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ABSTRACT
We use the Bouligand contingent cone to a subset K of a Hilbert space
at x ¢ K for defining contingent derivatives of a set -valued map, whose
- ;' graphs are the contingent cones to the graph of this map, as well as the upper
contingent derivatives of a real valued function. We develop a calculus of
these concepts and show how they are involved in optimization problems and in

solving equations f(x) = 0 and/or inclusions 0 € F(x). They also play a

S v fundamental role for generalizing the Nagumo theorem on flow invariance and
’ ! for generalizing the concept of Liapunov functions for differential equations
b b and/or differential inclusions. .
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SIGNIFICANCE AND EXPLANATION

In recent years, the concept of multifunction (or set-valued mapping) has
proved increasingly useful. A multifunction F is a mapping x > F(x) such
that, for each x , F(x) 1is a set (rather than a point, as would be the case
if F were a function in the usual sense). In this paper we propose a defini-
tion of derivatives for such a multifunction, and we go on to develop some of
its properties and applications. The key to the definition is to consider the
graph of F ; i.e. the set of all points (x,y) such that y € F(x). We take
the tangent cone to this graph at a particular point (xo,yo), and we define
the derivative of F at (xo,yo) to be the multifunction whose graph is this
cone. (One discerns here an analogue of the familiar property of differentiable
functions: the tangent line to the graph of F at the point (xO,F(xo)) has
slope F'(x).) The question arises as to what tangent cone to choose. If the
graph of F 1is convex, there is no ambiguity. If not, we have the choice be-
tween the Bouligand contingent cone, which is large but not nggessarily convex,
and the Clarke tangent cone, which is always convex, but "too small" in some
instances. We choose in this paper the Bouligand tangent cone because it appears
naturally in the following contexts:

- studying necessary conditions in nonsmooth optimization problems and
sensitivity analysis

-giving sufficient conditions for the existence of solutions to inclusions
0 ¢ F(x)

- giving necessary and sufficient solutions for trajectories of a differen-
tial inclusion to remain in a given subset (invariance)

- giving necessary and sufficient conditions for trajectories of a differen- '

tial inclusion to satisfy conditions of the form: t - V(x(t)) is non-decreasing

(stability).

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.




CONTINGENT DERIVATIVES OF SET-VALUED MAPS
AND EXISTENCE OF SOLUTIONS
[ TO NONLINEAR INCLUSIONS AND DIFFERENTIAL INCLUSIONS
Jean Pierre Aubin
Introduction
Everyone knows the crucial importance in both pure and applied analysis of the
concept of derivative of a function or a distribution discovered by Laurent Schwartz.

Let V be a locally integrable function defined on an open set = < ®'  and

v e R'. We form the differential quotients VhV(',v) = XSJ:D!%T:—li;l . Instead

7
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of requiring that th(-,v) converges for the topology of the pointwise convergence,
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one is still content with the much weaker convergence of th(-,v), in the space of

S

distributions. 1In other words, one can find a weak enough topology that allows the

RN ARRY

convergence of the differential quotients th(-,v).

However, many problems arising in nonlinear analysis, in optimization and differential

.

¥ - equations still require the pointwise convergence of the differential quotients Thv(-,v).

but allow to use limsup or liminf instead of the limit. This was already proposed by

A Dini when V is a locally Lipschitzean function. Few years ago, Clarke suggested to
1 use limsup th(y,v), whose charm lies in the fact that it is always convex and continuous
: h>0+
},.‘ '—; wx . -
i with respect to v.

We propose in this paper to take in consideration another candidate, namely

) liminf Vh(x,w). The main justification for this is that it works well for solving the
1 h>0+
WV
problems we were studying: we hope to convince the reader by presenting some results in
the following pages.
Also, this concept can be defined not only for real valued functions, but can be
adapted for vector-valued as well as set-valued maps.

Indeed, one way to see this is to consider the graph of a map. If we can define a

3 , . tangent space to this graph, then we know that it is the graph of its derivative. If

not, we can still define a "tangent cone" to this graph and decide to look at it as

3 the graph of some set-valued map that, hopefully, retains enough properties of a
Sponsored by the United States Army under Contract No. DAAG29-75-C=-0024.
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would-be derivative to deserve to be presented to the public.

As a seducing candidate, we can think to the Clarke tangent cone, which is always
closed and convex. But there is an older candidate, the contingent cone, introduced
by Bouligand in the early 1930's, in connection with the theory of derivatives of

functions of one or two variables. We claim that it would be unwise to bury and forget it.

The contingent cone DK(x) is defined by

(1) Dfx)= N U (% (K-x) + €B).
a>0 hel0,al
€>0

For this literature, see S. Saks [l], R. T. Rockafellar [5].

We note that when 1Int K # § and when x ¢ Int K, then DK(x) =X . So, conditions
involving the contingent cones are boundary conditions, in the sense that they are trivial
when x ¢ Int K. 1In 1943, Nagumo [l] proved that if a continuous and bounded map f from
K to K satisfy
(2) ¥ x¢e K, £(x) € DK(x)
then there exists a trajectory x(+) of the differential equation
(3) x' = £(x) , x(0) = Xy where x_ is given in K

0

that remains in the closure of K . Moreover, if for all X, € K,

jectory of the differential equation that remains in K , condition (2) is satisfied.

there exists a tra-

Analogous statements remain true for differential inclusions (see Haddad [1], Aubin-

-
Cellina-Nohel [l1] when K is convex and Aubin-Clarke [1]).

Also, we can use this contingent cone to solve nonlinear equations.

For instance, let f be a continuously differential map from a neighborhood of a &
compact subset K ¢ B to . assume that
(4) ¥ xekK, @uce DK(x) such that Vf(x)u = -f(x). ‘
Then there exists a solution x ¢ K to the equation f(x) = 0 (See Aubin-Clarke ([2]). E
We shall extend this result to inclusions 0 ¢ F(x) as well as finding other results %
in this direction. {
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Finally, in optimization theory, contingent cones play a role. For instance, if
X, € K minimizes a continuously differentiable function U defined on a neighborhood
of K , then

(5) ¥ ue DK(xo) a (VU(xO),u ) >0.

These results among many other applications, justify a further study of contingent

cones, despite the unfortunate fact that they can fail to be convex. If one need con-

vexity (for using duality correspondence between convex cones and their polars, for

instance), he should use the Clarke tangent cone. (See Clarke [l1], [2], [3] and

Rockafellar [3], [4], [S]). So, we face the dilemma of either using a convex tangent

cone, which may be too small, or using the contingent cone which appears naturally in
many instances, but which is not generally convex. Fortunately, when K is closed and

convex or when K 1is a smooth manifold, these two cones coincide.
We proceed as in elementary calculus, when the derivatives of real valued function
are defined from the tangents to the graph. Actually, if F is a set-valued map and
AE (xo,yo) belongs to the graph Graph(F) of F , we can define its contingent cone
hich is a closed cone (not necessarily convex). We define the contin-
Dgraph(F}xo'yo)’ T Y ————

gent derivative DF(xo,yo) of F at X and Yq € F(xo) to be the set-valued map

whose graph is xo,yo) . We shall characterize the contingent derivative:

Dgraph(F)(

€ i ; -
vo DF(xo,yo)(uo) if and only if

(6) lim inf 4 {vo, ——————E-———-——~
h > 0+ L

u >au

F(xO + hu) - Yy ]

This formula captures the idea of a derivative as a suitable limit of differential
quotients.

If one desires to use a concept of derivatives, which would be a set-valued map
whose graph is closed and convex (these are called convex processes by Rockafellar [2]),

he may use the "Clarke derivative", whose graph is the Clarke tangent cone to the graph

of F . (See Ioffe [1] for a similar approach) . l ‘ ;
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Again, the advantages of convexity should be weighted against valuable properties
g
5 § of contingent derivatives in the field of nonlinear equations and differential eguations.
2
! What about real-valued functions? Since a real-valued function V is a particular
sl case of a set-valued map, we can define its contingent derivative: Vo € Dv(onuo) if
and only if
1
‘ v(x0+hu) - v(xo)
ko (7) lim inf Ve h = 0 . 4
: h o+ 0+
u > ug
In many instances, the order relation of real numbers play an important role: this is
¥ f the case in optimization theory, in differential inequalities and Liapunov stability of %
| trajectories of differential equations or inclusions. In this point of view, it is
| natural to associate with a real-valued function x b V(x) the set-valued map :
. +
V+(x) = V(x) + IR+ (whose graph is the epigraph of V). So, we check that the contin- g
¢
}1 gent derivative Dv+(xo,v(xo)(u0) is the half line [D+V(xo)(u0),w[ where g
- Vixg + hu) = V(x,) :
i (8) D+v(xo)(u0) = 1lim inf h .
h > 0+
u->u
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We shall say that D+V(x0) is the upper contingent derivative of V . By using the

Clarke derivative of V+ at (x,V(x)), we obtain the Clarke generalized directional
derivative (see Clarke (1], [2] and Rockafellar [3], [4], [5]). Let us mention that
the variational principle holds true. When V is a function from K to IR and when

X, € K minimizes V on K , then,

(9) VueXx, 0l.< D+V(x0) (u)

What makes this property useful is the calculus of upper contingent derivatives for
computing D+V(x) in terms of derivatives of other functions from which V is con-
structed. As an example, consider the case where V = U]K is the restriction to K
of a continuously differentiable function U . One can prove that

€ DK(xO)

[( VU(xO),uo) when Uy

D =

(10) +V(xo)(uo) e e e .
0 K 0

So, property (9) becomes
(11) Vue Dx(xo), O (VU(xo),u )
or, equivalently, if DK(xo)- denotes the negative polar cone,
(12) -vu (xo)e DK(xO) :
Contingent derivatives do play an important role in sensibility analysis for optimiza-
tion problems, which is of upmost relevance in economics, for instance. Let
F:Kk € R > R be a compact-valued map and U:F(K) XK * IR be a real valued func-
tion (x,y) »> U(x,y) which is lower semicontinuous with respect to x . We define
the marginal function V by
(13) Viy) = minfu(x,y) |x € Fiy) }
and the marginal (set-valued) map G by

(14) Gly) = {x e F(y) | utx,y) =viy}.

We shall prove the following facts: §

v vy € Dom DF(yo,xo), v U, € DF(yo,xo) (vo) we have

(15) D, V(yo) (vo) + D+(-U) (x

g .

o'yo) (uo,vo) %10

and, for the contingent derivative of the marginal map G , ¥ vo € Dom DG(yo,xo) ' i 4

Vu, e DG(YO,KO) (vo), we have




(16) D, U(xo,yo)(uo.vo) + D _(-V) (yy) (vy) < 0.

In this line of thought, we can state a differential version of Ekeland's varia-

tional principle: Let K be a closed subset and V:K > [0,2[ a lower semicontinuous :
function. Then we can associate with any € > 0 and x_ € K satisfying V(xe) =
inf v(x) + ez an element ;e € K which satisfies
i) Iz - % < &
(17) £ s
i) YueX, 02DV +elul .
This result is as useful as the original version of Ekeland's theorem.
It yields surjectivity theorems and inverse function theorems. For instance, we shall
prove that when an upper semicontinuous map F from a closed subset K c X to the
compact subsets of Y satisfies
e >0 such that, ¥ xe XK, VyerRlX), ¥veyY,
(18)
Fu e X satisfying v e DF(x,y)(u) and cliul < Hivi
then F maps K onto Y . g
We also shall use this kind of approach for solving inclusions 0 € F(x,). (We shall
say that x, is a stationary point of F .) 3
We introduce two functions
(19) V:ik > R and W:K x Co(F(x)) > R,
and we shall say that V is a Liapunov function for F with respect to W if
(20) ¥x € K, v e F(x) such that D+V(x)(v) + W(x,v) <0 .
We shall observe that when V is lower semicontinuous and lower semicompact (i.e.,
the subsets {x € K I V(x) < )} are relatively compact for all A € R),
(21) there exists x, ¢ K and v, ¢ F(x,) such that W(x,,v,) =0 .
We note that when we assume that W(x,,v,) = 0 if and only if v, = 0 , such an x, is
a stationary point of F . This is not all. Assume, for instance, that
i) F is bounded, upper semicontinuous and has compact convex values
(22) ii) Vv is continuous and lower semicompact ’
iii) W is continuous and is convex with respect to v .
’

e

i £ i o
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We shall prove that V is a Liapunov function for F with resepct to W if and only if

for all X, € K , there exists a trajectory x(+) € C(o,m;nfU of the differential inclu-

sion

(23) x' € F(x) , x(0) = X,

which is monotone in the sense that

(24) ¥ s >t, Vix(s)) - vix(t)) + ft W(x(t),x"(t))dt <0 .

s
In this case, subsequences x(tn) and x'(tn) have "almost cluster points"

X, € K and v, € F(x,) satisfying property (22), where "almost cluster points" are
analogs for measurable classes of functions of cluster points for usual function. Monotone
trajectories yield informations on the behavior of the nonincreasing function t - V(x(t))
when t -> ., We also prove that under assumptions (22) i) and iii), the function VF
defined on K by

(25) VF(xO) = inf {éw W(x(t),x'(1))dt when x(*) is a solution to (23) },

is the smallest Liapunov function for F with respect to W when Liapunov functions do
exist. This provides a bridge between Liapunov stability theory and Caratheodory-

Bellman approach to optimal control theory.

I would like to thank Georges Haddad for his hidden but important contribution as

well as Arrigo Cellina, Bernard Cornet and Ivar Ekeland.

-




e G P DA

10.

11.

12.

13.

14.

15.

16.

17.

18.

19,

20.

21.

OUTLINE

Bouligand's contingent cones.

Calculus on contingent cones.

Contingent derivative of a set-valued map.

Calculus on contingent derivatives.

Upper contingent derivative of a real-valued function.

Calculus on upper contingent derivatives.

Contingent derivatives of marginal functions and marginal maps.
Ekeland's variational principle.

Surjectivity thecrems.

The Newton method.

Liapunov functions and existence of stationary points.

Monotone trajectories of a differential inclusion.

Almost convergence of monotone trajectories to stationary points.
Necessary conditions for the existence of monotone trajectories.
sufficient conditions for the existence of monotone trajectories.
Stability and asymptotic stability.

Liapunov functions for U-monotone maps.

Construction of Liapunov functions.

Construction of dynamical systems having monotone trajectories.

Feedback controls yielding monotone trajectories.

The time dependent case.




—
el A ee—
2 s
3
1. Bouligand's contingent cone. ;
)
3 Let K be a nonempty subset of a Hilbert space X. We shall define the Bouligand
contingent cone as follows.
Definition 1
k We say that the subset
) B = 0. 0\ (-:‘;(K-x) + €B)
e>0 a>0 O<h< a
H is the "contingent cone” to K at x . -
In other words, vV € DK(x) if and only if
¥e>»0, ¥a>0, Baexwy+eB; Zhel]O,a] such that
(2)
s B X + hu € K .
It is quite obvious that Dx(x) is a closed cone , which is contained in the closed
cone TK(x) defined by
b3
T ) 2l U Z(Rex)
. h>0
They coincide when K is a closed convex subset. (See, for instance, Rockafellar [5]).
s We also note that
-
(3) if x € Int(K), then DK(X) s
We characterize the contingent cone by using the distance function dK(°) to K
defined by
a, (x) 2 inf{llx-yll |y € K}.
$ £ Proposition 1
dK(x + hv)
i v € D_(x) if and only if 1lim inf =0 . L]
§ K h
¢ R 104
Proof.
<
: a). Let v e DK(x)' For all € >0, a > 0 , there exist he]0,a] and u ¢ v + ¢B
dx(x+hv)
such that x + h u ¢ K . Hence - < HNx +hv = (x +huw)ll < Jlu-vll < e. so,
‘ dK(x+hv) d_ (x+hv) :
i ¥ e >0, O0< supinf = < €. This proves that lim inf =0 . :
8 a h<o h »> 0+
s i $ 4, (x+hv) 4, (x+hv) g
{ b). Conversely, if 1lim inf 7 = sup inf h = 0 , we deduce that Q
’ F h » 0+ a>0 h<a
. *
o | ( )For simplicity. Several results of this paper are true for topological vector spaces. ;
-9-
2
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dy (x+hv) :
¥e>0, ¥a>0, T hc<a such that < €/2. TtThus, there exists ye K such that
i ¥ (x+hv) P
x+:vxl|idl(h + £/2 . Hence u=yh—“ev+eB and satisfies x + hu=y ¢ K . ® 1 1
-
Remark.
We recognize the "Nagumo condition" implying the existence of trajectories remaining
' in a given subset K . L]
We can also characterize the contingent cone in terms of sequences.
Proposition 2
1 vV € DK(x) if and only if there exists a sequence of strictly positive numbers hn
and of elements u e X satisfying
(4) 1) 2hn oV PR & R 6 U B e TS i L0 IR~ S 9 LR ST U T R
n n - n n
4 n»>o n-e
Proof. It is left as an exercise.
Remark.
5 mEwaLs
By .. For all x € X , we have Dx(x) = X . We shall set Dg(x) = 2. LR
! Remark.
4 It is easy to see that the contingent cone to K and the contingent cone to the
b i ’
{ closure K of K coincide:
|
| ¥ xe K, DK(x)tbﬁ(x) .
e f Therefore, there is no danger in speaking of DK(x) even when x € K and x ¢k . i
; Proposition 3
, Let K © X be a closed subset. We denote by ﬂx(y) the subset of elements =x € K
f ~4
such that lIx-yl = dK(y). We obtain the following inequalities
'
K ] (5) 9y¢1(,vxe1rx(y),9v5c—obx(x),then (y-x,v)io. .
. 3 § Proof . '
| Let x ¢ "K(Y) and v € Dx(x). We deduce from the inequalities lly-xll - dx(x + hv) =
i dly) = . (x + hv) <lly - x = hvl that !
: a_ (x+hv) H |
- =xll - |l y=-x~
B _.{—__zr_‘l X 2= Lim Iy }hxm’"iliminf =0 : .
i e h > 0+ : h > 0+ MR
for y # x, u » llul is differentiable at u # 0 and v ¢ Dx(x). so (y=-x,v) <0 /)
-— b e
g, 3itid for all v ¢ Dx(x), and, consequently, for all v ¢ co Dx(x) . L »
i
¥ =-10-
e  §
; I _:
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We deduce from this proposition a criterion of convexity of the contingent cone.
Let us recall that a set-valued map F from M to N is lower semicontinuous at
X, € M if for any ¢ > 0 and for any Yo € F(xo) there exists n > 0 such that,

F(x) n (yo+eB);€¢ for all x « x0+nB.

