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P.BSTRACT

We use the Bouligand contingent cone to a subset K of a Hilbe~ t spac~

at x ~ K for defining contingent derivatives of a set - valued map , ~hose

graphs are the contingent cones to the graph of this map , as well as the u~~ er

contingent derivatives of a real valued function . We develop a calculus of

these concepts and show how they are involved in optimization problems and in

solving equations f (x) = 0 and/or inclusions  0 € F(x). They also play a

fundamental role for generalizing the Naguino theorem on flow invariance and

for generalizing the concept of Liapuriov functions for differential equations

and/or differential  inclusions. 
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SIGNIFICANCE AND EXPLANATION

* In recent years , the concept of multifunction (or set—valued mapping) has

proved increasingly useful. A multifunction F is a mapping x F(x) such

that , for each x , F (x) is a set (rather than a point , as would be the case

if F were a function in the usual sense). In this paper we propose a defini—

tion of derivatives for such a multifunction, and we go on to develop some of

its properties and applications. The key to the definition is to consider the

graph of F ; i.e. the set of all points (x ,y) such that y ~ F (x). we take

the tangent cone to this graph at a particular point (x
01y0

) ,  and we def ine

the derivative of F at (x
0

,y
0
) to be the multifunction whose graph is this

cone. (One discerns here an analogue of the familiar property of dif f e rentiable

functions: the tangent line to the graph of F at the point (x
0
,F ( x

0
) )  has

slope F’(x).) The question arises as to what tangent cone to choose. If the

graph of F is convex , there is no ambiguity. If not , we have the choice be—

tween the Bouligand contingent cone, which is large but not necessarily convex ,

and the Clarke tangent cone , which is always convex, but “too small” in some

instances. We choose in this paper the Bouligand tangent cone because it appears

naturally in the following contexts:

— studying necessary conditions in nonsmooth optimization problems and

sensitivity analysis

—giving sufficient conditions for the existence of solutions to inclusions

O E F (x)

— giving necessary and sufficient solutions for trajectories of a differen—

tial inclusion to remain in a given subset (invariance)

~~~~~~~~ 

— giving necessary and sufficient conditions for trajectories of a differen-

tial inclusion to satisfy conditions of the form: t -
~ V(x(t)) is non—decreasing

(stability).

The responsibility for the wording and viewi expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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Jean Pierre Aubjn

Introduction

Everyone knows the crucial importance in both pure and applied analysis of ~he

concept of derivative of a function or a distribution discovered by Laurent Schwartz .

Let V be a locally integrable function def ined on an open set an~

v ~ ~~
n 

We form the differential quotients 7
h
V(..v) 

V(.+hv) —

of requiring that V
h
V(•,v) converges for the topology of the pointwise convorgence ,

one is still content with the much weaker convergence of V
h
V( ,v), in the space of

distributions . In other words , one can find a weak enough topology that allows th~

convergence of the differential quotients V
h

V ( .v).

However , many problems arising in nonlinear analysis , in optimization and di f f e r ent ial

• equations still require the pointwise convergence of the differential quotients

but allow to use limsup or liminf instead of the limit. This was already proposed b .

Dini when V is a locally Lipschitzean function. Few years ago, Clarke suggested to

use limsup V~V ( y~v). whose charm lies in the fact that it is always convex and continuc~~
h-~O+
y-~x

with respect to v.

We propose in this paper to take in consideration another candidate , namely

liminf V
h
(x,w). The main justification for this is that it works well for solving the

h-’~O+
w~v
problems we were studying: we hope to convince the reader by presenting some results in

the following pages.

Also, this concept can be defined not only for real valued functions , but can be

adapted for vector—valued as well as set—valued maps.

Indeed, one way to see this is to consider the graph of a map . If we can define a

tangent space to this graph , then we know that it is the graph of its derivative . If

not, we can still define a “tangent cone” to this graph and decide to look at it as

t ~ the graph of some set—valued map that , hopefully, retains enough properties of a

~~~~~~~~~~~~~ Sponsored by the United States Army under colrar No DAAG29-75-C—0024



would—be derivative to deserve to be presented to the public.

As a seducing candidate, we can think to the Clarke tangent cone , whi ch is always

closed and convex. But there is an older candidate , the contingent cone, introduced

by Bouligand in the early 1930’s, in connection wi th the theory of derivatives of

functions of one or two variables. We claim that it would be unwise to bury and forget it .

Th~ contingent cone D
K
(x) is defined by

(1) D
K
(x) = ~~ U (~~

. (K—x) + eB).
a>O h~]0,oj
~ >0

For this literature , see S. Saks El], R .  T. Rockafellar [5].

We note that when Tn t K 
~ 0 and when x € m t  K, then D

K
(x )  = X . So , conditions

involving the contingent cones are boundary conditions , in the sense that they are trivial

when x E m t  K. In 1943, Naguxno [1] proved that if a continuous and bounded map f from

K to sati s f y

(2) V x e K , f(x) € D
K
(x)

then there exists a trajectory x(~~) of the differential equation

(3) x ’ = f(x) , x(0) = x
0 

where x0 is given in K

that remains in the closure of K . Moreover , if for all x0 € K , there exists a tra—

jectory of the d i f f e r en t i a l  equation that remains in K , condition (2) is satisfied.

Analogous statements remain true for differential inclusions (see Haddad [1], Aubin-

Cellina—Nohel [1] when K is convex and Aubin—Clarke El)).

Also , we can use this contingent cone to solve nonlinear equations .

For instance , let f be a continuously differential map from a neighborhood of a

compact subset K C ~
n 

to ~~~~~ . Assume that

(4)  V x K , B u e D
K
(x) such that gf (x)u = — f ( x ) .

Then there exists a solution x € K to the equation f(x) = 0 (See Aubin—Clarke [2]).

We shall extend this result to inclusions 0 e F(x) as well as finding other results

in this direction .

- 
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Finally , in optimization theory, contingent cones play a role. For instance , if

x0 € K minimizes a continuously differentiable function U defined on a neighborhood

of K , then
-

(5) V U € D~~(x
0

) , < V U ( x
0 ) , u > > 0

These results among many other applications , justify a further study of contingent

cones , despite the unfortunate fact that they can fail to be convex. If one need con-‘.
vexity (for using duality correspondence between convex cones and their polars , for

instance), he should use the Clarke tangent cone. (See Clarke (1], [2], [3] and

Rockafellar [3] , [4], [5]). So, we face the dilemma of either using a convex tangent

cone , which may be too small , or using the contingent cone which appears naturally in

many instances , but which is not generally convex. Fortunately, when K is closed and

convex or when K is a smooth manifold , these two cones coincide.

We proceed as in elementary calculus , when the derivatives of real valued function

L are defined from the tangents to the graph. Actually, if F is a set—valued map and

if (x
0
,y
0

) belongs to the graph Graph(F) of F , we can define its contingent cone

* D
graph (FfX 0~ Y0

)
~ 

which is a closed cone (not necessarily convex). We define the contin-

gent derivative DF (x
0
,y
0
) of F at x

0 
and y

0 
€ F(x

0
) to be the set—valued map

whose graph is D (x
0
,y~) . We shall characterize the contingent derivative:

graph (F

v
0 ~ 

DF (x
0
,y
0

) ( u
0

) if and only if

~ 
F(x

0
+ hu) — y

(6) lim inf d iv , 0 } = 0
h - - 0+ ~~0 h
u -~ u0

This formula captures the idea of a derivative as a suitable limit of differential

quotients.

If one desires to use a concept of derivatives, which would be a set—valued map

whose graph is closed and convex (these are called convex processes by Rockafellar (23),

• he may use the “Clarke derivative”, whose graph is the Clarke tangent cone to the graph

_________

of F . (See loffe [1] for a similar approach). 
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Again, the advantages of convexity should be weighted against valuable properties

of contingent derivatives in the field of nonlinear equations and differential equations .

What about real—valued functions? Since a real—valued function V is a particular

case of a set—valued map , we can define its contingent derivative : v
0 

€ DV(x
0Xu0

) if

and only if

V (x -+-bu) — VIx
(7) u r n  inf v

0 
— 

0 
h 

0 
= 0 .

h * 0+
U * u

0

In many instances , the order relation of real numbers play an important role: this is

the case in optimization theory , in differential inequalities and Liapunov stability of

trajectories of differential equations or inclusions. In this point of view , it is

natural to associate with a real-valued function x F~ V(x) the set—valued map

V (x) = V(x) + ~ (whose graph is the epigraph of V). So, we check that the contir’-

gent derivative DV~~(x0,v (x0
) (u

0
) is the half line tD~V(x0

) ( u )  ,=[  where

V(x
0 

+ hu) — V (x
(8) D V(x ) (u ) = Urn jnf — 0

+ 0 0 
h * 0+ h

U • U
0

I
—4—

_ _ _

- - 
- 

~~~
--

~~~~~ 

.--

~

~ :~~-



We shall say that D~V(x0) is the upper contingent derivative of V . By using t h e

Clarke derivative of V at (x,V (x)), we obtain the Clarke generalized directional

t derivative (see Clarke [1], [2] and Rockafellar [3], [4), (5]). Let us mention that

the variational principle holds true. When V is a function from K to fl~ and when

e K minimizes V on K , then,

(9) V u  € X , 0 < DV ( x
0
)(u)

What makes this property useful is the calcu’us of upper contingent derivatives for

computing D
+
V (x) in terms of derivatives of other functions from which V is con-

structed. As an example, consider the case where V = U J~ is the restriction to K

of a continuously differentiable function U . One can prove that

(< VU (x
0),u0 > when u0 € DK(xQ

)
(10) DV(x0

)(u
0) =

+ = when 
~ 
D~ (x~)

So, property (9) becomes

(11) V u € D
K
(x
O
), 0 < <VU(x

0
) ,u

or , equivalently , if D
K
(x
o

) denotes the negative polar cone,

(12) —VU (x )€ D (x0 K O

Contingent derivatives do play an important role in sensibility analysis for optimiza-

tion problems, which is of upmost relevance in economics, for instance. Let

F:K C ~~~ ~? be a compact-valued map and U:F(K) K -
~ be a real valued func-

tion (x,y) -‘~U(x,y) which is lower semicontinuous with respect to x • We define

the marginal function V by

(13) V(y)  ~‘ min {U(x ,y)lx € F(y)

and the marginal (set—valued) map G by

(14) G(y) = {x e F(y) j U(x ,y) = V (y)

We shall prove the following facts :

V v0 
e Dom DF(y0

,x
0
), V u 0 

€ DF (y 0 1x0
) ( v

0 ) we have

‘ (15) D~ V(y0) (v0) + D÷
(—U) (x0,y0

) (u
0
,v
0

) < 0

and , for the contingent derivative of the marginal map G , V v
0 

€ Don DG(y
0
,x
0
),

V U
0 

€ DG (y
0
,x
0
)(v

0
), we have

I
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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(16) D U(x ,y )(u ,v )  + D~~(—V) (y
0
)(v

0
) <0.

In this line of thought , we can state a differential version of Ekeland’s varia-

tional principle: Let K be a closed subset and V:K [0,=[ a lower semicontinuous

function . Then we can associate with any c > 0 and x e K satisfying V(x ) <

inf V (x) + 2 
an element x cK which satisfies

i) lix — H < 
~(17) c —

ii) V u  E X , 0 < D V (~~~) (u) + cil uli

This result is as useful as the original version of Ekeland’s theorem .

It yields surjectivity theorems and inverse function theorems . For instance , we shall

prove that when an upper semicontinuous map F from a closed subset K c X to the

compact subsets of Y satisfies

B c > 0  such that , V x € K , V y E F ( X ) , V v E Y
(18)

Su , X satisfying v € DF (x ,y)(u) and d ull < ilvil

then F maps K onto Y

We also shall use this kind of approach for solving inclusions 0 € F(x~
) . (We shall

say that x,,, is a stationary point of F . )

We introduce two functions

(19) V:K -
~ ~ and W:K x co(F(x)) -~

and we shall say that V is a Liapunov function for F with respect to W if

(20) V x e K, ~ 
v c F(x) such that D+V(x) Cv) + W (x,

v) < 0

We shall observe that when V is lower semicontinuous and lower semicompact (i.e.,

- - the subsets {x e K I V(x) < A) are relatively compact for all A € ~~~) ,

(21) there exists x* € K and v~ € F(x~) such that W(x~ ,v~) = 0

We note that when we assume that W(x5,v~) = 0 if and only if v~ = 0 , such an x~ is

a stationary point of F . This is not all. Assume, for instance, that

i) F is bounded, upper semicontinuous and has compact convex values
(22) ii) V is continuous and lower semicompact

iii) V is continuous and is convex with respect to v

F)

—6—
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I 
- We shall prove that V is a Liapunov function for F with resepct to W if and only if

for all x
0 

€ K , there exists a trajectory x(~) e C(O ,~ ;iR
nl) of the differential indlu-

sion

(23) x € F(x) , x(O) = x
0

which is monotone in the sense that

(24) v s > t, V(x(s)) — V (x (t)) + W(x (T),x ’ (T))dT < 0

In this case, subsequences X(t
n) and x (t ) have “almost cluster points”

€ K and v* € F(x~) satisfying property (22), where “almost cluster points” are

analogs for measurable classes of functions of cluster points for usual function. Monotone

trajectories yield informations on the behavior of the nonincreasing function t -
~ V (x(t))

when t -~ = . We also prove that under assumptions (22) i) and iii), the function V
T

• - defined on K by

(25) VF
(X o) = inf {f W (x (r),x’(r))dr when x(~) is a solution to (23) ) ,

0
is the smallest Liapunov function for F with respect to W when Liapunov functions do

exist. This provides a bridge between Liapunov stability theory and Caratheodory—

Bellman approach to optimal control theory.

I would like to thank Georges Haddad for his hidden but important contribution as

well as Arrigo Cellina, Bernard Cornet and Ivar Ekeland.
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OUTLINE

1. Bouligand’s contingent cones .

2. Calculus on contingent cones.

3. contingent derivative of a set—valued map.

4. Calculus on contingent derivatives.

5. Upper contingent derivative of a real—valued function .

6. Calculus on upper contingent derivatives.

7. Contingent derivatives of marginal functions and marginal maps .

• 8. Ekeland’s variational principle .

9. Surjectivity thecrems.

10. The Newton method.

11. Liapunov functions and existence of stationary points.

• 12. Monotone trajectories of a differential inclusion .

13. Almost convergence of monotone trajectories to stationary points.

• 14. Necessary conditions for the existence of monotone trajectories.

15. Sufficient conditions for the existence of monotone trajectories .

16. Stability and asymptotic stability.

17. Liapunov functions for U—monotone maps.

18. Construction of Liapunov functions.

19. Construction of dynamical systems having monotone trajectories.

20. Feedback controls yielding monotone trajectories.

21. The time dependent case.
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_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
1. Bouligand’s contingent cone.

(I )

Let K be a nonempty subset of a Hilbert space X. We shall define the Bouligan~

• contingent cone as follows.

Definition 1

We say that the subset

(1) D
K
(x) = 1) fl U C ~ (K—x) + eB)

c>0 cz>0 0<h< a

is the “contingent cone” to K at x • 
U

In other words, v € DK
(x) if and only if

V £ > 0  , V a > 0  , B u € v + tB , Bh C)0 ,~i] such that
( 2 )

x + h u € K .

It is quite obvious that D
K
(x) is a closed cone , which is contained in the closed

cone T
K
(x) defined by

a
T K

(x) 4 c2~ U ~~( K—x ) )
h>0

They coincide when K is a closed convex subset. (See, for instance, Rockafellar [51).

We also note that

( 3 )  if x € Int (K ) , then D
K

(x) = X

We characterize the contingent cone by using the distance function dK
(
~
) to K

defined by

dK
(x) 4 in f{l lx—y l l J y  € K ) .

~~ gposit ion 1
dK

(x + hv)
v € DK

(x) if and only if u r n  inf h = 0 .
h -

~ 0+
Proof.

a). Let v c DK(X). For all e > 0  , a > 0  , there exist h € J 0 ,a] and u v + ~B
dK(x+hv) 1

such that x + h u e K . Hence h 
< lix + hv — lx +hu)H < flu—vu < £. So ,

dR(x+hv) dK
(x+hv)

V c > 0 , 0 < sup inf —h- < c. This proves that lim inf h = 0
a h<a h~~~~0+

d (x+hv) d (x+hv)
b ) .  Conversely, if lim j~~f 

K 
h 

= sup inf K 
h = 0 , we deduce that

- h - ~~0+ a>O h<a

~For simplicity . Several results of this paper are true for topological vec tor spaces .

~~~~~~~~~~~~~
•
~~
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1=1 
dK (x+hv) 

- - - - -

V £ > 0 , V o > 0 , B h < a such that —s- < c/2. thus , there exists y- K such that

& (x+hv)II x+hv—y ll ic y—u -
h ~~- h + ~/2 . Hence u = -j— € v + €8 and satisfies x + hu = y c K .

Remark.

We recognize the “Nagumo condition” implying the existence of trajectories remaining

in a given subset K . U

We can also characterize the contingent cone in terms of sequences.

Proposition 2

V € D~ (x) if and only if there exists a sequence of strictly positive numbers hn
and of elements U

n 
€ X satisfying

(4) i) lim u = v , ii) lim h = 0 , iii) V n > 0 x + h u € Kn n — n nn-~~
Proof. It is left as an exercise.

Remark.

• 
For all x € X , we have D

~
(x) = X . We shall set D

0
(x) ~~. 

U

Remark.

It is easy to see that the contingent cone to K and the contingent cone to the

closure K of K coincide:

V x e K , D
~~

(x) = D~~(x)

Therefoce, there is no danger in speaking of DK(x) even when x e K and x 4 K . U

Proposition 3

Let K c X be a closed subset . We denote by 1’ K~~~
1 th e subset of element s x € K

such that lI x—yll = d
~~

(y) . We obtain the following inequalities

(5) V y 4 K , V x € 
~K~~

’
~~’ 

V v € cc D
K
(x) , then < y — x , v > < 0 .

Proof.

Let x € 7r~~(y) and v € D
~~

(x) . We deduce from the inequalitie s ll y-xIl - d K
(x + hv) =

dK
(y) — dK (x + by) < Il y - x - hvll that

d (x+hv ) 
• ..— x ,v >

= liin 
II y—xll - IIy-x—hvlI 

lirn inf K = 0d ~~X H h 0+ Ii — 
h 0+ h

for y ~ x , u -~ Il ull is differenti able at u ~I 0 and v D
~
(x) . So y — x ,v > < ~ /

for all v e D
~~

(x) , and , consequently, for all v € 
~~~~ 

D~~
(x) .

—10—
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We deduce from this proposition a criterion of convexity of the contingent cone .

Let us recall that a set—valued map F from M to N is lower semicontinuous at

x0 € M if for any c > 0 and for any y
0 

€ FIx0) there exists n > 0 such that,

FCx) n (y
0 + c B) 

~‘ 0 for all x c x
0 

+ nB .

Theorem 1 (B. Cornet)

Let us assume that

(6) x € K ~ co DK (x) is lower seinicontinuous at x0 € K .

