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ABSTRACT
Bifurcation of equilibrium and periodic solutions of nonlinear evolu-
tion equations is considered in the neighbourhood of an equilibrium solu-
tion for which the corresponding linear problem admits both non-zero
equilibrium and non-constant periodic solutions. These solutions of the
linear problem are related to those of the nonlinear equation by deriving
bifurcation equations possessing a simple symmetry property. This results
in a simplification of the bifurcation analysis, illustrated by a discus-
sion of two important special cases exhibiting secondary bifurcation of
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SIGNIFICANCE AND EXPLANATION

Suppose there is a known equilibirum solution u = uo of the equation

g% + F(g,u) = 0, u=ut) e X, £€R )

for some value ¢ = EO of a control parameter £, where F is a differ-

entiable nonlinear mapping into a finite or infinite dimensional Banach
space X. The problem discussed in this paper is that of characterizing

equilibrium and t-periodic solutions of (1) near u when £ is allowed

ol
to vary near 50. This is a bifurcation problem when the corresponding
linear equation

g%-+ v = 0 v=vi{t) € X, v#O (2)

possesses equilibrium or periodic solutions. Here, Lv = DuF(EO,uO)v is
the linear part of an expansion of F(Eo,u0 +v) around v = 0.

This problem is of importance in chemical reactions, for which (1)
will represent the reaction and diffusion dynamics of the variable concen-
tration and temperature u, and £ may for example measure a controlled
concentration of reactant, or a diffusion constant, etc.

Assuming that I satisfies assumptions guaranteeing in particular
that (2) admits both equilibrium and periodic solutions, the bifurcation

problem is reduced to that of solving a pair of real equations

fo(E,a,B) = 0, fl(E,a,B) =0 {3)

known as the bifurcation equations. The functions fo'fl' and the real

variables a,B are so chosen that the first equation is even in 8, while

the second is odd in f8. This simple symmetry property is shown to greatly

simplify the study of the bifurcation problem.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.




COINCIDENT BIFURCATION OF EQUILIBRIUM AND
PERIODIC SOLUTIONS OF EVOLUTION EQUATIONS

Michael Shearer+
1. INTRODUCTION.
Let Q be a neighbourhood of zero in Il:Rm"'1 x Rn, with m >0, n -3 and 1-°
F € CF(Q,Rn), with p > 3, satisfy
(H1) F(0,0) = 0
1

m+ . S ras s oas .
For £ € R near zero, we consider equilibrium and periodic solutions u near

of the equation
du

= tF(E) =0, (1.

at
under the following assumption concerning the spectrum o(L) C € of the linear

operator L = Fu(0,0).

(a) i is an algebraically simple eigenvalue of L

(H2) (b) O is an algebraically simple eigenvalue of L : R - R
(¢) ni g o(L) for n=2,3,...

In particular, (H2) implies that the linear equation

du

= +u=0 (1.2)

at

possesses non-gero equilibrium solutions, and periodic solutions with least period 2-.

To show how these solutions of (1.2) generate solutions of the nonlinear equation (1.1),

we derive a pair of bifurcation equations in section two. The bifurcation equations
possess a simple symmetry, corresponding to the invariance of (1.1) under the trans-
lation of t by 7. T

In section three, we replace Rn in (1.1) by a real Banach space X, and let
F: RM]’ x X + X satisfy (Hl), together with appropriate regularity conditions, and

a8 spectral assumption corresponding to (H2) (see (Al), (A2)). We adopt the quite




general setting of Crandall and Rabinowitz (2], which involves the study of an inte-
grated form of equation (1.1). The derivation of the bifurcation equations is slightly
complicated by this device, the comparison with the straightforward analysis of section
two being of some interest. 1In this context, the Hilbert space approach of Joseph and ' 1
Sattinger [8], and Kielhofer (10, 11] should be mentioned, in which Hopf bifurcation
for equation (1.1) (with R replaced by a Hilbert space) is studied by working

directly with (1.1).

In section four, we briefly discuss the bifurcation equations, appealing to the i
bifurcation theory of Golubitsky and Schaeffer [S5], together with the results in [13]. !
In particular, the secondary bifurcation of periodic solutions observed by Keener [9]
and Langford [12], is explained in terms of the symmetry in the bifurcation equations.

Other approaches to the bifurcation problem for (1.1) under (Hl), (H2), include those
of Cronin (3], using degree theory, and of Hoyle [7], involving the center manifold
theory.

Throughout, we refer to the papers of Crandall and Rabinowitz (1], (2], for pre-
liminary results, generalizing these to the present context without proof, where
appropriate. The fundamental difference between the situation considered here and ‘
that of Hopf bifurcation, in the sense of (1], [2], is that equation (1.2) is here
assumed to possess non-zero equilibrium solutions, whereas for Hopf bifurcation, such
solutions of (1.2) are excluded. A consequence of this is that it is worthwhile con-
sidering perturbed bifurcation problems, for which purpose we allow m > 1, and write
£E= (Au) € R XRm, where 1A is the real bifurcation parameter, and u € " para-
metrizes possible perturbations. This is not the case for Hopf bifurcation however,
which would be qualitatively the same for yu = 0 and small u ¥ 0, thus rendering
the generality of m > 1 superfluous.