Theorem 1 (B. Cornet)

Let us assume that

(6) x ¢ K » co DK(x) is lower semicontinuous at X, € K
Then the contingent cone DK(xo) to K at X is a closed convex cone. L
Proof.

a) Iet v e E’DK(XO)' For proving that v

0 € DK(xo), fix ¢ > 0 and let

0
n = n(e) such that, thanks to (6),

) <d

d; DK(X) (v0 £ A Dx(xo) (vo) + ¢/2 when llx—xoll i

We take h = n/2llv0|| and, for t ¢ ]J0,h[, we set vy, S x +tv

0 0’ we choose x

+ € nK(yt)
.- e o o e A BT B . . “ v oe . . R 2
. ] (it : > &

Ay "—coDK(xt) (xo) Hence Proposition 3 implies that

(7) (yt-xt,vt)io.

We observe that || xt-xoll < xt-ytll + Ilyt-xoll g2 Ilyt-xoil (for x, € WK(Yt)). Consequently,
(8) ] xt-ytll = 2tllv0|| xn when t <h

and thus,

(9) llvt-voll = d; Dx(xt) (vo) < e/2.

Hence, inequalities (7), (8) and (9) imply
(10) (yt~xt,v0) o (yt-xt,vo-vt) + (yt-xt'vt)i IIyt-xtlI Ilvo-vtll < 2te/2 .
Let us set
. 2
£lE) = édx(xoﬂ:v) .
It is a locally Lipschitzean function, which is thus almost everywhere differentiable.

If t € ]J0,h[ is such that £'(t) exists, we obtain

e
26

[}

lim
6->0+ 1 2 2
liox: W("Yt'xt + evoll - Ilyt-xtﬂ ) for X, € ﬂx(yt)

2 2
£° () (dx(yt + evo) - dx(yt) )

Ia

(yt-xt,vo T (by (10)).
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Hence,

h
La x+hv)®=tm -£0) = [Mewrae < e [0 oear = S
2 KD 0 0 = 0
This implies that

e dK(x0+hv0)
liminf R T
h>0+

= .E .
4 (xo+hvn)
Since €& was chosen arbitrarily, we deduce that liminf —-——7;———L— =20 5 i.€., that
h->0+
= -
Vg € DK(xO). We have proved that co DK(xo) DK(xO).

We mention the following conseguence.
Theorem 2 (Cornet)
Let us assume that X is finite dimensional and that

(11) x € K p D, (x) is lower semicontinuous at x, .

Then D_(x.) 1is a closed convex cone and

L d_(x+hv )

K [¢]
h

12) By e Do S lim liminf
£ B XX h~0+

xeKO

=0 .

Proof.
LeR ) -, » i W D - 2 e, B SRR IR » W . * » -
We recall that the lower semicontinuity of x p DK(x) at X, implies that the
negative polar cone DK(')— satisfies:

For all sequence of elements xn € K converging to xo ¢ K and for all sequence

of elements p ¢ N _(x ) converging to p_. , we have p_ ¢ N_(x) .
n K0 (6] 0 K0

-—

When X is finite dimensional, this latter property implies that the set-valued map
x b co Dy(x) is lower semicontinuous at X, € K. (See J. P. Aubin and A. Cellina [1]).
Hence DK(xo) is a closed convex cone by Theorem 1. Let vV, be chosen in DK(XO) §
and let us associate with any x ¢ K an element v ¢ DK(x) such that Hvo—vn =
dDK(x) (vo). Since x P DK(x) is lower semicontinuous at xo, there exists n > 0
such that Hv-voﬂ - dDK(x)(VO) 4 de(xo)(vo) + € = £ whenever "x-xoﬁ < n . Therefore
for all h >0 ,

dx(x+hvo) - dK(x+hv) el

h — L2 H et
Since v € Dx(x), we deduce that for all x ¢ Xy + nB, v
4 (x+hv°) dR(x+hv) 1
liminf iy < liminf " +E= €. . =l
h>0+ h~>0+ r

-]12=




2. Calculus on contingent cones.

We state and prove several properties of contingent cones.
Proposition 1
Let K c L ¢ X be two nonempty subsets. Then,
1 (= 3 ®
(1) ¥ x €K, DK(X) DL(x)
proof. It is left as an exercise.

Proposition 2 (Hess)

Let K= U K, be the union of subsets Ki . TE % & K., we set Tix) =
iel
{i e T such that x € Ki}. Then

(2) ¥xeK, V] D (x) < D_(x)
- 5 K
ieI(x) i

If I is finite or, more generally, locally finite in the sense that there exists
r > 0 such that x + rB meets only a finite number of Ki , and if the subsets Ki are

closed, then

3y T TR b (x) '='DK<'x)
ie I(x) i
Proof.

The first inclusion is obvious. For proving the opposite inclusion, take Vv ¢ DK(X).
Then, there exists a sequence of elements u € X and hn > 0 such that x + hnun € X,

limh =0 and limu = v . There exists n such that, for all n->a
n n X R
¥ hoo
x +h u € x+rB. Let I_(x) 2{iec1] (x+1xB)n K, # @} , which is finite by assump-

tion. Then, ¥ n i_nr g X R e U K,. Therefore, there exists at least an
iel, (x)
index i0 € Ir(x) and an infinite subsequence such that

x4+ h u €k .
Ao i
P P 0
This proves two facts. First, that v ¢ DK (x) and second, that x ¢ cuxi ) = Ki
- 0 0
0

(by
assumption). Hence i0 € I(x) .
Proposition 3

Let K= N Ki be the intersection of subsets Ki . We set J(x) = {i ¢ I such
iel
that x ¢ Int K} . Then

4) VXxeK, DR(x)c n Dx (x) . ®
ied(x) 1

~13-
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Proof. It is left as an exercise.

Proposition 4

et K= 1 Ki be the product of a family of nonempty subsets Ki of Hilbert spaces
ieI
Xi - Then
(5) ¥ xle X, D lx)c 0 D (x). "
K . A |
iel i

Proof. It is left as an exercise.

The following proposition gives some information about the contingent cone of the

image of a subset by a smooth map.

Proposition 5

Let X and Y be two Hilbert spaces, K c X be a subset of X and A be a con-

tinuously differentiable map from an open neighborhood of K to Y . Then

6 % .
(6) ¥x e R, VA(x)DK(x) = DA(K)(AX)

Proof. Let v € DK(x), €>0 and o >0 . Since A is continuously differentiable,

there exist B8 >0, n >0 such that, ¥ h </ rand forall uwe v+ B, Alx+ ha) =

£ e S e w e . > TR 2 o ot
-A(x) + hYA(x)u + he where = t 5B. Let = min ( 5ﬁ$§7§7ﬁ'“)a"d Y = min(a,B).
Since v ¢ DK(x) , there exists h <y and u ¢ v + 6B such that x + hu € K . Hence @
A(x) + h(VA(x)u + e) = Al(x + hu) € A(K) and VA(X)u + e - PV < e/2 + HVAXIIGS < € .
hi < [
This states that VA(x)v e DA(K)(Ax)
In particular, if A ¢ £(X,Y), we obtain the formula
7
(7) b i A T Dx(x) = DA(K) (A(x))
We study now the contingent cone to the preimage of a set by a smooth map:
Proposition 6
Let X and Y be two Hilbert spaces, L c X and M ¢ Y be two subsets and
A Dbe a continuously differentiable map from an open neighborhood of L to Y. ?
!
We set i
:
(8) K2 {xel|AMX eM =1Lnatm . l
Then, i
v
©) ¥ x K Dx) €D (x) n w0« b (a). .
]
’

-14-
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Proof.

DK(x) c DL(x) because K ¢ L . By Proposition 5 ,

1

By Proposition 1,

(Ax) < DM(Ax) because A(K) ¢ M . Hence DK(x) c va(x)"

VA(x)DK(x) &b DM(Ax)

A (K)

and consequently, formula (9) holds true.

et




2 =
w“H
i
-
3. Contingent derivative of a set-valued map.
We adapt to the case of a set-valued map the intuitive definition of a derivativ
L
= 3 a function in terms of the tangent to its graph.
Let F be a proper set-valued map from K ¢ X to X, (We say that F is proper
if its images F(x) are nonempty for all x ¢ K). Let X, < K and g F(x ).
. — e 0
$ We génote by DF(xO,yo) the set-valued map from X to Y whose graph is the con-
i ing graph t WY) . “
; tingent cone Dgtaph(F)(xo'yO) to the gra of "B .at (xo,yo)
nﬁ In other words,
2
? (1) vy € DF(xo,yo)(uo) if and only if (uo,vo) € Dgraph(F)(xo»yo).
Definition 1
2B | :
: We shall say that the set-valued map DF(xO,yO) from X to Y is the "contingent
:
{
{ derivative” of F at Xy € K and Yy € F(xo). .
i It is a positively homogeneous set-valued map (since its graph is a cone) with
| i closed graph. Also, we note that Y
. Se e 2(2) o s .. MBF‘X.O,AJO-) CoDle(xo) P . s e e R S e S S o . PSRRI SR ST §
o | i.e., that the domain of DF(xo,yo) is contained in the contingent cone to K at Xp- "

; We first point out that

| -1 -1
b (3) Vx,eK, ¥y e F(XO), DF(xo,yo) = D(F )(yo,xo) . L
: o
; Indeed, to say that (uo,vo) € Dgraph(F)(xo'yo) amounts to saying that (vo,uo)
: [ ]
D 1 (yo,xo).

grapn(F_ )
Example: Indicator of a set and its contingent derivative

Among the set-valued maps from X fo a Hilbert space Y , we single out the "indicator"

of K which is the set-valued map ¥, from X to Y defined by

K
0 % % e K

tex) =
! e € e !
4_ Note that ¥y depends upon the choice of the Hilbert space Y . We recall the ,
! }
following conventions ¥ !
If McY, then M+ g=g+M= g ‘ /
- RS 5
and y
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a(x,p) = += .
Note also that if F is a set-valued map from X to Y , then F + o Yie ds the
restriction of F to K (since (F+WK)(x) = @ when x 4 K).
Proposition 1

The contingent derivative of the indicator of a set K 1is the indicator of the

contingent cone to K :

(4) ¥ xe¢ K, Dwx(x) = ?D x) ° .
K
Proof.
Graph [Dwx(x)] = DGraph(uK) (x,0) = DKX{O: (yhyes

It is easy to check that DKX{O}(X,O) = DK(x) XUAOTE S Sp), Graph[D.K(xH = DK(x)

Graph [WDK(x)] - .

Characterization of the contingent derivative

We shall give an analytical characterization of DF(xo,yo), which justifies that

..

the above definition is a reasonable candidate for capturing the idea of a derivative as

o
1/

a (suitable) limit of differential quotients. We extend F to X by setting #£(x)
when x * K
Theorem 1

Let F be a set-valued map from K c X to Y and (xo,yo) € graph(F). Then

Vo € DF(xo,yo)(uo) if and only if
F(x0+hu) 70
(5) lim inf d(vo, h Yr=R0 .
h = 0+
u >y
Proof.

(xo,yo), amounts to

To say that v_ ¢ DF(xo,yo)(uo), i.e., that (uo,vo) €D

0 graph (F)

saying that for all 61'52 >0 and a > 0 , there exists u ¢ u0 + elB and v ¢ v0 + ezB

F(xo + hu) - Y
such that v ¢ W ‘




4

i amsemmciralin

This is eguivalent to say that ¥ El 20y 52 >0, a >0, we have
F(x_+hu) - y
3 g 0 0
inf inf d|v_, < €
h<a llu-u_ll <e ) - i
- 0=k
The last statement is equivalent to (5). .

When F 1is a single valued map, we set

(6) DF (xo,yo) = DF (xo)
since e F(xo). The above formula shows that in this case, Vo € DF(xO)(uO) if and
only if
IF(x_+hu) - F(x ) - hv |l
(7) lim inf & n e B o 0.
h »> 0+
u >y

If F is a single-valued map which is regularly Gateaux differentiable,in the sense

that there exists VF(x) e £(X,Y) satisfying:

F(xo+hu) - F(x)

(8) ¥ m. e X, Xim = VF(x_)u
a h > 0+ h o8
- -~ & > L Rd ":’ Ll p S - - .
U u0
then the contingent derivative coincides with the Gateaux derivative:
(9) Vou, e Xt DF(xo)(uo) = VF(xO)u0 5

Example : Contingent derivatives of locally Lipschitzean maps.

This formula has a simpler form when the set-valued map F is upper locally
Lipschitzean:
Definition 2

We say that a set-valued map F is "upper locally Lipschitzean at x, € IntK" if

0
there exists a neighborhood N(xo) of x_ and a constant £ > 0 such that

0
(10) ¥ xe€ N(xo) y F(x) c F(xo) + 2Hx-xo"B . .
Naturally, any locally Lipschitzean (and, a fortiori, Litschitzean) set-valued map is
upper locally Lipschitzean.
Proposition 2
Let. F be an upper locally Lipschitzean set-valued map from Int K< X to Y ,

X, € Int X and Y € F(xo). Then Vo € DF(xo,yo)(uo) if and only if

=18~




[ F(x0+h uo) ~ %o 1

(11) lim inf 4 Vo n =0
. h > 0+
Remark.
If F 1is a locally Lipschitzean single-valued map, this formula becomes
IF(x +h u ) - F(x) - h.v_ll
(12) lim inf - = 5 2 JEES ’ !
h > 0+ |
Proof.
Let v, € DF(xo,yO)(uO). Then for all & >0 €, > 0, a >0, there exists
h < a such that
. F(xo+hu)—yo
Y. & %] o o O
2 llu=u |l <¢ 5 ¢
0°=1
But, F Dbeing upper locally Lipschitzean, we know that
F(xo + hu) < F(x0 + h uo) + thu-uoH
84 SR ) & iher g W ol N
IS Hence, for all €108y >0,
! F(xo+h uo) -y
b o e + (e, 2 €,)B
0 >0 h<a h 1"+ 72 5
This implies formulas (11). .
8
i -
!
s} i
" 3
£l A
v 7/
7 a,
H

w1 Qe
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4. Calculus on contingent derivatives.

We shall derive from the properties of the contingent cones a calculus on contingent
derivatives of set-valued maps. We shall start naturally with the chain rule:
Proposition 1

Let F be a set-valued map from K < X to Y and A be a continuously Adiffer-
entiable map from an open neighborhood of F(K) < Y to 2 . Then
§8) Vu, € X, VAly)) * DF(xy,yg)uy) < DIAF) (x,,Ay,) () .
Proof.

Let (1 x A) be the map: (x,y) € X x F(K)p (x,A(y)) € X x 2 . The graph G of
the set-valued map x p AF(x) is related to the graph F of F by the relation
G = (1 x aA)F . By Proposition 2.5, we know that (1 XVA(YO))DF(XO'YQ) ¢ Dglx,.Ay,) . This

states that for all vy € DF (xo,yo) (uo), VA(yo)vo < D(FA) (XO,AYO) (uo). =

Proposition 2

Let F be a set-valued map from K c X to Y and A be a continuously differenti-

able map from an open subset @ ¢ Z from X . Then,

¢ ® W ® s e e “ sels s 8 ® o 3B e s se

(2) ¥ u, € 2 D(FA)(xo.yo)(uo) < DF(Axo,yo)(VA(xo)(uo)) . .
Proof.

Let (A x 1):2 x Y > K x Y be the map defined by (A x 1)(z,y) = (Az,y). The graph
G of the set-valued map FA from Q to Y is related to the graph F of F by the
relation G = (A x 1)-1F. By Proposition 2.6, we know that DG(xo,yo) c (?A(xo) X 1).l
DF(AxO,yO). This states that for all “0 € 2 and Vo € D(FA) (xo,yo) (uo), then

Vg € DF(Axo,yo))(VA(xo)(uo)) . .
We state now the properties of contingent derivatives of unions and intersections

of maps.
Proposition 3

Let us consider a family of set-valued maps Fi(i € I) from K to X and set
F(x) = U Fi(x)’ We associate with any Xx_ ¢ K and Yy € F(xo) the subset

iex 9
Ixqryy) = Ui eI |y° € Fi(xo)}. Then

=20=
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(3) CA R A u DF, (x_,y )(u.) € DFi{x_,y ){u ).
iEI(XO,YO) i 00 0 0°°0 0

1

Equality holds when the graphs of the maps Fi are closed and when the family is locally

finite. -
Proof.
We note that the graph F of F is the union of the graphs Fi of F, . Hence

Proposition 3 follows from Proposition 2.2.
Proposition 4

Let us consider a family of set-valuved maps Fi (i € I) from K to X such that

F(x) = N F,(x) #@i-for -alli "#E K . Let J(xo,yo) = {1 € T such that (xo,yo) H
iel

int(graph(Fi)}. Then

N .
(4) ¥ u, € X o Dp(xo,yo)(uo) c S )DFi(xO,yo)(uo).
0'¥o
Proof

We note that the graph of F is the intersection of the graphs of the maps Fi
and we apply Progositioh’Z.B.

We turn our attention to the study of contingent derivatives of restrictions Pirst,
we begin with this remark.
Proposition 5

If F <G, in the sense that graph F < graph G , then V(xo,yo) < graph(F), we have
(5) DF(xo.yO)(uo) c DG(xo,yO)(uo) .
Proof .

