin t

S<t _ 7rV/A

v I
To(O)

7nV

A(b

z 2 (t} z(t) R/c cos et
0 5 t :5rV/A

(c)

z5(t Z3 (t)= R9 /C sinGt;

t 0_o<.t< T'/A

A

(C)

FHqure 9. The axial 18O turn; (a)flight path, (b,c and d)
components of the state vector.
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Figure 10. The orthogonal 180' turn; (a)flight path, (b,c and d)

components of the state vector.
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-V/c t < 0

z2 t = t os A t ; 0 < t <I 57b)

K V . r < t
c K .

c0 -  t <0

z3 (t) T (t) sin 6t 0 < t < nV/A (57a)

0 a- <t
A -

where T is the delay from the satellite to the coordinate origin
of the Maneuver. These are sketched in Figures 9b, 9c, and 9d, re-
spectively.

Similarly, the state vector z for the orthogonal turn is given
by

R

To(0) - t <00 A

z1(t) =T (t): T (0) -- cos t ; 0 <t < V (58a)

•T(n + _IV <t
0 c A -<

0 A t < 0 a

z2(t) = f (t) sin A t (58b)
- 0 c v < -A

7TV
2 < t

32



f0; t < 0

Ct) - cos t; 0 < t < A (58c)
{0c v - A

S A

These are sketched in Figures lOb, 10c, and lOd, respectively.

In order to study the behavior of the Kalman predictor when sub-
ject to the delay inputs given by Equations (57a) or (58a), a computer
program named FLYBY was written. After setting the model parameters
Tf, p and R* (to uniquely determine the filter) and the aircraft's
initial velocity and radial acceleration (to uniquely determine the
turn), the program iterated the Kalman algorithm (Equation (3)) with
a noiseless delay input using steady-state Kalman (i.e., Wiener) gains.
The absolute value of the tracking error was observed at each itera-
tion, and after completion of the maneuver, the maximum absolute error
was written to an output array. The program was designed such that
incremental chanoes in model parameters and aircraft parameters (in-
itial velocity and radial acceleration) could be made in suitable
do-loops. Thus, the response to a wide range of inputs for a wide
variety of model parameters was obtained.

The structure of FLYBY will now be discussed in more detail.
A listing of this program appears in Appendix IV. In order to gen-
erate the maneuvers, two subroutines were written. Subroutines TURNI
(axial turn) or TURN2 (orthogonal turn) generate the state vector
z by implementing Equations (57a,b, and c) or Equations (58a,b, and
c) respectively. Prior to beginning the maneuver, the filter is as-
sumed to be tracking the delay function perfectly. Subroutines INITI
and INIT2 initialize the predictor vector z (ZWIG) to the proper values
corresponding to 0=0 for the axial and orthogonal turns, respectively.
The absolute tracking error at each step (ERR) along with the maximum
absolute tracking error thorugh ttie maneuver (ERMAX) is calculated
in subroutine ERRORI. The predictior is performed in subroutine PRED
using steady state gains. In addition to generating the state vec-
tor, the TURN subroutines generate a variable (ICT) which indicates
the number of iterations elapsed since the end of the maneuvcr. An
IF statement terminates the simulation when ICT is greater than 1000.
After the simulation ceases, the maximum absolute tracking error for
the maneuver (normalized to the radius of the turn) is written to the
array XOUT. A flow chart of this sequence is given in Figure 11.
One additional subroutine, GAINS, is used to load the gain vector (GP)
from an array of gain vectors (XGAIN) corresponding to various model
parameters.
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SET AIRCRAFT VELOCITY, ACCELERATION

INITI OR INIT2
INITIALIZE PREDICTION VECTOR

DO 700 1 1 I 25000 I

TURN I OR TURN 2
GENERATE STATE VECTORS , ICT

COMPUTE TRACKING ERRORS

IS ICT GREATER THAN 1000

NO

COMPUTE NEXT PREDICTION

700 CONTINUE

WRITE MAXIMUM ERROR TO ARRAY XOUT

CONTINUE FOR OTHER MODEL PARAMETERS
AND OTHER AIRCRAFT PARAMETERS

Figure 11. Flow chart for the simulation portion of the computer
nrnnram FI YBY.
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The data obtained from these programs is plotted in Figures 12a,
b,c,d, and e for the axial turn and Fiqures 13a,b,c,d, and e for the
orthogonal turn. Each of these figures shows maximum tr cking error
(normalized to the turn radius) as a function of R* (o X /aT) for
a specific value of p. Plotted are families of curvesVfor various
angular velocities. Consider,.for exampl , an 8 ircraft flying at
500 mi/hr making a 5 g. (I g. = 9.8 m/sec- 180 turn: What is the
trackinq3 error for a predictor with model parameters T = .0. sec,
R* = 10", and o = .9?97 At 40 mchips/sec, a I meter thange in range
qenerates a delay of .133A, so in terms of delay 500 mi./r. becomes
V/cA = 2Q.8 chips/sec and 5g becomes A/cA = 6.53 chps/sec-. Thus,
the radius of the turn is given by R/cA = 136 chips and the angular
velocity is 0 = .00219 rad/sec. Turning to Fjgure 12c, corresponding
to an axial burn for OTf = .0025 and R* = 10- , the normalized error
is 4.5 x 10 . Multiplying by the radius of the turn (i.e., unnor-
malizing) yields a maximum tracking error of 0.06A. Similarly for
the orthogonal turn, the maximum tracking error is found to be 0.31A.

In general, the tracking error for the orthogonal turn is higher
that the error for the axial turn. This is due to the step discon-
tinuity in acceleration for the orthogonal turn (Figure lOd). The
axial turn has no step discontinuities. Also, the tracking error
for both turns monotonically increases as R* increases. This behavior
is opposite to the noise behavior of the filter presented in Figure
7 where both .-P/o andjT/or monotonically decrease as'R* increases.
As R* becomes llrggr measuremet noise tends to become the predominant
factor. The filter algorithm compensates for this by narrowing the
filter bandwidth. This results in improved noise performance but
degraded tracking of maneuvers because the narrow bandwidth causes
the filter response to lag behind the input.

The curves plotted in Figures 113c, d, and e exhibit behavior
which may appear strange at first glance. The behavior was investi-
gated and found to he caused by the response time of the predictor.
The responses of the predictor to the orthogonal turn is composed
of an initial lag followed by an overshoot and less siqnificant ring-
ing. For small R*, the response is relatively fast so that the maxi-
mum error occurs in initial lag. As R* becomes larger the filter
response slows and the error in the overshoot becomes progressively
more significant. The "bumps" in the curves of Figures 1.c, d, and
e results from the occurrance of the maximum errors in the first
overshoot. As R* becomes even larger, the response of the predictor
becomes so slow that the maneuver is completed before the initial
lag of the response is completed. When this occurs, the errors in
the lag response become progressively more significant. Eventually
these errors again become larger than those in the overshoot. The
regions of the curves above the "bumps" corresponds to the maximum
errors occuring in the initial lag response.
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Figure 12a. The maximum delay tracking error for the axial turn
as a function of model and maneuver parameters, 0=0.99.
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Figure 12b. The maximum delay tracking error for the axial
turn as a function of model and maneuver parameters,
=. 995
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Figure 12c. The maximum delay tracking error for the axial turn as
a function of model and maneuver parameters, 0=0.999
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p=0.9995
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Figure 12d. The maximum delay tracking error for the axial turn as
a function of mo~del and maneuver parameters, 0=0.9995
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CHAPTER V
COMBINED NOISE AND MANEUVER PERFORMANCE

OF THE KALMAN TRACKING LOOP

A. Introduction

In the previous two chapters the performance of the Kalman clock
loop in response to noise inputs (Chapter III) and delay inputs which
simulate the inputs generated by a maneuvering terminal (Chapter IV)
was found. At any given time the total delay tracking error z- is
the sum of the error due to noise zle and of the error due tolnaneu-
vers i . That is, n

Ic Z + m (59)

The noise component of this sum is a jitter term with standard

deviationJP-In whereas the maneuver term is deterministic. Thus,

the error may be considered jittering with standard deviation Pl
about a bias term z . The worst case behavior occurs when the eias

(maneuver) term is a Maximum. The maximum delay tracking errors in
response to two orientations of 1800 turns were found in Chapter IV.