Then the contin gent cone DK (x
O

) to K at x
0 is a closed convex cone . U

Proof.

a) Let V
0 

C co DK
(x
O). For proving that v

0 DK
(X

O
) . f ix  c > 0 and let

= ri (c) such that, thanks to (6),

d— D C )  ~~~ 
< d— 

DK
(x

O
) (v

0
) + t/2 when fl x—x011 <

We take h ri/2l1v
0

11 and, for t €  )O ,h [, we set ~~~~ 
x
0 
+ t v 0, we choose

and v
~ 

~
coD

~
(xt

) (x0). Hence Proposition 3 implies that

— 

(7)

We observe that II x
~
_x
0ll < II x~~y~ l l + II y~—x0Il < 2 C for x~ € 

~~~~~~~~~~ 
Consequently,

(8) ll x~—~~uI < 2t11 v011 < r~ when t < h

• and thus, • —

(9)  l lv ~~~v0
ll = d— 

DK
(x

t
) (v

0
) < t/2 .

Hence, inequalities (7 ), (8 ) and ( 9  ) imp ly

(10) < y~
_x
~ ,v0 

) < < y~
_x
~~v0

_v
~ > + (y~

_x
~ ,v~ > < ll y~

_x
~ll Ilv0~

v
~

l l ~ 2tc/2

Let us set

f(t) = 
~
dK(xO+tv)

2

It is a locall y Lipschit zean funct ion , which is thus almost everywhere differentiable.

If t € I O ,h [ is such that f ’ ( t )  exists , we obtain

f’(t) = 

e~~ - ~~_ Cd~ (y~ + 0v
0

) 2 
— d~~Cy~~) 2 )

< lirn -~~
_ (ll y~ _x~ + 8v011 2 — lly t

_x
tll 2) for x~ € i~~

(y
~

)

= ( y
~

—
~~~

,
~

7
0 > < t  c (by ( 1 0 ) ) .

ii . 

-11-
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1~



Hence,

~~d(x +h v
0
)2 = f ( h )  — f(0) = 1

h 
f’(t)dt ~h 

tdt = 
2

This implies that
d(x +hv ) 

—
liminf

h-~0+ 
h

c ( x - ~~ --
Since t was chosen arbitrarily , we deduce that liminf = 0 , :.e ., that

h-+O +
V

0 
€ D

~
(x
o). We have proved that co D

K
(x
o
) = D

K
(x
o
). U

~~ mention the following consequence .

Theorem 2 (Cornet)

Let us assume that X is finite dimensional and that

(11) x c K f~ DK
(x)  is lower semicontinuous at x0

Then D
K
(x
O) is a closed convex cone and

dK
(x+hv o)(12) V v

0 
€ D~~

(x
0

) , lim liminf 
h 

= 0 U

x.x
0 h—0+

x€ K
Proof.

We recall that the lower semicontinuity of x f~ DK
Cx )  at x

0 
implies t h a t  the

negative polar cone D
K(•) satisfies:

For all sequence of elements x c K converging to x0 € K and for all  sequence

of elements p € N
K CxO) converging to p

0 , we have p
0 

€ NK CxO
)

When X is f in i te  dimensional , this latter property implies that the set—valued nap

x Co DK (x) is lower semicontinuous at x0 C K . (See J. P. Aubin and A. Cellina [1  ] )

Hence D
K
(x
o) is a closed convex cone by Theorem 1. Let v0 be chosen in D K

(x
o

)

and let us associate with any x € K an element v € DK ( x) such that 11v 0—v fl  =

dD (x) (v
0) .  Since x f~ DK (x)  is lower semicontinuous at x

0 , there exists n > 0

such that llv—v 011 = dD ( )  (v
0
) < dD ( )  (v0) + C = C whenever J l x—x

011 < . Therefore

for all h > 0 ,

dK Cx+hvO
) — d

~
(x+hv)

L h < llv—v
0

11 < c .

Since v C D
x

(x) , we deduce that for all X C + r I B ,

d
~~

(x+hv
0

) dK (x+hv)
liminf 

h < liminf h 
- + c = U

p

—12—
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2 .  Calculus on contingent cones.

We state and prove several properties of cont ingent  cones.

proposition 1

Let K c L c X be two nonempty subsets. Then ,

(1) V x € K , DK(x) C D
L 
Cx) . U

proof. It is left as an exercise .

• proposition 2 (Hess)

Let K = U K . be the union of subsets K . If x C K , we set 1(x) =
. 1 i
1€ I

Ci € I such that x € K . ) .  Then
2.

(2) V x € K , U D lx)  c D
~~

(x)
• i c I ( X )  I

If I is finite or, more generally, locally finite in the sense that there exis ts

r > 0 such that x + rB meets only a f ini te  number of K . , and if the subsets K~ are

closed , then

( 3) U (x) = D
K

(x)
i c l I x )  i

The first inclusion is obvious. For proving the opposite inclusion , take v C DK
( x ) .

Then, there exists a sequence of elements u € K and h > 0 such that x + h u Kn n n n —

ljm h = 0 and lim u = v . There exists n such that, for all n > n
h-~~ 

r — r

x + h U € x + rB. Let 1 (x) ~ Ci € I Cx + rB) fl K . ~~ ~) , which is finite by assump-

tion . Then , V n > n , x + h U C U K.. Therefore, there exists at least an t
— r n n  - i

~~~~ 
lx)

index i
0 € 1 (x) and an infinite subsequence such that

x + h u  (K . .
fl n i

p p  0

• 
• 

• This proves two facts. First, that v € D (x) and second , that x C c2LK . ) = K .K . 10 l
o

• assumption). Hence i
0 

c 1(x)

proposition 3

Let K fl K . be the intersection of subsets K . . We set JCx) {i € I such
id

that x 4 lot K~ } . Then

(4) V x €  K , DK CX ) c fl Cx )  . U

ieJ ( x) i

—13—
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Proof. It is left as an exercise.

~~~~~~it1on 4

Let K = K 1 be the product of a family of nonempty subsets K . of Hilbert ~paces~
i~~I

X . . Then
2.

(5) V x e K , D C x) C 0 l x ) .  U
K - K . 1

1.
Proof.  It is lef t  as an exercise .

The following proposition gives some information about the contingent cone of the

image of a subset by a smooth map.

Proposition 5

Let X and Y be two Hi l.bert spaces , K C X be a subset of X and A be a con-

tinuously differentiable map from an open neighborhood of K to Y . Then

(6) V x € K , V A ( x ) D K (x) c D
A ( K )

(Ax ) .

Proof.  Let v € DK (x), t > 0 and ci > 0 . Since A is continuously differentiable ,

there exist ~ > 0 , n > 0 such that , V h < 8 and for all u € v + flB , A I x  + hu) =

A(y.) + h9A(x)u + he where ‘e t i-B. Let ~ m~n ( ~~~~~~~~~~~ 
•

~~ 
rnin (ci ,fl).

Since V C D
K

(x ) , there exists h < y and U C V + cSB such that x + hu € K . Hence

• A ( X )  + h (V A ( x ) u  + e) = A I x  + hu) € A(K) and II VA (x)ti + e - VA (x)vIl < €/2 + II VA ( x ) f l f l  < £

This states that VA(x)v € D
A (K) 

(Az ) .

In particular , if A € C(X ,Y), we obtain the formula

(7) V x ~ K , A DK
(x)  c D

A (K) 
( A ( x ) )

We study now the contingent cone to the preimage of a set by a smooth map:

Prpposition 6

Let X and 1’ be two Hilbert spaces , L c X and H C y be two subsets and

A be a continuously differentiable map from an open neighborhood of L to Y

We set

(8) K Cx € L A I X )  € H) = L n A 1(M)

Then,

(9) V x ~ K , DK CX ) C DL C x) n v A ( x )~~ ‘ DM (A ( x ) ) .  U

—14—
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Proof.

f ~ By Proposition 1, 0
K~~~ 

C D
L
(x) because K C L . By Proposition 5

VA(x)D (x) C DA ( K )  (Ax) c D (Ax) because A(K) C M . Hence D
K

(X)  C VA (X)
1

D (Ax )

and consequently , formula (9) holds true.

• .

—

-H-

t

4

-15-
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3. Contingent derivative of a set—valuedj.~~~~

We adapt to the case of a set—valued map tht  intuitive definitior . of a -~c r ~-
L

— a function in terms of the tangent to its graph .

Let F be a proper set—valued map f rom K C X to Y . (We say th a t  F is :r ’~

if its images FIx) are nonempty for all x € K). Let x
0 

€ K 
~~~ 

FIx ) .

We 4~note by DF ( x
0

, y l  the set-valued map from X to Y whose grap h is th~~~:~-

t ingent cone 0
graph (F) 

1x 0 ,y 0
) to the graph of F at (x

0
,y

0
) .  U

In other words ,

(1) v
0 c DF (X0,y0

)(u
0) if and only if 1u0,v0) C Dgraph (F)

(XQ~YQ
)
~

Definit ion 1

We shall say that the set—valued map DF (X
0,y0) from X to Y is the ‘ con t i c .~~

derivative” of F at x0 € K and y0 € FIX
0
). U

It is a positively homoqeneous set—valued map (since its graph is a cone) with

closed graph. Also, we note that

- - 
. ‘ - . .  ( 2 > . . Post BF 4x

~c~
,y

cc
) 

~
.t

~~
(x

o
) . • . - . . • . . • . - -

i.e., that the domain of DF (x0,y0
) is contained in the contingent cone to K at x~ .

We fi rst point out that

(3)  V X
0 

C K , V y 0 c F I x 0
) ,  DF (x

0 ,y 0
) 1 

= D ( F 1
) (y 0 ,x0

)

Indeed, to say that (u
0
,v
0
) € 0grap h ( F )  (x

0 ,y0
) amounts to saying that (v

0
,u
0
) a

D —l Cy 0
,x

0
) .  U

graph (F

Example~ Indicator of a set and its contingent derivative

Among the set—valued maps from X Lo a Hilbert space Y , we single out the indicat~. c

of K which is the set—valued map TK from x to Y defined by

0 if X € K
=

0 if x 4 K .

Note that ~~ depends upon the choice of the Milbert space Y . We recall the

following conventions

If M c Y  , then M + 0 = Ø + M =  0

and

— 16— 
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d (x ,~~) = +=

Note also that if F is a set—valued nap from X t o  , then F .
~5

restriction of F to K (since (F±
~~x

) lx) = ~ when x Y )

Proposition 1

The contingent derivative of the indicator  of a set K is the indinatcr ~ f t h e

contingent cone to K

(4)  V x a K , DFY
K
(X) = 

D K
(X )  

U

Proof.

Graph [Dc.
K
(x)l = 0Graph ( 

(x ,0) = (x ,0)

• 
‘ It is easy to check that DK x {0 }

( x
~

O) = D
K

(X ) x C0~ . So , GraphID .~~(X)) = F.. (x) ‘

Graph [i
~

DK
(x ) ] . U

Characterization of the contingent  derivative

‘ We shall give an analytical characterizat ion of D F ( x
0

,y
0

) , which j u s t i f i e s  t h a t

- 
. 

. 
the above definit ion is a reasonable candidate for  capturing the idea of a d e r i v a t i v e  as

—

a (suitable) limit of differential quotients . We extend F to X by setting FIX) =

when x 4 K

Theorem 1 
—.

Let F be a set—valued map from K c ~ to Y and (x 0,y0) € graph(F). Then

V
0 

C DF (x
0

,y
0

) (u
0
) if and only if

F(x
0
+hu) —

(5) lim inf d(v0, h 
) = 0 u

h *0 +
u-’ u

o

F Proof.

To say that v0 € DF(x
0

,y
0

) ( u
0

) ,  i .e., that (u
0
,v
0
) C D

graPh ( F ) (X
O~YO

)
~ 

amounts to

• saying that for all c1, c2 
> 0 and cx > 0 , there exists u € U

0 
+ c

1
B and v € v

0 
+ c 2

B

F ( X
0 + hu) — y

0
such that v C  h

—17—
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This is equivalent to say that v C
l 

> 0 , £ 2 
> 0 , a > 0 , we have

F(x
0
+hu) — y

0
— inf inf d v

0
, h a 2h<~ ll u—u0

11 < c1

The last statement is equivalent to (5) . U

When F is a single valued map, we set

( 6) D F (x
0 ,y 0

) = DF (x
0

)

since y0 
= F(x0). The above formula shows that in this case ,~ V0 € DF(x0

) ( u
0
) if and

only if

IIF(X
0
+hu) — FIX 0) — 

hv
0

ll
(7) lim inf 

h = 0.

a u u
0

If F is a single—valued map which is regularly Gateaux differentiable ,in the sense

that there exists VF (x) € C (x,y)  satisfying:

F(x
0
+hu) — F( X

0
)

(8) V u
0 

€ X , lim 
h 

= VF (x
0
)u0h - ~~0+

. - . • •
~ tf * u 0 

. - . -
then the contingent derivative coincides with the G&teaux derivative :

(9) V u0 € K , DF(x
0

) Cu 0
) = gF(x

0
)u0

Exaiaple Contingent derivatives of locally Lipschitzean maps.

This formula has a simpler form when the set-valued map F is upper locally

Lipschitzean :

Definition 2

• We say that a set—valued map F is “upper locally Lipschitzean at x0 C Int K” if

there exists a neighborhood N (x
0
) of x0 and a constant 9. > 0 such that

(10) V x € N I x 0
) , FIX) C Flit

0
) + £II x—x 0lI B . U

Naturally, any locally Lipschitzean (and, a fortiori, Litschitzean) set—valued map is

upper locally LipschitZean .

proposition 2

Let F be an upper locally Lipschitzean set—valued map from tnt K C X to Y , /
x0 tnt  K and y

0 € FIX Q ) .  Then v0 DF (X
0 ,y0

) ( u
0

) if and only if

L
~~18-



_____

I F(x + h u )  
~~
Ye1(11) u r n  inf d v 0 • = 0

h . 0 - F -  0 h

Remark.

If F is a locally Lipschitzean single-Valued map , this formula becomes

I I F ( x
0+h u0) — 

F ( x 0) — 
h , v

0 11
(12) lim inf 

h ~~~~~~~~= 0
h -‘ 0+

Proof .

Let V
0 

€ DF (x
0

,y
0
)(u

0
). Then for all 

~l 
> 0 , € 2 > 0 , a > 0 , there exists

h < a such that

F(x0+hu)—y0v
0

€ U 
h + € 2B .II u—u011 < a1

But , F being upper locally Lipschitzean , we know that

t F I x 0 
+ hu) C F I X 0 + h u0) + Z h H u — u

0 fl

• . •  
C F ( X + h u ) + 9 . h €  . 

• . •- .  - .  .

Hence , for all £1, €2 > ~ ‘

F (x
0+h u0) - 

y
0€ 

ci>0 h<a h + (c
1
9. 
+ 

£
2

)B .

This implies formulas (11). U

S

:
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4. Calculus on contingent derivatives.

We shall derive from the properties of the contingent cones a ca1~~~lus on

derivatives of set—valued maps . We shall start naturally with the chair ,  rule~

Proposition 1

3 Let F be a set-valued map from K C K to Y and A be a c o n t i n u o u s i, - d i f fe r -

entiable map from an open neighborhood of F l i t)  c Y to Z . Then

(1) V u
0 

C X , VA (y 0) ‘ DF(x
0

,y
0

) ( u
0
) C D ( A F ) ( x

0
, Ay 0

) ( u
0

) U

Proof.

Let (1 x A) be the map : (x ,y)  € X x F (K) f+ (x ,A ( y ) )  X ~ Z . The grap h G of

the set—valued map x ~ AF(x) is related to the graph F of F by the relat ion

G = (1 x A ) F  . By Proposition 2.5, we know that (lxVA (y
0
))D~ (xQ ,y0

) D~ (x ,Ay 0
). Th:s

states that for all V
0 

€ DF (x
0

,y
0

) ( u
0
), V A ( y

0
)v
0 

€ D(FA) (x0,Ay0
)(u

0
) .  U

Proposition 2

Let F be a set-valued map from K C X to I and A be a continuously d i f f €r e n t i -

• • 
able map from an open subset 0 c S from X . Then ,

(2)  V u
0 

€ Z , D (F A ) (x
0

,y
0

) Cu 0
) c DF (Ax

0
,y
0
) ( V A ( x

0
) (u

0
) )  . U

• ~-: Proof.

Let (A X 1) :0 x y ~ K x y be the map defined by (A x 1) (z ,y )  = (Az ,y). The graph

G of the set—valued map FA from 0 to I is related to the graph F of F by t h e

relation G = (A x l)~~~F . By Proposition 2.6 , we know that D~~(x
0~ y 0

) c (TA (x
0
) l )~~~

This states that for all U
0 

C Z and v0 C D(FA) (x
0

,y
0
) Cu0

), then

€ DF (Ax
0
,y
0

) )  (VA(X
0

) ( u
0

) )  . U

We state now the properties of contingent derivatives of unions and intersections

of maps.

Proposition 3

Let us consider a family of set—valued maps F . ( i  € I)  from K to K and set 3
F ( X ) 

i
’
;

9
1 

Fi Ix > . We associate with any x0 € K and y0 C F I x 0
) the subset

IIx 0 ,y 0) = Ci C t y0 € F~~(x 0
) ) .  Then

—20—
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I
(3) V u 0 

€ K , U DF .(x
0
,y
0
)(u

0
)

— 
‘ i~I(x0

,y
0
) -

Equality holds when the graphs of the maps F .  are closed and when the fa~~ 1y locally

finite. U

Proof.

We note that the graph F of F is the union of the grap hs F . of F. -

Proposition 3 follows from Proposition 2.2.

Proposition 4

Let us consider a family of set—valUed maps F. (i € I) from K to X such that

F ( X ) = fl F . ( x) ~ ~ for all x € K . Let ,J (x 0 ,y 0 ) = Ci € I such that (x~ ,y0
)

m t  (graph (F.)). Then

(4)  V u
0 

C X , DF (x
0

,y
0

) ( u
0
) C 

- 
fl DF.(x

0
,y
0

) ( u
0
). U

i J(x
0

,y
0
)

Proof

We note that the graph of F is the intersection of the graphs of the maps F .

-— ~ and we apply Proposition 2.3.

We turn our attention to the study of contingent derivatives of restrictions First ,

we begin with this remark.

Proposition 5

If F C G , in the sense that graph F C graph G , then VCx
0

,y
0

) - graph ( F ) ,  we have

• (5)  DF(x
0,y0

)(u
0
) C DG (x

0
,y
0
) Cu

0
) U

Proof.

It follows from the fact  that  D (x ,y ) C D (it ,y ) . U
• graph (F) 0 0 graphlG) 0 0

In particular, if f l )  is a regularly Gâteaux—differentiable selection of F (S),

its Gâteaux—derivative V f ( x )  is a selection of the set—valued map DF(x ,f(x)). U

We note that the restriction F I L ~ 
F + T

L 
of a set—valued map F to a subset L

is contained in F • In th is  case , we obtain a more precise result.

/
~ 1

‘ _ _ _  
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1

Proposition 6

Let F be a set—valued map from K C X to I , L be a subset of K and

be the restriction of F to L . Then , for any x0 € L and y 0 
C F I x 0

) ,

(6) DFIL (x
o

,y
Q

) ( u
o
) C DF (x 0~ Y 0

)~~0 ( )
(u Q ) .  U

In other words , the contingent derivative of the restriction of F to L is contained

in the restriction of the contingent derivative to the contingent  cone to L

proof

Indeed , v
0 € D F l L

(x
o~ v 0

) ( u
o

) if and only if for all  a > 0 , for a l l  ~ 0 , there

exists h > 0 such that

u) — y
0 

FIx
0
-fh u) —

V
O

C U — 
h 

C U 
h 

—

H u—u
0
fl <c Iu—u

0
H<c

u € L
This requires that there exists u C U

0 
+ CB such that x + hu a L . Hence u

0 belongs

necessarily to D
L

(u
o

) and formula (6) ensues . U

We give now a formula on the contingent derivative of the sum of a set—valued map

and a smooth single-valued map. 
. .

• - t Proposition 7

Let us assume that the set—valued map F is defined on K by F I X )  = GIx) + N I x )

where H is a continuously differentiable map from a neighborhood of K to I and G

is any set—valued map from K to I . Then , for any it
0 

C K , € G (x
0

) and y0 
=

z0 + NI x 0 ) F ( x 0 ) ,  we have:

• (7) DG(x
0
,z
0

) ( ~ 0
) + VH (x

0
)’u

0 
C DFCx

0,y0) Cu0
). U

Proof.

Let ii~~~~ Dorn DG Cx
0

,y
0

) be given and V
0 

€ DG (x
0

,y
0

) ( u
0
). Since H is continuously

differentiable, for any c > 0 , there exist ~ ~ ) O , cJ and ci > 0 such that for all

H u € U
0 

+ 6B and for all h < a , H ( x 0 + hu) = NI x 0
) + hV B (x 0)u + h e  , with (eli < c.

Since v0 C DG (x
0

,y
0
)(i1

0
) ,  there exists U € U

0 
+ ~B and h < ci such that v0 e

G(x 0 + be) — Z
0 F I X  +hu)—z
+ tB  . Hence v0 + V H (x

0
)u

0 
~ 

h 
0 
+ 2~B + VH(x 0

) Cu 0—u ) C

F(x 0+hu) —

h — + c ( 2  + HVH ( x 0) I i ) B .  U

-22=
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V
By taking G = , we obtain the following Corollary .

Proposition 8

Let F be a continuously differentiable map on a neighborhood of K and F~ K 
be

its restriction to K . Then

I {VF (x~~) • u
0
} when u

0 
C D

K
(x
o
)

(8) V x0 C K , 0F
~~~

(x )(u
0
) =

0 when U
0 4 D

K
(X
o
) U

Varia tional principle.

