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A negative rotation of the vector (or positive rotation of axes) produces the
transpose of the matrix. This can be seen directly since pairs of q's in the off
diagonal terms which do not contain q, are even in © while those containing 9,
are odd.

A triad of orthogonal vectors can be introduced by

/ql-qz-q3*qo \ (2(q1q2+qsqo) 2(9,95°9,9,)
x =] 2(q,9.0,9,) y ¥y = -quz-q2+ z =] 2(qg.q.%*q.a.
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INTRODUCTION

Stiefel and Scheifele! have given a general discussion of the Kustaanheimo-
Stiefel? transformation method (KS) in the two-body problem. Many papers have
appeared in which specific problems or applications have been addressed; but the
feeling persists that in going from a three-space to a four-space representation,
fundamental understanding is impaired. Thus, there seems to be a reluctance to
apply this method to trajectory determination, guidance algorithms, or rigid-body
4 kinematics in spite of favorable claims by some authors with regard to its effi-
ciency and accuracy.3’4’5

It is the objective of this paper to show that the KS method can be under-
31 stood in terms of a generalized Euler parameterization of rotations and dilations.
The second section, EQUATION OF MOTION, sets up the equation of motion for the
restricted two-body problem while the third section, KS TRANSFORMATION MATRIX,
briefly reviews the KS method and applies it to the two-body equation of motion.
The fourth section, ROTATION ABOUT AN ARBITRARY AXIS, sets up the Euler parameter
description of rotations and then generalizes it to include dilations. Finally,
the kinematical equations of this representation are compared to the KS dynamical

i e o s &

¥
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equations of motion to show that they have equivalent interpretations.

e g

EQUATION OF MOTION

The equation of motion per unit mass in the restricted case is
+
e

where 4 = GM and F is the perturbing acceleration. If E is the eccentric anomaly,

=F (r, I, t) (1)

1 e
nw

then consider a s;aled eccentric anomaly defined by




where Vm is the geometric mean of the Keplerian velocities at apocenter and peri-

center. Then a change of var

dt = rds

iables can be made with

so that the equations of motion become

0
1 r o
Zy 9 . 4T+ _E3
re L r

where g denotes the derivativ

Kepler problem), the energy E

Ek = Ekinetic * Epo

where a > 0 for elliptical

P. Kustaanheimo and E.

(3)
[+]
r=F (r, T, 8) %)
e with respect to s. In the case where F=0 (the
x 1S a constant given by =
= V2 _p_
tential = 2 " r - 2% )

orbits, the only case of interest here.

KS TRANSFORMATION MATRIX

Stiefel? proposed a regularization method by inmtro-

ducing a 4 x 4 transformation matrix and four-component vector given by

uy -u, -u, u,
u u ~u -u

: u, u, u, u,
u, -ug u, -u, (6)

B T E e
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1
: such that r = L(u)u; that is .
H =S -1 ~ 1
i =
X 2 2 2 2
ul-uz-u3+ua
X2

: = . = z(u): = 2(u1u2 - u3u4) (7)
,.;: - 3 ; - ]
1 = 2(ulu3 + nzua)

; 0
and |r|=u * u =u2. Since L(u) is an orthogonal matrix, the inverse L' () is
1 g = = - =
& related to the transpose LT(u) by
|
X -
| L (u) = ﬁ% LT ) (8) _
| = = i
¥ Thus f
} o_ 1 T 0
u= 72 L (uwr 9)
with u and § satisfying a bilinear relation, denoted £(u, 8) = 0, such that
oy _ 0 _ 0 o _ o _
2(:, :) =y, - ougn, + uyu, - uu, 0 (10)

and £(u, 8) is a constant of the motion in the perturbed two-body problem. The

oy

>

3 details of this method have been discussed by E. Stiefel and G. Scheifele.!

3

] Introduction of the KS transformation, equation (7), into the equations of

£ motion (4) leads to the u-space equation of motion

H

; 02 '
Wy (.Ut = £ T ;
:+(2r . ): 22(“)2 (11) ‘
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which with the energy relation (5) becomes

Traou=51Tw)F (12)
Recall that in the Keplerian problem the potential energy is
= =-H
Epotential vkep xr
so that the total Keplerian energy is
2
- - Y._ - E = -
Eep = Bkin. Y Vkep ~ 2 "= " 2%
The total energy Et can be written as
= + =2 v v sy =2
Et = Eyin Epot T2 kep pG p 2 Ve
where
vkep = wr
VpG = Potential due to perturbing (non-spherical) gravity
Vp = Potential due to non-gravitational perturbations
Vt = Total Potential = Vkep + VpG + Vp
Then Et can be written as
Et = -Zak + VpG + Vp
With the definition 200 = -Et the above becomes
(13)
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g
3
,! Now the total perturbing acceleration F can be split into that derivable from a
i‘ . potential th plus that which is not (P), so
i =