In this chapter, three examples of Kalman clock loop predictors
are presented. In each case, the delay error standard deviation ob-

tained from Kalman theory q PI) is compared with (1) the delay error

standard deviation due to measurement noise only (f-7) and (2) the
maximum tracking error encountered in a 5 g. (I g = ;8 m/sec), 500
mi/hr. orthogonal 180 turn with no measurement noise. In each ex-
ample the measurement noise standard deviation is assumed to be .05A.
This is approximately the same value as the measurement noise in the
current experimental system.

B. Example I

In this example model parameters identical to those considered
in Reference 6, Example 1, pp. 111-116 are used. These are summarized
in Table 2. A short description of how these parameters were obtained
is given here. Values for the code rate, the average maneuver rate
(A), and the measurement noise (ov) were either given or assumed.
The value of aj. was derived using Equation (17) under the assumption
that P (the probabilitv of zero acceleration) is 0.5, P (the proba-
bility of maximum acceleration) is zero, and A (the maximum permitted
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vehicle acceleration) is 5 g. (49 m/sec2 ). The value of Tf was chosen

(by an iteration scheme) to be the largest value which yieldsi1I <

.05A. It has been shown[71 that timinq jitters of greater than .0
may yield a significant degradation in bit error probability. The
complete set of model parameters is given in Table 2.

From the set of model parameters -he derived parameters p and
R* are found to be .9861 and 7.463 10 , respectively. These values
may be used with Figure 7 to find the tracking error standard deviation

due to measurement noise only ( P1 ). Unfortunately a curve for XT
= 0.014 is not plotted. However, By extrapolating those values that

are plotted, it is found that IPin/op = .88, so that the standard

deviation of the tracking error due to measurement noise only is Pln
.044A.

The values of p and R* may also be used with Figure 13 to find
the tracking error generated by a terminal performing an rthogonal
1800 turn at 500 mi/hr. (232.52 m/sec) and 5 g. (49 m/sec ) radial
acceleration. This turn has a delay r lius of

Rad- 135.95 chips (60)
cA

and an anqular velocity of

= 0.2192 radians/sec. (61)

Thus,

6Tf = 0.01.52 radian. (62)

Using Figures 13a, 13b, and 13c and extrapolating to obtain a value
for each figure for OT = .0152, then extrapolating these three values
to obtain a value for ITf = 0.014 yields

Emax , 

(3

Rad = 1.0 .10.  (63)

Unnormalizing, the maximum tracking error obtained is approximately

max E 136 chip. (64)
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This tracking error may be regarded as a bias in the Drediction
due to the maneuver.

The initial selection of T for this example was based upon ob-
taining a tolerable clock loop Sitter of .05A. In selecting this
value as tolerable, an implicit assumption was made that the clock
loop yields estimates that are unbiased. This is true for a non-ma-
neuvering terminal or a terminal making rand8m maneuvers. However,
with deterministic maneuvers such as the 180 turn considered here,
biases in the estimate will occur. These may or may not be tolerable,
depending upon the frequency of the maneuver, whether communications
are expected during the maneuver, etc. In the present case, a clock
loop operating with a jitter of .044A biased by .136A will result
in a bit error rate of five to six times that of a similar clock loop
operating unbiased with a 4Jitter of 0.05A (assuming one operates with
a bit error rate near 10- 7,221).

To minimize the bias, it may be necessary to reduce Tf (i.e.,
to sample more often). Consider a system with the same model param-
eters as the previous system with the exception of Tf. Let Tf be
0.0228 (Example 1b). Since the maneuver rate (X) is unchanged, p
(1-XTf) becomes 0.995. Similarly, 'Tf now becomes 0.005. Using Fiq-
ure 7, the Kalman prediction error standard deviation (T.) and the
prediction error standard deviation due to noise only (fP,) are found
to he .03A and .027A, rpspectivelv. From Figure 13c (coresponding
to p=0.995), the maximum tracking error for the 3800 orthoqonal turn
is found to he 0.07A. The performance of the clock loop filter with
this set of model parameters is summarized in Table 2 for both Tf =
.0695 (Example 1a) and Tf = .0228 (Example Ib).

C. Example 2

In this example model parameters identical to those considered
in Reference 6, Example 2, pp. 116-11.9 are used. These are summarized
in Table 3. Here, ov and X have the same values as Example 1. The
code 2 rate is doubled to 80x1O chips/sec, which doubles o to 5.36A
/sec . T was reduced to .052 sec. Given G., a , and (chip duration),
T was chsen[6j such that the Kalman predictor Xtandard deviation
of the tracking error is

rI .05A. (65)

From the model parameters, the derived parameters R* and p are qiven
hy .2

R* 3.731 • 0-4  (66)
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Table 2

Model Darameters and performance data for Examples la and lb

Model Parameters la lb

Code rate (i/A) 40x1N6 chips/sec same

Measurement noise standard deviation .n5 chip same

Average maneuver rate (X) 0.2 maneuvers/sec same

Maneuver noise standard deviation 2.AP chips/sec same
(CT /A)~

Sample interval (Tf) 0.069 sec 0.0228 sec

Derived Parameters

Acceleration correlation coefficient 0.9861 .q54
(p)

R* vX 7.463 10-4  same

Maneuver Parameters (for 5 g., 00 mi/hr. turn)

Delay radius of turn (Rad/cA) 13q.Q chips same

Angular velocity (0) 0.210? rad/sec same

Angle subtended in one sample n.0152 radian .on0n rad
interval (OTf)

Performance

Kalman prediction delay error .; chip .0 chip
deviation (Pi/A)

Prediction delay error standard .n44 chip n.027 chip
deviation due to Miasure-
ment noise only (JP In/A)

Prediction tracking err8r due to 5 q., 0.116 chip N.n7 chip
500 mi/hr. 1.80
orthogonal turn (Ema/A)
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and

p = 1 - XTf = 0.9896.

The 5 g. (49 m/sect), 500 mi/hr. (223.52 m/sec) turn has a ra-
dius (Rad) of 1019.6 meters. This generates a change in delay of

d- 271.90 chips. (r7)
cA

The angular velocity (6) for the turn is 0.2192 radian/sec so
the angle subtended in one sample interval is given by

6Tf = .011.4 rad. (68)

From Fiqure 1, the normalized standard deviation of the error
due io measurement noise only (J7 -/a ) is 0.PO (for p=O.QQ. R*=3.71
1 I-1. Thus, the unnormalized ji teX is

Pln .044A.

From Figure 13a (corresponding to =0.99) the normalized maximum 4track-
ing error (c /Rad) for 6T =.0114 is extrapolated to be 6.4.3.0
The maximum Mcking error s found to be

Emax = 0.174A.

A bias in the local clock of this magnitude will result in a degra-
dation in the bit error probability (PE) by at least a Mactor of ten
for systems operating unbiased with P smaller than 10 [7,22]. As in
Example 1, this may or may not be tolerable. Table 3 presents a short
summary of this example.