We generalize to the case of set—valued maps the fundamental fact that t:te

derivative of a function at a point where it achieves the minimum vanishes .

• Let P C I be a closed convex cone defining a preorder on I (by ca l l ing non-

negative elements those elements of P ) .  Let F be a set—valued map from K c X to

I. We say that it
0 

K achieves the minimum of F on K at y
0 

a FIx
0

) i f

( 9 ) V it a K , FIX) c y
0 

+ P

~~~position 9

Let us assume that it
0 

a K achi-eves .the.mi i~imum of •F’ on= K at y 0 
. Then.,

(10) V U
0 

€ K , DF (x0,y0
) (u0) 

C p U

Proof.

Let v0 € DF (X0,y0
)(u

0). For all a > 0 and a > 0 , there exists u a u
0 + ~B

such that

F(x0+hu) —

h 
+ a B C P + C B

by (9). Hence v
0

a clIP) = p • 
U

Remark.

This inclusion is trivial when • u
0 4 Don DF ( x

0 ,y 0
) ,  since in this case

DF (X 0
,y
0
)(u0

) ~~ .

• - The following property will play an important role for defining upper contingent

derivatives of a real—valued function.

I
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I
I

Let P be a closed convex cone of Y - For any subset L , we SC•t = I

we say that L is “comprehensive ” if L = L

Proposition 10

Let F be a set valued map from K to I . Then , for any (x gt~~ (F)

we have

I l l)  DF (X
0

,y0
) C DF (x 0 ,y 0) .

If the images of F are comprehensive , the images of DF(x
0
,y
0
) are also comprehensive - U

Proof .

Let v0 a DF (x
0

,y
0

) ( u
0
) and z € P . Let a > 0 and a > 0 . We know that there

F lit 0 + hu) —exist U C U
0 

+ eB and h < a such that V
0 

C 
h 

+ cB. Hence

F (it
0 
+ be) + hz - y0 F~ Ix0 + hu) - y0— 

h 
— + c B ~ h + a B , and thus , v

0
+ z a

OF (x
0 ,y 0 3 Cu 0 ) .  U
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5. ~pp~~ contingent derivative of a real-valued function.

F 
We associate with the function V c X  ~~]~~~+~~3 the  set—valued map def~ncd

V ( x) V ( x )  + when V ( x )  C +‘ and v (x ) = ~ when V (x) . :t~ ~omair. is  the

domain of V and its graph is the epigraph of V . We consider i ts  contingent der~ vat :

• • Dv Ix ,v(x)), which has comprehensive values by Proposition 4.10. Therefore , for all

• u
0 

€ K , Dv Ix ,vIx)) is either ~~ . ,  or a half line (v
0

, [  , or empty. We set

(1) D~V (x)Iu) inf{v~v C DV (x,V (x))(u))

It is equal to — if DV Ix ,VCx )) = ~~~, to v
0 

if DV (x ,\’(x))(u) = 1v :,~~( anh to

+° if Dv (x ,V (x))(u) =

Definition 1

We shall say that DV (x) (u) is the “upper contingent derivative” of ‘. at x

in the direction u • U

Remark.

We can define as well V_ lit)  = v lx )  — ~~ and D V ( x ) (u)  sup v~ v a

We say that D V ( x )  Cu)  is the lower contingent derivative of V at x in the d irec t ion

U .  U

We begin by computing upper contingent derivatives .

Theorem 1

If V is a real—valued function, then

• V ( x  + hu) - V(x 0
)

• (2) DV(it
0

) (u
0
) = u r n  inf h 

U

h - ~~0+
u - ~~u0

Proof .

Indeed , let € DV (x 0 ,V ( x 0
) ) ( u

0 ) ;  then , V £ 1 > 0 , £
2 

> 0 V a > 0 , thete

• V Ix 0 + hu) - V (x 0
)

exist u a U
0 
+ £

2
3 and h a a such that € 

+ 
h 

— + £
1
3 . This implies

• • V (x
0 
+ hu) - V (x

0
) V ( x 0 + hu) - V ( x

0
)

that v0 > h 
— C

l
> inf inf  

h 
- 

~l 
• Therefote

h<a IIu~u0ii < a

I
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V ( x
0 + 

hu) — V ( x
v0 > lim inf 

h 
— a • Let us set for the t ime1

u-. uo
V (x0 + hu) — V ( x 0)a =  lim inf

hh -~~0+
U -

~ U
0

So , we have proved that a < D V ( x ) ( u ) .  on the other hand , we know that for any > a ,

there exists 6 > 0 such that

V (x 0 + hu) - V (x 0)sup inf inf — <

a>0 h<ci lu —u IJ<6 h —

6>0 0

This shows that i-i > a , Vd > 0 , there exist h < a , and u € u
0 

+ 68 such that :

V (x 0 + hu) — V (x 0)
— 

h < H .

V ( x 0 + 
hu) - V (x 0)Hence i-I € 
h • This proves that a C DV (x

0
,V (x

0
) ) ( u

0
). Since

it is smaller than all the other ones, we infer that a = DV (x
0
)(u

0
). U

Pr~~~osition 1

If the function V is locally Lipschitzean, we have

V(X
0 
+ hu

0) — 
V ( x)~~

(3) D V (x
0
)(v

0
) = lim inf - 

h 
U

+ 
h- ’ O+

Proof.

• • It is a consequence of Proposition 3 . 2 ,  since in this case the set—valued map V
÷

is upper locally Lipschitzean . One can see it directly for in this case,

V(x 0 -‘- be
0) - 

V (x  ) VIx0 + hu) — VC x 0)
•
~~~~ 

lim inf 0 
= lint inf 

h • U

• h + 0 +
u -,.uo

So , in this case , the upper contingent derivative coincides with one of the Dini derivatives. 4
• Remark

We can compute in the same way the lower contingent derivative of V : we obtain

VIx0 + hu) — V ( x 0)
(4)  D V(x 0

) Cu 0
) — lim sup hh - ~~O+

F 
U + U

Q
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• Therefore , we always have

(5) DV(x
0

) ( u
0
) < D V (x

0
) ( u

0
)

— We shall say that the interval-valued map :

u
0~~ 

[ D V ( x
0

) ( u
0
), D V(x

0
) ( u

0
]

is the contingent gap map .

Let us mention also that

V (x0) — 
V (x

0 — 
hu)

(6) 0 V ( x  ) I—u 0 ) = lim sup 
h+ 

h~~~ 0+
U • U

0

Remark

Let V be a func t ion  from X to ]— ,+ 1  . We set

(7) K Cx € X such that V(x) < c

We can characterize the contingent cone to K at x in the following way:

Proposition 2

If V ( x )  = c , then

(8) D~~
(x ) C {v I D ~V ( x ) (v) < U )

If V
0 

C DK
(x), then V a > 0, V a > 0 , there exist h < a and v v

0 + ~B

such that it + hv a K , i.e., such that V (it + hv) — V ( x )  
< ~~. This implies that

D~V (x)(v0
) < 0  U

Remark.

The indicator -‘ ]—= ,÷=] of a subset K c % is the function defined by

= 0 when it € K and ~~(x) = +oo when it 4 K •

Proposition 3

The upper contingent derivative of the indicator 
~K of K C X is the indicator

of the contingent cone D
K

( X ) :  C

( 9) D & K
(x) (

~~
) = 

~~~~~~~ 

U

It follows from Proposition 3.1 , for •K+ = ~K is the indicator of K • U

—27—
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• 6. Calculus on~~pper contingent derivative

The upper contingent derivative inheri ts  the properties of the c or t in ~~ent h, riv•ativ .

of set—valued maps . In the above corollaries, we use the fac t  tha t  a < b i~ ard en : -

— 
(b ,~~- [  C [a ,~~ [ and that  U [a .  , [  = [mm a . ,= (

i 
I. I.

We begin by the variational principle.

~~~~~~ition 1

Let V be a function from K to ~~ . . If x0 
a K minimizes V on K , then

(1) V U
0 

C X , 0 < D V ( x
0

) (u
0

) .  U

Proof.

We apply Proposition 4.9 with FIx) = V (x) , P = ~ and y
0 

= V ( x 0 ) .  U

Pr9position 2

• Let V be a function from K to ~~ and L C K. Let 
~~L be the r e s t r i c t ion  i i

V to L . Then

(2) V x0 € L , V V
0 

€ DL
(x

O
) , D V ( x

0
) (u

0
) < D V j (it

0
) Cu0

).

Proof.

It follows from Proposition 4 .6  with F I X )  ‘ V (x) .

• We estimate now the upper contingent derivative of the stan of two functions.

Proposition 3.

Let V and W be two functions front K to ~ and U = V + W. Let L K be

a subset of K . Then

i) D U(x0) Cu0
) DV(x

0) Cu0) + D W I x 0
) (u

0
)

4 ii) V U
0 ~ 

0L~
”0~ ‘ D V 1

L 
(x0)(u0) < b V(x~) (u

0
)

Therefore, when D V(x0) = D V(x
0) (which is the case when V is convex continuous

or continuously differentiable), we obtain the formula

(4) V u
0 € D

L
(x0), 

D\T IL 
(X0)(u0) = D V (x

0)(u0).

Proof

• Inequ.ality (3) i) follows from the fact that

lint inf ( f(h ,v)  + g(hiv)) < lint inf f(h,v) + lint sup g (h ,v)
• h - ~~0+ h - ~~0+ h - ~~0+

v~~~v0 v -’- v0 v - ~~v0

-28- t



a.

V (x0 + hv) — V (x
0
) W (x0 — by) -

where we set f(h ,v) = 
h 

and g(h ,v)  = 
h 

• 
- :-;~ ~e:t•coe

inequality (3) ii) by taking for function W the indicator ;L~~~
•
~ 

of I . So , a l t

(4) follows from (2) and 13) when 0 V(x )(u ) = 0 V ( x  ) ( u  ) U
+ 0 0 - 0 0

Remark

We deduce from Proposition 4.7 that when W is continuously differentiable , we have

equality

D U (x
0

) ( u
0

) = D V ( x
0

) ( u
0
) + (~~W (x0

) , u
0 
) .

— 
We shall now prove the chain rule formulas.

Proposition 4

Let V : K -
~ 8( be a function and ~ be a continuously differentiable non-decreaai:.o

• . function from an open neighborhood of V (K) to ~~~~ . Then

(5) D (~V) (x0
)(u

0
) <~~ ‘(VIx 0

)) D V (it0)(v0) 
U

Proof.

• Since ~ is non—decreasing, ~ (v (x)) = (~cV) Ix) . Hence , we apply Proposition 4.1:

with A = ~~~, F IX) = V (x) and y V (x) . We obtain ~c ’(V (x0
))DV (x

0
,V(x0

) ) ( u
0
) C

— - 
. 

D(~V)~~(x0~
pV (x

0
))(u

0
) , i.e., (5)

~~ pposition 5 .

Let V be a function from K to ~ and A a continuously d i f f e rentiable map from

an open subset 0 C Z to K • Then

(6) D V ( A x 0
) (V A( x 0 )u 0 ) < D IVA) (it

0
) Cu

0
).

We apply Proposition 4.2 with F(x) = V~ (x) . U

• The following formula on the contingent derivative of the pointwise minimum of a

finite number of real valued—functions is very useful.

Proposition 6

Let us consider n functions V . front K to ~~ Ci = l , . . . ,n ) .  We set

V I x) mm V . ( x) and 1(x) ‘~ {i I V . (x ) = V I x ) ) . Then
1 1 •

• .,n
(7) D V(x ) (u ) = mm D V . (it ) Cu ) .

+ 0 0 + 1 0  0ia I ( x)

—29
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We note that V~~(x ) = U V . Ix) and that I (X ,V ( x ) )  = 1(x). We apply Proposition
iCI

4.3.

Proposition 7

Let us consider n functions V . from K to ~~~~ . We set
1

i) W I x) ~ max V . ( x )

(8)

ii) JCx
0
) Ci = 1 ,...,n lit0, W(x 0 ) )  4 Int EpCV .))

Then

(9) D W h i t  ) Iv) > max 0 V. lx ) (v) U
+ 0 — - + 1 0icJIx

0
)

Proof

We note that W4 Ix) = 
j~ l 

V~~~(x) and that 3(x 0
) = ~3(x

0 ,W C x 0
) ) .  Then ~~~~~~ itio~!

4.4 implies that OW  (x
0
,W(x

0
) ) ( v )  c DV . (it

0
,W ( x

0
))(v). This inclusion

i € 3 (x
0 

,w ( x 0 ) )
• - - implies inequality (9).

Remark
n

If x C fl Int Dom V ., we note that0 . 3.
i=l

(10) 3 (x 0
) = Ci = 1,.. .,n WCx0

) = V , ( x
0) }  . U

We shall study now the chain rule for the composition of a function V from X . —

to rn and an absolutely continuous function t -‘ x (t ) . We recall that almost all t
t +h

- - - - - 1 ,0is a Lebesgue point, i . e . ,  satisfies x ’It 0) =  lint 
~ j x ’( t ) d - t .

h-~0 t0
Prgposition 8

Let x(~~) be an absolutely continuous function from [t
0
—r~,t0

+i] to K C K and

• assume that
• 

• t + h
Ill) it’ Ct 0

) = lint 
~~

. 
f 

~ it’ ( i)d t
h-0+ t

0
(This limit belongs to

Set v C t )  V C x C t ) ) .  Inequality

v(t0-i.h) - v(t(12) D~V ( x (t0 ) ) ( x ’(t 0 ) )  < lint sup 0

h -
~~ 0+

always holds true .

—30—

_ _  

- 
_ _



—p.- ~.

Moreover , if V is the restriction to K of a locally Lipschitzean function V

defined on a neighborhood of K , then

v ( t +h) - v ( t )
(13) lim inf a D V(x(t ))(x ’(t ) )  U

h — +  0 0h -
~ 0+

v(t
0
+h) — V (t

0
)

Therefore , if we know that v ’ It
0
) = lint h 

exists , we get

(14) v ’(t ) = 0 V(x (t ))(x’(t ))
0 + 0 0

Proof.

a) .  We set V
h 

= ~~1
h 

x’(r)d T. So , we can associate to any a > 0 a positive

number 8 > 0 such that4 (15) V h 
— 

~~~ ~~h 
— x It0

)Ii < a.

We observe that x (t
0 
+ h)  = x ( t

0
) + h V

h 
C K • Hence x ’(t

0
) € D

K
Ix(t

o
) ). We set

v(t + h) — v (t
0)

• v~~(t
0

) = inf sup 
h

a>0 h<~

We have

V (x(t0) + h v) — V ( x ( t 0 ))
D V ( x ( t ))(x’It )) = u r n  inf
+ 0 

h - - 0+
v•+ v

0

V ( x ( t
0) 

+ hv) — V ( x ( t 0 ))
< sup inf sup inf 

h —
a>0 ~>0 h-ca vav

0
+aB

V (it(t
0
) + hv

h
) — V ( x ( t

0
) )

< sup inf sup h 
= v~ It0

)
a>0 ci>0 h< .c

vIt
0 
+ h) — VIt 0

)
b). Let v~~(t

0
) lint inf 

h 
Then , for all £ > 0 , there

h -c 0+

+ h) — vIt
0
)

exists y > 0 such that, V h < y,  v~~(t0
) < 

h 
+ a . Let 9. be the

LipschitZ constant of V at x(t
0
). Then, for all v a x ’(t

0
) + aB and h < a

min (8,y), we have , thanks to (15)

• 
V (X(t

0
) + hv

h
) — V ( x ( t

0
)) V(xIt

0
) + hv) - V ( x ( t

0
) )

• 
v~,(t0) ~ j~

- + a 
h 

+ 29.a

On the other hand, we know that there exists h < at and v € it ’ It 0
) + €3 such that

—3 1—
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‘J (x (t  ) + by) — v(x(t ) 
-• 0 

~~~~~~ D V (x ( t ) ) ( x ’( t ) )  + € .  Hence

v~~(t
0

) < 0 V(it (t
0
)) Cx ’ It

0
)) + (21+1) a.

By letting £ -
~ 0 • we obtain v

1~,
(t
0
) <DV (x (t

0
)(x ’It 0)). Since x ’(t

0) a

Proposition 2 implies that D VIx(t
0
))Ix (t

0
) )  < D V ( x ( t

0
) ) ( x ’( t

0
) ) .  Hence (11) holle

true.  U

Remark.

If both V and it are locally Lipschitzean , then v is also locally Lioec: itz,•ee.

and inequality ‘13) can be written , by setting Dv It 0) = D v(t
0

) ( 1)

(16) D v ( t
0
) <DV (x(t

0
))Ix ’( t

0
)). U

We can “integrate” inequalities involving contingent derivatives .

P~pposition 9.

Let v be a continuous function from 10 ,T1 to ~ and w be a bounded upper seoi-

continuous function from [0,T[ to ]R which is bounded above . We assume that

(17) V t a [0,T[ , DV (t) + w ( t )  < 0

Then, for all 0 < a < b < T , we obtain the inequality

(18) v(b) — vIa) + 1
b 

w (r)dt < 0

Proof.