It follows from the fact that D ). L

graph(F)(xO’yo) 5 Dgtaph(G)(xo’yO
In particular, if f£(+) is a regularly Gateaux-differentiable selection of F(-),

its Gateaux-derivative Vf(x) is a selection of the set-valued map DF(x,f(x)). L]
We note that the restriction F L; F + WL of a set-valued map F to a subset L

is contained in F . 1In this case, we obtain a more precise result.

=21~
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Proposition 6

Let F be a set-valued map from K< X to Y , L be a subset of K and FlL

be the restriction of F to L . Then, for any x. ¢ L and Yq € F(xo),

0

a
(6) DF L(xo,yo)(uo) < DF(x ) (uo).

ly
D
0“0 L(xo)
In other words, the contingent derivative of the restriction of F to L is contained
in the restriction of the contingent derivative to the contingent cone to L .

Proof.

Indeed, Vo cDFIL(xo.yo)(uo) if and only if for all ¢ > 0 , for all a > 0 , there

exists h > 0 such that
| X +h - F(x_+h u) =
E'lL( 8] u yo ( 0 ) YO

Vi € v

0 h h
Hu-uouie Hu-uonip
5 2 o0 1
This requires that there exists u ¢ uy + €B such that x + hu ¢ L. . Hence v, belongs
necessarily to DL(uO) and formula (6) ensues. L]

We give now a formula on the contingent derivative of the sum of a set-valued map

and a smooth single-valued map.

"Proposition 7 7
Let us assume that the set-valued map F is defined on K by F(x) = G(x) + H(x)

where H is a continuously differentiable map from a neighborhood of K to Y and G

is any set-valued map from K to Y . Then, for any X, € K, 2 € G(xo) and ¥yl
z, + H(xo) € F(xo), we have:

. o
(7) DG(xO,zO)(uo) + VH(xO) u, < DF(xo,yo)(uo).

Proof.
Let U € Dom DG(xo.yo) be given and Vo € DG(xo,yo)(uo). Since H is continuously

differentiable, for any e > 0 , there exist § ¢ ]0,e] and o« > 0 such that for all

ue€uy+ 6B and for all h <a, H(x, + hu) = H(x;) + hVH(x )u + he , with llel < e.

+ 8B and h < o such that v

Since Yo € DG(xo.yo)(uO), there exists u € u €

0 0
G(xo + hu) - z, F(xo+hu)-z
- + ¢B . Hence Vot Vﬂ(xo)uo S e VH(xo)(uo-u) €
p(xo+hu) -z
TRS— R ﬂVH(xo)II)B. L

=22~
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By taking G = ?K , we obtain the following corollary.
¥ Proposition 8
= Let F be a continuously differentiable map on a neighborhood of K and F K be
its restriction to K . Then
. } €
1 {VF(XO) uyb when u, € DK(XO)
8 € K =
(8) Vx, ; DFIK(xO) (w,)
h 3 .
@ when ug ¢ DK(xO)
. Variational principle.
We generalize to the case of set-valued maps the fundamental fact that the
derivative of a function at a point where it achieves the minimum vanishes.
* Let P ¢ Y be a closed convex cone defining a preorder on Y (by calling non-
negative elements those elements of P ). Let F be a set-valued map from K c X to
Y. We say that X, € K achieves the minimum of F on K at Yq € F(xo) if
S (9) ¥ X e K, Pix) c Yo * ;- A
Proposition 9
b i 5 3 Let us assume- that xo € X achieves stheemimimum of <F- one Kk at yo . Thens, .
(10) v u, € X . DF(xO,yo)(uo) c P -
Proof.
F_’_a. —
Let Vg € DF(xO,yo)(uo). For all € >0 and a > 0 , there exists u « u, + eB
such that
S TR F(x0+hu) =¥
1 ———— <
i Vg € h + €B Basars
: by (9). Hence v« cip) =B . s
j i Remark. {
| This inclusion is trivial when - uy ¢ Dom DF(xo,yo), since in this case i
t = [}
: DF(xo.yo) (uo) =g
$
Eﬁ* The following property will play an important role for defining upper contingent
] v
derivatives of a real-valued function.
» be 5 ﬁ :
r't ’ 21
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Let P be a closed convex cone of Y . For any subset L , we set L =
we say that L 1is "comprehensive" if L+ =L .
Proposition 10

Let F be a set valued map from K to Y . Then, for any (xo,yo) ¢ graph(F) ,
we have

(11) DF (xo,yo)+ c DF_’(x )%

0'Yo
If the images of F are comprehensive, the imatjes of-- DP (xo,yo) are also comprehensive., ®

Proof.

Let Vg € DF(xo,yo) (uo) and z e P . Let € >0 and o« > O . We know that there

F(x_ + hu) - Yo

exist u ¢ uy + eB and h < a such that vo € Y " + eB., Hence
F(x, + hu) + hz - y F (x. + hu) -y
0 0 + 0 0
v0+ze " + €eB ¢ n + ¢B , and thus, v0+ze
|
DF (xo.yo) (\xo) :

-24-
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5. Upper contingent derivative of a real-valued function.

5 We associate with the function V:X »]«,+x] the set-valued map V. defined by
V+(x) = Vi(x) + IR+ when V(x) < +~ and V*(x) = @ when V(x)= +=», Its domain is the
domain of V and its graph is the epigraph of V . We consider its contingent derivative
DV+(x,V(x)), which has comprehensive values by Proposition 4.10. Therefore, for all
u, € A DV+(x,V(x)) is either IR, or a half line [vo.m[ , or empty. We set
(1) D,V(x) (u) = infi{v|v e DV, (x,V(x)) (W)}

It is equal to -« if DV+(x,V(x)) = IR, to Yo if DV+(x,V(x))(u) = [vo,r[ and to
+@ if DV (x,V(x))(u) = ¢ .
Definition 1

We shall say that D+v(x) (u) is the "upper contingent derivative" of at
in the direction u . .
Remark.

& We can define as well V_(x) = V(x) - ]R+ and D_V(x) (u) : sup{v|v = DV_ (x,V(x)) (u)
We say that D V(x)(u) dis the lower contingent derivative of V at x in the direction

M o 7S L]

We begin by computing upper contingent derivatives.
Theorem 1 e
If VvV is a real-valued function, then
v(x0 + hu) - V(xo)
(2) D+V(x0) (uo) = lim inf = L
h -+ 0+
B
Proof.
Indeed, let Vo € DV+(x0,V(x0))(uo); then, ¥ € 20y €, >0, ¥a>0, there
! V+(x0 + hu) - V(xo) :
exist u € u, + czB and h < a such that vo € h + s:lB . This implies
Vix, + hu) - V(x,) } Vix, + hu) - V(xo)
that Vg 2 n - €2 inf inf A - Therefore




-
)
= et e

A

=

V(x. + hu) - V(xo)

vo > lim inf 0 = - el . Let us set for the time
h > 0+
o u,
. V(xO + hu) - V(xo)
a = lim inf
h + 0+ A
u > u,

So, we have proved that a < D+V(x0)(uo). on the other hand, we know that for any M > a,

there exists & > 0 such that

V(x0 + hu) - V(xo)

sup inf inf h XM

a>0 h<a Huo-uﬂjﬁ

§>0
This shows that M >a , ¥§ > 0 , there exist h <a, and u € uo + 6B such that:

v(xo + hu) - V(xo) .

n oM
v+(xo + hu) - V(xo)

Hence M ¢ n A This proves that a ¢ Dv+(x0,v(xo))(uo). Since
it is smaller than all the other ones, we infer that a = D+v(xo)(uo). L]

Proposition 1

If the function V is locally Lipschitzean, we have

Vix, + huo) - V(xo)

b 0
(3) D+V(x0)(vo) = lim inf h S -
h » 0+
Proof.

It is a consequence of Proposition 3.2, since in this case the set-valued map v,

is upper locally Lipschitzean. One can see it directly for in this case,

v{x_ + hu)) - vi(x) V(x. + hu) - vix.)
lim inf - & - Lim inf —>—— e .
h > 0+ h -+ 0+
u - ug

So, in this case, the upper contingent derivative coincides with one of the Dini derivatives.
Remark
We can compute in the same way the lower contingent derivative of V : we obtain

V(x° + hu) = V(xo)
h .

(4) D_V(xo)(uo) = lim sup
h -+ 0+

u-+>u
0
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Therefore, we always have
5 (5) D+V(xo) (uo) < D_V(xo) (uo)
We shall say that the interval-valued map:
uOH [D+V(xo) (uo) b D_V(xo) (uO]
is the contingent gap map.
Let us mention also that
V(x,) = Vv(x, = hu)
: 0 0 .
(6) D V(x.)(-u ) = lim sup .
+ 0 0 h
“ h > 0+
u > u,
Remark.
Let V be a function from X to ]-x,+»] . We set
(7 K= {x ¢ X such that Vv(x) < c }.
b
We can characterize the contingent cone to K at x in the following way:
! Proposition 2
If Vizm)' & ¢ - theén
T (8) D (x) < {vlp,vix) (v) < 0
Proof.
]
i it vofDK(x),then $e>0, ¥ao>0 , there exist h < a and v ¢ vo+sB
| S FR—
r_ such that x + hv « K , i.e., such that M}:L—-M- < 0. This implies that
D+v(x) (vo) LB s
S . Remark. i
1
[ The indicator ¢K:X » l-®,4=] of a subset K < X is the function defined by |
@ ¢K(x) =0 when x ¢ K and % (X) = += when x ¢ K.
i o §
: Proposition 3 i
‘ The upper contingent derivative of the indicator @K of K c X is the indicator
{
4 of the contingent cone Dx(x): i
=
3
3 v (9) D+¢K(X)( ) = QDK(x)( ) o []
Proof. 1t fo11 i .
b gL Al ows from Proposition 3.1, for ¢K+ = yg is the indicator of K . .
s
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| 6. Calculus on upper contingent derivative
|
The upper contingent derivative inherits the properties of the contingent derivatives
of set-valued maps. In the above corollaries, we use the fact that a <b 4if and enl
| o | [b,#[ < [a,#[ and that U [a,,»[ = [min a,,=[ .
| Ly et
We begin by the variational principle.
| Proposition 1
L cd
‘l et V be a function from K to I®. If xo € K minimizes V on K , then
{ .
! (1) ¥ u, € X, 0 < D+V(x0)(uo).
1
waied Proof.
We apply Proposition 4.9 with F(x) = v+ (x), P = :IR+ and Vo= v(xo) 5 .
Proposition 2
s Let V De a function from K to R and L c K. Let V| be the restriction of
P V¥ to L . Then
¥ ] (2) v X, € L, ¥ Vo € DL(xO) y D+v(xo) (uo) = D+V|L(xo) (uo). i
Proof.
]
! It follows from Proposition 4.6 with F(x) = v, (x).
| - -
S ‘*‘* We estimate now the upper contingent derivative of the sum of two functions.
"- Proposition 3.
;; Let V and W be two functions from K to R and U=V +W. Let L <K be &
-t
a subset of K . Then
B i) Db, U(x,) (uy) < D V(x,) (uy) + D_W(x,) (u,) :
S i ¢ &
{,, = ii) ¥V uy e D (x)) , DV| (x))(u)) < D_Vixy) (u)) .
: Therefore, when D+V (xo) = D_V(xo) (which is the case when V is convex continuous
% ' or continuously differentiable), we obtain the formula
‘J;_- i
181 N = ]
] (4) ¥ u, €D (%)), DV IL (%4) (wy) = D V(x)) (u,).
: Proof.
'
e
}:. ¥ Inequality (3) i) follows from the fact that
e g v
: lim inf (£(h,v) + g(h;v)) < lim inf £(h,v) + lim sup g(h,v)
{ h > 0+ h > 0+ h - 0+
i v sy
{ o G NN p
! -28=




R~
wd
Vix, + hv) - V(xo) W(x0 + hv) - W(xo)
where we set f(h,v) = n and g(h,v) = T . We deduce
inequality (3) ii) by taking for function W the indicator ;L(-) of L . So, egquality
— (4) follows from (2) and (3) when D V(x )(u ) =D V(x_ )(u ). L]
+ 0 0 - 0 0
Bemark
We deduce from Propgsition 4.7 that when W is continuously differentiable, we have
equality
= ( A .
D+U(x0) (uo) D+V(x0)(u0) * VW(xO),uO
o We shall now prove the chain rule formulas.
Proposition 4
Let V : K> IR be a function and ¢ be a continuously differentiable non-decreasing
- h function from an open neighborhood of V(K) to IR. Then
a
(5) D, (V) (x ) (u)) < @' (VX)) D V(x)) (vy)
Proof.
) Since ¢ is non-decreasing, \o(v+(x)) = (¢V)+(x). Hence, we apply Proposition 4.1:
i = = = i s <
with A= ¢, F(x) = v+(x) and y = V(x) . We obtain ¢ (V(xo))DV+(xO.V(x0))(u0)
b g D(wv)+(x0,W(xo))(uo) P = i
Proposition 5.
Let V be a function from K to IR and A a continuously differentiabhle map from
r an open subset Q ¢ Z to K . Then
a
(6) D+V(Axo) (VA(xO)uo) < D+(VA) (xo) (uo) .
: Proof.
We apply Proposition 4.2 with F(x) = v x) . [
' The following formula on the contingent derivative of the pointwise minimum of a
= finite number of real valued-functions is very useful.
Proposition 6
i Let us consider n functions vi from K to IR (i =1,...,n). We set
i V(x) = min V. (x) and I(x) 2 {i]lv,(x) = v(x)} . Then
¥ C 5 RIS ‘
(7) D+V(x0) (uo) = min D_’_Vi(xo)(uo) 3 . ’
ieI(x)
lad
.\ 3
f =29~
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Proof.

We note that V+(x) = U v, (x) and that I(x,V(x)) = I(x). We apply Proposition

ieI 0
4.3.

Proposition 7
Let us consider n functions Vi from K to
i) W) = max v, (x)

i
(8)

IR. We set

ii) J(xo)= {3 = 1. on | (xo, w(xo)) & Int Ep(vi)}

Then

(9) D+w(xo) (v) Z_ max D Vi (xo) 7): s "
1€J(x0)

Proof.

n
) % 5 e
We note that w+(x) = 50 Vj+(x) and that J(xo) J(xo,w(xo)) Then Proposition

. " - e ;
4.4 implies that D w+(x0,w(xo)) (v) c : Dvi+(x0'"(x0)) (v). This inclusion
leJ(xo,w(xo))

implies inequality (9). .
Remark

n

If x. € M Int Dom V,, we note that
0 4 i
i=1
= i = = [ ]

(10) Jlxp) = {i=1,...n [ Wix) = v (x)} .

We shall study now the chain rule for the composition of a function V from X

to IR and an absolutely continuous function t - x(t). We recall that almost all t

is a Lebesgue point, i.e., satisfies x'(t. )= lim %

0 nso

Proposition 8

t _+h

f sl (t)dt.
t:0

Let x(¢) be an absolutely continuous function from [to-n,to+n] to Kc X and

assume that

t°+h

f x'(1)dt .
%

(11) x'(to) = lim
h >0+

(This limit belongs to Dx(x(to)).)

S

set v(t) = v(x(t)). Inequality

(12) D V(x(t ))(x'(t )) < lim sup
+ 0 0 R

always holds true.

=-30=

v(t°+h) - v(to)

h




Moreover, if V 1is the restriction to K of a locally Lipschitzean function V
. defined on a neighborhood of K , then

v(t0+h) - v(to)

b ' [ ]
(13) lim inf s e e D+V(x(to))(x (to)).
h » 0+
v(t0+h) - v(t))
Therefore, if we know that v'(t ) = lim ~——————————— exists, we get
r 0 h
h >0+
' = "
(14) v (to) D+V(x(to))(x (to))
| Proof.
- 1 < g
a). We set vh = x'(1)d1. So, we can associate to any € > 0 a positive
= 0
number R > 0 such that
3 (15) ¥ h < B, th - x'(to)H hig

[}

We observe that x(tO + h) x(to) + hv, € K. Hence x'(to) € DK(x(tO)). We set

h

v(t0 + h) - v(to)
h

vi(t ) = inf sup
i » a>0 h<a

We have

v(x(to) + hwv) - v(x(to))

i D+V(x(t0))(x'(to)) = 1lim inf

P 5 h > 0+ &
ViV
V(x(t ) + hv) - v(x(t.))
3 1 0 0
k;" < sup inf sup inf n s
€>0 o>0 h<a vev0+eB
! Vix(t,) + hv ) = v(x(t.))
i . 0 h 0
< sup inf sup ™ = v;(to) "
4 €>0 >0 h<a
2 v(t0 + h) = V(to)
b).. Let wiit ) = 1lim inf ° Then, for all ¢ > 0 , there
! b 0 h
i h > 0+
v(t0 + h) - v(to)
! exists y > 0 such that, ¥ h <y, vé(to) < n + ¢ . Let 2 Dbe the
; Lipschitz constant of V at x(to). Then, for all v € x'(to) +€eB and h < a =
1 min(g,y), we have, thanks to (15)
4
E LI Vix(t)) + hv,) - V(x(to))+ % Vix(tg) + hv) - V(x(to)) X !
I k: 7 b AR h a8 h 4+ 2%ke . t

On the other hand, we know that there exists h <o and v € x'(to) + eB such that

f =3l=

i A




Vx(t)) + hv) - G(x(to) :
n = D+V(x(t0))(x'(t0)) + €. Hence

vi(E)) S D VIx(E)) (x' (E)) + (2041) €.

By letting e - 0 , we obtain vé(to) < D+6(x(to)(x'(t0)). Since x'(to) :K(x(t‘)).
Proposition 2 implies that D*G(x(to))(x'(to)) < D+V(x(to))(x'(t0)). Hence (11) holds
true. o
Remark.

If both V and x are locally Lipschitzean, then v is also locally Lipschitzean
and inequality /13) can be written, by setting D+v(to) = D+v(t0)(1) ;
(16) D+v(to) §_D+v(x(to))(x'(to)). ”
We can "integrate" inequalities involving contingent derivatives.
Proposition 9.