D. Example 3

This example illustrates that the data of Chapters two and three
may be used not only to evaluate the performance of a Kalman predictor,
but also to select a set of model parameters to achieve some desired
predictor performance criteria. This may be necessary because a de-
signer may not have enough aircraft data to select the statistical
parameters a- and X with confidence. This may also be desirable in
that the desiqner may want to deliberately skew the model parameters
(to reduce the errors in tracking of maneuvers while minimizing Pos-
sible degradations in jitter performance, for example). The selec-
tion of model parameters based on the data of Chapters two and three
is possible because the data in these chapters is independent of the
accuracy of the parameters. That is, given a set of model parameters,
the performance of the resulting Kalman predictor will be as described
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Table 3

Model parameters and performance data for Example 2

Model Parameters

Code rate (1/1A) 80xI0 6 chips/sec
Measurement noise standard deviation (v /A) O.F chip

Average maneuver rate () 0.20 manuevers/sec

Manuever noise standard deviation (aT/A) 5.36 chips/sec 2

Sample interval (Tf) 0.059 sec

Derived Parameters

Acceleration correlation coefficient (p) .oP96

aX 2  
4

R*- 3.73 10-
0 a

Maneuver Parameters (for 5 g., 500 mi/hr. turn)

Delay radius of turn (Rad/cA) 271.89 chips

Angular velocity (0) 0.2192 rad/sec

Angle subtended in one sample interval (6Tf) 0.0114 rad

Performance

Kalman prediction delay eror standard 0.05 chip
deviation (4P1/A)

Prediction delay error standard deviijon 0.044 chip
due to measurement noise only (JPIn/A)

Prediction tracking error due to 5 q., 0.174 chip
5O mi/hr. 180 orthoronal turn
(max/A)
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by the figures of these chapters regardless of whether the model ac-
curatelv reflects the physical situation. This is not true of the
Kalman covariance matrix (P), which is accurate only if the model
and model parameters accurately reflect the physical situation.

In Example la, given a , o-, and X, Tf was chosen to he .0695
se. in order to yield a KaYman prediction error standard deviation
(JP,) of .05A. It was oNserved that the maximum tracking error through
the 5 g., 500 mi/hr. 180 turn was 0.136A and that the jitter due
to measurement noise only was .044A. In Example lb T was reduced
while holding the other model parameters constant in trder to reduce
the tracking error due to the maneuver. This resulted in a maximum

tracking error of .07A and a jitter due to measurement noise of 0.027A.
Consider now the following question: While holding the samnle inter-
val (T ) and the measurement noise standard deviation constant at
the saGe values as those considered in Example lb (.0228 sec and .05A,
resoectively), is it possible to select oT and X such that the result-
inn filter tracks the 180 turn with an error less than .03 and has
ajitter due to measurement noise of less than .OAA?

To answer this ouestion, a value for p (and hence X) will he
assumed. Figures 13 (a,h,c,d, or e) and 7 will he examined to find
a value for R* such that hoth trackinq and noise criteria can he met.
If such a value is found, then the remaininq parameter (oT can he
easily found, since os,, X and R* have heen specified. if no such
value for R* is found, a different value for p will be assumed and
the Drocess repeated. This procedure will continue until a set of
model parameters is found or until all of the plotted values for
have been examined and shown to yield neqative results.

Let p equal 0.99. From Eouation ('3) X is 0.A39 maneuvers/sec.
From Figure 7, values for R* are desired such that PIn/v < 0.8 (i.e.,

]P .04 when a =0.5). This criterion can be met if R* is qreater
t~gn5.56 !0-4. From Figure 13a (corresponding to P=0.99), the maxi-
mum tracking error for the orthogonal turn (Rad/cA = 135495 chips,
T =0.005) is less t.an 0.03A (i.e Ta£ /Rad < 2.2 1.0- ) if R* is
less than 1.0 10- . Thus, a useabla ange for R* is

5.56 10- 4 < R* < 1.0 " 10- 3  (69)

Choosing R* to be 7.5 • 10- results in a value for a of 12.82A/sec2.
From Figure 7, the jitter due to measurement noise only is

= .037A (70)

5n
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while the Kalman prediction delay tracking jitter is

=P .044A. (71)

From Figure 13a the maximum tracking error due to the 1800 orthogo-
nal turn is 0.027A. The model parameters and performance data for
this example are summarized in Table 4.

Thus, while sampling at the same rate and with the same energy
to noise density ratio in the clock pulse (i.e., the same a ) as in
example lb, the predictor considered here will track the deyay from
a 180 0 turn with much less error (.027A) than the predictor of example
lb (.07A). The jitter due to measurement noise is somewhat larger
here (.037A) than the previous example (.027A), but still very rea-
sonable.

Of course, in skewing the model parameters to optimize tracking
performance, the relation between the model parameters and an actual
aircraft may be lost. That is, if the model parameters were chosen
based upon the physical characteristics of an aircraft (e.g., the
maximum acceleration the aircraft is able to withstand), they may
no longer be realistic with respect to those same characteristic.
For example, in the case considered here the value of 12.82A/sec
for o" corresponds to approximately 9.81 g., which is beyond the cap-
abililies of most present day aircraft. This, however, does not in-
dicate problems with either Kalman theory on the chosen model. The
Kalman algorithms are minimum mean (i.e., aver age) square error al-
gorithms. This study' considers the performance with respect to two
different performance criteria, the response due to measurement 0noise
(jitter performance) and the tracking errors resulting from 1800 turns.
The model parameters which are necessaryJ to provide good performance
with respect to these two criteria may be quite different than those
reciuired for the minimum square error criterion.

Ohviously, good tracking performance for typical maneuvers is
important. This example shows that (1) good tracking performance
for typical maneuvers is obtainable simultaneously with good jitter
performance and (2) that the curves in Chapters III and IV can be
used to obtain the model parameters necessary for the implementation
of a predictor with this performance.
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Table 4

Model parameters and performance data for Example 1

Model Parameters

Code rate (1/A 40.10r chips/sec
Measiirempnt noise standard deviation (o /A) .n; chips

Averaqe maneuver rate W .4P26 maneuvers/sec

Manuever noise standard deviation (cT /A) l?.R? chips/sec

Sample interval (Tf 0.02P? sec.

Derived Parameters

Acceleration correlation coefficient (p) O.qo

R* - v 7.5,10

Manuever Parameters for 5 g., 500 mi/hr. turn

Delay radius (Rad/cA) 139.q5 chips

Angular velocity (6) O.lq2 rad/sec

Angle subtended in one sample period (6 Tf) 0.005 rad

Performance

Kalman predictor d 4lav error standard .044A
deviation UP 1)

Predictor delay error standard deviatin .n7A
due to measurement noise only (Pln )

Predictor tracking error (maximum) due .027A
to 5 g., qO mi/hr. IPO orthogonal
turn (max)
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CHAPTER VI
TRANSIENT PERFORMANCE OF THE KALMAN FILTER

A. Introduction

In this chapter, some aspects of the Kalman and Wiener clock
loop filters during acquisition or lock up are examined. Since the
Kalman filter is computationally more costly to implement than the
Wiener filter, knowledge of when it is advantageous to use one over
the other is needed. The important criteria for comparison are the
magnitude of the tracking errors (overshoots and/or lags) during lock
up and the time required for the error to converge to reasonably small
values. Two computer programs were written, named TRANS and STEADY,
to examine the behavior of the Kalman filter (TRANS) and the Wiener
filter (STEADY) under lock up conditions. These programs and the
data they generate are examined in this chapter. Before discussing
these programs, the initialization of the Kalman filter as described
in Reference 6 is examined.

B. Initialization of the Kalman TDMA Clock Loop Filter

In Reference 6, it is proposed that the initial estimate (z(-))
be obtained from two measurements prior to enabling the filter. The
observation models corresponding to the two measurements are

x(-2) = z,(-2) + q-2) (72)

and

x(-1) = z1(-I) + U(-I) (73)

and the estimate zf-l) is

2 (-1) = (-l x(-?) : zi(')-z 1(-2).+ _-1) - (75)

Tff)(76\2 (-1) 0 - 0 (76)

Note that no attempt is made to secure acceleration information. The
initial prediction is obtained from the filtered estimate z(-1) via
Equation (6b) and is

z(O/-1) = oi(-I) (77)
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The effects of noise and the neglected acceleration component on the
initial prediction i(01-1) will now be analyzed. Here, an acceleration
with constant magnitude of T (chips/sec ')throughout the initiali-
zation period as assumed, T~us, with this constraint, the state vec-
tor z(k) is given by

z(k) 2 'z(k \ z2 (k) 0 T constant .(78)

( z 3(k)) 0

At k=-1, the 1st two components of the state vector z are given by

z (-I)= z (-2) + z (-2)Tf + T2/2 (79a)

and

z 2(-1) = z 2(-2) + fTTf .(79b)

From Equation (75) and Equation '79a and b),

Z2(-1) = z2(-1) - T f ~ D(.i~(0
is obtained.

