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submitted to the Department of Electrical Engineering, The Ohio State
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CHAPTER I
INTRODUCTION

This study describes the performance of a Kalman filter imple-
mentation of a sample data delay lock loop. The (non-sampled) delay
lock loop was originally studied by Spiiker[17,18] and Gil1[16] for ;
use in the tracking of pseudo-noise (PN) coded signals. A sampled
data version of this loop was developed by Huff et al.[19,20,21] for
receiver timing in a time division multiple access (TDMA) satellite
communications svstem.

To facilitate receiver timing in this system, a PN coded clock
pulse is periodically transmitted from the satellite. In the receiver
the sample data delay lock loop "tracks" the clock pulse by control-
ling the frequency and phase of a local square wave oscillator (local
clock). In the interval between clock pulses, the transitions of
the local clock are used to time the correlators in the receiver de-
tection circuits. Errors in clock tracking (biases and/or jitter)
result in imperfect timing of the detectors with a corresponding in-
crease in bit error probabi]ity[7,22]. Thus, it is desirable to mini-
mize the bias and error variance (jitter) of the local clock. The
desire to increase PN code ratios to 40 MHz makes the timing require-
ment more critical. Furthermore, the incorporation of highly maneu-
verable terminals (i.e., aircraft) in the system compounds the track-
ing problem by adding time variable doppler effects.

In order to achieve the desired tracking accuracy the Kalman
filter algorithm was chosen[6]. This algorithm is known to yield
both ootimum estimates (unbiased, minimum variance estimatese and
a measure of its own performance, an error covariance matrix 1,2,3,4].
In order to be implemented, however, the Kalman filter does require
a mathematical model. This is a set of eqguations which describes
the process to be filtered. The error variances contained in the
error covariance matrix are the error variances for the modeled (as
onpnosed to the actual) situation. One should have some knowledge
concerning model accuracy before basing a design upon the error vari-
ances of the model. The model chosen for the trackinag filter appli-
cation is a statistical representation of the time variahle propagation
delavs generated by terminal motion, specifically aircraft flight.
Checks on the accuracy of the model would involve comparisons of the
error variances vielded by the algorithm with the error variances
actually obtained by implementing the filter in a moving terminal.
This is beyond the scope of this study.




The purpose of this study is to evaluate the performance of a
Kalman tracking filter independently of the question of model accuracy.
Given the mathematical model, the structure and gains of the filter
are determined by the algorithm. The resulting filter may then be
analyzed for its response to deterministic inputs and noise using
conventional techniques. Thus, the model is used only to determine
the filter structure and no. to determine performance. Because the
Kalman filter is in state variahle form, the most convenient techni-
ague for analysis is computer simulation. Other technigues include
state variable techniques and z-transform methods. Since the Kalman
filter is linear, superposition mav be used to determine the response
to linear comhinations of inputs.

Chanter II of this studv presents an overview of the SDDLL, Kalman
theory, the model chosen for this application, and some discussion
of computer simulation. In Chapter III the steadv-state response
of the Kalman filter to input noise is analvzed using the state vari-
able techniagues. Monte Calro simulation is used to verify the results.
In addition, an analvsis using z-transform techniques is presented.
The steadv-state response of the Kalman tracking filter to determin-
istic delay changes caused by a terminal maneuvering through 180°
turns is presented in Chapter IV. In Chapter V the comhined response 3
to noise and maneuvers is considered. Three examples are presented
which illustrate the usefulness of the preceeding data. Chapter VI
documents an analysis of the lockup characteristics of the tracking
loop. Here the response to step, ramp, and paraholic delay changes
is determined for Kalman tracking filters in both the transient and
the steady state. The number of iterations required for lock-up (con-
vergence) for special cases of interest is also determined. Chapter
VII presents the conclusions of the study.




CHAPTER TI
KALMAN FILTERING AND THE TDMA CLOCK LOOP

A. Introduction

In this chapter a short review of the TDMA clock loop is presented.
This is followed by an overview of Kalman filter theory for the pur-
pose of introducing the notation, equations, and concepts to be used
in subsequent analyses.

B. The TDMA Clock Loop

The OSU/RADC TDMA system uses pseudo-noise (PN) coding for im-
proved multipath and anti-jam performanceL23]. A pulsed envelope
PN coded "clock" pulse is periodically transmitted on the down-1ink
to facilitate PN code tracking at the receiver. Eigure 1 shows the
envelope of the clock pulse. Here, A is the chip~ duration, Mis
the number of chips per clock pulse, T_ is the duration of the clock
pulse, and Tf is interval between 1eadiﬁg edges of successive clock
pulses.
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Figure 1. The envelope of the nseudo-randem network clock signal.

1A chip is the elementary unit of a PN code and is analogous to a
hit in a binary data stream,




Tracking of the PN code is accomplished at the receiver by a
sampled-data delay-lock loop (SDDLL)[16,17,18,19,20,21], a block dia-
gram of which is shown in Figure 2. The function of this tracking
loop is to phase lock a locally generated replica (i.e., the "local
clock") of the clock pulse with the down link signal. The local clock
signal is generated by a pulse generator and feedback shift register.
Delaved and advanced versions of the Jocal clock are correlated with
the down-1ink clock signal in the upper and lower mixer- bandpass filter-
detector circuits, respectively., The difference of the correlator
outputs is then sampled, vielding the sampied error voltage E_. This
is shown in Figure 3 as a function of the timing error (e) between
the received and local clock pulses. The error voltage is then fil-
tered by the discrete loop filter, This filter can be implemented
with a variety of algorithms. The present system uses a simple av-
eraging filter. This study considers impiementation with a Kalman
algorithm. The output of the discrete filter is then fed to the clock
correction circuitry to adjust the time base of the local clock.

C. Kalman Filter Theory

The Kalman estimator algorithms are optimum algorithms in that
they yield minimum variance, unbiased estimates for gaussian processes.
Unlike the Wiener filter, which produces optimum estimates in the
steady-state, the Kalman algorithms produce optimum transient as well
as optimum steady-state response. They also yield optimum estimates
for non-stationary or periodically stationary processes for which
a steady-state does not exist. Because of the feature of optimality
the Kalman algorithms were chosen as a method for potentially upgrading
the performance of the SDDLL.

These algorithms are cast in state variable form and require
mathematical models of both the random process to be filtered and of
the ohservations of the process. The random process shouid be modeled
in the form

z{(k+1Y = d(k)zlk) +T(KIu(k) (N

where k is the iteration number and where

z(k) = n dimensional state vector,

ne>

ulk) = r dimensional zero mean white process noise vector,

>

nxy dimensional forcing matrix,

<N
=
Q.

N>

nxn dimensional state transition matrix operating on the
kth state

e
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The observation model should be in the form

x(k) = H(k) z(k) + v(k) (2)
where x(k) % s dimensional observation vector,
v(k) = s dimensional zero mean White measurement, noise
vector,
and
Hik) 4 sxn dimensional observation matrix.

Together these two equations model the input to the algorithms. The
first equation generates the state vector z. From Equation (2) the
ohservation of the process is composed of a linear combination of the
states (H(k)z(k)) plus additive white measurement noise (v(k)). The
covariance matrices of the two noise vectors and v(k) are also re-
quired for implementation of the algorithm. These are defined by
E{u(j)uT(k)} 4 Vu(k), the rxr dimensional process noise
covariance matrix,

ne>

Vv(k), the sxs dimensional observation
noise covariance matrix.

Here E is the expectation operation and T represents transposition.
Thus, the models required for implementation of the Kalman algorithms
are completely determined by specifying the matrices &(k), T(k), H(k),
Vu(k), and Vv(k).

The two Kalman algorithms investigated for use in the SDDLL are
the Kalman one step predictor algorithm and the Kalman fi]tﬁr algo-
rithm. The one step predictor equation is given byll,2,3,4

Z(k+1/k) = ¢(k)2(k/k-1)+Kp(k)[x(k)-H(k)E(k/k-l)], (3)

where A
z(k+1/k) 2 the n dimensional prediction of the state vector at
the (k+1)st iteration given k data samples
and
Kp(k) 8 the nxs dimensional predictor gain matrix.

This algorithm is iterative; in order to generate the prediction of
the (k+1)st state, the prediction of the kth state is required. Thus,
to start the algorithm, an initial estimate must be obtained by means
other than Equation (3). Also, notice that the term in brackets
(x(k)-H{k)z(k/k-1)) is the observation minus the prediction obser-
vation. This term is sometimes called the innovation and represents
the new information contained in the measurement. In the present
application the observation will be modeled as noise corrupted propa-
gation delay from a satellite. A measurement of the propagation delay




is impossible in the SDDLL, which can only measure the difference

in the time bases of the downlink and local clock signals. However,
bv forcing the local clock to follow the predicted delay, a measure-
ment of the term in brafkets (i.e., delay minus predicted delay, the
innovation) is obtained’. Equatlon (3) states that the new pre-
diction (z(k+1/k)) is obtained by advancing the old prediction
(z(k/k1)) one step ahead with the state transition matrix (¢(k)) and
adding weighted (by the gain matrix, K_(k) amounts of new information
(innovation). P

The gain matrix needed for use in Equation (3) is given by

Ko (k) = q>(k)ﬁrk)HT(k)[H(k)ﬁ(k)HT(k)wv(k)]‘1 , (8)

Here, ®(k), H(k), and V (k) were specified for the process and obser-
vation models. P(k) is the prediction error covariance matrix, de-
fined by

p(k) 4 E{Z (k)z7(k)}, the nxn dimensional prediction error
€ € covariance matrix,

where
Z (k) 4 z(k)-z(k/k-1), the one step prediction error at the kth
€ point given k-1 data samples.
The error matrix may be calculated iteratively via the equation
Blks1) = o(k)B(K)®' (K)+T (k)Y (k)T (k) (5)
- o(k)PUOHT (k)EHIOB (k)M (k)+v (0] 7Y H(K)B(K)oT (k).

This equation is a function of &(k),T(k), H(k), V (k) and V (k), all
of which are specified for the process and observ¥t1on mode's.  Since

Equation (5) is iterative, an initial error covariance matrix is needed

for the first iteratioh. This matrix may be obtained from an error
analysis of the initial estimate used to begin the iterations of Eq-
uation (3). If the process and observation models are stationary

(non time varying) the error covariance matrix (and hence also the
predictor gain matrix) will approach asymptotic or steady-state values
as the iterations proceed. In addition to its use for computing the
gain matrix (Equation (4)), the error covariance matrix also provides
a measure of the predictor performance in response to the modeled
process. The diagonal elements of this matrix are the variances of

1To avoid confusion, the term observation will be used exclusively

to represent x(k) and the term measurement will be used exclus1ve]y
to represent the error signal obtained from the SDDLL (i.e., the in-
novation).




the prediction error vector EE. If the process model accurately re-
flects the physical situation, then the error convariances obtained
in an actual! implementation will approach those given theoretically
bv Equation (5).

Equations (3), (4), and (5) are collectively known as the Kalman

one step predictor algorithm. Equation (3) forms the actual prediction.

A block diagram of the equation is shown in Figure 4. Equations (4)
and (5) are used for the calculation of the gain matrix used in Eq-
uation (3). These equations can be used in either of two methods.
Figure 5 shows a block diagram for implementing the entire prediction
algorithm in real time. After updating the prediction, the error
covariance and gain matrices are calculated prior to taking the next
measurement. The measurement is then obtained, the prediction up-
dated, and the process repeated. This method is possible as long

as the time interval between measurements is long enough to allow

the necessary computations. Alternately, since the error covariance
and gain matrices are functions only of the process and measurement
models and not of the actual measurements, they may both be computed
and stored prior to enabling the predictor equation. With the gain
matrix for each iteration available in memory, a considerable savings
in computation time can be achieved for the operation of the predictor
equation,

The optimal filtered estimate is related to the optimal one step
prediction by[1,2]

(k=1) = &7 (K)Z(k/k-1) (6)
or N
z(k/k-1) = o(k-1)z(k-1) (7)

where ¢"](k) may be thought of as the reverse state transition matrix
(i.e., the transition matrix going from the kth state to the (k-1)st
state) and where

E(k-l) 4 the (n dimensional vector) filtered estimate of
the state z(k-1) after processing the (k-1) data
sample.

Equations (3), (6), and (7) may be used to derive Equation (8), the
Kalman filter equation:

2(k) = ¢(k-1)E(k-l)+Kf(k)[x(k)-H(k)@(k-l)E(k-l)]. (8)

Here K (k) is the filter gain matrix for the kth data point. Note
that tﬁe term &(k-1)z(k-1) is the one step prediction z(k/k-1). Fur-
thermore, the term inside the brackets is again the innovation. Eg-
uation (8) states that the filtered estimate is obtained from a sum

of two components., The first component is the previous filtered es-

timate advanced one step forward by the state transition matrix. The

!
\
1
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second term is the innovation (new information) weighted by the filter
aain matrix Kf(k\.

