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ABSTRACT

- . -

The problem of predicting the nth sample of a periodically stationary random

sequence (a digitized ECG) using a set of L prior samples is considered. The entropy
of the source is calculated, using a Markov source model, to find that entropy
decreases rapidly with source order. Only a very short predictor should be needed. Q

The linear, least-mean-square estimator is derived and computer simulated. 1t is

shown to be short (L=1), reclatively robust, woderately accurate (usually within 10%),
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and adaptive in that the estimitor improves from period to period.

Data compression ratios of about 4:1 can reasonably be expected from direct

application of the predictor; however, by judicious deletion and later regeneration

of samples, it is felt that an additional 4:1 compression is achievable.
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INTRODUCTTON

Direct digital tramsmission of electrocardiagrom data is increasingly important
to the USAF. The School of Acrospace Medicine, Brooks AFB, Texas has over 800,000
ICG's ctored in its Central Electrocardiagraphic Library and the number is growing at
well over 100 per day. 1In an etfort to ease the workload on Air Force physicians and
make the Library more accessible for medical rescarch, the FCG data is being converted
to a machine accessible format.

hmerican Heart Association standards [1] call for a sanpling rate of 500 samples/

second and sample quantization of 9 bits/sample. The data rate and machine storage

i~
.

capacity implied by these rm]ui.rements is not acceptable; thus the search for an
efficient method of data compression is on. This research proposal was based on a
linear least mean-square error predictor derived by the author during the 1978
USAI /ASEE Summer Faculty Research Program [2].

The objective o.f this recearch was threefold: to develop a software simulation of
the algorithm; to study its performance; and to develop a data base sufficient to

estimate performance of a practical system,

i R L

Prior to the grant receipt a "mini-program” (referred to in the original proposal)

bad been written and tested on fake data. While the results based on the fake data
were not conclusive, they did indicate that the prediction algorithm would tend to
follow the data. On that basis, the grant proposal was submitted.

During the spring semester, 1979, the author suggested a graduate student research
problem: to compute the entropy of a digitized ECG, assuming a Markov source model.
Although this was not part of the original grant proposal, it later proved to be one
of the rr;ore interesting aspects.,  The entropy of a data source is well-known to
lower-bound the average nunber of bitg required to transmit a sanple; thus a computa-

tion of the entropy should yive sowme insight into how well the predictor algorithm can
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do its work. The results of the entropy computation program (ENI'ROPY) will be
discussed in the next section.

After the grant was received in the Spring of 1979, there proved to be a great
deal of difficulty in obtaining the digitized VCG's from the School of Aerospace
Medicine. The author, having never been exposed to the vagaries of magnetic tape
transfer, was totally wprepared for the difticulties. Personnel changes within the
branch that was to supply the VOG's also contributed to the problem, which was
eventually solved when the author went to Brooks AFB and brought back listings of
several VCG's for later entry into the Texas Asl conputer system.

The emtrcpy computation program (ENTROPY) was finally running on actual data in
August- 1.9{79; the first version of the prediction aluorithm (ECGl) was running in
October; and an improved version of the predictor (ECG2) was established in December.
The delay associated with getting data trom the School of Aerospace Medicine and the
difficulties assoc{ptcd with performing a tape-to-tape transfer préclnded trying the

algorithm on abnormal VCG's, but the remaining objectives were satisfied.

SUMMARY OF RESUITS

The detalls of the rescarch carried through the programs FHIROPY and ECG are to
be found iﬁ the papers "The Intropy of 1 Digitized Electrocardiagran” (Appendix A)
and "A Least Mean-Square Prediction Algorithm for Digital Electrocardiagraphy”
(Appendix B). In this summary, we paraphase the results which are described in detail
in the Appendices.