At k=0, the 1st two components of the state vector are

z1(O) = z (-1) + Z2(-i)Tf + T 2 12 (81a)

z 2(0) = z,(-!) )+TTf (81 b)

From Equation (77), the predicted values for z1(O) and z2(0) are

= ̂,(-!) + iz2(-1)Tf (82a)

z2(01-1) 2̂(-') 8b

By substituting z (-1) from Equation (74) and z 2(-1) from Equation
(80) into Equatiois (82a) and (82b) we obtain

i (0/-I) =z (-1) + Z (-l)Tf - t Tf 2+ -)-(

which can be rewritten using zj(0) from Equation (81a) as

Yi(/-1) =zj(0) - fT2+ 2 (-1) - (-2) (83)
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Thus, the predj.ct on zl(0/-1) can be considered biased by an accelera-
tion term of -T Tf and corrupted by 2 noise samples, E(-I) and
E(-2). Similary for the velocity component of the state vector,
by substituting 22(-1) from Equation (80) into Equation (82b) we ob-
tain

Z2(0/-1) = z2(-) - f + (84)

From Equation (81b), z2 (-') = z2 (O)-ToTf, so Equation (84) becomes

z 2(0/-i) = z2 (O) - %T + (85)

Thus, the velocity prediction is biased by an acceleration term of
- 3/2 T Tf and corrupteg by ? noise samples weighted by I/Tf. For
PN cod8 rates of 40"10 chips/sec and Tf=.01 sec (quite large, con-
sidering the chip rate), the bias erors introduced i~to the delay
and velocity predictions are 1.3*10 2 chips and 2*10 - chips./sec,
respectively, per G (1 G 9 g.8 m/sec ) of acceleration. Both of these
are indeed negligible.

From Equations (83) and (85), the errors in the delay and ve-
locity components of the estimates due to noise are respectively

1 (0) = 2C(-1)-C(-2) (86a)

and

i2 (0) :=- -(£2) (86b)
n Tf

The error variances associated with these terms are (since the noise
samples are uncorrelated)

Ef(zi (O))2 = 5o2 (87a)
IEn

and 2
E{(z€(O)21 :t- (87b)

f

with corresponding standard deviations of

JE I {( 0o))2 } 2.24 (88a)
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and

0? JE{(?2 (0))2} I.._4 (88b)
Cn  T f

Equations (88a) and (88b) are important statistics because they give
information about the magnitude of the errors. Assuming that the
errors are Gaussian distributed, the prediction (zfO/-1)) will be with
in one standard deviation of the correct value 68% of the time and
within 1.65 standard deviations 90% of the time[13]. For example,
if ar=O.OSA (a reasonable figure for the present system), then the
errors in the initial delay prediction z (0) would be less than .185A
90% of the time. Similarly, for Tf = 0.61 sec., the errors in the
initial velocity prediction z2 (O) would be less than 7.05A/sec (or
.07A/T ) 90% of the time. The programs TRANS and STEADY simulate
the hehavior of Kalman and Wiener filters during lock-up with initial
errors of these magnitudes.

C. The Steady State Kalman Filter Program

The program STEADY (Appendix V) is structured to make extensive
use of subroutines. Because the input signal to the Kalman filters
is the difference between the time bases of the local and received
clock signals, initialization with an error in any of the components
of prediction z(0/-l) is equivalent to a step change of opposite siqn
in the corresponding component of state vector z(O).

Three subroutines were written which generate the state vector
simulating step changes in delay (T ), velocity (T ), or acceleration
(T ). These are names STEP, RAMP, 2nd PARAB, respectively. The names
or~ginate because a step change in velocity produces a-ramp in delay
and step change in acceleration produces a parabolic delay.

After the state vector is generated, it is compared with the
prediction in subroutine ERRORi or ERROR2. These subroutines keep
track of the errors as the filter converges. It was discovered that
for step changes in delay (T ), the maximum error almost always oc-
curs at the first iteration 2nd is equal to the magnitude of the step.
When this is not the case, the maximum error occurs in the first over-
shoot. Accordingly, ERROR2 was written which computes the magnitude
of the first overshoot. This subroutine is used for step changes
in delay. For steps in velocity and acceleration, ERRORI. is used.
This subroutine computes the maximum error as the filter converges
regardless of where it occurs.
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After the error is ohsrerved, two subroutines are used to check
converqence. The first, subroutine COUNT, counts the number of it-
erations for the first (the delay) component of the prediction to
converqe to within .;~A of the actual delay. This is used to obtain
data concerning the convergence time of the filter. The second sub-
routine. STOP?, is used to determine when all three components of,
z(O) have converqed to within .no (chips, chips/sec, or chips/sec
depending upon the component) of the corresponding actual values.
If all three components have converged, a variable ISTOP is set to
one which ceases the iterations. If not, subroutine PRED is used
to generate a new prediction by direct implementation of Equation
(3). Subroutine PRED may be used with either time variable or steady-
state gains. It should be noted that subroutine PRED implements a
linear tracking characteristic. The nonlinear characteristic of the
correlation circuitry could be simulated, but this would prohibit the
normalization of output data. From this point, program flow is de-
pendent upon whether the filter has converged (by the criteria of
STOP2) or not. If it has converged, then either the number of it-
erations (from COUNT) to converge or the error (from ERRORI or ERROR?)
during the convergence process may be written in an output array.
If the filter has not converged, then the next state is generated
and the process is repeated.

D. The Transient Kalman Filter Program

The program TRANS (AppendixII) uses the same subroutines and
is organized in the same manner as STEADY. Three additional subrou-
tines are also used for functions unique to the time variable (Kalman)
filter. First, it is necessary to obtain an initial error covariance
matrix, P(O). In Ref. 6 it is shown that this matrix should be

P(O)

5 [1+j~l-t~j 1 3 Tf 2(l+p)PCY
4[+r [1 -2t aTr v

5r r2 r

_r [ + 4(p j_ Tf r2[ i+ 21_0 I C2 T2 (1+ 1 )PG2Tf (89)
r4 L2 v1a r2 aT 2 a

pr P0 vCa (1+ P)PoaTf p

L 4a

where r - V
GT 

2
0f

59



Subroutine SETUP2 implements Equation (89) directly. Second, it is
necessary to calculate the predictor gains. This is accomplished
in subroutine GPCALC via direct implementation of Equation (4). In
this equation, the gains are calculated as a function of the error
covariance matrix, hence the need for SETUP2 prior to GPCALC. Third,
after the prediction is obtained, it is necessary to update the error
covariance matrix for the next iteration. This is performed in sub-
routine PW1 by implementing Equation (5).

E. Results

These computer proqrams were used to find (1) the errors in de-
lay tracking z during lock-up and (2) the number of iterations for
the delay errorcto fall below .05 chips for a wide variety of model
parameters and inputs. The magnitude of the delay errors are pre-
sented in Figures i, 15, and 16 for inputs of steps, ramps, and pa-
rabolas, respectively. In each case, the results are normalized to
the input to make the curves more general. That is, the data for
the step input is normalized to T the ramp data to fTTf, and the
parabola data to T Tf/2. In all hree figures, data f r the Kalman
filter is presente8 in solid lines and data for the Weiner filter
is presented in dotted lines.