Let v be a continuous function from (0,T] to R and w be abounded upper semi-
continuous function from [0,T[ to IR which is bounded above. We assume that
17) ¥te [0,T(, Duv(t) +wlt) <0,

Then, for all 0 < a <b < T , we obtain the inequality

(18) vd) - via) + [P w(ndr <o .
a
Proof.

Let t ¢ [a,b] and € > 0 be fixed. Since w is upper semicontinuous, there

exists nel0,el such that, ¥h <n ,

(19) %- jt+h w(n)dr < w(t) + e/2
£
and there exists ht <n and a, such that lat-ll S € that satisfy

vit + htat) - v(t)

(20) - < lim inf "(t"h“h' LA BT
t h > 0+
a =1
Hence t belongs to the subset
") s+ht
(21) N(t) = {s ¢ [a.bllV(smtat) -vis) + [ wlt)dr < eh }
-1

which is open since v is continuous. Let us set

m= sup w(t) < 4=
tela,b)

“37




Hence the compact interval [a,b] can be covered by n open subsets ::(:i) .

set a, = a " N =h and h_= min - e B
i T i t. 0 : i
i 4 LT MU, 1

We construct by induction the following sequence. We set L a; i He

some N(t, ) and thus, by taking s = 1t (=a) and 1, = h, a, , we obtain
11 0 1 i3-3
T h.a, +a
1 I i Lt
(22) V(Tl) = V(TO) + [ “w(nar < ehy + / w(T)dr.
o hl+a
Assume that for j < k , we have constructed a sequence fj e-favel A =5 k)
such that
T hoa+ T
(23) vit,) - vit, ) + [ J iwle)dr < ehy + [ 27 I winar .
3 j-1 T T AN
J-1 g A
» Then 1 belongs to some N(t, ) ; we set
k 3
k+1
s = T and T =1, + h, a,
k k+1 k ipe1 fpe1
and we deduce that
h, a. +T
Tk+1 dpsy L
- (24) Wilze )~ k) + w(t)dr < eh,  + [ w(r)dr .
k+1 k £ Mo
K k+1 hi Hlels
| S k+1
If T D% Tyl Ve stop the construction. Otherwise, we continue. Since T
a, b, > h > 0 , we are sure that eventually, after a finite number of steps, we
-1 i =02
k+1 “k+1
o shall have an index k such that 5 = b < Tkl -
By adding the above inequalities from j =1 to k , we obtain
Tk+1 k+1
i (25) v(‘rk+1) - v(a) +f w(t)dt < e(z hi] m' where m' is a constant.
a i=1
When ¢ converges to 0 , Ty and Tk+1 converge to b (for ey Tk =
{ hi ak Gl n(l+e) < e(l+e)) and thus, we deduce that
i 3 k+1 b
| v(b) = v(a) + f w(t)dr < 0 . L £
= ‘
! In particular, we obtain the following useful consequence. i
i Proposition 10 i
'n H
‘ Let v be a continuous function from [0,T] to IR satisfying '
r
. (24) ¥telo, Dv(t) <0 . /"‘
b »
Then the function v is non-increasing. . q
. b

3w




PP S rsmemboati el

e sarralbbi wtetms

7. Contingent derivatives of marginal functions and marginal maps.

Let us consider a family of minimization problems depending upon a parameter vy:
Minimize the function x & U(x,y) on a subset Fly). We define the marginal function

V by

(1) Viy) = inf U(x,y)

XeF (y)
and the marginal map G by

(2) GW);{XEFW)lUHJ)=VWH
Sensibility analysis deals with the behavior of the marginal functions V and the marginal
G when the parameter y varies around a fixed value Yo - This is of upmost relevance
in economics, for instance, as well as in other fields. In the convex case, we refer to
Rockafellar [1]. 1In the locally Lipschitzean case, to Aubin-Clarke (3] and to Aubin [4].
We shall study in this section the properties of the contingent derivatives of the marginal
function V and the marginal map G .

For simplicity, we assume that

i) F is a compact-valued map from a subset M of a Hilbert space Y
(3) to a Hilbert space X

ii) ¥y eM, x> UXx,y) is lower semicontinuous.
Hence the marginal map G is well defined on M .

Proposition 1

Let y, ¢ XK and X, € G(yo) achieve the minimum of U(',yo) on F(yo). Then,

4) v v, <

o € Dom DF(yO,xo), vou, e DF(yO,xo)(vo), D+V(YO)(VO) = D_U(xo,yo)(uoyvo)-

Furthermore,

-
Gy ¥ Vo € Dom DGly,,x)), ¥ u, ¢ DG (yy,x,) (v, D, U(x,,v,) (uo,vo) S D_Viyy) tv,).
Proof.
a). Let uy € DF(yo,xo)(vo). Then, for all € > 0 , a > 0, there exist h < a,
v e vo 4+ €B, u«e¢ uo + €B such that xo + hu ¢ F(yo + hv), and therefore, such that
V(y0 + hv) < U(xo + hu, . Pk hv). Since v(yo) = U(xo,yo), we deduce that

V(y0 + hu) - V(yo) U(xO + hu, o * hv) - U(xo,yo)
L3
h - h '

This implies inequality (4),

s £ -




U o

b). Let Uy € DG(yO,xo)(vO). Then, for all ¢ >0 , a > 0, there exist h < qa,

vV eEvVy+eB, ueu, + eB such that Xy + hu ¢ G(yO + hv). Hence V(yo + hv) =

U(x0 + hu,yo + hv). Since V(yo) U(xo,yo), we deduce that
U(xO + hu, Yo hv) - U(xo,yo) V(y0 + hu) - v(yo)

h h

This implies inequality (5). . .

=35«




8. Ekeland's variational principle

Wwe shall derive the approximate variational principle of Ekeland in the following

form:

Theorem 1
- B s

Let K< X be a closed subset of a Hilbert space and V:K ~ [0, be a lower

semicontinuous function. Then we can associate with any ¢ > 0 and an’ x K

satisfying v(xe) < inf  Vix) + e2 an element ;-‘t ¢ K which satisfies

& XeK
i) llxe =x = =
oy y &
i S} “wase X 00 _<_D+V(x€) (u) + ellull. .
Proof.
We derive this result from Ekeland's variational principle (see Ekeland [1] or
& Aubin [1], p. 174.)

Theorem (Ekeland)

Let K be a closed subset of a Hilbert space and V be a lower semicontinuocus

function from K to [0,«[ . Then we can associate with any ¢ > 0 and any x - K
satisfying V(x ) < inf V(x) + 2" an element ;s € X which satisfies Ilx - x|l < :
v XK £ € £ b
and V(x ) = min (V(x) + elix - x I} . .
!‘" “’4 2 xeK 2
Let u ¢ Dom D V(X). Then, forany n>0, §>0,0a>0, 3hc<y,
dv € u + 6B such that e
[ I &
v(xs + hv) - V(xe) n
B < D+V(x€)(u) L
i By Ekland's variational principle, we have 3
F- V(X_ + hv) - v(x) !
c € |
! -ed - dlul < -elvll < ‘
| e £ h
Therefore, we infer that
= 0 <DV(X)(u + ellull + €6&+n
| o e
t By letting 6 and n converge to 0 , we obtain the desired inequality.
Lrj ;
| -
k, 0
F"i -3t ‘
b g ¥
% i
r by




9. Surjectivity theorems.

We devote this section to the generalization to the case of upper semicontinuous
maps with compact values of the inverse function theorem. We shall begin by proving
theorems of existence of stationary points, then deduce surjectivity theorems and we

shall end with a theorem insuring that the image by F of a neighborhood of x is a

neighborhood of F(X). These theorems, due to Ekeland, are simple conseguences of his
variational principle.
; It is convenient to start with the following lemma.
Lemma 1
Let G be a set-valued map from K ¢ X to L c Y and V be a continuous
¥ convex function defined on a neighborhood of L . We define the set-valued map H = V(G)
from K to IR by
(1) ¥ xe XK ; HE@) = {V(y)}ygc(x)

Assume that

(55 ax, € K, Hyo € G(xo) and ay © IR such that

- ¥xeK, HX <Vly) + aOHx - xOH + R,

Let DV(y)(*) denote the derivative of V at y . Then

(3) ¥u, X, Wy, € DG(xo,yo)(uo), aouuo" i_DV(yo)(vo) .

f*“ ? Proof. s

Let v, € DG(xO,yO)(uO). Hence, for all o,B,y > 0 , there exist h < a,

u € u. + YB such that
G(x_+ hu ) = yo

h

it ——

o & + BB .

0

So, we can write Vot hv + Bhb where vy, € G(x0+hu) and b e B .

0~ ¥n
Since V is convex, we deduce that
(4) V(yh) - V(yh = hvo) <h Dv(yh) (vo)

and since V is continuous (and thus, locally Lipschitzean), there exists &L > 0

4 i such that

v(yh - hvo) - v(yo) < lllyh o hvoll Lvph




We recall that y P DV(y) (vo) is upper semicontinuous,  Then for all ¢ >0 ,

dn > 0 such that

(6) DV(y,) (v)) £ DV(y ) (v,) + ¢ when lly, =yl < n. ’ 1

By taking a < n/(8 + IIvoﬂ) if necessary, inequalities (4), (5) and (6) imply that

V(yh) = V(yo) ih(DV(yo) (vo) + £ + 2B)

or, *

H(xo + hu ) - V(yo)
DV(yo) (vo) € h + R+ (e + 28)B

We use now assumption (2): we obtain

e Dv(yo)(vo) € aollu I+ (¢ + 28)B + R,

By letting €¢,8 and Y go to 0 , we infer that
> &
DViyg) (vy) > allull.
r When L is a subset of X , we set

m(L) = {x ¢« L such that lxl = min liyll}.

ye€L
4 Theorem 1

Let F be an upper semicontinuous map with compact values from a compact subset

K of a Hilbert space X to a Hilbert space Y . We assume that .
 — (7) ¥xeK, 3y «cm(F(x)), 3u e X such that -y ¢ DF(x,y) (u)

Then there exists a stationary point x ¢ K of F .

-
Proof.

Since the function x b im(F(x))ll is lower semicontinuous (for F is upper semi-

continuous with compact values) and since K is compact, there exists xo € K which

achieves the minimum of x -+ lm(F(x)l on K . Let us choose Y € m(F (xo)). We

set V(x) = lixl and H(x) = {V(y)} . It is clear that

yeF (x)
¥ xe K, H(x) cv(yo) + R

e

SR

since, if c ¢ H(x), then c > llm(Nx))lIz = lIm(F(xo))ll = v(yo). So, we apply Lemma 1

with a, = 0 . We deduce that

e Vuge X, ¥v,e DR(xg,y)(u), 0 < DVEy)ive) .
| i

[ By assumption (7), we can take L ey since
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"y

Hyo - hyOH ~ Hyoﬂ

DV(y.) (=y ) = lim = -ly i,
el Al h 0
b - ;o= € F 2 L]
we deduce that HyOL < 0 . Hence X 0 ¢ .(xo)

Corollary 1

Let F Dbe a Gateaux differentiable continuous map from a reighborhood of a compact

subset K to Y . Assume that
(8) ¥ X € Xy qU DK(x) such that VF(x)u = -F(x).
Then there exists a stationary point x_ ¢ K of F . »

0

By using Ekeland's theorem, we can replace the compactness assumption on K in
Theorem 1 by another assumption on the growth of the inverse of the contingent derative,
Theorem 2 (Ekeland)

Let F be an upper semicontinuous map with compact values from a closed subset K

of a Hilbert space X to a Hilbert space Y . We assume that
(
{ q¢ > 0-‘such that, ¥ x ¢ K, qy < m(F(x)), Fu € %
(9)
‘ such that -y « DP{x,y){u) ana clal < Iyl
Then there exists a stationary point X¢cX of F. >
Proof .

By Ekeland's theorem, we can associate with any € < ¢ an element xo e K
such that, for all %x¢c XK,
(10) Hm(F(xo))H < lm(F(x) I+ ellx - xoﬂ.
If m(F(xo)) = Y5 0 , the theorem is proved. Otherwise we take V(X) < Il and

H(x) = {V(y)Jy E . Inequality (10) can be written

F(x)
(11) ¥x ¢ K, H(X c V(yo) - ellx - xOII + ]R+ ¥

Hence we apply Lemma 1 with a, = e . We obtain: ¥ u, € Xy ¥ v € DF(xo,yo)(uo).

‘CUUOH :-DV(YO)(VO)' By assumption (9), we can take v and u_. ¢ X satisfying

g =y 0

cMuON :_Nyoﬂ. Since Dv(yo)(fyo) —HyOH, we obtain the contradiction -c"uoﬂ S

WP

*"yON

1A

" = -
cNuoN. So vy, 0 s
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Corollary 2

Let F be a Gateaux-differentiable continuous map from a neighborhood of a closed

subset K ¢ X to Y . Assume that

dc > 0 such that, ¥ x ¢ K , F0, € DK(x) such that
(12)
VF(x)u = -F(x) and cliul < IF(x)il.
then there exists a stationary point x0 EXK of F . L
In particular, we can take K = X . We obtain : .
Corollary 3
Let F be a Gateaux-differentiable continuous map from X to Y . Assume that

gc >0 “suchithat, ¥ x € X:, Fu ¢ X satisfying
(13)
VF(x)u = -F(x) and cliul < lIF@)I .

Then there exists a stationary point x_. of F . .

0
By replacing the set-valued map F by G(x) = F(x) - y , we obtain solutions to
the inclusion y € F(x). Therefore, we obtain the following surjectivity theorems.
Theorem 3
Let F be an upper semicontinusus map with compact values from a closed subset
K of a Hilbert space X to a Hilbert space Y . We assume that
dc > 0 such that, ¥ X e K, ¥yeFlx), ¥vey,
(14)
du € X satisfying v € DF(x,y)(u) and cllull < livil .
Then for all y ¢ Y , there exists a solution x € K to the inclusion y ¢ F(x) .
In other words, F(K) = Y . Theorem 3 says that F is a surjective set-valued map.
For smooth single-valued maps, we obtain the following Corollaries.
Corollary 4
Let F be a Gateaux-differentiable continuous map from a neighborhood of a closed
subset K ¢ X to Y . Assume that
dc >0 such that, ¥ xe¢ K, ¥veyY, JuebD,(x)
K
(15)
satisfying VF(x)(u) = v and clull < livl.

Then F(K) =Y . i

«40~-
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Corollary 5

Let F be a Gateaux-differentiable continuous map from X to Y . Assume that
gc >0 such that, ¥ x e X , ¥v ¥, 3ueX satisfying
(16)
VF(x)u = v and cllul < v,
Then F is surjective.
We prove now an adaptation of the inverse function theorem.
Theorem 4 (Ekeland)
Let F be an upper semicontinuous map with compact values from a neighborhood U
of X€eX to Y . We assume that -
gc¢c > 0 such that ¥xe€u, ¥yeF(kx),
(17) ¥veY, dueX satisfying
DF (x,y) (u) = v and cllul < Ilvl
Then F(U) is a neighborhood of F(X).
Proof

Let U contain a closed ball of center x and radius n > 0 and let ; e F(X).
We claim that F(X + nB) contains the balls ; + €B with € <cn.

Indeed, pick vy € ; + €B and set G(x) = F(x) - vy - We apply Ekeland's theorem
in the stronger form to the function [lm(F(x) - yl)H, taking € as above. Noting that
llm (F (x) ~ y)ll < €, we get some point x, such that

i) on - Xl <n

(18) 8 Ly
ii) ¥ x e x +nB, Nm(P(xo) - yl)H < lIm(F(x) - yl)H + en lIx - xOH.

. . s - - ) & {
Take vy, ¢ m(F(xo) - yl). Either it is zero (and vy, ¢ F(xo)) or V(yo) = "m(F(xo) vl
> 0 . In this case we obtain a contradiction. Indeed, inequality (18) ii) implies that

vxeK, H(X cViy) - en Dilla s x)) + B, (where H(x) < V(G(x).)

——

Hence we apply Lemma 1 with a; = —tn-l : We get

-1
¥ u, X, ¥ Vo ¢ DG(xO,YO)(uo), =-£n HuOH s DV(yO)(uO) >

i3 = . i oy anc
Bu DG(xo,yo)(uo) DF(xO,y0 * yl)(uo) By assumption (17), we can choose vy % and

u, ¢ ¥ such that c"uoﬂ = HyOH. Hence, since Dv(yo)(-yo) = -Hyoﬂ, we obtain the contra-
it =] i
diction =-en HuUH & -HyOH f=€u, . So y,=0, i.., ¥y e Bx,). - .
wjl=
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10. The Newton method

We proved in Corollary 9.1 that when F is a continuously differentiable map from

a neighborhood of a compact subset X'c n{‘ to nﬁ“ that satisfies the condition
(1) ¥xe X Guwe DK(x) such that VF(x)v = -F(x) ,
then there exists a stationary point x, « K of F .

*

These assumptions imply also that there exist trajectories x(+) of the differential

inclusion
(2) VF(x)x' = =F(x) , x(0) = Xy
that remain in K and that converge to a stationary point of F when t + = . (See

Haddad [1].)

We can consider such trajectories as the continuous analogs of the classical
Newton method, which yields the discrete trajectory defined recursively by

(3) VF(xn)(xn+l - xn) = —F(xn) R is given.

Theorem 1

Let F be a continuously differentiable map from a neighborhood of a closed subset
Kc R to R' satisfying

d.ci7 D “Such that, "% %ia K & SR DK(x) 1 c B satisfying
(4)

VF(x)v = -F(x) .