First we consider the meaning and calculations of entropy. Shannon's noiseless
coding theorem [3] roughly states that for any data source there exists a code whose
average message length is lower-bounded by the source entropy; the Huffman coding
procedure [4] explicitly generates that code. Thus it follows that the entropy
measures the average number of bits required to transmit a sample from an ECG. But
the entropy offers more than just a lower bound for direct encoding of the samples;

entropy can be defined for sowrces with memory, in which case the change in entropy
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with memory length may prove uscful in defining the proper length of a prediction
algorithm,
Let S be a discrete-time source with each message quantized to one of 2N levels

N . z
(the source contains 2 messages). & emits a message sequence with each message s,

drawn independently from S with probability p Then the (zero-order) entropy is

i
defined as

2
Ho(5) A - izl p; loy(p,)

The messages'may not be independent., Suppose that the probability of the message Si

depends on the preceeding M messages; e.9., p(si)=p(si|sj ). Then the

],szp. . ,SjM

source is called a Markoy source of order (memory) M, and the source entropy is given

by
iN §N :));N §N
H (8) A - 5 P88 sl ye ) oy ipls ls. - A ST
M : N g
§1=1 §2-1 iHel g2y ML MR " ol 1> i

Most prediction algorithms attempt to predict the next sample from the prior
samples, as for instance, in differential 1CH; the curient sample is treated as the
estimate of the next sample. This is equivalent to treating the source as an order 1
Markov source. Similarly, linear extrapolation can be considered as equivalent to
treating the sou-ce as an order 2 Markcv source. Data compression occurs if the
prediction is good and the difference are small relative to the samples, as only the
differences need be transmitted.

The entropy thus meacwmes the data commession capability in two ways. First,
the entropy of the order M Markov source bounds the performance of M-length predictor:
€.G.y 1F ”2(5) = 2,5 bits/sample, then it follows that, on the average, the best a
length 2 predictor can do is to get within 2.5 bits/sample of the original message.
Indirectly, the entropy measmes the compressibility of the data by indicating the

loss associated with lowering the sample rate or more coarsely quantizing the data.
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Results are fully desciribed in Appendix A; the fundamental results being three.

First, a short prediction algorithm is clearly most appropriate. As can be seen from

Figure 1, the source entropy drops dramatically when modeled as a first-order Markov
source. Successive reduction in the entropy for higher order models is evident, but
not as dramatic as the reduction in qoiné from a zero-order to first-order Markov
model. Second, there is some loss (e.g., decrease in entropy) as the sample rate
decreases and the quantization is made coarser, but as is pointed out in the Appendix,
it is not clear how significant this loss actually is. It is clear, however, that
quantization and sample rate are interdependent. Third, the first order entropy

Hl(S) -- approximately 1 bit/sample -~ probably represents the limit in “"easy"
compressibn; as it can be shown (Appendix A) that Hl(s) is a measure of the beat-to-
beat variation of the electrocardiauram.

The adaptive predictor program (ICC4) was written in two versions (ECGl and ECG2)
ECGl was less complgx, but more unstable. 1t worked satisfactorily for a predictor
length L of 1 but would tend to come unglued for L>2. ECG2 resolved the problem of
ECG1l, but at the cost of adﬁud complexity required to compute the correlation functions
exactly. Only ECG2 (listing in Appendix D) will be discussed.

The predictor algorithm behaved quite well: independently of sample rate and
quantization level, the prediction was within 10% of the true value most of the time.
Figure 2((a)-(e)) shows predictor performance votsng the actual digitized VCG at 500
samples/secnnd and 11 bit gquantization per sample. The maximum error on the first beat
occurs at the peak of the R-wave and is a bit over 16% off. The average error was only
19.9 or a little over 4 bits/sampic as compared to the 11 bit/sample original message.
In particular, the improvement from first to fifth beat must be noted; as the predictor
algorithm continuously updated itself with improved correlation information from the

prior samples of the VUG beiny estimated, its prediction clearly improves.




d
1Y
|
-

—

r———— [
]

 S——

Entrcpy (Bits/Message)

‘ﬁ Lead 1 lead 2 Lead 3

Order of Thoe Markov Source

Figure 11 Entropy of VCG Modeled as a Markov Source




i el e bt

Rt v

.

SR,

DU FR—

e ) e :a!

,..

tea]

e O

120.0C

VOO

182,07

w10
9

190.0

. 4
2 7 A
>

o
"rm""'.“.

e ’
(VR [

Figme 2(a):

"

Va.

