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ABSTRACT, Given an n by n matrix A,n-vector b and a mapping m fronfgg in-

to 3?; the implicit complementarity problem is to find a vector x in;ﬁ? so

-

:h‘t p Sugersey n (Trr\»c,”;»fﬁ)

Ix+b530, xzmm amd Gx+b)’ (x-nw) =o.
r. 7 s *
3 This is the first of two papers in which we study this complementarity

problem via an implicitly defined mapping F which depends on a given
splitting of the matrix A. In the present paper, we derive sufficient con-
ditions for the problem to have a unique solution for each vector b and

study the problem in connection with a least-element theory. e

E 1 ; Key Words. Implicit Complementarity Homeomorphism
' { i Existence and Uniqueness Least-Element
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1. INTRODUCTION

Given an n by n matrix A, n-vector b and a mapping m from R® into Rn,

the implicit complementarity problem (ICP), denoted by the triple (A,b,m)

is to find a vector x such that the conditions below are satisfied:

(1) Ax+b30, x>mx) and (Ax +b) (x - m(x)) = 0.

If m is the constant mapping m(x) = ¢, then the problem (1) becomes
Ax+b>0, x>c and (Ax+b)(x-c) =0

which clearly is equivalent to the linear complementarity problem (LCP)

Ay + (b + Ac) > 0, yz 0 and yT[Ay+(b+Ac)]=0

under the tramnslation y = x - ¢. If the matrix A is nonsingular, then the

ICP(1) is equivalent under the identification y = Ax + b, to the nonlinear

complementarity problem (NLCP)

(2) y20, g(y) 20  and yg(y) = 0

with g(y) = -A-l‘n + A-ly - m(-A-lb + A-ly). Conversely, it is obvious
that an arbitrary NLCP(2) can be written in the form (1) with A = I, b =0
and m(x) = x - g(x).

More generally, if the mapping m is piecewise linear, i.e. if

m(x) = m [Aix - bi]

ax
1gigk

where each A1 and each b"'are n by n matrix and n-vector respectively, then

e ————— — e D
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the ICP(l) becomes the generalized linear complementarity problem (see
Cottle and Dantzig [9 ] and Mangasarian [21])

Ax +b 2> o, (1T - Ai) x + bi 20 for each 1 = 1,...,k
k .

(Ax + b) :’I; (T = AN x+bi']j o8 fovesth )™ L..iin

which obviously is equivalent to the problem of finding a solution to
the system of piecewise linear equations (see Eaves [l4] e.g.)

min {Ax + b, min [(I-Ai) x+bi]} = 0.
1gi<k

=
The ICP(l) has been studied in Dolcetta {13] as a discretized version
of a continuous variational problem. There, a certain implicit (point-to-
set) mapping was defined and used to analyze the problem.
The present paper is the first of a two-part research on the ICP.
Here, we study the (global) existence and uniqueness of solution to the
ICP and investigate the connection of the ICP with a least-element theory.
In the second part of this research (which is presented in an accompanying
paper [28]), we establish a convergence theory for a certain iterative
algorithm to solve the ICP and show how this theory unifies and extends many
existing convergence results for the successive overrelaxation methods to
solve a LCP., The fundamental device employed th;oughout is a certain
implicitly defined mapping F which is constructed from a splitting of the
matrix A, The construction of F is largely based on ideas extending those
used in Dolcetta's work [13] and Aganagic's recent doctoral dissertation [1l].
- The organization of the remainder of the paper is as follows. Section

2 contains two parts. In the first part, we shall establish some preliminary

g
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results about the ICP. In particular we shall derive a basic relationship
between the ICP and a certain variational problem, In the second part,

we shall introduce the mapping F, lay down a fundamental relationship
between F and solution to the ICP and review some basic facts which are
useful in the subsequent study. Section 3 is concermed with the existence
and uniqueness of solution to ICP. Our main goal is to establish some
sufficient conditions (on the matrix A ;nd the mapping m) under which the
ICP(A,b,m) will have a unique solution for all vectors b. The conditions

derived are closely related to those obtained in Megiddo and Kojima [22]

for the NLCP. The approach taken is based on ideas used in Aganagic [l],

Eaves [14] and Megiddo and Kojima [22]. In Section 4, we shall study the ICP

in connection with a least-element theory. 1In particular, we present some

conditions under which the ICP will have a solution characterized as the

least-vector of the feasible set, and establish the monotone convergence of

a certain iterative scheme (defined by the mapping F) to solve the ICP.

