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EXECUTIVE SUMMARY

OBJECTIVE
The objective of this work was to derive the solution to a static

ferromagnetic problem that included both current-carrying coils and linear
ferromagnetic bodies. The solution is intended for comparison with the

solution to the ferromagnetic problem obtained by various numerical

techniques such as the finite difference method, the finite element method-

and the integral equation iterative solution method.

APPROACH
After deriving the governing differential equation from Maxwell's
equations for classical magnetostatic field theory, the method of separa-

tion of variables was employed to obtain the problem solution.

RESULTS

The magnetic induction was calculated for a geometry consisting of a
ferromagnetic prolate spheroidal shell and with a current-carrying con-
ductor both internal and external to the shell. The ferromagnetic body
was assumed to be linear and homogeneous. The reduction of the solutions
to that of a prolate spheroidal current band in free space is shown when
the permeability of the ferromagnetic prolate spheroidal shell is allowed
to approach that of free space and when the current in the internal or

external prolate spheroidal band is set equal to zero.

RECOMMENDATIONS

It is recommended that the derived solution be programmed on a
digital computer for direct comparison of these results to those obtained
by various numerical methods. There are plans to implement these recom-

mendations during Fiscal Years 1980 and 1981.
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ABSTRACT

The magnetic induction is calculated for the
configuration consisting of a ferromagnetic prolate
spheroidal shell with internal and external infin-
itesimally thin prolate spheroidal current bands.

The ferromagnetic body is assumed to be linear and
homogeneous. The reduction of the solutions to that
of a prolate spheroidal current band in free space is
shown when the permeability of the ferromagnetic pro-
late spheroidal shell is allowed to approach that of
free space and when the current in the internal or
external prolate spheroidal band is set equal to zero.

ADMINISTRATIVE INFORMATION
This qgrk was performed under Program Element 11221N, Project BOOS,
Task Area B&OOS-SLOOl, Work Unit 1-2704-110. The Project Director is Mr.
W. J. Andahazy, David W. Taylor Naval Ship Research and Development Center.

INTRODUCTION

As reported previously,l’z* exact analytical solutions of Maxwell's
equations using classical formulations have been limited to body shapes and
inhomogeneities that conform to a few separable coordinate systems. The
large computational and storage capabilities of modern computers permit

. many electromagnetic field problems to be solved by using a numerical
solution to the governing differential or integral equations under a
suitable choice of boundary conditions. The numerical solutions of
Maxwell's equations, when used with a complete description of the electric
and magnetic sources and the constitutive laws of the media, can be used
to describe completely the electric and magnetic fields produced by the
source, including nonsymmetric geometries, nonsymmetric source distribu-
tions, and spatially varying media parameters.

The motivation for this work arose out of the need for solutions to
static ferromagnetic problems that could be used for comparison with numer-

ical methods.

*A complete list of references appears on page 59.




PROLATE SPHEROIDAL COORDINATE SYSTEM
The prolate spheroidal coordinate system can be formed by rotating
the two-dimensional elliptic coordinate system, whose traces in a plane
are confocal ellipses and hyperbolas, about the major axis of the

ellipses.3’4

Flammer4 notes that it is customary to make the z-axis the axis of
revolution. Figure 1 depicts the three-dimensional prolate spheroidal

coordinate system.

F 4
PROLATE SPHEROIDS, n = CONST
HYPERBOLOIDS, 6 = CONST =0
MERIDIAN PLANES, Y = CONST
6 =CONST

q
i Al
Vv = w2
n = CONST < g
. a
v=0
° Su -y
R
\z/ | a r T‘\\
X -
\\E _ TFW\ %
——-WHHL
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o=x~

/
¥y = CONST

Figure 1 - Prolate Spheroidal Coordinate System




In this case, the coordinate surfaces are: prolate spheroids for n =
constant; hyperboloids of two sheets for 6 = constant; meridian planes
for ¥ = constant. The prolate spheroidal coordinates shown in Figure 1

are related to rectangular coordinates by the following transformation

equations:
X = a sinh n sin 6 cos Y
y = a sinh n sin 0 sin ¢
z = a cosh n cos § 1)
where
0sng >
O0sbsm
0sysg 2

We have denoted the interfocal distance by 2a and the prolate spheroidal

coordinates by (n,8,y).

BASIC EQUATIONS

We can start with Maxwell's equations for classical magnetostatic

¢ field problems
VxH=7T (2a)*
v o .
V:-B=0 (2b)
where
H = Magnetic field intensity (A/m)

Magnetic flux density (T or Wb/mz)

Electric current density (A/mz).

=l
I

*The del operation, V, is defined with respect to the rectangular
coordinate system and is strictly valid in a rectangular coordinate system
only. Very often, Vx and V- are used as equivalent symbols for curl and
divergence generally. This use is followed in this report,




In the general case for ferromagnetic materials, B is a nonlinear function,

H

B = f(H) (3)

where B is not a single valued function of H. The function f(H) depends on
the magnetic history of the material; that is, how the material attained
its magnetization. This is referred to as hysteresis. It is also noted
that any property of a ferromagnetic material has meaning only if it is
considered together with its complete magnetic history.
In certain practical engineering problems, the variation in the mag-

netic intensity is small, and the functional relationship between B and H

. is approximately linear.l For the linear case where the material is

; isotropic, the magnetic induction, B, is related to the field intensity,

H, by the relationship

B = uy O, + 1) H = MM, H = uH (4)
where
Xn = Magnetic susceptibility (dimensionless)
u = Magnetic permeability (H/m) ,
(xm + 1) = ur = Relative permeability (dimensionless)
H = Free space permeability (4T x 107 #/m). !

(o]

This report assumes that the ferromagnetic body has isotropic and
linear material properties. The divergenceless nature of the magnetic
flux density in conjunction with the fact that the divergence of the curl
of any vector function is zero allows the introduction of the magnetic

vector potential field A,
B=VxA (5)

where A is the magnetostatic vector potential function in Wb/m. The sub-

e LY PR

stitution of Equation (5) into Equation (Za) gives the fundamental equa-

tion of the vector potential of the magnetostatic field.




%—Vx(VxK)-(V_xX)xv =7 (6)

h=g [
W

For homogeneous materials, as assumed in this report, the magnetic perme-

ability is spatially invariant. Hence,

51
V== 7
" 0 (7N
and Equation (6) reduces to
Vx (VxA) =uJ (8)
Using the vector identity
VxVxA=V (V.3 -@A (9)
Equation (8) becomes
V.8 -GAa=ul (10)

The magnetic vector potential is characterized by the important property

that 1its divergence can be conveniently chosen to be zero.

V.K=0 (11)

Equation (10) reduces to the vector's Poisson's differential equation.