VLG

"\
‘FQOQQON\J

L1

Lol IMATAR

JO alt2429 Lt AO

FIAGT BEnl

= iU bR s S et
6l ) hem  we PRTANER
SAMPLE S

I Mt

Vea

iIN

V.

L~1 Estimator (Q=11,

Al
Yeeree

e
3,00

AR
P IR

R=500 8§/s)




— r T = , e =
. TR R T T

| :
I
g?
e
{ |
s VEG Vo, Lt ESTIMHTON
3 VOG0 mite 328 Ltau o
| § = ~ SECOND BN
5 : § &>
§ & 2
3 ! (&
=
_&‘ . t)‘
3 R :
- =
bt (=) , ‘
g < |
25 7 !
3 |
= ) ]
- ’ ]
} e
“ Fth
i t :
&
4 ‘r)
, o
:: w
!
u :
r ]
. ¥
U & ~'
Wi
| 3] ]
P '
Il | = ,{:‘/;
| grr ”/1‘\‘ V('"".
i)
fln- pervteeryryef \'m”“,\} .
4
&
©
Ly . e

g ! ‘ V.00 o0 pbooo T dlow abeon  2aen sk o a%e
! R T 0 o Y336 o0
% | PINE IN SRMPLES)

o Figure 2(b): VCG vs. L=1 Estimator (Q=11, R=500 s/s)




>

{ |
| |
|
|
: |
i .
; !

|
; |
“VCG VS, Lol ESTIMATONR
5 = VECG 10 »112328 (LRD 1 |
i1 THIRL AEAT
s | U 8 !
¥ ? > |
¥ o s
| T o
B - e ’
b i )
Uit i
¥ R (W]
3
Ej a4 :
=
&
B 0
- -’).

SERVBESAT S
-~
v

ik

7% L Q
e f
B 2]
: w
g
". 3 i
"; :
o e
=2
2
i
-.3

%

.%)“‘

i

| 3} *
§ -4 et al

: g:;f; //‘\4\. Serrety
o (38 o e iiREAl \vunnﬁ\J
| e : .;
o ! '{ 1
o g |
e - v S = Siss. - e o srans - i Sl ]
25 | [ Voo ab o b0 RIE) Vhe va Ao UL ITR) 16 0 ]
-.Sﬁ* | | I CEN SRREPLES)
e, | |
3 i |
|
{ ]

7'q | | Figure 2(c): V(G vs, =1 Estimator (Q=11, R=500 s/s)

S A YT T T M A RO ot s



|
I -
e E
|
: VEG VS, L=1 ESTIMATOR ;
| | VCC 10 «112329 LEAD :
g ) A FOURTH BERT ;
s | 4
% ]
R
3
4 i |
> o E
B ¢ ; g
3 =
= ¥
o)
3 g
) G
1 u : ]
\ -
\
J
Bt
6%
- goe ;
[ 3 ey i
: % '/\.. [V
5.;  ovbrtanses \'«nu» s
i . \
| 3
! K AL
¥ - SRR s G S R Ly .
|| w0 wweo b oo lnoe e w dwoe oo s
SHa R [ 1Ml (IN SNNPLES) :
E Figure 2(d): VCG vs. L=1 Estimator (Q=11, R=500 s/s)




I!m. — r——
S
10
|
| U
|
|
!
J
o > <
R e e
; )
3 5
3 -
: -
2
]
) . * 15
) ] o
. 2
3 %
i R ]
L &
5 L Be] .
.», 18]
- =1
(2]
[ ]
3l
-
(€4
4
4

=]
e . v

g:.': ‘A/‘\"
1 (T precsssatsier \

3
0
v e

'0.00

1
KLY

ey |
e o

(rMe (IN

vCG vs.,

¢@‘ Figure 2(¢):

ViG

{ o ."“"'V
{1 %
| i 1§

oy b o

L-1

LS TIMATON
10 #T12329 LEAD 1
EIETH BERT

V\»w.

e e e W
SAMPLE )

L=1 Estimator (Q=11, R=500 s8/s)

QT T R

LS. L




t-

ey

&
#
&
‘4
%

sy

2 g s
] g
g

i 11

i

g 1

i i&a
a

A1 T’

11

DISCUSSTON

The adaptive least-mean-square algorithm proposed in the 1978 USAF/ASEE Summer
Faculty Program and studied as part of this grant request should prove useful on any
discrete signal sequence that can be modeled as a periodically stationary random
sequence. The algorithm has one free parameter -- the length I -~ which is best chosen
on the basis of source statistics.