The filter gain matrix is given by
Ke(k) = ¢‘1(k)Kp(k) - ﬁ(k)HT(k)LH(k)5(k)HT(k)+vv(k)1'1. (9)

As in the case of the predictor gain matrix, the filter gain matrix
is also a function of the prediction error covariance matrix. The
prediction error covariance matrix is calculated iteratively in Eq-
uation (5), Equations (8), (9), and (5) collectively from the Kalman
filter algorithm{1,2]. These equations are used in a manner analo-
gous to the predictor algorithm with Equations (5) and (9) being used
to compute the gain matrix necessary for the computation of the fil-
tered estimate (Equation (8)).

The error covariance matrix for the filtered (as opposed to the
predicted) estimate is defined by

B(k) 4 ez ()7L (k)]
where R
ze(k) = z(k)~z(k)

is the n dimensional filter error vector at the kth iteration. The
filter error covariance matrix mav be obtained from the predictor
error covariance matrix via the equation

P(k) = LI-Ke(kH(K) PUK) . (10)

The matrix P(k) is a measure of filter performance_just as the matrix
P(k) is a measure of predictor performance. Both P(k) and P(k) are
error covariance matrices for the modeled situation. The values given
by these matrices may be considered accurate only if the model is
accurate in its representation of the actual process. Thus, the ac-
curacy of a given process model must be established before the error
covariance matrices can be considered reliable.

Fortunately, it is possible to evaluate the performance of the
Kalman algorithms without establishing the accuracy of the process
model. Suppose the process and observation models are specified.
This determines the structure and gain of the resulting predictor
and filter equations (Equations (3) and (8), respectively). The re-
sponses of these equations to various inputs (such as steps, ramps,
white noise, etc.) can then be determined using conventional tech-
niques. Note that the responses obtained can be considered true re-
sponses even if the process model does not accurately represent the
random process (i.e., even if there are modeling errors). This is
so because the structure and gain of the Kalman filter and/or pre- 4
dictor are functions only of the model, not of the model accuracy. !

10




— - "'-"-'-"-'---"-"'-"'-"'-""""""-"-l‘”

For example, suppose a process model is chosen which accurately
models the propagation delays generated by a slowly moving mobile
terminal /such as an automobile). Using this process model, the step
response of Equation (3) (the predictor equation) is determined.
Now, suppose the same process model is used to represent the propa- !
gation delays generated by a rapidly moving mobile terminal (such !
as an aircraft). Obviously, some modeling errors will probably be !
present. However, the step response will be the same simply because '
the same process model is used.

This technique is used in the remainder of this study to obtain
performance data for a wide variety of inputs. Al1 of the data pre-
sented in the sequel can be considered valid regardless of the process
and observation model accuracies. This is generally not true of the
performance data contained in the previous studyﬁs]f most of which
is valid only if the process and observation models are accurate.

D. The Process and Observation Models
for the Clock Loop

The process model for the Kalman clock loop filter is chosen
from Singer and Behnke[5] and models delay and the first two deriv-
atives of delav with respect to time as a random process. Specif-

ically,
i ] . 2
To(k+1) = To(k)+T0(k)Tf+To(k)Tf/2, (11a)
To(k+]) = To(k) + TOTf, (11b)
and
To(k+1) = oTO(k) + u(k) (11c)
!
where E
To(k) 4 fékl = downlink propagation delay at the kth sample
instant, :
. 4T (k) ;
To(k) & = downlink propagation delay rate at the kth :
sample sample instant (delay velocity),
e (%
To(k) = = downlink propagation delay acceleration at
dt the kth sample instant,
c 4 speed of light, !
i !
r(k) 4 downlink range at kth sample instant, '

11




and

A .. ..
P = EfT(t+r) - T(t)}|T=T = delay acceleration correlation
f coefficient,

Equations (11a) and (11b) are Taylor's series representations for
delay (three term Taylor series) and delay rate (two term Taylor
series). Equation (1lc) models acceleration as a correlated random
process. The coefficient is chosen from an exponential correlation
function so that

2 3
P Y S L S 1)

where X has units of sec'1 and is considered to be the inverse of
the average maneuver durationLS,ﬁ]. For T=Tf and ATf << 1, p is given
approximatelv by

p; 1 -2T (13)

f .

Equations (11a), (11b), and (1llc) are in the form of Equation (1)
where

T, (k)
z(k) = To(k) = state vector, (14a)
T (k)
2
1 Tf Tf/2
k) == 0 1 Tf = constant state transition
matrix, (14b)
n 0 P
Mk) = T={ 0| = constant forcing matrix, (14c)

12




u(k) = scalar white process noise with constant variance oﬁ i

(144d)
Note that the vector u(k) in Equation (1) is of dimension one here
(i.e., a scalar). Hence, the covariance matrix V (k) in §he Kalman

algorithms (Equations (5) and 9)) reduces to the Scalar 0. Squaring
both sides of Equation (1lc) and taking expected values er1ds

of(1-6') = o] . (15)

Thus, o% is easily found given p and o2, To find o2 the probability

density function shown in Figure 6 is assumed[5,6]. The quantity
AT in this figure represents the maximum delay acceleration given
by

A; = A/c (16)
where

A = maximum terminal acceleration (m/secz),
and

c = speed of light (m/sec).

2 . p2 -
Gf-AT(I+4%‘ %)/3

1P¥ (a)
API'I’I PO ‘ Pm
b

— Q

b= (1= 2Pn=Po)/pp

Figure 6. The Probability Density Function Function for
Delay Acceleration
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From this density function, c% is easily found to be

2
- él (1+4p_ -P ) (17)
T3 TTTm o ‘
where
Pm = probability of maximum acceleration
and
P0 = probability of zero acceleration.

The observation is modeled as

x(k) = T (k) + v(k). (18)

of

This is in the form of Equation (2) where x(k) is now a scalar and
where

v(k) = scalar white measurement noise with stationary variance
2
o, (19a)
and
H(k) = H = (1 0 0) = constant observation matrix. (19b)

Since v is a scalar, tpe covariance matrix V_(k) in Equations (4),
(5), and (8) becomes o, In Reference 7, Equation (39) it is shown
that the variance of a single unprocessed measurement (sample) in
the SNDLL is

2 1 [1.m8 1.476 ]

o = v 1476 (20)
v T | EN (E/)?

where E = received enerqgy in the clock pulse (joules),

N0 4 one sided noise power spectral density (watts/Hz),

and

1 for linear detection

2 for square law detection.
2

Thus, g, can be obtained given a knowledge of E/No.

14
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Equations (1), (?2), (14a,b,c,d), and (19a,b) together with vari-

ances o and 7 completely define the model for the Kalman filter
considered sub¥equently. This model is a function of four parameters:

Tf, 03, oﬁ, and X (or p), Neither the equations nor the parameters
vary with time; hence the model is stationary. A typical aircraft
flight might consist predominantly of mild maneuvers with perhaps

more severe manuevers occasionally. In other words, typical aircraft
flight is non-stationary. This presents problems to the designer.

If the selection of model parameters is based upon average maneuvers,
the tracking error may become excessively large during severe maneuvers.

Alternately, A and oa (and hence 02) may be selected to be representative

of more severe maneuvers,lperhaps With some performance degradation
for less severe maneuvers~. Furthermore, even if a maneuver is speci-
cified, an appropriate selection of the statistical parameters X and

0% to optimally represent the maneuver is not obvious. To confidently

select usable model parameters, the designer needs to know either
(1) the relationships of the model parameters to the performance of
the aircraft or (2) the relationships of the model parameters to the
filter behavior when subjected to a wide variety of inputs.

E. Computer Simulation

The problem of simulating a filter's response to an input signal
may be broken into two parts, (1) simulating the input signal and
(2) simulating the filter. In the Kalman filter SDDLL described in
Reference 6 the time base of the local clock serves the function
of both the optimal estimate and the optimal prediction of the delay
function T _(t). Immediately after the processing of a new sample,
the time b3se of local clock serves as the filtered estimate. Be-
tween data samples, the time base is the optimum prediction. Immed-
jately before the next data sample the local time base serves as the
optimal one-step prediction. This is the "worst case" point for the
filter, the time at which the largest tracking errors generally occur.
To investigate the worst case behavior of the filter, the computer
programs used in the remainder of this report simulate a Kalman one-
step predictor. This is easily accomplished by direct simulation
of Equations (3), (4), and (5).

Simulation of the predictor during transient studies requires
an initial prediction vector z(0/-1) and an initial covariance matrix
P(o).

| . .

It should be noted that an adaptive scheme, perhaps with accelerom-
eter inputs, could be used to adjust the model parameters to maintain
an optimal filter for a wide variety of maneuvers. This, however,

is beyond the scope of this report.

15




For steady-state studies, the covariance matrix may be iterated
using Equation (5) until steady-state is achieved. The predictor
gain vector may then be computed using Equation (4). Alternately,
one may compute the steady state gain vector and covariance matrix
using the equations given in Reference 6. The later was not done be-
cause (1) the computer programs described subsequently were intended
to be general (i.e., used both for transient and steady-state simu-
lations) and (2) solution by iteration serves as a useful check on
the analytic solutions given in Reference 6.

16
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CHAPTER TI1I
STEADY-STATE RESPONSE TO NOISE

Since the Kalman predictor is linear, superposition may be used
to find the response to a sum of a deterministic input plus noise.
That is, one may find the response due to noise alone and then sep- 1
arately find the response due to the deterministic input (without
noise). The total response is the sum of the individual response.

This technique was used in this study, and this chapter documents
the analysis of the response to noise.

A. State-Variable Approach

In state-variable terminology, the solution of the predictor
response to measurement noise alone is accomplished by constraining
the state vector to be zero for all iterations. The prediction error
is then given by

= . 7 -1)
zen(k) zn(k/k 1) (21)
where the subscript n indicates the contribution due to noise only.
Thus, under the preceding constraint, the error covariance is the

prediction covariance. That is

2, 0+ 2 0] = 5 ) 2

The prediction is given by the recursion relation (from Equation (3))
z(k+1/k) = (¢—kp(k)H) E(k/k+1)+Kp(k)x(k) (23)
where x(k) is the observation.

For the purpose of computing the gains, the problem is modeled
normally byzspeciféng the matrices given in Equation (14) and the
variances o~ and o_. When computing the prediction, the,observation
x(k) is comBosed obly of white noise (£) with variance o¢. Here we
are allowing for,the possibility that the noise may not ﬁave ths mod-
eled variance (o°) but instead may have a different variance (og).
£ and v both rep¥esent measurement noise, but £ is necessary as’a
dummy variable to allow for noise variance other than those modeled.
Equation (23) then becomes

En(k+1/k) = (¢-kp(k\H)Zn(k/k+1) + Kp(k)E(k) (24)
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Under the prgced1nq assumptions, the error covariance matrix (i.e.,
f{é‘ (k+1) k+1\’) is given by

5 T
(k+1)=(0-K HYP_(k)(o-K (kIH) + (k) .
B, (k1) o SR (k) 0k (M) T + K oK (k)

When & is stationary, ﬁn(k+1) equals ?n(k) for sufficiently large
k. Thus, in the steady state

3 5 T 2, T
P = (¢-K H)P (8- + oK 5
n = (-KHIP (=K HY " + o K Ko (25)
where = lim P (k) and K_ = Tim K_{k).
n k-»oo P k-0 p
Let the elements of Pn be given by
pln P?n P3n
Pn = | Pon Pan Pen (26)
PRn PBn Pﬁn

Bv expanding Equation (?5), a set of linear eauations is obtained which
mav be written as

- -
AP =8 (27)
where A, 3, and'§ are given by

(k%1 2T (k) Ta(1-k)) T, T T3/
Sk )k, =(kpHTe)  Te(loky)-(Too/2) T, 31272 T2
ASI-(ek)ky  -Tek, o(1-k))-(Teky/2)-1 0 gT. (1572
K -2k, -2Tck, 0 ot T
kg ks -(pko*Teks) 0 ol ole
K2 0 ~2kyp 0 0 -1 |
(28a)
:heﬁf k1, 2 and k are the 1st, 2nd, and 3rd components of the vec-
or p

18

.




Pin -"‘1"5
p2n 'klkzog
PPy (28b) and B - -k1k3o§ (28¢)
p4n _kgog
Psn ‘k2k3"§
| Pén | :kgog i

Once o, Te, 02, and 02 {i.e., the model parameters) are speci-
fied, the steady-s%ate gaix vector ang hence the matrix A are both

uniquely determined. Bv specifying oy, the vector B is also deter-
mined, so that one may easily solve f%r P using a computer.

A computer program (named VPCALC) was written to solve for P
for a wide variety of model parameters. A listing of VPCALC is given
in Appendix I. The main computation in the program is accomplished
in subroutine VPGAUS, which forms the matrix A and solves for P by
Gaussian eliminatiop followed by back substitution 8,9,10 . A sol-
ution by finding A and using the equation

P-aly ’

was not persued because Gaussian elimination followed by back sub-
stitution is considerably more economical in terms of computer time
than matrix inversion.