Notation. Subscripts are used to denote partial (Fréchet) derivatives. The null space
and range of a linear operator A are denoted by N(A), R(A) respectively. If f is
p times continuously Fréchet differentiable on a set U, with values in a set vV, we

write f e CP(U,V), or say £ : UV is of class Cp.

-2-




e A e o

o A ey,

2. THE FINITE DIMENSIONAL CASE

In this section, we derive bifurcation equations for the finite dimensional problem
defined in the introduction. Specifically, for integers m >0, n >3, p > 3, we
consider the equation

U, pg,u) =0 (Eu) €D 2.1)

dat

1

where F € Cp(Q,]Rn) for some neighbourhood cR /" of zero, and F is assumed

to satisfy (Hl1), (H2).
Let 1= p-lt. Then 2mnp-periodic solutions of (2.1) correspond to 2n-periodic
solutions of the equation
u' + pfF(E,u) = 0 (2.2)
where a prime denotes di'r Note that the parameter p has to be determined as part
of the solution of (2.2). Let Czﬂ(R,Rn), C;"(R,]Rn) denote respectively the Banach
spaces of continuous, and continuously 4differentiable, 2w~periodic functions from

R to Rn, with norms

lhall, = max{lu()| : t e 10,2m}

lally 3= flallpg+ ot Il

Flo,E,u) = u' + pF(E,u)

Then there is a neighbourhood U of zero in Rm+1, and a neighbourhood W of zero

in C;"(R,mn) such that F : R x U x W » c.”(n,m“) is p times continuously
differentiable.
For u,v in L2([0,2r1,8"), define
2n
(uv) = [ (u(n),v(thH dr
0
where (-,-) n denotes the usual scaler product in . Letting L* denote the

[ 4
adjoint of L, condition (H2) implies that there exist vectors ¢ in ®'\{0}

o'Yo
and a,b in €"'\{0} such that
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MO = 0, L"‘ba = 0, La = ia, L*b = -ib

-1 -1
(wo.wo) e (27) 7, (a,b) n- n

C 4

Now set

= Rele " a), ¢, = ¢y = m(e *Ta)

% 2

V= Ree'B), = v - -Im (e "B

Then («Pi,wj) = Gij i,j = 0,1,2 and the following lemma characterizes N(% + 1 ani

R[:_r+ L) (for details of the proof, see [1]).

Lemma 2.1. Suppose L : R + R satisfies (12), and let Vs k= 0,1,2 be defines

d . 1 n
as above. Then {v,.w,.#,} is a basis for N(3-+1) in C (RE"), and

a n
R(F;+L) = (£ Cpn(ReR) : (£,9) = 0, k=0,1,2} .

For 8 € R, define a bounded linear operator §. : czﬂ(n, :Rn) had Czﬂ(JR,IRn) by

[}
(se") (r) = w(t + 6), T € R, and note that Sq also maps C;"(R,m“) into itself.
The invariance of equation (2.2) under translations of Tt may be expressed by the
property.

F(p'€1se“) = SeF(D.E,u) (nglu) € R XUXW (2.3)

for each 6 ¢ R. The operator S = s“ is of particular importance here, as S - S = I,

the identity operator, and

S0 = Yor Sy = Vyi Svj = -wj, swj = -wj (3 =1,2) (2.4)
Moreover, S is self adjoint:
(S6,9) = (0,S9) for ¢4 in C, (R,E) (2.5)
The following subspaces are invariant under §:
s m®E, c.= 1+ sc (RE) .
+ - 2w " T - 27

and

1 n 1 1 n
CopRRR) =C O0C; C, (RRR)=C _OC_.
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By (2.3), F maps R x W x (U ~ Ci) into C,, and F 1, ,7) = -- Toma
' into C+, respectively. Let v, = ‘v o€ -’:i: (v,.?) = . Then U sl
linear ;ubspace of Ci complementary to span <, . Similarly, zot
' % ' v_={ve Ci 2 v,v) =0, 4 = 1,2'. Then V_ 1is complementary tc st an -, ,-
Ci, and V = V+0 V_ is complementary to ’Hdi- + L:i in C];_(E,En}. xfine a oo -
) tion P : czﬂ(m,n") - R %+ L) by
Pu=u -~ % (u,. )¢
keo KK
Clearly,
’ F’Se = SgP 2
for all 6 € [0,27).
By the implicit function theorem, the eguation
PFio,i,wo + 3¢1 +v) =y (2.7
has a unique solution v = v(p,£,a,8) in an open ball B C V around 0, for
i
' (0,£,0,8) in a neighbourhood D CR x:Rm+1 xR xR of (1,0,0,0). The function
v : D+B is of class Cp, and (Hl) implies v(c,0,0,0) = 0 identically. Operating
- . ' on (2.7) with S, and using (2.3), (2.6),
PF(0,£,S(avy + B¢ + v(p,£,a,8)) = 0 (0,£,a,3) € D
which implies that D may be taken to be symmetric about < = 0, and
sv(0,£,a,8) = vip,£,a,-8) (2.8
It follows that v(p,{,a,0) € V+, but we require the following stronger result.
Lemma 2.2. v(p,£,a,0) is a constant function of 1, for each (c,f,2), and is
indeEndent of p#¥ 0.
Proof. Set B =0 in (2.7) and consider only constant v (i.e. v e S Y. Then
the left hand side of (2.7) lies in Rn, and P projects onto R(L). This leaves
the equation
; PPF(E, a0, + V) =0 v R v (2.