The notion of entropy and the Mairkov source model have been shown to be useful in
analyzing the source., The l.th—m‘x!vr entropy has been found to be nseful in determining
the best leng_th for the predictor algorithm. The entropy was shown to be less useful
in determining an optimum sample rate or quantization level, primarily because entropy
is not a i’unctiou of the samples themselves, but of their probabilities instead.

With particular emplfasis on the electrocardiagram problem data analysis suggests
that the L=1 predictor is the best., It is the least complex, and the longer predictors
(L=2 and L=3) appeaz:,to- have slightly higher average and mean-squared errors. Moreover
HL(S) < 1.0 for L > 1, whicrl:n implies a more complicated ... but not impossibly so ...
Huffman coding procedure, would be required to take advantage of the reduced entropy.
(This presumes some improvement in the 1.=2 and L=3 predictors.) Since Hl(S) can be
shown to be .a measure of the statistical "irreqularity" of the electrocardiagram, it is
doubt ful that such an improvement is possible.

The optimum sample rate and quantization level are 250 samples/second and 8 bits/
sample. This 1s, however, a judgment. call based on the fac?. that the first evidence of
distortion is seen in the 250 sample/second simulation. (.?m.x'-;_.sido.r Figure 3, in which
the L=1 predictor is used at (a) 500 samples/second, (b) 250 samples/second, and (c)
125 samples/second. The "glitches" that are clearly evident at the beginning of the
YRS complex in the 125 samples/second plot first appear in the 250 samples/second data.
There is no evidence of such an appearance at 500 samples/second. The choice of 8 bit
quantization results from the interdependence of sample rate and quantization described

in Appendix A.
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Using the L=1 estimator, the maximum possible data compression can be no more than
N:1; e.g., 9:1 assuming the original electrocardiagram is sampled to 9 bit accuracy.
Practically, however, the data suggests a maximum of 4:1 is realistically achievable.
To compress the data further would require deleting samples. This is both possible,
and entirely feasible. As part of a class in digital signal processing the author
assigned a computer problem to devise an interpolation algorithm to generate the
500 samples/second data from 125 samples/second data; e.q., every 4th point was used to
regenerate the deleted samples. Using a standard procedure [S], the students used
4-point and 6-point least squires quadiatics and 6- and 8-point quadratic functions to
regenerate 'the data. The 4-point quadratic result is given in Fiqgure 4, where it is
often difficult,to determine that there are in fact two plots. (One must comment here
that this is another alqhment for a lower sampling rate.) A more elegant method of
interpolation is also possible: the adaptive predictor algorithm can be easily extended
to full beat interpo]qtion as a single large scale matrix operation. The details of the

extension are in Appendix .

RECOMMENDAT1ONS

It is now clear that the prediction algorithm woiks, and works well., Further
research iuwthis area should progress on two fronts.,  Pirst, using a L=1 predictor,
sampling rate of 250 samples/second and quantization of 8 bits/sample concentrate on
the design of the compressor itself. As described in the original report [2], the
differences can be transmitted in either of two ways: using a Huffman encoder, or by a
more recent approach called tree encoding [i,)_ Ordinary predictive DPCM makes a IMS
prediction of the next sample basced on some statistical knowledge of the source and
transmits the difference==irregardless of its size. A *rcv encoder uses the same
predictor with an addition; it can look at the difference and, if necessary, modify its
prediction. Sin- e each sct ot prior samples can have multiple predictions extending
from it, the prediction scqgquence has the branchlike structure of a tree and hence the

name tree encoding. Huffman coding offers the possibility of exact reproduction of the
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transmitted sequence, but at a cost (in bits transmitted per sample) dependent on the

probability structure of the differences.
ultimate in compression (one bit transmitted per sample), but at the cost of only being

able to reproduce the sequence to within a distortion measure.

is more appropriate is an open question.

reducing the total number of bits required for transmission and storage.