Let t [a,b) and a > 0 be fixed. Since w is upper semicontinuous , there

exists r~ a ]0,a [  such that , V h <

(19) ~~- 

~~ w (-r)dr a w ( t )  + €/2

and there exists h
t 

< ~ and a
~ 

such that a
~
_ lI < C that satisfy

v(t + h a ) — v(t)
(20) t ~ a lim inf VIt+ha) — v (t )  

+ a/2
t h -’- O+ h

Hence t belongs to the subset a ~+ 1

s+h
(21) N ( t) = Cs € [a,b] v(s+htat) — v ( s)  + f ~ w(-r)dr a ah )

which is open since V is continuous. Let us set

m = sup w ( t )  a += .

‘cCEa ,b)

—32—

• •

—‘ 
— ____-•- — —-- - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - — 

- 

--.

~

--

~~~~~~~ F

Jill



u Hence the compact interval [a,b) can be covered by n op en ~~~~~~~~ ~:t ,

set a. = a , h . = h and h = mm h • > 0
1 t . 1 t. 0 • 1

— 
1 i=l n

We construct by induction the fol lowing sequence. We set = a; ~~t h e l o ng e  to

some N ( t . ) and thus , by taking s = -r C=a) and t = h . a . , we o bt a i n
11 

0 1

(22) v (T
1
) — v(T0

) + < ah
1 
+

h
1
±a

Assume that for j < k , we have constructed a sequence t , € ~a ,b[ (1 ‘

such that

1~. h . a . +
(23) vIT .) — v (t . ) + f ~ w ( )d  a ah . + r J ~

J—l j j— 1

Then k belongs to some N(t . ) we set
‘k4-l

s = t  and t r + h . a .k k+l k i ik+l k+l

and we deduce that

124) v (rk l ) — v (T
k
) + 1

k+l 
w (i)di < ah . + ~ 

k+l ~1
k l  

w(r)dt

4 If r a b a t , we stop the construction . Otherwise , we continue . Since - = *
k — k+l k+l k

a. h . > h > 0 , we are sure that eventually, after a finite number of steoe , :0
• 1k l  1k+l 

— 0/2

• shall have an index k such that T a b a
k — k+ l

By adding the above inequalities from j = 1 to k , we obtain

-a k+lk+l(2 5) v ( r
k l

) — vIa) + f w (t)dr < a( ~ h.) m ’ where m ’ is a constant. F

a i=l

When a converges to 0 , ‘k 
and 

k+l converge to b (for k+l 
- tk 

=

ii . ak ~ < a ( l+ a ) )  and thus , we deduce that

• 
1k-f- l b

• v( b )  — vIa) + I w ( r ) d r  < 0 . U

In particular, we obtain the following useful consequence.

Prop9sition 10

Let V be a continuous function from (0,T] to ~ satisfying

(24) V t € ]O ,T[ , Dv(t) < 0 . /
‘

Then the function v is non—increasing. U

~~ — 
~~~~~~
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7 . Contingent derivatives of marginal functions and marginal maps.

Let us consider a famil y of minimization problems depending upon a parameter y:

Minimize the funct ion it ~ UIx , y)  on a subset F l y ) . We define the marginal funct ion

V by

(1) V ( y )  ~ inf U(x , y )
x€ F (y)

and the marginal map C by

(2)  G ( y )  ‘ Cx C Fly) I U I x ,y)  = V (y)}

Sensibility analysis deals with the behavior of the marginal functions V and the marginal

C when the parameter y varies around a fixed value y
0
. This is of upmost relevance

in economics, for instance, as well as in other fields . In the convex case , we refer to

Rockafellar [1). In the locally Lipschitzean case , to Aubin—Clarke [3 1 and to Aubin ( 4 ) .

We shall study in this section the properties of the contingent derivatives of the marginal

function V and the marginal map C

For simplicity , we assume that

i)  F is a compact—valued map from a sulset H of a Hilbert space Y

(3)  to a Hu bert space K

• ii) V y ~ H , it -c U(x ,y) is lower seinicontinuous .

Hence the marginal map C is well def ined on H .

• Proposition 1

• Let y0 a K and it
0 

C C(y0) achieve the minimum of U(.,y0
) on Fly 0

). Then ,

(4)  V v
0 a 0051 DF (y

0 ,x0
) ,  V u0 € OF (y0,x0

) (v
0) , O V ( y

0
) (v

0
) < D U C i t

0,y0
) (u

0,
v
0)

Furthermore ,

(5) V V
0 

C Dom OC Iy 0 ,x
0

) ,  V u
0 € DC(y0,x0)(v0), 

D U(x
0,y0

)(u0,v0
) < DV(y

0
)Iv

0
). U

~~22~
a). Let u

0 
C DF(y

0
,it
0
)(v

0
). Then , for all a > 0 , a > 0, there exist h a a,

v ~ V0 + ant, u U
0 
+ €8 such that x

0 + hu € F ly 0 + 
hv) , and therefore , such that

V ( y
0 + 

hv) < U ( x 0 + hu , y0 
+ by). Since V1y

0
) = U ( x 0 ,y 0

) ,  we deduce that

V (y
0 + be) — VCy 0) nbc0 i- hu, y0 + 

hv) — U (x 0 ,y 0)
h — h

This implies inequality (4 ) .



• .~~~~- 
.

b ) .  Let u0 C DC (y
0 ,it0

) ( v ) .  Then , for all a > 0 , a > 0 , there exis t  h a

• • .~~ • V C v~ + aB , u a u
0 
+ €8 such that it

0 
+ hu € G(y 0 + 1w). Hence V (y

0 
+ by) =

OCX 0 + hu ,y
0 
+ hv). Since V (y

0
) = O(x

0 ,y 0
) , we deduce that

U I x 0 + hu, y
0 
+ by) — Ubc ,y) V(y

0 
+ hu) — V(y

0)
h h

This implies inequality 15). .

I
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8. Ekeland’s variational_ principle

We shall derive the approximate variational princip le of Ek eland ~r. .

form :

Theorem 1

Let K ~~ X be a closed subset of a Hilbert space and ‘-‘ :~~ L-,’ [ a

semicontinuous function. Then we can associate with any a > 0 ac h an x

satisfying VIx ) < inf V (x) + ~2 an element x € K which sa ti s f i e s

( xaK -

i) lix —~~~l1 a

11) 
£ a —

i i)  V u a X , 0 a 0 V (~ ) (u) + dufl .
— + a

Proof.

We derive this result from Ekeland’s variational principle (see Eke1an~ [1] cc

Aubin [1), p. 174.)

Theorem (Ekeland)

Let K be a closed subset of a Hilbert space and V be a lower seminontinuons

• function from K to (O ,= [  . Then we can associate with any a > 0 and an- , x • K

satisfying V ( i t ) < inf V(x) + ~
2 an element 

~ 
K which satisfies lix — ~~~~~ l ~~~

— 
xaK 

— 

= •

and V lx ) = mm [V (x) + all x — x U

itaK a

Let u € Dom D
+
V(X) . Then, for any T) > 0 , ~ > 0 , ~ > 0 , 3h < a,

~ v C U + 6B such that

• • 

V(x + by) - V I X
a 

h 
a 

< D
÷
Vlx ) (u) + fl

By Ekland’ s variational principle , we have

V ( x + h v ) - V ( x )
a a

— dI ull < —aH vll ~ — 
h

Therefore , we infer that

0 < D V b c ) Cu)  + alIuH + ~ ~~~

By letting 5 and fl converge to 0 , we obtain the desired inequa l i ty .

/
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9. Surjectivity theorems.

We devote this section to the generalization to the case of opper semlcortir.00 0

maps with compact values of the inverse function theorem. We shall begin cry ing

theorems of existence of stationary poin ts, then deduce surjectivity theoreos and we

shall end with a theorem insuring that the image by F of a neighborhood of X is a

neighborhood of FIX). These theorems , due to Ekeland , are simple Consequenoes of his

variational principle.

It is convenient to start wi th  the following lemma .

Lemma 1
• C

Let C be a set—valued map from K c X to L c V and V be a con t inuous

• convex function defined on a neighborhood of L . We def ine the set—valued map H =

from K to rn by

( 1) V it € K , H I t )  = CV (Y ))
G(X)

• 
. 

Assume that

a K , By
0 

€ Clx ) and a a ~ such that
(2) 

0 0

— - V it € K , H I t )  c V C y 0
) + a

0
llx — x011 +

Let DV ly) 1 )  denote the derivative of V at y . Then

(3) V U
0 

X 
~ 

a DCCX
0

,y
0
) Cu

0
) ,  a

0
Ilu
0

li < DV(y
0

) I V
0

) U

proof.

Let v0 € DCIx
0
,y0) 1%

). Hence, for all a,B,y > 0 , there exist h <

u C U
0 
+ yB such that

GIx + hu ) — y

~~~ °
h 

°+ B B .

So, we can write y
0 
+ hv0 

= 
~
‘
h 
+ ~hb where 

~
‘h 

€ C (x0+hu) and b € B

• Since V is convex , we deduce that

(4) V(y~) - V (Yh 
— hv0

) < h DV(yh
) 

~~~~

and since V is continuous (and thus, locally Lipschitzean), there exists ~ > 0

• such that

V (y~ — by
0
) - V (y 0

) 
~~
. 

L~~~~~~ - y 0 
- hv

0ll < 2. ~h



We recall that  y s~ OV Iy) (v
0) is upper semicontinuous . Then for all > 0

0 such that

(6)  DV (y
h

) Iv 0
) < DV Iy 0

) (v
0

) + a when l( y~ — y
0

11 ~

By taking at < n/lB + 11v
011 ) if necessary , inequalities (4) , 15) and 16) intplv n~~.Fn

V ( y
h

) — V ( y
0

) < h ( D V ( y
0 ) C v

0
) + r + i 3 )

or ,

HIt
0 
+ hu ) — V ( y 0)DV (y

0
) (v

0
) a + (‘ + ~:)B

We use now assumption ( 2 ) :  we obtain

DV (y
0

) (v
0
) a a

0
l lu  II + Ca + ~)B + -

By letting a ,B and y go to 0 , we i n f e r  that

DV (y
0

) (v
0
) > a0

11 u
0

l1 - U

When L is a subset of X , we set

m (L) = {x L such that 11 th = mm I l y ll 1.
y.L

—I Theorem 1

Let F be an upper semi continuous map with compact values from a compact subset

K of a Hilbert space it to a Hu bert space V . We assume that

(7) V it a K , ~ y a m ( F ( x ) ) ,  B U X such that  —y a D F ( x ,y)  (u)

Then there exists a stationary point x K of F .

Proof

Since the function it ~ ll m (F(x))hl is lower semicontinuous (for F is upper semi—

Continuous -g th compact values) and since K is compact , there exists x
0 a K wIich

achieves the minimum of x -~ lIm(F (x)ll on K • Let us choose y0 
€ m (F(it

0
)). We

set V(x) = hl xH and H(x) = {VIy)} . It is clear thatyaF Cx)
V x a K , H it )  C VCy 0

) +

since , if c a N Ix) , then c > ll m (F ( x ) ) 1 1 2 > lhin(F(x
0))ll V (y

0
) .  So, we appl y Lemmas 1

with a 0 . We deduce that0

V u
0 ~ 

X , V V
0 

C OF ( x0 ,y0
) ( u

0) ,  0 < DV (y0
) ( v

0
) .

By assumption (7) , we can take v0 = —y 0; since /

~~4 -  - ____
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hi y
~ 

- hy~ U - hly ~N
IDV (y ) (—y ) = lim —

~~~
—.— = —D y Ii ,

0 0 h -0+ h 0

we deduce that lh y
0

li < 0 . Hence y
0 

= 0 € Flit
0
). U

Corollary 1

Let F be a Gáteaux difforentiable continuous map from a ~eiqhborhood of a compact

subset K to V - Assume that

(8) ~ x .- K , ~~u a DK
( t)  such that .‘ F (x ) u = — F ( x ) .

Then there exists a s ta t ionary  point it
0 

t. K of F . U

By using Ekelaiid s theorem , we can rep lace the compactness assumption on K in

Theorem 1 by another assumption on the growth of the inverse of the cont ingent  derat ive .

Theorem 2 (Eke land)

Let F be an ui-icr semicontinuous leap wi th  compact values from a closed subset K

- • of a Hu bert space X to a Hu bert space V . We assume tha t

> 0 such that , ~~ it • K • 3y m ( F { x) ) , 3u
(9)  ~

• such that —y • DF(x ,y )  Cu )  and cii uii — llyii -

Then there exists a stationary point x K of F . U

Proof.

By Ekeland’ s theorem , we can associate with any a < c an element x a K

such that , for  all  it • K

110) JIm (FIx ) ) II llm (F Ix) II + alI t — x Ii0 0

I f m I F (x 0 ) )  y
0 = 0 , the theorem is proved. Otherwise we take V (x) ‘ l xii and

• HIt) = {v(y)) 
- Flit) 

Inequality (10) can be written

Il l)  V it • K , NIx) a V (y
0
) — dlx — x011 + rn~

• Hence we app ly Lemma 1 with a0 
= —~ . We obtain: V u

0 
a X , V V

0 
DF (x

0
,y
0
)

— cll u0II < 0V Iy ~~) Iv 0 ) .  By assumption (9), we can take v0 
= —y0 and u

0 
a X satisfying

cbb u
0
U < ll y

0
hI . Since DV (y

0
) ( — y

0
) = — h i y0ll , we obtain the contradiction —dI u

0
lI <

—Il y0
iI < —cii u

0
hi . So y 0 0 .

-I
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Coro~~~~ y 2

Let F be a Ca t eaux—di f f e r en t i ab l e  cont inuous  map from a noightorhon:~ ‘if a clocaa

subset K C X to V - Assume tha t

Bc > 0 such that , V x a K , au a D K IX )  such that
(12)

VF (x)u = —FIx) and cil ufl < DF( it )hl -

then there exists a stationary poin t x
0 C K of F -

In particular , we can take K = X - We obtain

~~~~~~a r 3

Let F be a Cateaux—differentiable continuous map from X to V - Assume t h a n

BC > 0 such that , V it C X , Bu a X sa t i s fying
(1 3)

VF IX)u = —Flit) and clI ull < IIF(x) iI

Then there exists a stationary point it
0 

of F - U

By replacing the set—Valued map F by Clx) = F l i t )  — y , we obtain solutions to

the inclusion y a Flit). Therefore , we obtain the following surjectivity theorens .

Theorem 3

Let F be an upper semicontinuous map with compact values from a closed subset

K of a Hilbert space K to a Hilbert space V - We assume that

fB c > 0  such that, V x a l t , V y C T I x ) , V v C Y ,
(14)

c X satisfying v C DF Iit,y)(u) and cil uil < Dvii -

Then for all y a V , there exists a solution x € K to the inclusion y ~ Flit) 
U

In other words, F IK) = V - Theorem 3 says that F is a surjective set-valued map.

For smooth single—valued maps, we obtain the following Corollaries .

Corollary 4

Let F be a Gateaux—differentiable continuous map from a neighborhood of a closed

subset K c X to y . Assume that

B c > 0  such that, Y x a K , Y v a ? , B u a D (x )
• ( 1 5 )  

K

satisfying VF(t) Cu) = v and clI ull H vli -

Then F (K)=Y .

• 4 • S
-40-

• ‘
~~•‘i~~• ” : - •..~~ •

__________________



CorollarI 5

Let F be a Gateaux—differentiable continuous map from X to V - 5~ss-toa~ t~~~ t

B c > 0 such that , V t € X , V v € V , 3 U C X sati s f ying
116)

~F(it)u = v and ciluli < II vii . U

• Then F is surjective .

We prove now an adaptation of the inverse function theorem.

Theorem 4 (Ekeland)

Let F be an upper semicontinuous map with compact values from a neighbcrhond

of it a X to V - We assume that

3c > 0 such that V it C U , V y € Flit)

• • (17) V v a Y , 3 u a X satisf ying

DF (it,y) Iu) = v and clI ull < hl vli -

Then Flu) is a neighborhood of FC X). U

• Proof

Let U contain a closed ball of center x and radius n > 0 and let y a F I X )  -

4 
We claim that F I x  + rIB ) contains the balls y + ant with ~ < c r, -

Indeed , pick y1 
a y + ant and set CCX) = F l i t )  — y1 . We apply Ekeland’s theorem

in the stronger form to the function I I m I F (it )  — y
1

)hl , taking a as above . Noting that

hi m IF I~ ) — y
1

)II < £ , we get some point it
0 

such that

i) lit0 
— ~ ll ii

118) 1
i i )  V it € x + r i B , ii m l F ( x 0

) — y1
) l l  < lIm IF Ix) — y1) ll  + a~ l i x  — x

0i i

Take y
0 

m(F (x
0
) — y

1). 
Either it is zero (and y1 

€ FIx0
)) or V (y0

) = lim (F(it
0
) — y 1) il

> 0 - In this case we obtain a contradiction . Indeed , inequality (18) ii) implies tha t

V t  a K , NIx) C V (y
0
) — lix - x

0
l1 + ~ (where NIx) = V (C(x)).)

Hence we apply Lemma 1 with a0 
= —€ r i~~~ : We get

F V u0 ~ K , V V
0 

a D G (x
0

,y
0
) (u0

) , — an~~ llu
0

ll ~ DVIy 0
) Cu0) -

But DC(x
0
,y
0
)(u

0
) = DFIx

0
,y
0 
+ y

1
) ( u

0
). By assumption (17) , we can choose v

0 ~~~~~~ 
aol

U
0 

- K such that cIl u~ lI 
~ 

11 y
0

l1 - Hence , since DVIy
0
) (—y

0
) = — hi y

0
l ! , we obtain  t he  c o n t r a—

diction —a 11 111u 01l < —Il y
~1

Il < -c u0 . So v
0 

= 0 , i.e., y
1 

• FIx 0). 
u •
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10. The Newton method

• We proved in corollary 9.1 that when F is a continuuusl y cliff. r utiable m.I~c

a neighborhood of a compact subset K c 3~
n 

to T~
m 

that ~ c~ isfinc : :. e condiCion

— 
(1) V it . K , O v  a 0 (t) such that ~

‘!a(x)v = —F IX)

then t:ere exists a stationary point it~ a K of F -

These assump tions imply also that there exist trajectories x l-) of the differential

• inclusion

(2) VF (it)x’ = —F lit) , x(0) = it
0

that remain in K and that converge to a stationary point of F when t = . ( See

Haddad [1 1 .)

We can consider such trajectories as the Continuous analogs of the classical

Newton method , which yields the discrete trajectory defin ed recursive 1- .- f- y

(3) 7F Ix ) ( i t  — x ) = —FIx ) x is given.n n-s-l n n 0

Theorem 1

Let F be a Continuously differentiable map from a neighborhood of a closed subset

n mK a ~~ to ~~ satisfying

Bc ‘ 0 such that, V it - K , liv - D
K
(x) • • c B satisf ying

(4)
VF (X)v = —F Ix)

• Then there exists a viable trajectory of the implici t differential equation (2) that

satisf ies

F ( x l t ) )  = e
t
F(t(0)) -

Thus the cluster points of x (t) (if any) are stationary points of F - U

Proof.

We set r,lx) 1 —VF (x)~~F (x). Trajectories of the d i f f e r ential inclusion x ’ ((x)

are the trajectories of the implicit differential equation (2). Assumptions of lladciacl ’s 11cc -rn

[See Haddad ( l i i on differential inclusions are satisfied. Hence there exists viable

trajectories of the implicit differential equation (2) . Consider any such tr c c i  ‘cry.

