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PIBSTRA( T-- I

I The problem of predictinq the saI~)le ot a pe r iod ica l ly  s ta t ionary random

seq~~nce (a digitized ECG) usinq a set of L. prior san~ les is considered. The entropy

of the source is calculated , I: ’~1n q a M,IIK OV source on ie), to f i n d  tha t  entr~~iy

decreases rap id ly  w i t h  source .e d~ t . Unly a very r;hcir I p r e d i c t o r  should be needed.

The linear , l e a s t— n  r1n -~~luaI. t ’ st in i  itor I ~ . dot i Ved m d  computer simulated. It i s

• shu~n to be short (L =1 )  , 1 I i  v e ly  i ubu~;t , III ~ m i d  ~i t o  lv a c u t lr it e ( u sua lly  withi n lOt)

~~~
- and adaptive iii that the est i I r L , t t r  j flq)roves f rom ler iod t o  p ’~r iod .

• Date compression i-~~t i u :~ of about 4 :1 can reasonably be expected from direct

I applicati on of the predictor  ; howeve r , by j U l 1 1  ci  ou,; do let ion arid late r regene rat ion

• ~ of sar~~1es , it is fe l t  that  an a d d i t i o na l  4: 1 cornpte~;s~ on is  achievable.
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Di rect: dig it a l t r , i n s m i : e ; t i i m  of e l e i t I t - a r ch  . imp .1111 chIt il 1,; 111 ( 1 ‘‘. I s i n( J l y  i mpor tan t

to the IJSAF. The School of A ,  m e ;p . l -e Mc li ( 11111 , II I  u(ik A1’P , Icy  is has ove r 801) ,000

CG’ ~ : or -ed in i ts  Cent  i-al I - : I et :t i t i & : i r  ill a i j r  aph i c 1.1 h r  a I y u i 1  I he Ii l imber is growing at

[ well over 100 p’~r day. lii aic vi lot t I n vas t ’  t h e  w o r k  l o u t  tin A l  r Force physic i ans  and

• mak e the Li brary more ac een s i b) i •  I s  mciii al tt~si:arelt , t l i e  1 ‘
~~~ data  is be ing con verted

to a machine accessible  f o r m a t .

I 1.m~ r ican  Hear t  Associ at i sc si a,icthrds ( 1  J e m i l  fur m san~ i 1i ,mq r ite of 500 samples/

second and sarr~~ie quas h za t  ion c f  ‘) h i l t  s/ samp le: . The data r it e ITS ) ir ta cht ine storage

capacity impl ied by these rt ;u i  r em erit s  is not accept a b le ;  thus the search for an

- I ef f ic ien t  method of dat a comprt:ssi  oii  i s  on. Ih i : ;  r c , ; m s m r  c-h pr usal  was based on a

linear least m ean—squ ar e  e r r o r  j r cdi  - I  or d i i  i vet) by t he aLI t  bor du r i n g  the 1978

L 
~i~~rmi /ASEL Summer Facul ty ~ t S I I  r i -h l’ t oqi am

The b~ e~ t i ye of t h i s  i c - c u cli was t hi  cc ’fo l  if :  to ck vc 1op a sof twa re  simulation of

• - - the a igori t 1 m ~s t. , st tidy it S ~~- t u r n  m ill ~~; • il t o dove iop a ( ( It  a base s t i f fi  ci cu~ to

I - • -
- € ‘t i r n a t e  1)( :rforrn arcc: e of a f r i t ! i c a l  y s t  em.

:~ j •j
I I V F

Pr ior  to the yr  flit rc~ i t ~ ‘ mrs i— pn ~p am (ie Ic rred to in the or ig ina l proposal)

1-ad been wr i t t en  and tested on l ak e  dat i . Whi le  t h e  r e s u l t s  based on the fak e data

- were not conclusive , they did ind ica te  t h a t  the p r e d i c t i o n  a lg or i t h m  would tend to
5 -

— 

follow the data. On that  basis , the grant  proposal Wa: ; submi t ted .

During the spr ing  semesle, , 1)70 , i- he a ut h or  suggested a graduate  student research

problem: to compute the ent ropy of a d i t i l t  i z e d  ECG , i : s i u t i i nq a Ma rk ov  source model.
—

Although th is  was r iot p ai I ( I f  t h e  51 i g I sal p ant - ~‘r oposa 1 , it later proved to be one

of the more i fit  i rest i r Ig aslPc ’t • A t i c  - cii  t r i i J m y  of  a tl.i 1 rour~:e I a Wi’ 11—known to

1~~~e r — k ~oun d the av’ i •mqe  lIt~ iIht i . 1  b i t ; r o~~u 1 n -  I t o  I •IlI ,;ncj( .1 n inq lea t h us  a eofl l)uta—
11

~ i on of the (m t •ro~ y shoiil d ) i  vm :;els’ j i m a  I qt it I , it o  how wel l t h e  predictor algorithm can

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ _ _ _ _ _ _ _ _ _
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do its work • The r e s ult r  of the  ent  i opy com( II I  I ion ~1I 0~~I m i l l  ( i tri R( l i v )  wi l l  be

discussed in the next section.

Af ter the ij r  ant: was r-eeci ~( •Il  l i i  t lie 
~~ 

ii i r i i i  o f 1 ) 7 1 ) , 1 t ie i:  p r oved to he a sre~it

deal of d i f f i c u l t y  in  o bt a l i c i  sq t he  di ij i  t i z e d  V(~~ ’ s f t -in t h e  ehuo t of Aerospace

Medicine. The author , l iav ij i  icOve l beei; exposed ii t Ito v i j i r  i e:; u f  magnetic  tape

- tr ans fe r , was tot.al h y  ‘u lpi  e~ ci  ed Ioi I l i t  ii I t  I e~~l I l .a . ic) ;nti Iw 1 c1ianye~ WI thin the

~ branch that was to  supp ly  I In V ( 1 ’ a , i i ~~i , i ci,It i - j h i i t  i - I  I a t t ic: i t o l  I ‘ i n , Whi c h WaS

even t ually solved when the aut  h sr  w. rc t  to I l i o e k ~ Al- S m s d  b r e t i j h t . 1 s-k I 1st i l i J :  of

several VCG ’s [ci t l a t e x  ent i y I n t o  t liv Texa s  A~ I c o n~nc ie t  ~~ at  us .
4

• The ent rcpy computation proyl am ( I*ZPW )PY) was f i n a l l y  r u n n i n g  on actual data in
L -

I

August 1979 , the fir s t  vcr sion of 11cc p i e d l c  t ior i  a l a or i t h m  (~ cG l)  w~ s running in

October; and an improved version of t h e  Ir ed i ct o r  (ECG2 ) was established in December.

- 
The delay associate d w i th  q et t in y  t ha t  a f r o m  the  School of Acr osçs cc Medicine and the

-i di f f i c ult i e s  assoc J j~ted wi t  t~ 
i - a t -  fu r m i  iSj a tape—to -- I ape t r an sfer  precluded t ry ing the

- 

~igerithm on abnoru~i l VCG ’ t; , but. the rc m i i a il ~~ o b j~~ - t ivcs We t s  ~~ t I rfied .

H ~ !lM MAI :~ ~ l- - RE~ t S~~~

The c~~t a il s  of the I : ;  m i c t i  - m i t  i i i  t i i i o ~~ i; t I m e  pi o j r na F!TI P ( ’I’ Y and EGG are to

~~ bc found in the t ier :; Iii ’ l i t  ro (iy ot i I ) i q i  I I ~e l 1 - 1 . - I r ( e m (  I i i  p aTti ” (Append ix  A)

and “A Least M e an — S q i i i r e  l i  ~i s-i i on A l  5 1 it hr i f - m r DI- p t i  1 1: les t r so ii aqraphy”
-
- [~, (Appendix i t) .  In  t h is  :; r n n : c m  y ,  we J I l t  l j ) l i a  ‘ t Im - t t s i i h t  a w h i ch  n o  m r s ’ : r i b c d  in detai l

p in the Appendices. 
-

4 
- 

Fi rst  we consi dci t h e  me~ini sq ansi ci ]cu l ,ct - i ens of ent ropy . ~;h-irirton 
• s noiseless

I i coding theorem (3] t ouyh l y  at 11 u:; I h at  f o r  any  dat  a Soul co t h e r e ’  e xi st .s a code whose

average message length i s l ow ar—bcsitmded by t h e  ~;out i i  entropy ; the Ilnffman coding
- 

~ pi ocedure (4 1 e x p lI c i t l y  genera t e : ;  t h a t  C oils . ‘I tni:; i t follow;; t hat t he  ent ropy

measures the average ,cum)~~r i b i t  ~ i- ei~ui r e f  to  t t  a t i s m i t a sami lv f rom an ECG. But

/ 
- the entropy o f fe r s  n~~re I has j rist a I ower- In m iniel fo i  di 1-ect- et icodi sq of t.he samples;

entropy c~.n be di ’ f i n e d  f o i  :; ‘cii e m ;  wit hi mm •wt-mt-y , is whil cli ea:;~ I hi :  i t u c i c q ~ I n ent r opy

- ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ 
- ;-- - - 

_ •i__ i 
-- - - — - --~- - -_________
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with memory length may prove useful in d e l i  iii i i ;  t:hc pro~n’ r I i ’nq t  h - mt  a predic t ion

U 
algorithm.