Figure 7 (solid lines) shows values of./ﬁln/o , the normalized
jitter, obtained from VPGAUS as a function of 5 and R*,

where R* = ovxz/o . (29)
T

For comparison,] P./o_ as given by Kalman theory for the process and

observation models”is 'plotted (dotted Tines) versus the same param-

eters. The latter results were obtained by iterating Equation (5)

to converagence”. The standard deviation of the timing error due to

measurement noise alone is observed to be always less than the standard

deviation of the timing error due to the modeled process. Also, as 1

R* and p increase the two curves tend to converge. Large R* and p 1

result from models where accelerations are highly correlated and

1Iterations were halted when all elements of 5(k).ag[eed to nine sig-
nificant figures with the corresponding elements in P(k-1).
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measurement noise (ov) dominates the maneuver noise (o.). Under these

. . . . T .
circumstances, measurement noise is the predominant source of tracking
jitter. Thus, the error standard deviation due to noise alone ap-
proaches that due to the model.

It should be noted that the normalizations used in Figure 7 (i.e.,
R* and p) were checked repeatedly by running modified versions of
VPCALC. _Many diEferent versions were run using different values for

Tf, A, os, and o-. In each case, the resulting data agrees with that

presented here fgr corresponding values of R* and p.

B. Noise Response by Computer Simulation

One method for checking the validity of the preceding derivation
is Monte-Carlo simulation. Here, the algorithm given by Equation
(3) is implemented directly on a computer with the observation x(k)
supplied by a random number (noise) generator. The state vector z(k)
is constrained to zero for all the iterations (i.e., all k). Since
the error covariance and the predictor covariance are equal under
this constraint, the tracking error variance (P, ) may be approximated
by the sample variance of the 1st component of {He prediction. That
is, for sufficiently large N

?l 12
13, (k)
k=1 In

P]n B N (30)

where N is the number of iterations. N must he chosen large enough
to make the initial transient effects negligible.

The computer program VSIM, listed in Appendix II, performs the
above procedure for a wide variety of model parameters. As the mod-
eled acceleration becomes more correlated (i.e., as p increases) the
steadv-state time constant of the corresponding filter increases so
N must be increased. Table 1 shows the number of iterations used
in VSIM as a function of p. The data from the simulation is plotted
with circles on Figure 7 and is virtually identical with that obtained
in Section A.

C. Z-Transform Approach

While Equations (27) and (28) provide a convenient means for
numerically computing the prediction error variance, they do not pro-
vide a simple analytical formula where the effects of each parameter
are observahble. The desire for a formula of the form
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Table 1
The number of iterations per data point in the program VSIM
0 Iterations
.99 20000
.999 40000
.999 60000
.9095 80000
.999 100000
P1 = f(k],kZ,k3,Tfsp) (31\

led to vet a third approach, Z-transform analysis. From Equation

(3) and the model (Equations (17)), a signal flow graph of the Kalman
predictor may be drawn. This flowgraph is shown in Figure 8. By
using Mason's ru]e[]S], the transfer function between the input and
Z, is found to be:

- ky # Az g2 (
H(Z) = 32)
1+czlepz24g73
where
- 2
A = -k1(1+p) + kZTf + k3Tf/2 (33a)
_ 2
C = k] - p - 2
(33c)
D= A+ 2p+l (33d)
E = B-p (33e)

22




X(R)

Ki Zptk+i/m) z7h 7 (k/k-1)

Ko  Zplk+I/k) z-!
Ky  Zzlk+1/k)

'{3(k/k-l)

Figure 8.

Signal flow graph of the Kalman Predictor.
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From Z-transform theory[11], if x(k) has an autocorrelation sequence
) X(k) with transform ¢ _{(z), the transformed autocorrelation sequence
of*the output (zl) is g%éen by

-1
0,7 (1) = HON(Z gy, (2) (34)
For the case at hand, we have an input of white noise, so that
_ 2
¢xx(z) = og (35)
and
N -1, .2
¢z]zl(Z) = H(Z)H(Z )0g (36)
Thus
055(7)  KP+AZ+BPH(Aky+AB) (24271 )4k B(Z%4772)
og 1+C2+D2+E2+(CHCO+DE ) (247~ 1)+ (D+CE) (274772 )+E(73+273)

(37)

Note that ¢~~(7) is the Z-transform of a symmetric autocorrelation
function, s6%it is a two-sided transform. We would like to employ
the initial value theorem(11] to determine ¢__(k)| _,, which is the
variance of the output. However, this theoréf 0n1§'9pp11es to a one
sided transform F(Z) for which f(k) is zero for negative k. In order
to apply this theorem, we will split ¢~~(Z) into two parts, one cor-
responding to non-negativek and the othér to non-positive k. That

is,

22 (2) = 6'(2) + 67(2) (38)
I -
where G+(Z) is the transform of —%5 k) for k >0 (¢§z(k))
9%
and G (Z) is the transform of —%3 (k) for k < 0 (¢§E(k)).

o
Note that at k=0, G*(Z) and G (Z) eac% contain one half the total
contribution of ®§E'

From the pronerties of Z-transform[l?], i{ f(k) has the Z-trans-
form =(z), then f(-k) has the Z transform F(Z7%), Since ¢~~(k) is
an even function, 2z
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¢fi('k) = ¢ii(k) . (39)
and

67(2) = 6"z} (40)
SO

5 4 +,,-1

5= 6(0) +6(z7) (41)

Let GQ%Z) be represented by

¢t(z) - gg%{%% (82)

the numerator of G+(Z)

where Num(Z)

the denominator of G+(Z)

Den(Z)

Now, G+(Z) is the Z-transform of,a finite time function, so its poles

will be those poles of H(Z) H(Z ") which lie inside the unit circle
in the Z plane. These are the poles of H(Z). Thus, the denominator
of G (Z) is the same as the denominator of H(Z), or

-2 -3

Den(z) = 1+¢z™L + 0272 + £z (43)
The numerator of G+(Z) will be a polynomial of the form
Num(z) = vewz™l + xz72 4 yz73 (44)
with V, W, X, Y to be determined. Thus,
-1,,,-2,y--3
G+(Z) - V+wz_1+XZ_2+YZ__; (45)
1+CZ ~4DZ “+EZ
and
255(2) ezl Pz veuzexzZevs® (46)
cg 1402 +pz24E773 1+4C2+D724+E73

Combhining terms yields
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¢-~(7)
—%5 = {2+ (V+CU+DX+EY )+ (CV+DH+EX+W+CWDY) (2427 1) (47)
o

+ (DV+EWX+CY) (22+272)+(EV+Y) (234273) )

-2

+ {(1ecz71+07724€273) (1+cz+0724£2%))

By equating coefficients of Z in the numerators of Equations (37)
and (47), one obtains

EVHY = 0 (48a)
DV+EW+X+CY = k,B (48b)
CV+DW+EX+W+CS+DY = Akq+AB (48c)
2(VHCHDXHEY) = ky + A% + B (48d)

Note that one could include coefficients for both Tower and higher
powers of Z in the expression for Num(Z) (Equation (44)). However,
after cross multiplying and equating coefficients, one would find that
the coefficients of these other powers of Z are zero. Application

of the initial value theorem to the expresison for G+(Z) (37) yields:

+

AL
5 =V
% k=0
Thus, we will solve the set of Equations (48) for V. From (48a),
Y = -EV (49)

and by substitution for Y the remaining equations can be written

(D-CE)V + EW + X = kB (50a)
(C-DE)V + (D+1)W+(CH+E)X = Ak +AB (50b)
2(1-E2)V + 2CW+2DX = kf + A%+ 82 (50¢)

These may be solved via Cramer's Rule to yield
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kB E 1
Ak, +AB D+l C+E
k§+A?+B2 2C 20
Vv = {51)
D-CE E 1
C-DE D+l C+E

2(1-E%)  2¢ 2D

where |°* Thus,

V= {(k;B) (D+1)(2D) + E(C+E) (k+A%+BZ) + 2C(Ak +AB) (52)
(D+1)(k1+A2+BZ)-2E(Ak1+AB)D-2le (C+E)C)
{(D-CE) (D+1)(2D) + E(C+E)2(1-E2) + 2(C-DE)C

- (D+1)2(1- g2 )-2E(C-DE)D-2(D-CE) (C+E)C}

(0
Finally, 2 is given by
g
£ :
+ - +
o2 02 02 02
E £ 2 g

To check the validity of Equations (51) and (52) a computer pro-
gram named ZSIM was written to evaluate them directly. A listing
of ZSIM appears in Appendix III. For the cases of p=0.99 and p=0.995

the values for /0 obtained from running ZSIM agree with those
presented in F1guré 7 %o five significant figures. For the larger
values of p (0.999, 0.9995, and 0.9999) numerical instabilities (i.e.,
over and/or under flows) were observed for the larger values of R*,
The cause of the instabilities was traced to the determinants in Eg-
uation (51). For large R* and large p, both of the determinants in
Equation (51) approach zero. In evaluating the determinants, (via
Equation (52)) subtraction of nearly equal terms to yield nearly zero
determinants result in a loss of significant bits in the computation,
If the machine precision (i.e., word length) is not sufficient, all

of the significant bits may be lost. The initial runs of ZSIM were
made in double precision on a Datacraft 6024 computer with 24 bits
per word, resulting in approximately 13 decimal digits of precision,
Many different versions of ZSIM were run each using different combi-
nations of model parameters (o A} to generate R* and p.

None of these were any more or lesg sugcessful than the version given
in Appendix II1.
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puting the gains to 30 significant fiqures, it was possible to com-
pute J P n/0g to agree with the data in Figure 7 to at least
[ digité. %hus, Equation (52) appears to be correct but must be re-

—-—-——————-1

As a final check on the cause of the numerical instabilities
IM, a modified version was run on an Amdahl 470 computer (32
ords) using extended fquadruple) precision. This yields 128
per variable or about 34 decimal digits of precision. By com-

d as numerically unstable.
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CHAPTER 1V
NOISELESS RESPONSE OF THE KALMAN PREDICTOR TO AIRCRAFT MANEUVERS

Recall that we are using superposition to find the Kalman clock-
loop predictor's response to an input composed of noise plus a deter-
ministic signal. Chapter II1 documents the Kalman predictor's per-
formance with white noise inputs. In this chapter, we solve the 2nd
part of the problem - finding the response to deterministic inputs.

To accomplish this, it was decided to simulate (by computer)
actual maneuvers rather than step changes in delay, velocity, or ac-
celeration. Although step changes are much easier to simulate on
the computer, with the possible exception of steps in acceleration
they are not physically realistic of aircraft maneuvers. The maneu-
vers whgch were simulated are shown in Figure 9a and Figure 10a. Both
are 180" turns. 1In Figure 9a, the initial and final flight paths
are along the axis to the satellite. This is called the axial 180
turn. In Figure 10a, the initial and final flight paths are perpendi-
culgr to the axis to the satellite, This is called the orthogonal
180~ turn. In both cases, the radius and angular velocity are given
respectively by [see Reference 14, Section 3.4)

R = V2/A (54)
and

& = asv (55)
where A = magnitude of the constant, radially inward acceleration
and V = magnitude of the initial velocity.

0f course, since we are simulating delay functions, A is given in units
of chins/sec” and V is given in units of chips/sec. Letting t=0 at
9=0, A is then given by

8 = 6t (56)
For the axial turn, the state vector z (i.e., (T_, fo’ fO)T)
is given by (assuming that the satellite is at infinify)
T (0)-Vt/c; t<o
(1) =Tty =dTom - RsinByy  peg Y (57a)
7 o 0 c v IR ’
. v
‘70(0) + Vt/c; A st
29




hlf—— ’C'To (O)
-l—
- %\ - jof
+RANGE 8 _ SATELLITE
> v A
— R= /A 8:=4
DIRECTION
OF FLIGHT (a)
z|(t)
z,(1) = Ty (0) = Rfc sin§t
0<t<s ™V/y
! |
TA(0)
T
| -
- 7V > t
(b) ) .
Azplt) z,(t) = — R%é cos Gt ;
! 0<t<s ™Y,
|
. / . >t
A
]
(c)
23(') 2 .
25 (1) = RO /. sin Gt ;
>t 0<ts ™Y/
v
A
(d)

Figure 9. The axial 180" turn; (a)flight path, (b,c and d)

components of the state vector.
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Figure 10. The orthogonal 180° turn; (a)flight path, (b,c and d)
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l'-V/c i t<o
zz(t\ = To(t) = 1; ?9 cosyt 3 0<t 5_£! (57b)
v Vv
tty ® Lt
0 ; t<0
: RY? .
23(t) = To(t) = sin 8t 0<t<mv/A (57a)
ut'
0 N K— i‘t

where T is the delay from the satellite to the coordinate origin
of the Maneuver. These are sketched in Figures 9b, 9c, and 9d, re-
spectively.

Similarly, the state vector z for the orthogonal turn is given

by
R
JTO(O) - ; t <0
2 (1) = T (t) = LTom) ~BeosBt ;0 o<t (58
R v
TO(O) + I ; T~ t

(58b)

I A
‘—*
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0 3 t <0
4
CFopy - JRES AL N
23(t) = To(t) = o cos o t; 0 <t < A (58¢)
0 : %! <90

These are sketched in Figures 10b, 10c, and 10d, respectively.