Some results of this last section have previously appeared in the author's

dissertation [25].

PRI
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2, PRELIMINARY DISCUSSION

2.1, Some Basic Facts. It is well-known that there is a fundamental
connection between the NLCP(2) and the variational inequality problem.
The latter is to find, given a set K in R® and a mapping g from R®

into itself, a vector u€K such that
T
(x ~u) g(u) 20 for all x€K.

See Cottle [7] and Karamardian [16]. In the proposition below, we

establish an extension of this connection for the ICP.

Proposition 2.1. A vector u solves the ICP(1l) if and only if it

satisfies the conditions
(3 K@) ad  (x-w' g 30 for all x€K(w)
where g(x) is the affine mapping
g(x) = Ax + Db
and K(u) is the set
R(u) = {x€RP 1 x3 m(u) }.

The problem of finding a vector u satisfying (3) is known as a

guasi-variatiqgg} inequality problem (QVI). This terminology was

due to A. Bensoussan and J. L. Lions. In fact in a series of papers
(2, 3, 4, 5] these authors have defined both the QVI and the ICP in an

infinite-dimensional-space setting and showed how various impulsiomal

control and optimal stopping problems can be formulated as (infinite-
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dimensional) QVI's and ICP's. Here we shall not go into further dis-
cussion of this matter, but simply refer the interested readers to the
cited references for more details. We would like to point out however,
that these impulsional control and optimal stopping problems in their
discretized versions, have provided another source of applicatiom of

the ICP defined in (1). See Dolcetta [13].

Proof of Proposition 2.1. Suppose that u satisfies (3). Then u > m(u)
and (m(u) - u)T g(u) > 0 as m(u) €K(u). Moreover, 2u - m(u) €K(u) so

that
T T
< (2u - m(w) - W' g = (u - aw)T g).
m(u))” g(u) = 0. Finally, if x€R}, then x + u€K(u). Thus,
<x+u-uw g =xg.

Consequently, g(u) > 0. This shows that u solves the ICP(1l).

Conversely, suppose that u solves the ICP(l)., Clearly u€K(u). If

x€K(u), then x > m(u). Hence, we have

(x - u)T g(u) = (x - m(u))Tgu) + @(u) - w)T g(u)

= (x - m(u) g(u) 3O.

In other words, u satisfies (3). Q.E.D.

An immediate consequence of the proposition is that one may
formulate the ICP as a fixed point problem. More specifically, we have
Corollary 2,2. A vector u solves the ICP(l) if and only if u€k(u) where

R(u) = VER(u) : Vi(Au +b) = min  x (Au + b)}.
x€K (u)

P TN PP W 2 o+ ]
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It is a known fact that the NLCP(2) has at most ome solution if g
is a P-function, i.e., if for every vectors y1 # yz, it holds that
1
max @' -yH, GGoH - 8™, >o0.
1 <ign

See Moré [23] e.g. Specializing this to the ICP(l), we obtain

Proposition 2.3. Suppose that the mapping m and the matrix A satisfy
the condition: for every x1 # xz,

) max [ - weh), - 6F - wed),] e - X)), > 0.
1<ign

Then the ICP(l) has at most one solution for every vector b.

Proof. In fact, the given condition (4) implies that the matrix A is
nonsingular. Hence, as pointed out in the Introduction, the ICP(l) is

then equivalent to the NLCP(2) where the mapping g is given by
-1 -1
g@) =A "(y -b) ~-mA "G -b)).

It is easy to deduce that condition (4) is equivalent to the fact that
g is a P-function. Thus the desired conclusion follows readily. Q.E.D.

Note that the condition (4) is not sufficient to imply the

existence of solution to the ICP.

2.2. Definition of F. A splitting of the matrix A is a representation
(5 A =3B -C.

A P-splitting (Z-splitting) is ome where B is a P-matrix (Z-matrix).

Recall that a P-matrix (Z-matrix) is a real square matrix whose
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principal minors are all positive (whose off-diagonal entries are all
non~-positive). A K-gplitting is one where B is a K-matrix (i.e. both
a P- and Z-matrix). The gtrivial splitting is where B is the identity
matrix. Note that the trivial splitting is a K-splitting. We shall
denote the splitting (5) by the pair (B,C).

Given a P-splitting (B,C) of the matrix A, we define a mapping F
from R™ into R" as follows. For each vector uGRn, F(u) is the unique

solution to the LCP
Bx+ (b -cu) 20, x>m(u) and (x = m(u))T(Bx + (b - Cu)) =0.