Let S be a d i sc re te— L im e sour-cc with each message quantized to one of levels

!~ (the source contains 2N 
messages) . ~ e m i t s  .c I fl ( :SSa(J (t  ~e I i c n c e  w i t h  each message

drawn independently from S with probability p~ . Then t h e  (zero-order)  entropy is

de fi ned as

It

~ 
~~~~~ 

- 

~ 
P1 

log )

I The messages may not be indepen dent .  Suppose that  the probaln l i t  y of the message S
i

depends on the prececd tng  M nmessaqes; e . g . ,  p ( s ) = p ( s .  l~ . ~,s 
~~
,.•.  , s ‘M ’’ Then the

H - 
3 1’- 3

L source is called a M a r k oy  sour ce of m i  L r  (me mory) M , and the source entropy is given

by

2
N 

2
N 

2
t1 ~N

• 

• 

11M~
5
~ ~ j~~~1

’
j~~~l ~~~~~~ t~~-l i~~1 ~~~~~~~~ ~~‘ 

‘‘ j M~ 
l o t  I i ( c

i I S j I~~
Sj2

— 
- 

Most predi ction a l g or i  t Inns alt ciUpt 1 o p r  c l i  ct .  t h e  n e x t  sample f rom the prior

samples , as for in st w c ce , i i i  Ii I f e t e t i t i al I c:•i ; t he sr i  ent  sainp it:  is treated as the

4 - 
es t imate  of the ii- xt sampli:. ‘l’ a i  s i t ;  egni  i i  lent  t o  t rm ’at :i  sq I be Sour- CC as an order I

M~ rkov sour ce Si m i la r l ~ , I i  nt  it  ext  r i p o l a t  ion  m Uc coneidc red a~ equivalui t to

f t rea t ing  the son— c e .ts iii  a t  h i ) Pin t k v m i o  l ) i t  m ompr lon  o~ curs i f th e

~1:4 I :  -
- 

prediction is jo od asr.l t h e  cli lie rotc - s  are sm a l l  r e l it i vs to the samples , as only the

- differences need be t r a n s r . i t t e 1 l .

4 The entropy thus iiie,csui us t lie dcl a t I t i f l h t 0551 On c a pab i l i t y  i n  two ways. First ,

the entropy of the order M 11 i rkov  s o i m r -e bounds the l)er iorm i~ ico of P1—length predictor:

e.g.  , if  11
2
(S) = 2 . 5  bi t  s/u .unp H , then i t  E e l  lows t h a t  • on t h e  average , the 1x~st a

length 2 redi ‘ t ot  can cia i s  t u get withi n 2 .  ~, hI t s/t ;aint ’le of t h e  o r ig in a l  nxrssage .

• I n d i r e c t l y ,  the entropy m i : 1 s c 1 t  us I lii ’ - e i tq im r n ; i h m l  i i  t y  of the dat a by indicat ing the

P loss ~ssoci ated wI th l owe r i i .  t ho S l i l p i P t a t  e cu m e te  coar s el y  q~~ant  I z i nq the thta .

,l~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ________ — — — — _ i~~~5~~ +~~~~~
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4

Ii Results are fully dc~ ci ILx iI In  Appendix A;  t h e  lu , mci . i men t- ,t t  r e su l t s  being three.

-U 
First, a short prediction a lgo r i t h m  is  clear ly  most ip~~roprla te . As can be seen from

Figure 1, the source entropy di ops dramat ica l ly  wheic modeled as a f i rs t —orde r Markov

source. Success ive reduc t ion  iii  the entropy for h ighet  orde r models it ; evident , but

- ‘ not as dramatic as the reduction in  going from a z& - x ’ - --ordor to f i r  ;t—order Markov

model. Secon d , t here is some loss ( e .g . ,  decrease in en t ropy)  as the sample rate

I [
~ 

decreases and the quant i za t ion  i s  scide coarser , but is is pointed out in the Appendi x ,

-j it is not clear- how sItJn i fj c . c n l  I Iii s loss actually is. It 1:; slrar , however , that

quant iza t ion  and r arn plc rare  a l i T  i i m t c i d e p c n d o r c t .  ‘fb i r d , t he  f i  r~ I orde r entrop y

H
1

(S) —— appz-oximate]y 1 bit /sample -— pr obably represents the  l i m i t  in “easy”

compression; as it  can be sho~~i (Appendix A)  t ha t  i 1
1

(S) is a measure of the beat—to—

beat variat ion of the e le c t ro c ar d i n t ir ar n .

The adaptive predictor I m roiJt am (I  C ’ )  Wa:; w, i t t e n  f r i  two vet~~i nrc s (ECG 1 and ECG2)

ECGI was less complex , but  mr s -n usst ab le .  It  worked s at i sf a c t  on ly  for a predictor

• length L of 1 but would t en d  t o  come u n q l u e t h  foe  L ’2 .  ECG2 t e su lve d the problem of

I ECG1, but at the cost of ad lt~d m -ont l f ext P y r equt  e e l  to  con~tut c t he correl  at ion funct ions

exa

~

;t] y . Only }X G2 (ii ~t i sq i i i  Appeii I I x Li) w i l l  be 1! .~5I1SSC(I.

L 
The predictor a] qar i t  hm behave d g ui  t o  w e l l  ;n - 1~ 1’eti&km t ly  of ~~ top ic rate an d

L ~~ guantization level , the pi ~thI ut ion wi a -
~ it hiit IO ~ o f  the t r u e  va lu  mos t of the time .

Figure 2 ( ( a )  — (e) ) shows pi s- i l  - I  or i~~ foninaicco vet set; t h e  att ciii ‘Ii qi $ I Zed VCG ~it 500

sariples/second arid 11 bi t  qil i t i t  I ~ .t t  t or i  pet tm ~m m J t Ie  . The maximliIii m r  f u l  on the f i r s t  beat

L i  occurs at the peak of ttoi I~~~W .i ’/m ci i i i s a b i t  over 16t o f f .  ‘l’he a v m - r i n . error was on ly

[ 
19.9 or a l i t  t ie  over 4 h i  t s/s tinp I o a:; ct.in~> t , ed to the  I b i t  /sauip f ‘‘ re -ig i nal  message .

In p a r t i c u l a r ,  the  irnp r ovecnoiit  I r an i i  r a t  to f i f t h  heat must be not oil ; as the predictor

algo ri t hm coi~t i nu o u s ly  updat • i  it so it with im p :  ave t e i t  f a t  I an in  fo rma t -  Ion from the

pri or sar~~]es of the ~‘~~ ; hal sq e r ; t i r n a t t a l , i t s  pi~~i Iitt ion c l e a r l y  i Mproves.

L
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The adaptive least—mean-squar e algo: i ti-im proposed i i i  thit P1 711 I1~~~F/ASEF ~urnmer

~~ Faculty  Program and studi ed at ; h a r t ;  of t h i s  gr at it  ro t 1 tu ’~~t :;liould I rove useful on any

discrete signal seque nce that 1 .15 he modeled ,ts a p~~ lodi ca l l y  st a t i o n a ry  random

sequence. The a lgor i thm has tine t r e e  p ar a m e ter  —- the len&1th I. -— which  is  best chosen

on the bas is  of source st at i :;t i e s .

The notion of en t rop y and t he Ma i ki ‘V SoUt ~:O mode l have  i te~~r i shown t;o be use fu l  in

ama lyzi ny the source. ‘(in ’ (~ h ,~1 111 1 srI  i ‘i’y ha:; hom’n Fau i riil I a tie u s  f u l  I n  det : t trm i  ni  nq

• 

the best length for  t h e  pr c i l l  et or al .j- u i t hm.  ‘I ’hic out  a t y  W I: ; :;hii wti t a he I t- s~ use fu l

in  ~~ termini~~g an opt i mum samp le r t I e  or qu .u i t• iz a t  LOS leve l , [ i r i m ar i  l y  because entropy

- is not a ft ~~ct ion of the :rini 1 tt:; t in nac I yes , b itt of t lii ’I r ~ r oh ihi l i t  i e-; ins tead .

With pa r t i cu la r  emp)iat ; i s on I lie e I t t c : t r o c . c r d i  .i(j r iun p’oh l em tl.,t r anal ysis suggests

-• that the L=1 predictor is the  he:;t. It  it ;  the ]cast complex , and the longer predictors

( 1~~2 and L=3) appear , to have sl i ght ly higher  average cu rl rw’an—nqu1ired errors. Moreover

ilL (S) < 1.0 for L > 1, whj eh  imp] i es a more campi icated . . . but not impossibly so

I 1luf fm ~ n coding i’roce~lute  w o u l d  he r equ i  ied  to  t a k e  advant  .I~~” of t h e  reduced entropy.

(This presus~~s some improvement in th e  1=2  and I. = 3  p r e d i c t o r s .)  Since H
1

(S)  can be

shown to be ~-t mea~3ure of t h e  ;t i t i s t  ir : a l  ‘ i r re g u l a r i t y ” of the n l e rt r o c ar d i a g r a m , it is
;—~~ L

J~~- - - L doubtful  that su :h cii  i inpr ovemwiL is possible.

The opt m~~ lnq;]L t ct ~ at ’] q u in t  1 / it 1, ii level  a re  50 s imp i ci! cond md 8 b it  s/

- .  
sample. This is , howeve r , . j ut igmisi t .  cal l  )) at- ;etl  ott t he  fac t  t hat  the f t  m t  evi dence of

: ~ . ~i storti  on is seen i n the r ,1 sam~tl i /r r • . -oud s I mci i at I on .  (‘oii~; i de :- i- i qurt ’ 3, In which

H the I~=l pr edic tor i used at ( a )  5 0 ()  ~;.iinp i vs/ secon d • (h )  290 n5imp i  ‘ta/ second , and (c i

-~ 125 samples/second. The “q ii trIton ” tha t ire ci on ly cvi dent at . t he 1 -eqi l ining of the

• ,~RS complex in the 125 samples/ second p l o t  f i t  et appear in the 2’~() -tfl~)le3/i3CcOfld data.

There is no evidence of such an appearance  at 500 samp les/second. The choice of 8 bit

cluanti zation re sul t :;  fr  am t li i  I l i t  C? tk p n t i i h t i i .  -e ( I I  H~i nip i i’ r a t  i’ ~ttiiI (1151 st. 1 ra t  ion described

i n  Appendi x A.

— —~~
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Jj Using the l,~ 1 est A mat at  ( lie max I iutu m -as lb  Ic dat a ‘- ‘ I i ;:; ion cart be rio more t han

N: 1; e.g. , 9: 1 assuui.i my the Oi~ i~ ;i nat elect roriir di ag • in t ;  n c m ~d ed t o  9 h i t  accuracy .
L Practically, however , t i e  dat a suyt;entt ;  a maximum (II -1 :1 it ; reali stica lly achievable.

- U To con~~ress the dat a furth er won] ] re’~ni ro dele t in g :; im ; ’ l c r .  ‘liii: ; is 1)0th possible ,

and entirely feasible. As h a t  t of a t’l.e.s i n  di qi t a] si q u a ]  processing the author

assigned a computer r ob  b u n  t o tkv I a - an i u t  ‘: ~~~( i I  i t  b i t  a I go, it . bin t I )  generate the

500 samples/secon d data f r o n t  12’ s,iuq ltts/reco:id ( l I t  a; e .g .  , ev e r y  4
th poin t was used to

regenerate the delete ’) 5 (‘s. U: ; 111 9 •r at 1irtdat  d ] ‘i  ~- -ed ur e  (9 I , I he students  used

4 4—point and 6—point i ’~.:: t 595 t I e : ;  ~ju - u t i  it  I r a  i t id  i -  — . t i ~~~ f I t — j t , ) l t t t t f u s l r ; i t i c  fun ct ions to

regenerate 1the data.  The 4 - p c i i t i L  q ua d r a t ic  r e s u l t  i n  gi yen in F i gu r e  4 , where it is

4 often di f f i c ul t  - to dot emit  ti c th a t  t h e r e  ar e  Is fac t  two plot  s. (Uric must comment here

that this is another ar t j u m o n t  for  c l ower sampl ing  t a t e .)  ft ic~~:e el egan t  method of

in terpolat ion is also p o s s il - l e :  t ir e  adap tive  p r e d i c t ot  a l go r i t h m  can be c a t ti l y  extended

F to ful l beat i n te r -p q l a t . ion a; a ai  u t q I  r la rge  scale’ not i x ape ? all on. The detai is of the

- extension are in  A~ pendi x

- - 
HI -x :: ,r - IM I- :tmA’r i oNs

~ U It  is mow clear t h a t  t he i red i et ion ,r lgor  i thm weiks , and works well. Further

res~~arrh i i i  th t s  rea hou ]d i j i  i air  two f t  a l it  i i i  ct , u’~ i n g  a 1 =1 predr ctor ,

~~
- 

\- P~ sampling x ite of 250 s unple ’-,/ e on I its ]  qu int iz  ~t ioe  o f- :3 b1ts,’~imp lc concentri te  on

the design of the coinpress -r itAel f. As described in  the  o r i g In a l  report ( 2 ) ,  the

di f fe rerrces can he t r a n sm i t I ed I n cj  t i t e t  o f t w o  Wc~~~/5 : ii :  i sq a I lu f  fm.iui encoder, or by a

- more recent ri~ -~ir c i c I r  ; t h I c t l  I t ’i: c - ?t - , - I i  us; • U r d i t t i r y  p r e d ic t  iv ’’ I)i’CM rikikes a LaMS

- predic tion of t I ’  t~c-x ’ :.. n- ;il - 1 I a - I  at some St at i at Ira I I uowledt 1o of t h e  source and

transmits  the i]~ f f e r e n c t ’— —  i t t  e ’j - i i d  Is;:; of It s 5(2 0 .  A t 155 t nt -odor ores the same

predic t  or w i t h  iii  i - ldi  t I en; i t  - - i t t  l ook at I he dl I i i  515 i ’  i t u l , i f  no (:essary , mmdi fy i t - s

predi ct ion .  ~; i r i  c t i - - h s I 1 ( P t  l o t  : ;i ’~I I .l - i - i n  howe mit l I i f ~ lt ’ a o d ir t l on s extending

from i t , thc p r e d i ct i o n  a i t ’ s  h i s  t h e  hr~~ue-ii 1 Ike st uc ’ti :r , ’  of a t ree and hence the

- name tree enco’li nq .  I l o i l  n - i n  s- l i i t  a l l - - I - :; the  p’~s:; ihi li l y ol r x i t t reprod uction of the
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I.! t ransmitted sequence , but at a cost (in b i t s  t r a n s m i t te d  t i e r  s ample )  dependent on the

probability structure of the differences. Tree encoding, on the other hand , offers  the

-- - ultimate in con~~ression (one bi t  t ransmit ted per sample) ,  but at. the cost of only being

able to reproduce the sequence to within a distortion measure. Which of the two methods

- is more appropriate is an open quest ion.
I

Second , it is now appropiiate to consider d el e t i n g  samp les as a means of further

reducing the total n umbe r of b it s  requ ir ed  for  t r ansmiss ion  and storage . Judging from

t h e  q u a l i t y  of the i nt er p o l~tt isi wav e f o r -m  of I-’i gul e 4 I t  i s •i ~~; . t r  cut  t h at  there is

room for si gni ficant  g•ii ri . (The p o s s ib i l i t y  wor t h ex ami  I I I  sq I a t hi’ I cast—mean—square

predi ctor .in- i ts  non—adaptive fu l l  beat form. Howeve r , the success of th e sin-pie

4—poi nt quadratic interpolator - ce r t ai nl y  suggests that. I t  and other- relatively simple

a lgor i thms  should not be n eg le c t e d .
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- I THE ENT I~~PY OF A DIGITIZED ELECFROCARD IAGRAM

1 Michael Hankamer

F. Q. Khatib
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Introduction