Second, it is now appropriate to consider deleting samples as a means of further

the quality of the interpolated waveform of Figure 4 it is apparent that there is

room for significant gain. One possibility worth examining is the least-mean-square

predictor .in'its non-adaptive full beat form. However, the success of the simple

4-point quédratic interpolator certainly suggests that it and other relatively simple

algorithms should not be hcg]octed.

(1]

(2]

(3]
(4]

(5]
(6]
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THE ENTROPY OF A DIGITIZED ELECTROCARDIAGRAM

Michael Hankamer
F. Q. Khatib
Department of Electrical Engineering
Texas A&I University

Kingsville, Texas 78363
Introduction

Digitization of electrocardiagrams (ECG's) has become increasingly popular, for a
variety of reasons. Digital transmission has a much greater noise immunity for a fixed
signal-to-noise ratio. The decreasing cost of microprocessors and other digital logic
has p;;vided,the ability to do significant signal processing and control cheaply; thus
the ECG can be econoﬁically sampled, digitized, and pre-processed into an efficient
transmission format. Mass storagekis becoming economical: a received ECG may be
electronically qtored in lieu of béing restored to analog form. Finally, digital
processing of ECG's is an accomplished fact: there are now practical algorithms for
routine diagnostic use.
American Heart Association standards [1] for digitizing electrocardiagrams call

(1)

for an effective bit rate of 4500 bps per lead of data. A "dial-up" digital

telephone modem typically operates at 2400 bps, so it follows that real-;ime data
transmission is not feasible without some form of data compression(z).

Algorithms fall into two general catagories: time and frequency compression.
Both have been well-covered in the literature; for example, representative time
compression algorithms can be found in Dower and Stewart [2), Cox, et.al. [3], and
Weaver [4]. Frequency compression algorithms can be found in Young and Huggens [sl,

Ahmed, et.al. [6], and Womble, et.al. [7]. In both catagories, maximum compression

ratios of about 10:1 have been reported.

i) 500 samples per second at 9 bit quantization per sample.

el Compressed data also requires much less storage.
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Recently Shannon's noiseless coding theorem [8] and the Huffman coding procedure
[9) have been discovered by those interested in ECG data compression. Roughly, the
noiseless coding theorem declares that for any source there exists a code whose
average message length is lower-bounded by a quantity called the entropy of that
source. The Huffman procedure is an explicit construction method of generating a code
most nearly meeting the lower bound. For example, suppose a digitized ECG has an
entropy of 3.8 bits/sample. Then there exists a code for transmitting that ECG having
average word length lower-bounded by 3.8 bits/sample. Assuming 500 a sample/second
rate and a Huffman code meeting the lower bound, the average transmission rate for the
coded E€G is 1900 bps, a compression ratio of 2.37:1 from the standard rate of 4500
bps.\'

The notion of entropy offers more than just a lower bound for directly encoding
the digitized ECG messages. Entropy can be defined for sources with memory, in which
case the change in entropy with memory length may be useful in determining the optimum
length of prediction algorithms used for data compression. Entropy may change with
quantization (the number of possible messages), from which it may be possible to define
an optimal quantization level. Entropy may vary with sample rate, in which case an
optimum sample rate may be found. These possibilities are examined in more detail in
the following sections.

Entropy of a Markov Source

¢ 5 N
Let S be a discrete-time source with each message quantized to one of 2 levels
(the source contains‘zN messages). The source S emits a message sequence with each
message s, drawn independently from the set of all messages with probability p;-

Then the entropy HO(S) is defined

2N

= Z p, log (p,) (1)
i i i

h
HO(S) =

If the logarithm is base-2, the entropy is expressed in bits/message(3).

(3) In this paper the logarithms will always be expressed base 2.




an

ey

2

]

aw

< s kil

LR

LU

i
el

¥ Sigat ==

e
[ SISy

S ————— ——————— N ks e |

3

The source S is a zero-memory Markov source if it can be completely described by
the source messages si and their probabilities pi: i.e., the occurrence of a message
is independent of occurrence of a prior message.