; ! where Po : Rm +R(L) : whr w - (w,wo)wo. Dividing (2.9) by ¢ # 0, and applying the

implicit function theorem in a neighbourhood of (f,a) = (0,0), v = 0, vyields a uniqu-




—

solution v = \_r(c’.,a) of (2.9). But v = ;(E,a) is a solution of (2.8) when < = Q.

Therefore, v(f,a) = v(c,£,3,0) is independent of 1 and ¢ # O.

Since V is invariant under Sa (68 e RY, if (o,f,u) €e R x U xW is a solution

2
of (2.2) near (1,0,0), then u = Sq(au:o + B¢1 +v), for (o,B8,v) € K xV and

8¢ [0,2m). But then v =vi(,5,2,3), and (0,£,a,8) € D must satisfy

(Flo,Eya¢ + 3¢ + G(o,é.a,sn,wk) =0 k=0,1,2 (2.10)

Conversely, each solution (o,£,%,8) € D of (2.10) generates a family

{u, = Se(w0 + &pl + G(O,E,G,B)) : 8 € [0,21)} of solutions of (2.2), the elements

8

Uy of which, differ only in phase 8.

lLet gk(p,i,a,e) denote the left hand side of (2.10), k = 0,1,2. Then (2.3)-

(2.5), (2.8) imply
9o pe&ra,=B) = 9,(p:E,0,8) (2.11)

gk(o,i,a,-e)=-gk(o,6,a.B) k= 1,2 (2.12)

The next step in deriving the bifurcation equations is to eliminate o from (2.10),

by solving the equation

gz(o.E,a.B) =0 (2.13)

for p near 1 in terms of (£,o,B8) near (0,0,0). First differentiate the identity

PFp.Esav, + 8o + V(p,E,,8)) = O (2.14)
with respect to B8 at (£,a,8) = (0,0,0), p # O:
v
PFu(o,o,o)(\a1 * 38 {0,0,0,0)) =0

But PFu(p,o,o)»':l = P(wi + owl) = (p - 1)11'!.401 = (1 - p)P«p2 = 0, and the restriction

of Fu(o,o,o) to V is one-to-one for all p near 1. Therefore

% (0,0,0,0) = 0 for all p near 1 ,

so that
~ 2.
v 3°v
38 (1,0,0,0) =0 = 80_38 (1,0,0,0) (2.15)

Now differentiate the identity

-6-
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—= = F (¢,f,2 R e =, (2.16
38 Gy ¢ N eVl ey, )

with respect to o at o =1, (5,: ) = (0,0,0), using (2.15):

3
;2(1000)=(L~‘ L) o= o=l (2.17)
9:-‘;‘( ’ ’ ¢ - 1112 - .
A similar argument gives

igo 3

YT (1,0,0,0) = (LJO,vo) =0 |

) } (2.18)
El 9 ;

3538 1,0,0,0) = (I.~1.v1) =0 )

which will be used in section féﬁr. Define a function h : D - R of class Cp_l, by

h(p,£,a,8) = 6-192(o,€,a,8) (& # 0)

9,

h{ec,£,a,0) = _BT (olilalo)

Then h(1,0,0,0) = 0 (by (2.15), (2.16)), and %% (1,0,0,0) = -1, by (2.17). The
implicit function theorem therefore implies that there exist positive numbers n,¢,
and a function o : Bn + R (Bn denoting the ball in IF+1 xR xR with center zero
and radius n) of class Cp-l, such that 5(0,0,0) =1 and o = p{&,a,R) is the

unique solution of

h{p,£,a,8) = 0 lo - 1] <€, (£,0,8) € B, -

By lemma 2.2, vi{p,£,a,0) is independent of p and 1. Therefore go(o,i,a,o) is
linear in p, and gl(o,E,u,O) = 0 identically. Consequently, setting 8 = 0 in
(2.10) is equivalent to seeking equilibrium solutions of equation (2.2), for which ¢
is undetermined. 1In this sense, p = p{(f,a,B) describes all the solutions of (2.13)
of interest. since h(p,£,a,8) is even in B (by (2.12)), we have

p(E,a,~B) = H(E,a,8) (2.19)

Substituting p = 5 into 9, = 0, k=0,1, we obtain the bifurcation equations:

fk(i.a,B) =0 k=0,1 (2.20)

where £ (£,q,8) = gk(a(g.a,s),g,a,e) satisfy

-7-
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£ (E,8) = (<1%F (6,5, k="l

In particular, if (§,a,B) is a solution of (2.20), then so is (f,:,- ), ‘®wut = -
solutions of (2.20) correspond to solutions of (2.2) differing only by a rhisc %
X 2 cp-l ~ -
- $ The mapping (fo,fl) B Bn + R is of class , and of class °C awa,; ‘r -
B = 0. From (Hl),
fk(0.0,0) =0 k =0,1 2.

and (H2) implies

afk Bfk
e (0,0,0) = 38 (0,0,0) = 0 k =0,1 (.27

To summarize, (2.21)-(2.23) represent the basic properties of the bifurcation eguations

(2.20) for equation (2.1), assuming (Hl) and (H2).