Then there exists a viable trajectory of the implicit differential equation (2) that

—
satisfies
F(x(t)) = e “F(x(0))
Thus the cluster points of x(t) (if any) are stationary points of F . ) i
Proof.
We set G(x) = -VF(x)-lF(x). Trajectories of the differential inclusion x' « G(x)

are the trajectories of the implicit differential equation (2). Assumptions of Haddad's theorom ?
[see Haddad [1]]on differential inclusions are satisfied. Hence there exists viabloe ;
trajectories of the implicit differential equation (2). Consider any such trajectory. 3 f
Then, since F 1is continuously differentiable, we have :

S PO(E)) = VP (x(E)x! (E) = - Flx(t)). '

t .
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So y(t) = F(x(t)) is equal to e-ty(O). Therefore, F(x(t)) converges to O when
t > ® . BAny cluster point x, € K, limit of a subsequence x(tn) when tn - A
satisfies F(x,) = lim F(x(tn)) = 0 , and thus, is a stationary point of F . s
Recall that the above sufficient condition for existence of a stationary point of

F can be extended to set-valued maps (see Theorem 9.1): We replace the tangential condi-
tion (4) by
(5) ¥xeK, dyeF(x), dueX such that -y e DF(x,y) (u)
where DF(x,y) 1is the contingent derivative of the set-valued map F

We can generalize the Newton method if we assume, for instance, that
{ there exists a bounded upper hemicontinuous proper set-valued map G

from graph (F) to the closed convex subsets of ®'  such that

(6)

l ¥xeK, ¥ye F(X), due G(x,y) such that -y ¢ DF(x,y) (u)

Theorem 2 (Saint-Pierre)

Let F be a proper map from K < m“ to TR" with closed graph. We posit
Assumption (6). Then, for any Xy € K and Yg € P(xo), there exists a solution to the
differential inclusion

(7 x'(t) ¢ G(x(t), e-tyo)

that satisfies

(8) Bt >0 %le) e X and e_tyo € F(x(t))
Thus the cluster points of x(t) (if any) are stationary points of F . s
Proof.

We consider the differential inclusion

(9) T e Gix, ¥, ¥ =Ty
with the initial condition x(0) = Xqr y(0) = Y-
Condition (6) implies that
(10) ¥ (x,y) € graph(r), (G(x,y),-y) n Dgraph(F)(x'y) £ P

Then Haddad's theorem (See Haddad [1]) implies that there exists a trajectory
(x(t),y(t)) of this differential inclusion which remains in graph (F). Furthermore,

o -t
ylt) = e tyo. Hence e Yo € F(x(t)). The rest of the theorem ensues. -
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Remaxk.

We note that we can devise a whole family of algorithms that converge to a stationar:
point of F . Let H be any map from R’ to itself such that

the solution of y' = H(y), y(0) = Y is unique and

{11)
converges to 0O , when t » « ,

We associate with such a map H a bounded continuous map G (single-valued for the sake

of simplicity) such that

(12) ¥ (x,y) ¢ graph(F), H(y) € DF(x,y) (G(x,y)). A
=3 Then there exist solutions to the differential equation

(13) x'(t) e G(x(t),y(t)), y'(t) = H(y(t)), x(0) = L y(0) = Yo

such that
-
¢ (14) ¥t>0, y()eF(xit))
e

Since 1lim y(t) = 0 by assumption, the cluster points of x(t) (if any) are stationary
t> o> <

=4 points of F . L]

- . 8
; -
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11. Liapunov functions and existence of stationary points.
. We shall use the existence of Liapunov function which we define below for proving
| | e the existence of stationary points. In the next sections, we shall prove that the exist-
; ence of these Liapunov functions imply also that solutions to the associated differential
inclusion do converge in some sense to stationary points of F when t -+ O .
i We begin with a particular case, which is a "stationary point" version of the
Aubin-Siegel fixed point theorem, which is an extension to the case of set-valued maps of
il the Caristi fixed point theorem (See Aubin-Siegel [l]), Brézis-Browder [l] and Caristi [1]).
Theorem 1
é Let K be a closed subset of the Hilbert space X , F:K > X be a set-valued map
|
. A and V:K > [0, be a lower semicontinuous function satisfying
(1) ¥ix e K ; qv ¢ F(x) such that D+V(x)(v) + lvll S0
{ Then there exists a stationary point SR e .
Take € <1 and ;c € K satisfying, thanks to Theorem 7.1,
b _44 : vYuex, 0 < D+V(§£)(u) + ellull

By assumption, we can take u € F(;s) satisfying D+V(§E)(u) < - liull. Hence
-olul <0, ie, u=0cFx).
i Remark.

i This theorem can be regarded as the "stationary point" versionof the "Caristi's
e ,j fixed point theorem".

| Theorem 2 (Caristi)

Let K be a closed subset, g:K > K be a single-value map and V be a lower
semicontinuous map from K to n&. If

¥xeK, Vigx)) -vix) +llgx) -xl <o,

r§ | then g has a fixed point. .

So, we have proved that if there exists a lower semicontinuous function V such
that D V(x)(v) + llvll <0 for all x ¢ K , there exist a stationary point. The question
K % arises whether existence of stationary points implies the existence of a function V

satisfying the above condition.
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Theorem 3 (Moreau)
et K be a closed subset and F be a set-valued map from K to X satisfying
(2) -F is monotone (¥ X,y ¢ K, VueF(x), ¥veFly, {u-v,x-y)<0)

We assume that the set F-l(o) of stationary points of F has a non-empty interior. Let

3 : - : : & 2
us associate with any X, ¢ Int F l(0) the function V defined by V(x) = EB»Hx - xOH
-1
where p = d(x ,[F (0)) > 0 . Then
0
(3) ¥xXxeK, ¥veF(x), pvix)w) +Ilvil <o.
and, consequently, for any x « Xy +p Int B, F(x) = {n}s ]
Proof.
; =1 pv .

Let us take x ¢ K and v ¢ F(x). Since X+ DB« F ~(0), then Xy ~ToT 1S

a stationary point of F . The monotonicity of -F implies that
( = x_ Veoplivil =W = = e _yls 0

(4) Ve X = X))+ pll vl (v - 0, x Xy * o0 4.0
Let x = X+ pu it Int B, and v « F{x). We infer that p Cv,ud+ plivl
Hence llvll < lvlthull < ivil, which is impossible when v # 0 . .

We may generalize Theorem 1 by introducing the concept of Liapunov function Vv with
respect to a set-valued map F and a given function W defined on graph (¥)

Definition 1

Let F be a set-valued map from K< X to X and W be a function defined on
graph (F). We shall say that the function V defined on K is a Liapunov function for
F with respect to W if it satisfies the following "Liapunov property"
(5) ¥ x c. K, Hv ¢ P such that D+v(x)(v) + W(x,v) <0 .

When W = 0, we say simply that V is a Liapunov function for F . .
Theorem 4.

Let ¥ be a set-valued map from a closed subset K< X to X , W be a non-
negative function from graph () to IR and V be a lower semicontinuous function from
K to m+ . Assume that V is a Liapunov function for F with respect to W . Then,

(6) Moer 2 g Sy K vand Wi F(xz) satisfying w(xﬁ,vr) it nHer :

If we assume moreover that V is lower semicompact (this means that for all =« |,

the subsets {x « K IV(x) < A} are relatively compact), then
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(7) qax, €K, g v, € F(x,) such that W(x,,v,) =0 . L
Proof.

a). We apply Ekeland's variational principle: ¥ e > 0 , ax€ € K such that,
Wonoe X 0L D+V(x€)(v) + eIIvH2 . Since V is a Liapunov function with respect to W,

there exists v, € F(xe) such that D+V(x£)(v€) = -w(xg,ve). Hence property (6) holds true.
b). When V is also lower semicompact, there exists x, ¢ K that achieves the
minimum of V . So ¥veX, 0< D+v(x.)(v) by the variational principle. Since V
is a Liapunov function, we choose v, ¢ F(x,) such that D+V(x*)(v*) s Wiz, ov,). »
So, Theorem 1 is the particular case when W(x,v) vl By taking W(x,v) = NvHa,
n > 1 , we obtain the existence of approximate stationary points:
Corollary 1
Let F be a set-valued map from a closed subset K c X to X and V be a lower
semicontinuous Liapunov function for F with respect to H-Ha, a>1 . Then;
(8) ¥e >0, ax,_ « K such that F(xe) n eB # @.
Note also that when W satisfies the condition
(9) Vxe K ; §v#EO, Wik >0

we obtain the existence of stationary points.

Corollary 2

Let F be a set-valued map from a closed subset K c X to X , W:graph(r) > R
+
be a nonnegative function satisfying property (9) and V be a lower semicontinuous and
lower semicompact liapunov function for F with réspect to W . Then there exists a

stationary point x, € K of F . ]
Remarks

We shall prove that in this case, under some supplementary continuity assumptions, !
solutions to the differential inclusion X' ¢ F(x), x(0) = Xp, converge to a stationary

point of F in some sense when t - ®, Note that the tangential condition

e

(10) VxeK, F(x) nD.(x)#g
i
: : : : : ‘
are involved in the Liapunov condition (5), since the domain of the upper contingent i 4
derivative D+V(x)(') is contained in the contingent cone DK(x) to the domain K of L fi-
4

V : 1Indeed, if V is a Liapunov function, there exist v ¢ F(x) such that
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DV(x) (V) < -W(x,v) <0 . Hence v € Dom D,V(x)(*) < D (x) . Therefore the tangential
condition (10) holds true.

Actually, if we take V = ¢,

e the indicator of K , defined by ;K(x) = 0 when

x € K and by ¢K(x) Z © when x ¢ K , the Liapunov condition can be written
(11) ¥xekK , @v € F{x) n DK(x) satisfying W(x,v) = 0

We mention also that when K is convex and compact and when F is upper heanicon-

tinuous with closed convex values, the Browder - Ky Fan theorem states that the tangential

condition (10) is sufficient for establishing the existence of a stationary point x, « ¥
of F (See for instance Aubin [3], Chapter 15). .
Example

By taking for V(x) the restriction to K of x - 3} Hx-xOH% we obtain the following

corollary, after noticing that
D, V(x)(v) = ( X=Xq sV ) when v ¢ DK(x) 3

Corollary 3

Let K be a weakly closed subset of X and W be a function from X to [0,>]
that is strictly positive when v # 0 . Let a set-valued map F from K to X and
Xy € X satisfy
(12) ¥ XxeK, dveF(x)n DK(x) such that (x—xo,v ) = W(v) <0 .
Then the best approximations of X, by elements of K are stationary points of F . ®

As a particular case, we obtain the following result. Let F-l denote the inverse

1

&y : = o
of F and O(F "(v),p) = sup{p,x)| x ¢ F 1(v) } denote the support function of F ~(v).

Corollary 4

Let K be a weakly closed subset of X and F:K > X be a set-valued map satisfying

(13) ¥ve F(K), v#0 , then o(F *(v),v) < Cxgov )
and
(14) ¥xeK, F(x)n Dx(x) £0 .

Then the best approximations of X5 by elements of K are stationary points of F .
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Proof .
» We apply Corollary 3 when W is defined by
8 { Wv) = (xo"') - .'.'(:-“-l(v),v) when v £ F(K), v # O 1
{15) { w(o) =0
‘L W(v) = +© when v & F(K) and v # 0 .
Then for any v ¢ F(x), we deduce that (x,v) < U(F-l(v) ,v) since x € F—l(v) 3
Therefore
i -
jj (x-xo,v) < o(F l(v),v) = (xo,v) < -W(v) . . ]
'
- 4
| S
i
| i
% .
b ;
|
|
I
|
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E
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12. Monotone trajectories of a differential inclusion
Let K and L be subsets of X = R . Let V:K > R and WK XL - R be two :
bagiad given functions and F:K > X be a set-valued map.
‘ Definition 1
We say that a trajectory x(*) of the differential inclusion
REERE 1) x'(t) € F(x(t)) ; x(0) = Xy
is monotone (with respect to V and W) if
) ¥s>t>0, Vix(s)) - vix)) + [° wix(t), x'(1))dr < 0 . . |
- Note that this condition implicitely imp;ies that
(3) VoE >0, %x(t) €. K (i.es, x(*) is "viable")
. since V is defined on K . ; |
Proposition 1
If W:k %X L > ZIR+ is nonnegative, then
B = (4) t > V(x(t)) decreases and converges to - lim V(x(t)) 3
and ; |
, (5) Fwx, x(oar 2 1im [Fax), x'man < o . .
— 0 t>® 0 :
I Remark
! Note that (4) implie: that when V is lower semicontinuous, all the cluster points
p x, of the trajectory when t > « (if any) satisfy a = V(x,). .
: Proof.
‘ e The first statement is obvious. i
{ Also, since
. J5 W&(D),x' (1))dT < V(x(t)) - V(X(0)) > a-a = 0
; e when t,s : ©, the Cauchy criterion implies that when W is nonnegative f
[Zwxo,x (a1 = Lim [% wix(D),x' (1))dT < 4 :
0 Lo 0 i
. (where the integral is a Riemann improper integral). L l
t B We shall see in Section 14 that this latter condition implies that wW(x(t),x(t)) .
} converges to O in some Sense when t > o, i /’
,t Y . e
| i
| ~50- 4 |
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According to the assumptions relating V and W , monotonicity property (2)
yields useful informations on the behavior of the trajectory.

Example Trajectories with finite length . Let us consider the case where

(6) Wix,u) = fivi.

Theorem 1

The trajectories x(*) on [0,®[ that are monotone with respect to V and
W: (x,v) = llvl have finite length fm lIx' (t)lldt and converge to x, ¢ K when t
0
If K is closed and F is upper semicontinuous with compact convex values, then x

is a stationary point of F . "

Proof.

2y 15) fm IIx' (T)lldt , which is the length of the trajectory, is finite. Further-
0
more, inequality

Ix(t) = x(s)l < [ Ix' (0)IAT > 0 when t,s > =
T

and the Cauchy criterion imply that 1lim x(t) = x, does exist. The following theorem
t >

shows that x, is a stationary point.

=
Theorem 2.
Let F be an upper semicontinuous map from a closed subset K ¢ X to X with

compact convex values and x(¢) be a trajectory of the differential inclusion (1) that

converges to some x, ¢ K. Then x, is a stationary point of F .

L
Proof
Assume that 0 § F(x,) : there exists € > 0 such that
(7) € Bn (F(x,) + € B) = @

(for F(x,) is a closed subset). Since F is upper semicontinuous, there exists
& > 0 such that F(y) ¢ F(x,) + € B whenever lly - x,Il < 6 . Hence there exists
T >0 such that, ¥t >T , lx(t) ~x,ll <& . Consequently:

(8) ¥t > T, PEIE)) cFR) 4 €8 |

since x'(t) ¢ F(x(t)) for almost all t > 0 , the mean value theorem implies that for

all" &> 7

£ G ~mbbintis - s
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1 9) 5%—%—’%‘2-)-= gi?f: x' (1)dT < 2o(F(x,) + €B) = F(x,) + £B :
since F(x,) + € B is closed and convex. Therefore, statements (7) and (9) imply
25 i that ¥ t > T, " 3(%‘.:-—::_('1‘_)_ n > € , which is a contradiction of the fact that
X, = lim x(t). . ‘
t+ > @
s Example.
We shall illustrate the importance of monotone trajectories by the following theorerm.
Theorem 3 I
o Let ¢ be a continuous bounded function from (0 ,°°t to TR and let W(x,v) = |
v{V({x)). Let x Dbe a trajectory satisfying property (2) and w(*) be a solution to ‘
the differential equation 1
(10) Wt) +e(t)) =0 ¥t> 0, w0 = v(x(0) . |
Then, we obtain the following estimate:
= (11) ¥t2>0, Vix(t)) <wt). s |
|
This statement is an obvious consequence of the following Theorem, of which we
give a proof due to H. Antosiewicz. ?
s ;
Theorem 4
Let { € IR be an open interval and T < +® . We consider a function ¢ from i
= [0,T[ * 2 to IR satisfying the following properties.
, i) ¥te (0,7, x* ¢(t,x) is continuous
12) ii) ¥xeQ, tmy(t,x) is measurable &
g iii)  @a e 10,1 such that, ¥ (t,%) ¢ [0,T( x Q, |e(t,x)| < a(t).
Let v : [0,T[ - & be a continuous function satisfying
k. (13) ¥s>t, v(s)-vit)+ £s ¢lr,v(t))dr <0 .
; Then, there exists a maximal interval [0,'1‘1[ such that the differential equation
w' +¢(w) =0, w(0) =v(0) has at least one solution w on [O,Tl] satisfying
. 3 (14) VE>0, vit) <wit). . 3
F /,)
: i
vt i &
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Proof.

a). We introduce the subsets

/
K= {(t,x) {0,°[ x @ such that x > w(t)}
L={(,x) ¢ [0, x @ such that x < v(t);
Since Ku L = [0,27l xQ and Ka L ={(t,x) |x=v{t)}, we can define a

G TeLERL xR by

¢ (t,x) A x > v(t) (Z.el; if (t,x) = K)
(15) ¥(t,x) =:
v (t,vi(t)) if x < v(t) (Aaessaaf  (H,%) e L)
] b). The function ¥ inherits the properties of ¢ . To see this, we associate

with any t ¢ [0,T[ the subsets

&

! K(t);{xﬁilxiv(t)), L(t) ;A{X':Q‘Xiv(t)‘l.

g They are closed and cover @ . Thus, when K(t) # # (resp. L(t) # @), the restric-
i tion of ¥(t,») to K(t) (resp., to L(t)) is continuous. Hence we conclude that

~ for all t e {0,T[ , x # ¥(t,x) is continuous. Similarly, we introduce the subsets:

K(x) = {t € [0,T[ | x > v(t)} and L(x) = {t e [0,T[ | x < v(t)} .