- ~~~
- Digitization of electrocardiagrams (ECG ’s) has become increasingly popular, for a

U

variety of reasons. Digital transmission has a much greater noise immunity for a fixed

1: signal-to-noise ratio. The decreasing cost of microprocessors and other digital logic

-

~~ 

has provided the ability to do significant signal processing and control cheaply ; thus

the ECG can be economically sampled , digitized, and pre—processed into an efficient

M transmission format. Mass storage, is becoming economical: a received ECG may be

electronically stored in lieu of being restored to analog form. Finally, digital

- - processing of ECG’S is an accomplished fact: there are now practical algorithms for

routine diagnostic use .

~ ~: ~ 
American Heart Association standards [ii for digitizing electrocardiagrams call

Ii - ( 1)
- I’ for an effective bit rate of 4500 bps ~~~ lead of data. A “dial-up” digital.

telephone modem typically operates at 2400 bps, so it follows that real-time data

transmission is not feasible without some form of data compression~
2
~ .

~;. I - - Algorithms fall into two general catagories: time and frequency compression.
1 P ~ Both have been well-covered in the literature ; for example, representative time

- 
-

‘ II compression algorithms can be found in Dower and Stewart [2), Cox, et.al. [3], and

Weaver (4]. Frequency compression algorithms can be found in Young and Huggens (5],
-
~~ IT

- L Ahmed , et.al. (6), and Womble, et.al. [7]. In both catagories, maximum compression

ratios of about 10:]. have been reported.