While developing, and debugging of the programs, it was deter-
mined that the maximum errors in the ramp and parabola cases are under-
shoots (or lags) in the response, whereas the errors in the step input
case are overshoots. In Figure 15 the data for the Kalman response
lies on the R* axis, not below it.

The data for convergence is presented in Figures 17 and 18 as
a function of model parameters for the Wiener and Kalman filters.
Figure 17 shows the iterations to converqe given a step offset in
delay of 0.20A. This corresponds to the QO% confidence interval for
o(0.05A, Tf=.Ol . Figure 18 shows the iterations to converge for
a step change in delay rate of 7 chips/sec. Again, this corresponds
to the QO% confidence interval for a =.05A and T - 01 sec. These
figures are specific for the inputs described (they are not normal-
i7ed). However, the general characteristics may he qeneralized.
First, the most significant improvement of the Kalman filter over
the Wiener filter occurs for large R* and large p. This corresponds
to a relatively slow responding filter in the steady state. Second,
the number of iterations required for converoence of the Kalman pre-
dictor seems to be asymptotic to 13 in Figure 17 and 31 in Figure
18. This behavior is explainable. In Reference 6 it is shown that
the Kalman gain vectors for different model parameters all follow
the same monotonically decreasinq trajectory until very near this
final (steady-state) value. Consider two filters, the first of which
has a gain vector which converges to (within 1% of) steady-state in
200 iterations and the second of which has a gain vector which con-
verges (1%) in 400 iterations. Suppose that both filters are given
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the same input, and the first filter acquires the signal within 100
iterations. Under these conditions the second filter will also ac-
quire the signal within 100 iterations because the gain vectors for
the two filters are almost identical until near the 200th iteration.
Furthermore, any filter whose gains go to steady state in signifi-
cantly more than 100 iterations will have similar convergence charac-
teristics. Third, for the slower filters, the difference between
the Kalman and Wiener filters is dramatic. Consider R* = 10- , p=.999,
and T f=.,]. Figure 17 shows that the Kalman filter requires 13 it-
erations to converge (.13 sec at T = 01 sec) from an initial delay
offset of .2A whereas the Wiener f Iter requires 150 iterations (1.5
sec). Figure 14, when interpreted for T0 = O.?A, shows that the 1st
overshoot is .IA for the Kalman case and 0.07A for the Wiener case.
Thus, the filter remains in the linear portion of the correlation
circuitry throughout lock-up (see Figure 3). Similarly, for a ve-
locity offset of 7A/sec (Figure 18), the Kalman filter requires 31
iterations to converge while the Wiener filter required over 700 it-
erations to converge. From Figure 15 the maximum errors during con-
vergence are .07 (Kalman) and 1.4A (Wiener). Since the correlation
circuitry is linear only over a ± A range, the Wiener filter would
probably not lock under these conditions.
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Figure 14. Magnitude of the 1st. overshoot of the predictor in
response to step changes in delay of magnitude To.
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Figure 17. The number of iteration for the predictor tracking error
to diminish to less than 0.05a given a step change in delay
o F 0. 20A.
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ob KALMAN
WIENER .

-- dP- - o-9 .

z OV

0 -

I.-9

R - ?- -

Figure 18. The number of iterations for the predictor tracking error
to diminish to less than O.O5Agiven a step change in delay
velocity of 7k6/sec.
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CHAPTER VII
CONCLUSIONS

The steady state and transient performance of a Kalman filter/pre-
dictor implementation of the receive clock loop in a TDMA satellite
system has been analyzed. The steady-state response of the filter
to measurement noise was determined by state-variable methods and
verified by Monte-Carlo simulation and z-transform techniques. The
steady-state responses 8f the filter to delay changes caused by a
terminal performing 180 turns with two different orientations with
respect to the satellite was determined by computer simulation.

Examples are qiven which show how the steady state responses
may be used in the evaluation and design of the clock loop filter.
The exampleA given show that the errors in response to terminals per-
formina 180 tiirns are somewhat larger than those one would intui-
tively expect from the data given by the Kalman error covariancp matrix.
The Kalman algorithms, of course, minimize the average square error,
not the error due to a single deterministic maneuver. Nevertheless,
the response to typical maneuvers is important. The examples show
how it is possible to deliberately skew the model parameters of the
Kalman algorithms to improve the response to typical deterministic
maneuvers with little degradation in noise performance (jitter).

The transient performance of the Kalman clock loop filter and
the corresponding Wiener clock loop filter was analyzed by computer
simulation. The tracking errors caused by errors in initialization
for both Wiener and Kalman predictors were determined as a function
of the model parameters of interest. The iterations to converge were
also determined as a function of model parameters for two typical
acquisitions. The results show that the Kalman filter has much better
transient performance than the corresponding Wiener filter when the
derived model parameters R* and p are both relatively large.

67



Appendi xIThe Compute r Program VPCALC

=**~*****~**Pkd(;dAP, VPCALC********
2 OPTION~S DIP

- :1'~:S~c:PCA(),PWC(6),X(3).XHAT(3).CP(3).XHOI(5!()
[)IVPNSICI: XObT(4,4 1,5)*V (6)

0 WAL LAMMA()
C COMO.J(MMI/RMl,T(4)

(CUA,'C(N/5ET2/1 I (V ,VARV, SI G1. VARV.. SI GA .VARA.
6 DATA LAhDA/...5.l..1'5.Ol/

It VARV' SIUV=*2
i CALL WSW-1-'

C0 M I TIV I.)

0 I St= I I~A LAAI.')(

101 VA SIC V*I *2 A LA.*2r

24 VAVAA*( I.-RHO**2)

I!-1 . EQ I ) CALL S ETUIPG
',il 0 !%CFAOY STATE:

CtALP;(Vto
I ~ CAL

Ih-I- A C . I () O I I A

- Ai- C 1 = .

-CAL!- 'PCALC( ;*.,( P)
C A.LL :,(C*

-AD.: C2 *I PI LADI =5(2(1(P.11 1/OTkV)
Xl' AF - P 1.1 LAr I =bSl& i )I/V .MWv

I (l r;'' P I l

JA L .1 Y l A 11C.AAdrj
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b (Pi,( I)E0.v. )GOOTO I I
b; P( I =ALE ( PN1I )-PVIO( 1) ))/A['S(PV,( I)

5A 30 u Io

ol Liu 15 I=1,6
o2 i) ir(P(1).u.L.*l .G TO 50

I FLAG0= I

o~U~ I FLAD;=L

END

SUBKOiUTIVE DECCPMP(Nl!.A.IIL)

L4 I N 1 1 LAIZE I PS.UL-,A'XF SCAL-ES
DO 5 I=I,11

c IPS(f)=I

16 D 2 J=III

I F (PCI.N R-Ab ( UL.( I *J 1 .2 2
I~ ~ ~ ' O..I=FC UL I, 3))

L2 4 COIITINL

SCALJ:S (1 I.IC/RI41r

Cc ALL SP G( I
-? SCAI-FS I=1I
U COIT ILE

' c GAUSS IAM: ':1-11 1 tlATIOCN 1' Q ~AkT I Al 1I VTP I
N 1.iI='I-

,,2 u I? K= I, r'I

S IZE= APB Ul.( I P K)*Cr
7 F( S IZE- RI G) I I I I I

V3 iC, L I G=SI ZE
IDy1,XPIv=I

i.A; iI CON1 I NUE
hC IN i-IGI 12, 12, 2

Il2 12 CAL! S It ((2)
1 O TO 1-

I I- t)X 12VK 14. 15, 14

k z jIPS()S(IXDV

IPS(I)XPIV)=2

IPIVG1;t=I;LCLCP.K

I PI j= f. ( P K
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[A [ p U!F M'ACPIP [ACIIAGE COPPT3 It ;.I4
~ ''".c!:CE Frr 101 EN COINE

I C.