h J
3. THE INFINITE DIMENSIONAL CASE.
In this section, we show how the Lrapunov-Schmidt mesmz3d of zeooion i,
finite dimensional problems may be carried over tc infinite dimenzicnz. 7 . s
- result of this section, proposition 3.2, states that the hifurcation < iat:-r =~
written in the form (2.20), and satisfy properties (2.21)-(2.22}. T=. A
of these properties differs significantly from that in section two, howewver, ar i =y -
vides an interesting generalization of the usual Lyapunov-Schmidt :rocedurs. o .2
the finite dimensional case, the setting and preliminarv theorw deriwe larselr Sro- -
papers of Crandall and Rabinowitz {1,2].
Let X be a real Banach space with norm H‘f], and let XC ORI SR T A T
plexification of X. We use the same symbol A to denote the extension to X <f =
: linear operator A in ¥X; 0(A) denotes the (complex) spectrum of .
Let L be a densely defined linear operator on A, satisfring
' Al): (1) ~L is the infinitesimal generator of a strongly continuous senigroup
T(t) on X.
i ’ (ii) T(t) is a holomorphic semigroup on xc.
(iii)y (A1 - L)-1 is compact for all ) in the resolvent set of L.
(iv) 1 is an algebraically simple eigenvalue of L.
(v) 0 1is an algebraically simple eigenvalue of L : X - X
(vi}) ni ¢ o(L), n=2,3,...
: i If n > ~Re\ for all X € g(L), then the fractional powers (L + ~I) ' are
defined for o > 0, and have domains D((L + n1)%) dense in X. Let xx denote &
Banach space D((L + nI)a)’ with norm defined by
fok = |l + a) %] for x e X
We consider an equation of the form
T B g =0 (w e R cx (3.1

where m > 0, and f satisfies

-9-
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(A2): For some =€ [0,1), p >3, there is a neighbourhood . of (2,2) in
AR x, such that £e CF(1,X). In addition, £(0,0) = 0 and £ _(2,0)X= 0.

Hypotheses (Al), (A2) correspond respectively to (HL), (Hf) in [2]. The values
of =+ and p will henceforth be considered fixed by condition (A2).

Setting T = :7t, we see that 2no-periodic solutions of (3.1) correspond to
2--periodic solutions of the equation

u' + o{Lu + £(£,u)) = 0 (3.2)

where a prime denotes cf_r

The following lemma, relating solutions of (3.2) to those of an integrated form of

the equation, is proved in (4, 6}.

Lemma 3.1. Suppose (Al), (A2) hold, let r > 0, and let u € C([O,r],X’J). The follow-

ing statements are then equivalent.

(1) u' e C({0,r],X), u((0,r]) € D(L), and (3.2) is satisfied on (0,r).

(ii) u(1) - T(etdu(0) + o [ Tlo(t - s))E(f,u(s))ds = 0, for O < - - r.
0
We say u is a solution of (3.2) if u e€ C([O,r],xj) and (ii) of lemma 3.1 is
satisfied. Let CZW(R,XQ) be the Banach space of 27-periodic functions from R to
Xa, and let co({o,zn),xa) be the Banach space of continuous functions h : [0,27) »Xi
such that h{0) = 0. If w is a function from R to X, and 9 > 0, define

(SSW)(T) = w(t + 9).

Proposition 3.2. Let (Al), (A2) hold. Then there exist neighbourhoods U of O

in CZW(R,X:!) and W of (0,0) 1_n_ Rm+1 X]Rz, together with functions

2 - - -
(fo,fl) t W>R, 0:W->R, u: W-=>U, each of class o3 1 and satisfying

(i) If (g,n) ¢ W and fk(E,n) =0, k=0,1, then u= a(f,n) is a solution

of (3.2) for this value of £ e K™Y, with o = p(£,n).

(ii) G(0) =06, 5H(0) =1, fk(0)=0, k = 0,1 and the 2x2 matrix

has all entries zero.

D, (EgrE ) (@m0
(Wid) G(g,a,-8) = 5.G(5,0,8), 6(6,a,78) = H£,0,8), £, (£,0,78) = (-l)kfk(E.u,B):

k = 0,1, for all (f{,a,B) € W.

-10-
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(iv) There exists : > 0 such that if (c,f,u) € R > Pm*l LIRS SR
IR NN and (°,%,u) is a solution of (3.2), then for some (a,:) € Rz such that
(2,:,3) € W, fk(i,'x,.') =0, k=20,1, u= seﬁ(i,l,f) for some ¢ {0,2"), and
either - =0 (if wu(?) is independent of T € R}, or = = ;(i,x,f),

(v) u(f,:,0) is a constant function for all (%,x,0) € W.

The prnof of proposition 3.2 occupies the rest of this section. Define

T
Flofaw) (7)) = u(t) = T(e1ul0) + o [ T(a(r = s)IE(5,uls))ds (3.3)
0

F is to be regarded as a mapping of that subset of R x mm+l x CZ?(R,XQ) for which
{3.3) makes sense into CO((O,ZWI,X\).

lemma 3.3. Suppose (Al), (A2) are satisfied. Then F is p times continuously

differentiable from its domain into CO(IO,Zﬂ],Xa) and F(:,0,0) = 0 for o € (0,x).