QA= -7 (12)

This is the governing equation for our calculations.
The general boundary conditions to be satisfied at the interfaces of
stationary dissimilar media may be derived from the limiting integral

forms of Maxwell's equations and are given by

RV

(B2 - Bl) = 0 or Bnl = an (13a)

T ) KA T ) ST T




x (H, -H,) =J orH,-H, 6 =1J (13b)

where the subscripts 1 and 2 indicate the media under consideration and
Ei2 denotes the unit normal vector to the interface and is directed from
Medium 1 into Medium 2. In the case where the materials are linear and

isotropic, Equations (13a) and (13b) become

ny, - Gy H, - ) H) =0 (13c)
n,, x EZ - El =7
12 ¥\ W, T s (13d)

33 is a true surface current density that may exist at the interface. At
an interface where 3; is 0, Equations (13b) and (13d) need to be modified

accordingly.

FERROMAGNETIC PROLATE SPHEROIDAL SHELL WITH INTERNAL AND EXTERNAL,
INFINITESIMALLY THIN, PROLATE SPHEROIDAL CURRENT BANDS

GENERAL SOLUTION

We now proceed tc solve the boundary value problem of a ferromagnetic
prolate spheroidal shell of homogeneous permeability Uy with internal and
external, infinitesimally thin, prolate spheroidal current bands of

constant current density J. and jé, respectively. The geometry of the

1
problem suggests that a prolate spheroidal coordinate system as shown in

Figure 1 be used in the problem solution. Figure 2, a cross section of
the problem geometry, identifies the five regions of interest. The
boundaries of the prolate spheroidal shell are determined by n = n, and

2

n= n3, constants. The direct currents lie in the boundaries n = ny and

n = nA, constants. Regions I, II1, IV, and V have a permeability equal to

free space, Hys which for convenience will be labelled My Ampere's Law

states

<|
»
=
1
(|

(14)

a3 ST TIPSR R PR YR T T



.ﬂ~w-—-n-—iiii“fr“‘ﬂ

and since V - B = 0, the induction B must be the curl of some vector field
A. The governing differential equation for A when homogeneous and linear

materials are considered, is from Equation (12)

QA= -7 (15)

CURRENT

_ CURRENT
9240 = g AND

Note

¢ = cosh 3

v = cos 0

Tigure 2 -~ Cross Section of Ferromagnetic Spheroidal Shell
Surrounding and Surrounded by Infinitesimally
Thin Current Bands

The general expression in prolate spheroidal coordinates for a

current density is

1T 41D 433
J Jnen Jeee JWeW (16)

In the problem presented herein, the current densities have only a psi (V)
component (Jw (8) E&], which means that the vector potential has only a

psi component szw. The vector potential[ A= Awew] is a function of the

- ,ﬂ;-.‘}wq 5




prolate spheroidal coordinates n, 8 [i.e., AW = AW (n,e)]. The constant
current densities, which lie on the boundaries between Regions I and II

and Regions IV and V, can be expressed by the functions

_ 0, if 6 < 61 or 6 > 92
J. = (17)

(e)E,ifelsez.e

Ju 2

where Jw1(6) is equal to a constant J1 along n = Ny for 81 £6 < 82 and

0, if 8 < ei or 8 > 65

i
[

(18)

sz(e) e, , if elys 6 < 62

along n = n, for 61 s 0 < e;.

2 4
Therefore, Equation (15) has only an azimuthal or psi component and can

where sz(e) is equal to a constant J

be expressed as

82 - aKw (n,6) = 0 in Regions I through V (19)

When the vector Laplacian "K¢ is expanded in prolate spheroidal coor-

dinates, Equation (19) can be expressed (see Appendix A, reference 2)

_a_a_ [ L S(SinhnAw)]+i[ 1 B(SineAw)]=0 20,
n

sinh n an 20 sin 6 00

Applying the method of separation of variables, let us assume that A can

be expressed as the product of two functions

AlJJ = H (cosh n) G (cos 8) (21)




By ek

IR o T

where H (cosh N) is a function of cosh N only, and G (cos 8) is a function

of cos 6 only,
Substituting this form of the vector potential A into Equation (20),

we have after separation of variables

2
By cotnn o - (p (4D + —L =0 (22a)
dn n sinh™ n

da%c dc 1

— + cot 8@t P (ptl) - —5— G=0 (22b)
d8 sin” 6

where the separation constant is p (p+1) and p is an integer from one

to infinity. It is well known that differential equations of the form

2..- - 2
9—%— + coth n %ﬂ— - {p (p+l) + ——ELE——- H* =0 (23a)
dn n sinh™ n
have the general solution of the form
H* = C.P" (cosh n) + C Qm (cosh n) (23b)
1p 27p

where Cl and C2 are constants and it is known that a differential

equation of the form

Y - 2
42+t 055+ (p (o) - —T5— 6" =0 (24a)
do sin™ ©
has the general solution of the type
G* = C.P" (cos 8) + C,Q" (cos 8) (26b)
3p 4% cos

where C3 and CA are constants., P: and Qg are the associated Legendre

functions of the first and second kind, respectively.

9
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Comparison of Equations (22), (23), and (24) shows that, in Equations

2
(23) and (24), m” is equal to 1. This requires that m always equals unity.

The solutions of Equations (22a) and (22b) are expressed as

H (cosh n) = AP; (cosh n) + BQ; (cosh n) (25a)
-1 1
G (cos 8) = A P1 (cos 6) + B Qp (cos 06) (25b)

The general solution of Equation (20) may be formed from the product

of solutions in Equations (25a) and (25b), which yield

A, = H (cosh n) G (cos B) = :Z: Hp (cosh n) Gp (cos ©) (26)
p=1

A = z-:l [AP; (cosh n) + BQ; (cosh T])]

X [A'P; (cos 8) + B'Q; (cos 6)] @2n

P" and Qs are the associated Legendre functions of the first and second

kind, respectively.

For the prolate spheroidal system, the associated Legendre functions
of the second kind are infinite at cos 6 = 1, and as such cannot be
included in a general solution for a given region which includes 6 = 0 or
8 = m. Therefore, in our case, the constant B” is set equal to zero.

Equation (27) reduces to

N>

] [KlP; (cosh n) + qug (cosh n)] P; (cos 0) (28)

10
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where K1 and Kz are constants (K1 = AA", K2 = BA‘). When the substitu-
tions £ = cosh n and v = cos O are made in Equation (28), AW can be

expressed as

Ay = 2 [KlP;(a) * KZQ;(E)] PL(V) (29)
p=1

This is the general form of the psi component of the vector potential

that will be used to determine the potentials AW in each direction.