CAI LL I t G12)

tir 0:,C:

UIoo, pI(o

- L:I

I P' C. I

I ..3 A L(I.J)=2 J
I' XC I )- I fIA t:K

+C I

I~ J- =1- P I N'

1 t LC S I G U). HY

1C. I! j J )PC.
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I o " (PUIT, I)

Ii L N

V2 SU~kGIJTliY: \PCALC(G-P,V)
PlI.ENSI U A (c, 6) .1!L (6, 6) ,('P 3) *V(6) R ( 6)

I cU.'.:./ 1 UFI ,f(4 )
C Ft-)/2/F'CV VAV .SCI.)V ARV. ST GA ,VAP A

IA( i 2 )=2.*(.- P ) )*T l)
I,2 i2 .i A I-PC))T

AC I,3)( 3.O)))T2
I A) i ,)=T (4)14

1 Z2 A 2 , I ) =-( I.-GfP( I*G2
A 2 --S) I)-(GP (2 ) *7 I

i C I ) ) *(-( 3 -P2*T2)2

A 3 )=( .Cr))*(

1 - A(4,2)-CP(2)**2I

I A(,4)=-.*G"

A ( ,,d)=C.U~ I
V.. A(4, 5) =2 .*T( )/2

IV' A(4,6)=C(2)**

2) A(5,1I)=GP(2)*GP(3)
A( 5, 2 )=-(,P (3)

A 3 b -HCC (2 )-T I' *Q2I

A(5,oA=ILHO*TMl
2 C, ~ A ( (6, I)=(N *

2V) ( ,2

2 ;I A(6,6)=PHO**2-1.
2)2 F) I j=-VAIV*GP(H*I
2)3, P(2 )=-VAf.V*CP( I)*UP(2)
2)4 6 (3) =-vI;- V*iP ( I *GP (3)
2 1 U (d ) =-VtI iV*)P (2 **2
.2 1IC b (5) =-VtPV~*GP(2)* 3)
211 1(6)=-VlIIX*Gr(3)**2 4

2 1 :ALL IECC.PW(ItUN.A.UL)
22k CALL EOL-VtU 1 tIUL. -,.V
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k L_, ,. I) J

UD7,CWY,' <'ll"E VGACS(CPxGP)"D I!,!1.1 islcF N ((o),OGP(3)

ElC 2 /F I V , VV. SI C VARV.. SI GA , V A;A
P p /(p,( I )+VA V)

G , I =( ( I )+P,,(2)*T( I )+P,(3)*T(2)/2.)*P
d~a,. Ci (2)=1 R,.(2)+PH(3)*'.((I *

2.; 1 GlP(3 )=P ( )*f,! O*P

S Uf C!? .CC, I IV (it:, P'jC)
I5 31' L CU 71;L CALC 1., TES THE C S'f;-P DC ICT , I ( n r

V:k I.'CC' IT USES THE FSE, (",[E ' FO D FICf,1 ','A I ",
1) I ' 11TH UP).TE', UCE STEP VA lArCFS( ') A') FiE

S, " CL) 1; : STEP 4 A, IAHCES(P O)
AI GIC +T I FT(,(P),p .1o)

G / A . /'.',A 2 ( 4 I

2 1-A P,. -' CI.-'2 G, 2) Ti DS}',',0V A , I A T, ( 1 4

'-- 's , I = ,
,. I G =" ( 3 1

'* ( . C I ) +VA

-CC'5+T2* (0 (

,, A=:,( 1 A +'2(I)*(2)+T*,(2 )P;;(-/2

=,-, A-5= , .' . *.2: P; O C +2 . +C+1-" A ( I D' PC", 5 +)

Lv;. ~I',(I '=,I()+2.*T( I*PO?,1(2 )+T2)*P(P:( 3+,iiC(4)+T()*2;"'r5W

.C(G; ) '*M.('(5 ) +T I *D, -(62/N 0( /
P(o) (aC)- tC2**2/ A:C~*2 '

2'...,~ ~~ 5 '( :,;; ( +(2 2) *VO(O )/ 2-w

i7(72

-:'5 (. I) ,..[

(.. : I , - ~l': (2)/T +2P*(P;./)2
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Appendix II
The Computer Program VSIM

I C**** ***** * PH((;rP A!. V-I'( ** ************

2 Oil I (It; s MI
w I!.CLWI> !iSS *, SYS

DI.F(SIC.: X( ).XHAT(2 ).GAI!SS(7,41,5).XOUT(4.41,5)
) Pt:AI. LA,.JK)A(S)

C- CCOSJ/O~PD II/51) O.T (4
, D. f..i~ k21(.I( ,VASV, SIG,',,ARI..SIGAVARA

o DATA LA? F DA I., .5,.1,.05,.PI/

1 (2) = ( I )**2
'i 1 (3) 'i(2 )*Y(I
I2 T (4 ) =T(2 ) *2
I- CAL.L ;,, SSN

1( tALL A-.S. GL(_ -IC(~C. I ,51]41 3S, ] )

1, CLLmI ., ,Et,,! ) ( I ) (,A I t,

I CLOSE I
I " FAC'i Ok= I f'. **t . I
I F C A LL X(-,F!V 1 (X)
1I, S=I.

A:;5
SIIX=722-II

P?2 9O l.; I!TA = 1, 5
f: 6,,'.= 11 .A"' *-) (%'YO

24 f 0 O= I . '-!,A?FI)A ( I IA' *T( I
2-h I,..*- 5/FAC"Oi
DO EC,.l I PT= 1,4 1

2 R~h*FACi (;)

L -. U*** ' 'E SI.5(1. ATin(i
L: ALL XHMlI (XPT)

c ALL_ AE IE :( 15SEE',,-[41035. I)
LI A., I IX

i ~ 3' J) 1=l ,l)lVS

CALL [IKEES X , ((AT,I; . ,S53EM'!)
CALI LAL.IX,,AMXi"S!

. CALI. P q E'L (CI'.S(I ,Ir[ ,IL A. ) XHAT.XXII
"C LII' CC'IT i,,tIt-

4 1 CA Ll- '1 A j(t I(,

SA -5! , A ''
X•C, I I.( I = I ' 5 A I =A

I u =U IA? =O T 51 /.' I
,.c FI (AI, . .T I l.A ':) =SF f

'AX L" I :l , 1 0.' } =T; l A. A , 1'.TC, I .?

I : '
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TIC

X! [, C ). ACX)

¢-L: ,IJ ,- )=
Xi , , ( I = ; A +T I XIAT ATo

'-f AC = - e, X A, +

c.: ~ i Lt W:) .c,C-X

.'

211 :1 =,1. 74
,, ' =A+j

:I ( /' "- 1C j * + '

.x, &, ,t, j , *$ * *,* ** * *

oC'> 1112C 1CCC(, I]().,I(VC

C- ;i I 
; A

IM I )+I I*Y,( )+ C )P. > 712 + (I*,'t

C-: ki.- :

C4 <E) 'J ( %k!,I f( ,p A .) NI
C, " (; . SIb+'l C* 2) XA(C C)

/1 ''1 /d-&).i"4

'XL' 'MC --

C AC -C *CA(C72C/ *PT?+~

A1C > p.CC.~))C*HA') +;P(C714C



Appendix III
The Computer Program ZSIM

!, L S: c 5 r ''YS

,. I..L ,.J F , ', 5 )

AA LL' *tt t$ ** A':

C ' ). f :,

C(LI .41 *54,l *=.,(I

+ I ±,GP (2 ) - 1-

M -(= I1 ( I,*(2)

( (,) (' -*P

IS (. {;I) ] t C 'f" , ~ l,3 ,1

A II )

*2 - ( I
, .= I'. .. 7I

-] '.; IT~ " I

U,:V (I-)= (I! I >:, f1.,")

, ,t "!) /-t(7 , I -',AU? .

AC?;, I- I T , (& 2 ")=N?

