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NOMENCLATURE

AVector potential function

A Psi (*) component of

1 Psi component of A in Region I

AII Psi component of A in Region II

ApIII Psi component of A in Region III

A Psi component of A in Region IV

A*V Psi component of A in Region V

BMagnetic flux density or magnetic induction

B1 Magnetic flux density in Medium I

B2 Magnetic flux density in Medium II

B Eta component of the magnetic flux density

B Theta component of the magnetic flux density

B Eta component of B in Region I
11

'B n Eta component of B in Region IIBEta component of B in Region II

nEta component of B in Region III

B TI V  Eta component of B in Region IV

BV tiEta component of B in Region V

Bnl Normal component of B in Medium 1

Bn2  Normal component of B in Medium 2

H Magnetic field intensity
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H Magnetic field intensity in Medium 1

H2 Magnetic field intensity in Medium 2

Ht Tangential component of H in Medium I

Ht2 Tangential component of H in Medium 2

3 Electric current density

1 Electric current density of internal current band

J2  Electric current density of external current band

2 Magnitude of J1

12 Magnitude of J2

3 Eta component of Jn

J8 Theta component of J

3 Psi component of J

3 Surface current densitys

J Magnitude of s

Xm Magnetic susceptibility

IMagnetic permeability

Vr Relative magnetic permeability

Po Permeability of free space

Pi Permeability

Permeability

n12 Unit vector normal to interface; directed from Medium 1
into Medium 2
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x,y,z Rectangular coordinates

n,8, Prolate spheroidal coordinates

eUnit normal vector in eta direction

eUnit normal vector in theta direction

e Unit normal vector in azimuthal direction

-f- Divergence operator

Vx Curl operator

V2  Scalar Laplacian operation

*A Vector Laplacian operation

p Integer from one to infinity

Pm(cos e) Associated Legendre function of the first kind

p

QM (Cos e) Associated Legendre function of the second kind

p

A Psi vector component of the vector Laplacian of A in prolate

spheroidal coordinates
I

(VxA) Eta component of the curl A

(VxA)0  Theta component of the curl A

0102 Aigles describing the limits of the internal current band,
Jl (0)

e;,e- Angles describing the limits of the external current band,2 1J2 M9

nID)2,n3, 4 Constants

A p,B p,C

Dp,Ep,Fp Constants in the general solution of A where p 1 to

G , H )
Gpp
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Variable equal to cosh n

V Variable equal to cos e

e,,e2,e 3  Metric coefficients for a prolate spheroidal coordinate
system

A
p p Variable used for simplification

A

QA Variable used for simplification
p

ClC 2  Constants

CC Constants

K19K 2  Constants

A, B Constants

A',B' Constants

V p,Up Constants in current expansion where p = 1 to o

A Psi component of the vector Laplacian of A in prolate
spheroidal coordinate

(sinh2n + sin 2 () s \snhlA

a (sinhn sine)

+ 1 - (sine A+ O sine 36 v
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(sinh +sin+ e (sinhfl A)
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EXECUTIVE SUMMARY

OBJECTIVE

The objective of this work was to derive the solution to a static

ferromagnetic problem that included both current-carrying coils and linear

ferromagnetic bodies. The solution is intended for comparison with the

solution to the ferromagnetic problem obtained by various numerical

techniques such as the finite difference method, the finite element method-

and the integral equation iterative solution method.

APPROACH

After deriving the governing differential equation from Maxwell's

equations for classical magnetostatic field theory, the method of separa-

tion of variables was employed to obtain the problem solution.

RESULTS

The magnetic induction was calculated for a geometry consisting of a

ferromagnetic prolate spheroidal shell and with a current-carrying con-

ductor both internal and external to the shell. The ferromagnetic body

was assumed to be linear and homogeneous. The reduction of the solutions

to that of a prolate spheroidal current band in free space is shown when

the permeability of the ferromagnetic prolate spheroidal shell is allowed

to approach that of free space and when the current in the internal or

external prolate spheroidal band is set equal to zero.

RECOMMENDATIONS

It is recommended that the derived solution be programmed on a

digital computer for direct comparison of these results to those obtained

by various numerical methods. There are plans to implement these recom-

mendations during Fiscal Years 1980 and 1981.

x



ABSTRACT

The magnetic induction is calculated for the
configuration consisting of a ferromagnetic prolate
spheroidal shell with internal and external infin-
itesimally thin prolate spheroidal current bands.

The ferromagnetic body is assumed to be linear and
homogeneous. The reduction of the solutions to that
of a prolate spheroidal current band in free space is
shown when the permeability of the ferromagnetic pro-
late spheroidal shell is allowed to approach that of
free space and when the current in the internal or

external prolate spheroidal band is set equal to zero.

ADMINISTRATIVE INFORMATION

This irk was performed under Program Element 11221N, Project BO05,

Task Area B005-SLOO1, Work Unit 1-2704-110. The Project Director is Mr.

W. J. Andahazy, David W. Taylor Naval Ship Research and Development Center.

INTRODUCTION

As reported previously,1 ,2 * exact analytical solutions of Maxwell's

equations using classical formulations have been limited to body shapes and

inhomogeneities that conform to a few separable coordinate systems. The

large computational and storage capabilities of modern computers permit

many electromagnetic field problems to be solved by using a numerical

solution to the governing differential or integral equations under a

suitable choice of boundary conditions. The numerical solutions of

Maxwell's equations, when used with a complete description of the electric

and magnetic sources and the constitutive laws of the media, can be used

to describe completely the electric and magnetic fields produced by the

source, including nonsymmetric geometries, nonsymmetric source distribu-

tions, and spatially varying media parameters.