BOUNDARY CONDITIONS
The form of the component of the vector potential AW in Regions 1
through V is determined from Equation (29). These magnetostatic vector

potentials in Regions I through V are:

R - 1 1
_— p; [APPP(E)] PLv)
R < 1 1,., 7.1
Ay = Z[""ppp("” + Q@ | P W)
p=1 J
RS 1 1, | o1
— Z[nppp@) +EQE | B (30)

ja=]
[
o)

M

1 1 1
[Fppp(g) + Gpr(&) ] Pp(v)

YIv =1
Ay - g[npqp(a)] B, (V)

Because the potential must be finite in each of the Regions 1
through IV, and approach zero as § - « in Region V, the following

constants were set equal to zero:

11




e

a. For Awl’ the constant associated with Qé(&) Pé(v) was set equal

to zero because

Q;(&) +> o at § =1 (z axis between *a)

b. For va, the constant associated with P;(&) Pi(v) was set equal

to zero because
1
Pp(g)—>ooas€—>oo

(we note Q;(E) - 0 as § > «),

A,B,C,D,E,F, G, and H are constants to be determined
P p p p p p p p

from the boundary conditions. At each interface, the basic laws of mag-

netostatics (Equations (2a) and (2b)) reduce to boundary conditions on

B and H that can be used to evaluate these eight constants. The normal
S?mponent of B across each boundary must be continuous; i.e., (ﬁé - ﬁl)
015 = 0 where the quantity n, is the unit outward normal to the surface.
This provides the following boundary conditions which must be satisfied

by the solutions given in Equation (30) for each region

By =By "M (31a)
Borr T Bz "7 M (31b)
Borir = Bhv D7 03 (31c)
BnIV = an n=n, (314d)

The eta, or normal, component Bn of the magnetic field is expressed

in terms of the vector potential as

3 (e A)
- (T _JW_‘J.L__._“I_____Q[_Z% ]
Bn = (V x AW)n - e, 30 - a((52_\)2)‘»5 Y (1-v7) Aw (32)

12




where

1

B=VxA-= x

a(sinh2 n + sin2 8)(sinh n sin 6)

- L — Lo, )
en (sinh2 n + sin2 6)6 eg (sinh2 n + sin2 g)“ eW(SIHh n sin 6

2 2 2
an 96 dy
0 0 AW sinh n sin 6
and
£ = coshn, e, =g, = a(sinh2 n + sin2 8)li = a(£2_v2)%’ V = cos O

1 2
eq = a(sinh n sin 8)

However, since the vector potentials in each region are functions of

P;(v), we can simplify Equation (32) to constraints on Aw at the

! interfaces:
% ~ Ayp = Ayp et n=mny (33a)
AwII = AwIII at n=n, (33b)
Ayrrr = Ay 2 N TN (33c)
AMV = va at n=nm, (33d)

The second set of boundary conditions states that the theta, or
tangential, component of H across each boundary must satisfy the rela-

tionship

Ny x (8, - H) =T, (34)

13
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where jg (which equals Jw(e)) is the real surface current density in the
limit of vanishing width between the two regions. Using the relationship

B = uH, Equation (34) can be expressed as
-—=J (9 35
™ (8 (35)
The current must be expanded in a series of associated Legendre

functions P;(v) as in Reference 2. The form of the current is

Q0

1
J =Zl VpPp (cos 0)
J, 8 = —P= T (36) "
v a(sinh® n + sin® 9)™ *
where using £ = cosh N, v = cos 6, Vp can be shown to be %
?v
r
¢
\)2 :'
_ =(2p+D) a / 2_,2y% o1 (yay 17
Vo= e [ @D rm (37) :
1 ,

For the two current bands of interest, we have

¥ 1
Jl —{ VpPp(v)
I (0) = P> 1 (38a)
vl a(%_\)z)/z
where
V2
- 1
v = ={2ptl) a / &2-vH% pvyav (38b)
p 2p(p+1) 1 1 p
14
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and

[oo]
J Z U Pl(v)
2 pal PP

J () - (39a)
2 2.1
1 a(gz_v )f
where
\)I
- 2 .2 2% 1
y = =(2ptl) a 4% pr(v)av {39b
b T €y 7 o) 39b)
g e - - \)1
and V) = cos 6 and vy = cos 95.
Referring to the curl in Equation (32), we can write Be in the form
3 (e,A)
= = 1 3 1 ) 2 .\b
B, =(VxA), =~ = - ——+ =7 [(§7-1)° A ] (40)
8 Vo e e, on a(232_\)2)/5 of v

From Equations (35 and (40), the tangential components of B in Region: I

through V must satisfy the relationships

Pl A\ 1 2 lEkna
”1> N [ wl]
/ =g,

=J ,(0) = : (41a)

% 15




£=t, (41b)

1 1 ) 2 Y
<E> %52[“'D %w]l

a(gg—\)z) el
=3

iy 1 3 2_.\k%
_<U2>a(£2-\)2)% 3E [(g -1 Awnl]

£=€3 (41c)

1 1 3 [ 2 444
() d L]
4

£=g,

(414)
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The general expressions for the potentials in each region (Equation
(30)) are then substituted into the boundary conditions (Equations (33)
and (41)) and solved for the eight constants (A , B , C »D,E,F ,G,

P p p P P p p
and Hp). Since there are eight equations with eight unknowns, the poten-
tial in each region can be specified. The eight boundary value equations
are presented below. The index, p, in the summation sign has both even
and odd value and it takes on values from 1 to ®. The eight expressions

for the boundary conditions are:

1, volpy [o ol 1, 7.1
AP EDPIY) =[BrhE) + ¢ ol [Pl (422)

1y 1 & [(Ez-l);i ‘BPP;(E) + CpQ;(g))P;(\))]

M) a?uh %
£k,
0 U SR I 2_1ys eyl = 8 42
£=t,
1 1 I | 1 1 ie
IASREENGH] EXOR PRGN EN (42¢)

17




1 1 ) 2 .4 1 1 1
= l—==—1 5 | E-D?[D P () + EQ (§) | P-(V)
<u2 )a(gg_VZ)% 13 < PP PP > P

€=

= Ay 1 9 2 .k 1 1 1
<ul>a(g§_\)2)ls 3F [(F’ L <Bppp(€) * Cpr(€)>PP(V)J
2

2

(42d)

=52

1 1 1.y - 1 1 1
[éppp(s3) + qup<a3)] B(V) [Fppp(a3> + chp<£3)] P,(V) (420)

1 1 p) 2 ..k 1 1 1
= l—551% 77 | E-L°[F P (§) + G Q (§) | P_(V)
( “1>a(g§—v2)”2 & [ (p P PP > P ]

£=€,

1 1 3 |, 2 % 1 1 1
< uz)a(gz-vz)‘/z ] [(‘E D (Dppp(g) * Epr(g)) Pp(v)]
3 eie (42f)