K I t :

r 500 samples per second at 9 bit quantization per sample.

(2) 
Compressed data also requires much less storage.

-- - — -- — - - 
- 
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- I Recently Shannon ’s noiseless coding theorem [B) and the Huffman coding procedure

(9] have been discovered by those interested in ECG data compression. Roughly, the

noiseless coding theorem declares that for any source there exists a code whose

average message length is lower—bounded by a quantity called the entropy of that

- source. The Huffman procedure is an explicit construction method of generating a code

most nearly meeting the lower bound. For example , suppose a digitized ECG has an

entropy of 3.8 bits/sample. Then there exists a code for transmitting that ECG having

average word length lower-bounded by 3.8 bits/sample. Assuming 500 a sample/second

rate and a Huffman code meeting the lower boun d , the average transmission rate for the

- ~-
- 

coded E€G is 1900 bps , a compression ratio of 2 .37:1 from the standard rate of 4500

bps. 
-

- The notion of ehtropy offe rs more than j ust a lower bound for directly encoding

the digitized ECG messages. Entropy can be defined for sources with memory, in which

- case the change in entropy with men~~ry length may be useful in determining the optimum

length of prediction algorithms used for data compression. Entropy may change with

- - 
quantization (the number of possible messages), from which it may be possible to define

- 

- - an optimal quantization level. Entropy may vary with sample rate, in which case an

optimum sample rate may be found. These possibilities are examined in more detail in

the following sections .

Entropy of a Markov Source

Let S be a discrete-time source wi th  each message quantized to one of 2
1 levels

(the source contains 2 N messages) . The source S emits a message sequence with each

message s. drawn independently from the set of all messages with probability p~ .

Then the entropy H (S) is defined
- 

2N

H
0
(S) ~ 

- p
~ 

log (1)

If the logarithm is base-2, the entropy is expressed in bits/message~
3
~ .

[ In this paper the logarithms will always be expressed base 2. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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I The source S is a zero-memory Markov source if it can be completely descrthed by

the source messages s~ and their probabilities p1; i.e., the occurrence of a message

is independent of occurrence of a prior message.

The zero memory source is quite restrictive for some applications. A more general

model for S is one in which the occurrence of a symbol s. depends on a finite nunter

- (M) of preceding messages. Such a source is called a Markov source of order M and is

-
, 

specified by giving the source messages S and their conditional probabilities

-

~ 
- 

P(Si j i ISj2? s Sjm
) for i,j = 1,2,...,

The ordered sequence of the M prior samples is known as the state of the source.

I The MtI1 brder Markov sour:e ha: 2
NM states, each State has state entropy defined by

— 

~ 

P(SilS jl~
S
j2’~~

...sjM
) ~~~~~~~~~~~~~~~~~~~~~~~~ (2)

-
- 

The average of (2) over all the possible state is the entropy of the M
th order Markov

-
. source.

2
N 

2N 2N

I 
~~
. hi M (s) — 

jl=l j2=l jLl ~~~ 

P ( s i ?s j l s s
)2 1. . . s

JM
) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3)

~~ [I
-
~~ ~:. Entropy and Prediction Algorithms 

-

U Most time compression schemes use a prediction algorithm to predict the next data

— sample from some pr ior kn owledge -— on ly the di f f eren ce f rom the predicted value is

transmitted. Compression occurs if  the predictor is good and the differences are

small compared to the samples. The simplest example is differential PCM: the

difference between adjacent samples, rather than the samples themselves, is transmitted.
1 ’

Differen t ia l  PCM treats the source as Markov of order 1; the next sample is’ assumed to
- 

- Li not differ much from the current sample. An order 2 approximation might be that of

U linear extrapolation; the next sample is estimated to be the linear extrapolate of

/ - 
- 

the two prior samples.

LI Suppose entropy is a non—increasing function of source order; that is,

__________ - ___________ ____ __________ ___________



Ha (S) < Hi(S) for M > K. Since the order of a Markov source corresponds roughly W

to predicto length, the change is source entropy with source order should give some

indication of the expected effectiveness of a prediction algorithm.

A FORTRAN program has been run on an IBM 360 computer to calculate the entropy

(up to fourth order) of any given data sequence . Digitized vectorcardiagram data

has been supplied by the School of Aerospace Medicine , Brooks AFB , Texas for use in

computing entropies. The results of one such test are given in Figure 1. The data

~ from which the entropies were computed was taken at 500 samples per second with a

message quantization of 11 bits per sample. The reduction in entropy with increasing

source. orde r is dramatic. 1~rom order zero to order one , a reduction of about 7:1 is

achieved . Further reduction of typically 3-4 to 1 is possible for each unit increase

8,

-I

- 
a .  7 ,

i 

- 

-;

4 , Lead 1 Lead 2 Lead 3

J~~~~~~~ 3’ :  ~~~~~~~~~ ~~~~~~~~~
Order of The Markov Source

~ I
Figure 1: Entropy of VCG Modeled as a Markov Source

Roughly, since the entropy is defined for the message probabilities; any predictor
uses the messages themselves.

— 
.‘ .-

~ ~~~ — ‘-



T 
-- - —

5

of the source order.

From Figure 1 it is clear that the digitized electrocardiagram is highly correlated

-
- L sample-to-samp1e~ thus significant data compression is probably achievable with a

prediction -algorithm of limited complexity. Some success has been reported. Weaver [4]
t

has achieved a 4:1 compression using a clever second-order interpolator. Hankamer (10]

-

- 1. proposed an adaptive variable-length estimation algorithm in 1978; research now in

progress with short length versions indicates 3-4 to one compression ratios are easily

- - achievable .

From the entropy versus source order data, it appears that short algorithms, such

as tho~se~of Weaver and Hankainer, offer the most potential for significant compression.

The ratio H~ 1
(S)/H~ (S), which we presume to measure the compression capability of a

prediction algorithm,’ is greatest for ~L=i for each lead. For (>1 , the savings are

smaller; moreover, the reduction of the entropy below 1 bit/message implies that

- - multiple messages must be combined for transmission. This is possible, but at the

added cost of increased complexity.

i The Relationship of Entropy to Data ~~iaUty

Data quality is clearly affected by both sample rate and sample quantization .

It would be convenient if the source entropy were also directly affected by rate and

~~~~~ fi quantization . Unfortunately it is not to be , for entropy is not defined in terms of

the number of messages or message precision, but in terms of the message probabilities

instead . The message probabilities are only indirectly affected by changes in sample

rate and quantization~. 
-

-- The data from which the entropies in Figure 1 were taken has been “massaged” to

reflect varying sample rates and quantization levels. The results are sh~~n in

— Figure 2 and 3 for lead 1 of the test vectc,rcardiagram. Consider first the entropy

- 
.. as a function of sample rate -- Figure 2. The increase in entropy clearly slows as

the sample rate increases; but at what sample rate the law of diminishing return takes

effect is not clear. Similarly, consider the quantization curve of Figure 3. Some 

- - --~ 

—- —

- - -- --
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- Log
10 

(sample rate) 
-

r , 
-Figure 2: Zero Order Entropy as a Function of Sample Rate

H L. s .

~~ 
~~ 

- l 2 5 s/s

Quantization (bits)

- Figure 3: Zero Order Entropy as a Function of Sample Quantization

- 

flattening is apparent , but any significance is not obvious.
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I There is no simple interpretation of the flattening of the entropy curves of

Figures 2 and 3. However , we can give some insight into the effects of sample rate

- and quantization on entropy. Consider first the change of entropy with sample rate.

I Suppose S has M independent, equally probable messages. Then

[ H0 (S) = - ~ j~- log (~ -) = log M (4)
i=l

Ii Suppose that the sample rate is increased K times (S has now KM messages) and that the

~ 

new messages are independent of the original set and equally probable~
4
~ . Then

1 ’ KM 1 1I ~ ~. H
0
(S) = - 

~jj 
log (

~j~j) log (1(M) = log M + log K (5)
-
~ ~~~~~ 

. 
i=1

The maximum Increase tn entropy corresponding to a K-fold increase in sample rate is

log K bits per sample. Conversely , suppose that in increasing the sample rate K times,

- 
- 

each of the K new samples is identical to the old sample immediately preceding it.

Then the relative probabilities of the messages remain unchanged, and hence the
I

ent ropy does not change . We see , then,  that the entropy change due to sampling rate ,
I 

~H0
(K), is bounded above and below by

1 - - 0 < ~H0
(K) < log K (6)

The bounds and entropies for each of the 3 leads of the test vectorcardiagram are
1

given in Figure 4 for 11 bit quantization.

i The data points clearly split the middle between the bounds suggesting that, on

the average, new states are created by increased sampling a little over half the time:

about what one would expect “at random” (e.g., if the increased sampling rate were

measuring an additive noise fluctuation). Conversely, it is also true that for a
- 

resting electrocardiagram , the electrical activity is essentially dormant about half

- - 

- 

the time and would probably not be changing.

- Note the assumption that the number of possible messages is presumed to be much

[1 larger than the actual number of messages in S.

_ _ _ _ _ _ _ _ _ _ _  - 
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I Figure 4: Upper and Lower Bounds on the Zero Order Entropy
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M-N repeated messages

N unique messages 
~ t =M—N

Figure 5: Message Structure
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I On the change in entropy with quantization , we again consider a very simple

1 
n~ del. Let S be a source with zero-order entropy H0

(S) . S has a total of M messages,

- N (<14) of which are unique. The remaining (M-N) are repeated. Figure 5 indicates the

-
~ 

source structure. For this source

: 1  N 1 1
1 

1
1 -e1

- 

H
0(S) = -  j~j 

log (~) 
- 

~
j— log (j~j—) 

- ... - j~
— log ~j—)

Now suppose that each message belonging to S is requantized using one additional bit.

The N unique messages are unaffected, but on the average the N-M repeated messages

* -- subdivide into two messages. Suppose they subdivide equally. Then

- . 1 N 1 e1 
- 

St
1 ~1 

St St
- 

- 
H
0
(S)’~~-~~~1og (~j) -~~~~log (~~

) -~~~~~log (
~~

-) - ... -~~~~log~~~~-~~~~log (~~-) 
(8)_

_ - i ~_ !~ N 1 el ç
- = - j~j 

log (~ ) 
- 

~~
- log (~~) 

- ... j~j— log (~~ ) (9)

1 N 1 ~l e1 c
- 

- 
H
0(S) = - j~j 

log (~~) - ~— log (~j —) - ... - 
~
j— log (j~j—) (10)

-~
.
.
.- t i .  St1 St1L- +~~~~log2+ ... +~~— log 2

= H
0
(S) + 