In order to study the behavior of the Kalman predictor when sub-
ject to the delay inputs given by Equations (57a) or (58a), a computer
program named FLYBY was written. After setting the model parameters
T., o and R* (to uniquely determine the filter) and the aircraft's
initial velocity and radial acceleration (to uniquely determine the
turn), the program iterated the Kalman algorithm (Equation (3)}) with
a noiseless delay input using steady-state Kalman (i.e., Wiener) gains.
The absolute value of the tracking error was observed at each itera-
tion, and after completion of the maneuver, the maximum absolute error
was written to an output array. The program was designed such that
incremental changes in model parameters and aircraft parameters (in-
jtial velocity and radial acceleration) could be made in suitable
do-loops. Thus, the response to a wide range of inputs for a wide
variety of model parameters was obtained.

The structure of FLYBY will now be discussed in more detail.
A listing of this program appears in Appendix IV. In order to gen-
erate the maneuvers, two subroutines were written. Subroutines TURN1
(axial turn) or TURN2 (orthogonal turn) generate the state vector
z by implementing Equations (57a,b, and ¢) or Equations (58a,b, and
c) respectively. Prior to beginning the maneuver, the filter is as-
sumed to be tracking the delay function perfectly. Subroutines INIT1
and INIT2 initialize the predictor vector z (ZWIG) to the proper values
corresponding to 6=0 for the axial and orthogonal turns, respectively.
The absolute tracking error at each step (ERR) along with the maximum
absolute tracking error thorugh tne maneuver (ERMAX) is calculated
in subroutine ERRQOR1. The predictior is performed in subroutine PRED
using steady state gains. In addition to generating the state vec-
tor, the TURN subroutines generate a variable {ICT) which indicates
the number of iterations elapsed since the end of the maneuver. An
IF statement terminates the simulation when ICT is greater than 1000.
After the simulation ceases, the maximum absolute tracking error for
the maneuver {normalized to the radius of the turn) is written to the
array XOUT. A flow chart of this sequence is given in Figure 11.
One additional subroutine, GAINS, is used to load the gain vector (GP)
from an arrav of gain vectors (XGAIN) corresponding to various model
parameters,
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The data obtained from these programs is plotted in Figures 12a,
b,c,d, and e for the axial turn and Fiqures 13a,b,c,d, and e for the
orthogonal turn. Each of these figures shows maximum trscking error
(normalized to the turn radius) as a function of R* (o A /oT) for
a specific value of p. Plotted are families of curves for various
angular velocities. Consider, for examp]g, an Sircraft flying at
500 mi/hr making a 5 g. (1 g. = 9.8 m/sec”) 180" turn: What is the
trackinggerror for 2 predictor with model parameters T, = .01 sec,

R* = 1077, and o = .009? At 40 mchips/sec, a 1 meter ghange in range
generates a delav of .1334, so in terms of delay 500 mi./Br. becomes
V/cA = 29,8 chips/sec and 5g becomes A/cA = 6.53 chps/sec™. Thus,
the radius of the turn is given by R/cA = 136 chips and the angular
velocity is 6 = .00219 rad/sec. Turning to Figure 12c, corresponding
to an axial ﬁurn for 6T, = ,0025 and R* = 107, the normalized error
is 4.5 x 1077, Multiplying by the radius of the turn (i.e., unnor-
malizing) vields a maximum tracking error of 0.06A. Similarly for
the orthogonal turn, the maximum tracking error is found to be 0.31A.

In aeneral, the tracking error for the orthogonal turn is higher
that the error for the axial turn. This is due to the step discon-
tinuity in acceleration for the orthogonal turn (Figure 10d). The
axial turn has no step discontinuities. Also, the tracking error
for both turns monotonically increases as R* increases. This behavior
is opposite to the noise behavior of the filter presented in Figure

7 where both JP, /o and;}~ /o monotonically decrease as R* increases.
As R* becomes ]%rg&r measu}gme%t noise tends to become the predominant
factor. The filter algorithm compensates for this by narrowing the
filter bandwidth. This results in improved noise performance but
degraded tracking of maneuvers because the narrow bandwidth causes

the filter response to lag behind the input.

The curves plotted in Figures 13c, d, and e exhibit behavior
which may appear strange at first glance. The behavior was investi-
gated and found to be caused by the response time of the predictor.
The responses of the predictor to the orthogonal turn is composed
of an initial lag followed bv an overshoot and less significant ring-
ing. For small R*, the response is relativelv fast so that the maxi-
mum error occurs in initial lag. As R* becomes larger the filter
response slows and the error in the overshoot becomes progressively
more significant. The "bumps" in the curves of Figures 13c, d, and
e results from the occurrance of the maximum errors in the first
overshoot. As R* becomes even larger, the response of the predictor
hecomes so slow that the maneuver is completed hefore the initial
lag of the response is completed. When this occurs, the errors in
the lag response become progressively more significant. Eventually
these errors again become larger than those in the overshoot. The
regions of the curves above the "bumps" corresponds to the maximum
errors occuring in the initial lag response.
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Figure 12a. The maximum delay tracking error for the axial turn
as a function of model and maneuver parameters, ©=0.99.
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Figure 12b. The maximum delay tracking error for the axial
turn as a function of model and maneuver parameters,

=0.995
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Figure 12c. The maximum delay tracking error for the axial turn as
a function of model and maneuver parameters, P =0.999
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Figure 12d. The maximum delay tracking error for the axial turn as
a function of medel and maneuver parameters, £=0.9995
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CHAPTER V
COMBINED NOISE AND MANEUVER PERFORMANCE
OF THE KALMAN TRACKING LOOP

A. Introduction

[n the previous two chapters the performance of the Kalman clock
loop in response to noise inputs {Chapter III) and delay inputs which
simulate the inputs generated by a maneuvering terminal (Chapter IV)
was found. At any given time the total delay tracking error Z, s
the sum of the error due to noise z1 and of the error due to maneu-
vers 2 . That 1is,

]Em

The noise component of this sum is a jitter term with standard
dev1at1on.jP whereas the maneuver term is deterministic. Thus,

the error may be considered jittering with standard deviation JP
about a bias term Zye The worst case behavior occurs when the bias

(maneuver) term is a Maximum. The maximum delay tracking errors in
response to two orientations of 180° turns were found in Chapter IV.

In this chapter, three examples of Kalman clock locp predictors
are presented. In each case, the delay error standard deviation ob-

tained from Kalman theory q_gi) is compared with (1) the delay error

standard deviation due to measurement noise only { J___ and (2) the
maximum tracking error encountered in a 5 g. (1 g = é 8 m/sec), 500
mi/hr. orthogonal 180~ turn with no measurement noise. In each ex-
ample the measurement noise standard deviation is assumed to be .054.
This is approximately the same value as the measurement noise in the
current experimental system.

B. Example 1

In this example model parameters identical to those considered
in Reference 6, Example 1, pp. 111-116 are used. These are summarized
in Table 2. A short description of how these parameters were obtained
is given here., Values for the code rate, the average maneuver rate
(A}, and the measurement noise (o ) were either given or assumed.
The value of oy was derived using Equation (17) under the assumption
that P (the probability of zero acceleration) is 0.5, P_ (the praoba-
bility of maximum acceleration) is zero, and A (the maximum permitted
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vehicle acceleration) is 5 g. (49 m/spc?). The value of T¢ was chosen

(by an iteration scheme) to be the largest value which yie]ds\/ﬁl <
.050. It has been shownl7] that timing jitters of greater than .0%
may yield a significant degradation in bit error probability. The

complete set of model parameters is given in Table 2. i

From the set of model parameters_ﬁhe derived parameters p and
R* are found to be .9861 and 7.463 10 °, respectively. These values
may be used with Figure 7 to find the tracking error standard deviation

due to measurement noise only (fﬁ] ). Unfortunately a curve for AT
= 0.014 is not plotted. However,‘By extrapolating those values thgt

are plotted, it is found that /ﬁln/og = .88, so that the standard

deviation of the tracking error due to measurement noise only is./ﬁln
= .0444.

The values of p and R* may also be used with Figure 13 to find
the tracking error generated by a terminal performing an 9rthogona1
180° turn at 500 mi/hr. (232.52 m/sec) and 5 g. (49 m/sec”) radial
acceleration. This turn has a delay r- lius of

Rad - 135.95 chips (60)
and an angular velocity of

6 = 0.2192 radians/sec. (61)
Thus,

éTf = 0.0152 radian. (62)

Using Figures 13a, 13b, and 13c and extrapolating to obtain a value
for each figure for 6T, = .0152, then extrapolating these three values
to obtain a value for Tf = 0.014 yields

€
max ° 103
Rad - 1.0 -10

Unnormalizing, the maximum tracking error obtained is approximately

(63)

£
mgx * .136 chip. (64)
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This tracking error may be regarded as a bias in the prediction
due to the maneuver.

The initial selection of T_ for this example was based upon ob-
taining a tolerable clock loop jitter of .05A. In selecting this
value as tolerable, an implicit assumption was made that the clock
loop yields estimates that are unbiased. This is true for a non-ma-
neuvering terminal or a terminal making rand8m maneuvers. However,
with deterministic maneuvers such as the 180~ turn considered here,
biases in the estimate will occur. These may or may not be tolerable,
depending upon the frequency of the maneuver, whether communications
are expected during the maneuver, etc. In the present case, a clock
loop operating with a jitter of .044A biased by .136A will result
in a bit error rate of five to six times that of a similar clock loop
operating unbiased with §481tter of 0.05A (assuming one operates with
a bit error rate near 107°L7,22]).

To minimize the bias, it may be necessary to reduce T. (i.e.,
to sample more often). Consider a system with the same model param-
eters as the previous system with the exception of T.. Let T, be
0.0228 (Example 1b). Since the maneuver rate () is unchanged, p
(1-AT.) becomes 0.995. Similarly, AT. now becomes 0.005, Using Fig-
ure 7, the Kalman prediction error standard deviation (/P,) and the ’
prediction error standard deviation due to noise only (JPy ) are found f
to be .03A and .07?7A, respectively. From Figure 13c (cor}gsponding
to p=0.995), the maximum tracking error for the 180° orthogonal turn
is found to be 0.07A. The performance of the clock loop filter with
this set of model parameters is summarized in Tahle ? for both Tf =

.0695 (Example 1a) and Te = .0228 (Example 1b).

C. Example 2

In this example model parameters identical to those considered
in Reference 6, Example 2, pp. 116-119 are used. These are summarized
in Table 3. Here, o and A hgve the same values as Example 1. The
code,rate is doubled'to 80x10~ chips/sec, which doubles o to 5.36A
/sec”. T, was reduced to .052 sec. Given oz, o, » and X (chip duration),
T, was chbsenl6J such that the Kalman predic{or Ytandard deviation

o? the tracking error is

[F} = .05a. (65)
From the model parameters, the derived parameters R* and p are given
by 2

a,h -4
R* = Y -3.731 « 10 (66)
o7

48




Table ?
Model parameters and performance data for Examples la and 1b

Model Parameters

Code rate (1/A)

Measurement noise standard deviation
(oV/A\

Average maneuver rate (1)

Maneuver noise standard deviation
(of/A\

Sample interval (Tf)

Derived Parameters

Acceleration correlation coefficient

(p)

Ta

40x10% chips/sec

.08 chip

0.2 maneuvers/sec
?.RR chips/sec?

0.0695 sec

0.98A1

7.463 1078

Maneuver Parameters (for 5 g., 500 mi/hr, turn)

Delay radius of turn (Rad/cA)
Angular velocity (8)

Anale subtended in one sample
interval (eTf\

Performance

Kalman prediction delay error
deviation (JP,/A)

Prediction delav error standard
deviation due to measure-
ment noise only { P1n/A)

Prediction tracking errgr due to 5 q.

500 mi/hr. 180
orthogonal turn (emax/A)

135,05 chips
0.2192 rad/sec
0.0152 radian

N8 chip

044 chip

, 0.136 chip
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same
same

same
same

0.n?278 sec

.90954

same

same
same
.NNRO rad

.0? chip

N.0?727 chip

0.n7 chip




and
p =1~ fo = 0.9896.

The 5 g. (49 m/secz), 500 mi/hr. (223.52 m/sec) turn has a ra-
dius {Rad) of 1019.6 meters. This generates a change in delay of

Rad _ .
r i 271.90 chips. (R7)
The angular velocity (8) for the turn is 0.2192 radian/sec so

the angle subtended in one sample interval is given by

8T¢ = .0114 rad. (68)

From Fiqure 7, the normalized standard deviation of the error
due_%o measurement noise only (IP1 /o Y is 0,88 (for p=N.99, R*=3,73
+10™7),  Thus, the unnormalized j1@te¥ is

[By, = w0ama,

From Figure 13a (corresponding to =0.99) the normalized maximum4track-
ing error (e___/Rad) for 8T _=.n114 is extrapolated to be 6.4:10 ",

The maximum T?écking error ﬁs found to be

€max 0.174A.
A bias in the local clock of this magnitude will result in a degra-
dation in the bit error probability (PE) by at Tleast a_Eactor of ten
for systems operating unbiased with P.-smaller than 107 '[7,22]. As in
Example 1, this may or may not be to1Erab1e. Table 3 presents a short
summary of this example.