The motivation for this work arose out of the need for solutions to

static ferromagnetic problems that could be used for comparison with numer-

ical methods.

*A complete list of references appears on page 59.



PROLATE SPHEROIDAL COORDINATE SYSTEM

The prolate spheroidal coordinate system can be formed by rotating

the two-dimensional elliptic coordinate system, whose traces in a plane

are confocal ellipses and hyperbolas, about the major axis of the

ellipses.
3 ,4

Flammer4 notes that it is customary to make the z-axis the axis of

revolution. Figure 1 depicts the three-dimensional prolate spheroidal

coordinate system.

PROLATE SPHEROIDS, f = CONST

HYPERBOLOIDS, e = CONST 0
MERIDIAN PLANES, = CONST

0= CONST

=CONST /0 F o =1 r/

¢=0

-a

S=CONST

Figure 1 - Prolate Spheroidal Coordinate System
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In this case, the coordinate surfaces are: prolate spheroids for qi

constant; hyperboloids of two sheets for 0 = constant; meridian planes

for i = constant. The prolate spheroidal coordinates shown in Figure 1

are related to rectangular coordinates by the following transformation

equations:

x = a sinh n sin 0 cos

y = a sinh n sin e sin

z = a cosh n cos 0 (1)

where

0.! 2Tf

We have denoted the interfocal distance by 2a and the prolate spheroidal

coordinates by (nOr).

BASIC EQUATIONS

We can start with Maxwel].'s equations for classical magnetostatic

field problems

Vx H = J (2a)*

V B = 0 (2b)

where

H = Magnetic field intensity (A/m)

B = Magnetic flux density (T or Wb/m2 )

2J = Electric current density (A/m).

*The del operation, V, is defined with respect to the rectangular
coordinate system and is strictly valid in a rectangular coordinate system
only. Very often, Vx and V" are used as equivalent symbols for curl and
divergence generally. This use is followed in this report.

3437 Ehab.?&q



In the general case for ferromagnetic materials, B is a nonlinear function,

= f(H) (3)

where B is not a single valued function of H. The function f(H) depends on

the magnetic history of the material; that is, how the material attained

its magnetization. This is referred to as hysteresis. It is also noted

that any property of a ferromagnetic material has meaning only if it is

considered together with its complete magnetic history.

In certain practical engineering problems, the variation in the mag-

netic intensity is small, and the functional relationship between B and H
1

is approximately linear. For the linear case where the material is

isotropic, the magnetic induction, B, is related to the field intensity,

H, by the relationship

B= p0 (Xm + 1) H = Popr H = pH (4)

where

Xm = Magnetic susceptibility (dimensionless)

= Magnetic permeability (H/m)

(xm + 1) = ir = Relative permeability (dimensionless)

110 = Free space permeability (4n x 10- 7 H/m).

This report assumes that the ferromagnetic body has isotropic and

linear material properties. The divergenceless nature of the magnetic

flux density in conjunction with the fact that the divergence of the curl

of any vector function is zero allows the introduction of the magnetic

vector potential field A,

B= x A (5)

where A is the magnetostatic vector potential function in Wb/m. The sub-

stitution of Equation (5) into Equation (2a) gives the fundamental equa-

tion of the vector potential of the magnetostatic field.

4
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x (VxA) - (VxA) x != J (6)
P

For homogeneous materials, as assumed in this report, the magnetic perme-

ability is spatially invariant. Hence,

- = (7)

and Equation (6) reduces to

Vx (Vx) = v7 (8)

Using the vector identity

Vx V x =V (V A)- A (9)

Equation (8) becomes

V(V.A) - = (10)

The magnetic vector potential is characterized by the important property

that its divergence can be conveniently chosen to be zero.

V A= 0 (11)

Equation (10) reduces to the vector's Poisson's differential equation.

*A= -J (12)

This is the governing equation for our calculations.

The general boundary conditions to be satisfied at the interfaces of

stationary dissimilar media may be derived from the limiting integral

forms of Maxwell's equations and are given by

n12 (B2 B 1 0 or Bnl B n2 (13a)

5
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n12 x (H2 - H) = J s or H - H Js (13b)

where the subscripts 1 and 2 indicate the media under consideration and

n 12 denotes the unit normal vector to the interface and is directed from

Medium 1 into Medium 2. In the case where the materials are linear and

isotropic, Equations (13a) and (13b) become

n12 " 2 2 - iH) = 0 (13c)

n12 2 = s (13d)

J is a true surface current density that may exist at the interface. Ats

an interface where J is 0, Equations (13b) and (13d) need to be modified
S

accordingly.

FERROMAGNETIC PROLATE SPHEROIDAL SHELL WITH INTERNAL AND EXTERNAL,
INFINITESIMALLY THIN, PROLATE SPHEROIDAL CURRENT BANDS

GENERAL SOLUTION

We now proceed to solve the boundary value problem of a ferromagnetic

prolate spheroidal shell of homogeneous permeability p2 with internal and

external, infinitesimally thin, prolate spheroidal current bands of

constant current density J1 and J2 9 respectively. The geometry of the

problem suggests that a prolate spheroidal coordinate system as shown in

Figure 1 be used in the problem solution. Figure 2, a cross section of

the problem geometry, identifies the five regions of interest. The

boundaries of the prolate spheroidal shell are determined by n = 12 and

= r13, constants. The direct currents lie in the boundaries n = n and

= 4, constants. Regions I, II, IV, and V have a permeability equal to

free space, p' which for convenience will be labelled pI . Ampere's Law

states

x HJ (14)