Since B is a P-matrix, F(u) is well-defined (see Samelson et al [30]).
In general, the mapping F depends on the splitting and possesses no
explicit representation (except in certain special cases). However,
each F(u) can be computed by a number of efficient algorithms, see
Cottle [8]. If (B,C) is the trivial splitting, then

F(u) = min(m(u), (I <A - b),
We point out that if m is the zero mapping, then the latter F is precisely
the mapping used in Aganagic [1l] to study the LCP. If (B,C) is a K-
splitting, then F(u) has the characterization below. Moreover, it can be

computed by a special-purpose algorithm due to Chandrasekaran (6],

Theorem 2.4. (Cottle and Veinott [12]). Let (B,C) be a K-splitting, Then

F(u) is characterized as the least-element of the polyhedral set
X(u) = {x € R : Bx + (b -Cu) 20, x> m(u)}.

Moreover, it is the unique solution to the linear program
min ch subject to x € X(u)

where e is any positive vector.

- ——— e ——————— - - e e
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Recall that the least-element x of a set § in RP is ome such that

x < x for all x€S. Another P-splitting that is of particular interest is
the one where B is a lower or upper triangular matrix with positive
diagonal entries. In fact, it is easy to verify that in this case, the

~compongnts of F(u) are given inductively by : for each i,

.p(u)i = m'{m(u)i, - [ -cu), - ; E . BijF(u)j]/Bii}

1/8

ij 11)

F(u); = max {m(u)i, - [(b - Cu), - . E in F(u)j

depending on whether F is lower or upper triangular.

If the mapping m is piecewise linear (as in the case of the gener-
alized linear complementarity problem), then so is the mapping F. The
proposition below asserts a fundamental relationship between solution(s)

to the ICP(l) and the mapping F. Its proof is easy and is thus omitted.

Proposition 2.5. A vector u is a solution to the ICP(l) if and omnly
if it is a fixed point of the mapping F for any P-splitting of the
matrix A. In particular, if some F has a unique fixed point, then the

ICP(I) has a unique solution.

We state an important property for a K-matrix in the theorem

below. A proof can be found in the reference cited.

Theorem 2.6. (Fiedler and Ptak [15]). If B is a K-matrix, then so is

each of its principal submatrices. The inverse 13.1 exists and is non-

negative,

We close this section by noting that the (point-to-set) mapping
lﬁiﬁﬁiii Doléetté’[lST'to sthdy the ICP corresponds to the mapping F
defined by the splitting (B,0) with B(=A) being a Z-matrix. More about

this will be said in Section 4

i, Ry
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3. EXISTENCE AND UNIQUENESS

Associated with the mapping F defined by a P-splitting of the matrix

A, we define the mapping
G(x) = x - F(x).

In view of Proposition 2.5, we have

Theorem 3,1, A sufficient condition for the ICP(l) to have a unique
solution is that the mapping G is a bijection for some P-splitting of
the matrix A,

Our goal in this section is to derive some sufficient conditions
(on the function m and matrix A) so that for each vector b, the mapping
G is a global homeomorphism and is thus a bijection. This then implies
that the ICP(I)‘will have a unique solution for each vector b.

This approach of using a global homeomorphic mapping to study the

(global) existence and uniqueness of solution to a complementarity
problem has previously been taken by Megiddo and Kojima [22] in the
case of the NLCP(2). It is not clear to the author, however, whether
the specific mapping g(y+) + vy~ where y+ and y- are the positive and
negative part of the vector y used in the reference can be obtained by
our approach. .

The rest of this section is divided into two subsections. In

the next subéééiion, we shall first derive conditions under which the

mapping G is a local homeomorphism. In Subsection 3.2 we shall study

the global property of G.
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3.1. Local Properties. Throughout the rest of this section, we let
the mappings F and G be defined with respect to a fixed but arbitrary

K-splitting (B,C) of the matrix A,

Proposition 3.2. If the mapping m is convex, then so is F.

Proaf. For any two vectors u1 and uz and scalar AE[0,1], the vector

XF(uI) + (I-X)F(uz) belongs to the set X(u) where u = Xul + (1 - l)uz.

As F(ﬁ) is the least element of this latter set (Theorem 2.4), it

follows that F(u) < KF(uI) + (1 - X)F(uz), proving the convexity of

F. Q.E.D. j
Recall that if f is a convex mapping from R® into RP, then an n

by n matrix E is a subgradient of f at the point x if
£(y) > £(x) +E(y - %) for all y€R".