D. Example 3

This example illustrates that the data of Chapters two and three
may be used not only to evaluate the performance of a Kalman predictor,
but also to select a set of model parameters to achieve some desired
predictor performance criteria. This may be necessary because a de-
signer may not have enough aircraft data to select the statistical
parameters o= and A with confidence. This may also be desirable in
that the designer may want to deliberately skew the model parameters
{to reduce the errors in tracking of maneuvers while minimizing pos-
sible degradations in jitter performance, for example). The selec-
tion of model parameters based on the data of Chapters two and three
is possihle because the data in these chapters is independent of the
accuracy of the parameters. That is, given a set of model parameters,
the performance of the resulting Kalman predictor will be as described

50




Model parameters and performance data for Example ?

Model Parameters

Code rate (1/A)

Measurement noise standard deviation (ov/A)
Average maneuver rate (1)

Manuever noise standard deviation (“f/A)
Sample interval (Tf)

Derived Parameters

Acceleration correlation coefficient (p)

Maneuver Parameters (for 5 g., 500 mi/hr. turn)

Delay radius of turn (Rad/cA)
Angular velocity (8)
Angle subtended in one sample interval (éTf)

Performance

Kalman prediction delay error standard
deviation ( Pl/A)

Prediction delay error sténdard devi
due to measurement noise only | P1n/A)

Prediction trackingoerror due to 5 q.,
500 mi/hr. 180~ orthoronal turn

(emax/A)

80x106 chips/sec
0.05 chip

0.70 manuevers/sec

5.36 chips/sec2

0.052 sec

.00R9A

3.73 107*

271.89 chips
0.2192 rad/sec
0.0112 rad

0.05 chip
0.044 chip

0.174 chip




by the figures of these chapters regardless of whether the model ac-
curatelyv reflects the physical situation. This is not true of the
Kalman covariance matrix (P), which is accurate only if the model
and model parameters accurately reflect the physical situation.

In Example la, given o , oz, and A, T_ was chosen to he .0695
se¢. in order to yield a KaYman prediction error standard deviation
LIPl) of .05A. It was oBserved that the maximum tracking error through
the™5 g., 500 mi/hr. 180~ turn was 0.136A and that the jitter due
to measurement noise only was .044A. In Example 1b T_. was reduced
while holding the other model parameters constant in Brder to reduce
the tracking error due to the maneuver. This resulted in a maximum
tracking error of .074 and a jitter due to measurement noise of 0.027A.
Consider now the following question: While holding the samnle inter-
val (T.) and the measurement noise standard deviation constant at
the saﬁe values as those considered in Example 1b (.02?28 sec and .054,
respectively), is it possgble to select 0. and A such that the result-
ina filter tracks the 180" turn with an error less than .03 and has
a jitter due to measurement noise of less than .NAA?

To answer this auestion, a value for p (and hence A} will he
assumed, Figures 13 {a,h,c,d, or e) and 7 will he examined to find
a value for R* such that hoth trackina and noise criteria can he met.
If surh a value is found, then the remaining parameter (0:) can be
easilv found, since o, A and R* have heen specified. Tf no such
value for R* is foundy a different value for o will be assumed and
the process repeated. This procedure will continue until a set of
model parameters is found or until all of the plotted values for
have been examined and shown to vield neaative results.

Let p equal 0.99. From Equation ('3) X is 0.239 maneuvers/sec.
From Fiqure 7, values for R* are desired such that P1n/ov§ 0.8 {i.e.,

Jg—_ .04 when 0v=0.5). This criterion can be met if R* is agreater
t%gn 5.56 10-4Y From Figure 13a (corresponding to £=0.99), the maxi-

mum tracking error for the orthogonal turn (Rad/cA = 135495 chips,
T¢.=0.005) is Tess than 0.034 (i.e., € a /Rad < 2,2 = 10 ") if R* is
less than 1.0 10 ". Thus, a useab1® %anqe for R* is

5.56 1070 < R* < 1.0+ 1073 | (69)

Choosing R* to be 7.5 + 10°% results in a value for 0x of 12.82A/sec?.
From Figure 7, the jitter due to measurement noise only is

}ﬁ1n = .037A (70)
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while the Kalman prediction delay tracking jitter is

J7; = .042a, (71)

From Figure 13a the maximum tracking error due to the 180° orthogo-
nal turn is 0.027A. The model parameters and performance data for
this example are summarized in Table 4,

Thus, while samp]ing at the same rate and with the same energy
to noise den51tv ratio in the clock pulse (i.e., the same o ) as in
example 1b, the predictor considered here will track the deYay from
a 180° turn with much less error (.027A) than the predictor of example
1b (.074). The jitter due to measurement noise is somewhat larger
here (.0374) than the previous example (.0274), but still very rea-
sonable.

Of course, in skewing the model parameters to optimize tracking
performance, the relation between the model parameters and an actual
aircraft may be lost. That is, if the model parameters were chosen
based upon the physical characteristics of an aircraft (e.g., the
maximum acceleration the aircraft is able to withstand), they may
no longer be realistic with respect to those same characteristicg.
For example, in the case considered here the value of 12.82A/sec
for oy corresponds to approximately 9.81 g., which is beyond the cap-
ab111{1es of most present day aircraft. This, however, does not in-
dicate problems with either Kalman theory on the chosen model. The
Kalman algorithms are minimum mean (i.e., average) square error al-
gorithms. This study considers the performance with respect to two
different performance criteria, the response due to measurement noise

(jitter performance) and the tracking errors resulting from 180" turns.

The model parameters which are necessary to provide good performance
with respect to these two criteria may be quite different than those
reauired for the minimum square error criterion.

Ohviously, good tracking performance for typical maneuvers is
important. This example shows that (1) good tracking performance
for typical maneuvers is obtainable simultaneously with good jitter
performance and (2) that the curves in Chapters III and IV can be
used to obtain the model parameters necessary for the implementation
of a predictor with this performance.
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Table 4
Model parameters and performance data for Example 2

Model Parameters

Code rate (1/A) 10-10" chips/sec
Measurement noise standard deviation (oV/A) .N& chips

Average manayver rate /)) .4386 maneuvers/sec
Manuever noise standard deviation (Of/A\ 12,82 chips/sec7
Sample interval (Tf\ 0.0728 sec.

Derived Parameters

Acceleration correlation coefficient (p) 0.990
cvx? A
R* = —0.:‘ 7.5'10-
T

Manuever Parameters for 5 g., 500 mi/hr. turn

Delay radius (Rad/cA) 135.95 chips
Angular velocity () 0.2192 rad/sec
Angle subtended in one sample period (éTf) 0.005 rad
Performance
Kalman predictor delay error standard .NAap
deviation f. P])
Predictor delav error standard deviati LN3T7A
due to measurement noise only (Pln‘
Predictor tracking error (maxigum) due .N274
to 5 g., 500 mi/hr. 180~ orthogonal
turn {emax)
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CHAPTER VI
TRANSIENT PERFORMANCE OF THE KALMAN FILTER

A, Introduction

In this chapter, some aspects of the Kalman and Wiener clock
loop filters during acquisition or lock up are examined. Since the
Kalman filter is computationally more costly to implement than the
Wiener filter, knowledge of when it is advantageous to use one over
the other is needed. The important criteria for comparison are the
magnitude of the tracking errors (overshoots and/or lags) during lock
up and the time required for the error to converge to reasonably small
values. Two computer programs were written, named TRANS and STEADY,
to examine the behavior of the Kalman filter (TRANS] and the Wiener
filter (STEADY) under lock up conditions. These programs and the
data they generate are examined in this chapter. Before discussing
these programs, the initialization of the Kalman filter as described
in Reference 6 is examined.

B. Initialization of the Kalman TOMA Clock Loop Filter

In Reference 6, it is proposed that the initial estimate (2-]))
be obtained from two measurements prior to enabling the filter., The
observation models corresponding to the two measurements are

x(-2) = zl(-z) + f-2) (72)
and

x(=1) = z,(-1) + £(-1) (73)
and the estimate ;(-1) is

3,(-1) x(-1) z,(-1) + ¢(-1) (74)

' 1)x(-? 27(-1)-2,(-2) (-1)-£(=2) | (75

’2‘2(-1) = ﬂ.?_ﬂ_—_) = _'_'_..___.r_..'_-_-- +E...:_.%§(.__.l ( )

2,(-1) o f f oo f (76)

Note that no attempt is made to secure acceleration information. The
initial prediction is obtained from the filtered estimate z(-1) via
Equation (6b) and is

7(0/-1) = 02(-1) . (77)
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The effects of noise and the neglected acceleration component on the
initial prediction z(0/-1) will now be analyzed. Here, an acceleration
with constant magnitude of T _ (chips/sec } throughout the initiali-
zation period as assumed. TRus, with this constraint, the state vec-
tor z(k) is given by

j /Zl(k) Zl(k)
l 2(k) = | zy(k) | =| z,(k) | , T, constant . (78)
‘ 24(k) ,

At k=-1, the 1st two components of the state vector z are given by

2)(-1)= 2,(-2) + 2,(-2)T, + fOT§/2 (79a)

2(-2)T

and

22(-1) = 22(-2) + Ton . (79b)
From Equation (75) and Equation {79a and b),

5 - 1 £(-1)-¢(-2)

22(—1) = z?(-l) -3 Ton + T =L (80)

is obtained.

At k=0, the 1st two components of the state vector are

2,(0) = 2;(-1) + z,(-1)T, + T T2/2 (81a)
2,(0) = z,(-1) + T T, (81b)
From Equation (77), the predicted values for 21(0) and 22(0) are
7,(0/-1) = Z1(-1) + 2,(-D)T (82a)
7,(0/-1) = 2,(-1) (82b)

By substituting z,(-1) from Equation {74) and z,(-1) from Equation

(80) into Equations (82a) and (82b) we obtain

X HDTe = 3 T 12+ 26(-1)-£(-2)

which can be rewritten using zl(O) from Equation (8la) as

ol

21(0/-1) = z2.{-1) + z

3,(0/-1) = 20(0) - T 72+ 26(-1) - g(-2) (83)
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Thus, the predictjon 21(0/-1) can be considered biased by an accelera-

tion term of -T T, and corrupted by 2 noise samples, £(-1) and

£(-2).

Simi]ar?yffor the velocity component of the state vector,

by substituting 22(-1\ from Equation (80) into Equation (82b) we ob-

tain

2,(0/-1) = z,(-1) - ,12 f1,+ _ai-_1>_:§(_-_a)_

(84)

From Equation (81b), 22(-1) = §,(0)—fon, so Equation (84) becomes

7,(0/-1) = 2,(0) - 3 T, + éi'-l—)—;—i—('-"l (85)

Thus, the velocity prediction is biased by an acceleration term of
-3/271 Tf and corrupteg by ? noise samples weighted by 1/T.. For

PN cod8 Fates of 4010 chips/sec and T.=.01 sec (quite large, con-
sidering the chip rate), the bias eryors introduced jgto the delay

and velocity predictions are 1.3*10, chips and 2*10 ~ chips/sec,
respectively, per G (1 G = 9.8 m/sec”) of acceleration. Both of these
are indeed negligible,

From Equations (83)
locity companents of the

and (85), the errors in the delay and ve-
estimates due to noise are respectively

zy, (0) = 2g(-1)-g(-2) (86a)
n
and
s _E(-1)-£(-2)
Ze (0) = ﬁ«—ffi—-- (86b)

The error variances associated with these terms are (since the noise
samples are uncorrelated)

~ 2y _ g2
El(Zy ()7} = Sop (87a)
and ) 2
- 2 °§
E{(Z,(0))} = = (87b)
_ T%
with corresponding standard deviations of
- 5 2y
oy = Jel(z, 007 = 220 0, (882)
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and

- Jel(5, (00 - 5% o (88b)
n

T %

Equations (88a) and (88b) are important statistics because they give
information about the magnitude of the errors. Assuming that the
errors are Gaussian distributed, the prediction (z{0/-1)) will be with
in one standard deviation of the correct value 68% of the time and
within 1.65 standard deviations 90% of the time[13]. For example,

if 0,=0.05A (a reasonable figure for the present system), then the
errors in the initial delay pred1ct1on Z,(0) would be less than .185A
90% of the time. Similarly, for T 61 sec , the errors in the
initial velocity prediction z,(0) w0u1d be less than 7.05A/sec (or
074/T.) 90% of the time. The programs TRANS and STEADY simulate

the heﬁavior of Kalman and Wiener filters during lock-up with initial
errors of these magnitudes.

C. The Steady State Kalman Filter Program

The program STEADY (Appendix V) is structured to make extensive
use of subroutines. Because the input signal to the Kalman filters
is the difference between the time bases of the local and received
clock signals, initialization with an error in any of the components
of prediction z(Q/T) is equivalent to a step change of opposite sign
in the corresponding component of state vector z(0).

Three subroutines were wr1tten wh1ch generatp the state vector
simulating step changes in delay ( , velocity ( or acceleration
(T ). These are names STEP, RAMP, gnd PARAB, resp8ct1ve1y The names
or?g1nate because a step change in velocity produces a ramp in delay
and step change in acceleration produces a parabolic delay.