;f
L

ai Hence, when K(x) # # (resp. L(x) # @), the restriction of Y(-,x) to K(x) (resp.
L(x)) is measurable. Consequently, for all x ¢ Q@ , the function t = ¥(t,x) is
T measurable. Obviously, [¥(t,x)| < a(t) for all (t,x) e [0,T[ x Q.
cl We choose now TO < T such that the set of points (t,x) ¢ [O,TO] x IR o
, satisfying Ix-xol < ({t a(t)dt is contained in [0,T[ x Q@ . Then, by Caratheodory's

theorem, there exists at least a solution w(+): [O,Tol -+ Q to the differential equation
(16) w'(t) + Y(t,w(t)) =0 ; w(0) = v(0).
: d). We assert that for all t e [O,'I‘OJ, v(t) < w(t). If not, there would exist

1
te [s,czl}. By continuity, we have w(tl) = v(tl) and- wlt) > wik) for all € ¢

=
8 : t, € 10,7)] such that vi(t,) > w(t)). Let t, = inf(s e 10,7 ) v(t) > w(t) for all

]tl,tzl. Since w is a solution to (16), then

’ . wit)) = wit)) - {tz ¥(s,w(s))ds . |
t
I 1
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Since v(s) > w(s) , we deduce that yY(s,w(s)) = ¢(s,v(s)) for all s € ]tl,tzl.

Hence

o

wit,) = v(tl) - IZ ¢(s,v(s))ds .
t
x

By assumption (13), we deduce that w(tz) _>_v(t2) (because tl % tz). This contra-

dicts inequality v(tz) > w(tz). Hence wv(t) < w(t) on [O,Tol. =

b !
| :
3
I
L P i . $E
' :
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13. almost convergence of monotone trajectories to stationary points.

We recall that when a Liapunov function V for F (with respect to W) satisfies
(1) Vv is lower semicontinuous and lower semicompact,
there exists x, and v, satisfying
(2) X, € K, v, € Pix)) and W(x,,v,) =0 .
So, when the function W satisfies the property
(3) Noxe KL, 08 v A0, s i) >0
the existence of a Liapunov function VvV for F with respect to W and assumptions
(1) and (3) imply the existence of stationary points.
We wish to prove that cluster points x, and v, of x(t) and x'(t) when
t » ©® do satisfy the property (2) [In this case, property (3) guarantees that such

cluster points x, of x(t) are stationary points of F].

*
We already noted that when W(x,v) = |lv| , the trajectory x(t) converges to a
limit x, , which is a stationary point by Theorem 11.2. The proof of this theorem
does not yield the fact that cluster points of x(t) are stationary points.
A difficulty arises right now: the derivative x'(t) is only defined almost every-
where. So we shall use an adaptation proposed by A. Cellina of the concepts of limit
and cluster points for measurable functions to prove that measurable functions taking
their values in a compact subset do have such "almost" cluster points and that "almost
cluster points" x, and v, of x(t) and x'(t) satisfy W(x,,v,) when x(+) is
a monotone trajectory with respect to V and y .
Let up(A) denote the Lebesgue measure of a subset A < IR.
Definition 1
Let x :[0,»[ » X be a measurable function and x, ¢ X. We say that x, is the
almost limit of  x(-) when t > = (and we write x, = a lim x(t)) if
t » =

(4) Ve >0, ET Y0 "such that” plt e [T,m[! Ix(t) - xy Ziel =0,

We say that x, is an almost cluster point of x(t) when t » o if

(5) ve>0, ulte0,m)Ix(t) =xJ <€l =w. .
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These concepts are justified by the following theorem:
] .
Theorem 1
e M
Let F be an upper semicontinuous map from K < IR to the compact subsets of
]Rn , W be a nonnegative lower semicontinuous function defined on graph (F) and V
4 be a nonnegative lower semicontinuous and lower semicompact function defined on K .
For any monotone trajectory x(t) of F with respect to V and W , the functions
x(t) and x'(t) have almost cluster points x, and v, which satisfy
- (6) X, €K, v, F(x) and Wix,.v,) =0 .

If W satisfies the condition

(3) Y xek, ¥vF0, Wxwv) >0

then such an almost cluster point x, is a stationary point. .
The proof of this theorem will be obtained by tying up the following properties

of almost convergence. For simplicity, we restrict our study to the case of functions

of a real variable. Adaptation for functions defined ona measured space is quite easy.

We begin by showing that the usual concepts of limit and cluster point are partic-
ular Cases of almost limit and almost cluster point.
Proposition 1.
Ao Any limit of x, of x(e):[0,»[ > X is an almost limit point. If x(-) is -
uniformly continuous, any cluster point x, of x(¢) is an almost cluster point. ®
Proof.

a) To say that x, = lim x(t) amounts to saying that ¥ ¢ >0 , @ T > 0 such

> o

i that [T,«[ n {t] Ix(t) - x':;ll > e} = @ . Hence the measure of this set is equal to O .
b) Let x, be a cluster point of x(+): Since x(¢) is uniformly continuous,

there exists n such that Is-tl < n implies lix(t) - x(s)ll < e/2. also, there exists

! i - -
' a sequence t - = (which satisfies Bl Tk 3'2n) such that lix, x(tn)ll < e/2

i when n > N . So, for any n > N_, the disjoint intervals [t - n, t,+nl are

; contained in {t e [0,=[|lx(t) - x| < e} . Hence

b | PRat e T e A s alic s Lo =l|lix(t) = x,l <€} . . . 2.
' ' nlN =
’ € -.
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The following example justifies the introduction of the concept of almost cluster point.
» Proposition 2.
. s | : . L - 1 .
If W is a nonnegative function belonging to L (0,®), then 0O 1is an almost

cluster point of W when t > =« | -
i Proof.
If not, there exists € > 0 such that the measure of Ae = {te (0,=({w(t) =5ed

is finite. Hence the measure of EAe = {t € [O,m[]mt) > g} is infinite. Therefore:

fmw(r)d't > [ w(vdr + [ w(ndr 2.E u(CAC) =@

Sl e 1L
which is a contradiction. »
; l Proposition 3
‘ An almost limit x, of a measurable function x(+):{0,»[ » X is the unique almost
cluster point. -
! Proof.
I Let y, be an almost cluster point different from x,. We choocse ¢ < fIx, - y 72
i and T such that the subset K = {t ¢ [T,[|lIx(t) - x,Jl > €} has a measure equal to O.
‘ : The subset L = {t ¢ [T,w[“lx(t) - vyl < €} is obviously contained in K and has
! an infinite measure for y, is an almost cluster point. Hence =« = u(Ln) < u(x) =0 ,
4 l which is impossible. So, X, = y, - . &
i
! Proposition 4
i Let f be a continuous (single valued) map from X to Y and x(*):[(0,7[ - X i
be a measurable function. If x, is the almost limit (resp. an almost cluster point)
of x(°*), then f£(x,) is the almost limit (resp. an almost cluster point) of £(x(+)).
= H
Proof. It is left as an exercise. " §
Theorem 2 (Cellina) i
,- Let K be a compact subspace of X and x(¢):[0,=x[ > K be a measurable function. ‘
% There exists an almost cluster point x, ¢ K of x(¢) when t »> o, (] l




s
| Proot .
| We define inductively decreasing sequences of measurable sets ‘;n (0, and "
- & of closed subsets En < K such that
(7 A = x’l(sn), W) ==, dlam(E) < 1/n
For n =1, we cover the compact set K with a finite number of sets B;' of
1 diameter at most 1 . Thus the subsets x—l(B;‘) cover [0,~[ and, consequently, one
of them, denoted Al , has an infinite measure. We set El the corresponding set B:jL
4 Having defined the subsets Ak and Ek up to n',‘ we cover the compact set En
by a finite number of closed subsets B;,Hl of diameter at most 1/n+l.
Their preimages x-l (Bg) form a finite covering of An - . Since u(An) )
. - at least one of these sets, denoted An+1 , has an infinite measure. Call En+1 the
corresponding B;.”l . Hence ngo En = {x,} . It remains to show that x, is an
almost cluster point. Fix ¢ >_0 and T > 0 . Then, a neighborhood Ne(x*) con-
;‘l tains the subsets E for n > n(e). Consequently, o (Ne(x*)) > x-l(En) =8 for 5
‘ all n:no(e). Hence,
e nit  [0,=0]x(t) € N (x,)} > u (A) == . 2

Proposition 5
Let W be a nonnegative lower semicontinuous from L ¢ X to WR. If x(¢) is

a measurable function from [0, to L such that

| (8) gw Wix(1))dtr < +=,
+ j then any almost cluster point x, of x(t) when t > = satisfies the equation 4
Wix,) =0 . .
Proof.

Let x, be an almost cluster point of x(¢) when t > = and assume that

W(x,) >0 . We take e = W(x,)/2 > 0 . Since W is lower semicontinuous, there exists

e

n such that w(x,)/2 < W(y) when lly - x,l < n. So the subset K8 {t e

[0,=[ | Ix(t) - x,l < n}, whose measure is infinite, is contained in the set

B_ = {t ¢ [0,2[|W(x,)/2 < W(x(t))}. Hence
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s -t Lot L ) 7
d
= W(xy)
[T wx(ar > [ wix(r)ar > =~ u(B ) = =.
A | — 2 €
0 B
€
. This is a contradiction, »
sy
We are ready to prove Theorem 1.
i Proof of Theorem 1
|
; Since V is lower semicontinuous and lower semicompact, then x(t) remains in the
i compact subset Q = {x €K|V (x) j_v(xo)}. Because F is upper continuous with compact
i values, the set i
i n n
-4 FQ={(X,V)€IR xR | xeQ, vecF(x}
¢
i which is the graph of the restriction FIQ of F to Q , is compact. Hence the function
i t > (x(t),x'(t)) is a measurable function taking its values in the compact set FQ 5
+ ]
By Theorem 2, there exists an almost cluster point (x,,v,) ¢ FQ . Since x(*) is a
monotone trajectory with respect to V and W , we know that fm W(x(t),x'(1))dt < +=,
0
k Hence Proposition 5 implies that W(x,,v,) =0 . L
¥
0‘ "
B
1
1
P
fiee i -
4 4
e 1

o

!
é
i
A
/
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14. Necessary condition for the existence of monotone trajectories

we shall prove that the existence of monotone trajectories with respect to V and
W of the differential inclusion x' ¢ F(x), x(0) = Xy for all initial value X, < K
implies that V is a Liapunov function for F with respect to W .
Theorem 1

Let F be an upper semicontinuous map from K c n{‘ to R’  with compact convex

values. Let W be a lower semicontinuous nonnegative function on K x coF(K) which is

convex with respect to v . We assume that for all x_ € K , there exist T > 0

0

and a trajectory x(*) on [0,T[ of the differential inclusion x' € F(x), x(0) = Xy

satisfying
) vs>t, Vix(s) - vix(t) + [5 wx(n),x (1))dr <0 .
Then, V 1is a Liapunov function fort F with respect to W :
(2) ¥xe K, 3verF(x) such that D+V(x)(v) + W(x,v) <0 . .
Proof.

It is analogous to the proof of Haddad's Proposition. Since F 1is upper semi-

continuous, we can associate to € > 0 an n > 0 such that, for all 1 < n, F(x(1))

x(h) - X 1 om
c F(xo) + € B, which is compact and convex. Since B - f x' (7)drt and
0
since, for almost all t , x'(1) belongs to F(xo) + € B, the mean-value theorem
x(h) - x
implies that m belongs to this compact subset.

x(h ) - x
Hence there exists a subsequence hn + 0 such that veus ——Jlj;———- converges to
n

some v, in F(xo) + eB.

Since this inclusion holds true for all e > 0 , we deduce that vo € F(xo).

We also observe that x, + hnvn = x(hn) belongs to K , the domain of V .

Hence property (1) implies that

Vix. +h_ v) = vV(x.) h
3) —2h L P w,x(0)ar <0 .
n n 0

Let us assume for a while that the following properties hold true:

Proposition 1

Let W be a lower semicontinuous function on K X L which is convex with respect

to velL, Let x e C(0,T;K) and v € L“(O,T,M) be given, where M is compact. Let
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h
(4) X, = lim x(t) and vy = lim hL [ ™ vat . 1
t->0 hi=0 “n 09 |
n

Then, ‘
1 hn |

(5) W(xo,vo) < lim inf rf wW(x(t),v(t))dr. L] |

hn->0 no

End of the proof of Theorem 1.

h
By Proposition 1, W(x,v,) < lim inf ﬁl- / % W(x(1),x' (1))dr. Hence
0

hn-> 0 n {
V(xo + hnvn) - Vix ) 1 hn :
D, V(xy) (V) + W(x),v) < }im inf r + lim inf = [ 7 w(x(1),x' (1))dr <
n h -0+ no
v > v n
n 0
Vix_ + hn vn) - V(xo) 1 hn 5
< lim inf = 5 5 f W(x(t),x'(1))d1)|< 0 . .
h_ - 0+ n n (o}
n 2
vn +v0

Before proving Proposition 1, we need the following result of Ekeland - Temam [1].
When M is a subset of X , we denote by WM(x,°) the restriction to M of the
function v b W(x,v) and by Epr(x,-) its epigraph.
Proposition 2.
Let K and L be two nonempty subsets of X and W:K x L - IR satisfy
i) W is lower semicontinuous
(5)
ii) ¥xe K, v W(x,v) is convex .
Then, for any compact convex subset M c L , the restriction wM(x,°) of v > W(x,v)
to M satisfies the property

(6) x> EWM(x,-) is upper semicontinuous with closed convex values. L]

Proof of Proposition 2

To say that x - Ep WM(x,-) is upper semicontinuous at X, means that for all
€ > 0 , there exists n > 0 such that, ¥ x e K n (xo+n8),VVeM ;
a Vo € M n (v +€B) satisfying W(xolvo) < W(x,v) + € . Since W is lower semi-

1
|
continuous, we can associate to each v € M an n, €[0,e[ such that t

(7) ¥ X € xo + an, Vwev+ an, w(xo,v) SWx,w + e .
Since M is compact, it is covered by a finite number p of balls ¥ + n B. | /"1
i RS
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Let n = min . Hence for all x € x, + nB, for all v e M, there
imle.c..,p 4
exists vy such that |lv - viH < n, < ¢ satisfying H(xo,vi) < Wx,v) + € .
i
Since v » Hu(x,v) is convex and continuous, then EPW(x,*) is closed and convex. ®

We are now ready to prove Proposition 1.

Proof of Proposition 1

By Proposition 2, x »> E PWM(x,-) is upper semicontinuous. Then there exists hE
such that, for all ¢t ¢ [0,hel , EPW(x(t),*) < EpWM(xo,-) + €(BxB). Therefore, for
all T e [0,h ), (v(T), Wix(1),v(T))) € EPWM(x(T).‘) < Epr(xO,-) + €(BxB). Hence,

by the mean-value theorem, we deduce that, for all hn 0 he'

h h
(®) (= [Mvmar, 2 [P we(, vinar € ToEpu,x,,*) + c(BxB) .
n 0 n 0 S

Therefore, by taking the limit, we obtain:
h
© (v, lim inf = [ ™ Wx(1),v(1))41) € TO(EP W (x ,*) + e(BxB)).
M0
hn +0 ao0
Since this is true for all € > 0 and since Epr(xO,‘) is closed and convex, we get:
h

(10) Wixg,v)) < liminf - [ 7 wx(n),v(n)ar. .
hn >0 n' D
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It is analogous to the proof of Haddad's theorem (See Haddad [l]). Since K
is locally compact, there exist r > 0 such that 2(0 =Kn (xO + rB) is compact.
We set T = r/ (HF(KO)N +1) . If F(K) is bounded, we take T arbitrary and we set
Ko = K ncl(xo + T F(K) + B), which is compact.

Let us take y € K and v e F(y) satisfying

(4) D, vy) (vy) + W(y,vy) 0.

pa——
15. sufficient conditions for the existence of monotone trajectories.
. We shall prove that, conversely, if V is a Liapunov function for F with
3 1 respect to W there exist monotone trajectories of the differential inclusion x' ¢ F(x) 1
that are monotone with respect to V and W .
i Theorem 1
Let K be a closed subset of IK' and F be an upper set-valued map from K to
the nonempty compact convex subsets of R'. Let W be a function defined on
1 K x co F(K) satisfying
i) W is nonnegative and continuous
i (1)
i. ii) ¥ xe K, v->W(kx,v) is convex.
i g Let V : K> R be a Liapunov function with respect to F and W :
s (2) ¥ x € K, 3v e F(x) such that D+ Vix) (v) + Wix,v) <0 .
é We also assume that
g 5 (3) V is continuous (for the topology induced on K).
] Then, for every X, € K , there exist T > 0 and a monotone trajectory x(*) on
4 J& = {0,T] of the differential inclusion x' e F(x) and x(0) = X,
% 1f F(K) is bounded, then we can take T = «, L]
i Proof.

This is possible thanks to assumption (2).
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By the very definition of D+ Vy) (vy), we know that there exist hy < 1/k and

B oEWe-a ] such that
3y y S

V(y + h u) - V(y)
- (51 S S DY () + 1/
Yy
Hence
V(y + h u )= V(y) A
o (6) lhy + W(y,vy) <%' =
We set
V(X + h u) - vix) 1
i (7) N(y) = {x ¢ K th + Wly,v ) <%
v Yy

Since the function V is continuous, the sets N(y) are open and y € N(y). So we can

find a ball of radius uy € Jo, % ] such that (y + “yB) n K c N(y).