Moreover, for v € CZ"(R'XJ) and o > 0,

(Fu(e,o,o)v)(T) = v(1) - TleT)v(0) T>0 (3.4)
Lemma 3.3 is proved in [2].
let A : Czn(R,xa) - Co((O,Zn],xa) denote the linear operator Fu(l,0,0). By
(3.4), (Au)(7) = u(r) - T(1)u(0). The following characterization of N(A), R(A) is
a straightforward generalization of lemma 1.13 of [2), to the present situation.
Lemma 3.4. Let (Al) hold. Then

(1) NI +15) @N@) = N(I - T2n)) and N(I + L*%) @ N(L*) = N(I - T(2m)*).

‘s < 2
(ii) There exists %y € N(I - T(27)) such that xl.x2 = Lx1 span N(I + L) and
T(T)xk = (cosﬂxk + (sint)ka, k=12, 1t >0 (3.5)
it %, spans N(L), then T(T)x0 =Xy T >0.
ces s 2
(iii) There exists xI € N(I - T{(2m)*) such that x{,x; = Lx{ span N{I + L*).

péd xa spans N(L*), then h ¢ R(A) if and only if (h(2n).x{) =0, k=0,1,2.
That is, h € R(A) if and only if h(27) € R(I - T(27)).

(iv) xa,xI may be chosen in (iii) so that

(xi'xg) = Gij irj = 0,1,2

-11-
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'5 (v} For Tt >0, set \f«‘k(T) = T(T)Xk,(k = 0,1,2)
ij ; Then {v,,v,.v,} is a basis for N(A).
| In lemma 3.4, (-,-) denotes the pairing between X and its dual =*; =~ .
a * of an operator M : X + X is denoted by M*, and I is the identity operator : o
X and X*.
We define a family (Po : p € (0,2)} of projections on C0<[O,2-],x}) as £ullou
For p € (0,2) and 1 >0, let Eo(r) be the linear mapping in N(I -~ T(2-)) dcf:r.:
by
B E‘:‘(T)x0 = (T/Zn)xo, ED(T)xk = [T(1) - T(c*r)]xk, k=1,2
and let MO(T) be the linear mapping in N(I - T(2n)) defined by
. Mp(-r) = [EO(ZW)]-IED(T), if p# 1 and Ml(r):ﬁ‘ = (7/21)'1‘(1'))5(, k=9,1,2 .
Then, for w € Co([0,21r],xa), o € (0,2), set
) 2
¢ (e w) (1) = w(r) - kzo W(2m) XM (Dx,
Lemma 3.5. Let (Al) hold. Then
- 0 (a) For each p € (0,2), PD is a projection of Co([0,2ﬂ],xu) onto R(A).
(b) The mapping (p,w) - Ppw from (0,2) x co([0,2v],xu) to R(A) is analvtic.
Proof. Ppart (a) follows immediately from lemma 3.4 (iii). To prove (b), note that
(3.5) implies that Ppw is analytic in (p,w), except possibly at ¢ = 1. It is
easily shown that [Ep (211)].]'3‘)(1')xk (k = 1,2) involves singular terms only of the
- form (sin(p - 1)t/sin(p - l)w)xj (§ ¢ {1,2}), each of which has a removable singu-
larity at p = 1., Hence result.
In the standard Lyapunov-Schmidt procedure, it would be natural to use the single
projection Pl of co([o,zn],xa) onto R(A). However, the family (PD : 0 € (0,2)-
of such projections is important here, and lemma 3.5 shows that the equation F = n
may be replaced by the system
[ PpF(o,z,u) =0 (3.8)
‘ (1 - Pp)F(o,E.u) =0 (2.7)
F ] . ¢’
i -12~
o |
!
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The reason for doing this is that we wish to preserve in this @r.7oi.r,
symmetry induced by the invariance of equation (3.2) under translation. -f
invariance is expressed in terms of F by the identity

F(o,e,seu)(w) = [S%F(Q,E,u)](r) - T(YFL, ) ()

which holds for all 8 >0, t >0, and (c,%,u) in the domain of F

Lemma 3.6. Let (Al), (A2) hold, and suppose P F(c,i,u) = 0. Then

[ N

(1) Flp,g,u) (1) =

. (F(O,E.u)(ZW),xi)Mc(r)xk, for all -~ > -

0
(ti) Flp,t,5u) = T(@)F(o,E,u), for al”™ 6 >0 .

(11i) P Flp,£,Squ) = 0, forall 6 >0 .

Proof. Suppose PDF(D,E.u) 0. Then

2
Flp,g,w) (1) = ] aM (1) (2.2
k=0 k o Xy

[}

for 1€ [0,21), where a (F(p.&,u)(Zw),x;), k = 0,1,2. We require the identit:y

k

M (t+ 6) =T(0M (1) + T{oT)M (9) (3.1
p p o

which holds for all p € (0,2), T >0, 8 > 0.
Suppose (3.9) holds for all T € (0,2m], for some integer n > 1. Let

r € [0,2m])}, and set 9§ = 27 in (3.8).

Flp,g,u) (v + 27) F(Q,E,Szﬂu)(T) + T(pT)F(p,E,u) (2m)

2
Flo,g,u) (1) + Tlor) ] ax
k=0

2
a M (1) + T(pT)M (27)]
kzo k' o [ xk

2
kZO aM (r+2mx, by (3.10)

Thus, (3.9) holds for all +t € [0,2n(n + 1)), and (i) is proved by induction.
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From (3.8) and part (i), we have

2
Fle,£,550) (1) = ¥ a, (M (T + 8) - T(e1IM_(B)]x
k=0
2
= 7 a T(8)M (Dx, = T(8)Fle,&,u) (1), by (3.10)
k=0 * ok

which proves (ii). Moreover

2
PTOF(e,gu) (0 = B kzo aM (1)T(8)x

2 2 2
= M m{Z a T®x - J ) a (T(8) .x‘.')x.} =0 .
° k=0 ¥ K oo k=0 ¥ Ll

This proves (iii).