After the state vector is generated, it is compared with the
prediction in subroutine ERROR1 or ERROR2. These subroutines keep
track of the errors as the filter converges. It was discovered that
for step changes in delay (T ), the maximum error almost always oc-
curs at the first iteration 3nd is equal to the magnwtude of the step.
When this is not the case, the maximum error occurs in the first over-
shoot. Accordingly, ERROR2 was written which computes the magnitude
of the first overshoot. This subroutine is used for step changes
in delay. For steps in velocity and acceleration, ERROR! is used.
This subroutine computes the maximum error as the filter converges
regardless of where it occurs.




After the error is ohserved, two subroutines are used to check
convergence, The first, subroutine COUNT, counts the numher of it-
erations for the first fthe delay) component of the prediction to 1
converge to within ,N5A of the actual delay. This is used to obtain
data concerning the convergence time of the filter. The second sub- ]
routine. STOP?, is used to determine when all three components of
z(0) have converged to within 001 (chips, chips/sec or chips/sec”
depending upon the component) of the corresponding actual values.

If all three comnponents have converged, a variable ISTOP is set to
one which ceases the iterations. If not, subroutine PRED is used

to generate a new prediction by direct implementation of Equation

(3). Subroutine PRED may he used with either time variable or steady-
state gains. It should be noted that subroutine PRED implements a
linear tracking characteristic. The nonlinear characteristic of the
correlation circuitry could be simulated, but this would prohibit the
normalization of output data. From this point, program flow is de-
pendent upon whether the filter has converged (by the criteria of
STOP2) or not. If it has converged, then either the number of it-
erations (from COUNT) to converge or the error (from ERROR] or ERROR?)
during the convergence process may be written in an output array.

If the filter has not converged, then the next state is generated

and the process is repeated.

ND. The Transient Kalman Filter Program

The program TRANS (Appendix VI) uses the same subroutines and
is organized in the same manner as STEADY. Three additional subrou-
tines are also used for functions unique to the time variable (Kalman)
filter. _First, it is necessary to obtain an initial error covariance
matrix, P(0). In Ref. 6 it is shown that this matrix should be

P(0) =
8(1+p) | 2 3 _L+Ol 2(1+p
5[1+ 5r2 } Ov 4r[1+ r Oy an r PG, T4
4
10(1+ = p)
3 4(1+p) 12 5 "7 242 1 2
A P+ r2 } Ovoan 8r [1+ r2 } oan (1+ §p)poan (89)




Subroutine SETUP? implements Equation (89) directly. Second, it is
necessary to calculate the predictor gains. This is accomplished

in subroutine GPCALC via direct implementation of Equation (4). In
this equation, the gains are calculated as a function of the error
covariance matrix, hence the need for SETUPZ prior to GPCALC. Third,
after the prediction is obtained, it is necessary to update the error
covariance matrix for the next iteration. This is performed in sub-
routine PWl by implementing Equation (5).

E. Results

These computer programs were used to find (1) the errors in de-
lay tracking z c during lock-up and {2) the number of iterations for
the delay erro; to fall below .05 chips for a wide varietv of model
parameters and inputs. The magnitude of the delay errors are pre-
sented in Fiqures 14, 15, and 16 for inputs of steps, ramps, and pa-
rabolas, respectively. In each case, the results are normalized to
the input to make the curves more general. That is, the data for
the step input is no§malized to T, the ramp data to T _T., and the
parabola data to T Tf/Z. In a1l Phree figures, data f8r'the Kalman
Filter is presente8 in solid lines and data for the Weiner filter
is presented in dotted lines.

While developing, and debugging of the programs, it was deter-
mined that the maximum errors in the ramp and parabola cases are under-
shoots (or lags) in the response, whereas the errors in the step input
case are overshoots. In Figure 15 the data for the Kalman response
lies on the R* axis, not below it.

The data for convergence is presented in Figures 17 and 18 as
a function of model parameters for the Wiener and Kalman filters.
Figure 17 shows the iterations to converae given a step offset in
delav of 0.70A. This corresponds to the 90% confidence interval for
0,=0.05A, T.=.01. Figure 18 shows the iterations to converge for
a step change in delav rate of 7 chips/sec. Again, this corresponds
to the A0% confidence interval for o,=.05A and T.=.01 sec. These
fiqures are specific for the inputs gescribed (tﬁey are not normal-
ized). However, the general characteristics may be generalized.
First, the most significant improvement of the Kalman filter over
the Wiener filter occurs for large R* and Targe p. This corresponds
to a relatively slow responding filter in the steady state. Second,
the number of iterations required for converaence of the Kalman pre-
dictor seems to be asymptotic to 13 in Figure 17 and 31 in Fiqure
18. This behavior is explainable. In Reference 6 it is shown that
the Kalman gain vectors for different model parameters all follow
the same monotonically decreasing frajectory until very near this
final (steady-state) value. Consider two filters, the first of which
has a gain vector which converges to (within 1% of) steady-state in
200 iterations and the second of which has a gain vector which con-
verges (1%) in 400 iterations. Suppose that both filters are given
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the same input, and the first filter acquires the signal within 100
iterations. Under these conditions the second filter will also ac-
quire the signal within 100 iterations because the gain vectors for
the two filters are almost identical until near the 200th iteration.
Furthermore, any filter whose gains go to steady state in signifi-
cantly more than 100 iterations will have similar convergence charac-
teristics. Third, for the slower filters, the difference between
the Kalman and Wiener filters is dramatic. Consider R* = 10™°, p=.999,
and Tc=.01. Figure 17 shows that the Kalman filter requires 13 it-
erations to converge (.13 sec at T.=.01 sec) from an initial delay
offset of .2A whereas the Wiener fﬁ]ter requires 150 iterations (1.5
sec). Figure 14, when interpreted for T_ = 0.2A, shows that the 1st
overshoot is .1A for the Kalman case and 0.07A for the Wiener case.
Thus, the filter remains in the linear portion of the correlation
circuitry throughout lock-up (see Figure 3). Similarly, for a ve-
locity offset of 74/sec (Figure 18), the Kalman filter requires 31
iterations to converge while the Wiener filter required over 700 it-
erations to converge. From Figure 15 the maximum errors during con-
vergence are .07 (Kalman) and 1.4A (Wiener). Since the correlation
circuitry is linear only over a *%A range, the Wiener filter would
probably not lock under these conditions.
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CHAPTER VII
CONCLUSIONS

The steady state and transient performance of a Kalman filter/pre-
dictor implementation of the receive clock Toop in a TDMA satellite
system has been analyzed. The steady-state response of the filter
to measurement noise was determined by state-variabhle methods and
verified by Monte-Carlo simulation and z-transform techniques. The
steady-state responses 8f the filter to delay changes caused by a
terminal performing 180~ turns with two different orientations with
respect to the satellite was determined by computer simulation.

Examples are given which show how the steadv state responses
may he used in the evaluation and desian of the clock Toop filter.
The anmn1e8 given show that the errors in response to terminals per-
formina 180" turns are somewhat larger than those one would intui-
tivelv expect from the data given hyv the Kalman error covariance matrix.
The Kalman alaorithms, of course, minim:ze the average saquare error,
not the error due to a sinale deterministic maneuver. Nevertheless,
the response to typical maneuvers is important. The examples show
how it is possible to deliberately skew the model parameters of the
Kalman algorithms to improve the response to typical deterministic
maneuvers with 1ittle degradation in noise performance (jitter).

The transient performance of the Kalman clock loop filter and
the corresponding Wiener clock loop filter was analyzed by computer
simulation. The tracking errors caused by errors in initialization
for both Wiener and Kalman predictors were determined as a function
of the model parameters of interest. The iterations to converge were
also determined as a function of model parameters for two typical
acquisitions. The results show that the Kalman filter has much better
transient performance than the corresponding Wiener filter when the
derived model parameters R* and p are both relatively larae.




Appendix I
The Computer Program VPCALC

LA RRAR Rk Rk xARkAkk PROGRAY VPCALC dhdkkdkkidd ik kik

2 OPTICNS DP

- DIVESTCN PRSI PHCIO) (X{(3) XHAT(3),0P (3}, XHOT (590)
“ DIVENSICH XOUT(4,41,5),V(6)

o e AL LALEDACY)

c COMLON/PHI/REO,T(4)

T COLLONZEET2/7CIGY VARV, SIGH  VARE (STGA JVARA

5 DATA LAMEDAZ1.,.5,.1,.45,.01/

5 SIGV =, !
by VARV=STOVr %2 i
il CALL DE#SSN ;
12 T =3¢

I

14 ]
(B TCa) = et eridd ‘\
lc FACTOR=10, #% 0, ] \
15 TGt LAY S

e 0= =12 MBDACILAMY T (1) .
1y =10 xx=5/r ACTOR .
P NG bty IPT=1,41

2 HER*rACT O

Pyt SIGA=STCVRTAYENA(TILAN)Y %% 2/R

Pt VAHEZSTCA®®2

D4 VAL =VARA* (] =RHO*%2 )

el SIG =SnhLT(VAKD)

Lo e (IPT RN, VICALL SETUP(DM)

& Urrwws [TERATE 10 STEANDY STATE

P LrLAG=

DO TS T=1 1)
CALL PHI(PY, PHO)
CALL CHECHPE(PROJTFLAG)
Te(IFLACLEN. DGO TCO 1A
s COh Lt
e L RAWBRALAL KRR AP AAK KR K AKX kN KR kA &

LTI 1 U2y =1,z

. XPAT(T =00,

ST < LUk

o I GPCALCCEN,GP)

" VGATISICP V)

.. LT O 1 TLAM ) =x

< A2 TP T TLAY Y =SHRT (20T )/VvakY)
s ST IR TG TLAMY =St TV (1) /VARY)
. AT IT VLA D =

«e ALY ASSIGIHEBOATASO (BNHALAE5,2)
“ b vicrre{2) 0l

. 5

LRV

Gt

Yy

b LT RART YR AR AR KRR R AR TR kR kR Pk ke ok

L R AR e A A kY A AR R AR Aok ok ok ok kRh kA hh
b : TINE OCHREOSTRN, pan  IFLAT)
- Sl D (e), 0 (0)

PO <o v JALLTY PRACTLCABLE

Fhoud [ R SN SN i UUC
- St I
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He IR(PV(T ) EQ.E.IGO TO 1

by PCI)=(ALS(PH(TI=PRO(I))I/ZAES(PK(]))
e ol Tu 1o

5y 11 PCI) =i,

cw CUNTILUE

ol Be 15 I=1,6

0l Y IF(P(I)JGEL I o *%=11,.)GQ TO 50
vl IFLAG=I

[ RETUR

oy Li LFLAG=Y

ce RETUEN

¢ E!ID

OB LR ANKT RA Rk RRTR kA ok R d Ak dook ok Kk i Ao sk sk ok ok ke koot
34 SUBROUTILE DECCMP(NM.ALUL)

7t DINENSICY A(6,06),UIL(6,6) SCALES(6) IPS(6)
A COMNON . 1PS

T =t

75 C

T4 C INIWTALIZE IPS, UL, AN SCALES
e DO 5 I=1,N

e IPS(I)=1

57 RORMMR=C, )

B LU 2 J=1,N

1Yy ULCT,,J)=ACT,0)

St TF(ROWNMRE=ALS(UL(I J D)1 .22
el | KOWRME=ARS(UILL(T, J))

L2 & conT Ik

o IF(ROINMR) Zv4 3

b4 2 SCALES(1)=1.C/7ROVMR

1331 GC T0 5

Lo ¢ CALL SIFGeY)

£ SCALES(1)=0.7

to b CONTIHVE

vy L

Yo U GAUSSIAL FLININATION WITH DARTIAL PIVATIvA
(2 Noil=M=|

Yz DO 17 K=1,t040

b BIG=¢. ¥

G4 DO 11 I=K.N

$5 IP=IPS(])

ye SIZE=ABS(ULCIP K ))*SCALES(IP)
7 IF(SIZE-RIGYI 11, 11,10

$3 e E1G=S]ZE

122 ICXPIv=l

Lo COMYTHUE

1l [F(RIGYI2,12,13

1e2 12 CALL SIMG(2)

1.3 GO TO 17

e 12 IECTOXPIV-K)Y 14,15, 14

leH i« J=IPS(K)

lee IPSCe)=1PS(ILXPIV)

{151 IPSCIDXFIV)Y=)

146 19 KP=] S (K)

1919 PIVOT=UIL(XP,K)

e KP1={+1
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172 SUBRUUTIE VPCALCI(GP,V)
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1e2 A(2.I)=—(l.—CP(I))*FP(2)
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Q0L A(S,6)=hHO*T (1)
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CO(E)+T(2)%xPIC(6)/2.—A%B/P -
PORPIOUII+T1 #2005+ T(2) %P () /2, —A%D Y 3) /D)

P (o) =RECH (G AR IO+ T D) *PLC(A) =P O(Z) /7Y
Prlo )= (P D0 )=V 0(2)%%2/D 1A%, 24V AT
248 N

CAX AN AA R R ANKAT XA TH A AR K AL hddndbd

WTITE SETUD(PL)

: (o)

/b, T 4D

IOV ARV (SIRWVARY (ST DA v AR A

RAFLL2)/4, 42 (RVARV/T(2)
PLEVPLART (/2.
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SAT HAFR2ADIC(L)+2, *GAMYAXT (1 )*DG(5)+7 (D) %D 10 (n) —RexD /L
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Appendix 11
The Computer Program VSIM

opTICHS DP

ILCLUDE FSST,8YSY

DIARISTON XUEIY JXNHAT(Z) ,GAINS(7,41,5) ,X0UT(4,41,5)
kAL LAWEDACYL)
CUMLON/PRHIZREO T (4)
COLLGHNASETL2/78T GV VARV, STGH VARL ,SIGAVARA
DATA LAYEDAZL .y 5,01 ,.95,.21/
TC1Y=.01

TC2¥=TC1)**2

T(3)=1(2)*7w(1)

T(d)=T(2)*%2

CALL fESU

CALL ASSTGNCEHGEHN: 1 ,5H41¢235, 1)
SEADCIYCAIES

CLOSE 1

FACTOR=1{ %% |

CALL XGEI'e 1))

S=1.