Then , since F is continuously d i f f e r entiable , we have

~~- F ( x ( t ) )  = V F ( x ( t ) ) x ’ ( t ) : z  F(x(t)).



t

So y (t) F(x(t)) is equal to e
t
y (O) . Therefore , F(x(t)) converges to 0 when

t • - Any cluster point it ,,, a K , limit of a subsequence it(t
n

) when t
n * 

=

— satisf ies  F(x
~

) = lim F (x (t ) )  = 0 , and thus , is a stationary point of F . U

Recall that the above sufficient condition for existence of a stationary point of

F can be extended to set—valued maps (see Theorem 9.1) : We replace the tangential condi-

tion (4) by

(5) V it € K , 3 y C F ( x )  , liu a K such that —y a DF (x ,y) lu)

where 0F(x ,y )  is the contingent der ivat ive  of the se t—valued map F

We can general ize the Newton me thod if we assume , for instance , that

I there exists a bounded upper hemicoritinuous proper set—valued map C

- 
(6)  from graph (F) to the closed convex subsets of such that

V it a K , V y a  F l i t ) , Bu a G ( x ,y)  such that  -y € D F ( x ,y ) (u)  -

Theorem 2 (Saint—pierre)

Let F be a proper map from K ~ ~~n 
to ~

m 
with closed graph . We posit

Assumption (6). Then , for any it
0 

a K and y
0 

Flit
0
), there exists a solution to the

--. - 
d i f f eren tial inclusion

(7) x ’ (t )  C G(x(t), e
_t

y
0
)

that sati s f ies

(8) V t > 0 , x(t) a K and e
t
y
0 

a F(x (t)) -

Thus the cluster points of x(t) (if any) are stationary points of F .

• Proof .

We consider the differential inclusion

x ’ a G (x ,y ) , y ’ = —y
a;.

• 
• with the initial condition t b )  = x0, y ( O )  = y

0
.

Condition (6) implies that

(10) V (x ,y) € graph(F), (C(it , y ) ,—y) ri DgraphCF) lt
~

Y) 1~ -

Then Haddad’ s theorem (See Haddad (1]) implies that there exists a trajectory

(it(t),y(t)) of this differential inclusion which remains in graph (F). Furthermore ,

y ( t )  = e t
y0
. Hence e t

y0 
a F ( x ( t ) ) .  The rest of the theorem ensues .
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Remark.

We note that we can devise a whole family of algorithma tha t 000-’er3e t ’c a

point of F - Let H be any map from to itself such that

the solution of y ’ = H ( y ) , y ( 0 )  = y
0 

is unique and
Ill)

converges to 0 , when t *

We associate with such a map H a bounded continuous map C (single—valued for the sak-

of simplicity) such that

112) V (it ,y )  a graph (F ) , Hly) a DF(x,y) lG(x ,y))

Then there exist solutions to the differential equation

(13) it ’ It) € G (xCt) ,y(t)) , y It) = H ( y ( t ) )  , t b )  = it
0 

, y b )  =

such that

(14) V t > 0 , ylt) C FIxIt))

Since lim y ( t) = 0 by assumption , the cluster points of tbt) (if any) are stationar--

points of F .  U

fl H’ 
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11. ~~~punov functions and existence of stationary points.

We shall use the existence of Liapunov function which we define tel : for nm .: no

— the exis tence  of stationary points. In the next sections , we shall prove that tht exist-

ence of these Liapunov functions imply also that solutions to the associated dtffem ent :ai

inclusion do convene,, in some sense to stationary points of F when t 0 -

We begin with a particular case , which is a “stationary point” version of th e

Aubin—Siegel fixed point theorem , which is an extension to th~ case of set—valued oal:s of

the Caristi f ixed point theorem (See Aubin—Siegel [1) , Br4zis—Browder [1) and Caristi [1]) -

Theorem 1

Let K be a closed subset of the Hilbert space X , F:K -
~ X be a set-valued oa~

• and V:K j 0 ,°°[ be a lower seniicontinuous function satisfying

( 1) V x a K , By  a F I X )  such tha t  D V ( x ) (v)  + l vii < 0  -

Then there eXists a s tat ionary point x a K of F - U

Proof.

Taco a < 1 and x € K satisfying , thanks to Theorem 7.1,

— Vu oX , 0 c 0 Vbx (u) + al i ull
• . — + I.

By assumption , we can take u € FIx ) sat isfying C V ( x ) (u )  a — huH . h-c oo
C + a.

Cl — a)ii uli < 0 , i.e., u = 0 € F I X  ) .
£

Remark.

This theorem can be regarded as the “stationary point” version of the “Caris t i ’ s

fixed point theorem ”.

Theorem 2 (Caristi )

• Let K be a closed subset, g:K -* K be a single-value map and V be a lower

+~ ~‘H semicontinuous map from K to 
~~~~

. If

V it a K , VIg Ix)) — V Ix) + l Ig h t )  — xli 0

then g has a fixed point . U

f So, we have proved that if there exists a lower semicontinuous function V such

that D
+
V(X) Cv) + liv il < 0 for all x a K , there exist a stationary point . The question

+ — arises whether existence of stationary points implies the existence of a function V

satisfying the above condition . 
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Theorem 3 ( t-loreau)

let K be a closed subset and F be a set—valued map from K to X sati n f ’cn q

— (2) -F is monotone C V x ,yC K , V u a F I x ) , V v E F (y ) , (u - v ,x — y ) <0 )

We assume tha t  the set F
1(0) of stationary points of F has a non—empty i n t e r io r . bet

us associate wi th  any it
0 

a m t  F~~~(0) the func t ion  V def i ned by vlx) = ~!_ lix - x ’ ’4

- - 
where = d (x

0,(F
1
IO)) > 0 - Then

(3) V x C K , V v FIX) , DVbx) lv) + l vii < 0.

and ,consequently ,  for any it a it
0 

+ p m t  B , FI X) ~ 1O - U

Proof.

Let us take it a K and v - p I t ) . Since x P F
1

IO ) , tnen x • ~~~~~~~~~~~ is

a stationary point of F - The monotoni.cit-j of —I- i m l lc 0 t h c ’•

(4)  I v , i t —  x
0
)+ nO v 11 = ( y  — 2, x — x + ~-~ o~~ > ~~O

Let x = to + u X
0 

+ , tnt B, ~ n2  P ix) - to infer that , 4 v ,ir I F

Hence Il vIl - i h y lih i uh a i v~ - w h i c h  in  4 5 4 c ; : i i  1 ct: -:t V 1 - U

We may gene ra l i ze  Theor em 1 1’’  n t  r . ~~ o in  2: c n a  i~ 
of ia[cunov n c : t i c t c

— • respect to a set—valued map p and .i ~4 Ivan no ti on t~~~ d - f  i :ced on grap h ( F )

Definition 1

Let F be a set-valor- h map from If X to X and W be a function defined on

graph (F). We shall say that the function V k-fined on K is a Liapunov function for

F with respect to W if i t  satisfies the following ‘Liapunov property ”

4 4 15) V it K , B y  ‘
• F lit) such that DV(x) lv) + W(X ,v) < 0

When W 5 0, we say simply that V is a Liapunov function for F .

• ‘ theorem 4.

Let F be a set—valued map from a closed subset K C x to X , W be a non-

• n e g a t i ve  func t ion  from grap h (t’ ) to ~~ and V be a lower semicontinuous function f o r m

K to J? . Assume that V is o Llapurlov fon et  ion for F with respec t to N - T h e ,

(la) V F. > 0 , B i t  • K and V F I X ) sa t isfying W I t  ,v )  < ‘ l i v II -

• If we assume moreover tha t  V is lower semiCompact (this means  t ’  c t  fee- a l l  x it -

• the subsets ~x • K “lx) ? . }  are relatively compact), then

H -46-
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( 7 )  J x~ a K , ~ v~ 
C F (x~ ) such that W(x~~,v~

) = 0 - U

Proof.

• a ) .  We apply Ekeland ’s variational principle: V C > 0 , Bit C K such that ,
—

V v a X , 0 a 0 V Ix ) Iv )  + all vhi
2 

- Since V is a Liapunov function with respect to N,
— + £

there exists v a Flit ) such that 0 V ( x ) lv ) < — W I t  ,v ) . Hence property 16) holds true .
£ a + a a — a C

b ) .  When V is also lower semicompact , there exists x,,, a K tha t achieves the

minimum of V . So V v a X , 0 a 0 V (x~
) Iv) by the variational principle . Since V

— +

is a LiapuflOV funct ion , we choose v~ a F (X~ ) such that D V l i t~
) (v t) < —W Cx~ ,v~

) .  U

• 0
So , Theorem 1 is the particular case when W (x ,v) = Ii vii . By taking W (x ,v) = l i vh l

‘c > 1 , we obtain the eXistence of approximate stationary points :

Corollary 1

• Let F be a set—valued map from a closed subset K c X to X and V be a lower

semicontinuous Liapunov function for F with respect to Il- ic , a > 1 . Then ,

O (8) V a > 0 , Bita 
a K such that Flit ) C aB � l~. U

Note also tha t  when N sat i s f ies  the condi tion

(9) V it a K , V v ~i 0 , W I x ,v) > 0
— -.1 F-

• . we obtain the existence of stationary points.

Corollary 2

— I
Let F be a set—valued map from a closed subset K c X to X , W:grap hl F) ]R~ 

- —

be a nonnegative function satisfying propert y (9) and V be a lower semicontinuous and

lower semicompact liapunov function for F with respect to W - Then there exists a

stationary point it ,, a K of F -

Remarks

We shall prove that in this case, under some supplementary continuity assumptions ,

solutions to the differential inclusion it ’ C FIX) , x(0) = x0, converge to a stationary

point of F in some sense when t • ~~. Note that the tangential condition
— t(10) V it C K , F (x) n D

K
Ix) 

~ 0

are involved in the Liapunov condition 15), since the domain of the upper contingent /
derivative 1

+V(x) C~~) is contained in the contingent cone DK(x) to the domain K of “~~
V : Indeed, if V is a Liapunov function , there exist v a F(x) such that

-47-
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DV (it)(v) < —W(x ,v) < 0  - Hence v C Dom D~V ( x ) ( )  c DK (x) . Therefore the tangential

condition 110) holds true.

Actually, if we take v = the jnd icator of K , def ined  by 
~K

l : : )  J wh en

x a K and by ~~Ix) = ~ when x K , the Liapunov condition can be .aritta’n

Ill) V x ~ IC , By a F lit) n DIC Ix) satisfying W(x ,v) = 0 -

We mention also that when K is convex and compact and when F is up~ cm hOnicor:-

tinuous with closed convex values , the Browder — Ky Fan theorem states that the t1n- ’;~’nt~ ~

condition (10) is sufficient for establishing the existence of a stationary point x~ 1’

of F (See for instance Aubin [31, Chapter 15).  U

Ex~~ple

By taking for V b x )  the restriction to K of it -
~ ~ il x-x~ i i~, we obtain the fo1lnwin ~

corollary, after noticing that

o V bx) Iv) = I it-it
0
,v I when v € DK lit ) -

Corollary 3

Let K be a weakly closed subset of X and W be a function from X to [0 ,~” l

that is strictly positive when v ~~ 0 - Let a set—valued map F from K to X and

it
0 

a X satisfy

(12) V X C  K , B y  a F I X )  C D
IC Ix) such that ( x—x 0 ,v )  — WIv) < 0  -

Then the best app ’oximations of x
0 

by elements of K are stationary points of F - U

As a particular case , we obtain the following result. Let F 1 denote the inverse

of F and o bF 1(v) , p) sup{( p , x I I  it a F
1(v) denote the support function of F 1

(v).

Corollary 4

Let K be a weakly closed subset of X and F:K • X be a set—valued map satisfy in g

113) V V a  F IK) , v ~F 0 , then al(F 1(v ) , v) <

and

(14) V it a K , FIx) a D
~
lx) ~F

Then the best approximations of it
0 

by elements of K are stationary points of F -
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troof.

We a p r - I - a ‘orcLIar~ 3 whan in dcfineh Py

i 

wit-’) = I x ,v I — 
~‘( F

1 (v i  ,v) when v a F ( K )  , v 1 0

Il bi I W ( t - ) = 0

1 W iv) = a -  tren v ~ F ( K )  and v ~ 0 -

Then for  U~~ v C FIX) , -an dm2 - on that I x ,v I < elF ~~~~ ,v)  s ince it a F 
1
(v) -

m o - f o r  i

I x  — x
0
,v I elF 

1
(v) ,v) — (x

0
,v > < —W (v) -

- 

~~~~~~~~~~ 
-- ; •)-  

- - - .

~
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12. Monotone trajectories of a differential inclusion

Let K and L be subsets of X = lR
n 
. Let V:If -

~ Bt and t~:K I - it be ~~~~~

given functions and F:K -
~ X be a set—valued map .

Definition 1

We say that a trajectory x l - )  of the d i f f e r e ntial inclusion

(1) it ’ (t)  a F ( x ( t ) )  x I O )  =

is monotone (with respect to v and w) if

(2) V a > t > 0 , Vbx(s)) — V ( x ( t ) )  + f5 W (Xb T), x (Tfldr < 0  . U

t
Note that this condition implicitely implies that

(3) V t >0 , it(t) C K bi.e., x 1 )  is “viable ” )

since V is defined on K

Proposition 1

If W:K X L is nonnegative , then

(4) t • V (itlt)) decreases and converges to -
~~ l im : : I x ( t ) )

t -

and

r WIx(T), x ’ ())dr = lim f
t W ( x ( 1 )  x ’ b T ) ) d T )  < + -

— - —- --1 0 t~~~oa 0

Remark

Note that 14) implies that when V is lower semicontinuous , all the cluster points
S

it,,, of the trajectory when t ~ (if any) satisfy a = V ( x ~ ) .

Proof.

The fi rst statement is obvious.

Also, since

- - f ~ W ( x ( i ) ,x ’ ( ~ ))dt < V(x (t)) — Vbx IO)) • a—a = 0
t

• when t ,s • ~~, the cauchy criterion implies that when W is nonnegative

r Wbx (i),x ’(r ))dr u r n  f ~ WIX( t),x ’ (T))dr a
0 t -a  0

(where the integral is a Riemann improper integral). U

We shall see in Section 14 that this latter condition implies that ‘ - J ( x ( t ) , x ’( t ) )

converges to 0 in some sense when t • ‘“ /
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According to the assumptions re la t ing V and W , nonot- :-nicity property 12)

— 
yields useful informations on the behavior of the trajectory .

example Trajectories with finite length - Let us consider the case where

(6) Wlx ,u) = llvh i .

• Theorem 1

The t rajectories  i t b ’ )  on [0 , 1  tha t  are monoton : with rcn;pa -:t to V and

• W : ( x ,v) • ll vh l have f in i t e  length J~’ l i x ’ ( r ) h i d :  and converge to a K when t
0

If K is closed and F is upper semicontinu--)~:~- wi t ’
~ compact c Onvex v a l u a c , t h e n

is a stationary point of F - U

I roof .

By ( 5 ) ,  f l l x ’ (-r)ib d-r , which is the length of the t rajec tory , is f i n i t e .  F u r t h e r —
0

- more , inequali ty

I ll xbt) — x (s)ll 1
S 

i x ’ I r ) l l dT • 0 when t ,s

an d the Cauchy criterion imply that lim xbt) = x~, does exist. The following theorem
t — •~-

shows that it,,, is a s ta t ionary point .
-

Theorem 2.

Let F be an upper semicontinuous map from a closed subset K e X to X w i t h

compact convex values and xl-) be a trajectory of the differential inclusion (1) that

converges to some x~, a K . Then x~ is a s tat ionary point of F -

Assume t h a t  0 4 F(x~) : there exists a > 0 such that

17) a B a ( F ( x~) + a B) = 0

‘F 
~ (for Flx

~ ) is a closed subset). Since F is upper semicontinuous , there exists

> 0 such t h a t  F ly )  ‘ F ( x~ ) + F B whenever Ily — x~ i i - - c~ - Hence t in t- ’ ex i s t s

T > 0 such that , V t > T , IIx( t) — x~ ll - Consequen tl ya

(8) V t > T , tbx lt)) c F(x~) + a B -

Since it ’ lt) F bit (t)) for almost all t > 0  , the mean value theorem imp lies that for

‘

all  t T

— 51—

~;o • T~~~ - - . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



x ( t )  : ~~~T) 1 
1
t 

~~ ( T ) d T C~~~(F(x~ ) + CD) = r ( i t~~) + 8

since F(x~) + £ B is closed and convex. Therefore, statements (7) and (a) in :

t h i t  V ~ > T 
it (t) : ~~ T) 