Let V be the closed linear subspace of C “(R,xa) defined by

2

<
1

27n
{v € C, (RX): (é’ (27 - s)v(s)ds,x;) =0, k = o,1,2}

Then V & N(aA) = czn(m'xa)' Writing u=¢ +v, (¢,v) € N(A) x V, in (3.6), we solve
(3.6) for v as a function of ¢,0,f by the implicit function theorem. Set

Gl(p,&,a,8,v) = PDF(O,E,W + 8\51 +v). Then G is of class P from a neighbourhood

0

s + .
of (,0,0,0,08) in (0,2) xn"' 1 xR xR xV, into R(A). Moreover, GI(1,0,0,0,0) =0

and Gv(l,0,0,0,o) = A : V> R(A) is a linear homeomorphism. By the implicit function
theorem, there exists a neighbourhood D of (1,0,0,0) in ]Rm+4, and a neighbourhood
B of zero in V, together with a function v : D = B of class Cp, such that

v(1,0,0,0) = 0, and

P Flo, a0, + B + vip,5,0,8)) = 0 for (p,£,a,B) € D (3.11)

Moreover, for each (p,f,a,B8) € D, v = v(p,E,a,B8) is the unique solution in B of
G = 0. This together with lemma 3.6 (ii), and (3.11), implies

PpF(O.E.OM + Bsewl + Sev(p,i,a,B)) =0 (3.12)

0

identically, so that

Sg¥(p,£,a,0) = ¥(p,E,q,0) for all 6 >0 (3.13)
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and

s vis,i,x,3) = vio,5,a,~R) (3.13)
In particular, (3.13) means that v{(.,I,2,0)(1) 1is a constant (i.e. independent of ).
Now substitute u = owo + Bcl +v(c,g,3,3) into (3.7), which becomes, by

lemma 3.4 (iii).

(F(oli,a¢o + BJI + V(Q,E.a,ﬁ))(Zﬂ),xi) =0, k=0,1,2 (3.15)

let gk(o,i,a,s) denote the left hand side of (3.15), k = 0,1,2. As in section

two, we wish to show that 95797 95 satisfy the relations (2.11), (2.12). Noting that
T(ﬂ)"xs = xa, T(ﬂ)'x’: = -x}:, k=12,
(2.11), (2.12) follow from the identity

gk(o,E,rx,-B) = (F(o,E,wo - Be, 4+ v(o,i,a.-B))(Zﬂ),:ﬁ‘;)

1

(T(N)F(D,E,wo + B¢1 + \‘/(D.E,G,B))(Zﬂ),xﬁ)

(Flosgsaey + By + \"(D,E,CI,B))(:?‘N),T(")*X]’:)

In order that ¢ be undetermined for equilibrium solutions of (3.2), it is enough
to show that v(p,Z,a,0) is independent of p whenever F(O,E.Gv'o + v(p,£,a,0)) = O.
We remark that in the finite dimensional case, it was possible to show that the
corresponding v(p,{,a,0) is independent of o, without qualification.
lemma 3.7. Let (Al), (A2) hold. If (p,£,a,0) € D satisfies

Fo,5,a0_ + ¥(p,£,0,0)) = 0, then vi{p,{,a,0) (1) is independent of T € R, and o.

0

Proof. Suppose u € X(l is a constant satisfying F(p,f,u) = 0 for some (p,£), ¢ # O.

Then

T
u=Tu-o [ Tllr - s))f(E,ulds = glo) (1)
0

say,and g(p) (1) is consequently independent of T > 0. But
glp + o) (1) = g(p)((p + p)1/p) for all p > =p
which implies that ¢(p) is independent of p > 0. Therefore

F(o,£,0) (1) = u = g(p) (1) = u = g(p) (1) = 0

for all 5>0,110.
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? As remarked earlier, (3.13) implies that v(.,7, ") ("' is indferendrs> - T |
1
3 [
: for each (p,£,a). Suppose (p,£,u4,0) € D satisfies F(,7, o « ', , , =
é. v
w Then, since wo(x) is also independent of € R, the above discussion im:l:i.:
: F(o,e,0¢ + v(c,£,2,0)) = 0 for all : - o .
- » o]
In particular,
PBF(E'E'CWO +v(c,£,2,0)) =0 forall [ »0
H o . . - -
which implies that v(p,£,a,0) = v(p,£,2,0) whenever o, are near 1. Hence res.l-.
lLemma 3.8. Let (Al), (A2) hold. Then there exists ¢ > 0 such that for ' - 1 ,
v
i 38 {0,0,0,0) = 0 .
Proof. Differentiating (3.11) with respect to 8 at £=0, a= 23=0, and settinz
- v
vB(t) =3 (0,0,0,0) (1), y(t) = wl(r) - 'I'(m)«:1 (0), we have
* * 2 7 = . = ~ y s
0 chu(o.o,o) 6y + Vo) = P+ 1=0Fu(o,o,0)v{3 = PoFu(‘ 10,00V, (3.1%)
Now the restriction of A = PlFu(l,O,o) to V 1is one-to~one. Therefore, since
i p > PoFu(o,0,0) is continuous, the restriction of PoFu(o,0,0) to V is one-to-one
for all p near 1, say Io - 1[ < €. Since 68 € V, (3.16) proves the result.
In particular, it follows from lemma 3.8 that
ag2
38 (0,0,0,0) = (¢1(21r) - T(znp)sﬁl(o),x;) = =sin 2np (3.17)
so that
2 -
3, ¥g,
ETH (1,0,0,0) = 0, 3038 1,0,0,0) = -2m (3.18)
i As in section two, define a function h : D » R of class Cp-l by

h(o,£,0,8) = 67°g, (0,6,0,8) if B # O

392
h{p,£,0,0) = TB' (0,8,0,0)