~~~ 

(~~ + ... + L~~) H0
(S) + (11)

H~~(S) = H0
( S) + 1 — (12)

- 

- -

Equation (12) provides an estimate of the maximum increase in entropy for a unit

- 1! increase in source quantization. The results are given in Table 1. H~ (S) was computed

- ; - - from (12) after examining the VCG data to find N for each quantization level. IH

appears to maximize at a quantization of 8 bits/sample, which suggests that for Q

~~~~~~ L samll , the increasing quantization is effective, and for Q large the increasing

guantization may be ineffective -- actually measuring noise effects rather than any

changes in the electrocardiagram itself. 
—

- 11 A particularly striking aspect of this study is the interdependence of the

sampling rate and the sample quantization using the first order entropy H
1

(S) as a

tool. Each sampling rate appears to have an optimum quantization level. (See Figure 6.)
- 

1 - 
_ _ _ _ _ _
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~~i1e the results presented in Figure 6 are for lead 1, they are equally sha~~ for the

I other two leads.

TABLE Ip 1 Actual vs. Computed Entropies

- 

Q H
0

(S) H~~(S) AH
0

(S)

1 1.81 0.04

5 2.75 2.77 0.02
- 1 1 6 3.59 3.74 0.15

4. — 
7 4.47 4.57 0.10

8 5.22 5.42 0.20
I 

- 
9 5.97 6.10 0.13

.. 
- 

10 6.61 6.74 0.13
- 

11 7.16 7.28 0.12
I _______________________________________________________________________________________

t

.1
: 

:

I - Quantization (bits)

I Figure 6: Quantization and Rate Dependence of the First—Order Entropy
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The first order entropy also has another interesting property: it is a measure

of the statistical ‘~regularity” of the electrocardiagram. Suppose S is a Markov

source transmitting a message sequence of N words with each word quantized to k bits.

There are 2 possible messages. Consider the first order entropy of S:

H
1
(S) ~ — ~ p(4,m) log p (41m) (13)

- 4cS mcS

The double summation is over all of the states belonging to S (4cS) and the number of

messages belonging to S (m c S) .  For a first order source, the two are identical; hence

H1(S) = — ~ p ( -6 ., 4 . )  log p (4
~I4~

) (14)
S 

• - 4 5  4 .~S -~ i

- 
- 

The condition al probability ~~(4~j 4 j
) ~~(4~~~4

1
)/ ~~(4~~) from which

H
1
(S) = — ~ p(4~ ,6~) (log p(4~ ,4

1
) — log p(4

1
)] (15) -

£ j

- - 
= — ~ p(4~ ,41

) log

- - 
(16)

- 
+ ~ p(4~~,4~~) log P(4

J
)

~~~~ LI = — ~ p(4~ ,4 .) log p(4~ ,41
) + ~ p(4 .) log p(4 .) (17)

45L 4j

~ [ - = 0
0
(S,S) - H0

(S) (18) -

The term H0 (S ,S) is the joint entropy of two beats. It follows that the first order

entropy measures the average uncertainty between different heartbeats from the same

source .

Conclusions and Caveats 
-

The dramatjc decrease of source entropy with increasing memory length clearly

shows the potential of relatively simple predictors in data compression algorithms.
41

_ 
-

For all three leads of the vectorcardiagram studied, one bit per message should be

~~~~ 
_ _  ___ _____

— -l — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J~*—. 5~~j-
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sufficient to completely define the next sample given only the single prior sample.

Of course, the entropy function states only that some relation exists; it does not

give the actual relationship. Prediction algorithms are usually linear and time—

invariant; the actual relationship symbolized by H(S) need be neither. Thus the

entropy function practically gives a lower bound on the achievable.

The relationship of entropy to data quality is not yet clear. Certainly there is

some relation, as perhaps symbolized by the law of diminishing returns, and seen in

Figures 2 and 3. In both cases (sampling rate and quantization), it is clear that the

• entropy improves as rate and quantization increase, but as judged from the simplistic

models presented here, it is not clear whether the change in entropy is a true quality

increa~e or simply a reflection of the increased randomness generated by having more

possibilities for messages. It follows , then , that choice of sample rate and

- . quantization are best left to the user , with one limitation. The first—order entropy

- - emphasizes the interdependency of sample rate and quantization. They must be chosen

together to best optimize the overall performance.

Finally , the first—order entropy clearly expresses a limits on the practicality

of compression algorithms. In an earlier section the first order entropy was shown to

be a measure of the statistical “regularity” of the electrocardiagram: one might think

LI of H
1
(S) as what is “left over” after the information common to all ECG’s is removed.

Thus a fundamental result of this research is that 1 bit/sample probably represents

the limit in “easy” time data compression .

It must be pointed out that there is one caveat to be applied to the data in this

paper: it was derived from one beat of one patient’s electrocardiagram. Certainly these

results are not sufficient to uncritically apply to an entire population. Yet the data

has been tested against other beats from the same patient, and against other ECG’s.

The numbers do change, but the general characteristics remain the same.
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-i -

-~ INTRODtK TION
- 

- 
I Digital transmission of electrocardiagrams (ECG ’ s) has become increasingly

I y popular Di gital transmission has much greater noise immunity for a fixed signal-to—

- noise ratio. The decreasing cost of microprocessors and other digital logic has

• I provi ded the ability to do si gni f ica nt si gnal processing and control cheaply. Thus

the ECG can be sampled , digitized , and pre-processed into an efficient transmission

-
~~~ format economically. Finally,  the cost of mass storage is becoming economical: the

received ECG may be electronccally stored in discrete form in lieu of being restored

to analog form for later analysis, processing, etc. - -

- - - 

Preprocessing into an e f f ic ient  transmission format is a current problem in

- -~ 
digital electrocardiagraphy. American Heart Association standards (l],~call for 500

~1 samples/second ~~~ lead at a precision of 9 bits/sample: for a 3-lead vectorcardiagram