Since 1(0 is compact, it can be covered by gq such balls yj + uy B. We
set za h, = h =y and v, =v . Let us take now any x € K_ .
o e Rl Eoomy . 0
It belongs to a ball yj + ajB for some j =1,...,9 . Then there exists uj 2
: | such that
V(x + h,u,) - v(x) {
s i | 1 .
{ i) = S LMAES-
‘; (8) 3
$ 1
é i) Ix=-yh <a <= , lu, =vl <2, -
] 4 AW in o Il Lg
| Let h (k) = min h 50 0 . So, cancelling the index 3j , we have proved that
| J=1,...,q
for all x € K, , there exist h e [hj(k), %] and u ¢ R satisfying the two
: H
1 following properties
{ i) ay € K and v ¢ F(y) such that llx-yﬂii',llu-vﬂj_% ;
I . )
: V(x + h u) - v(x) 5
b ] 4 % . W9, W 5
| 4
| ; Therefore, we can construct inductively a sequence of elements xp € Ro ' vp € F(yp) v
ri hp € [hyx), i—] and u, € R satisfying
ﬁ VIR T S TR b
k P 9 e ' Y /
! 1 1
10 = =i ‘
)» 10 1) (xeu) € (y,v) + ¢ (BxB) < graph(F) + i(BxB) A
W vk 1) = Vix ) ; 4
; o, LSO <
.‘ iii) o + W(yp,vp) <g ov
4 p
L -64-
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We are sure that there exists an integer m such that

ho + h1 + ese ¥ hm St h1 + wos ¥ hm + hm+1
1

for hp € [ho(k), 1. for all p .

k
Let us set r: = ho . AT hq . We interpolate this sequence by the piecewise
5 : : : i p-1 P =
linear function xk( ) defined on each interval ]Tk ¢ T by xk(t) = xp-l +
ir = Ti-l)u 1 We denote by yk(-) and vk(-) the step functions defined on this
p-

interval by yk(t) =1 and vk(t) it
When t is fixed in )ri-l,ri[ ., we have ]t‘-ril < 1/k and there exists

(yp,vp) € graph (F) such that Hxﬂ(t) - Vp" = IIup - vp" < 1/k and ka(t) - ypH <
ka(t) - xPH + pr - ypH < |t - ri] (IIuP = vp" + vaN) 4 pr - ypH < /k UERDI + 2).
By setting f(t,x) = F(x), we have proved that ¥ t >0 ,
(11) (t,xk(t), xi(t)) € (t,yk(t),vk(t)) + e(k) (BxBxB) < graph (E) + e(k) (BxBxB).
where e(k) > 0 when k - ®. We also know that Hxi(t)" Z HF(KO)H +1 and xk(t) €
ES(KO) , which is compact. Hence the assumptions of the convergence theorem (See Aubin-
Cellina-Nohel [1]) are satisfied: A subsequence of xk(') converges uniformly over
compact intervals to a solution x(+) of the differential inclusion x'e F(x). More-
over, the sequence of derivatives xﬂ(-) converges to x'(°*) in L (O,T;ngx) sup=-
plied with the weak topology o(LW,Ll) .

On each point ri of the grid, the foilowing inequality hold:

(12) Vi () - v () + nPwee () v (B)) < nP/k .
By summing these inequalities from p=q to p=r-1, we obtain,
r=1 (f - 19
e q P P k k
Vi (1)) = Vix () + ] hqw(xk(rk), v, (1) £
P=q
We remark that vk(r) = xi(Ti) on the interval [Ti,1£+1[ . So, we can write

the above inequality in the form:
= = -z: (L - T:)
& - v <
(13) Viy, (1)) = viy, ‘1)) + [ F Wiy (0, v ()ar <
T

k

We recall that xk(-) converges to x() uniformly on compact intervals; so
does Yi(+). We also know that xy(:) converges weakly to x'(*) in L7(0,T;X); so

does vk(').
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We assume for a while that the following Proposition holds true (See Ekeland-
Temam [1]).
Proposition 1

Assume that the function W:K x L - nz+ is nonnegative, lower semicontinuous
and convex with respect to v'. Then, for all compact convex subset M < L , the
functional W defined by
4) wix,v) = [T wix(n),v(n)dt € [0,%]

is lower semicontinuocus on C((0,~;K) x Lm(O,w;M) when C(0,=;X) is supplied with the

topology of uniform convergence on compact intervals and Lw(o,w;M) with the topology
induced by the weak topology 0(L°,L1) on L"(o,a;x). L

End of the proof of Theorem 1

By Proposition 1, we deduce that for all & >k

(15) [ Wix(1),x' (1))at < lim inf [° Wiy, (1),v, (t)ar .
t K =il i

Since we can approximate s by 1t 2

X k k

we deduce from the continuity of V that V(xk(t;)) converges to V(x(s)) and

V(xk(T:)) converges to V(x(t)). Also, since W is continuous, it is bounded on
r

T
Ro x F(Ko) and thus, f k W(x(t),x'(1t))dr converges to fs W(x(t),x'(t))dt. Hence,
q =
s
we can take the limit whén k > » in inequalities (13): we find that x(¢) satisfies

the monotonicity condition
vs o>t Vix(s) - vix(t)) + [5 wix(r),x' (1))dr < 0 .
t

When F(K) is bounded, we have chosen T independent of x So we can extend the

0 *
trajectory x(<) on [0,T] on a trajectory on [0,2T], [0,3T], etc. So, there exists
a trajectory defined on [0,~[ . . a

Proof of Proposition 1

Let xk(‘) converging to x(*) uniformly on compact intervals and vk(°) con-
verging weakly to v(+) in _L'(o,m;x). Hence
i) v tel0,~[, xk(t) converges to x(t)

(16)
ii) ¥T>0, vk(~) converges weakly to v(¢) in Ll(O,T;x).
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Actually, it is sufficient to suppose the latter properties (16) hold true. If

lim inf y(xk,vk) = +», the theorem is true; if not, let

k »> o
(17) c = lim inf ‘g(xk,vk).
k > »
There exist subsequences (again denoted * and vk) of X, and Vi such that
i
(18) ¥ k ¢ ]N,vg(xk,vk)<_0+E.

By Mazur's theorem, there exists a sequence of elements
LK k B

(19) W dedi=o - Al m g oA =,
k=h k=h

(where a); = 0 but for a finite number of indexes k) that converges strongly to v(s)
> 1
in L0, TX) ¢
th]N,lIwh—le =/
L (0,T;X)

Hence, a subsequence (again denoted) w, ~converges almost everywhere to v(-). Let

t > 0 be any point where

(20) v(t) = lim wh(t)

h»> o

By Proposition 14.2, there exists n such that Ep w(x,*) ¢ Ep W(x(t),*) +e(BxB)

when lix - x(t)l < n . Let ko such that !ka(t) - x(t)ll;n whenever k > kO' Since

Ep w(xk(t),-) is convex, we deduce that
(w_(t), 5 uk W(x (t),v (t)) ¢ EpW(x (t),+) c Ep W(x(t),*) + (BxB) .
BT ks TR k
Hence, by letting h » =, we obtain
(v(t), lim inf ) «
h » « k=h

}’: WOx, (£),v, (£) ( ch(Ep W(x(t) ,*) + ¢ (BxB)

Since this holds true for all ¢ > O , and since Ep W(x(t),+) is closed, it follows

that
(21) (vie), lim inf ] af Wox (6),v, () ¢ Ep Wx(6),") |,
h>e ksh D %
i.e., that
(22) Lim inf | of WOe (£),v, (£)) 2 Wix(t),v(e)) . i
h » » k=h '

We integrate this inequality and we apply Fatou's lemma, which is possible for W

is nonnegative. We obtain /,‘

-




]
b © -
wix,v) < fa (lim inf 2 a: w(xk(t), vk(t))dt
0 h » @ k=h
© " g

¥ — Slmdng ] ooy wix,v) < lim (e wp i

h>® keh ho o b

(By (18)). Hence W(x,v) < c = lim inf W(x_,v ) . »
- g
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16. Stability and Asymptotic Stability

We consider the case when W = 0 ; in this particular case, we say that V 1is

Liapunov function with respect to F if

(1) V%€ X, dv ¢ F(x ) such that D+ V(x)(v) <O

and that a trajectory x(°) of x' € F(x) 1is monotone with respect to V if

s Sy

(2) the function t P v(x(t)) is nonincreasing.

R

Hence monotone trajectories remain in the "level sets"
(3) {x e K|v®) <vix)} .
So, we obtain the following stability property.

Theorem 1

n E
Let K be a closed subset of IR and F be a bounded upper semicontinuous

map from K to the nonempty compact convex subsets of o Tk VoK o nx be

{x e K |V(x,) = min V(x)}.
x e K

a continuous lower semicompact Liapunov function. Let P,

Then the following stability property holds:

e A Y T O NS AR o o

For any open neighborhood M of P, , there exists a neighborhood N ¢ M of

€ N , there exists a trajectory starting at x_ and

i P, such that, for all x 0

0

remaining in M .

| § Proof.
ﬁ i We set Q = {x ¢ K Iv(x) < min V(y) + 1}, which is compact. Hence, since M | D
yek
is an open neighborhood of P, , Q N M is compact and ¢ = min v(x) is

2 xegnlm
finite. Thus the subset N = {x € Q | V(x) < ¢} is contained in M and is a neigh-

borhood of P, (for V is continuous). Now, if X, € N , there exists a trajectory
x(*) which is monotone (by Theorem 15.1) and thus, which remains in N ¢ M because

Vix(t)) <Vi(xy) <c . x

"
o

We shall give now conditions implying asymptotic stability when W =

Theorem 2 {

Let F be an upper semicontinuous map from K c R®' to the compact convex sub-

sets of IR' and V be the restriction to K of a locally Lipschitzean function v

which is lower semicompact. We assume that V is a Liapunov function with respect to

F statisying
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¥ x ¢ K, if there exists v ¢ F(x) such that D+ vix)(v) > 0,

(4)
t then V(x) = min Vl(y)
r
y« K
;.-k iy
We also assume that
(5) the function (x,v) ¢ graph (F) - D, V(x) (v) is upper semicontinuous.
(This is the case when, for instance, V is continucusly differentiable or conv
continuous). Then any monotone trajectory satisfies
(6) lim V(x(t)) = min V(y) . : .
E>o ye K
e
Proof. s
We set wv(t) = v(x(t)). Let us assume that o = lim v(t) > min V(x) > 0 . Let
s X« K
b b H O ={x e K | Vix) < V(xo)}, which is compact because V is lower semicompact and
L lowe. <emicontinuous. Therefore, the graph F(‘ of the restriction to Q of F is
' ? ; . n
compact, for F is upper semicontinuous from K to the compact subsets of TR .
3 :

Assumption (4) implies that D, V{x)(v) < 0 for all (x,v) « F_; so, we deduce

VRIS
»

from Assumption (5) that there exists u » 0 such that

i (7) ¥x<Q, sup D V(X)) < -u i
i . v P (X) =
PI Let x(¢) « C(O,W;Iﬂn) be a trajectory such that x'(*) « LFU(O,"‘»";RD) . Since
f x(t) ¢ Q for all t > 0 , we deduce that D, VIx(t)) (x' (t)) < =p . Also, because V
fe -
}_ is the restriction of a locally Lipschitzean function V , Proposition 6.8 implies that
8) 1 g YRS S WIE) D, V(x(t)) (x' () < -u .
h > 0+ (©)
4”_,7” S Therefore, we deduce from Proposition 6.9 that for all T = XT , we have :
f §
: (9) v(r) - vi) < [T -y at = ~v(o) .
; 0
B Thus v(T) <0 < min V(x) and v(T) > a > min V(x) .
% e Xx¢ K xXc K 4
g ‘
: The theorem follows from this contradiction. " $
! i
i i
}
LB {
.
k |
o B . 8
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17. Liapunov functions for U-monotone maps.

Let U : K x K> n;’ be a nonnegative continuous function such that Uly,y) =
for all y € K , which plays the role of a semidistance (without having to obey the
triangle inequality). We shall associate with U the class of "U-monotone" maps

F which enjoy the following property. If we know in advance that x, ¢ K is a

stationary point of F , then the "distance function" to x, : x > U(x,x,) is a

1 2

2 izl lxi % yi , the class of U-monotone maps

Liapunov function. When U(x,y) =

coincides with the class of monotone maps in the usual sense.

We list some examples of functions U .
n

(1) U (x,y) = ) |x. - y.|P (1< p< +)
P - i o g =
i=1

and, in particular, for p = 2:

P
S % 2
(2) Uz(x,y) = ‘Z Ixi - yi[

i=1

We mention also

(3) u_ (x,y) = max (x, - y.)
i=l,...,n" i
on
and, if K= 1R ’
+
(4) Uo(x,y) = max x,/y. = min xi/yi & .

" i 1 S
i=l, ..s;08 d=d eoayn

We associate with U the function U' defined on K x K x X by
(5) Ut (x,y) (v) = D, (x b UGx,y)) (X) (v) .
Now, we introduce the class of U-monotone set-valued maps.
Definition 1
fet U : K X K> IR+ be a continuous function such that U(y,y) = 0 for all
y € K . We say that a set-valued map from K to nﬁ‘ is U-monotone if
(6) ¥ x,y e K, ueF(x), veFly), U(x,y)lv-u) <0 .

We say that F is strictly U-monotone if

(7) ¥ X,y € K such that U(x,y) >0 , ¥ u € F(x), v € F(y), Ulx,y) (v=u) < 0

and strongly U-monotone if there exists ¢ > 0 such that

(8) ¥ X,y e K, ueF(x), veF(ly), U (x,y)(v-u) + c(U(x,y)) <O L]
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Finally, if ¢ is a bounded continuous map from .IR+ to ]P_f , we say that F is
(¢,U) -monotone if "
9) ¥x,yeK, ueF(x), veFly), U'(x,y)v-u) + ¢(U(x,y)) <0 2

Examples of U-monotone operators

When we take K = IRn and

1 n
(10) U,y = 5 Z |x, - v.

we see that F is (W,Uz)-monotone if
(11) vX,y €K, ueF(x), vecFly), (u-v,x-y)> \o(Uz(x,y)) g
So, usual monotone maps are the Uz-monotone maps .

When 1 < p < =, we set

« 1 3 P
(12) ulxyr== F |x -vl
P P i 1 1
and
(13) Io(x,y) = {i | By = yi}.
~
Therefore, F is (w,Up)-monotone if and only if, for all x,y ¢ mn e 0 € FAX),
v ¢ F(y), we have
(14) ) I, - v, [P%(x, = y)(u, = v,) > e(U_(x,9)) ¢
) i i i G = P
1¢Io(x,y)
when p = », we set
s -
(16) U (x/y) = = max ‘fx = y;)
iwlo L an
and
) =14 ~ = g 5 :
7 Ix,y) = {1 | % iy max (x; yi)} N
o b7 GBS | 3
Then F is (¢,U )-monotone if and only if for all x,y € r® » W€ F(x), v e Fly), u
H
we have
(18) min o ole SR Rl) S iU (L9
jed(x,y) * % -
Finally, if x and y e n‘i:‘ , we set
Xy X,
(19) Uo(x,y) = max poed o min = ¥
I RSN £ ST e )
and /
. e
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i
:
' -
:
X, X, X X,
(20) K (x,y) = {i] = = max =2} , K (x,y) = {i | === min ==
X + Y. : ; - Y. o
1 = 1 s & 1
G [Note that U, (x,y) = 0 if and only if @} -0 such that x = Ay .1
Then F is (tp,Uo)—monotone if and only if for all x,y € nci: , u € Filx),
v e Fly) ,
o= Ve u, = v,
| 1 (21) ) min s max JTJ > ,;(Uo(x,y)) .
iek, (x,y) 3 jeK_(x,y) j
Proof
— The above characterizations follow obviously from-the computation of the con-
tingent derivatives of x - U(x,y). Since these functions are convex and continuous,
the contingent derivatives coincide with the directional derivatives from the right.
-
When 1 < p < +», we set I+(x,y) = {i | x> yi) and I_ (x,y) = {i| . e xi}.
Then it is clear that
- -1
ﬂ U")(x,y) (v) = Z (xi - yi)p i s 5 (yi = xi)p vy
al ieI+(x,y) ieI_(x,y)
E fon = D= 5
: s syl - i
as ¢ ifry(xy)
n
if p=1, Ui(x,y)(v) = Z vy and, if p = , we have W'(x,y)(v) = max V.
i=1 5 5 jedJ(x,y)
e Finally, for p = 0 , we have U(')(x,y) (v) = max s min g e L]
3 ir.K+(x,y) Yy ieK_ x,y)¥i I
The U -monotone maps enjoy the following fundamental properties.
Theorem 1
4
§ Let U be a continuous nonnegative function from K x K = K such that
i U(y,y) =0 for all y e K. Let F be a proper bounded upper semicontinuous map
¥ from K to the compact convex subsets of ®' . We also posit the following assump-
tions
i) there exists a stationary point x, ¢ K of F
t (22)
t—g‘ 8 ii) -F is (v,U) monotone. |
Let w ¢ ((0,»;IR) be a solution to the differential equation
A
! (23) w' +9(w) =0 ; w(0) =U(x_,x,), X, is given in K . /
I Ugat ey (oo
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Then there exists a solution x(*) to the differential inclusion x' ¢F(x),

x(0) = X, such that t > U(x(t),x,) is nonincreasing, such that g“ﬁdu(x(t),x*))dt
< 4+ and such that
(24) vVt>0, Ux(t),x,) <w(t). A
Proof.

We set V(x) = Ulx,x,) and W(x,v) = ¢(U(x,x,)). sSince 0 € F(x,), then,
for all v € F(x), we get D V(x) (v) + W(x,v) = U'(x,x,) (v - 0) + ¢(U(x,x,)).

The right-hand side of this inequality is nonpositive since =-F is (¢,U)-monotone.
Hence V is a Liapunov function for for F with respect to W . So, we apply
successively Theorems 15.1 and 12.3. -

We mention now a result on asymptotic stability. For simplicity, we prove only
a special case.
Theorem 2.
Let L c m“ be an open convex subset of IRn and U:L x L » lR+ be a non-
negative continuous function such that
i) ¥yelL, Uly,y) =0
(25)
ii) ¥yeL, xbU(,y) is convex.
Let K be a closed subset of L and F be a bounded upper semicontinuous
map from K to the compact convex subsets of ®. we assume also that
i) there exists a stationary point x, € K of F
(26) 11y $xeXk D (x) n F(x) # ¢
iii) =F is strictly U-monotone.
Then, for any X, € K , there exists a solution to the differential inclusion
x' € F(x), x(0) = x_ satisfying

(]
(27) lim U(x(t),x,) =0

t> ®
Proof.
We take for Liapunov function the restriction V K of the function V defined

on L by V(x) = U(x,x,), where X, is a stationary point of F . Since V is

convex and continuous, then D, v(x)(v) = D_ V(x)(v) is upper semicontinuous with
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respect to (x,v). It is a Liapunov function since there exists v ¢ Dx(x) n Pix)

i by assumption (26) ii): Hence D_ VIK(x) v) £D_VX) (V) =D Vi) (v) =
i U'(x,x,)(v - 0) <0 because v € F(x), 0 € F(x,) and =~F is U-monotone. Also,
let us assume that there exists v ¢ F(x) such that D+ Vix)(v) > 0 . Then
U'(x,x,)(v - 0) >0 and, since v € F(x), 0 € F(x,) and =-F is strictly monotone,
& we deduce from (7) that Vv(x) = U(x,x,) = 0 = min V(y). Therefore assumptions of
yekK
Theorem 16.2 are satisfied and thus, any monotone trajectory statisfies property
(27). They do exist by Theorem 15.1. L
-
Remark
We recall that the Browder-Ky Fan theorem states that when K. is convex and
: compact, the tangential condition (26) ii) implies the existence of a stationary
point x, € K . L]
: a
ST o
)
= —
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|
1
|
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18. Construction of Liapunov functions

If the dynamical system described by the set-valued map F : K © ® » R and
the function W:K x F(K) ~» :IR+ are given, the problem arises whether there exist a
Liapunov function V . By Theorems 14.1 and 15.1 , we have to find functions V
satisfying the property
(1) ¥xe K, 3gve F(x) such that D+ Vi(x) (v) + W(x,v) <0 .