6v
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and since 7 • B = 0, the induction B must be the curl of some vector field

A. The governing differential equation for A when homogeneous and linear

materials are considered, is from Equation (12)

(15)

, I/

J118) - CURRENT
BAND

CURRENT

V IJW BAND

Aul P12 P1 F
I; Note

1J~h1 ~amcosh 4

1)3 P CO G 0'II /

51*1
7igure 2 - Cross Section of Ferromagnetic Spheroidal Shell

Surrounding and Surrounded by Infinitesimally
Thin Current Bands

The general expression in prolate spheroidal coordinates for a

current density is

J = Jnen + Je + J1 e1  (16)

In the problem presented herein, the current densities have only a psi (W)

component (J, (0) -en] which means that the vector potential has only a

psi component A1Pe . The vector potential[ A = Ae ] is a function of the

7
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prolate spheroidal coordinates q, 0 [i.e., A A, (n,e)]. The constant

current densities, which lie on the boundaries between Regions I and II

and Regions IV and V, can be expressed by the functions

0, if 0 < 01 or 0 > 02

31 = _ (17)

1 1J1 (6) e,, if 01 : !. 8 2

where J 1(0) is equal to a constant JI along n 1 for 0i 1 6 e2 and

0, if 0 a 1 or 0 > 62

1 2  (18)

) e., if 01 e ! e2

where J 2(0) is equal to a constant J2 along n 4 for 1 1 s 6 e2.
Therefore, Equation (15) has only an azimuthal or psi component and can

be expressed as

= (, ) = 0 in Regions I through V (19)

When the vector Laplacian A is expanded in prolate spheroidal coor-

dinates, Equation (19) can be expressed (see Appendix A, reference 2)

a [ 1 (sinh n A 1 [ I (sin 0A()2]

-n Lsinh n an J 0 1 sin 0 =0 (20)

Applying the method of separation of variables, let us assume that A can

be expressed as the product of two functions

A = H (cosh n) G (cos 0) (21)

8



where H (cosh n) is a function of cosh n only, and G (cos 0) is a function

of cos 0 only.

Substituting this form of the vector potential A into Equation (20),

we have after separation of variables

d 2 + cothn- (p (p+l) + 12 )H 0 (22a)

dn 2 drl sinh 2T

d2G + cot d -+ p G 0 (22b)

dO2  d sin 2 a

where the separation constant is p (p+l) and p is an integer from one

to infinity. It is well known that differential equations of the form

d2H + coth n d -_ (p+l) + mH = 0 (23a)
dqj2  d sinh 2 r

have the general solution of the form

(cosh n) + m (cosh n) (23b)

where C1 and C2 are constants and it is known that a differential

equation of the form

dG + cot 6 G + p (p+l) m G' = 0 (24a)

dO2 sin 2 0

has the general solution of the type

G, = C3Pm (cos 8) + C4Qpm (Cos 0) (24b)

where C and C4 are constants. Pm and Q mare the associated Legendre
3 4 p p

functions of the first and second kind, respectively.

9
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Comparison of Equations (22), (23), and (24) shows that, in Equations

(23) and (24), m2 is equal to 1. This requires that m always equals unity.

The solutions of Equations (22a) and (22b) are expressed as

H (cosh n) AP (cosh fl) + BQ (cosh n) (25a)
p p

G (cos 0) = API (cos 0) + BQ (Cos e) (25b)

The general solution of Equation (20) may be formed from the product

of solutions in Equations (25a) and (25b), which yield

A = H (cosh n) G (cos 0) =1 Hp (cosh n) G (cos e) (26)
p=lP

A= E [AP 1 (coshq) + BQ 1(cosh Tq)]
p=l Pp

x[A'P1 (cos e) + B'Q (cos8 (27)

pm and Qp are the associated Legendre functions of the first and second

p p
kind, respectively.

For the prolate spheroidal system, the associated Legendre functions

of the second kind are infinite at cos 0 = ±1, and as such cannot be

included in ,a general solution for a given region which includes 0 = 0 or

o = 7. Therefore, in our case, the constant B' is set equal to zero.

Equation (27) reduces to

A= 0 KIP' (cosh n) + K21p (cosh ) 1 (Cos 0) (28)

10



r

where K and K2 are constants (K1 = AA, K2 = BA). When the substitu-

tions E = cosh q and V = cos 6 are made in Equation (28), can be

expressed as

I, Z [KP ) + J Q1( P (v) (29)
p=l 

p

This is the general form of the psi component of the vector potential

that will be used to determine the potentials A in each direction.

BOUNDARY CONDITIONS

The form of the component of the vector potential A, in Regions I

through V is determined from Equation (29). These magnetostatic vector

potentials in Regions I through V are:

A 1P [A pP p 0] P M
p=l

A B BP() + C Q') 1 P'(v)

p=l

A [D=l& + E,'E P 1 Mv (30)
ZP= ~ pp Jp

A 2 \~FP 1(E)+ 1 (0 1M
p=l

p1l

Because the potential must be finite in each of the Regions I

through IV, and approach zero as in Region V, the following

constants were set equal to zero:

i1



a. For the constant associated with Qi( ) P1 (v) was set equal
p p

to zero because

Q ( ) 1 ( at 1 = (z axis between ±a)
p

b. For AYV, the constant associated with P ( )P 1(V) was set equal
p p

to zero because

Pl(E) -* as
p

(we note Q ( ) 0 as - c)
p

A , Bp, Cp, D, Ep, F, G, and H are constants to be determinedp p p p

from the boundary conditions. At each interface, the basic laws of mag-

netostatics (Equations (2a) and (2b)) reduce to boundary conditions on

B and H that can be used to evaluate these eight constants. The normal

component of B across each boundary must be continuous; i.e., (B2 - B 1)

n12 = 0 where the quantity n12 is the unit outward normal to the surface.