In particular, each row E, of E is a subgradient of the i-th com-
ponent function fi at the point x. We denote by 3f(x) the set of
subgradients of £ at x. If & is a subset of {1,...,n}, then by 3f (%)

we denote those rows of 3f(x) indexed by &. In particular, each afi(x)

is a set of row vectors.
Returning to our mapping F, we define for each vector u, three

partitioning subsets of {1,...,n}:

al(u) = {11 : F(u)il = m(u)11 and (BF(u) + (b = Cu))11 > 0}

az(u) = {1.2 : F(u)12 > m(u) i and (BF(u) + (b = cu))12 = 0}

= m(u)i and (BF(u) + (b = Ccu)) =0} .

3 -

For each subset y(ﬁ) of a3(u), we let B(u) be its complement in as(u)

ay(w) = {i,: F(u) iy
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and let ?(u) = az(u) UY¥(u). If the point of reference u is obvious in
the context, we shall omit it from these index sets. For each subset

Yy of [1,....n}, we shall denote (BYY)-I by 5o By Theorem 2.6, each

Yy

iYY is nonnegative.

Proposition 3.3. Let m be convex and let u€R". Then
(6a) F, (u) = dm, (u)
1 1

e aF"’z(u) 2l Y e_:za3(u) AYBa2§ [B?al U B amal us® -Gl

AY E-Rlazlxlazl, AV >0 and 1}

z A =
Y& dz(u) Y

(6¢c) For each 13 € as(u),

aria(u) 2 {- 1,€ ¥ E?ﬂg(“) xynisq [Boy y g 2y y p(® = G5l

+ 1 - 16)3m13(u) : ly’ h‘ € n; kY, X‘ >0 and

- A+, =1}
1ey§.13(u) Y ¢

where in (6b) and (6¢), C; denotes the rows of the matrix C indexed by Y.

To prove the proposition, we need the following lemma.

Lemma 3.4. The vector h is a subgradient of a convex function f : R" - R

at the point x if and only if there is a neighborhood N of x such that for

all y € Nx

(1) £(y) 3 £x) +hi(y = x).

The lemma says that the vector h is a subgradient if and only if the

subgradient inequality (7) is satisfied locally.




K ¥ i IS
RN S VS

-12-

Proof of Lemma 3.4. Only the sufficiency part needs to be proved. Let z

be an arbitrary point in Rn. Then there is a A € (0,1) such that the
vector y = Az + (1L - A)x belongs to the neighborhood Nx' By the monotonicy

property of a convex function (see Stoer and Witzgall (31, p, 135]) we have
£(2) - £(x) 3 (£() - E@)I/AZ B (y = D)/A = h'(z = %)
where the second inequality follows from the assumption. Q.E.D.

Proof of Proposition 3.3. Since both m and F are convex, they are
continuous (see Stoer and Witzgall {31, p. 135]). Hence, there exists a_

neighborhood N, of u such that for all v € N, e have

[BF(v) + (b - Cv) ]al(u) >0 and (F(v) > m(v))az(u).

By complementarity, it follows that for all v € N,
F () = mn(v)) .
@, (v)

Consequently, (6a) follows from the last lemma. To prove (6b), observe

that for each Y a3(u), we have

@) = -G By g FWg y g

+ (b - -
( Cu)Y]
and for all v

[BF(v) + (b - Cv) ]; 2 0.
Thus, it follcws that,

F(v)qz T Baz.; [B%]_ UBg F(v)al UB e Cv);]

Z - a2§ [B;al U a m(V)aI UsB + (M - CV):(-]

2B = [B:{al UB (m(u) + E(v - u)]alu 3 + (b - Cv);]
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where Eal up € amdl U p(u). Note that we have used the nomnegativity of

the matrix =B to get the last two inequalties. Hence, for

-B—
@,¥ vy U ]
each vector v

Assertion (6b) now follows from the convexity of the subgradient set

aFa (u). The last assertion (6¢) can be proved in a similar fashion.
2

Q.E.D, Z
Corollary 3.4. Let m be convex and u € R°. Then x
g
3
(8a) 3G, (u) =1  =-3m (u) |
dl dl al i

= fr + B -[R= P

A, € gloalxleel 5o wma 3 A, = 1} i
: ¥ S ¥y(w) s
(8c) For each 13 € a3(u)

¢, w2, + z A B, - [B: am (u) - C=]
i i, 1 €yS a,w Vi Ve, UP V@ UB j

ol ¢eve ay (w) A+ g =1k

Here :l’.Y denotes the rows of the identity matrix indexed by ¥y.