A=y,

1X=72271

DS v JLAN=1,5
Pus= LA #2000

[Gi0= 1 =TLAVEDACI LAY *T 1)
n—lh.’*-)/fA(JON

D0 &V IPT=1,41

h=r*[FACTOK

Craase Ul THE STMULATION !

e

LAI[ XMFVHI(XHAT)

CALL AE:IGP(L”SFE(,)}AP’m 1)

BWEALCI )] A

CLOSE

DO sed I=1 1y

CALL BKEEF (X, AUAT, SUM,SUWEAN)

CALL GALSSCIR, S, AN, XMOT)

XI=tl 52 )01

CALL PHE(GAINS O TP TLAD) JXHAT X XD

CONTLHUE

CALL AZCIGNCAISESD SFA 125 ,1)

WHITECI) TN

CLCSE: 1 v
SUB=TLL/EUY . }
SeZALESLEANLZL Uil i

XCUT 1 10T TLA") =i L
KO, 191 TLA) =GATNS (T, 1PT  T1LAM) C
KLUTCZ, TP ITAP) =SORT (S /.05 {

AGLG (A, 1o TLa) =SrE
CALL A‘:I“(o GATARS EUA11ES,2)

IR U G
LR Y
o . 1
3 N T
v D
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e~
P

¢
TvoL.

4

o~y
Pl —

cooC
.-t 0

R agie s o4
- v

AT ar i IR, TY Y FELD
Tawlooay

[4)5,¢,0

AT lenn, T+

S S SO B R

KA KT PAAA AR P AKX AN AR AR LKA K AR dx &

SURLUTINE GRS, So At V)
A=
Lowst ITsi,an
CALL dADUCIR, Y,
[a=1Y
2.V ASASY
VE(A/L =10 0 IRS+AN

Uiy

[OHE

LR ARRN KA, XA A AR A XA R A AL AN AR hkok*

e QUUTHE PREDOGP G XHAT, K, 2 1)
ENSTOT GPI3) XEAT(3) , X2
LIVZEHTZkFO.T (4)

CALL SUFLrk(D)
LHAL ()=
KHAL(2) =3

NGB ENEGRE £¢
CARHAT (204072 (
(=3)

T
1}

3y IOV

CALL SURE
bk LU
R

AKX DR A AR AR AH AR AKX IS bk Akl vk
SUMRGULTIE CREER (L XPAT, S, SHEAN)

STUN XUZ) GJXHAT(Z)

Cli=x07A1 1)

Ladmwkddudk bty PR ARAIA R AP Ik kw Kk

~

ATCI)+T O *XHAT(2)+T (2 /2 J*XFAT(Z)+520 1) %V 1OV
ATCZ)+GP2)*XTNCY
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Appendix III

The Computer Program ZSIM

JOD kAR wARF A RIS N

L EHATOIS, 1)

RENSQD

CUi e (D)
CUEEte)

A3, IPT TLA
ACa Ter, DA
Co I
COIINUR

CALL ASTISI(GHDATACT ,BHAT IS, 1)

CRLCAR KRG H AR R T AR KK Ak Tk
SUBRTLLINE ZEEI(0P (AYS)

JIVENSTCE GRS
GAL I, NI E

CA/TVI/ZRED,T4)

PO RGN+ T+ GP (2T (1) +GR*T () /2,
LY R HO=CT ()% T O *KI04GP{2)*T (2172,

RO =2 =0
mA L0
-G

P (e ke ) H (1 + D) %2 (AN (CHEI* 2 % (1 ~E*x2)
AL R (oA IR RS = K (AT A2 K (] =FxRD)

: DR )RZ &= (-CxE )R (CHE) XD *C
LT ERCT ()R] LT )R kDA ER(CAEY R (GP L) * A2+ A XK +{3x% D)

] R (AT ) FARTNRD R = ] ok (L 4+ X (OGP (] )R A2+ A%k D+ k%D )

W {AAGT 1)+ 2+ 0) *2 X[ GP (1 )R (C+EI* 2, *+C
Hesp w0
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Appendix 1V
The Computer Program FLYBY

Urrkddkakkxdidy ax DROG{AN FLYOY Ak kdkkhkhidhkk

ceuraie e
DINENCTIC 202) (ZRIGE3) (GPI3) XOUT(T,41,5)
SENSTCY XGAIN(3,41,9)
AL LAMBRDACS)
Cor v/ PET/ZRFG, T(4)
COL L/ EETEZPCC, VEL, THED L RAD PT
CALA LAGEDAZLS, 0025, 00005 (13,325 .,.0.1u05 7/
CALL ASGIGH(OLHVESSG, 5Ha 11138,¢)
CALL DEASSN
PI=5.14156245355948
CALL ASETORCEHGHCKE 941135, 1)
HEAD (1) RLCUT
CLUSE
a1 I=1, 2
Do b =1, 41
G0 K=t,5
[V, Caid=d0UT O W J KD
2.0 I=1,7
el

J=i, 4l

ACC/ L

Hoaw2 /0 20

AU Rk=L/FACTOR

"= e d
CULLICEIORGN, BHATDEE 1)
YILTHE IR LAY

UL T2 IO, ERAN, TCT)

CALL GATUSOACADTCL IDT ILAL) 5P)
SRR TS BTt

RS G T

(R ASUE
It ‘4 GERE L ERMAXD
AL

ST
AN N Gl A = AKX/ RD
PRI
[SR O

ALY SV T GV SR S SRR P B AR B |

I (IR

Loy FebolluABLE

N}




e

——
[ T

C L

N

~' 0N

[

~

I R A Ry By
>

Ll gl AP NUN o BG4

[\

s

a oo
[S 200 = S A V7

o a
Lo O

N
—_—t N~

CLOSE |1
CALL EXIT
ERD

LARAKAAK AR A A A AT Ak Ak Atk ARk kot
Crrxan SUBRQUTINE ERKQRT CONMPUTES THE MAXIMUY ERROR (OVERSHOOT)
SUBCUTINE ERKORI(Z.ZWNIG,ERR JERMAX)
El\sz_Zle(j
ABLERK=ALS(ERK)
e (B GANLLT. AEERR) ERMAX=ARERR
kETHLL
EnND
CAEXAR AT XK AL EA AL KA RNA I A LT AA XK hKk b
Caaexx SURRCUTTNE PEED CONPUTES TIE OME STEP KAILMAN PREDICTION
CaxamnUSIVG BECUATION S0 HERE THE VARIABLE X IS THE
Caaxaan [HPL] A IPTOV I3 THE IMLOVATION,
SULROUTTITS PREDCX,ZVIG,GP)
- DML ZIGE3),GP(3)
fEAL TGV
COLIIZEHIZE O, T(E)
IINGY=R-Z01000)
ZOTGOD) =TI+ Z0IG2)=TO+ZVIGIS)XT(2) /2. +5P (1 )% OV
ZVIGE2Y=2 0 1G22 +20 IC(3 )T 1) +0GDP(2) %I QV
ZEIGEE) =8 HO%, (LG 5)+CP 3% TR0V
wETUKN
b
(CRXEAARARKT R KA b brmd X AR b
CrnwdenSUE DU NE <
Crxxdx XCAL TUL THE VECUCR P
SUbrUUTINE CAIUSORGATE OD)
DIMENCICN XGAIN(3) G

STV GATNS FROTY THE ARLAY

GR3)=X0ATIER)

RETURD

ELD
([RFhkarnkhhtrddsr A Ak weewsrs

WU/RNT/R G, T4)
COMPL /ST 3/ P00 VEL, THED L 2AD 0 ]
TLIGE TV 24

HTCD) % (I=1)
FIVeo 70 10
INCTEL)

rl 10!
Cr kst krsbhhrhr s %4y
CHrrsexn NI S SECTID
ChadxTHANSITION FLON
v [aan=1

ALPHA=TIETA=T T

TLae=ALFVA/TERD

Z03) =0

AR

AOVECTOR DUCING THE
VIR DG FLIGEY T STRATGHT rLT ST,
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i
e
e
s
by
[N
it
e
iy
lew
led

lee

s ot i aa - =

FAG I E RS ORPE A 2
[SECHRVIIIN
LA RN AR KR XCRARTANKRAY A AR An AT Ak AT %
Cawndn LHTS 5aC [0 Cliygins Tes a0 VECTC UL TS [HE
Lo doon b LYUUL Peog IO AFT i THE MAVEUY
Abr#
CII+2(2*T (1)

<k

A RXEARRAFT LA KT TRAK AR RA 007 AR kKb R

< IHITUCZU TG ERIVAK, ICT)
auluil A 1Ges)

/ST ACC VEL THED y1AD P
LalGCly=u.

ZnlG(2)==vLL

cnlautay=e,

fHAR=E .
Cu=:
N

(Y]

(SRR S 3 DTS BRI T R4 B SE T S SO 203
SubanLIITE IvTizozrle,
DIUENSTON 70 0500)

O OIS C TS/ Pl JE L, THED (040 0]
L1001 ) ==RAL

cnlvy=r,

e lGisy=(.,

cH YA X,

X ICT)

Icy=:
HEL
[N

UR AR hy AWK TR K%k k% & koo kot R Aok
SULRJVTHE TURI2 (2, J, TR

/e C, T
3/71CC, VEL THED (i A0, P T
LG TO o6
*TC1)Yx(J=1)

FAQI LTIV
LE2)=+RALRTLE
L=+ DxTUED %% 2% (COS(TYRTA))
wETURL

‘(TF.TA)
RGTITHETA)

CRRkn ARARDKI H> Aok 05k S kok ok ek ek S
Crwedn  HIS SECTIUN CUHDULTES THE 3 VECTOR Nty vs The

Cadxax [ AUSTITTON FRON MAMECVEZTN G FLIGHT TO STRALGHT

% I ARA=)

L2 )=,
FAQRERY 1S
RETUR
CRdkrAARRAR T A% d fobkd ke ok Rk ket
Crwadn THIS SECTICH CONPUTES THE X VECTCH [UMipnG THr

c1ICABLE

“
v

“V““ﬁLlTY‘

wo U7 Loy

78
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CrannknrtLYOGL RO AF TR THE AUV EL,
v Laaa=lana+!
200y =+i0]
e Tkl
ENG
CRACRIKRRANN S L2 N3 WA AL TA KT AxhkAwh
SUBROUTIHE TIN03(Z,J,1CT)

STl 2l
JEEL/REO 4D
ETI/ACC, VR THED (RAD (D]

Iedley .Gl 100 70 1
THETA=FED* (L ) e (U~1)
IFCIRELF SOTLFDY 6O [0 06
20O =+ AR TED e 25 (COSCTHIITAY=1 )
LL2)=2(2)+2( ) *T ()
ZONI=LCI+Z(2)%T(2)+7(2)%](2) /2.
[F(JeEa 1701 )==3AD
IFr(Jd.Eta1)2(2)y=.
R TUH

9 [C.=1CU+1
Z{1P)=2010)
2(2)=202)
Z2(3)=C.
RETU,

Sy
SHIP
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] Appendix V
The Computer Program STEADY

I CAhkakrrrkrxkanrkdinx PROGRAM STEADY fdkkhkkddkok khhkk
2 CPTIONIS DP
: DIMENSTIOGN Z(2) ,ZWIGCE),GP(3) XOUT(4,41,5), XGAIN(T,41,5)

4 REAL LAMEDA(S)

Y Celwmuin/ZPHEL/RRO,T(4)

&) DATA LAMEDAZL. ,.5,.1,.05,.01/
I CALL DEASSER

U CALL ASSIGMN(BHGLEHAL, SHA 11238, 1)
& HEAD (1 )XGATL

¢ CLOSE |

Li Ichy=.u1

12 TC2)=T (1 )%xx2

1 T3)=1 1) *x*3

i4 TCay=(1)»*x4

iz FACI LRSI, *r ]

lc NGy JCHTHL=1, 3

1 ILA=1,5

b RO LA ORACTLAMY*T (L)

% rE G AR=G /AL OR

SO IPT=t a0

Ambok e ACT U

CALL GATVS(RGATH JIPTJILA) ,GP)
O 2 TS JERMAX)

AU S IR ANC (RN SR A

K CALL

@ iy 740% IT=1 50

3 SO O, 20,3090 JTCHTRL

DI CALL STHR0D)

] CALL ERbOH2CZ01) L ZnIG0) JERR GJERMAX)

GO 10 5S¢

v v CALL ©AP(2,T01))

CU TO 4.