The zero memory source is quite restrictive for some applications. A more general
model for S is one in which the occurrence of a symbol s; depends on a finite number
(M) of preceding messages. Such a source is called a Markbv source of order M and is
specified by giving the source messages S and their conditional probabilities

T N
p(silsji,sjz,...,sjm) for 1,32 0,2, .04 2 s

The ordered sequence of the M prior samples is known as the state of the source.

The Mtp order Markov source has ZNM states; each state has state entropy defined by

N

N
2
) £ - ]

H(Sls. 'S
i1 i

j2""'s5M )) (2)

g p(silsjl,sjz,,..,sju) log(p(silsjl,sjz,...,sjM

The average of (2) over all the possible state is the entropy of the M‘-'h order Markov

source.

2N 2N 2N N

HM(S)Q- o e h);

2
et j izl P(S515,1085 5000 S5y) log(P(Silsjl.sjz.....st)) (3)

=1

Entropy and Prediction Algorithms

Most time compression schemes use a prediction algorithm to predict the next data
sample from some prior knowledge -- only the difference from the predicted value is
transmitted. Compression occurs if the predictor is good and the differences are
small compared to the'samples. The simplest example is differential PCM: the
difference between adjacent samples, rather than the samples themselves, is transmitted.
Differential PCM treats the source as Markov of order 1; the next sample is' assumed to

not differ much from the current sample. An order 2 approximation might be that of

linear extrapolation; the next sample is estimated to be the linear extrapolate of

the two prior samples.

Suppose entropy is a non-increasing function of source order; that is,

et i L i
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HM(S) < HK(S) for M > K. (1)

Since the order of a Markov source corresponds roughly
to predicto length, the change is source entropy with source order should give some
indication of the expected effectiveness of a prediction algorithm.

A FORTRAN program has been run on an IBM 360 computer to calculate the entropy
(up to fourth order) of any given data sequence. Digitized vectorcardiagram data
has been supplied by the School of Aerospace Medicine, Brooks AFB, Texas for use in
computing entropies. The results of one such test are given in Figure 1. The data
from which the entropies were computed was taken at 500 samples per second with a
message quantization of 11 bits per sample. The reduction in entropy with increaéing

source order is dramatic. From order zero to order one, a reduction of about 7:1 is

achievéd. Further reduction of typically 3-4 to 1 is possible for each unit increase
8 ;
7. r T T
— 6 d e
)
o
I
2 . 54
g' 4 Lead 1 Lead 2 Lead 3
a
Ty
2
e} 2-
o
(5]
1-1
0d
v I | R | 1 - v L T 1 r T T - ~1
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
Order of The Markov Source
Figure 1: Entropy of VCG Modeled as a Markov Source

(1)

Roughly, since the entropy is defined for the message probabilities; any predictor
uses the messages themselves.
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of the source order.

From Figure 1 it is clear that the digitized electrocardiagram is highly correlated
sample-to-sample; thus significant data compression is probably achievable with a
prediction -algorithm of limited complexity. Some success has been reported. Weaver [4)
has achieved a 4:1 compression using a clever second-order interpolator. Hankamer [10]
proposed an adaptive variable-length estimation algorithm in 1978; research now in
progress with short length versions indicates 3-4 to one compression ratios are easily
achievable.

From the entropy versus source order data, it appears that short algorithms, such
as thqsenofGWeaver and Hankamer, offer the most potential for significant compression.
The‘rgéio Hi-l(s)/ﬂi(s)' which we presume to measure the compression capability of a
prediction algorithm,’ is greatest for {=1 for each lead. For {>1, the savings are
smaller; moreover, the reduction of the entropy below 1 bit/message implies that
multiple messages must be combined for transmission. This is possible, but at the
added cost of increased complexity.

The Relationship of Entropy to Data Quality

Data quality is clearly affected by both sample rate and sample quantization.