A remark is in order, If m is convex, then the mapping G is con-

cave. A gx’b'éra’difent of a concave function is a vector whose negative
is a subgradient of the negative of the function (which is convex).

It has been shown in Eaves [14] and Aganagic (1] that if the

mapping m is piecewise linear, then the mapping G defined with respect
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to the trivial splitting of A is locally univalent at u provided that
each subgradient matrix in 3G(u) is nonsingular. The proposition below
extends this result.

Proposition 3.5. Let m be convex and u € R". Suppose that

(9) For each E € 3m(u), and each (A, A})€ gloalxlag] _ los]x|as]

satisfying
10 0<A L A =71 and 0<A z AL < T
e TN yCa N aleer o 4 1 O M R

the matrix below is nonsingular

ey

(11) I, -E

[B= c-1

I E -
wlua @, UB Y

+ AB -
@, védg(u) ¥ Hak

. * 5 & T [B E ~C.l-(1- = A’
o, a, vl - = )E

Then the mapping G is locally univalent at u.

Proof. By [Thm. 24.7, 29], each ami(u) is a compact set. Thus so is 3dm(u) =
aml(u) X s X amh(u). Hence, there exists an ¢ > 0 such that if N is the
unit ball in the space of n by n matrices (considered as the product space of
n copies of Rn), then the matrix E is nonsingular for every E €H +eN for
some matrix H.of the form (11).

Suppose that G is not locally univalent at u. Then there exist sequences

{xi} and {yi} both converging to u such that for each i, G(xi) = G(yi) and

xi # yi. With no loss of generality, we may assume that the two sequences are

chosen so that for each i,
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[BF(x) + (b - Cx1)] >0, [BF(yD) + (b - CyD)]

ul(u) al(u) > 0

i
(F(xt) > m(x ))az(u) i Feh > m(yi))az(u)'

Let § > 0. By [Thm. 24.5, 29], there is an index j such that dm(x)) U dm(yJ)

1
< am(u) + ¢N. Let E" € am(xj) and Ez € am(yj). Define four mutually

disjoint subsets of aa(u) as follows:
B(w = (i, €, : Fil("j) - m11<x’> and Fix(yj) - m11<yj)}

By(w) = {1, €ay(w) : r12<x’> . m12<x’) and F12<y’) >m, o))

Byw) = (iy €ayw : Fy Gch > G wmd B 0 =m 0))

S T
B‘(u) o a3(u) \ iLSJl Bi(u)'
Now for each i € Bl(u) U al(u), we have

= - m) =6 @) =60 =y - mrh

By the fact that (Ei, Ei) € ami(xj) X ami(yj), it follows that

a, -ehod -xh 30 amd @ -l -vh 30

1 2
d
i an Ei are

the i-th rows of the matrices El and Ez respectively, Hence, there

where Ii is the i-th row of the identity matrix .and where E

exists a l.i €[0,1] such that for Ei = (Ii - Ei) = 3.1.(1i - E:'.) + (1 - ).1)

(I:I. - Ei), we have

(12) Tz'i(xj -y =o0.

Note that E; € ami(u) + 8N. Moreover, for i € Bz(u), we have
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- m ) = =6,0h gy -mh.

Thus,
a»  a -ep o - zo.
On the other hand, we have by complementarity,

BEr) + @ - eyhl, =BG - e + @ - orh =0
< Bre) + 0 - oy, = e - e + o - ahy

Thus, it follows that
3.3

c; -3y I -y) go.

Similarly, we can show that for each i € Bs(u),
- g2 s S &  LESPRN |

(I, =E) (=" =y) 20 and (C, -3 (¥ ) 0.
Moreover, for each i € ba(u) U @, (u), we have

g -3y & -y =0

Now, for an index i € ﬁz(u), let . i az(u) u 54(“)' Then

+B. B2 -c- 1} xd - yH)
Yi

™ YiPy By

{1, + 8.~ E
i iy, ¥ U 51 @ U 51

> {1, +8,- [B= I "4+ Ba o I -B-]}(xj-yj)

2 T e S B T

since (I, - z}_) (x} - ') <0 by (13), there exists a A, €[0,1] such that

5 * 2 1
for E, = I, + \,B,= [B E +B Es =-Cs]=-(1=2A,E,,
TR ek 9% UB o UB " VBB Yy LR

iy ¢

(12) holds.

e

e Se——

|
|
|
|
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Similarly for i € 53(u) let Ve 53(u) U Ba(u). Then there exists a

1-52%.