CALL PARAS(Z,ECL))

NI CALL EFRGRUCZON) ,Ze1GCL) JERRERNAXY
[ CALL STC2TEKR, ZRYUAK, ISTOP)

[

RN

{
f

le CALL PHEDNZOVY ,Z41G,GP)

[ TACLL0F 200 )60 10 1w

SU e Cut T

T AU T 190 G TLAY ) =k

K G 00 (o, T 800) JICHTRIL
KNy POTT (2 TP TLARY =ERMAX

- GG To w

S0 T COUTT R, IR0 LA =ERAX/T()
4 OGO e

elot. AONTCE G IDT G TLANY =ERQNMAR/T(2)
fe oy, Call ASSIGH(EISRPOUT ,,5H4 1355, 1)
‘e anlisCEy xGUT

[
. RN
o

QTECBBﬁs

Lo TN
p— oo VY
om T RsE

3 80




K

~tes e RN

1

o b 18 R AL 1 W

Z1)=1.

Z(2)=(,

Z(3)=u,

KETUIN

[SRED]
Ln ok ko k ok ok ok ek ok ok # % ok kb Ak ko ko
¥% SUBROUTINE 1p0P GENERATES AY INPUT CORRESPOIDING TO A
(ULTT)Y STEP I VELOCITY. THIS IS A GWNITIRAMP IN
Cnwmoen L AMGE,

SURKCUTIMNE E2P(Z2,T)

UIMERSTICN Z202)

ZC1)=2 (1) +2(2)*T

2(2) :

2(3)

LeEthid
20

LARRRAUAKR AA KA Sk khk kh AR TE R

SUMEDUTINE PAKAB GENERATES AM IMPUT CORRESPOMDIMNG TO A
(UHTTY $TEP IMN ACCELERATIOM. THIS IS A (UNIT) PARABOIA
Chwsern [0 WALGE.

‘bt:“bTIVE PARAB(Z T
DINEISICH Z(2)
A(I)-l(l)+Z(2)*T+Z(3)*T**2
Z(2)=L(2)+2(2) =T
Z(3)=1.1.
RETUL
cHe
Cr LRAT AR R WA A kok kok ko kK kk ok
SULnUTIN e ZEXRC INITIALIZES PARAI'ETERS PRICR TO ITERATING

THE WALTAID ALGORITH!Y BY S=TT LG THE STATE VECTOR(Z)

o UrnwsR AL THE PoEDICTOR VECTCH(ZYIG) TG ZERO. IT ALSC ZEROS

Crsoen GTliEw 31;(. PARAMETERS INECESSARY TO TWE COMNPUTATION.
SUBKCUTINE ZEKO(Z,,ZVWIG,ERMAX)
DINENSICH Z(-) ZlIG(J)
LU I=d
Z() =0,
ZvIGIy=¢,
119 CONTTIUE
EoitaX=,
EETURE
EnD
UAR N TR R KA LR Rx d R whk bk hkkdhti
Chxwks SULNROUTINE ERRORT COMPUTES THE MAXIMUY ERROR (OVERSHCOT)
Cuxdknpr R AAFS AND PARAEOLA IHPUTS
SURROUTINE ERRORI(Z,ZWIG, KR ERMAX)
EnwR=72-21V1G
DELu=ALS(ERR)
IAXGLT W ARERR) ERMAX=ARERR

hup

CRATANF AR DR KL AAANR R A LA KA h A A dh K

CnnaxiSUPKOUTINE ERROR2 CCOMPUTES THE ARSOILUTE VALUE OF THE oo
CFnomnEETGHT OF 1HF rIH"w OVERSHOOT IN RESPOMNSE TO STEP - /
Ty LankexCHANGES 11 KA ;
SUGKOUTTTE ELRUHZ(Z.ZWIG.ERR.ERMAX) i /
/
b
{
i
3




] L
] o0
‘.
el
Te 2 U hasin ot
[REE
le Lo
b
le¢
et
e
Vey
i
Tod CF %

DY kL NT RV e Y kA kI

KA RFARTXA KR AT hokk

S STOP (B, ER(AX, 1STOP)

OnE STEPR
VARIARLE
WATTON,

FALYAN 2REDICTION
1S T

IS

IR TGESYRATH2) /2 045D 1Y *IETLOV
D) T TCA3YRT L) +52(2) %[0V

C3I+GE(3 ) [0V

3 s LRATSFERS THE GALUS
TCw OGP

NEAXGATI G
M3),GR(Z)

RO THE AKkRAY

ST0P CHECKS TO SEE IF TIE
n I+ &C, THEM A FLAG,

MAXTMON

FRROR HAS
ISTCP, IS SET.

o it
ETPY V2 L
SLurs
Fa)
G
e . -
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Appendix VI
The Computer Program TRANS

Lo kierx dkikkakast DROGHA! TRANS sAxkkddkwdkkhnr ik

19

<l

32
e

(A%

CPTIOLS DP

[LCLUDE "iISSF,SYSY

DIZEHSICH Z(2)Y ,Z0lGUEY JGRIZ) JPHIGIS) (2HTG0(6)
DIRENSION XOULT(4,41.5),YOUT(4,41,5)

HeAL LALPDACS)

ORMONZIFNI ZKHU,1(4)
COMINCH/ZSET2/8T GV VARV, STGI VAR, , STGA (v AKA
DATA LANEDA/ 1o, 05, 01,.95,.01/7
CALL ASSIGH(EHTRMINT (51141028 1)
CALL ASSIGN(EHTCTHHT 514 1135,2)
CALL DEpSSN
CALL SUPEKR(Z)

TCI)=,01

TC2)=T (1) %*2

TC3)=T (1) %*3

TC4)=T(1)}xx4

SIGA=2.

VARA=STCA®*2

FACTCliz 14, &% ]

LO 958 ICHTKL=1,2

LU U ILAF=1,%
EiC=1.=LAABDACIL AT
K2R*FACT CR

R=lvie %%x=5/FACTOR

DO 8uw 1PT=1,41

K=R*FACTOR
SICGV=R*SICA/LAI'BDACILAM) #%2
VARV=SICGVw*2

VARUS (Vo =RHOX* 2) %V AL 2
SIGH=SORT (VAL

CALL ZERG(Z,ZVIG,ERNMAX (K JIETOPS
CALL SETUP2(P.i1G)

DO 700 1=1,5¢8

CALL GPCALC(PWIG,GP)

GU 10 (1@, 2¢,30) , ICHTRL
CALL STEP(Z)

CALL ERROH2CZ(1) ,Z¥IGC1) ERR ERMAL)
GO TO 5¢

CALL RALP(Z,TC1))

CALL ERRORICZC1),ZVIGE1) (ERRLERYAX)
GU 10 56

CALL PALAB(Z,TCI))

CALL EREORIT(ZO1) ,ZHIGU1) JERRLEEMAX)
CALL COUNT(I KL ERR)

CALL STCP2(Z,A0WIG,ISTOPR)
CALL PRED(Z(1),Z1MIG,6GP)
CALL PUI(PWIG,PRIGH)
IFCISTOPLEN. DGO TO 1140
CONTINUE

XOUTCH, IPT, TLAM)Y =R

YOUT (1 JIPT LA D) =R

GU TC (ur, T8, B4)  ICHTHL
XOUT(2,1P 1, 1LAN) =ERYAX/ .20
YOUT (2,1PT,ILA) =K

-




o,

SN

LT
TN O~ C

o C Cu
N

o
[CA NN

oo
-

GO 10 Gkt
e AGUT (S, IPT, TLAR)=EKMNAX/ .28
YOUT (S, IPT ILAY) =X
GG 10 Sk
13 KCUT(A  IPTIAN)Y =il AX/(.D%T(2))
YOUT (4, IPT, TLAI) =1
(S CONTINUE
b i ECEI 20U
SRITECDYONT
CLOLE |

CLOSE 2
Se COML I E
ShHe Cutla INUE
SJALL Sall
20

LARRKA KRN R A AR TRAREAR A WA ek whhkdse %
crFRkx S LLLTI S STRD CEVERATES A (WMIT) STEP.
ISR SITEN Y SR "(Z)
RIS SRV AGCH
L) =00
JL2)=d,
Lloi=d
rbiush
LrARXX2AXX XA AP AR KW F IR AT SRRk
k2 GENERATES A INPUT COMiESPOTILIG TG A
It VELGCITY. HIS .S A (CHITRA P L6

wrrwdea LU L

LRRwRr AT O
SUBKS

AL, T)
202)
L2y

rVoni
ED

U ko em ok Kk ook o Kok o ok ok ok ok ok Rk ke

Chxxkx SUBROUTINE 22420 GEIERATES an [NPUT COKEESPOMOIING 17 4

CrrkRw (UL D) STEPR I ACCELERATION.  THIS 1S A (UVIT) PAwariny

Crrwaem [1 K ALGE
SUBRCUTIN PAIAR(Z,T)
DIMENESICH Z(2)

T(2)XT+Z(Z)¥Tr%2

FAQCO R 2%

MV
Lv***mi*;****wi***r***********r
Ckxawx Cupnt U I e ZERC DIVIUTALT LS PARAVET
R KX AR LA ALTORITH BY SRUTINC T
Crwndka Al CREGTCLOR FECTMIVIC) TC
S MECESSARY TO T

A




R p—

—— s-saie

-

ERE V)

4 -
LAM‘*\; :
-

«-““‘Uc

<Ly

- i

11 cnlG(IY=a.

bl i CONT [HUE

e ERMAX=1.

e K=

[ [S1ew=a

le RETU ¢l

(RN D

T18 Cndkiwsrm k% kA kn XA AN dd A%k doe kA Rk kk &

11y CraxxaSULOUTINE ERQGKT CORPUTES THE MAXIMUL' ERROR (OVEREHOOT)

2u CxxexxFOR KANTS ALD PARABOLA [HPUTS

121 SUBKROULTINE ERROKI(Z,ZVIG, ERRERYAK)

e EnR=Z-2+ IG

125 AbEhr=AL S(2nk)

I IR CERYMAR LT FRERR) ERNAXSATELRR

129 nETU I

2o EHD

127 Cmkkwmkh kN ek k% AARAATAR KX IR Wk Ikk

120 Chrxkn SUBKCUTINE ERROR2 €CHPUTES THE ABSCLUYE VALUERE Or

126 Crrwsen U TGHT CF LHE FLuST GVELSHICOT 11 HESSUUSE T0O 57T%

106 Unaaxa CHAIGES M KANGL.

io1 ) CUTTNE EReCx2(Z, 2015, kil JTRIAXD

152 Ehk=Z 6

1lo Ir (b Lyo2. 20C TO 17

iz4 wETURN

1on i ABER=ALSC(ELE)

fee IFCERMAY JLT. ABERK) ERHAX=ABEK K

155 nETURN

ilo END

P2h USikmaxhRk® kK3 Ak ko kdek ek kRA Akt

leg Craxst SUREOUTINE PRED COUPUTRES T OUVE STEP KALYAN PRIDICTION

Lol CaxxkaliSING EGUATICN 3, HERE THE VALIARLE X IS T

142 Craxxx [HPUT AND IMVCV 1S THE [IMCVATICH.

1al SUBKOUTIYE PRED(X,ZY IG,35P)

1a4 DIMENSICH ZWIGC(3),6P(3)

[ R9) HEAL INLCY

la¢ CCLANOMZF T /B0, T ()

147 THMQv=X-2 0 1G1)

lai ZHIGOI) =ZA1G (I + 241G 2 & T Y +Z0TG(3Y¥T(2) /2 o +GP 01 )% 10 OV

lay ZhIG(2)=Z2nIG2Y+2u GV *TE L) +GF(2) % INIOV

(BT SWIGR)=KkHOKZIWIG(3)+CP(3)e MOV

(R3B! RETU

12 END

15,05 Unkmkn kkkkA Ko A Kok R0 K g ook ok Kk dede ko

154 CndaexxSUSROGUTINE GAINS TRANSFERS THEZ GAINS a0y THE ArkAY

Py CxdxrxaGAll 10 THE VECTOR GP

(R0 SUBHOCUTINE GATNS(AGAIN,GP)
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Vo Gt y=KCrit o)

(R P2 I=ACATH(2)

fe. GRS YsXCATTCS)
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22 CUUNZSE L2/ GV 0 ARV, STGU WV ARY , STGA v AkA

cded Brl)=5 %V ARV+ (] (+HRCI#VAKAXT(4) /2,

242 Fa(2)=3.x(VARY/ UL )+ (1 L+ AHCY*VARAXT(35) /2 ,)
284 Pn(3)=( 1, +RECIARUO*V ARAXRT(2) /2.

2y Fn(a)=2,xVARV/T(2)+( 1.2+ 0HC) *V ARAXT(2)

2o PW(L)=01 #0220 ) =V AAXT (1)

2e Pr(o)=kEGxxk2%\v AR A

224 RETUId

28y END
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