3

1 Lo v1oliy —owalyr vol
[fppp(ea) + chp(a4>] PV = H QD (E)P (V) (428)
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1 1 d 2 .k 1 1
- = | = ES-D2HQE) PV
( u1>a(gi_\)2);§ 'c)E; ( PP > p

£=t,

1y r 9 2_.3\% 1 1 1
+<“1>a(g2-v2)’”2 5 | € (FPPP(E) +Gpr<£)>Pp(v) 3,2 ®
4
23

(42h)
By making the following substitutions

A 3| r2 4% o1, ]
POE) = 5 [(g D P (®))

1
P

-
Qe %E-[<£2-1)% QL)

and performing algebraic manipulation, the eight boundary conditions can

be simplified to:

1 o1 1 o

1 A A 1 A
() st (2 vie)

2 . 2.\%

P; )




1 1 1 1
BPL(E,) + CO(E,) = DRLE) + B (E)

A A (2 A A
(__1_) [Dppp(gz) + EPQP(EZ)] = ( “1) [BPPP(EZ) + CPQP(EZ)]
H2

1 1 . | 1

1 A A (1 A A
(u—2> [Dppp(g3) + Epr(€3)] = ( “1) [FPPP(€3) + Gpr(£3)]

1 1 SRS |
[Fppp(aa) + cpqp(w] = 1.Q (5,)

1 A 1 A A
(— u1> (Hpqp(gz‘)) * (u1> (Fppp(ah) + cpop(r,4>>

1
35 a(Ev’

Pi )

20

(43c)

(43d)

(43e)

(43f)

(43g)

(43h)




The solution of these eight simultaneous equations to obtain the
gives:
1
Q (&)
Ap=Bp+cp—P1—-1—
P, (E))
2 2% 1 A
@ e QE(El) ) QX(£1> o
P 1 A pl
PLOV) P () PL(E)  PU(E)
1 1
Q_ (£;) Q (£,
Fome 22— B 4
PL(Ey) P, (Ey)
E, =D, (@] - c, [r]
where
1 A
al - (E;._ ) Q (€5) _(E;XQP(€3)
“\u 1 u A
2 pliey Vo) eheey
A 1 1 A,
x] - Qz(€3) Qg(€3) [Ql(£3) ) <}i£) QA<S3>]
u
Po(Ey) B (Ey B(Ey) 2/ B £y

constants

(44a)

(44b)

(44c)

(444d)

B s lin amie - an . .




11
- - 4
8 ot D, (s] G, (z) (4be)
where
1 2 2% 1 A
i3 S Qp(Bp) B ! J1(0) a(Ey-v) Q&) @ (£,
pl  pl pl > Tpl 1 ) 1 A
L CPY OB PE)  Pp(Ep)
1
Q (€.
(s1 = (1 I
PL(Ey
1
Q (§)
(2] = (m ~§—~2—> :
Pp(&z)
_ III
D= Jp1 + (U} Gp (441)

where

(ﬁ)JI QA(E ) +( 1) gt A(& )
I1T 1

J =
Pl [( )[s1p(g)+( )P(zzn( )[Q}Q(&)]
] )

(ul)muaw( )ma«sz
(Wl = 1
{( )[S]P(€)+( )P(z;)+( )[qm(a)]
¥y Hy

e e ST YN AT T

————r -




(44g)

e = Y5/ [0 - 1)

_al 1
A
Q (&)
(c] = _%_L
P(E,)
I11 111 11

OO ERSERE SN
p ~ TU) [Q) [H] - [R] (H] - (4] % (U]

(44h)

where

1 I A 1 IT A,
<H1—) Jp Qp(iz) + (ﬁ;) Jpl Pp(cz)

1 A 1\ A 1 oA
ﬁz)[S] Pheg,y) + (“z) PoeE,) + (U ) (] Qp<f2>]

JIII

pl [(-

N

2 2%
1 y ERZ(G) a(EA—V )

p2 A 1
PO(E,) (V)

h

1 1
(H] = (5) /P (Ey)

23




Since the eight coefficients can be determined for a specified problem
from Equation (44), the potentials AI’ AII’ AIII’ AIV’ and Av in Regions I
through V can be completely determined. The normal (Bn) and tangential
(Be) components of the magnetic induction in each region, I through V, can
be determined by using Equations (32) and (40).

24
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APPENDIX A

DERIVATION OF COEFFICIENTS OF THE VECTOR POTENTIAL FOR A
FERROMAGNETIC PROLATE SPHEROIDAL SHELL WITH INTERNAL AND
EXTERNAL, INFINITESIMALLY THIN, PROLATE
SPHEROIDAL CURRENT BANDS

In this appendix, the coefficients are derived for the vector poten~

tial in Regions I through V for a ferromagnetic spheroidal shell with 4

internal and external, infinitely thin, spheroidal current bands. For a

detailed discussion of the ferromagnetic problem, see the body of this

report. The components of the magnetic vector potential in each region

1 1
(A.la)
V1 g;l[Appp(g)] Pp ) ?

is given by

o
fl

Y1l

-3
if '
e

1 1 1
(A.1b)
{Bp?p(&) + Cpr(ﬁ)] P,V

N ; . ' A.l*)

Ay = ; [DPPP(E) + EPQP(E)] P V) (A.lc

) - : ’ A.ld

Aty Zy [FPPP(E) + chp(E)] P, V) (A.1d)
1 1

i (A.le)

Ay ;1 [Hpqp (e:)} Po(V) (

The coefficients in Equations (A.la) to (A.le) are obtained by substi-

tuting these equations into Equations (33) and (41).

25




1 1 _ 1 1 1
ApPp(gl) Pp(v) [BPPP(EI) + chp(E;])] Pp(v) (A.2a)

1 1 ) 2\ ( 1 1 ) 1 ]
- (€7-1)* |B P () + C Q (§)] P_(V)
<u1> a(gi-vz)!’ 13 [ PP PP P

£=t,
1 1 ) 2 % 1 1
W) — 5T 5 [E-LF (AP ()] P V) =J . (6)
<“1> a(gi_vZ)%'c)E [ (pp ) P J ‘ pl
£=£,
(A.2b)
1 1 1, . _ 1 1 1
[Bppp<ez) + cpop(€2>] PoV) = [DpPp(az) + Epr(az)] Po(V) (A.2c)
Y 1 K 2 % 1 1 1
(“2) R [(& 1) <§ppp(5) Epr<£>) Pp(v>] '
2 £=€
2
1 1 2 2 g( 1 1 > 1 ] l
=)} 5 5T (£7-1)* |B P (E) + C Q (E)] P (V)
(u1> a(gg_vz)% g [ PP PP P
£=t,
(A.2d)
26
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1 1 1 _ 1 1. 1 \
[DpPp(€3) + Epr(€3)] Pp(\)) = [eppp(€3) + chp(e,})] PP(J) (A.2e)