/_; (4 2,I.-4 I LA, ) =,,1 / T ~
GA, T(3 K

0
'(oF pst A_>- , 415,

-'"i; C >, I;,i

IAL!'! i. ( ,

,<,.,CkcS * $ **c***

, Lr -XTI *.

.'. ;,:'P( I )*([ ''' +. )+I.(C2)*TC I )+rOCS)*-CD /2.

.<:: i= '( )*j(tOC(2)*I,(I)*4K70+q()*TC2I/2.

,''' I): -'<'1

•.y is *r'= ,-..*5 ) *C(I .+KI*2 .,*-+F* C+F)*2.*C ( .-F**2 )
u, .+.*('3I:*[).<.*-I .*CI.+ ))*2.*(I .-F**')

.t "-:*C 4-: 1*)2 .*' C*:-)*(C+ E)*2.•*C

s- ,+ .'*C?* a (I I)+,A,>C*)-.*'-I.*( I.+[))*(GPCI )**'2+***-2+
r
.
*
2)

:,, ,-!*.A'/ti 4(1I) ,)*2.*f;-5*CP(1)(C E*2*
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Appendix IV
The Computer Program FLYBY

- Ck * I FC lc'P

-)
1 , L''-it'; 2( 2 Icfl),P( ,XnU'7,41 ,5)

LI ':cIL' XGAIS,(3,41,5)
- ' L LA P:)A(5)

c: C . ' ./) IT/hcl-',1 (4)

, , :/T CC.V L, HED.AD.P I
i A r- A A/. .t).A.25,,'. I . )25 . .0 o( /

-ALL A' I GI(JI '. I SSG, 5",541P3 S, 6)
, Al.L 9E/5SS>A LL 14 ,2 5355}5

I 3 . 1 4 13 -56 6
Sc I A S 4 I 1.( Iff; I 4 lJS, I
Ii-AL) I ) J.(KUT

.=:7i .21LS! I

,. J= k.41

A i II=T,5

A~ ii

1"1 ''/2I

2 1~ 1 1 7

2- "- I ' : Ir S" AS
I,' '_: I (I 'i,.9 ',i=.A

'-: 2l 'AiC LI A)*' I~,'TON

-'A .12 - / 1 - I ( A P ; !'T .I )

L~~i A X=.* b

76I 11) C . :t:np-(

1 oi:!2 1 c AC/c I

- '-'AI /: .4 1,(zF'>,O ; SP
.  

I' I )

,-, . = Jc r- -'I ('

,:c .&LL [:I,2 7.6I , htA , tT



CALL LXII
LID

(i~~nt~.5J~f h~i~FPED? i CQ"DUTES THE MAXIMUM ERROR CDVEU;?sf400)T)
Cubr0UIl tI',: EDf IC (Z. 10 GP I .ERM AX

A1LEEAL SC EE~)
Er L )~.L. PSI41I EMAX=AEER

cC) ED

C, t)xn &'I-G i I'l- PEEJD C,) !PI lES 'lI'- DIE STE P KALALMAN PREDIC(T ION
CVLI*A't "'CLAl I)" S.DND:I: AIA X IS THE

7; .lp A' Il CV 1-S IDE' I'!.OlVATIO-!T.

HEAL ''CMV

1):;/1 l' 1 / P SC 
2 

A 0 -i'
7' '- 'CIK C I ' ) ,IC '

C.. (IC,)' II I + C( -,- ( n () * ,

dU-CT I (L C/ I )
(W(3 IS cCI C

V LU./ I Id 1 H4C

f- ra I> X C I C T

Vt~1' Fr I I LI (;n r( I

Z~. (2Lfl.

l.', C 1** 1 C b~ i ' I " S Cf', iI? P ,' IG
VSI A7!n~p 17- 1 vC DiD I.:E: Fl- 10.TO T 1.0 TTAIr LI T.

1 -1'"' = I. T
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3I 31i 1 A..D

124 (It1 1 111 w
II C; 2 H

0 I P ic i if tI, IL!A tO)

A (

uI(,C I cI

Li :*Y "13 *! 1 1'(P -

k'A10. 1 * -A1Y

1 C2 Z (' t-=.A[

k5 1-- ?
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LC r)A*.ILyU'k r I C. fif1Kl THE \2[cvEI

CT 1: U") '+7i

I EiHt-P 0

Z ( = (2! +Z -- ) * 3(, ICT

I ,c I (' I lZ 2 s (2 +, /

I L. 3. 1~ AJ iC) ( ):

Z~ I )=' I 7)

L 2(2) 7(2) ()*(

i Z 2(I L3 )7)x()+(*()

ItS ~ ~~r j79D



Appendix V
The Computer Program STEADY

L***A~*******v** PIROGAII S']EAL)Y ******

2 GPTlXCS5 DP

4 CRAL LASED(5

C ALL AI)E J5GIh4I!2,I

HEAL)( I)XGAII,
lz CLOSE I

2 ( 2) =-I( 1)**2
1 " ' 3) =-i( 1**3

4 -f(4) =i( 1)**4

-1- r5'4 1 (LA' )*-I( IC
/hPl1F(" CY
C 1,41

-AL 7 A I IF( C P .II (P

M" cct*'RC(

v.' 3 l ( I) / I G( I) *c?R , bkM AX)
CO

./ * CACl ? ?12.T( I

-i ALI. PA i Pib Z Y I)
C (2i) .21CCI) ERR,ERM.AX)

Lt. (l S1 'i ISROX (SOP)
C;, LL '':. L')Z I Z;llIG, P )
I I C-Cl 01) Z. 1 (60 710 IC0

c.. ~ 7V H'l , I~C" fA C!!k-?YAX

J! I f, I f.\! I rW AX/T

f- '- I' *I LA" =E COAX/I (2I

C i:

Ul

-A i C A - ,

'I C 1 S P ;L 1 : ATP 5 A I J t'CI 5 -,'1
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tcZ( I)=[.
Z(2).

,8 Z (3) =O.

Cv*, li6T l

02 ~ ~ ~ tt! Cw**UHOTUN AP EPRALEiS AN: I1PUT COINRESPOJ)DII'O TO A
cE ~.*~::T)STEP I'! VELOCITY. THIS IS A (oi:IT)RA.MP IN

o4 kAG.
c SLFNliUTI NE RIP(Z.T)
cpoIAE.LaI( : Z(

co Z ( 2 )"= I i

CA 2(3) =c

VI c:~~ c.51U JTINF PAiAiD -ENMERATES AN IN'PUT CORRESPO!INNl;, TO A
iEP~ 2 IN ACNEL-EkATIOIl. THISq IS A UW:IT) PARABOL-A

- ML cJUil!*: FUA'3(Z,T)

Z(I) 'I )+Z (2)*T+Z (3)*T**2
Z(2 )= (C2)+Z(3

* 4 SuCJL *~ZEi; IN'ITIALIZE'S PARA!'ETERS PRIOR TO ITERATING
.1 C ;AL Al AL(OMI TH B Y S52771:I1N TI E STATE VECTOR (Z)

~c J~i*tA. THE PNdEf)IcTOR VECTCL (ZV 1) TO ZERO. IT ALSO ZEROS
CC:*~ON~aMI N.PARAMIETERS NECESARY TO TH-E CMPUTATION.