f . zz-arvtp+£

1l

-9 Vv -3 V +P
pG P

iR

([} 3at

mn

The equations of motion (12) then become

00 - _1 _ 1 r. T
g drer= Vet p it L WE
;j or
4
00 - _1 _1
3 AL A A A TR
?;! where
- _r.T - _r T r .T
f 2’52(“)5' 22(“)arvtp+22(u)_z
5 It can be seen that
E Ty o 1
g i (u) 8r =3 3uV

e

g by expanding both sides, so that the equations of motion become
4
9 =-1 -1 r .1 T
f+ao:- zva: 2vp:+2(2auvtp+;(u)§) (14)
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I1f all perturbations are derivable from a potential th, then P = 0 and no terms

with LT(u) appear in the equations of motion giving

o

G 3 Vv (15)
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1f all perturbations are due to the gravitational field, then Vp = 0 and

VpG (16)
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Finally, some authors use u¥ = gﬁ so that with wg =a

0
u = 2w u*
o

and equation (16) becomes

ux® + %

4

[}
—

4 3V ) an

n e
|
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ne
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Using equation (12) for the equation of motion, a substitution ak = wi and

% LT(u)F = D(u) gives the form

(1]

(u) (18)

% + wi

1]
n o

R e
me

which is the form for driven, coupled oscillators. If is a solution for

D(u) = 0, the homogeneous solution is

(0)(3) =~u(o)(0) cos (wks) + &r

k

8 (0) sin (ws) (19)
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while the general solution is the integral equation

s
(o)(s)’+ %; sin (wls) cos (wko) g (g(o))do

(¢ (20)

u(s) =

R e

- l—t—— cos (wks) sin (wko) 2 (:(o))do

A method of solution is to use the unperturbed solution u(o)(s) in the integrands,

the first Born approximation, leading to a set of elementary integrals to evaluate.

Andrus3 has done this with D for the gravitational perturbation acceleration

including oblateness.

ROTATION ABOUT AN ARBITRARY AXIS

If a vector r is rotated positively about an axis 0 thru an angle 6, then the

resulting vector r' is given by

IR IR

nm~

cos 6 + (1 - cos 8)(h » r) A - sin 6 (r x n) (21)

Rw

This is equivalent to a negative rotation of the axis. The former rotation is
referred to as an active rotation while the latter a passive rotation. If a

¢oordinate system is introduced such that

=

(cos a, cos B, cos Y)

= (x)s %50 %5)

R =




then equation (21) becomes

LN (a,B8,¥) + 2 sin .

~
=
~

I - 2 sin®

nn

"

- cos 0 cos B
- cos & cos B

- cos a cos Y -cos P cos Yy

and 1 is the unit matrix.

R

uler parameters

cos o sin

cos B sin

NI WD NID

cos Yy sin
with 2 qi = 1, the above becomes

2 . q2 - g2 2 -
@¥-9;-93% 9 2(q,9, - 439)

-

2(9,9, * 939) -q + q} - qa + L

me=

2(q,95 - 1,%)

2(q,95 * 9;9)

%8 (0,8,

r
o

e

- cos o cos Y

- cos B cos Y

sin?y

Equation (22) is the Whittakers‘result. Introducing

2(q,95 * 99)
2(q,95 = 949)

mnr
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~

Hn wx
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A negative rotation of the vector (or positive rotation of axes) produces the
transpose of the matrix. This can be seen directly since pairs of q's in the off

ditagonal terms which do not contain q, are even in 6 while those containing q,
are odd.

A triad of orthogonal vectors can be introduced by

97927939 2(4;9,*9399) 2(4495379,99)
= - = | ~a24q2-q2+q2
x =\ 2(q)9, %39 | » Y 97%93-93%q; » 2 2(9,34%9,9,) (26)
ca2-a2+a2+4q2
2(q,95%9,9,) 2(9,95%9,9,) q1-95+a3+q,
Thus equation (25) represents a projection of r onto the rotated axes x, y, z and
the rotation is generated by
x ={(a)a, y =L(@)p, z =L (a)s (27)
where -
4 9 !
) "9 9
ga - Q3 ’ gb - 'qO ’ gc - -ql (28)
qo q3 -qZ
and
1 2 Y 9
q q -q -q
L@ =2 ! 0 3 (29)
= 9 9 4 12
o 93 TR 9
9
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Note the identity between the x vector and the position vector

equation (7), of the KS transformation if q; =y and 9y = u,,
could introduce two other vectors orthogonal to r
=
2(u u +u3 4) 2(u u3-u2u4)
= 2_u24n2-y2 =
;T ug-ujtuz-uy , :N 2(u u +u1u4)
- 2_,2.,24112
2(u2u3 “1“4) uz-uy u2+U3
and generated by
) U3
-u u
=L '), ro=L 4
‘-‘-’T o -u ‘-J o =-u
. ~ 4 - ~ 1
u, -u,

and interpret the KS formalism as a parameterization of a rotated set of axes onto

which an initial vector is projected to obtain the resulting vector.