1 1 3 | r2 4k 1 1 1
(“1) T 3¢ [(C 1 (FPPP(E) +Gpr(€)> Pp(\))] ‘

atev%) |
£=f 4
= Ly 18 2 b 1 1, 1
(“z) a(g,g_v%% € [(5 b (DPPP(E) +EPQP(;7)> Pp(\)):l l
;=i3
(A.21)
1 1 1 1 1
) )
[FPPP(EA) + Gpr(€4):| Pp(\)) Hpr(ga) Pp(\)) (h.20)
1 L J 2_.\h4 1 1
") T2 2% 3¢ -1)? (n P
( ”1> acZuh % [(5 ‘ (pqp(£)> p(\))] '
) £=£
C=E,,
<u1> a(&i—v )z 9E [(£ 1) <Fppp(€) + Gpr(t)) p(v)] ] _
) 2
) JPZ(O) (A.2h)
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Define
Arpy B (r2 135 ol
Pp(g) Y [g7-1) Pp(&)] (A.3a)
By = 2 g2y ob
Qp(E) 3¢ [(€7-1) Qp(é)] (A.3b)

After appropriate substitution of Equations (A.la) to (A.le) into Equations

(33) and (41) and using Equations (A.3a) and (A.3b), the following
boundary value equations are obtained.

1 1 1

2 2.k
J . (8) a(gl-v%)
! A A 1 A _pl 1
( _“1> <Bppp(gl) + chp(gl)> + <—“1> (Appp(£1)>

Pl(v)
P (A.4b)
1 1 _ 1 1
BPL(5,) + C 0 (E)) = DPL(E,) + EQ(E)) (A.bc)
1 A A _ (2 A A
( Y )[DPPP(EZ) + EPQP(EZ)] (u ) [BpPp(EZ) + Cpr(Ez)]
2 ! (A.4d)
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1 1 _ 1 . 1. A Lo
DpPp(€3) + Epr(€3) FpPp(£3) + CDQP(”ﬁ) (A.be)

1 A A 1 A f .
: —|(D P +E = — | [FP + G QL. (A.4T)
| ( u2>[ JPo(E) + EQU(Ey)] ( “1>[ JPo(Eg) + G 0]

g

k.

1 F Pl + 6 b (g, = u ke, (A.45)
3 pp 4 pp T4 pp 4

._2 2 !/2

= J (8) aZ -v")

i 1 A 1 A A p2 4

, - = JIHQ (g)] + (=] [FP (§)+GQI()] = T

H (“1) PP 4 Hy) PP 4 pp 4 pl(v)

g p (A 4h)
k

These algebraic equations provide eight simultaneous equations with
eight unknowns; and they can be solved for the coefficients A , B , Cp,
Dp, Ep’ Fp, Gp, and Hp' Solving Equation (A.4a) for Ap gives
1
Q (£.)
Ap = Bp + Cp —P——_l 1 (A.H)
Po(ED)
": The solution of Ap from Equation (A.4b) is
1
1 Q% (e) 3 (0) a(ri-vh)®
U als, -V
A, =B+ C : Loy Iil X L (A.6)
P P (v) P (&)
o)) L) B
29

- - g JAAE VI
e o T e < . MR WRNEYRDITA R (2 Pt 7L, F R
- 1o e 5 smnvgcy < ETTEITE, TP IR B €10 10t o v (LT y oy de ! 0y X R4/ - A E



Equating Equations (A.5) and (A.6) and solving for Cp glves

2 2% 1 A
@ aEh e CEp o
P 1 A 1 T A ’
Pp(V) Pp(Sl) Pp(El) Pp(El)
_ 1
cp = Jpl (A.8)
Solving Equation (A.4e) and (A.4f) for Fp gives
1 1
Q (&) Q (&)
F =F Jl) 3 i 3 4 D (A.9)
PoPErEy PRy P
A A A
u.\ D P (£,) +EQ (£,)] Q (&)
Fp=<al—> = 3A A “GpJL{ : (.10
2 Pp(€3) Pp(€3)
Equating Equations (A.9) and (A.10) and solving for Ep gives
Ep = Dp [qQl - Gp [R] (A.11)
where
1 A
U Q_(£,) u Q_(£,)
(a1 = (u-l - ) e (f—) e (A.12)
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A 1 1 A
Q () Q&) Q (&) v, \Q (€)
[R] = % L Fl) > —Il)-‘—:;“ - (U—l-)—%*"j— (A.13)
PP(E3) Pp(€3) Pp(€3) 2/ P (&)
A 1
U Q_(£.) Q (&)
p |Loqf-¢ 23 46 273 (A.14)
P ¥, Peley Pl
E = p 3A p -3
p 1
Q (E4) _(ﬁ) Q_(E4)
1 U A
Pp(£3) 2 Pp(€3)

Solving Equation (A.4c) for Bp and substituting Equations (A.8) and (A.11),

gives

11
= -G_ [z A.
Bp Jpl + Dp [s] p (z] (A.15)

where

1
N

rl 1
Pp(iz)

11

ol = (A.16)

J -J

1
QL (Ey)

(51 = |1+ la) 2= (A.17)
PL(E)

1
Q (E,)

1
Po(Ey)

(z] = [R] (A 18)
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The solution of Equation (A.4d) for Dp and using Equations (A.8), (A.11),
and (A.15) gives

(ui) T HED 3 1) b,

D
P
[( )[S]P(€)+( )P (€)+( )[Q]Q(é)]
H1 H2 H2

( )[21 Ph () +( )[R] e,
My
+ G
7 (A.19)

P
[(-—)[51 P ey +( )P (£,) +( )[Q] R >]
M 2

ITI
Dp = Jp1 + [U] Gp (A.20)
where
1\ I 1\ 1L .8
(“1) I QP(E_‘. ) +( ) o1 POy
111
Jpl = I (A.21)
[( )[s1 Phee,) +( )P (£, +( )[Q] NG )]
2 2
(—u—l) (z] P <g>+( )[R] ey
L 2 (A.22)

vl = 73 1
[(— UI> (5] P2(E,) +<“2)P (&, +( )[Q] q (52]
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Now, solving Equation (A.4g) for F gives
p

where

The solution of Equation (A.4h) for Fp gives

I

F =-G C}] +H c] +J
o fCl+H [C]+ 3,

P

where
A
Q_(E,)

(el =
A
PoE,)

2 2%
p2 A 1
Po(E,) PLv)

Equating Equations (A.23) and (A.25) and solving for Hp, gives

where

(A.23)

(A.24)

(A.25)

(A.26)

(A.28)

(A.29)