- - 
(VCG) a data rate of 13.5 Kbps is called for . Since an unconditioned (dial-up) voice-

~~~~
- I i  grade telephone modem has a typical data rate capability of 2400 bps, it fqllows that

- 
- for real-time transmission, the VCG~~CG must be preprocessed: compressed into a

fewer number of bits/second.

- . 
- 

Compression algorithms fall into two categories: time and frequency. Both are

well covered in the literature. Representative time compression algorithms can be

found in Dower and Stewart (2], Cox, et.al., (31 , and Weaver (4] ; representative

frequency compression algorithms are described in Young and Huggins [SI, Ahued, et.al.

(6], and Womble, et.al. (7]. In both categories, compression ratios of about 10:1

have been reported. The frequency representation has received somewhat more emphasis

in light of its traditional attachment to pattern recognition while time representations 

— — - - - — - — -
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- - 
have recei ved somewhat less emphasis in light of their attachment to the transmission

problem—-appropriate algorithms ha ve not been economical.

Woinbie , et .al .  used the optimum least mean-square (LMS ) frequency representation

in a compression algori thm. This paper considers one part of the complementary

solution: a least mean-square time representation of the digitized electrocardiagram.

Womble used -
~ l a rge ensemble of pat ient  ele ctrocardiagrains to f ind the eigenvectors of

- the Karhuuen—Loeve eXpaIISi~ a:. Then , us ing  the eiqenveçtor s , an individual electro—

cardia g r a m  was decomposed , and the  20 or so largest elgenvalues transmitted to the
S

1 receiver , where upon the least-mean-square estimate of the transmi tted electrocardiagram

was assembled. The complement ary solut i on to be discussed here uses the same

statistical ensemble to j-roduce an estin ~~te of the di gi t ized electrocardiagram; the

estimate is then subt racted  out and only the differences transmitted. At the receiver ,

- 

- 
the estimate is regenerated and the differences added back in to produce the original

-
. - electrocardiagram.

- THE PREDI CTION ALGORITHM -

Li The sampled electrocardiagram is modeled as a periodically stationary random

U sequence that is, one for which

E {s( P t ) } = E {s(p t-s-k N ) } (1)

- H . R ( n ,m) A i T h , ( n) s ( m) }  = E { s ( n + k N ) s (m1-~ N ) }  A R (l-t+~ N,m+ !.5N) (2)

-~~~~ U for some posi t ive in teger  N and any integers 12 , € ,m , and fl. It must be note d that the

actual ECG data seq uence is not pe r iod ica l ly  s t a t i o n a r y; however, with proper

“massaging” ( b a s e l i n e  remova l , qajn control , blocking and centering about a fiducial

point , e t c . )  it  can be made so. Womble , e t . al . ,  used these techniques in preparing

ECG data for freq uency compression; .in thi s pape r such steps are assumed.

I

- 

-. ;iven the periodically stationery r uidom sequence s we wish to predict the Ptth

- - -



~~~~~~~ -
~
---
~~

-
~~~~~~~~~~ ~~~~~~~~~~~

5 , 3

me mber s(fl) given the L preceeding members s ( f l — l ) , s ( f l - 2 ) , . . . , s ( f l — L ) . We restrict

- our selves to linear , minimum mean— square-error (Lr .Q4 SE) predictors of the form

s( f l )  a 1a (fl — l ) + a 2 s ( f l —2 )  + ... + a
1
s (f l— L ) ATS (3)

j L 
~~ere s ( f l )  is the prediction , and AT 

= {al P a2?...l
a
L
} and s

T 
= {s (n - 1) , s ( n— 2 ) , . . . ,

s ( f l -L)}  are Lxi row vectors. The mean—square prediction error , e
2 (fl) = Es (n) —s (f l )

- can be wri tten in matr ix  form as

2 T T T• 1 e (n) = [A s - s ( f l ) ) [A s - s ( f l ))

which becomes

LI 
e2

(Yl ) = A
T
SS
T
A - 2A Ts5(f l)  + 

2 ( 1,1) (4)

Taking the expected value of the mean-squared error (MSE ) gives

c2 (f l )  A E {e 2 (fl) } = ATE {ssT
}A - 2A

TE {s s(n ) } + E {s 2
(~~) }  (5)

- - 
The matrix 55

T is LxL ; its i j th  element is s(n—~)s(n—j) . Taking the expectation over

- a l l  elements y ields the LxL symmetric correlation mat r ix  A
~~
. The column vector ss(n)

L. has as the -~th element s ( n — ~ ) s ( f l ) ; taki ng the expectation over all elements yields the
- -
I correlation vector r. Th us

fl r 2 (n )  = A
T

A A  - 2AT I + E {s 2
(f l ) } (6)

The element s of the col umn vector A have not yet been chosen—-we will  use them to

nu n imize ~n). To e f f e c t  the min imiza t i on , set the deri vative of c2 (n )  with respect
p

to A equal to zero.

.
‘ 11 2

LI = A A + (A
T A ) T 

— = 0 (7)
3A s s —

r-; ~
Noting that  A = A

T 
by symmetry, we Ca: ::1:e for A to get

~I]

I]  
_ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _ _
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4

from which it follows that the minimum mean-squared er ror is given by

= E(s
2(fl)} — rTA~~ F (9)

for each fl. Note that the minimum mean-squared error c 2 (fl) depends on 8: the predictor

is  adaptive. This results from the random sequence S being at most periodically

- - 
- 

stationary. Wide-sense stationarity would be requi re d to make the minimum mean-square

- 
i t  z or independent of 8.

- -  Suppose M=N : one ful l  period is used in forming the estimate of the ne~~ sample.

Since the random sequence is periodically stationary , it can be shown that the matrj~x

• A is circulatory ; A ( n + l )  differs from A Ol) by just a row and column shift. For this

case the column vector F is identically the last column of A and it follows that the

optimal predictor 
~~~~ 

( A 1 
~) is exactly the vector {o ,o ,... 1}T The optimum

prediction is the sample value from one period earlier ; the optimal LMMSE predictor of

- . a heartbeat is the prior beat .

This answe r is intuit ive, and not pa r t i cu l a r ly  helpf ul , sin ce by implication the

f i r s t  beat must be sent in f u l l .  In this  paper we u t i l ize  a short predictor (L= l ,2 , 3)

compared to the electrocardiagram period (N = 35 1). The predictor is adapt ive from

U sample-to--sample (both A and I’ depend on n)  and period-to-period (th e correlations

- compris ing A and F are continuously updated as new samples are received) .

N

SIMUL ATION RESULT S

The prediction algorithm , as defi ned by equation s (3) and (8) , was simulated on

J [ j  an IBM 360/6 5 comp~~ er using predictor l~~~~ hs L of 1, 2 , and 3. The algorithm was

fu l ly  adaptive , in that the correlation functions comprising the matrices A and r were

updated each sample. Digiti zed vectorcardiagram data was supplied by the School of

Ae rospace Medicine at Brook s AFB , Texas , for use in testing the algorithm.

Results were quite pleasing. Before considering the Figures and Tables in detail,

we can summarize as fol lows.  The prediction algorithm general ly behaves quite well.

_ _ _ _  ------— —  - -

-S _______________________ —
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The predicted value is nearly always within 10% of the true value. The predictor

seems to be relatively insensitive to parameter changes. It is adaptive. The original

correlations on which the prediction is based are generated on the basis of an “average”

heartbeat; as the original correlations are updated with “personal” information on the

heartbeat being predicted , the prediction clearly improves.

L Figure 1 ((a)-(e)) gives the predictor performance versus the original data for

lead I of a sample vectorcardiagram. The data was taken at 500 samples/second and 11

bits/sample. The original data is shown as a solid line; the predicted data (every

second point) is given by the (+) signs. The error at the peak of the R—wave on beat

1 is 16%; by beat 5 that error has decreased to less than 4%. The L=’2 and L=3

estimators are shown for the same lead of the vectorcardiagram in Figures 2 and 3

respectively. Only the f irst and last beats of the 5 beat sequence are given. It is

to be noted that increasing the length of the estimator does not appear to significantly

- ì ~~i
_
~ 

improve the quality of the estimates, for in both cases the first beat peak error is

•- ~1J about 17% , decreasing to about 5% on the fi f th  beat.

Table 1 is a quantization of the results shown in Figure 1, giving the maximum

error , average error , s tandard deviat ion of the error , and entropy of the error for

the f ive beats of the vectorcardiagram. The vectorcardiagram range is from about

— 150 to +1200 , for a total  range of 1350 . Thus a ma ximum error of 150 represents about

11% of ful l scale . The entropy is mor e f u l l y  discussed in a companion paper [8] , but

- i~ U roughly can be said to measure the minimum number of bits req uired to transmit a

- ~- sample , on the average. Start ing with 11 bits/sample , the p redictor represents a

compression gain of about 2: 1 for the f i r s t  beat , increasing to about 3:1 by the fi fth

beat . Although the tabular data for the L=2 and L=3 predictors are not given , they are

H typically the same .

The adaptive nature of the predictor is clearly desirable. Fi gure 4 shows the

predicted versus actua l vectorcardiagram that was used in Figure 1: the only difference

being that the predictor was never updated as the new samples entered. The first beat

- Ii ____
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6

F Ii ((a) in both Figures 1 and 4) shows that neither is on the mark -- if anything, the
nonadaptive estimator might be a little closer. But by beat five ((e) in both Figures),

- the non-adaptive estimator is still as far away from the actual beat as it was in beat

one. The adaptive predictor, on the other hand, is very close to the true value.

Table 2 compares the predictor errors for beats one and 5; the superiority of the

adaptive predictor is evident.

The adaptive predictor is also insensitive to parameter changes: as evidence,
- - 

consider the vectorcardiagram of Figure 5. The VCG 4~T12329 was effectively reduced to

- 125 samples/second by using every fourth sample and 7 bit quantization by dividing

each sample by l6(2~). Nonetheless, as evidenced by the Figure, the predicted value

is still close to the actual value, and converging as the number of beats increases.

There is some evidence of a loss of performance during the Q wave and the S—T interval;

but this loss is most likely due to the low sampling rate rather than any inadequacy

of the algorithm.