Xi €[0,1] such that for E, =I + A.B. - [BY U Bl a U 31 + B§152282 %

1 iYi

5L - ).i)Ei, (12) holds as well. Finally, for 1 €8,(u) U a,(w),
let y; = B,(u) UBy(u) and 6, = B,(u) UB,y(u). Then there exists a

A, €[0,1] such that for E, = I, + A.5.- (3

2
+8B: . E
T S 11UB1 UBy V8.8, v

+QQ - *1)513 (B3 U 51 U, + By B CS 1, (12) holds.

Let E be the matrix whose rows Ei are as defined above. By choosing
§ > 0 small enough, we have E € H + eN where H is a matrix of the form (11).
Since E(xj - yj) = 0, we obtain a contradiction to the nomsingularity of E.

Q.E.D.

Remark. By Corollary 3.4, each matrix given in (11) is a subgradient in

dG(u).

A mapping f from R" into itself is said to be inverse locally
Lipschitz continuous at the point x if there is a neighborhood N of x

and a constant scalar k such that

= - 5l skl - £l for all y €N

It was shown in Aganagic [l1] that in the case of the LCP, the mapping
G defined with respect to the trivial splitting of the matrix A is

always inverse locally Lipshitz continuous provided that certain

Mgt o Bt b i s e s s
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regularity conditions are satisfied. In what follows, we extend this re-
sult, We define for each subset y of {1,...,n}, a mapping Ly from R® into

itself by

(4."(;:))Y = ax and @Y (x)) g = Xg - my(®)

with P the complement of ¥y.

Proposition 3.6. Suppose that for each subset Y of {1,...,n}, the mapping
&Y defined above is inverse locally Lipschitz continuous at the point u.

Then so is G.

Proof. Let ﬁu be a neighborhood of the point u so that for each y € ﬁu’

the following holds

[BF(y) + (b - Cy) ]dl(u) >0, (F(y») > m(y))az(u)

and for all subsets Yy containing az(u),

fu - 5l g Wt - Yl
for some scalar k. Let y be an arbitrary point in ﬁu and‘define two
index sets B' and y' by

pr = {1 € ay(u) : F(y); =m(y)d,  y' = (i €ay(u) : F(y); > m(y),]

By letting y = az(u) Uy' and B = () U B', we have
[G(v) = 6(x)]g = (u - m(u))g - (v - m(¥))g
[B(u = G(u)) + (® - Cu)]Y = By -6 +® - CY)]Y -9
or equivalently,

V() - V() = I, | @@ - 6.

- By

o T S P

IS—————




Consequently, for each y € ﬁu’

lu - 5l ¢ Klew) - el

where

I
3 max I B
B2, v2 a,(v) B
¥

K=k

Therefore, the mapping G is inverse locally Lipschitz continuous at the
point u. ' Q.E.D.

It is easy to see that if the mapping m is a constant, a sufficient
condition for each mapping LY to be inverse locally Lipschitz continuous
(everywhere) is that the matrix A is nondegenerate, i.e. each principal
submatrix of A is nonsingular. This nondegeneracy of A is precisely
the regularity property used in Aganagic [1] to establish Proposition 3.6
for the LCP in the case of the trivial splitting. We remark that no
convexity assumption on the mapping m is needed in order for this last
proposition to hold.

The next theorem gives sufficient conditions for G té be a local

hemeomorphism,

Theorem 3.7, Let m be convex and u € Rn. Suppose that condition (9)

is satisfied at u, Then the mapping G is a local homeomorphism mappingAa'

neighborhood of u onto a neighborhood of G(u).

Proof. Proposition 3.5 implies that there is a neighborhood Nu of u where G
is injective. Since G is continuous, by [Theorem A.l, 22], G maps Nu

homeomorphically onto the neighborhood G(Nu)‘ Q.E.D.

Remark. The inverse continuity of G is a consequence rather than an

assumption of Theorem 3.7,
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3.2. Global Homeomorphism. To continue the discussiomn, we say that a

mapping f : Rn - R® is norm-coercive if for every sequence [xk] with

”xk” - @, we have ”f(xk)” - ®,

Proposition 3.8. Suppose that for each subset y of {1,...,n}, the

mapping tY is norm-coercive. Then so is G.