Now, solving Equation (A.4e) for Fp using

1
Q_(£,)
[H] = —%—-3— (A.30)
Pp(€3)
gives
Fp = Ep [H] - cP [H] + Dp (A.31)

Now, solving Equations (A.23) and (A.31) for GP using Equations (A.1l1),
(A.20), and (A.28) gives

I1I IT1 11
o Thr @ - ) s
p ~ TUT [Q) [H] - [R] [H] - [H] + (U] -32)
where
1 A
u Q (£,) u Q_(£.)
(@ =<u—l 1)/ ;J—L-(u—l) 43—3—] (4.33)
2 Pley  \"2/) By
A 1 1 A
. [QZ@_,,) i Q§(£3)] Q1(£3_ _(ﬂ) QA(£3)} .
2
ey Py(Ey ey \"2/ BEy

[s]

1 1
[1 + [Q](QP(EZ)/PP(E;Z))] (A.35)
1 1
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[
[{

pl ~

(Al

(cl

(H]

p2

II
Jp2 =

ITI
pl

ful =

1) aEv®)? QEY Gy
x ‘; (A.37)
Pp(v) PR, PLE)) p (£))
pl p(a >///p €, (A.38)
ey /rie, (4.39
p b p 4 +39)
A A
Qp(&a)/Pp(El,) (A.40)
i
q;<£3>///9p<£3> (A.41)
2 2.5
J .(8) a(g;-v)*
p2 4 (A.42)

A 1
PUE,) PpV)

Jéz/[[A] - [c]] (A.43)

(7)o 2 ey 52

(A.44)
[( )[s] pd (5,) +( Z)P (€,) +( )[Q] Q (3 )]
(— Ul{)[zl PA(gz) + (—l) (R] QA(i )
(A.45)

ﬂ )[s] P2(E,) +( 2)p (£,) +(u Jie & )]
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APPENDIX B

DETERMINATION OF THE MAGNETIC VECTOR POTENTIAL FOR AN INFINITESIMALLY
THIN PROLATE SPHEROIDAL CURRENT BAND

In this appendix, the potentials A in the inner region and A in

(%8 Wil

the outer region are derived for the infinitesimally thin current band in

a homogeneous medium of permeability ul (Figure B.1).

y 7 ‘\.\\ E‘n
/
/ B
/ \ ®  CURRENT BAND
! \, J(6)
| \"1
, \ NOTE
1 T Y E=coshn
‘ ™ » = COS §
\ ) P2
\ /
\ iﬁ1 /I{1
\ /
\ (VAN |
\ /
\\ //

Figure B.l1 - Infinitesimally Thin Spheroidal Current Band
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The potential in the inner region AWI and the outer region AUJII of
the infinitesimally thin current band problem are solutions to the vector

Laplace's equatixnxtizﬁ = 0. These solutions can be expressed as:

Ay 1 1

Ayy p§=l: [APPP(E)] Pp(\)) (B.1la)
_ ¥ 1 1

A p§=1: [FPQP(E)] Pp(\)) (B.1b)

The coefficients Ap and Fp are determined from the boundary~conditions of
the problem. After algebraic manipulation such as with Equations (32) and
(40) in the text, the boundary conditions for the normal component of B

and the tangential component of H become:

A= A at ni = n, (B.2a)
1 1 d 2 .5
- 1 NE (g -l) A
(Ul ) [a(&i—vz)ﬂ ag [ II]]
1 1 ) 2 %
+H=)| ———=+ == [E-1D*A = J (6) (B.2b)
(“1) [a(&i—vz)12 i [ I]] ’
£=£,

Using the relationship £ = coshn and v = cosf and substituting the expres-

sions for Awl and AwII (Equations (B.la) and (B.1b)) into the boundary

38




value equations (Equations (B.Za) and B.2b)) provides us with the following

algebraic equations for the coefficients

1 1
ApPp(él) = Fpr(€1) (B.3a)

2_2\%
3,0) a(g]-vH)*

1 A 1 A
- — |[F — A\ = .
™ [ pr(El)] + ™ [IpPp(&l)] Pi(v) (B.3b)
where the following substitutions were used
Py = 22 1207 el (8.4)
P 13 P ’
A - 9 2 L 1
&) = 3¢ (€717 ()] (B.5)

These equations are solved for Ap and Fp by simple algebraic manipulations

Q (&)
A = F —%——l~ (B.6a)
PL(E)
by 3 (0 agivh QdE) @)
F = pA = g - g (B.6b)
p
Pp(gl) Pp(v) Pp(El) Pp(&l)

The potential AwI and AWII are determined by substituting the expression

for Ap and Fp into Equations (B.la) and (B.1b).
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. 2_2% /.1 1 A
. by 3,00 a’h% (ol Q&Y G
Vi P2, PPy \plee)) rlee) PP
pl” p p 1 p 1l p°1

x P;(a) Pé(v) (B.7a)
] 2 2% 1 A
A= T )H® av) QE) Qe |
Pp(El) Pp(\)) Pp(El) Pp(ﬁl)
(B.7b)
where
JGP Pl(\))

Jp(e) = (B.8)

a(g2vh)?
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APPENDIX C

REDUCTION OF THE MACGNETIC VECTOR POTENTIAL FOR A FERROMAGNETIC
PROLATE SPHEROIDAL SHELL, SURROUNDING AND SURROUNDED BY
INFINITESIMALLY THIN CURRENT BANDS, TO THAT OF A THIN
COIL IN FREE SPACE WHEN THE INTERNAL CURRENT DENSITY
[Jl(e)] IS ZERO AND IN THE LIMIT M, EQUALS Yy

:
.

In this appendix, the coeffjcients A , B , C , D , E, F , G, and H_,
P P p p p p p
for the potentials are calculated for the system consisting of a ferromag-

- i 4 et e vb e o SmRe  ndmmma.

netic shell of permeability A with internal and external current bands in
a homogeneous medium with permeability Hy when the internal current density
[Jl(B)] is set equal to zero and the limit is taken as Hy = Hy- These
coefficients are utilized in Equation (30) in the body of this report.

The variables are defined in Figure 2 of the text. When J1(8) is set

equal to zero and Hy is set equal to U the problem reduces to that of

1’
finding the potential in the two regions of a simple current band (Figure
B.1l in Appendix B), because the ferromagnetic shell will now have a perme-

; ability ul equal to that of the homogeneous medium with permeability 4

1
In this limit, the coefficients should assume the following form
A =B =D =F (C.la)
p P p p
' C =E =G_=0 (C.1b)

and H and Fp should reduce to the coefficients for the potentials in the
two ngions for the prolate spheroidal band problem (see¢ Appendix B). If
the coefficients assume this mathematical form, it will prove that the
mathematical form of the coefficients for the prolate spheroidal shell
with the external coil are mathematically correct.