> a , which is a contradict ion of the fact  that

= u r n  x ( t ) .  U

~~~m l e .

We shall illustrate the importance of monotone trajectories by the followln ) - :-: .

:1 e-e-- tn 3

r~et ~ be a continuous bounded function from (0 , (  to ~ and let t(x ,v) =

O( ’c (X)). Let it be a trajectory sat isfy ing property 12) and w ( ~~) be a solution to

the differential equation

(10) w ’ ( t) + -p (w lt ) ) = 0 V t  > 0 , wbo ) = VlxIO)) -

Then , we obtain the following estimate :

I l l)  V t  > 0  , V (x lt)) < wIt). U

- - 
: This statement is an obvious consequence of the following Theorem , of which we

- 
- 

give a proof due to N. ~~tosiewicz.

Theorem 4

dl Let (3 ~ n~ be an open interval and ‘F < +~ - We consider a function s~ from

(0,T( (3 to ~ satisfying the following properties.

i) V t E [0,T[ , x ~ ~ It,x) is continuous

112) ii) V it a (3 , t ~ + (t ,x) is measurable

iii) a a a L1b0 ,T) such that, V (t ,x) a (0,T( it 1’) , ‘~bt ,x)I -a alt>.

• Let V : I0,T[ • (3 be a continuous function satisfying

113) V a > t , v(s) — vbt) + f ~ ~‘(r ,vI-r))dr < 0 -

t
Then, there exists a maximal interval (0,T

1
1 such that the differential equation

w ’ + ~~(w)  = 0 , w ( 0 )  = v ( 0 )  has at least one solution w on [0,T1
1 satisfy ing

• - ( 14 )  V t  > 0  , v(t) < wIt). U 
•

1 •
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a). We j itr- iu-: c: the ~uh ;et

F K = i (t ,x) a H,T [  x sn-oh that x > v ( t ) r

L = {(t ,x)  a [ D ,T[ x (3 such that x < v) t )- -

Since K 0 L = [0 ,T( n (3 and K a L = { (t , x)  x = vIt)~~, -.~e can a fur :t: - -

on [C ,T ( a )  by

~~(t ,it) if it > v (t )  ( i . e . ,  if  (t , x)  K)
(15) (t ,x) =

(t ,v(t)) if it < v(t) (i.e., if (t ,x)  a L) -

b ) .  The func t ion  qh i nher i t s  the properties of , - To see this , we assOciate

wi th any t lO ,T[ the subsets

K I t )  {x € I x >v (t)} , LIt) = (x a (3 x < v i t ) } .

They are closed and cover  0 - Thus , when K I t )  ~ 0 (resp. LIt) ~ ~~ ) ,  the r e s t r i c —

tion of i- It ,-) to KIt) (resp., to LIt)) is continuous . Hence we conclude that

for all t a [0,’F[ , x 1÷ ‘f’(t,x) is continuous. Similarly, we introduce the subsets:

XIX) {t a (0,T[ x > v(t)} and LIX) ‘~ {t € [0 ,T(  I x < vlt)) -

— - 
Hence, when XIX) ~ ~ (resp. LIt) ~ 0) ,  the restriction of ~‘(- ,x) to KIt) (resp .

LIX)) is measurable. Consequently, for all it € 1) , the function t • i It ,x) is

measurable. Obviously, N(t,x)t < a(t) for all (t,x) a (0 ,T(  < 0.

c~ We choose now T
0 

a T such that the set of points (t ,it) a [0 ,T0
) “

satisfying Ix—x 0 1 < f
t a(-r)d-r is contained in [0,T[ x (1 - Then , by C a r a t h e o 9 — r - - ‘ s

0

theorem , there exists at least a solution w (-):(0,T
0
] -‘- (3 to the differential r :u- : t  •

(16) w ’ (t) + l’ (t,w ( t ) )  = 0 ; w(0) = yb ) .

d) .  We assert that for all t a (0 ,TQ ) ,  v lt )  < wI t ) . If not, there would exist
-i -

t2 a J0 ,T~] such that v(t2) > wIt2). Let t1 = inf{s a [0 ,T0) I v ( t )  > w b t )  for al l

• t € (s ,t2 3 } . By continuity, we have w( t 1
) = v ( t

1
) and v ( t )  > w I t )  for all t

Since w is a solution to (16), then

• wIt2) w’(t
1
) — f ‘Fbs ,w(a))ds

t
l

4 
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Since v(s) > w(S) , we deduce that pbs ,wbs)) = ~ (s,v(s)) for all s a )t ,t2
).

Hence

wIt2) = v (t
1

) — p bs ,vs) ds -

By assumption 113), we deduce that  w (t ,) > v(t
2
) (because t

1 
< t

2
). This can t or .-

dicts inequal i ty  v (t
2

) > w I t
2

) .  Hence v ( t )  < w I t )  on ( 2 ,T0
) .  U

1~

• - -

1-

a
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I
13. Alm ost  convergence of monotone trajectories to s t a t io n er - :

Wa recalL tha t  - -ah~ n a Liapunov funct ion  V for  F ( w i t h  res ,’ot  to ‘,~) satisficc

(1) V is lower sernicontinuous and lower semicompact ,

there ex i s t s  x~ and v~ s a t i s fy ing

( 2 )  x~ ‘a K , v~ € F (X~~
) and WIx~ ,v~

) = 0

So, when the function W satisfies the property

13) V x a K , V v ~‘ 0 , W ( x ,v) > 0

the existence of a Liapunov function V for F wi th  respect to W and assumptions

(1) and (3) imply the existence of stationary points.

We wish to prove that  cluster points x ,,, and v ,, of x l t )  and x ’ ( t )  win o

t • do satisfy the property 12) [In this case , properi y (3) guarantees t ) c i  such

cluster points x~, of x ( t )  are s ta t ionary points of F] -

We already noted that when WIx ,v)  = ( v i i  , the t r a j e c t o r y  x ( t )  converges to a

limit it ,,, , which is a stationary point by Theorem Il. 2. The proof of this theorem

does not yield the f a c t  that  c lus ter  points of x l t )  are s ta t ionary  points .
_- -1

A di f f i c u lty arises right now : the derivative it ’ I t )  is onl y defined almost every—

where . So we shall use an adaptation proposed by A. Cellina of the concepts of limit

and c lus ter  points for measurable functions to prove that measurable functions taking

their values in a compact subset do have such “almost” cluster points and that “almost

cluster points” x,,, and v~ of xlt) and x’It) satisfy W (x~ ,v~) when xl-) is

a monotone trajectory with respect to V and w -

Let ~i (A) denote the Lebesgue measure of a subset A C

Definition 1

Let it : [0 ,= [  * X be a measurable function and it ,,, a X. We say that it,,, is

almost limit of~ xl ’) when t • = l and  we wr i t e  it ,,, = a u r n  x l t ) )  if 
-

t - ~~=
14) V a > 0 , B T > 0 such that ~j[t a [T , o~(~ ll x (t) — xli > €1 = 0 .

• We nay that x~ is an almost cluster point of i t( t )  when t • ~ if

(5)  V a 0 , ~ {t € [0 ,” (Jll xlt) — x~ l l < a) = = - U

1 -I, 
- 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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These concepts are justified by the following theorem :

Theorem 1

Let F be an upper semicontinuous map from K e ~
n 

to the compact ~nhsete of

IR° , W be a nonnegative lower semicontinuous function defined on grap h IF) and V

4 be a nonnegative lower semicontinuous and lower semicompact function defined on K

For any monotone trajectory xbt) of F with respect to V and W , the func t ions

x(t) and it ’ I t )  have almost cluster points it ,,, and v
* 

which satisf y

(6) it,,, € K , v ,,, a Flx~) and W(it~ ,v~) = 0 -

If W satisfies the condi tion

(3) V x a K , V v ~ 0 , W lx ,v) > 0

then such an almost cluster point x,,, is a stationary point. U

The proof of this theorem will be obtained by tying up the following properties

of almost convergence. For simplicity , we restrict our study to the case of func tions

of a real variable . Adaptation for functions defined ona measured space is quite easy.

We begin by showing that the usual concepts of limit and cluster point are partic-

ular âases of almost limit and almost cluster point ,

Proposition 1.

~~~ limit of x~ of it():(0, ( • K is an almost limit point. If xl- ) is

uniformly continuous, any cluster point x~ of XI-) is an almost cluster point . U

ProOf.

a) To say that ,c~ = lim X (t)  amounts to saying that V a > 0 , B T > 0 such
t-’-

that (T ,= f  a (ti llx(t) — x~il > a) = . Hence the measure of this set is equal to 0

b) Let x,,, be a cluster point of x(•): Since x(~) is uniformly continuous ,

there exists n such that I s—ti  < q implies l x ( t )  — x(s)ll < a/2 .  Also , there exists

a sequence t • (which satisfies t — t > 2r~) such that l it —it (t )il a a/2n n+l n —  * n —

when n > N - So, for any n > N , the disjoint intervals [t n - fl~ t
n + 13 J are

contained in {t € (O ,00 (IIIX (t) — xIIi < a) - Hence

= = L’( LI (t~ 
— T 1, t + f l ] )  < u ({t a ( “ ,‘-‘(I llxI t ) — x

~l l < a) • U
—- n>N

— c
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1 .
The following example just if ies the introduction of the concept of almost c luster  point .

Proposition 2.

If W is a nonnegative function belonging to L1 (0 ,°’), then 0 is an almost

cluster point of W when t • = U

proof.

If not, there exists a > 0 such that the measure of ~ (t a (0 , o[~ W ( t ) ‘a c}

is finite. Hence the measure of CA € = {t € [0 , ljW (t) > a) is infinite . Theref:re :

f~
’wIt)dr > f w(t)di + f w(r)d-r > a j(~A =

0 A C

which is a contradiction , C 
•

• ~~~p~sition 3

An almost limit it,,, of a measurable function x(-> :[0,”[ - ‘-it is the unique a1moct~

cluster point. U

Let y,,, be an almost cluster point different from x~. We choose a < l l x ~ - 
~

-
, /2

and ‘r such that the subset K = {t € (T ,°’- [jllxlt) — x~ l l > a )  has a measure eq-t e l  to 0.

The subset L — {t € [T ,°°(I ilx It) — 
~~ 

< a) is obviously contained in K and (ids

an infinite measure for y,,, is an almost cluster point . Hence = = oIL ) < ~ lK) = 0

• which is impossible. So, x,,, ~~~~ 
- U

~~gposition 4

Let f be a continuous (single valued) map from X to Y and x(’):iO , -j X

be a measurable function. If x,,, is the almost limit (resp . an almost cluster point)

of x (), then f(x
~
) is the almost limit (resp. an almost cluster point) of fix(’)).

.

Proof. It is left as an exercise. U

Theorem 2 (Cellina)

Let K be a compact subspace of X and it (’):LO ,°’t • K be a measurable function .

There exists an almost cluster point x* € K of x() when t -‘- ‘-‘

*
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Proof.

We define inductively decreasing sequences of measurable c o C a  [o,~ ( and

of closed subse ts E c K such that
n

- —u(7) •~ = x (S ) ,  p I A  ) = ~~, diamlE ) ~ ,‘n -

For n 1 , we cover the compact set K with a f i n i t e  number of sets of

diameter at most 1 - Thus the subsets x 1
(B1) cover [0 , ’ t  and , consequently , one

of them , denoted A
1 , has an infinite measure . We set S

1 
the corresponding set B~ -

Having defined the subsets A
k 

and 5
k 

up to n - , we cover the compact set E
n

by a finite number of closed subsets B~~
’1 of diameter at most l/n+l .

Their preimages x 1(B~ ) form a finite covering of . Since PlA
n
) =

• - • at least one of these sets , denoted A , has an infinite measure . Call E then+l n-F l
- n-Fl . -corresponding B. - Hence n>0 E = {x~~

) - It remains to show that it,,, is an

almost cluster point. Fix a > 0 and ‘F > 0 - Then , a neighborhood N ( i t
~

) con-

tains the subsets E for n > n(a). Consequently, x ’IN (x~)) ~ it
1 ( E )  = A

n 
for

all n > n
0
Ic). Hence,

— I1{t ‘a (0 ,— (IX (t )  € N I x ~ ) )  > P
1

(A
n

) = U

Proposition 5

Let W be a nonnegative lower semicontinuous from L C X to ~~~~. If x 1 )  is

a measurable function from (0 ,=( to L such that

(8) f W (x(-r))th a
0

4 then any almost cluster point it ,,, of tlt) when t -‘- satisfies the equation

w(x
~
) — 0 • U

Proof.

• -
~ Let it,,, be an almost cluster point of x l - )  when t • and assume that

w(x~
) > 0 - We take a — W (x ~ )/2 > 0 • Since W is lower semicontinuous , there exists

r~ such that W(t~)/2 < W (y)  when f l y  — xIIi < n. So the subset A = It €

II x(t) — x IIi < ri), whose measure is infinite, is contained in the set

B It a (0 , ( I W ( x~ )/2 < W ( x ( t ) ) } .  Hence

_ _ _ _ _ _ _ _ _ _ _  - 
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~1

t

WIit(-r))th ~ W ( x l t ) ) d i  > p I B ) =

• This is a contradiction. U

We are ready to prove Theorem 1.

Proof of Theorem 1

Since V is lower semicontinuous and lower semicompact , then xl t) remains in the

compact subset Q = { x aK jV I x )  < V Ix
0
)). Because F is upper continuous with compact

values , the set

F
Q 

= {(x,v) € n ~ n 1  ~ ~ 
Q , v a FIx))

which is the graph of the restriction F I Q of F to Q , is compact . Hence the function

t -‘- Ix I t ) ,x ’ ( t ) )  is a measurable function taking its values in the compact set F
Q 

-

By Theorem 2, there exists an almost cluster point Ix
~ ,v~

) ‘a F - Since xl-) is a

monotone trajectory with respect to V and W , we know that f W (xla ) ,x ’IT))d-r ‘a
0

Hence Proposition 5 implies that WIx
~~,

v
~
) = 0 . U

I
- ~~~~~~~~~ ~



14 . Nec’ - o a t -  condition for the existence of monotone trajectories

We n o a h  prove that the existence of monotone trajectories with respect to V an d

W of the differential inclusion it ’ a F IX), x(0) = it
0 

for all initial val ue it
0 

a F

implies that V is a Liapunov function for F with respect to W

• Theorem 1

Let F be an upper semicontinuous map from K C ~~ to IR
n with compact convex

• values. Let W be a lower semicontinuous nonnegative function on K coFIK) which Ia;

convex with respect to v - We assume that for all x0 a K , there exist T > 0

and a trajectory i t ( - )  on tO ,T [ of the differential inclusion it’ a Flit) , t b )  = it
0

sati s fying
- 

11) V s > t , V b x ( s ) )  — V(xIt)) + W ( x ( - r ) , X ’ ( T ) ) d T  < 0 -

t
a Then , V is a Liapunov function for F with -respect to W

(2)  ~ it a K , B V € F (x )  such that D V I x )  Iv) + W ( x , v) < 0 U

Proof.

It is analogous to the proof of Haddad ’s Proposition . Since F is upper semi—

continuous , we can associate to a > 0 an n > 0 such th at , for all i n , F (itIT) )
xbh) — x

• c F lit0) + a B, which is compact and convex. Since 
h 

0 
= ~~ 

f

h 
,c’ (T)dr and

since, for almost all i , x ’Ir) belongs to FIX
0
) + a B , the mean—value theorem

it(h) - x
- • - implies that 

h 
0 belongs to this compact subset,

x ( h ) — x
Hence there exists a subsequence hn • 0 such that V 

n 
h 

0 converges to

some v0 in F I X 0
) + aB. 

n

Since this inclusion holds true for all a > 0 , we deduce that v
0 

C FIX
0
).

We also observe that x0 + hnVn = itch ) belongs to K , the domain of V -

Hence property (1) implies that

V(x  + h v ) - vbx ) h
0 ____.9~

_ 
+ _L. f ~ WIx(-r),x ’(t))d-r < 0 -

Let us assume for a while that the following properties hold true :

Proposition 1

Let W be a lower semicontinuous function on K x ~ which is convex with respect

to v € L. Let x € C(0 ,T~ K) and v € L (0 ,T,M) be given, where H is compact. Let
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— 

• 

(4) it
0 ~ .~

l
~
m
0
x(t) and v

0~~ h~-~o 

~~ ~~~ 
v ( t ) dt .

(5)  W(x
0
,v
0
) < l1m inf~~ — f °W b x ( T ) , v l T) ) th. U

End of the proof of Theorem 1.

By Proposition 1, W ( x
0 ,v0

) < u r n  inf ~~~- 1n  W(xIT), x’ IT))dT. Hence
h + 0  n On

V(x + h v ) — V ( i t ) h
D v(x

0
)(v

0
) + W lx 0 ,v0

) < ~im ir~f 
0 I~F n 0 

+ lim inf 
~~~~~ 

f ~ W ( x ( r ) , x ’ l r ) ) d
n n h + 0 +  n O

V - ‘-v nn 0
V I x  + h  v ) V I x ) h —

< lim inf

[ 

0 0 
+ ~

_ 
~ 

r~ W ( x ( t ) ,x ’ ( t ) ) d r )~~~~0 - U

Before proving Proposition 1, we need the following result of Ekeland — Temaxn [1).

When M is a subset of X , we denote by W
M Ix , )  the restriction to M of the

function v I-’- W (x ,v) and by EpW (it , •)  its epigraph.

Proposition 2.

H” . Let K and L be two nonempty subsets of it and W:K x L -~- ]R sat isfy

i) W is lower semicontinuous
(5)

ii) V x a K , v ~‘- W Ix ,v) is convex -

• Then, for any compact convex subset M C L , the restriction W
M Ix ,) of v • W Ix ,v)

to H satisfies the property

- ‘ (6) x + EPw
M
(x,•) is upper semicontinuous with closed convex values, U

Proof of Proposition 2

To say that it -‘ Ep WM IX ,) is upper sernicontinuous at x
0 

means that for all

- 

I 
a > 0 , there exists r~ > 0 such that , V it € K a (x

0 
+ 1B) , V v € M

B v~ € M n Iv + cB )  satisfying W lx 0 ,v0
) < W (x,v) + a • Since W is lower semi—

continuous, we can associate to each v € M an fl~ a [0 , a (  such that

• (7) V it a it
0 

+ n
~
B, V w a v + 1 3 B, WIx0,

v) < W(x ,w) + a

Since M is compact, it is covered by a finite number p of balls v
i 
+ B. /

i

—6 1—
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Let ~ mm n~ - Hence for all x € x
0 
+ ~B , for all v a M , there

i—1,...,p  i
exists v such that l i v - v.11 a a a satisfying W hit ,v .) a W Ix ,v) + a -i i — V - — O i —

Since v + W
M
(x ,v) is convex and continuous , then EPW(x,.) is closed and convex . U

We are now ready to prove Proposition l~

Proof of Proposition 1

By Proposition 2, it ÷ E P W M (x ,•) is upper semicontinuous . Then there exists h

such that , for all t € lO ,h I , Epw bxbt ), ) c Ep.q lx ,) + a (BxB). Therefore, for
C M O

all I a tO ,h 1, (v(T), W (x(r),v(T))) a EPW Ix (r), ) c EPw lx ,•) + a (BxB) Hence,a M M O

by the mean—value theorem , we deduce that, for all h0 
< h ,

(8) 
~~~~ 

h 
v(T)dT 1 

f
h

fl Wlx (T), v ( T ) ) t h  a 
~~

(E p WM
(x
O ,
~
) + a (BxB) ) -

Therefore, by taking the limit, we obtain:

(9) cv0, u r n  m t  ~~ _ (n WIx (-r),v(t))d-r) a 
~~
(EP W

r~
(x
~
,) + c bBxB)).

Since this is true for all a > 0 and since Ep wM (xO,~
) is closed and convex, we get:

(10) W (x
0,
v
0
) < lim j f  1 

1

h
0 w (xl~),v(T))dT. U

h +0 n 0
n
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15. Sufficient conditions for the existence of monotone trajectories.

• We shall prove that, conversely, if V is a Liapunov function for F with

respect to W there exist monotone trajectories of the differential inclusion it ’ € Flit )

that are monotone with respect to V and w -

Theorem 1

Let K be a closed subset of IR
n and F be an upper set-valued map from K to

the nonempty compact convex subsets of fl~n Let W be a function defined on

K “ Co F IK) satisfying

i) W is nonnegative and continuous
(1)

i i)  V it a K , v -‘- W l x ,v) is convex.

Let V : K + be a Liapunov function with respect to F and W

(2) V it a K , By a Flit) such that 0 Vbx) (v) + W b x ,v) < 0 -

We also assume that

(3) V is continuous (for the topology induced on K).

Then, for every it
0 

a K , there exist T > 0 and a monotone trajectory x 1 )  on

• 
~0,T( of the differential inclusion it ’ a Flit) and t b )  = it

0 
-

If F(K) is bounded, then we can take T = ~~. U

Proof.

It is analogous to the proof of Haddad’s theorem (See Haddad (1]). Since K

is locally compact , there exist r > 0 such that K n (it
0 

+ rB) is compact.

We set T = r/(II F (K
0

)iI + 1) . If F (K) is bounded , we take T arbitrary and we set

K
0 — 

K ncilx
0 + ‘F F ( K )  + B ) ,  which is compact.

Let us take y C K and V
y 

a Fly) satisfying

(4) D4 
V(y) (v~) + WIY~Vy

) ~ 0 -

This is possible thanks to assumption (2),

1 /
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By the very definition of D~ Vly) IVy)~ we know that there exist h < 1/k and

u a V + 1/kB such that
y y

Vly + h u ) — V (y)
(51 < D Vly) Iv ) + 1/k .

y y

Hence

V (y+hu)-V (y) 
1(6) + W(y,v ) a -

y
We set

f vIx + h u ) - V b x )
• - 

(7) N(y) = j x  € K — + W (Y~~v~
) <

I y

Since the function V is continuous, the sets N(y) are open and y a Nly). So we can

find a ball of radius a a J O , ~~
- 3 such that ly + oH ) a K c

Since K
0 

is compact , it can be covered by q such balls y. + a B. We

- 
3

set a. = a , h = h , u .  = u and v , — V • Let us take now any it a K -3 y. j y~ ~ y
~ j y. 0

It belongs to a ball y .  + a*.B for some j — l~~.. - ,q - Then there exists u~

such that

vlx + h .u .)  — VIx) 
~.— - i) +W cy j,vj

) a

18)

ii) lix — Y~li ,~ , ~ , ~~- , iiu~ — v
i

ii 
.~ , ~~. • —

Let h0lk) — mm h > 0 - So, cancelling the index j , we have proved that
1 nfor all x a K~ , there exist h € [h0(k), ~
.I and u € 11~ satisfying the two

following properties

i) a y € K and v a ~ (y) such that lix - yll “a , flu — vii <

~k. - (
~

)
jj) 

V(x + h u) — V (x) + W ( y , v) a ~~- -

a 

Therefore , we can construct inductively a sequence of elements x € K
0 

, 
~~ € ~~~~~~ ~~,P p p

h~~ a lb0 1k), ~- J and u € ~n satisfying

i) it = x  + h  u e Kp+l p p p  0
(10) ii) (x~~u~) € (y,v )  + lBxB ) c graph (F) + ~ IBxB)

- • V (x ) — V ( x )
iii) + W ( y ,v ) ~ -

L - - 

- -