From (3.18) and the implicit function theorem, it follows that there exist positive

numbers ¢,n and a function § : B, >R of class @l (and of class ® in the

region B ¥ 0) such that, writing x = (£,a,8) € Bn'

FrVn




A(0) = 1, h(f(x),x) = 0 for all x € B, and if -

b

X € Bn satisfy h(;,x) = 0, then . = /(x).
Since h(p,f{,x,-28) = h(o,5,a,8), ¢ satisfies
p(£,0,-8) = #(£,x,2) for all (£,:,i) ¢ B

Setting fk(E,a,B) = gk(é(i,u,ﬁ),i,ﬂ,f), k = n,1, we have the bifurcation czuat..r -

£o(6,a,B) = 0. £ (5,2,8) = 0, (£,3,%) € B SN

vwhere (fo'fl) : Bn *IRZ is of class Cp-l, and of class ¥ away from . = .

Moreover, (3.19) and the symmetry properties (2.11), (2.12) imply that

£ (5,0,-8) = (1" (6,0,8), k = 0,1 (3200
identically in Bn.
gince V is invariant under T(6), 6 € [0,27], and S8 = T(2) on X(a), the
argument of section two may be repeated here, to show that solutions (&,s,:) € B~ of
(3.20) correspond to small norm equilibrium and 27-periodic solutions of equation (3.l),
with p = p(£,a,B) (see proposition 3.2 (iv)). Setting

a(g,a,B) = av_ + Bo, + v{p(t,a,8),£,0,8), and choosing U and W appropriately, we

0

have proved proposition 3.2.
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4. BIFURCATION.

To discuss bifurcation of equilibrium and periodic solutions of (2.1) or (3.1}, we
set T = (,.) € R -~ Rm, where * 1is to be considered a real bifurcation parameter,
and . € K" parameterizes possible perturbations. The bifurcation problem is to des-
cribe the local structure of equilibrium and periodic solutions of (2.1) or (3.1) in
(",u) - space (i.e. near (},u) = (0,0)) for each fixed u near zero. For periodic
solutions with period near 27, we have shown that under the conditions (Hl), (H2) or
(Al), (A2), this is equivalent (in the sense specified by proposition 3.2) to the
bifurcation problem for the bifurcation equations

fo(\:UualS) =0, fl(erp(!,B) =0, ()\:U:alS) € Bn (4.1)

where fo fl are real valued functions of class Cp-l, satisfying (2.21)=-(2.23).
The natural setting for a discussion of bifurcation for equations (4.l1), is the
singularity theory developed by Golubitsky and Schaeffer [(5), at least when p = =, It
is not our purpose here to attempt a general analysis of (4.1), however, but simply to
emphasize two important cases (for which the possible bifurcation structure is well

documented in [5)), and to remark on how these relate to the work of Keener (9] and

Langford (12], on secondary bifurcation of periodic solutions.

We shall need to specify conditions on derivatives of F : Rm+1 xR - R (when
considering (2.1)), and corresponding conditions on f : Rmﬂ x xu + X (when consider-

ing (3.1)). To save duplication, we state these only for F; the corresponding condi-
tions on f are readily obtained.

We consider the following two situations

I: s = (5,v) € Rz, and F(3,6,0;0) = 0 for all (),8) near (0,0).

II: L€ R, and F(),u;-u) = ~F(A,y;u) identically.
Case I. We observe that v(p,),$,0,0,0) = 0 identically, so that £, (1,6,0,0,0) = o,
k = 0,1, identically. Together with (2.21)-(2.23), this implies that (fo,fl)

(>,8,v,a,2) has a Taylor expansion about zero in lRS, of the form




2 aamrne s M o

O\ + bO‘)l + q12 + r52 + cVv o+ Ro(i,:,u,x,:) !

+h
[}

(a

fl = (a11 + bl‘)S + sas + SRl(l,S,v,a,S)

i
where (Rﬂ,gRl) is of class Cp_l, and contains terms of higher order than those

written explicitly in (4.2). Set

1 0 0
—Z—Fuu, u)—Fv B

r
f
m

a superscript O indicating that each of these derivatives is evaluated at (0,0,0;0).