The mathematical solution for Gp in terms of known quantities was

derived in Appendix A and was reported in the text (Equation (44h)).

111 I1I 11

p _ [UT [Q] [H] - [R] [H] - [H] + [U]

G (C.2a)
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where

(u—1> I Qe + (-1> I PGE,)
I 1 !

Pl [( u>['51P<5)+(—>P<e:>+( )[Q]Q(E)]
1 H2

J

(C.2b)

11 1
Iy - Jpz/;[A] - [c]& (C.2¢)

1
[u] = Qp(€3)/P;(£3) (c.2d)

(—;1—) [Z]P(€)+( )[R]Q(E)
1 (C.2e)

(0] = =
[( ]-JI) (s) Pp<£2)+( )Pp(a)+< )[Q]Q(E )]

1 A
N Q(E) fu, }Q (&,)
Q) = <u—1 —1) 2 30 -(u—l—)—P———A 3 (C.2f)
2 P (53) 2 Pp(€3)
A 1 1 A
Q) Q&) Q (£,) u Q (£.)
- |28 % _%._L(u_l) %Y ©.28)
Pp(€3) Pp(£3) Pp(€3) 2/ P (53)
[A] = o}t )/P1<a ) (C.2h)
p T4 p 4 )
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oL 1 A .
{s} = [ 1+ [Q] Qp(ﬁz)//lp(gz)] (C.21)

1 1 .
[ [R) Qp(&z)///Pp(Ez)] (c.21)

{z] =
2 .Z 1’2 |
Gt ® aC) . |
p2 OA - 1 e
‘p(éA) PP(V)

The coefficient Cp will now be evaluated when Jl(“) = () and the limit is

taken with u, = M. When Jl(u) =0

ITI 1 I
T T Jpl = Jpl =0 (€.3)
and Gp reduces to
x A
H G - P (C.4)
? p (U] [Q] [H] - [R) [H) - 0] + {v]
) J (0)=0
1
When “2 - by

limit [(Q] = O (UL
WMy
limit (S] =1 (L.ot)
Uz*Ul
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T Ae

limit (U] {Q] [H]
Ho™Hy

o\ atees |
<Fz 00 ) ey

pl 5 () Pﬁ(éz) P;(€3)

A

A 1 3
9 (5 QA(E’,3) 3‘%(52) +QA(€2) ’
Pp(£3) Pp(£3) Pp(Ez) Pp(gz) (C.7) .
1 1 1
limit [R] [H] = <Q@(€3) _ Qi(g3) Q§(£3) _ 8g5€3) Qp(53)
’ l
TPt Py Py Poley) By ) Py
1
Q (£,)
= - W= - *%";1_ (C.8)
Pp(g3)
limit (U] = o (C.9)
Ho7H 1

therefore




b
3 Now, because
3 F =H [A] -G [A C.
l p b [A] b [A] (€c.11)
i
k. F = H A .
? . . ‘ [A] (C.12)
Fi Ko™y Ho™Hy
where
1
é Q (54)
[A] = 1 (C.13)
Also
5
II
g H =G +J C.l4
- p p p2 ( )
2 2%
My Jpz(e) a(ia-V )
A 1
_ LI P (E,) P (V)
Hp Jp2 - 1P a: pA (C.15)
1 A
Pp(ia) PP(EA)
] Therefore
: 2 2% /1 1. A
i - ! Y O(s
‘ T LY N S R RN
p PN 1 1 K
Ho=hy Pp(’a) PP(V) Pp(gﬁ) PP(LA) Ip(ua)
(C.16)
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We have
Cp =0
Ha™H
because
- I 1 _
Cp Jpl and J 1 =0
J1(6)=0
Also
1
Q(€)
A =B +C

using Equation (C.17) we have

We also had

Now, Fp could be expressed as

Fp = Ep (H] - Gp (H] + Dp
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(c.17)

(c.18

(c.19)

(C.20)

(€.21)

(C.22)

(C.23)
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and, using Equations (C.10) and (C.22), we have

by 3,0 ac2h? Lol o\ ol
lFp - Dp B E 1 ‘Jll_‘_ﬁ ._I]’_x,_
Hy=hy o=y Pp(Ea) Pp(v) Pp(ga) PP(E4

A derived expression for Bp was

II
B =J,+D S} -G Z]
p pl p [s] p [

and, using Equations (C.3), (C.6), and (C.10), we have

.

B =D
112=]Jl uzaul
Thus we have
AP l =B I = Dp ‘ = Fp ‘
o=y Hy=hy o=k o=

with

. 2_ 2 1/2 1 1, . )[\ -
A I B B A A LT ) U
P u,=n Aee y vl . plr IREIR

b=y ‘p(“a) Pp(v) Pp(ga) P('4) i
1
- Q (£,)

1
o=y PP(EA)
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(C.25)

(C.26)

(C.27)




and

C =E =G =0 (C.29)

and

2 2% 1 A
Mp 35 @) a€ DT i) Q)

H = (C.30)
P A 1 1 A
P P (v
- S (B BL(W) PE) P
Now, "Equation (30) reduces to
< 1 1
AwI = AwII = AwIII = Awlv = :E?.Ap ‘ Pp(&) Pp(v) (c.31)
p=1 U,=u
2"
OO
1 1
Ayy = Z H Q_ (&) P_(V) (C.32)
Voagl? P P
Ho=ly
comparing Equations (C.31) and (C.32) to Equations (B.la) and (B.1b),
which are repeated for convenience as and using a primed notation
Ny 1 1
AT = A” P P (Vv €.33a)
o ;g; S NGENO (
P
[oo]
= F P (v C.33b
Aot 2;; S QL) Pry) (C.33b)
1%
where
Q (&)
A’ = Fr 2L (C.34)




b I (8) a(el-v))" Q) A

F~ = - (C.35)
P A 1 1 A
Pp(gl) PP(V) Pp(gl) Pp(El)
Thus
AT =F or A" = A (see Equation (C.27)
PPy Py =n
2 71 2 71
with gl = €4, Jp(@) = Jpz(e) (C.36)
F~ = Hp with El = 54, Jp(e) = Jpz(e) (C.37)
U2=U1

VI w1t~ Aprrr T Ayrv T Aur (C.38)

(C.39)
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APPENDIX D

REDUCTION OF THE MAGNETIC VECTOR POTENTIAL FOR A FERROMAGNETIC
PROLATE SPHEROIDAL SHELL, SURROUNDING AND SURROUNDED BY
INFINITESIMALLY THIN CURRENT BANDS, TO THAT OF A THIN
COIL IN FREE SPACE WHEN THE EXTERNAL CURRENT DENSITY
[J2(6)] IS ZERO AND IN LIMIT W, EQUALS “1