This provides the following boundary conditions which must be satisfied

by the solutions given in Equation (30) for each region

BTl = B II  1 = rl (31a)

B lI = B ll n = 2  (31b)

B III B BlIV  n = 13  (31c)

B =B = n 4  (31d)

The eta, or normal, component B of the magnetic field is expressed

in terms of the vector potential as

B = (V x A) 1 (e 3 A) [1 , (32)
e ee - a(-2_ 2_ 3V

12



where

a(sinh2 n + sin 2 O)(sinh n sin 0)

e (sinh2 I + sin2 0) (sinh2 n + sin 2 0) - (sinh nsin

0 0 sinh n sin 6

and

2 2 2_ 2

cosh n, eI = e2 = a(sinh2 n + sn2 e) = , = Cos
e = a(sinh n sin 6)

However, since the vector potentials in each region are function,; of

P (v), we can simplify Equation (32) to constraints on at the
p
interfaces:

A = A at l = nl (33a)

A II  = A III at = n2  (33b)

AIII = A IV  at q = q3  (33c)

A IV  = A V at q = T4 (33d)

The second set of boundary conditions states that the theta, or

tangential, component of H across each boundary must satisfy the rela-

tionship

n12 x (H2 - H) = js (34)

13
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where J (which equals J (6)) is the real surface current density in the

limit of vanishing width between the two regions. Using the relationship

B = V1H, Equation (34) can be expressed as

B 2 B 1I
612 61
' =2~' J (6) (35)

The current must be expanded in a series of associated Legendre

functions P I(v) as in Reference 2. The form of the current is
p

E t V P (cos O)
J(0) = _pl P p

a(sinh 2 q + sin 2 6) (36)

where using = cosh nl, V = cos 6, V can be shown to be

2
V -(2p+l) a 2 2 1 (37)

p 2p(p+l) -i p

For the two current bands of interest, we have

00

JE,'V P(v)
Jl ()= a( p (38a)

l ~a( -212

where

- (2p+l) a 2 2 1 (38b)
V pp)( 1-v2) PI (')dv(3b

p 2p (p+l) Ip

14



and

2 P~ p p(3a

2( -V 2I4

where

U =- )a 2 2 2 1

P 2p (p+l) (, E4-v ) P (V)dv 39b)

and ;= cos 'jand v2 = cos 02.

Referring to the curl in Equation (32), we can write B6 in the form

--A 1 3(e 3 A )

B (V x A ele3  2_ 2 [(2 12 A] (40)

From Equations (35 and (40), the tangential components of B in Region, I

through V must satisfy the relationships

+ ( i)a~v [( 2_1) A 1

(4) 2 2 & [( 21) A 1

' 1

J, V PI ()
p=l p p

- JP 1 (0) a( _v2 ) a)

15



22

2 (41b)

a 2 L"E' iWI

= __T2_ a [,r22_- A 1j
3 3 (41c)

+( 2 _\I 2 2 ~L~ uV

411

J2 U P (v)
- p2 (0) = ~ 2 2 ! (41d)

16
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The general expressions for the potentials in each region (Equation

(30)) are then substituted into the boundary conditions (Equations (33)

and (41)) and solved for the eight constants (A Bp, C, Dp, Ep , Fp G

and H ). Since there are eight equations with eight unknowns, the poten-

tial in each region can be specified. The eight boundary value equations

are presented below. The index, p, in the summation sign has both even

and odd value and it takes on values from I to o. The eight expressions

for the boundary conditions are:

ApPI(EI)P () =[BpP ( I)+ CpQ ( I )]P,() (42a)

+ a(1_) 2 ) [(2-1) (ApPl( )P( +I = JP (0) (42b)

[BpP( 2 ) + CpQ( 2 )] P(v) =[DPPl( 2 ) + EpQl(2] P'(v) (42c)

17



(28~2 _,- [(2 (DPPI(&) + EPQI(Q ) )

2 ( i a $ 2 ) a [ E2 _1) ( Bappl( + CpQ 
1 (C) p 1(V) ]

ill (C 2-V II 3 p p p I(42d)

[D P 1(C3 + E Q 1(~ P1(v) = [FP(l + GpQi( 31'v (42e)

~) 2' [(21) P(3) (Y p'(v)

1 2_ 0 (F~~ P 1(E) + GQ1( l(V(l )a( 2v 2) [~i( p p Ep ()p (v)

[F P I~ 4 + G QI C 4)l P'(V) HPQ'( 4 P~v (42g)

18



2 2 P

4=

2_ [ 1)11(FP'( + =PI P V

(4 2h)

By making the following substitutions

p( = _[C_),Pl(fD]

p

and performing algebraic manipulation, the eight boundary conditions can

be simplified to:

A ) = B P + CQ () 3a)
p p 1 pp

-(~)[B P"(E + C A~Y + (v)[A PP"(&

2 ,02_Jl()ag I -  (43b)

p p (v)

19

... .... .. 'i

V |



BP(~)+ C Q1 ) D DP1( + E Q1 2  
( 43c)

(A DP~~ + E ( A -) [BPA C2 ) + CP '(43d)

IP(% F PQ(3  FP(% + G Q1( (43e)

p [D 3  + E Q) ( p p) FP 3 )p p GQ 3 )(4

++ = HQ'( ( (43f)