Proof. Let {x*} be a sequence with ”xk” -~ =, It suffices to show that

for any two partitioning subsets @ and @ of {1,....,0} and for any '__‘ e

ki :
infinite subsequence {x *} with

ky ky ky ky
[F(x*) =m(x )] and (BF(x ) + (b -Cx 7)) _ =0
Cl az

k
for each ki’ the subsequence {]]G(x i)”} diverges to ®. For any such

subsets and subsequences we have

o k k 2 k k
' [C(x"1) = £ 2(x 1], amd G(x 1), = -(B, o) '[By , G(x 1), - (b+Axi) ]
3 1 2 2%2 2% 1 2
5 or equivalently,
ol
k : a, k
G(x 1) 0 1 0 L 2(x 1y
A . [«
1 1
=t Cof e i 2"
G(x B B B x %)
% , %% % o %

As ”Laz(xki) | = =, therefore so does ”G(xki) ||. Hence the mapping G is norm-
coercive. Q.E.D.

" ( Combining Theorem 3.7 and Proposition 3.8, we obtain the following
result concerning the (global) existence and uniqueness of solution to

the ICP(1l).

Theorem 3.9. Let m be convex. Suppose that
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(14a) For each subgradient matrix E of m, the matrix given by (11) is

and a, of {1,...,n};

nonsingular for arbitrary partitioning subsets dl, az, 3

(14b) For each subset Yy of {1,...,n}, the mapping LY is norm-coercive.

Then the mapping G is a global homeomorphism mapping R® onto R®. In

particular, the ICP(1l) has a unique solution for all vectors b in R".

Proof. Conditions (l4a) and (14b) and Theorem 3.7 imply that the mapping
G is a local homeomorphism at every point u € R®. The first conclusion
now follows from the norm-coerciveness theorem in Ortega and Rheinbolt
[24, p. 136-137]. For the second conclusion, it suffices to combine
Theorem 3.1 with the observation that the conditions (14a) and (14b) are

independent of the vector b. Q.E.D.

In [22], Megiddo and Kojima have derived some fairly general neces-

sary and sufficient conditions as well as several more specific sufficient
conditions for the (global) existence and uniqueness of solution to the
NLCP(2). As pointed out in the Introduction, if the matrix A is non-
singular, the ICP(l) is.equivalent to an NLCP, This observation implies
that if A is nonsingﬁlar, then the results of Megiddo and Kojima would
provide conditions for the ICP(1l) to have a unique solutioﬁ'for all
vectors b. Th}sinopsipgula;iyy assumption of the matrix A, although

not explicitly made in Theorem 3.9, is nevertheless a consequence of

the norm-coerciveness of the mapping L (x) where N = {1,...,n} In

fact, the norm-coerciveness of the mappings Ly(x) is equivalent to that
of the principal subfunctions of the mapping g appearing in the
corresponding NLCP(2). The latter is onme of the ccnditions needed in

Theorem 3.1 of [22].
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4, MONOTONE ITERATES

In this section, we study the ICP(A,b,m) under the assumptions that m is
monotonically nondecreasing and A has a Z-splitting (B,C) with C nonnegative.
Note that the matrix A possessing such a splitting must necessarily be a
Z-matrix., The ICP(A,b,m) with A and m having these properties arises for
instance, from discretization of the impulsional control and optimal stopping
problems mentioged earlier and from a certain generalized LCP (or equivalently,
the problem of solving a system of piecewise linear equations) solvable as
a single linear program. We refer to Dolcetta {13] for more details on the
former application and briefly discuss the latter. Consider the generalized

LCP
k

sy Wr+aqt30 for1e1,....k sod T oty + qi)j =0 for §=1,...,n
i=1

where each M" is n by n. It was shown in Mangasarian [21] that if there

exist Z-matrices Yl,...,Yk and a nonsingular matrix Q such that the two

conditions below are satisfied

(16a) MiQ = Yi 3

k T k

16b) E (s} ¥ >0  for some (s',...,sD) >0 with I s' 0,
i=1 = i=1

then a solution to the generalized LCP(15), if it exists, can be obtained

by solving the linear program

min pTx subject to Mix + qi 20 for i=1,...,k

i

'r -
where p = 51 (ui) 8~. We remark that the result stated in the reference
i=

N O, NN i T M -
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is somewhat more general than the one presented here. (For instance Q

needs not be nonsingular and the two conditioms (16a) and (16b) can be -

relaxed.) We have simplified the general result in order to explain our
point more easily. (See Cottle and Pang [1ll] for more discussion.)
Since-Q is nomsingular,- it is obvious- that we can convert the generalized