For completeness, a fourth vector

can be introduced which is orthogonal to q s qb and q.-

now span R‘.

10

r

i

in the KS formalism as

L(u)u

nIn

1,2,3. One

(30) ¥

(31)

(32)

These orthogonal vectoré

In particular, it is not hard to show that q can be expanded wbﬁh

v




2 components along 9 9, and 9 which results in

: q, = 3 Bw) q (33)
'i ) = ; =
3 where
Q Wy w, w,
w 0 -w w
Bw) = 3 1 2 (34)
o -, w, 0 w, |
-w, ~w, Wy 0
and w = (wl, Wy, w3) is the angular velocity vector and w, = éi’ Note that
equation (33) can also be written as
9 %3 ) 9 |
. -q q q q w,
T I I B 2 )
= 9 "4 % 93 Y3
¢ -ql -q2 'Q3 qo 0
;
i From equation (33) it is seen that with q «> q, f
?t q=-21-(l§q*351)=%(l'3q+§1'32q)
But with the fact that B2 = - w? I, there results ;
~ > |
=3 = t
2
w =13
3ta 3= (36) t
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Recall the change of variable introduced in equation (3) giving for a particle a

distance r from the origin

MNO -
"

LR

i1 20

If, for the time being, r is considered constant for pure rotations of the coor-

dinate system or circular motion of the particle, equation (36) becomes

r2u?

4 (37)

+

e
e
"

Nl

IR R o
IR

But for pure rotations, the total energy is composed of the rotational energy

% r?w? and the potential energy -p/r, so there results

2
rzwz_tzu,z:__;_wz

[ L

r2w? - p/r =

N}

Ekep = '2“k =

or

- rw?
A

o

;

k

and equation (37) becomes

o
?1°+ o (:f’: % Bgq (38)

which has the same form as equation (12). The case where r # 0 will be addressed
later. However, at this point, it is suspected that the KS method is similar to

the Euler parameterization of rotations, and that is related to the perturba-

n R =o

tions.

12




Another representation of equation (25) is obtained by introducing the qua-
ternion notation such that

Q=q,*q)e) *apey) + 0383 =9, + ¢

r=0+xe +xe,+ Xqeq = 0+ g (39)

Q' = gq5-q
Using quaternion multiplication, equation (25) becomes

r'=QrQ’ (40)
Note that n is an eigenvector of the rotation matrix R (q); that is

R(q) A = & ) (61)
or in quaternion representation

QiQ”’ = (42)

Recall that
2q§=1 A=0,1,2,3

so that the transformation represents pure rotations. This can be generalized’
by introducing

u = é qy (43)




¢ with u?=3uf = 62. Then introducing the quaternion

w U=u0+:=6(qo+g)=6Q (44)

1 -1 _1 )

j U™ =gz (y - w)

_‘! = k|

&

3 there results

!’. .

. r' = Ul (45)

| ) )

; and the transformations now contain rotations and dilations. Using the matrix

3 representation, equation (22) can be written as

3 r' =R(u) r (46)

2 =4 3
where R (u) is the matrix in equation (25) with q) = u, and without the restric-

£ o
R

tion tﬁat 2 ui = 1. Also, if u, is associated with 9 in the x vector in equa-
tion (26), there results the r vector, equation (7), of the KS method. Thus it

may be considered that the KS method is, in essence, an Euler parameterization of
transformation, generalized in the sense of Velte.? The transformations are gen-

erated in the KS method by

1 r =L{u) u,
; in this paper by
; x = E(u) u

14
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or as in Vitins® by

) x=A(u)u (47)
where
1. T2 Y3 "4 :
u, uy u, ug ;
A(u) = - - ?
o~ uy v, uy u, (48) |
- u, u3 -u, -u,
Y
Y2
u =
& 3
A
The equation of motion for q (pure rotation) is given by equation (37). With
uy = GqA’ the equation of motion for u (which now includes rotations and dila-
tions) becomes =
oo ., r2w? 00 0 r®
u+~—T u=[6/61+266IB(w)+§B(m)]u (49)
For pure rotations § = constant and equation (49) reduces to
2,2
[ NS S0
or
00 2,,2 [
q+57-q=75BWwq

15




e s

which is equation (37). Using the relatijon

2,2
e e
where
_C 1 1
€=z Gz - @
¢ = area constant

b = semiminor axis

equation (49) becomes

i e8
+

00 o r
au = [0/6 T + 2 86B(w) + 5 B(w) + A (50)

ne

iR 1 o

R
1 =

et

Comparing equation (50) with equation (12) it is seen that the kinematical equa-
tion due to the Euler parameterization of rotations and dilations has the same

form as the dynamical equation of the KS method.
CONCLUSION

A simple interpretation of the KS method can be made; namely, the method is
equivalent to treating the dynamics in a rotating and dilating coordinate system

characterized by generalized Euler parameters.

16
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