P22 21

3920 2(4- ) (4 3h)

Pi (V)

20
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The solution of these eight simultaneous equations to obtain the constants

gives:

A =B + C 1)  (44a)
P p P pl(Cl)

p 1

C(0 [a P (1  ] [PV ~ -p 1 1)] (44b)

F =E G - + D (44c)
P P P(3) P P (3)

E = D [Q]- G [R] (44d)

where

QQ 1 [Q(E3)(
[R]= A 1 IP P PA)J

21
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J 1+ D (S -c GzW (44e)

whereA 
I

p1 Pip1 IpI)P( 1 (C P &
p2

[i + (QI l

p 1

where

Jp1 ~~P = pS ~~- A~ ()2Q

P1 (]P 1) P"zi + [RI 2

[S (E + (IJ ) p~( 2  +V 2)

22



H G + j(44g)p p p2(4g

where

p2 JP/[[AJ [c)]

[C] p

A]

-JiII [Q] [H] JI + I A]
-P p2 (441)

p [U] [Q] [H] - [R] [H] - [H] + [U]

where

jI( =JI Q"() + ( 1 J 2

pi (~9-Es ~(p + ()pA(; + (1L) IQ] Q;I,)]

2 2 0
- -2 ()as, v

12 A2 1
p2 pA (C 4) pp ( )

[H] = Q( &/ )Q(3)/ 1 (3 )

23
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Since the eight coefficients can be determined for a specified problem

from Equation (44), the potentials AI, AlI, AIII, AIV, and AV in Regions I

through V can be completely determined. The normal (B ) and tangential

(B0 ) components of the magnetic induction in each region, I through V, can

be determined by using Equations (32) and (40).
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APPENDIX A

DERIVATION OF COEFFICIENTS OF THE VECTOR POTENTIAL FOR A
FERROMAGNETIC PROLATE SPHEROIDAL SHELL WITH INTERNAL AND

EXTERNAL, INFINITESIMALLY THIN, PROLATE
SPHEROIDAL CURRENT BANDS

In this appendix, the coefficients are derived for the vector poten-

tial in Regions I through V for a ferromagnetic spheroidal shell with

internal and external, infinitely thin, spheroidal current bands. For a
detailed discussion of the ferromagnetic problem, see the body of this

report. The components of the magnetic vector potential in each region

is given by

A F (A.la)

p__l PP p p

A Fp P P() + Q(v) (A.b)

A V p:IL p p

A E [P ( 1 + E Q(1) P 1 (V) (A.lc)

A~I E [F p( + G Ql 1 Pl(v) (A. Id)

A .7[pQ1( P 1(N) (A. le)

The coefficients in Equations (A.la) to (A.le) are obtained by s-ubsti-

tuting these equations into Equations (33) and (41).

25



A P ( p~ P1(M = [B P() + C Qi( P1 (V) (A. 2a)

- (~ 2 ) [(2_) (Bpl + C Q 1( P1(v)]

111

+2 (0)a~v) (AP'() P1(v) I dpi~e

(A.2b)

[B P 1(E + C Q( 2) Pl(v) = [DPi( 2 + EPQi( 2  
1 v (A.2c)

(P 2 21 [(\ DPC2)] Pl(v)i

2 
=E 2

1i 1 [(21) ( lQ+CQI
P1a(& 2_v 2 3 [~2) Bp'() CQp, p P (v

22
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[D P~( + E Q( 3)P() = [F p + G Q~ C) P,(v (A. 2e)

31F

3

12

+ 212 ~~ _l)i (FpPl(O + GQY)) P()]

)A2f

0 '41

= p2 (0) (.

27



Define

plAp( = [ (A. 3a)

P p

Q(A ) [( 2 i) Qp (0)] (A.3b)

p p

After appropriate substitution of Equations (A.la) to (A.le) into Equations

(33) and (41) and using Equations (A.3a) and (A.3b), the following

boundary value equations are obtained.

Ape P = BP( l) + CpQ1  ) (A.4a)

2 2

(BP'(,)+ CGQ'(Cl)) + !)(P' )= l1

P (A.4b)

BP( 2) + CQ( 2) P 1 + EpQ1 (C2) (A.4c)

( [DpPp( 2 ) + EpQ'( 2 )I = ( BPA( 2) + CpQp 2

(A.4d)

28



D.- DP' + E Q 1(11 F FP1 ( + CQ(A1 4

( -)[DPA ) + EPQA(Q) [FPPA()+ (A. 41-)

F P~ (p4) + G Q (r4  H HQ (Y (A. 4g)

j (0) 2_ 2 '2

I-~ [HPQ( 4 )1 [FP( + G Q (E1
\ P1 p 4 pJ P I\))

(A. 4!))