C: SUI3iCUTI!NN ZEIIUCZ.Z;iIO.ERVAXI
1) 1)"I.':EN SI(:N! Z12 I ,Zl:IO J)

2c INCI

1,2-

F.U:tc , *, X=0.~******

~ '-'t "V ~ EhNOR I COMPUTES TH'E MAXIIM' ERROR (OVERSHOOT)
.V 7~<* rH rAAPS At:, PARAEOLA IN!PUTS

CI E" IA LT. * jAjf) RFUAX=APEfRR

I, .AS~PiOUTINE FF600N2 COPPUTES THE ABSOLUTE VALUIE OF THE
8 uV~s*1 d (,1- 0F1- FIRST OVERSHOOT INI RESPONSE TO STEP/
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0. F IK !,: I''

' I P (42 +Z; GE 3STE P I I )CT o

I F. A S( Y2 F' /A;Ai 1 1S F T ;

13, 32)-,

S1 C 1 3 G' (P

/ LI

S1 C£EK TA O $5211 IE GA115 E C THEPW

IF I-C TIAL. A2 CS P 19 SET

I z/ JSOP

I t A '1[J 1-7 EP " I SOT HE!' AI LG OP SST
rk SIP(E. ASTP
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Appendix VI
The Computer Program TRNS

L' **~~ *****,&**PP0C'iA-! TkA':S ,,k*****

1C 'iF ESSF,SY
4 P'C; ~r ( z:ic3 .P 3 .PI((6) .'JC!Ir~o(6)

-) I - L ! X , -t . 1 ,~~

RLAL LAI.Pi)A(e)

DATA
ICALL ASS 1 O)J (W~-ilk !OW7 3! 14 1 13S. I
II CALL ASS IO GN (TCTe0(,5;14 1035,2)

12 CALL DEA&SN
t. CALL Up~l-(( $1
I' T( I) CU )
I T(2) =1 (I) *

IQ 1i)=T(l)**3
1j T(4)=T(l'**4

6 SIO =2.
i V AlRA-' VA*
2, -ACT1Ce= We**. 1

21 CO 9e- ICN~fhL=1.2
22 LUJ Y'O fAtW

24 k-;*FAC700k
2: II ; ** /FACTOF?
2r e O e ci Io1PT=1,4 1

271 k .R*cAC !0R
2 6 1G =R(, 0*'-IGA/LA,[' A(I LAJ) **2
2' VAV =SI GV,*2

VAHe= (I 0(ILU** ) *V Ai
.31 IGk=Sn17(VAR;)

2 CALL LIOZLCOEEeXN I TCP,
CALL SETIP2(P-tIG)
Do -Wo 1=1 ,5O00
CALL GPCAL-C(PC IG.GP)
GO 70 ( I V 2C, 3,,) , I CMTPL

li CALL STEP(Z)
8 CALL EkOq(Z( I ) ;, i C( I FV *CO EROAl

0 CALL RACP(Z.T(l))
41 CALL ERI,0RI (Z(H ,' I GCI( IE *~P. .EFA X)

4; GO YO 5 v
4-C CALL PAIAB(Z.T( I))

4,-0 CALL EkiCOO I (Z(I I) .2(1(3M1 I Ekd.El-!AX)
45 1 CALL C OtI NT ( , K . F: RR

C:ALL SGCP 2 (Z , V.I G, 1TO P
47 CALL PRE1D (Z( I ..Z >I1G(, (P)
46 CALL P II ( P vI(-. PV1; I

4Y Ir ( ISTOP. EQ. I1GO TO. I VO
50 -1 CL COD7' I NOE
t) I IC XOUT I I PT I A)U=k
11 _ YOIJ7(I *IPTI LA: ) =R

tj A4 .1, XOUT(2, lVi ILA,',) =-.YAX20
t5 YOUT(2,IPYC,ILA(1=K
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YCUA(4.IPT,ILAM)=K XE.*C)

ul YJLV'C4,I'- ,JFAV)=

C2 ~ UU( mi MIA

M CLMO
CL. CLVM 2

ALL Al

VV AENCATES A (UNIT) STEP.

02=j

to0 )=7. -(2'

Z ( 37)

,.. REP'.~~(I ~ IC PUCELFRtAYP'. !PIS IE A M1ID )M~'InP'

94 c.ti-.'iIV HANGCr

DI'i-"ICI LI

',0 ZI)=Z(2) '()+(2)*T *

ILA ZM4 AN A VUV17P HY SH IA C THEi AM' (E I

l~ 'j*-'.k*3 41C VA0TE$ NECESIAIJY TO 1F C A~M
' i I.A 1t Zh ( Z,. I U, EC 'AX .. I, 1 lyn
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HIS

12t 1 5400=2P
II c Hit 01:0

12c, ENDb

It

132 Ekn2721Z 10

24 It r El/lA. Li. TOLL I LAXFEi
1 45

I, ~ ~ ~ w *c**,*. ***~* ****-Ai -A**

lb L***.S PrOU,100 PED(1 C.PITS ','E 0'IHSWE ALUE A Ti

l42 C.'A A:f I P UT At-D IIIFt l v O 1 V -1 HE ID~ : lt! ESQ, PE TI j3
I ; - SUx~~kIOiTP* P!E XZ IGAUL.

I ot (In I.L .. (3 T

1 4 1S N'L -/I) I ,

I 1 ( c IkCE /IA. L . 3)+(',') 1!1A=A 0SE ;
RI ~ ft.,:P

I ~ ~ ~ ~ ~ -l; toL*T SEOT I LDC A"lTES _fJ4E STD'S KL'AI; ,-! 1 [/UC(
I', I (Aks*=kS 100 ElJiH (2/ TO 3. GPEil A AL 5T

42 o.**, I/POTAID 1/CO 1 THEI >/CIA10

4; I//i)=X-tN 1.( I)
LP ( =il ,,I I !:I(2 )+tI(IT 4?+PO3* 2/.~'P *'

I'., 10 IF/1 20(1 21( I*TI IP'P 1+0>121* sy ov
PH ~ ~ ~ ~ ~ ~ I 7,1 7.D*C103#01hc/O

I Phi/Ju85



A1

i~e.,. .\t : ¢=D.' -(cl!i. ) l

I,TI

I ' " .- ,b .'-, L--::

(I I -

LA: T' -,P l-'7:

I L -A L A, B

( ,L.

r I

tY. I:;;,

2, C ' -( l ( I ) +( A I

A---, b (C.2H)) t (7,;4C, 2 .C(+7

CCC~~~ '9 CIT ' I *" 'C )+(?*P3 C TA*-D.C 1+;') I *jC

(5 ;+-"'3 .P/;u( / ) 12. -A*,'.)

I, )., (( (/

3P r"(A*) ( 5 +AT-G

S /o A =,,,. 1) ()+,. A'*P * 0)(,A)-r**2/p

gi ", :,, (C[)=, ' ,, A.C )-2; . 5'( ) *27)( ) '( ) ;'( )+ 2 -',*,( 2)

2c 1 C

ci : 'tC '( "J<1>7" ' (SV)2C"-*2C

zi, i(7)* i(75;+] 3)* ;;O($)1. A. -~ r
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2 1 CU, t(/(HE '/H(;V,,ARV,'(. V.,SIGA,iAkA
P,i( 1 )=5.*VAiV+ (I .+5H(J)* VAkt*](4)/2.

22 ,' (2)J.* ( VA/,1/l ( I )+( I +:H C)* ARA* ( ,)/.)
2 , ~ P. (, )= ( .+ P1C ) *Pi !O*V ,, i(,* f( 2 /2 .
2z t 4 =2.*V Ai-'VT(2)+ ( I .? + H -. U) *V"/ i? A *T (2

o Pi (I +5lH(,/2. )V A A* ( )
2--- P. ( I )d- C**2*v A! Me. ,

2 V L) I l ,

22t , *, E'i Ui .[ * ** **;*

,2. 6P P I + 2)- 1 +,'. 2 1
23i G P ,( G52A55 P?,F 1)

L2.; G ' P1 3 ,1(. )
2C,4t,/L2/ [ ,VACV,5EsiVA, '.St3A, ACA
22. o =I ./(0( (I )+ ,ICV)

2-' GP( )=(" (1 +P1(2) H( )+!','.( )*; .(2)/2 .) :

226 GP(2)1=(1 '(2 )+[;.( 3) *i(I ))*

, (31' (5)=51 (3 )*h*8
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