~~~~ 
— 

—



We are sure that there exists an integer m such that

h + h  + , . .+ h  a T c h  + . . . + h  + h
0 1 m —  1 m m+l

1for h a (h 0 I k ) ,  ~ I for all p -

Let us set = h
0 

+ • •  + hq • We interpolate this sequcn- - by t h t a  p ia~cewicn

linear function x
k
(•) defined on each interval ~~~~~ T~ I by xk lt) = x~~1

It — r~~~)u 1 
We denote by 

~~~~~~~~ 

and v
k

b )  the step functions defined on this

interval by y~~b t )  = y and vk
(t) v -

When t is fixed in JT~~~~~,T~~ I , we have t— T ~~J < 1/k and there exists

l~~ 1v )  a graph (F) such that Itx.,~(t) - v i i  = Ilu — v i i  < 1/k and flitk
( t )  — y l l ~

i ix klt) — x~,l I + l ix  — y li < It — r~~ (iiu~ — v~lI + lv ii ) + lix — y
r” < 1/k II1 FIK 0

)II + 2 ) .

By setting F(t,x) = Flit ), we have proved that V t  > 0

Ill) (t ,xk
(t) ,  it~~(t)) € (t ,y

k
(t),v

k
lt)) + a(k)(BXBXB) c graph (F) + c(k)(BxBxB).

where alk) ~ 0 when k -‘- = . We also know that iIx~ It)Il < 1IF (K
0

)lI + 1 and xklt) C

co(K0) , 
which is compact. Hence the assumptions of the convergence theorem (See Aubin-

Cellina—Nohel [13) are satisfied: A subsequence of xk
() converges uniformly over

compact intervals to a solution x(’) of the differential inclusion it ’a Flit). More-

over, the sequence of derivatives x.(-) converges to x’() in L (O ,T;~~~) sup-

plied with the weak topology oIL ,L’) -

On each point -r~ of the grid, the following inequality hold:

(12) v l xk(T~~
1)) — v(x,,~ ( r ~ ) )  +h

~
W(itkIT

~
),vk

(T
~
)) < h

e/k

By summing these inequalities from p=q to p=r—1 , we obtain ,

r q
r— l It — - r)

v(x,~l-r~)) — V(x
k

( r
~

) )  + ~ h~W (X~~(T~ ), Vk
l T~~~) )  < k 

k 
k 

-

We remark that vk
( T )  — x~(t~) o n  the interval [-r

~
,Tr~

[ - So , we can write

the above inequality in the form:
n (1r _ 1 q)

k (13) V(y k ( r
~

) )  — V (y k~t~
))  + j  

k W(yk(I),v k
(I))dT 

~~- h 

k

- î  .

We recall that x.5(-) 
converges to x (-) uniformly on compact intervals; so

/
does 

~k
1•
~ ’ w~ also know that x~ (-) converges weakly to x ’ ( - )  in L(O ,T;X); so •

does vk (
~

) .

—65—

- 
- • 

- - - 
- - - 

- _ • a , ~~~~



- -

We assume for a while that the following Proposition holds true ISee Ekeland-

Temarn ( 11).

~~pposition 1

Assume that the function W : K  X L + is nonnegative , lower seinicont inuous

and convex with respect to v . Then , for all compact convex subset H C L , the

functional W defined by

(14) W(x,v) -r W ( x ( r ) , v(r))dr a (0, 1
0 -

is lower sem1 continuous on C(O , ;K) x L (O , ;M) when C(o,=;x) is supplied with the

topology of uniform convergence on compact intervals and L I O ,=;M) with the topology

induced by the weak topology o (I?,L1) O~ L (0 ,‘ ;X).

End of the proof of Theorem 1

By Proposition 1, we deduce that for all s > t

(15) f ~ Wlxl-r) ,x’lt))d-r < lim inf f ~ Wby~~(-r )~~v~ (-r))d-r
t k - ~ t

Since we can approximate s by and t by with > for k large enough ,

we deduce from the continuity of V that Vlx
k(r~

)) converges to VIx(s)) and

V (x.~ (-r~~) )  converges to V ( x ( t ) ) .  Also , since w is continuous, it is bounded on •

K0 
x F ( K 0

) and thus , f
tk W ( x I T ) ,x ’ I - r ) ) d t  converges to f8 W (x (r),x’(-c))dt. Hence,

t

we can take the limit when k + — in inequalities (13) : we find that x l ’)  satisfies

the monotonicity condition

V s  > t’, V(x(s)) — vbXlt)) + W ( x ( - r ) , x ’ I i ) ) d-r < 0
t

When F(K) is bounded , we have chosen ‘F independent of x
0 - So we can extend the

trajectory x (-) on (O ,TI on a trajectory on (O ,2T1 , (O ,3T) , etc. So, there exists

a trajectory defined on (O ,”[ - -

Proof of Proposition 1

Let xkl•) converging to x(-) uniformly on compact intervals and v
k
() con-

verging weakly to v ( )  in L l O ,”;X) . Hence

i) V t a (O ,~~(, xk
(t) converges to x(t)

(16) /ii) V T > 0 , vk (•) converges weakly to vI-) in L1(O,T;X).
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Actually, it is sufficient to suppose the latter properties (16) hold true. If

• lim inf WIxk,vk) = 
-4-=, the theorem is true; if not , let

— 4 (17) c lim inf Wb itk,vk
).

k -’- 
-

There exist subsequences (again denoted it
k 

and v
k
) of it

k 
and v

k 
such that

(18) V k c IN , wbxk
,V
k
) ~ c + -

By Mazur’s theorem , there exists a sequence of elements

119)  w
h o = 

k=h ~~h
”

k~~~~~~~
’ a~ > 0 

k=h 
a~ = 1

(where a~ = 0 but for a f in i t e  number of indexes k) that converges strongly to vI- )

in L1
00 ,T; X ) :

V h IN , Uw h 
- vii 1 1/h -

L b 0 , T ; X )

Hence , a subsequence (again denoted) W
h 

converges almost everywhere to v (-). Let

t > 0 be any point where

• 120) v l t )  = lim Wa lt )  -

By Proposition 14.2, there exists 13 such that Epw (x ,-) c EpW (xb t), ) + a(BXB)

4 - when fi x — x(t)il < r - Let k
0 

such that li x (t) — x(t)ii 
~ whenever J’a k

0
. Since

EPw(it
k

bt),•) is convex , we deduce that

(w
h

(t ) , 
~ 

- t ~~ W (it
k lt),vk

b t ) )  E p W I x
k I t ) , •)  c EpW Iit It), ) + c b B x B )  -

Hence , by letting h -* = , we obtain

(vlt), lim inf 
k~h 

ct~ W (xk
( t ) , vk

(t)) , c2~IEp Wb xIt), ) + (B”B) -

Since this holds true for all a > 0 , and since Ep WIx (t) ,.) is closed , it follows

that

(21) bv (t), lim inf 
k=h 

~~ W (xk bt) ,v
k lt)) a Ep WIxIt) ,’)

i . e . ,  that

( 2 2 )  lim inf 
k=h 

~~ W b x k
( t ) , vk b t ) )  > W I x ( t ) ,v ( t ) )  -

• We integrate this inequality and we apply Fatou ’s lemma, which is possible for W

is nonnegative. We obtain
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wIx ,v) < J (lim inf 
k=h 

cz~ k 
v
k
(t))dt

— - < lim inf  
k=h 

tL~ wlxk.
v
k
) < u s  (c + 

~~
- ) = c -

(By (18)). Hence wIx ,v) < C  lim inf wIx
k
,v
k
) - U

k -’-

~1

a

- 

~
iE-i~~! ~i~

’ 
~ ~~~~~~~~ ± -
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16. Stability and Asymptotic Stability

We consider the case when W 3 0 ; in this particular case, we say that V :s

Li~~~unov func t ion  with respect to F if

( 1) V it a K , B v a FIX ) such that 0 Vbx) Iv) < 0

and that a trajectory x( •) of it a F (x) is monotone with respect to V i f

12) the function t f’ VIxIt)) is nonincreasing.

Hence monotone trajectories remain in the “level sets”

13) {x a K vlx) < V(x0
)} -

t 
So, we obtain the following stability property.

Theorem 1

Let K be a closed subset of ~~n and F be a bounded upper semicontinuous

map from K to the nonempty compact convex subsets of IRE’ 
- Let V K -* be

a continuous lower semicompact Liapunov function, Let p ,,, = (it a K Iv Iit~
) = sin V I x ) } .

x~ K
Then the following stability property holds :

For any open neighborhood M of P~, , there exists a neighborhood N C ~~ of

P€, such that , for all it
0 

€ N , there exists a trajectory star ing at it
0 

and

remaining in M -

Proof.

We set Q = {x € K J vb x ) < mm V (y) + 1), which is compact. Hence , since H
y a K

is an open neighborhood of P,,, , Q C M is compact and c — mm Vbx) is

• 
i t € Q C C M

finite, Thus the subset N {x a Q I V ( x ) a c} is contained in M and is a nei gh—

borhood of P~ (for V is continuous). Now, if it
0 

a N , there exists a trajectory

- - 

xl- ) which is monotone Iby Theorem 15.1) and thus, which remains in N c M because

V(x(t)) < v (x0) a c • 
U

We shall give now conditions implying asymptotic stability when W 5 0 -

Theorem 2

Let F be an upper semicontinuous map from K c IR° to the compact convex sub-

sets of IR~ and V be the restriction to K of a locally Lipschitzean function V

which is lower semicompact. We assume that V is a Liapunov function with respect to

a F statisying
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H
- V it C K - i f  there exists v ~ Flit) such that o vbx ) Iv) > 0
(4) +

t aa ~ n - (it) = ~‘aj n V (y) -
a K

also 553 :00

(5) a U f l Ct 1~~fl (x ,v)  a graph IF) - • Vbx ) ( — ; ~ is ;~-~ er ;ern;conti-uous .

;tot- -; is the case wt ea~ , f - a r  ins tance , V is con t inu oo :  ~y d i f f e - e n ’ i-:iL I • o or cor -- - ;~I
eontioa;o::a). Then any nionotone trajectory satislits

(6) L it i  V ( x (t~) = mm V (y) -

t~~~ a~ y a K

Proof. -

- ‘a ~ set v (t) = a a ( x ( t ) ) .  Let us assum e tha t  -~ = Urn v (t) - ta ;; 0 - N t
i t - K

Q x € K v ( x )  - V ; x ) , which is compact becau ;- io lisa - ;  -
• i- - : a y - a a ;t  and

::atcoraiin303s •~~~~~ -;a -refore , the graph of t ha  r a - o t r i o t i o n  t o  of F is

set , for F is a ; ;  p r  seni-:antinuous f r a t a  K to tI :ta compact sa: ~a o t s  of IN
n 

-

• 0o J eln t ra On (4) impl ies t : ~~t p 
~~ a )  (v)  ~ 0 tor all (x , a , )  - F ; so , we dc -h ; - - -

+ Q

from \ssumption (5) tha: there exists p -, 0 such that

(7) -a -~ , sup 0 V (x) (v) < — a :

v - F (x)

Let xl-i a ( :  , a ~~t~~) be a t ra J a :t a;y such thot x l ’ )  ~~ (b , ; ~~~
0
) - Since

x ( t )  a C) fo r  o i l  t 0 , we deduce that D vbx(t)) lx ’ (t)) < — ; - Also, because v

is th e r a  P riction of a locally Lipschitzean function V , ~~ 222~ ion6! implies that

u r n  i
f 

v (t-i-h)— v(t) 
< ~ V Iitbt)) Ix’ (t)) < — i  -

Therefore , we deduce from Proposition 6.9 that for all P = Y.!! , we have

(9) vIT) — dO) < 1
T 

~ dt = v ( 0 )
0

Thus vIP) < 0 a mm V(x) and v (T) ~ a - anN; Vbx) -

X a K  x - K

• Thu theorem fo l l o w s  from this contradiction .
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17. Liapunov functions for U—monotone map.~~

Let (.1 : K x K -
~ 

be a nonnegative continuous function such that lly,y) = 0

for all y a K , which plays the role of a semidistance Iwithout having Na obey the

triangle inequality). We shall a~ aociate wi th U the class of 0 _ r s o n a a t a s a e  maps

- - 
F which enjoy the following property. If we know in advance that x~ a K is a

stationary point of F , then the “distance function” to it,,, : it -* U (x,it~) is a

Liapunov function . When Ulit y) a~ -~~ ~~ Ix - — y 
2

2 
~~~~l 

, the class of U—monotone maps

coincides with the class of monotone maps in the usual sense .

We list some exam ples of functions U -

(1) U I x ,y )  ~ Iit~ — y1JP 11 < < +=)

and , in particular, for p = 2 :

(2 ) U
2

(x ,y)  = 
~~ 

i~~1 

Ix . — y
~I 2

We mention also

(3) U ,(x ,y)  - max Ix . — y.)
i=l n

1 ~

and , if

14) U0
(x ,y) = 

- 

max x./y. — 

- 

mm x
m
/y

m - 
U

i=l ,,..,n

We associate with U the function U’ defined on K x K x x by

15) U’(x,y)(v) D I X  fl*- U (x,y))(x)(v) -

Now, we introduce the class of U—monotone set—valued maps.

Definition 1

Let U : K x K -* IN be a continuous function such that U(y,y) = 0 for all

n
y € K • We say that a set-valued map from K to IN is U—monotone if

(6) V x,y a K , u C FIX), v a F(y), U’(x,y) (v—u) < 0  -

We say that F is strictly U—monotone if -

(7) V x,y a K such that U(x,y) > 0 , V u  € Flit), v a Fly) , U’Ix,y)(v—u) a 0

and strongly U-monotone if there exists c > 0 such that
I i

• (8) V x ,y a K , u € Flit) , V a Fly) , U’ (x ,y)(v—u) + clu (x,y)) < 0  U 

-~~~~~~~~~~~~~~~~~~~ -- ~
-
~~~~

- 
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Finally ,  if r is a bounded continuous map fr:arn B- to r-- ~a a  o a t h a a t  F is

(~~,U)—monotone if

— - (9) V x ,y a K , u a F(x) , V a Fly), U ’bx ,y)Iv—u) + ~~I U ( x , v ) )  < 0 U

Ex~~j~~c-s of U—monotone opaerators

When we take K = INn and
+

110) U 2 Ix ,y)  = 
4 ~~Ix i 

—

we see that  F is I~~, U 2
) —monotone if

Ill) v x ,y a K , u a Flit) , v € F l y ) ,  ( u—v ,x—y ) > ~~a ( U
2

Ix ,y ) )  -

So, usual monotone maps are the U
2
—rnonotone maps .

When 1 < p < a o , we set

( 12 ) U (x ,y) ~~
- 

~ Ix . - y.
~~~~~i=l  

~- ~-

a and

(13) I
0
Ix,y) = Li I xi 

=

Therefore , F is (~‘,U )—monotone if and only if , for all it ,y a INS , u F l i t ) ,

V a Fly) , we have

_ ( 114) I x . - y. I~~
2 lx. — y.)(u. - v.) > ~~I U lx ,y ) )

i410
1x ,y) 

1 1 1 1 1 1 — P

when p = =, we set

(16) U I x ,y) max lx . — y.)
i=l ,. ..,n

and

(17) J(x ,y)  = Li I it . — y
~ 

= max lx . —

i=l ,. ,.,n

Then F is I~~,U )-monotone if and only if for all x ,y € IN
n 

, u a F I x) , v a F ( y ) ,

we have

(18) sin Iu . — v .) >~~ 1u (x , y ) )  -

j-Jbx ,y )

F ina l l -.’ , if it and y € ~~~n , w: set

1l-m) U bx ,y) = max —i- — sin —i-0 - v - - vi=1 , .  ., n 1 i=l , . .. , n i
and
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I

j (20) K (x ,y) = (iI~~= max , K ( x ,y)  = Ii I mm ~~

— 
[Note that U

0
(x ,y) = 0 if and only if 0 - 0 such that x = ly .1

Then F is ~p ,U0
)—monotone if and only if for all x ,y a IN , U FIX) ,

V a Fly)
U - 1 1 . u . - V .

(21) mm — max ~ — —~ > ~a (U Ix ,y) ) S

i€ K ( x ,y) ~~~ jaK b x ,y) Y~ 
— 0

Proof

- - The above characterization s follow obviously from- the computation of the con-

tingent derivatives of x -
~ U (x ,y). Since these functions are convex and continuous ,

the contingent derivatives coincide with the directional derivatives from the right.

When 1 a p a -4-~~, we set I (x ,y) = Li I x . > y . }  and I (x ,y)  = {i I y . < x
1
}.

Then it is clear that

U’ Ix ,y)  Iv) Ix . — y ) P~~ ~~~- — 
~ ly .  — x.)~~

1v .
p - 1 1 1 - 

- 1 1 1
‘ ial (it ,y)  i €I Ix , y )

p-2
= cx . — y~~ (x . - y . )v . -

— 
- • i~ I0

(x ,y )  1 1 1. 1 1.

If p = 1 , U~ (x~Y) (v) = v . and , if p = , we have W’ Ix ,y) (v) = max V . -

i=l 
1 

v ~ 
jaJlx ,y)

Finally, for p = 0 , we have U~ (x ,y) Iv) = max —i- - sin —i- - U

iacK (it ,y)  ~
‘i icK (it,y)~

’i

The U-monotone maps enjoy the following fundamental properties .

Theorem 1

Let U be a continuous nonnegative fu n c t i o n  from K x K • such tha t

U l y ,y )  = 0 for all y a K - Let F be a proper bounded upper semicontinuous map

from K to the compact convex subsets of - We also posit the following assulnp-

tions

i) there exists a stationary point x~ € K of F
(22)

ii ) —F is l~~,U) monotone .