These algebraic equations provide eight simultaneous equations with

eight unknowns; and they can be solved for the coefficients A , B , C )

D p, E p F p, G , and H11 . Solving Equation (A.4a) for A Pgives

p p p p

p1

The solution of A pfrom Equation (A.4b) is

A = +~Q~P ~ J(O a(F,'-v)2(A)
A B + A + I AlI(A6

p 1 p p1

29
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Equating Equations (A.5) and (A.6) and solving for C pgives

] 1IP 1 (A.7)

C j (A.8)

Solving Equation (A..4e) and (A.4f) for F pgives

F =E p3 G+ D (A.9)

[ D 6 + E Q(~) ___Q

F Ap 3 -(Y G (A.10)

Equating Equations (A.9) and (A.10) and solving for E pgives

Ep D p[Q] - G p[RI (A.11)

where

P, =(~ ' [Ql) () Q ] (A.12)

30
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[R]~~~ 3 A __ __ __ (A. 13)

[R 11 __ _ ) ( 2 P
D 3 -- 1 3 +G3

SpA() + ppl( 3p (A.14)

Solving Equation (A.4c) for B and substituting Equations (A.8) and (A.11),

gives

B - lp + D [S] - Gp [Z (A.5)
p p1  p p

where

(A.16)
p1  P1 1

1 1

IS] + [Q)] (A.1i)

[ZI = [R 1 p ( 2)

31



The solution of Equation (A.4d) for Dp and using Equations (A.8), (A.11),

and (A.15) gives

l S A( 2 ) +)l j[ pQ(2)

D= ji + [UIG (A.20)p pl p

where

jIII _-A()

= [(- J)~s P~(~ 2  +(9 )p (Y + 1)[Q c )] A2

IS' [zi +(T p RI

32
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Now, solving Equation (A.4g) for F gives
p

F p= H p[A] -G p[A] (A.23)

where

[A]) (A.24)

The solution of Equation (A.4h) for F pgives

F =-G [C] + H [C] +J
p p p p2 (A.25)

where

[cij = p (A.26)

p 4)

J2 (e) aE2_ 2

p 1 p2A (A. 27)
p2 pA (C) p 1(v)

p 4 p

Equating Equations (A.23) and (A.25) and solving for H , gives

H~ =6 G (A.28)

where

JI

p2 [[A] -[C]
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Now, solving Equation (A.4e) for F pusing

[H] = p(A.30)

gives

Fp =Ep []-Gp [1]+Dp (A.31)

Now, solving Equations (A.23) and (A.31) for G pusing Equations (All1),

(A.20), and (A.28) gives

G= I Q [Q H] - JII + i [A]
p [U] IQ] [HI] [R] [H] -[H] + [U] A.2

where

[R 1:: QPE [p (3~~ A ~ ~ ) (A.33)
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a 2 2 1
jI I 1 I 1 (A. 37)

i1 PA 1pA

p1  1p Qp(C2) Pp() (A.38)

[A] = Q1 (E4) PI( 4) (A.39)4)/pl(4

A (C (A.40)
[c]Q~( 4)/P p(C4)

1H = Q 1 (A.41)

a E2 %)2
-"12(0) a(2- ) (A.42)

p2 pA ( Pl M
P~v

II = lp 1- (A.43)
p2 p2 /L -J

(-! pll Q"( +(il p  2
III - ( p)A (A.44)
Pi - i + i Q ( 2

u (+ (A.45)
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APPENDIX B

DETERMINATION OF THE MAGNETIC VECTOR POTENTIAL FOR AN INFINITESIMALLY
THIN PROLATE SPHEROIDAL CURRENT BAND

In this appendix, the potentials A I in the inner region and A I in

the outer region are derived for the infinitesimally thin current band in

a homogeneous medium of permeability p1 (Figure B.1).

z

-B,17
/ - N

//B

/ CURRENT BAND
I J(0)

NOTE
Y=cosh ?/

1 P CO

\1 /'i
\ I /Il\ /

Figure B. - Infinitesimally Thin Spheroidal Current Band
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The potential in the inner region AI and the outer region AII of

the infinitesimally thin current band problem are solutions to the vector

Laplace's equation *A, = 0. These solutions can be expressed as:

0o

A' = E [A P1(e0] P1(N) (.p=l p p

A, = E [F Q01P1(B.lb)
Sp=lp

The coefficients A and F are determined from the boundary"conditions ofP P

the problem. After algebraic manipulation such as with Equations (32) and

(40) in the text, the boundary conditions for the normal component of B

and the tangential component of H become:

A, =AI1 at rI  ) 1 (B.2a)

I II )

Using the relationship coshn and v = cosO and substituting the expres-

sions for A I and A 11 (Equations (B.la) and (B.ib)) into the boundary

38



value equations (Equations (B.2a) and B.2b)) provides us with the following

algebraic equations for the coefficients

Appp l) = FpQ 1() (B.3a)

1 A 
J ( ) a (0)2

- i [F Q (CI + -i [APA(El)] = p (B.3b)

Pi p pIp P M)p

where the following substitutions were used

Ap(01 (B.4)

p p

P P

A =F p (B.6a)
p p ( 1

P

F2_ 2] 1__A

F W [ J (0) a( 1-V Q'( Q B~

The potential A and A II are determined by substituting the expression

for A and F into Equations (B.la) and (B.lb).P P
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A ~l = 
(0) a( 2 v2 Q ( 1)[ pA X - F A Pi 1 ii A )

x pi (0 p 1 Mv (B.7a)

A~ PA( P1(v) [pi(Y1  PAG 1)J p

(B. 7b)

where

JG P()
i (0) p _ (B.8)
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APPENDIX C

REDUCTION OF THE MAGNETIC VECTOR POTENTIAL FOR A FERROMAGNETIC
PROLATE SPHEROIDAL SHELL, SURROUNDING AND SURROUNDED BY
INFINITESIMALLY THIN CURRENT BANDS, TO THAT OF A THIN

COIL IN FREE SPACE WHEN THE INTERNAL CURRENT DENSITY
[J1(6)] IS ZERO AND IN THE LIMIT p2 EQUALS

In this appendix, the coefficients A , B C , D , Ep, F G , and H ,
P p p p p p p

for the potentials are calculated for the system consisting of a ferromag-

netic shell of permeability -2 with internal and external current bands in

a homogeneous medium with permeability p1 when the internal current density

[Jl(6)] is set equal to zero and the limit is taken as 12 V1I These

coefficients are utilized in Equation (30) in the body of this report.