It would be convenient if the source entropy were also directly affected by rate and
guantization. Unfortunately it is not to be, for entropy is not defined in terms of
the number of messages or message precision, but in terms of the message probabilities
instead. The message probabilities are only indirectly affected by changes in sample
rate and quantization.

The data from which the entropies in Figure 1 were taken has been "massaged" to
reflect varying sample rates and quantization levels. The results are shown in
Figure 2 and 3 for lead 1 of the test vectorcardiagram. Consider first the entropy
as a function of sample rate -- Figure 2. The increase in entropy clearly slows as
the sample rate‘increases; but at what sample rate the law of diminishing return takes

effect is not clear. Similarly, consider the quantization curve of Figure 3. Some

R
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Figure 3: Zero Order Entropy as a Function of Sample Quantization

flattening is apparent, but any significance is not obvious.




There is no simple interpretation of the flattening of the entropy curves of
Figures 2 and 3. However, we can give some insight into the effects of sample rate
and quantization on entropy. Consider first the change of entropy with sample rate.

Suppose S has M independent, equally probable messages. Then

L s

z L 1
q L HO(S) = - 121 § log (ﬁ) = log M (4)

Suppose that the sample rate is increased K times (S has now KM messages) and that the

k= new messages are independent of the original set and equally probable“’ Then

R T T R T
RS oo M A A S

KM
1 1
| 0 Hy(S) = - 121 %1 109 G5 = log (KM) = log M + log K (5)

& ~u

The maximum increase in entropy corresponding to a K-fold increase in sample rate is

log K bits per sample. Conversely, suppose that in increasing the sample rate K times,

il s

each of the K new samples is identical to the old sample immediately preceding it.

Then the relative probabilities of the messages remain unchanged, and hence the

entropy does not change. We see, then, that the entropy change due to sampling rate,

AHO(K), is bounded above and below by
0 < AHO(K) < log K (6)

The bounds and entropies for each of the 3 leads of the test vectorcardiagram are

N R Bl

given in Figure 4 for 11 bit quantization.
The data points clearly split the middle between the bounds suggesting that, on

the average, new states are created by increased sampling a little over half the time:

about what one would expect "at random" (e.g., if the increased sampling rate were

1 11 measuring an additive noise fluctuation). Conversely, it is also true that for a
resting electrocardiagram, the electrical activity is essentially dormant about half

1 ‘ the time and would probably not be changing.

? "; ‘
g ] E, (4) Note the assumption that the number of possible messages is presumed to be much
{ ;, larger than the actual number of messages in S.
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On the change in entropy with quantization, we again consider a very simple

i
|
|
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model. Let S be a source with zero-order entropy uo(s). S has a total of M messages,
N (<M) of which are unique. The remaining (M-N) are repeated. Figure 5 iﬁdicates the

source structure. For this source

L L £ L
N 1 1 g
HO(S) sl log (i) i log (ﬁ"l‘) R ’_1_1_ log (—‘MI) (7)

e Sl A Gl ot B s e

Now suppose that each message belonging to S is requantized using one additional bit. |

R e W b S
i

- The N unique messages are unaffected, but on the average the N-M repeated messages 1
s subdivide into two messages. Suppose they subdivide equally. Then ?
At e B ¢ .
B w8 % =8 tag 2y - = tog (22 - log o) - v o e fl-log (flo (8)
T 0 M. M 2M 2M 2M 2M AN 2L 2M 2M 2M ,
3 e -t—l-lo (l—l) - fl1 (fl) (9)
e Gl e B R e :
i 2 2 L 2
! PR SO B Coh Sl e
| : ?O(S) e log (M) m log (M ) s M log (M ) (10)
4 L
1 I
+T1092+"'+1_4-1092
s i : M-N .'
=Hy(S) + 5 (L + ...+ £) = H(S) + (11)
1 N
Hy(8) = B {8) + 1 - & (12)

Equation (12) provides an estimate of the maximum increase in entropy for a unit ;
increase in source quantization. The results are given in Table 1. Hé (S) was computed
from (12) after examiping the VCG data to find N for each quantization level. AH
appears to maximize at a quantization of 8 bits/sample, which suggests that for Q

samll, the increasing quantization is effective, and for Q large the increasing

i T1 quantization may be ineffective -- actually measuring noise effects rather than any

changes in the electrocardiagram itself.