For this purpose, we denote by Tw (xo) the set of viable trajectories of the dif-
ferential inclusion
(2) x' € F(x), x(0) = X, given in K .

We define the function VF from K to [0,+] by

(3) Vx ek, V(x)= o inf J7 wix(r),x' (1)ar.
x(+)eT (x)) 0

We begin by pointing out the following remark.
Proposition 1
Let V:K > R and W:K x F(K) » 1R+ be nonnegative functions. If there exists
a monotone trajectory x(e¢) ¢ T»(xo) {with respect to V and W) then
.
(4) 0 < Vp(x,) V(X)) .

Proof It follows from Proposition 12.1 and from inequality

t
¥t20, [ w(),x' (1At < vix;) - Vix(t)) < Vix). .
0
We now prove that Vl-" Does satisfy the Liapunov conditionfor F with respect to W .

Proposition 2

Let K ¢ ]Rn be closed, F:K - r® be a proper upper semicontinuous map with
compact convex images and W:K X co(F(K)) + IR, be a nonnegative lower semicontinuous
function that is convex with respect to v . If the minimum in VF (xo) is achieved
for xo € K, VF satisfies the Liapunov condition
(5) a v, € Flx)) such that D Vp(x,) vg) + w(xo,vo) <0 P
Proof .

Let us assume that there exists x(¢). ¢ Tn(xo) such that vp(xo) =
‘{u W(x(t),x'(1))dt. Since F is upper semicontinuous, we can associate with any

€ >0 an n > 0 such that, for all x ¢ X, + en,r(x)cr(xo)+e8. So, for h
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small enough, x'(t) € F(x(1)) < F(xo) + e€B for all 1 ¢[0,h]. On the other hand,

x(h) - x

__T_.Q. = % fh x'(r)dt belongs to F(xo) + ¢ B by the mean-value theorem, because
x(h ) - x
the latter set is compact and convex. So, a subsequence i nh converges to
n

some v, ¢ F(xo). on the other hand,

vl )) < [T Woxdn,xt ()dr = [T wix(n),x! (1)dr

h 0
n

h h
- [" W), x )ar v xg) - [T wex(o),x! ()t .
0 0

Therefore,

V. (x +hv) -V _(x.) h
E.9 “hn g T j'n W(x(t),x'(1))dr <0 .
h —
n n O
By the very definition of the upper contingent derivative, we have D+ VF(x O,VO) =

v (x0 + hv) = VF (xo)

lim inf and, by Proposition 14.1, W(x_,v_ ) <
h priny =

>0

L e

h
lim inf Fl- J ™ wix(1),x' (1))dtr. So, by taking the limit in inequalities (6), we obtain
h. >0 n 0
n
vn £ V0
the Liapunov condition (5). 2
Therefore, by tieing up some preceding results, we can prove that VF(') is the
smallest Liapunov function with respect to F and W .
We begin by making more precise Theorem 14.1 on necessary conditions.
Theorem 1
Let F be a bounded upper semicontinuous map from K c ]Rn to the compact convex
subsets of IR . Let W be a nonnegative lower semicontinuous function from
K x coF(K) which is convex with respect to v .
Let V be a nonnegative function on K . 1If for all x0 € K , there exists a
monotone trajectory x(¢) € Tu("o) with respect to V and W , then not only V is

a Liapunov function with respect to F and W , but VF is also a nonnegative lower

semicontinuous Liapunov function smaller than or equal to V . L]
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Proof.

Since there exist monotone trajectories x(¢) ¢ Tm(xo) with respect to V and W
for all xo € K , we deduce from Theorem 14.1 that V is a Liapunov function for F
with respect to W , from Proposition 1 that Vp(xo) < V(xo) for all x0 ¢ K and from

Proposition 2 that VF is a Liapunov function. The set-valued map x, > Tw(xo) from

0
K to the space of functions x(-) e C(0,»;IR') whose derivatives x'(°) € L'”(o,w:m")
is upper semicontinuous with compact values when C(O,w;mn) is supplied with the
topology of uniform convergence on compact intervals and when Lm(o,w;mn) is supplied
with the weak topology O(Lm,Ll). Proposition 15.1 states that the functional
x }v fw W(x(t),x'(1))dt is lower semicontinuous on that space. Hence the maximum
theogem implies that the function VF(-) is lower semicontinuous. )
Another combination of the same arguments yield the following statement:
Theorem 2
Let F be a bounded upper semicontinuous map from a closed subset K c®R to
the compact convex subsets of m" , satisfying the tangential condition
(7) ¥xeK, F(x)nDK(x))‘ﬂ. pe
Let W : K x coF(K) » IR+ be a nonnegative lower semicontinuous function which
is convex with respect to v . If for x_¢ K , VF(xO) is finite, then VF(xO) is

0

lower semicontinuous at xO and satisfies

(8) a Vo € F(xo) such that D+ VF(xO) + w(xo,vo) < 0.

Consequently, if vF(-) is finite on K , it is a lower semicontinuous Liapunov

e

function for F with respect to W . L]

The fact that VF is a Liapunov function yields the following characterization of

trajectories achieving the minimum of V

F
Proposition 3.

Let us assume that the function Vp defined by (3) is finite on K and is a g

Liapunov function for F with respect to W . Then the trajectories of the differ-

ential inclusion x' ¢ F(x), x(0) = Xy 0 which are monotone with respect to V_ and ‘

i /

W achieve the minimum in VF (xo). (] i e
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Proof.
) If x(*) is a monotone trajectory with respect to VF and W , we obtain the

inequality

(9) fm W(x(7),x'(1))dr< Vv_(x) = inf fm Wy (t),y' (1))dr. L]
-\ B <)
{ 0 y(-)eTw(xo) 0

This simple statement is a very important consequence in control theory. We associate
with VF the new map G defined by

4 (10) G(x) = {v ¢ F(x)|D+ Vo) (V) + Wx,v) = min (D V(%) (W) + Wix,w))}
weF (x)

Note that G(x) is single-valued when v > D+ VF(x)(v) is convex and v b W(x,v)
is strictly convex for all X ¢ K . One can devise sufficient conditions implying that
(x,v) > D+ VF(x)(v) is upper semicontinuous. This and the continuity of W guarantees
that G is an upper semicontinuous map.

In any case, by Theorem 16.1, solutions x(¢) of the differential inclusion

L e —

. x* € Gx), x(0) =% yield trajectories of x' € F(x), x(0) = x. which achieve

0 0

the minimum in VF(xO). .
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19. Construction of dynamical systems having monotone trajectories

The question arises whether V and W being given, there exists a continuous 4 1
single-valued map f such that the differential equation x' = f(x) has monotone
trajectory with respect to V and W .

In this section, we shall assume that

i) K is compact and convex

(1) ii) V is the restriction to K of a convex continuous function V
| l iii) W is continuous and convex with respect to v .
We recall that a necessary and sufficient condition for f to have monotone trajectories
with respect to Vv and W is that

(2) ¥x €K, D+ V(x) (f(x)) + W(x,f(x)) <0 .

Since D+ V(x) (v) is the restriction to the tangent cone Dx(x) of D+ V(x) (v), we set

i (3) S(x) = {vex| D, Vix) (v) + W(x,v) <01} .
E So, the necessary and sufficient conditions can be written *
\ (4) ¥xeK, f(x)eSx) nDR(x) 5
4 In order to exclude the obvious solution f = 0 , we introduce the cones E i
! (5) $() = (v e X | DV +Wx,v) < 0}
; which may be empty. We also set -
| (6) xoé{xex|§(x)nnx(x);t¢}; xléxn[:xo.
Theorem (Cornet)
| Let K be a compact convex subset, V be the restriction to K of a continuous =

convex function V and W be a nonnegative continuous function on K X mn which is
| convex with respect to v . We assume that the subset Ko defined by (6) is nonempty.
Then there exists a continuous function f whose set of stationary points is Kl |
such that the differential equation x' = £(x), x(0) = X, ‘
with respect to Vv and Ww . -

has a monotone trajectory

SEEICENINT NS
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Proof .

~ °
Since (x,v) ¥ D+ V(x) (v) is upper semicontinuous, the graph of the map S ,

which is equal to

Graph § = {(x,v) ¢ e ® | D, V(x)(v) + W(x,v) <0 }
t

is open. Since the set-valued map x - Dx(x)is i.s.c. and has convex values x -~

°
S(x) n DK(x) is locally selectionable from Ko to T®' and its images are convex

cones. (See Cornet [l1]). Hence, by results of Corret [l], there exists a continuous
function f from K ot n{’ satisfying
(7) ¥ X € Ky

So, such a function f satisfies the assumptions of Theorem 15.1. Hence there exists

, £(x) €D (x) n S(x) and ¥ x e K, £(x) =0 .

monotone trajectories of the differential equation x' = f(x). n
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20. Feedback controls yielding monotone trajectories.

Let U be a set of controls u and f : K x U+ X the map that assigns to each
state x and to each control u the velocity f£(x,u) of the state.
A feedback control is amap u:x € K > u(x) € U associating with each state of
the system a control according to a fixed rule for achieving a given purpose.
The example of such a purpose is the requirement that the trajectories of the
differential equation
£ x'(6) = £(x(t),u(x(t)))
(1)
ii) x(0) =0
exist and satisfy the monotonicity condition:
(2) ¥s>t, Vix(s)) - vix(t)) + fs Wix(t),x'(1))dr < 0 .
We assume that V is the restriction to tx of a convex continuous function Q .
We introduce the following set-valued map g defined by
(3) Sx) = (v ¢ x|D+ V(x) (v) + W(x,v) <0 }

and we set

* L , s
(4) Ry=(xeck|Smnnt #0}, x =xa[x .

Theorem 1

Let us assume that K < X and U are both convex compact subsets, that U
contains O and that F : K ~ U > X is a continuous map that is linear with respect
to the controls . We assume that KO # § and that there exists y > 0 such that

¥ X ¢ KO + ¥yeXx, Iyl <y, 3 ueU such that
(5)

flx,u) -y ¢ Dx(x) n ;(x) 5

Then there exists a feedback control u e C(K,U), vanishing on K, that provides

1
monotone trajectories with respect to V and W . []
Proof .

By Theorem 15.1, we have to prove the existence of a feedback control u ¢ C(K,T)

such that

i) ¥xcKy, £lxux) cpix)n $(x)

i) vxeck o, ulx) =0 .

(6)
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Let us set, if x ¢ Ko e
7 Gtx) = {ue U] £ixu) € D (X) S} .

We already mentioned that x & Dx(x) n g(x) is locally selectionable and thus,
lower semicontinuous. Assumption (5) implies that G 1is lower semicontinuous on KO.
(See Aubin and Cellina [1]).

Michael's theorem states that there exists a continuous selection v ¢ C(KO,U) of

the set-valued map C . We denote by dK (x) the distance from x to K, and we

1 1
set:
a_  (x) v(x) 1f b I 4
®) ulx) = e y
0 1E X.€ Kl .
This function u is continuous on K . It is obviously true when X € K0 . Let us
check that it is continuous at Xx ¢ Kl < Let & >0 and y e x+ £B. Then

u(x) = 0 and either uly) = 0 (when y ¢ l&) or Luly) < dK (y)M < € where
E 1
M= llul . Then llu(x) - u(y)ll = llu(y)ll < eM. Hence u is continuous. Since

v(x) € G(x) and since f is linear with respect to the controls, we deduce that

£(x,u(x)) = d, (x) £(x,v(x)) € D_(x) n S(x)
3 Kl ~ K

when x ¢ KO and that f(x,u(x)) = 0 when x ¢ l(l - -




21. The time dependent case.

We shall adapt to the time dependent case the results we proved for the time inde-
pendent case. We only have to use the classical transformation which amounts to

observing that the solutions to the differential inclusion

(1) x'(t) € Plt,x) ; x(to) = x,
ﬂ and the solutions Tt p (t(1),x(1)) = x(1) of the differential inclusion
(2) x' € F(x) , x(0) = (to,xo)

where we set

) ¥ (£,%) = X e Dom(F)  F(x) = (1,F(t,x) .
We shall denote by - 12 = Dom F the domain of F , which is the domain of e
We introduce

; i) a nonnegative function VvV from 12 to R

- ii) a nonnegative function W from K x coF(lz) to R .

Now, the symbol D, V(t,x) (1,v) denotes the upper contingent derivative of V at

! (t,x) in the direction (1,v). We recall that when V is differentiable, we have
n
.| (5) D, V(t,x)(1,v) = .2 vit,x) + } -—a—v(i:,x)vi . 4

it io1 axi
Proposition 1
x(+) is a monotone trajectory of the differential inclusion (2) with respect to
! V and W if and only if x() is a trajectory of the differential inclusion (1)
which is monotone with respect to V and W in the sense that
e 4 (6) ¥s>t, Vis,x(s)) - vit,x(t)) + {"W(r,x(r),x'(r))dr £ §

Proof.

. Indeed, x(+) is a solution to (2) if and only if x(t) = (t,x(t)) where x(+)

5 : is a solution to (1). Note that Q'(t) = (1,x'(t)). So, Condition (6) is equivalent
4 to ¥s>t, V(x(s)) - v(x(t) + [ wk(r),k{1))dr <0 . .
’ We introduce now the concept of Liagunov function. : .
B /
4 Sl
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Definitionm 1
- et F Be a set-valoed map foum i:x-x‘ to B .7 Bbe asoooegative

-

Somction from K o B axd W be 2 soooegative Sfumction from E » colrx) e E.

e say that ¥ is a Liapumov fumctiom for ¥ wdth respect o w if
4 (e ¥t,x) e X, Iverlex sxcbtiat D Viex(w + wiexyw 0. ©

e caz comsider i:xvl= as the gragh of a set—valoed map t = (). The= momo~

tomicity condition (6) implies ix particular that

i8) ¥t , xlt) « kiz))
and the Liagumowr comditige (8) implies iz particclar that
(¢ )] PE>0, Pxc« Kf{t), v ¢« D E{t.x1)

sizce the latter conditioe is eguivalent to tEe tamgentiazl comditiom (I,7) « -Iv:.:’.

Mex V is the restyictionm to ¥ of 2 contizmoms comvex famctiom “:‘.:.."‘!::.z_sxt:'r

: condition cam be writtem
. | w2>0, wx<Xt), Ive P, - DEE,0Q) such that
ao) 4 =
2, iz, x)0,.v) + Wit x,v) <0 .
s shen ¥ is the restrictiom to K of a costismossly diffevestiable fumctiom T , the
- f $t>0, ¥vxe«Kit), Iverix oD EEx)(1) s that
@) )
3 : 2
" 3= T » I = Vimv . wExw) <0 .
$ | i=1 i
e deduce from Theomems 14.1 and 15,1 the following characterizatiom of existesce of 3
nosotome trajectories.
Theczenm 1
et ¥ be a bomded spper semicoatisgoss map Srom it!’- l. to the compact
convwex ssbsets of l.. v&.wﬁnmm&uiul amd
L
i ¥ be 2 comnegative costissuss functiom from K »* cof(X) o B which is comwex with
p: respect to the last argument. Them the differeatial isclusiom
w PR € Pla@) ; x) = x, S
-
+
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i
has a monotone trajectory x(+) e C(to,“’:IRn) for all t, >0 and x, ¢ K(to) if and
only if V is a Liapunov for F with respect to W . "
e 1 We mention also the following adaptation of Theorem 18.2.
We denote by Tw(to'xo) the set of solutions x(°) ¢ C(to,m;x) of the differ-
ential inclusion (1). We introduce the function
-+
- 00
(12) vV (t ,x) = inf [T W, x(0),x' (1)drx.
S e 1 T i Rt e
2 = 0" %o
Theorem 2
-4
Let F be a bounded upper semicontinuous map from a closed graph of a set-valued
map l(('):l'R+ > R’ to the compact convex subsets of r , satisfying
i ; (13) VA3 0, W X K(E), - PlEx) D KIE,X) @A) £ g .
! ¥ Let W : K x Co(F(K)) » R, be a nonnegative lower semicontinuous function which is
, convex with respect to the last argument. If for all (to,xo) ¢ K , the function
3 i :
: VF(to,xo) is finite, it is the smallest nonnegative lower semicontinuous Liapunov
| -~
function for F with respect to W . L
: i ) & G, ] (to,xo) is a liapunov function for F with respect to W , then :
T .
| (14) inf (D V(t,x)(l,v) + W(t,x,v)] <0 .
i VeF (t,x)
i - = : :
When V is the restriction to K of a differentiable function V , this inequality
" ! can be written
(15) 3—:- {t,x) » inf [ Z % (t,x)vi + Wit,x,v)] <0 .
v: F(t,x)nDK(t,x) (1) i=1 3
i { 5
i This is the Carathéodory-liamilton-Jacobi-Bellman equation of control theory. =
|}
= z
t
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:
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