The variables are defined in Figure 2 of the text. When JI(0) is set

equal to zero and p2 is set equal to p1 , the problem reduces to that of

finding the potential in the two regions of a simple current band (Figure

B.1 in Appendix B), because the ferromagnetic shell will now have a perme-

ability i1 equal to that of the homogeneous medium with permeability oi"

In this limit, the coefficients should assume the following form

A = B = D =F (C.la)
p P P p

C = E = G =0 (C.lb)
p p P

and H and F should reduce to the coefficients for the potentials in the
P p

two regions for the prolate spheroidal band problem (see Appendix B). If

the coefficients assume this mathematical form, it will prove that the

mathematical form of the coefficients for the prolate spheroidal shell

with the external coil are mathematically correct.

The mathematical solution for G in terms of known quantities wasp

derived in Appendix A and was reported in the text (Equation (44h)).

_j III [Q] [H] - Jpl + 2 [A]

p [U] [Q] [H] - [R] [H] - [H] + [U] (C.2a)
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where

A Ii + II AE,
11 = ( ' ( 2 )+yn)JC ( . 2b)

iI 2 i p/ A - []I(C.2c)

[HI Q Q(C p) P(E 3  (C.2d)

(UlW P 2z~ P,~)+(Tyi R (C.2e)
lul IS) [SI C + (-!\ P' 2) +Q [Q QA (E2)

I'= IlV "()(Ii Qp(C3 ] (C. 2f)

[RI Qp 1  J'Yz (C.2g)

[Al) Q 1 ),Pl(y4  (G.2h)
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is] [ i + [Q] Q( 2 )/p( 2 ) (C.2i)

[z] [R] QI ( 2 ) 2 ) (C.2)

.2 p,, 2

I p2 ' (C.2k)l

p2- P ( 4 ) PIN)

The coefficient C will now be evaluated when ,J() 1 0 and the limit is

taken with t2 r When J1i(") (0

1 1 1I = 0 (C.3)

and G reduces top 
.

I-i

-.22 [A]
(, fUl IQ] [H] - 1 [I - 1i 111+  I

. ,I ()=o

When 1 j

limit [Q] = 0
lJ 1

limit [S] = I
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limit [u] [Q] IH]

= __ _ [H] __p(_Q-3
)

pl~3 -Q( 3 ) -(C.8)

P(;QL F) (3 ~~) P( 2

P( 3)

limit [U] = I (C.9)

therefore

p (C.1)

2 C3)

prp

)j 2+ 1

44

1w



Now, because

F p H p[A] - G [A] (C. 11)

F =H [A] (C. 12)

12 V1  12 V1

where

[A] Q (C.13)

Also

H =G + J(C.14)
p p p2

1 LiP(0) -a( - 2) ]

;~~1 2 2 4l~
H i \ P4 ] [Pp, 1> U~

p p2 p p(C.15)
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We have

C = 0 (C. 17)
12111

because

C j'i and J 1 =0 (C.18

J1 (e) =0

Also

A = B P+ CP 1(.9

P~ ~ p1p~~

using Equation (C.17) we have

A = B C C.20)

p 12111 112 111

We also had

EP =D p[Q] -G p[R] (C.21)

using Equations (C.5) and (C.10)

E = 0 (C.22)

112111

Now, F pcould be expressed as

F p E p[H] - G p[H] + D p(C.23)
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and, using Equations (C.1O) and (C.22), we have

F I = 1) 1 = /Q"F4la(jp2 4 -v 4)1 )
p, = 1  pA(4) P1

() 1p J1P 1 PA(v 4 )

(C.24)

A derived expression for B was

JII + D [S] - G [Z] (C.25)
p p1 p p

4and, using Equations (C.3), (C.6), and (C.1O), we have

B I I (C.26)
S112=1 P2=PI

Thus we have

A ~ B -D F (C.27)P 2=+p l P l2 I  P 2 2=1i 11'?=
p 1 ' V1  'V

with

I (() a(C 2_V 2 _-_Q1__1_i

*(cA Pp 22 N) pQ() [QP 1
= p__ (C. 28)
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and

C = E = G 0 (C.29)
p p p

and

(0) a(E 2_V 2 iFQ A 1
H p2 p________ p (C. 30)
P2' P A(C ) P IMI p1( P ~A(

Now,-Equation (30) reduces to

I Aq,1 = A4 III : AIV -Ap Pl(v) (C.31)
P=' P

p=lp QP( p (v) (C.32)

comparing Equations (C.31) and (C.32) to Equations (B.la) and (B.lb),

which are repeated for convenience as and using a primed notation

A- = A- P() P'(v) (C.33a)A,1I p Pp
p=lPP

A- F F- Ql(C)pl(v) (C.33b)
p=l P P

where

Q~( 1
A' = F' (C.34)
p p P

P
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[] [
J(6) a (&2-V 2 Q Q A J

p pA P1M1 PA

Thus

A' = F or A' = A (see Equation (C.27)
p 2=i 

P2=0 1

with Ei = E4 Jp (0) = Jp2 (9) (C.36)

F' = H withE1 = E J (6) = J 2 () (C.37)
P2=ld

I

Therefore, in the limit p2 + 1 and with Jp1 (a) = 0

AI =A II = A, 111 = AI v =A' (C.38)