Let w a C(0 ,=; IN) be a solution to the differential equation

(23) w ’ + ~ (w) 0 ; w(0) = U lx 0 ,x~ ) ,  it
0 

is given in K -
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Then there exists a solution x(’) to the differential inclusion it ’ C F ix ) ,

x(0)  — x
0 

such that t -
~ U ( x lt ) , x5 ) is nonincreasing, such that f P ( U l x ( t ) , x~ ) ) d t

0
< + and such that

(24) V t  > 0 , U ( x(t ) , x~ ) < w(t) - U

Proof.

• We set V (x )  = U I x ,x~ ) and W (x ,v) = 
~ lU lx ,x~)). Since 0 € F(x~

) , then ,

for all v € FIx) , we get D~V lx) lv) + W lx ,v) = U’ bx , x~ ) Iv — 0) +

The right—hand side of this inequality is nonpositive since —F is l~ ,U)-monotone,

4 Hence V is a Liapunov function for for F with respect to W - So, we app1y

successively Theorems 15.1 and 12.3, S

We mention now a result on asymptotic st~~jlity. For simplicity, we prove only

a special case.

Theorem 2.

Let L C be an open convex subset of IF° and U:L x L -
~ 

be a non—

negative continuous function such that

i) V y € L , Uly,y) = 0
- 
— (25)

ii) V y a L , it F~ Ulx ,y) is convex.

Let K be a closed subset of L and F be a bounded upper semicontinuous

map f rom K to the compact convex subsets of IN° - We assume also that

i) there exists a stationary point it,, a K of F

126) ii) V it € K , D
K
(it) C F Ix) ~

iii) —F is strictly U—monotone.

Then, for any it
0 

€ K , there exists a solution to the differential inclusion

it’ € F (x) , x (0)  — it
0 

satisfying -s

127) h a  U(x (t),x,,) = 0
t +—

I
we take for Liap unov function the restriction V I K  of the function V defined

on L by vl x)  - U(x , it~ ) , where x,,, is a stationa ry point of F - Since V is

convex and continuous , then D~ v (x)  lv) = D V(x)  lv) is upper sesoicontinuous with
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respect to (x ,v ) .  It is a Liapunov function since there exists v a D
K

(X) C F l i t )

• by assumption (26) ii) Hence 0 V I K
(x) lv) < 0 V(x)  Iv) = 0

÷ 
V ( i t )  l v) =

U’ (x,x ,,) Iv — 0) < 0 because v € F Ix) , 0 a F(x~) and —F is U—monotone . Also,

— let us assume that there exists v € F (x) such that 0 V Ix )  Iv) > 0 - Then

U ’ ( x ,x~ ) ( v — 0 )  > 0  and, since v a F(x), 0 €  FIX ,,) and —F is strictly monotone ,

we deduce from (7) that V (x) — U(x ,x,,) = 0 = sin V l y ) .  Therefore assumptions of
y€ K

Theorem 16.2 are satisfied and thus , any monotone trajectory stati s f i e~ property

(27). They do exist by Theorem 15.1.

Remark

We recall that the Browder—Ky Fan theorem states that when K~ is convex and

compact, the tangential condition 126) ii) implies the existence of a stationary

point x,, a K . U

a

I
3 p

i
a 

- 

S

/
,

~t— _ .
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18 Construction of Liapunov functions

If the dynamical system described by the set-valued map F : K c IN~ INn and

- - --4 the function W:K x F I X )  -
~ IN are given, the problem arises whether there exist a

Liapunov function V - By Theorems 14.1 and 15.1 , we have to find functions V

satisfying the property

(1) V it a K , ~v € F(x) such that 0 V Ix) Iv) + W (x ,v) < 0 -

For this purpose, we denote by T,, Ix0) the set of viable trajectories of the dif—

ferential inclusion

(2) x ’ € FIx) , xIO) = x
0 

given in K -

We define the function V
F 

from K to (0 ,+’o) by

— (3) V x
0 

€ K , V~~(X
0

) inf f W l x ( T ) , X ’ l T ) ) d-r .
x ( - ) a T ,,, (x

0
) 0

We begin by pointing out the following remark.

Proposition 1

Let V :K + and W:K x F I K )  -
~ 

be nonnegative functions. If there exists 
&

a monotone trajectory x(-) a 1(x0) (with respect to V and W) then

(4) 0 < V
F (xo) < Vlx0) -

Proof It follows from Proposition 121 and from inequality

V t  > 0  f t W (x(T),x’(r))d’t < V(X
0
) — V lx (t)) < V(x

0
).

We now prove that V~ Does satisfy the Liapunov condition for F with respect to W -

Proposition 2

Let K c be closed , F:K -3- INtm be a proper upper semicontinuous map with

compact convex images and W:K x c o( F (K ) ) + IN÷ be a nonnegative lower semicontinuous

function that is convex with respect to v • If the minimum in V
F
(x
o
) is achieved

for x
0 

a K , V
F 

satisfies the Liapunov condition

(5) ~ V0 FIX 0) such that D
+
VF (x Q) (v0) + W(X0

,v
0
) < 0 U -

A

Let us assume that there exists x (-) € 1(x
0
) such that v

F lxo) =

f W(x(-r ),x ’(t))d-r . Since F is upper semicontinuous , we can associate with any
0
a > 0 an n > 0 such that , for all x € it

0 
+ c B , FIX) C F(x0) + £ B - So, for h
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small enough , x’ l-r ) a FIXIt)) c Flit0
) + aB for all -r €1 0 ,hl . On the other hand ,

x l h ) - x  1 h
h 

0 
= 

~ j  x ’(r)di belongs to FIx0) + aB by the mean—value theorem , because

0 x(h ) - it
0

the latter set is compact and convex. So, a subsequence V
n 

= converges to

some v0 ~ F li t
0

) .  On the other hand ,

vF
(x(h )) < f W (xI-r),x’l-r))dt = f °’ W l x ( - r ) ,x ’ I - r ) ) dr

h 0n

h h
— j n W (x(r),x ’ (t))d-r Vj;•1X0

) — f ~ WIth ) ,x’ l-r) )d-r -

0 0
Therefore,

v l x  + h v ) — V l x ) h
F 0 

— 
F 0 

+ 
~~~~ I ~ W (X(t),x ’ Ir))dt < 0 -

By the very definition of the upper contingent derivative , we have 0 V
F IxO ,

v
o
) =

VF
(x
O + 

hv) — VF IXO)
lim inf h 

and, by Proposition 14.1, W1x0,
v
0
) <

h + 0
v -3-v

0 h
1 n - -

lim inf ~‘—f W I x I t ) , x ’ l - r ) ) d-r . So , by taking the limit in inequalities 16) , we obtain
h + 0  n O

a C

v 3 - v
n O

the Liapunov condition (5) U

Therefore, by tieing up some preceding results, we can prove that V
F
I )  is the

smallest Liapunov function with respect to F and W

We begin by making more precise Theorem 14,1 on necessary conditions .

Theorem 1

Let F be a bounded upper semicontinuous map from K C IN
C to the compact convex

subsets of ]kn . Let W be a nonnegative lower semicontinuous function from

K * coF (K) which is convex with respect to V -

Let V be a nonnegative function on K • If for all it
0 

€ K , there exists a

monotone trajectory x l-) € T,,(x0) with respect to V and W , then not Only V is

a Liapunov function with respect to F and W , but V
F 

is also a nonnegative lower

semicontinuous Liapunov function smaller than or equa l to V • U
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Proof.

Since there exist monotone trajectories xl-) a T (x0
) with respect to V and W

for all x
0 € K , we deduce from Theorem 14.1 that V is a Liapunov function for F

with respect to W , from Proposition 1 that V
F IxO) < Vlx~) for all it

0 
a K and from

Proposition 2 that V
F is a Liapunov function, The set-valued map x

0 
-3- T,,,lx0) from

K to the space of functions xl’) € C(O,°’;IN~) whose derivatives x’() € L(0,0;IN
C )

is upper semicontinuous with compact values when ClO ,o ;INC) is supplied with the

topology of uniform convergence on compact intervals and when L (O ,0 ;IN
C) is supplied

with the weak topology alL ,L1). Proposition 15.1 states that the functional

x }-“ f’ W (x(t),x’I-r) )d-r is lower semicontinuous on that space. Hence the maximum
0

theorem implies that the function V
F(•) is lower semicontinuous.

Another combination of the same arguments yield the following statement:

Theorem 2

Let F be a bounded upper semicontinuous map from a closed subset K C INC to

the compact convex subsets of INn , satisfying the tangential condition

(7) V it a K , FIX) C DXIX) p~ 0 - -=

Let W : K x coF(K) + be a nonnegative lower semicontinuous function which

is convex with respect to v . If for it
0 

€ K , VF
(x
o
) is finite, then V

F
(x t.)) is

lower semicontinuous at it
0 

and satisfies

(8) B v
0 € FIX0) such that D~ VF

(x
O
) + w(x

0,
v
0
) < 0

Consequently, if V
F(•) is finite on K , it is a lower semicontinuous Liapunov

function for F with respect to W . U

The fact that V
F is a Liapunov function yields the following characterization of

trajectories achieving the minimum of V
F -

Proposition 3

Let us assume that the function V
F defined by (3) is finite on K and is a

Liapunov function for F with respect to W • Then the trajectories of the differ—

ential inclusion x’ a FIX), x(0) x
0 , which are monotone with respect to V and jF

w achieve the minimum in V
F
(X
O
). U
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Proof.

• If x l - )  is a monotone trajectory with respect to V
F 

and W , we obtain the

inequality

(9) f ’ W (x(-c),x’(r))di<v lx
0
) = inf f WIyI-r),y ’ l-r ))d-r . U

0 y ( ’) € T ,, (x 0 ) 0

This simple statement is a very important consequence in control theory. We associate

- 
with V

F the new map G defined by

- (10) G(x) = Lv a F (X)ID V (x) (v) + wlx ,v) = mm ID
÷ 
V
F
Ix) Iw) + wlit,w))} -

w€F lx)

Note that GIx) is single—valued when v -* D+ VF
(x) Iv) is convex and v f- W (x,v)

• is strictly convex for all x a K . One can devise sufficient conditions implying that

(x ,v) -
~ 
D
+ 
v
F
lx) Iv) is upper semicontinuous . This and the continuity of W guarantees

that C is an upper semicontinuous map.

In any case , by Theorem 16.1, solutions xl’) of the differential inclusion

• it ’ a GIx) , xIO) = it
0 

yield trajectories of it ’ a Flit), x(0) = it
0 

which achieve

the minimum in V
~
(x
o
).

-- 1 -
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19. Construction of dynamical systems having monotone trajectories

The question arises whether V and W being given, there exists a continuous

single—valued map f such that the differential equation x’ = flit) has monotone

trajectory with respect to V and W -

In this section, we shall assume that

i) K is compact and convex

(1) J ii) V is the restriction to K of a convex continuous function V

iii) W is continuous and convex with respect to v -

We recall that a necessary and sufficient condition for f to have monotone trajectories

with respect to V and W is that

(2) V x a K , 0~ VIx) (fIx)) + W (x,f(x)) < 0 -

Since D+ VIx) (v) is the restriction to the tangent cone D
Klit) of D

+ 
VIX) lv) , we set

(3) SIx) {v a X D~ V (x)Iv) + W lx ,v) < 0 } •

So, the necessary and sufficient conditions can be written

14) V it € K , f ( x) € SIx) n D
K
(x)

In order to exclude the obvious solution f 5 0 , we introduce the cones

15) lx) — {v a x I D
÷
V (x)(v) + W (x,v) a o}.

which may be empty. We also set

(6) K0 Lx € K SIx) C D X IX) ~ 0 }; K1 K OCX 0 - 
a

Theorem (Cornet)

Let K be a compact convex subset, V be the restriction to K of a continuous 4
convex function V and W be a nonnegative continuous function on K ~ IN

n which is

convex with respect to v - We assume that the subset K
0 def ined by 16) is nonempty.

Then there exists a continuous function f whose set of stationary points is K
1

such that the differential equation it’ — f(x), x(0) — it
0 

has a monotone trajectory

with respect to V and W - U

I
-80-
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Proof.

Since (x,v) P V (x) Iv) is upper semicontinuous, the graph of the map S

S 
which is equal to

Graph S = ( (x , v) a K0 * IN’~ I P VIx) Iv) + WIx ,v) a 0

is open Since the set—valued map it 
~ 
D~ lx) is l s c .  and has convex values x ~

S(x) C D
K
Ix) is locally selectionable from K0 to IN~ and its images are convex

-
• cones. (See Cornet (1]). Hence, by results of corret El), there exists a continuous

function £ from K ot satisfy ing

17) V it a K0 , f(it) € DXIX) C 
SIx )  and V it a K

1
, flit) = 0 -

So , such a function f satisfies the assumptions of Theorem 15.1. Hence there exists

monotone trajectories of the differential equation x’ = flit ). U

L

L~~ _
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20. Feedback controls yielding monotone trajectories.

Let U be a set of controls u and f K U -
~ X the map that assigns to each 

—

state x and to each control u the velocity flx ,u) of the state.

-a- 
~ feedback control is a map U :x a K -

~ u ( X ) a U associating with each state of

the system a control according to a fixed rule for achieving a given purpose.

The example of such a purpose is the requirement that the trajectories of the

differential equation

i) x’(t) = f(xlt),ulx(t)))
(1)

ii) xIO) = 0

exist and satisfy the monotonicity condition:

(2) V s  > t , VIx(s)) — V(x(t)) + jS W Ix IT ),x’(T))dT < 0  -

t -
We assume that V is the restriction to K of a convex continuous function V -

We introduce the following set-valued map S defined by

(3) SIx) = Lv a xI~ V (x) lv) + W ( x ,v)  a 0 }

and we set

14) KQ = ( x I K s(x)nI)K (x) #~~~
), 1(

l K f l CK .

- 
- Theorem 1

Let us assume that K c X and U are both convex compact subsets, that U

contains 0 and that  F K U -* X is a continuous map that is linear with respect

to thc controls - 40 a.;sume that K
0 ~ 0 and that there exists y > 0 such that

V x  - • K
0 , 

~ 
y a x , Il yl) < -y , B u a U such that

15)
f(x ,u) — y a DX IX) C SIx)

Then there exists a feedback control u c CIK ,U), vanishing on K
1 that provides

monotone trajectories with respect to V and W - U

By Theorem 15.1, we have to prove the existence of a feedback control u r CIK,T )

-~ - such that

i) V it K0 , f(X ,ulx) ) a DX IX) n S Ix)
(6)

i i )  V it ‘ K1 , u(x) = 0 - 
*

—82—



1-

Let us set , if x €  K
0 ,

(7) C lx) = Lu a u 1 f(x,u) a DX IX) C SIx) )

We already mentioned that it 
~ 
D
K
(x) n S(x) is locally selectionable and thus ,

lower semicontinuous . Assumption (5) implies that C is lower semicontinuous on K0
.

J 
(See Aubin and cellina [ 1 ) ),

Michael’ s theorem states that there exists a continuous selection v € C(K 0 ,U ) of

the set—valued map C - We denote by dK (it) the distance from it to K
1 

and we
1

set:

d
K I x )  v lx )  if x € K

0(8) u(x) = 1
0 if X a K

1

This function u is continuous on K - It is obviously true when it a K
0 

- Let us

check that it is continuous at it a K~ . Let a > 0  and y a it + a B ,  Then

ulx) = 0 and either uly) = 0 lwhen y a K
1

) or u ly )  < d
K 

I y ) M  < a where
1

4 H = l Ull . Then I l u l i t )  — u(y)ll = II u (y)l1 < aM . Hence ii is continuOus . Since

v lx )  a C l x )  , and since f is linear with respect to the controls , we deduce that

f l x , u ( x ) )  = d
K Ix) flx ,v(x)) a D

X
IX ) C SIX)

1
when x a K

0 
and that f(x ,u lx)) = 0 when x a K

1 - U

-

~~

— 8 3 —
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21. The time dependent case.

We shall adapt to the t ime dependent case the results we proved for the time inde—

pendent case. We only have to use the classical transformation which amounts to

observing that the solutions to the differential inclusion

11) x ’ It) a Flt ,x) x(t
0
)

and the solutions fs~ (tlt),x(i)) = ~~(t) of the differential inclusion

(2) x ’ a F l i t )  , xlo) = lt0
,x
0
)

where we set

13) V lt ,x) = € DomlF) Fl;) = (1,Flt ,x))

- 
We shall denote by - K = Don F the domain of F , which is the domain of K -

We introduce

i) a nonnegative function V from K to IN
14)

ii) a nonnegative function W from K x coFIK) to IN -

Now, the symbol D~ V (t,x) ll ,v) denotes the upper contingent derivative of V at

(t ,x) in the direction (l ,v). We recall that when V is differentiable , we have

15) P VIt ,x) (l,v) — V(t , x) + -
~
j-
~-— V (t ,x)v . -

Proposition 1

~~(-) is a monotone trajectory of the differential inclusion 12) with respect to

V and W if and only if xl’) is a trajectory of the differential inclusion (1)

which is monotone with respect to V and W in the sense that

(6) V S > t , V (s ,xls)) — v (t ,x ( t ) )  + f W (t,xl-r ) ,x ’ l-r) )d-r < 0 -

0
Proof.

Indeed, xl-) is a solution to 12) if and only if x(t) = lt ,x (t)) where x l-)

is a solution to (1). Note that x ’(t) — (1,x’(t)). So, Condition (6) is equivalent

to V s  > t  , V (~ (s)) — V(~ (t)) + f’ W(i(t),~~ t))dt < 0  . U

0 4We introduce now the concept of Liapunov function .

I
a

I ’
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fl :

has a monotone trajectory xl-) € Clt 0 ,=;Ip’~ ) for all to 
> 0 and it

0 
€ KIt0

) if and

only if V is a Liapu nov for F with respect to W - 
U

We mention also the following adaptation of Theorem 18.2.

We denote by T ( t  x )  the set of solutions x ( )  a C(t
0
, ;x) of the d i f f e r —

ential. inclusion (1). Wo introduce the funct ion
-

112) V It ,x ) = inf f W(t ,x (-t),x’ I-t ))d~~. 
- -

F 0 0 x ( ) c T lt
0

, x
0

) 0

Theorem 2 
-

Let F be a hounded upper semicontinuous map from a closed graph of a set—valued

moj~ K ( . ) : I N  IN~ to the compact convex subsets of INC 
, sati s f y ing

(13) V t  > 0  - V x K(t), F(t,x) C D  K(t,x)I1) 
~ 0 -

Let W : K colF (iZ)) -
~ 

be a nonnegative lower semicontinuous function which is

convex with respect to the last argument . If for all It
0,x0

) K , the func tion

4 VF(to,xo) is f i n i t e , it is the smallest nonnegative lower semicontinuous Liapunov

function for F with rc fect to W . U

If V (t
0
,X
0
) is a liapunov function for F with respect to W , then

(14) inf ED V ( t , x > ( 1, --  4- t:(t ,x ,v ) )  < 0 -

V - F ( t ,x )

Wh V is the restri ’-tior t o  K of a differentiable function V , this  inequality

can be written

( 1 - )  It ,x)  + inf [ 
~ ~!. lt ,x)v . + WIt ,x,v)) < 0  -a 

~ F ( t ,it)flDKlt,x) 11) i=l i 1

This  i~ the CaIath~ oJory—tIami1ton_Jacobj_Bel1man equation of control theory.

t 
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