In this appendix, the coefficients A , B, C , D, E , F , G , and H
P P P P p P p P
for the potentials are calculated for the system consisting of a ferromag-
netic shell of permeability u2 with internal and external current bands in
a homogeneous medium with permeability My when the external current density
[Jz(e)] is set equal to zero and the limit is taken as Wy =0 These
coefficients are utilized in Equation (30) in the text. The variables
are defined in Figure 2 of the text. When J2(9) is set equal to zero and
Ho is set equal to Hys the problem reduces to that of finding the potential
in the two regions of a simple current band (Figure B.l in Appendix B),
since the ferromagnetic shell will now have a permeability My equal to that
of the homogeneous medium with permeability My
In this limit, the coefficients should assume the following form

B =D =F =20 (D.1a)

C =E =6 =H (D.1b)

and where A and Cp should reduce to the coefficients for the potentials in
the two repions for the prolate spheroidal band problem (sce Appendix B).
1f the coefficients assume this mathematical form, it will prove that the
mathematical form of the coefficients for the prolate spheroidal shell
with the internal coil are mathematically correct.

The mathematical solution for Gp in terms of known quantitics was

derived in Appendix A and was reported in the text (Equation (44h)).

111 111 11
_JRJ [Q} [H] - Jpl + JEZ [A)

“p T TUT Q) TH] - IR) [H] - [H] + (U] (D.2a)
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1\ 1A _1),II A
( > ) Qp(ez)+(u ) ey

111 M1 1
J = (D.2b)
pl S A 1
[( ul)[s1 P, +(u2)P () +( )[Q] A )]
I _ I )
i - Jpz/%[A] (1 (0.2¢)
1 1
(H] = Qp(£3)///PP(E3) (D.2d)
(— )[21P(5)+( )[R]Q(F,)
H1 H2
(ul = — 1\, 1 A ' (D.2e)
[(. “1> 51 Ph(E,) + (T) Se) + (U—Z-)[Ql Qp<£2>]
-1 A
! ey ) Sy
Q- (—1 -1> e (—1){—3 (0.26)
"2 Po(gy) \"2/ P ()
A 1 1 A
Gy ey oty fu\ Ay
mo- | B S (G 020
POy PLEy) ey \M2/ o)
1 1 .
(Al = QP(EA)///PP(QA) (D.2h)
s1 = [1+ 10 Q;@z)/p;(gz)] (0.21)
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P e

. 1
(2] = [[R] Qp(E;z)/Pé(g’z)] (D.21)

1
1 a9 a(E;Z_vZ)”E
il (. 2k)

p2 1
P (&) P (V
o p()

The coefficient Gp will now be evaluated when JZ(O) = 0 and the limit is

taken with “2 = Ul. When Jpz(ﬂ) =0

oo (D.3)
pe

and Gp reduces to

_JIII [Q] [H] - JIII
¢ = pl pl (D.4)
p (Ul [Q] {H] - [R} [H] - (H] + (Ul )
Now, divide numerator and denominator by [U] and when b, Ul
Qte,) v
I A 1 Qe Fplto)
111 ]pl QP(EZ) - Jpl 1 T
. P (5.)
limit “pl = o) 1
ui*ul (u) Ql(g ) = —Jpl (D.5)
phery 22 - Qfee )
p 72 Pl( ) p "2
p o2
limit [R]} = ~1 (D.6)

Hp”Hy
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limit [Q] = O (D.7)
H™Hy
limit (U] = « (D.8)
Ho"Hy
I1X
31t Q) (u]
limit ‘LT]-———— =0 (D.9)
UZ*Ul
Thus
2 2.4 1 A
G = ul J%l(e) azgl V) ggfill - Sﬁigll = JIl (D.10)
P PI(v) P P P
My=H, p( ) p(El) Pp(gl) p(El)
Now, because
E =D ~ G R D.11
. p[Q] b (R] ( )
and using Equations (D.6) and (D.7), we have
E =G = gt (.12)
1 .
Pugruy Pupmuy P
Because, by definition (see Equation A.8)
I
C =173 D.13
o pl ( )
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Hp =G +J (D.14)

11
and because Jp7 equals zero whan Jp (6) = 0, then

<

2

H = G = JI (D.15)
Poy=u Py s pl
2 "1 271
Therefore
C = E = G = H =JI (D.lf))
P=n, Pugsu, Pyu=p womw, N
27H 27" 27 '1 2™
We have
F =8H Al - G A D.17)
o p[] p[] (
and, using Equation (D.16)
F =0 (D.18)
Py =
271
Dp can be found using the following equation
1 1
Q (E) Q (£
P, = E, —ﬁ}-ﬁi— - G, —ﬁ}-#i— + D (D.19)
PEy P R(Ey)
and by using Equations (D.16) and (D.17)
Dp =0 (D.20)
HaTHy
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In addition

B =1 +D_[8] - GP[Z]

Using
1
Q (&)
limit (2] = - —f}—jl—
b=y Pp(éz)

limit [S) = 1
WYy
1
(£,)
JII = - JI SE~EZ_
pl pl P1<€ )
p 2

and Equations (D.16) and (D.20), is is easily shown that

Thus, we have

D =B_= Fp = 0 when ¥, = ¥,
The coefficient Ap was expressed as

1
Q&)

A =B +C —%}—3»—
PP P Pp(£1>
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{(p.21)

(D.22)

(D.23)

(D.24)

(D.25)

(D.26)

(p.27)
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1 1
Q (&) Q ()
-7 _ T p 17 (D.28)

P L p Lo ol T p1 o1
Ho=Hy =Wy Pp(El) Pp(él)

< 1 1
Ay = ;Z: Ay ‘ P(E) PL(V) (D.29)
HymHy
A = A = A = A = j?; H ] Ql(F) Pl(v) (D.30)
P11 YITT YIiv Ay - P P P :
P Ho=Hy

Comparing Equations (D,29) and (D.30) to Equations (B.la) and (B.1lb), which

are reneated for convenience, and using a primed notation

. >~ L 1
AT = E P P .
w1 <4 Ap p(E) p(v) (b.31)
P S RS | 1 .
AwII éii Fp QP(E) Pp(v) (D.32)
where
1
Q_(&,)
A = F’-Jl—l;- M.3

2 2.4 1 A
[ ®@ e Qe Q) »
D— A i l{ - )AC ) (D. 34
POCE) PEOY) GRS
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Thus

Therefore, in the limit

Y1

A

w11 - Ayrir T Ayrv T Aw T A@II

A ith J (8) = J (8 D.35

? = ! p® p1(®) ( )
271

C ith J = D.36

p w p(e) Jpl(e) (D.36)
My=Hy

My = 1y and with Jpz(e) =0,

= A (D.37)

A = A (D.38)
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