A = A' (C.39)
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APPENDIX D

REDUCTION OF THE MAGNETIC VECTOR POTENTIAL FOR A FERROMAGNETIC
PROLATE SPHEROIDAL SHELL, SURROUNDING AND SURROUNDED BY

INFINITESIMALLY THIN CURRENT BANDS, TO THAT OF A THIN
COIL IN FREE SPACE WHEN THE EXTERNAL CURRENT DENSITY

[J2(0)1 IS ZERO AND IN LIMIT P2 EQUAI.S i

In this appendix, the coefficients A p, Bp, C , )P , G Fp and Ifp

for the potentials are calculated for the system consisting of a ferromag-

netic shell of permeability p2 with internal and external current bands in

a homogeneous medium with permeability w1 when the external current density

1j2(0)] is set equal to zero and the limit is taken as i2 = I' These

coefficients are utilized in Equation (30) in the text. The variables

are defined in Figure 2 of the text. When J 2 (0) is set equal to zero and

Pq,, is set equal to p1 . the problem reduces to that of finding the potential

in the two regions of a simple current band (Figure B.1 in Appendix B),

since the ferromagnetic shell will now have a permeability ji1 equal to that

of the homogeneous medium with permeability p I'

In this limit, the coefficients should assume the following form

B D = F = 0 (P.la)
p p p

C E =6G = H()lh
p p p p

Amd where A and Cp should reduce to the coefficients for the potent ials in

the two regions for the prolate spheroidal band problem (see Appendix B).

If the coefficients assume this mathematical form, it wi I prove thit thei

mathematical form of the coefficients for the prolate spheroidal shel I

with the internal coil are mathematically correct.

The mathematical solution for Gp in terms of known quant it ie waS iI

derived in Appendix A and was reported in the text (Equation (44h)).

-jillI [Q] [H]- Jll + "1 [Al

p [U) Q[) - [R) [HI - [I +~i1 [U)2
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where

iii = i) JT AI +(,iiPa 2  (D. 2b)

S2 = i 2 1[Al - [C]~ (D.2c)

[H] = Q 1( ) p 1(& ) (D.2d)

Fz PIC+ R Al

[QI - ' (~ 2\7 AA (D.2f)
-!! L P(( ++ I]

pA 2 Q1(F4) P'(E2) (D2h

I= +[IQ(])/~F) (D.2i)

02 IJ2 PA

I - - I .' - -



[Z] [R] QpC2 p( 1 (1x 2 j)

2p2  2 (

p t4) p

The coefficient C will now be evaluated when 3 2 (0) 0 and the limit is

taken with V'2 
= p 1 " When Jp 2 (6) = 0

ii = 0 (D. 3)
p2

and G reduces to
P

JIII Il- pl[Q][H] pZ(D4)

[ - ] [H1l - [R) [il -[HI + [ul

Now, divide numerator and denominator by [U] and when V2  031

[ '1~ I;:A( 2) _ jIQ -P--1%--
Pi j(ll) " pl p I (I,2

limit I=2 ]D52 --' U _ 1()5
Pp(( 2 )  

2

limit [R] -i (D.6)

Vi 2
-*V' 1

53

.! ,



limit [Q] = 0 (D.7)

limit [U] = (D.8)

i j i l l

limit p 0 (D.9)
2 1  [U]

Thus

G( 2_ 2 [Q 1 Q ~A()

E = D [ Q] - G p [R] (D.11)

and using Equations (D.6) and (D.7), we have

E G I (D.12)
I2= Pl 1 2= 11I

Because, by definition (see Equation A.8)

Cp = jpI (D.13)
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then E =G C when p 2 
= p. Also

p p p jI

H G + (D.14)
p p p2

and because J equals zero when Jp2 (6) = 0, then

Hpl (D.15)

P2= 1 )12=ll

Therefore

C G H J1 (D.16)
p2= l P 2=P1 i2=11  p2=Ill

We have

F H [A] - G [A) (D.17)

and, using Equation (D.16)

F = 0 (D.18)
P2 1

D can be found using the following equationP

Fp Ep plp(=E ) -G p+Dp (D.19)

p 3  p 3

and by using Equations (D.16) and (D.17)

Dp P 1 0 (Dl.20)
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In addition

B '- G [Z] (D.21)p " Dp PS - p

Using

PQ~
limit (Z] - - 1 D.2

p 2

limit [S1 = 1 (D.23)

02= W1

p1 2 (D.24)
pl . pl pl( E2)

p2

and Equations (D.16) and (D.20), is is easily shown that

B = 0 (D.25)

U21U

Thus, we have

D = B = F = 0 when 2  P (D.26)
P P P2 1

The coefficient A was expressed as

pQ

A B + C T (D.27)
A p P p Il l

P p
p
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Q]
A C p (D. 28)

Now, Equations (30) reduce to

Alp = A IA AlV P ( Pl()) (D.29)

p2=pl

4'I p* L 1 V2 V11 p

A=A A A= A,, PlCv) (D.30)
141 4111 $4IV P p

Comparing Equations (D.29) and (D.30)-to Equations (B.la) and (B.ib), which

are rneated for convenience, and using a primed notation

A , L A- Pl() Pl(v) (1.31)
p=l p p p

t AI F- Ql()Pl()) (D.32)
p=l p p

where

A F IpI)

P p P I
p 1

F' P I P.(D. 34)jP P A 1, P i (N)) J f~(F A T
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Thus

A' An with J (0) =J ()(D. 35)
p 2p' p1

Fp cpwith J p(0) = 1 e (D.36)

Therefore, in the limit 12= and with J (a) -0,

A =A' (D.37)

A 1 =AI =A =AV =A (D.38)
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