The coefficients in (4.2) are given by

ao = Zn(Llao,uo) 0 a1 = ﬂRe(Lla,b) n
4 T
b0 = ZV(L2¢O,wO) o b1 = ﬂRe(Lza,b) a
T T
q = 2n(Q(¢O,¢O),wO)¢n; s = 2(Q(¢0'¢1),w1)
r = (Q(v’l&l).wo); c= 2ﬂ(w,wo)

Note that we have here used (2.18), (2.19) to ensure that o (),u,v,a,8) does not con-
tribute to these coefficients.
If we assume the non-degeneracy condition

aobl # albo, aq ¥ a,P, qrs # 0, c ¥ 0 (4.3)

then bifurcation for equations (4.1) is qualitatively described by the following
truncated form of those equations.
2 2
(aoA + bod)u +gqa + rB +cv=0

(4.4)
(31A + blé)B + saB =0

This result is given precise meaning for p = » in (5]. For any p >4, and v =0,
the correspondence between solutions of (4.4) and those of (4.1) is established in (13],
and may easily be generalized to v ¥ 0.

In particular, when v = 0, (4.4), and consequently (4.1), admits exactly one
secondary bifurcation for all 6§ ¥ 0 near 0 (13). Secondary branches for (4.l1) have

8 # 0 away from the bifurcation point, which lies on a primary branch with g8 = 0.

«]l9~
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This corresponds to secondary bifurcation of periodic soluticns of 1.1 <r — |

branch of equilibrium solutions, which agrees with the observations of Yogn.:

Langford [12). For v # 0 however, the (primary) bifurcation of eguilinri = . .-
is destroyed, while bifurcations of periodic solutions from curves of ezurl:ir: .~ .-
tions are preserved (see [5] for a complete set of bifurcation diagrams).

Case II. We here consider one parameter perturbations, . ¢ ’R, when T( , ,.%
with respect to u. Recalling that S : CZW(JR,]Rn) -~ C27(R,1Rn) is the oreratsry - .2

translates 1 by 7, (Su){r) = u(tr + ), set R=-S. Then (G= -I,5,8,-1I isoan

Abelian group of linear operators that commutes with equation (2.2) in the sense that

GFlo,»,u,u) = Flo,),u,Gu) (4.%)

For all Ge G and (p,),u,u) € R xR xR x Cgﬂ(R,IRn) near (1,0,0,0). ‘oreover,
= -¢ ;o= ¢ , k=1,2 5.8

R\Co vo, Rvk (W ' {

and

=
it

=z -y = .7
Rwo Uol ka v 1,2 (

The relations (4.5)-(4.7) imply that the bifurcation equations (4.1) are odd wi<.

respect to (a,B). As in case I, we expand (fo'fl) as a Taylor series:

fo = (ao)\ + bou)a + pa.3 + rag® + uRo(k,u,a,B)

2 3 5
fl = (alx + blu)u +qa B + sB” + BRl(A,u,:,:) }

where (aRO,BRI) represents the remaining terms, each Fk(x,u,a,:'), k=0,1, is cver

in (a,8). The coefficients a*k'bk' k = 0,1, are defined as for case I, with

¥ replacing 6§, and p,q,r,s depend upon C = %Fguu as follows
p= Zﬂ(C(vonP ,v o ¥ )q:n q= 3(C(v’o,»‘n.:l).'¢'1)
r=3 (c(\o l.wl).wo); s = (C(&l,clnl) w )

The corresponding non-degeneracy condition for this case is

ay
aobl o llbO' aoq ¢ alp, aos 4 alr, ps ¥ rq (3.2)

Assuming (4.9), bifurcation for equations (4.l .s qualitatively described by the

truncated form
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The correspondence between solutions of (4.17) and those of (4.1) i st

In discussing bifurcation for (4.17) in relation to hifurzav:ior ©:
it should be recalled that the analysis is valid onlv locall::, 50 tha<z al
are to be considered with this restriction.

letting a =0, £ =0 in turn in (4.10) gives primarw branches T , ° o7

respectively non-constant periodic, and equilibrium solutions of (2.1} or (.. fow
each u (near zero). These primary branches bifurcate from u = ~ a% valuez =7
given respectively by A = -blu/a1 +o(it]) and = ~b,.ra_ + o . ). ext, divid

the first equation in (4.10) by =, and the second by ::

aol + bou + pa2 + r52 =0

2 2
+ b + 3 =
alx bt ae +s (A

Solutions of (4.11) lie on secondary branches of solutions of ecuations {i.1), c:ore

ponding to secondary branches of solutions of (2.1) or (3.1). The broad striucturs
the secondary bifurcation may be described in terms of the coefficients in (i.11),
distinguishing between the following two cases.

(a): If (alr - aos)(alp - aoq) < 0, then there are exactly two secondar’

bifurcation points (X*(u),+u*(u)) € D for each u satisfving

- - u o0 3.
(alr aos)(albo aobl)“ 0 (

When the inequality (4.12) is reversed, there is exactly one secondary bifurcation
point (A*(p),u%(u)) € Cu. There are no other secondary bifurcation points for (2.
in the local sense of the analysis. The secondary branches consist of non-constant

periodic solutions of (2.1), and have values of ) satisfying

(- X'(u))(alr - aos) > 0.

Ay

1Y,




N &
A
(BY: 1If (alr - aos)(alp - a.3) Y, then there are exactly three secondary ‘
2 bi furcation points (‘I(;),u;(u)) ¢ o, Or),sur()) € D, for each . satisfying i
(4.12). ('{(w),ui(,)) is connected to each of (75(;),ip5(;)) by secondary branches
_ o of non-constant periodic solutions, with values of - 1lying between \{(L) and ‘5(:).

There are no secondary bifurcation points for other values of u.
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