CONCLUS IONS

This algorithm for data prediction should prove useful for any discrete signal

U sequence that can be modeled as a periodically stationary random sequence. The

‘r i U algori thm error seems to be relatively robust: independent of both quantization and

sample rate -— at least wi thin reasonable limits. Sampling rate and quantization are

[I interdependent [8], and because of aliasing,  it is doubtful if the predictor is

capable of operat ing correctly below the Nyquist  rate.

- The L=l predictor algori thm appears to be the most practical for implementation.

The L=2 and L=3 predictors, although good , consistently had average error -‘*nd standard

deviations close to or slightly worse than those associated with the less complex L 1

predictor. Other research (e.g. , [8] ) also implies that unit length predictors offe r

the best ~‘ gai n ” per-tmit complexity. Presuming a unit—length predictor , this

y re search tends to inthcatc  that a practical maximum compression of 3—4 to 1 is the
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- 
ultimate achievable by this method. Further compression would require less than

- 
perfect reproduction, perhaps by not sending all the samples, or possibly by sending

-, only approximations to the differences. The latter appears chancy, since the

-
- differences are used to reconstruct the succeeding samples. The former method offers

- some hope, since it is not difficult to extend the prediction algorithm to a full—period

ii ‘ 1
- - interpolation. That extension is in progress and will be reported at a later date.
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Predictor Errors for VCG *Tl2329 Lead 1

ii

~ 7 Beat No. Max. Error Avg. Error Std. Dev. Entropy

• 4~ 
—______ 

_ _ _ _ _ _ _  _______ —

1 165 19.9 31.2 5.5
— t 

-

2 147 17.3 28.3 5.6

- L
-

- 
- 3 72 10.8 14.3 5.2

- 
I:

- 
4 129 4.1 17. 4 5.9

5 76 2.9 
- 

12.0 3.8

L 500 samples/second at 11 bit quantization
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‘-- I
‘rABLE 2

A Com parison of the Non-Adaptive and Adaptive Predictor Errors

Predictor Beat No. Max. Error Avg. Error Std. Dev. Entropy
-i

i

i 

-

- 

j  Adaptive 1 165 19.9 31.2 5.5

— Nonadaptive 1 110 12.3 20.6 5.2

Adaptive 2 76 2.9 12.0 3.8

~ f 
Nonadaptive 2 140 

— 

11.9 23.5 5.3
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Figure 5(c): VCG vs. L=1 Estimator (~~~7 and R 125 s/a)
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The I u l  I Period Interpolator

Consider an N—elemt i-tt sample , of which Only every IZth eq u a l ly  spaced element is
‘4.

known. The remaining 14-K eleinttnt:s mU~t be Interpolated from the K known elements.

F i-a Let = {s
1, Sfz~], S2~+1 1- - the vector of known samples , where k 

~~~
-f -

Let St be the sample being In terpo l tted , and suppose

Then the error ~ (S~ - S
e

) 
~~~~~~ 

-A ; 5
1

) :
t
::

~~~~~
T 

rror gives

I I

- . i~~~ - ; ~~ -2A~~ s15 s~ - A~~~~~ S S” A e
Li 

-

This is the mean—squated e r ror  lo: the est [mate 
~~
. The tot t i  mean—squ are d errot- is

4 
. Minimizinc; t:he t o t a l  Ine I I :—: ;( t ua r ed- -eL -t o r  is equl.val (IrIt to minimizing each

~
J

a11 t

- 

- term individually, so

[1 2 
—

LI I) 
. •T

IA 
. ( .

~~~ 
S

t , )  
4- 2 A . , S~1, 

r. (5

H

-
l 
Taking the expectation and solvin (~ t ( I I ~ A~, yields

[ 

A~ ‘ ~~~~~~ F r

where ft is the synmnetrlc cor ,- el.:t j o l t  n i i t  r ix  (41 t h U  transmitted s.iq les (that is,

A

~~ 

E (S
1
,S
1
); A

12 
— E(s

14
s, 

~~~~ 
A

22 = E(~
; 1 ,S~~~)) and is the correlation vector

of the tth interpolate with the membeit; of the transmItted 5a9))e5

— E(St,Si
); 

~12 
= J~(s 1,s~,1) ) .  Since this  representation is valid for each

~~~~~~~~~~~~ 
-
~ . ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~c~ ~~~~~~~~~~~~~ ~~~~~~~ 

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ 
-
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a. 
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- 

interpolate S
t~ 

1<~ <t4—f~, wc see th ,-it the vector of Interpolate- -;

~ ~~l
’ ~~ •

~~~
• ‘ 

-

= { (A’~, A
’
~, .. . ,  It~~ ~~~, }

= { [(A~~r1
)~~, (f t 11.)T 

~~• • ,  ( ~
5
~ _~~

T
I
T 

~T
1

-~~ 

- 

— {Ir~ A~ r~ A~~, ... ,r~~ c~lT 
~~

- = { ir~, 
1,T 

•,  rT j~
’ 

~~~~~

1 
S , }1 2 N-fl -~

4 ~~~ ~~~~~ r = f r ~, r~. ...~~ r~~,~I
T 

t o  be the (N-f~)x(k) matrix of interpolate

-

~~~ 
[ correlations and we have the desired full beat interpolator.

- - 
S = r ~~

~~~~ ~ 
Note that r and A are invariant ;  they do not change as new beats enter the interpolator.

~~

, [} The interpolation scheme is thu~ a large matrix productg it does not involve any matri x 
—

- inversion.
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INTEGER 111(3)
REAL LAM[ ’A 4.4~~~I ’L I
DIMENSION I.(4),M (4)

F DIMEN SION IU 3~,2,6) .(;AMA ( ~~ ,A i.I-A ( U
F DIMENSION 5 (3511 ,X (351 I ,EIIIi (351

1IAFA NriLxl/1/,t-11:IL x.vl/
- - C

C REAl’ I N 114E ii<Fli 1 CI Uk CONIKOL I NFOkHA 1 ION
- C LEN — —  PREIIICEOR LEN(1iiI

C NRAII — —  SAMPLE: kAlE: (MAX is ~.O0 )
C MAX I -- — NtiMIIEk cw I’E:ATs 10 Dl: l’F~~tE~SUE1’

- 
- C 10 —--- (IUANTIZA I iON LLvE :L IN DIlS

C
WRITE (6rFJ90)

890 FORMAl (1(10 . ‘o ivt : i-u i F.Rt 1)IC1OR CONJROL INFORMATION ’/SX ,
2’FREIIICIOR 1.1140111 ( 15) ‘/SX , l5(~~f:t[ RAIL ( IS) ‘/5X ,
3’NEJMI’Ek (IF- ill At’ > C 1~~) ‘/~iX, ‘(lOAN ! 1/AT ION I LVEL ( IS) ‘/SX, ‘X’ ,4X,
4 ’X ’ ,4X , ‘X ’  , 4 X ,  ‘X ’ )
kEAiI (6p910) I i.N~ NkA1E.t1AXI vIO

910 FORMAT (415)

- C l%LAI’ ANI’ ECHO I I Ii: VC (1 1 [‘[Ni IF I CA l l Ott h A I A
C

kEA [u(5,900) IlI p li j Ah l
900 FC) RMAT (3A 2 ,4X , 11)

W RITE (6 ,90 1) I l4 , I LA I I
901 FORMAT ( 1111, ‘VEt.; Iii HIJMl~FR ‘ 

~3A2. ‘ LEAt ’ ‘.11)
C

~~~~ 
C RE A l’ IN rulE AvU~At;i (ft Ak t l :EAT

II C
U READ(5 ,920)  ( 1 I( I .1) r I~~1.3Si)

~~~~

j - ;_ 920
C
C REt (It A l l SAMI LI. h A l I 101 k IA U. 10 (III IIL’-~ iF~E1u SAMF LINh RATE
C

NA—INI 500./NRAIE$O,5
Li N:INT (351./NAI 0,5)

- IF (NA .Ltl,1) (it) ii ) 1)
- NX t-I+1Op

4- - [IC) .129 L — 2 , N X
NLl— NA * ( I--- -1 ) - I  1

329 H (I,1)-I1 (N1:’.l) =

-
~~~ 12 It,IV~ 2** (11--IU)

i:’o 330 1~~1 ~14
330 (1(I,1)~~P4 (I,1)/I!,iV

C IN! I IALI/1: liii: UI~kt:I.A1 iON (~W1PLlIA1 IONS
C

LX LEN+ 1
•~,1 140 8 1 1,11

iii 
-

~t _  LI-



---- -- 
~~~- --- -~~~~~~~~

I

II~~N — I + 1
- - 

[IC) (I J=1 LX
- 

JJ=J+1
- j t~= i i— J + i

IF (Jt~,LE.0) J$\ .1.fl~IN
H (II,JJ)=H (II,1)*ll (JK,1 )*EXF (--0.1*J)

8 CONTINUE
990 FORMAT (1X,~ F10.0)- j H -  C
C REAL’ IN TIIE~ SAMI LE VALUES FOR A DEAl
C

• 13 REAIi(5.1010) (S (I).I=1,351)