LCP to the following equivalent one
k

'z +qi >0 forie1,...;k and Tr(Yiz +qh)

A= j =0 for j=1a,..:>0

where z = Q-lx. As each Yi is a Z-matrix, there exists positive diago-
nal matrix Di such that Di 2 Yi. Hence, with A = Y1 and
-1 -1

m(z) = max [(T - (Di) Yi)z - (Di) qi], the latter generalized

2gigk 1 i i
LCP is equivalent to the ICP (A,q ,m) where A is a Z-matrix and m is non-
decreasing. The condition (16b) implies that the feasible set of the ICP
(A,ql,m) is bounded below. See Cottle and Pang [10].

Formally, the feasible set of the ICP (A,b,m) is
X(A,b,m) = {x € R® : Ax + b 20 ad x2 m(x)].

it is bounded below if there is a vector s € RP such that x > s for all

x:in X(A,b,m). The following result shows that under certain conditionms
the ICP'(A,b,m) has a least-element solution, Its proof can be found

ta:Pang= {85 = st ASHW B e

- Nl magatiles VORIEE | et wim0s

Theorem 5.1. Let m be a ;ontinuous and nondecreasing mapping from R
into itself, Let A be a Z-matrix. Suppose that the feasible set
X(A,b,m) is nonempty and bqunﬁgd below. _Then X(A,b,m) has a least-

element x* which is the unique solution of the program

AN A AT, FRECE 3 T




=24-

T

min e'x subject to x € X(A,b,m)

where e is any positive vector. Moreover, x* solves the ICP (A,b,m).

A mapping £ from R® into R® is inverse-isotone if f(x) 2 £(y)
implies x > ¥ for each x and y. The next result gives a sufficient con-
dition for the feasible set X (A,b,m) to be bounded below, Its proof is

easy.

Proposition 5.2. Suppose that for some subset Yy of {1,...,n}, the mapping
Ly defined in Section 3 is surjective and inverse isotonme. Then the
feasible set X (A,b,m) is bounded below.

Theorem 5.1 has provided a least-element interpretation to

Mangasarian's result of solving the generalized LCP as a linear program.

For more discussion on related results, see the series of papers [10, 11,

17, 18, 19, 20, 26, 27).

If (B,C) is a Z-splitting of the matrix A, then the mapping F is not
always well-defined for two reasons. First, F(u) may not exist, Second,
F(u) may not be unique. However, if the set X(u) defined in Theorem 2.4
is nonempty, it has a least element by Theorem 5.1 (see also Tamir [32D).
We shall let F(u) be this element, so that it is well-defined provided
that it exists.

Under appropriate conditioms, Theorem 5.1 shows that a solution to the
ICP(A,b,m) can be obtained by solving a certain nonlinear program. The

next theorem describes an alternate way for computing a (possible different)

solution of the problem under the same set of conditionms.

S AR NI S, T 4
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Theorem 5.3. Let m be a continuous and nondecreasing mapping from R" into
itself. Let (B,C) be a Z-splitting of the matrix A with C nonnegative.

Suppose that the feasible set X(A,b,m) is nonempty and bounded below. Let
uo be an arbitrary vector in X(A,b,m). Then with uo as the initial vector,
the sequence of iterates fuk] defined by : uk+1 = F(uk) is well-defined,

nonincreasing and converges to a solution of the ICP(A,b,m).

Proof. By induction, suppose that {uo,ul,...,uk} is well-defined and

nonincreasing, Moreover, we may assume that each ui for i <k is

feasible to the ICP (A,b,m). We now comsider qu. First of all,

N
el = F(uk’) is well-defined. Since ukﬂ' is the least

element of };(uk), thus v.xk 2 uk+1. Moreover, we have

uk € X(US, so that u

L R

k+1

B L SR > ok

Lio-ca® 3o

k+
Hence u 1 is feasible to the ICP as well. Consequently, the entire
sequence [uk} is well-de'fined, nonincreasing as well as feasible. Since
the feasible set X(A,b,m) is bounded below, the sequence {uk} converges

to a vector u*, For each k > 0, we have

uk+1 2 m(uk), Buk+1 + (b - Cus 20 and (ukﬂ' - m(uk))T(Bukﬂ' +b - Cuk) = 0.

Hence by passing the limit k — =, we conclude that the vector u* is a solution

to the ICP (A,b,m). Q.E.D.
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