~ 1010 FORMAI (12F6.0)
- 

C
C SELECT ONLY THOSE SAMPLES TO 8E USEII
C

• I F (NA • EU ~ 1 ) (it) Ti) 334
110 333 I~~2pN
NL’=NA*(!--l )

333 S (I)--S (N1’)
334 C O N T I N U E

DO 332 I~~1,N
332 S (I)=S (I)/1JILV
C

~: 4  
L C cliPil-UJE liii: (.:okkI.I Al LIJNS--- ---HATRIX I AMI.IA AN!’ VEc roR GAMA

C
- ~: fl 17 DO 10 1 1,L EN

H U I I = N + 1— I
-~

~ 140 10 J~ I , LFN
r ~ L AMI’A (I.J)

I AM 1’A (J,I)~ 1 AM1tA (I, 4)

~~~~ H 
10 K=tc+ 1

140 20 J1,LLN
20 CIAMA (J):tI (1,j12)
C

- C START 10 f ORM liii: E~~i IMATI • INVERT I lIE MAT R IX LAMIA.
-
-

I C
- IF(LEN,c; t .i ~ t~I Ti) 22

LAMIIA ( 1,1 )—1 •/LAMIIA ( 1,1)
- . (iO TO 35 -
- 

- 22 CAL L INVERI (IAML’Ar1114,IIET)
IF (DET,lIE.0.) (30 It ) 30

- WRITE (6,2000) NL’1 X 2
4- 2000 FOR MAT ( IH ‘ ‘i’ElE.RMiNANl AL MOST SIN6IJLAR -- -- EXTRAPOLATE ESTIMATE ’.I

24)
- 25 X ( N[ I EX2 ) .2 * 1J( N ,1)~ II(N_ 1, 1)

V - 60 10 50
- 30 CONTINUE

C

~~~~i 
I - 

.— -~~~~~~~~~~~ -~~

-
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C COMPUTE THE. OPTiMAL FREDIC1OIC coI:FFICIE:wTs
C
35 [IC) 40 I —- 1 • LI. N

ALFA ( I )=0.
DO 40 J~ 1,LFN
ALFA (I)=ALFAU )-I-t AMI’A (IPJ .’*43AMACJ)

40 CONIINIJE
— C

C E S T I M A T E  11W Nt X I  SAMPl E
C

- X (NriE.x2)=o.
DO 50 I—1 ,t . EN
X (NLIEX2)=X (NDEX2) I-ALF A ( I )*H(N-I- 1---I , 1)

• 
- 50 CONTINUE

X (NEIEX2)=AINT (X (NJ’EX2)-IO.5)
C

- C COMI:.UTE 11-IF [Ill- i- i: RENt;u i’Liw[:L.N 1 ( - It. (‘A lA AND THE EST PlATE.
C
55 DIFFCN~ FX2I~~5 uf,t-:x 2 _-x N[1Lx2

- ; C
- 

- 

C HF-DATE: 1 HE: CORREI. A -ri (IN FUNC T I (ThS
C

L Y ~-L X +1
[‘Cl 60 J=2~ LY

60 H(352~J)=H(1.J)- 

I’D 65 I=1.N- DO 65 J=1,LY
65 HCI,J)=H (I+ 1,J)

H(Pl.1)=S (Nl’EX2)
: [‘0 70 J=2.LY

70 lI(N,.J)= (NII[X1-$II(352,J)III (N,1)*H (N+2—J,1))/(N1’EXL+t)
IT 

- 

C
- -~~- 

~~
. C HAVE WE REACHEL’ T HE EN[I 0 THE [‘AlA !

C
NIIEX2=NDEX2f 1

- -  - - 
[

_ 
IF(NllE:X2.1.F.N) (3(3 It) 17

L NDI :X2~ N[ iE X 2 N
C
C PRINT THE DA tA ~~~ i H I S  BEAT
C

URITE (6~2010) NIILX1
2010 FORMAT (1l$O,5X, ’L’AIA 1:-OR BEAT NIIMDFR ’,12/6X,’SAMPLE ’.

25X, ‘ESTIMAI i~. 
‘ 

~~~~ 
‘ l,II:FEREwcI: I

W RIT E(6 .202 0) (S(I) ,X (1) ,l’ I l I  (I),I~~1,N)
2020 FORI$A i (6X pF6 .o ,6X p E6,0 ,8X.F6 .0

WRIIE (7.2020) (S( I) .X ( I) ,LIIFF( I), I~~1,N)
C

C COMI- UlL TIlE I’ll I LKL NI;t AVISKAOL ’ Mt::AN--SUUARE ERROR. AND ENTROPY.
H C

- 
SUM ;i0.

4 Ii

_ _  

(1 
_ _ _  _ _ _ _ _ _

—

~ 

- 

.~ . _ _ _ _ _ _ _ _



SUM2~0.EN1R1- Y~ 0.
NEX=N— 1
DC) 120 I—1,NI X
IF(DIFI(I),FU.999999.) (30 10 120
SUII=SUM+DIFF( I)
SUM2=SUPI2+L’III (I)*i’II I- (l )
COUNI l.

- 1EX I+1
I 

U DC) 110 J=IE:X,N
IFCL’JFFU).NE.IJiFF (-))) (it) Ti) 110

1 SLJM=SUM+DIFF(J)
4- -

- - StJL-$2=SUM2+L’IFF C .U*liiI ~ : (~J)

• DIFI (J)~ 999999.
COUNT=COUNI I 1.

110 C O N T I N U E
E N T R I y~ EN1 fp y .. i • 4427* ( COUNT/N> *A LOG ( (I:LIIJNT/N)

120 CONTINUE
SLHI=SUM/N
StJfl2~ SL)M2/NW RI1L(6 ,2030) bIJM,SUII2PEN.IRF Y

2030 FORI-1AT (1I3O,’lIlE AVERAGE (iF Till: [‘IFFERENCES IS ‘,F6.1/LH ,‘THE MEAN
2---SOUARE ERROR i~; ‘ .F10.2/1I1 ,‘iui: ENTROPY (IF THE DIFFERENCES IS ‘,
31-5.1, ’ BITS’)

-
4- - - - C

C b11)I ? OI~ A N01llLf~ l’ IA 1~C
Ni’L:x1~~Nr’EX 1-I- 1
IF(NI:IE:X1.LE .t-IAXI) 1,1] 10 13
ENDFILE 7
STOP

- : [Nh
F ~ SUIth(JUIINL INVIR1(LAMLIA,LE.N.UEI )

REAL L A M I ’A (4 ,4 ) pA (4 , U )
‘

~~ 
DEI 1.

- - C
C I N I T I A L I Z E  t H E  A MA T R I X
C 

DO 5 j~:1,4
[‘0 5 J=1,L)

4- 5 A ( I .J ) =0.[ 1_ID 20 1:1 .1. N
110 10 J.~:1 ,Ll1I

10 A ( I .J ) - LAMI IAC I,.J)
20 A ( I ,4 + I)=1 .
C
C PERF ORM TIlE INVI.kS iou i y  UIMINi ARY ROW r~is:’ucT IONS
C (IN THE M A I R I X  A

[‘(1 4s I 1,Lt:N

- 1

— 

~~~~~~~~4~ -Ib~~ 

~~~~ *~~~aM~j  ~~~~~~~ — ~~~~~~~~



— 
— - -

‘
- - -—-~~~~~~~~ — -—• — — -- —

I F ( A ( I , I ) . E U . 0 . )  (30 IC) 70
[‘0 30 J = I , L E N
IF (A (J,I) .1(3.0.) (it) IC) 30
ILMP=AC J .I )
[‘0 30 K=I,E)
A (J,K)=A (J,K)/TE:MP

30 CONTINUE
I[I~ I+1
1F( lL i . GT . t . .EN )  (it) ii) 40

- : [‘0 40 J~~Ii’,1EUTEMNA (J,I)
[‘0 40 K=I,E3
IF (TEMF .EU.I ,) A ( . t , K ) = A ( j , K )— A ( I , K )

40 CONTINUE
45 CONTINUE
C
C LAM DA IS IN UF.F.ER 1RIANcIULAR EOKM------(:,OMF LETE THE REDUCTION
C

LL=LEN-1
[‘0 55 I= 1,LL
IJ=I-I- 1
DO 50 J:IJ,L.EN

- - TEMP A ( I,J )
lb 50 t~=J.O

- 50 A (I,K)~:A (1,k)---1LMI *A (J,k)
55 CC)NTIN€IF
C

- 
C RETURN THE INVERSE MATRIX It) LAMEIA

- - C
[‘0 60 I=1,L.EN
It O 60 J=1,LIN

I- - ;  ~~ 
LAM[IA (J ,I) : ::A (j,4 -t-I)

~~ :- ~~~~ ~~ - 60 LAM [’A (I.J) -LAMDA (J .l)
~~~ ~~~~~~~~~~~~ GO TO €80

~ 70 t’I-T—O .
- ~~ U 80 R E I U R N

END
- S  -