A particularly striking aspect of this study is the interdependence of the

z‘ sampling rate and the sample quantization using the first order entropy Hl(s) as a

;'.' ' tool. Each sampling rate appears to have an optimum quantization level. (See Figure 6.)
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While the results presented in Figure 6 are for lead 1, they are equally sharp for the

other two leads.

TABLE 1
Actual vs., Computed Entropies

1 :
Q HO(S) no(s) AHO(S) :
: : 3 0.81 - -
4 177 1.81 0.04 _
i . 5 2.75 2.71 0.02 1
: 6 3.59 3.74 0.15 ;
. 7 4.47 4.57 0.10
E L1 . 8 83 L 0.20
. . 9 5.97  6.10 0.13
] i 5 10 6.61 6.74 0.13
B 11 7.16 7.28 0.12
|
i i
t P e
- s
I g .8-4
} .7.*
E b
8
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o
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b
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3
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3 5 7
Quantization (bits)

Figure 6: Quantization and Rate Dependence of the First-Order Entropy
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The first order entropy also has another interesting property: it is a measure
of the statistical "regularity" of the electrocardiagram. Suppose S is a Markov
source transmitting a message sequence of N words with each word quantized to k bits.

There are Zk possible messages. Consider the first order entropy of S:

H, (S) 8_ 7 J pes,m 1og pis|m
x A€eS meS

The double summation is over all of the states belonging to S (4€S) and the number of

messages belonging to S (meS). For a first order source, the two are identical; hence

Ho(s) ==- ) ] p(s;,8,) logp (5,]6)) (14)
A A v Aies Aies -4 &l

The conditional probability p(ALIAj) = p(Ai.Aj)/p(bj) from which

H (S) = - E. E. p(Ai.bj) [1og P(8;:87) - log p(bj)]

%

Z' p(Ai,bj) log p(bi,éj)

3

+1 1 P88 log p(s))
3. 2 J J
Aoy,

8, 80) A 4.,4.) + )1 A
' Py, AJ) og pls; ,’ E. p(bj) og P(Aj)

J

= HO(S,S) - HO(S)

The term HO(S,S) is the joint entropy of two beats. It follows that the first order

entropy measures the average uncertainty between different heartbeats from the same

source.

Conclusions and Caveats

The dramatic decrease of source entropy with increasing memory length clearly
shows the potential of relatively simple predictors in data compression algorithms.

For all three leads of the vectorcardiagram studied, one bit per message should be
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sufficient to completely define the next sample given only the single prior sample.
Of course, the entropy function states only that some relétion exists; it does not
give the actual relationship. Prediction algorithms are usually linear and time-
invariant; the actual relationship symbolized by H(S) need be neither. Thus the
entropy function practically gives a lower bound on the achievable. i
The relationship of entropy to data quality is not yet clear. Certainly there is
some relation, as perhaps symbolized by the law of diminishing returns, and seen in :
fg . Figures 2 and 3. In both cases (sampling rate and quantization), it is clear that the
entropy improves as rate and quantization increase, but as judged from the simplistic
models pxesented here, it is not clear whether the change in entropy is a true quality
increase or ﬁimply a reflection of the increased randomness generated by having more
possibilities for messages. It follows, then, that choice of sample rate and

quantization are best left to the user, with one limitation. The first-order entropy

emphasizes the interdependency of sample rate and quantization. They must be chosen
together to best optimize the overall performance.

Finally, the first-order entropy clearly expresses a limits on the practicality

of compression algorithms. In an earlier section the first order entropy was shown to

i~ be a measure of the statistical "regularity" of the electrocardiagram: one might think
i }' of Hl(s) as what is "left over" after the information common to all ECG's is removed.
f Thus a fundaméntal result of this research is that 1 bit/sample probably represents

the limit in "easy” time data compression.
- It must be pointed out that ‘here is one caveat to be applied to the data in this
paper: it was derived from one beat of one patient's electrocardiagram. Certainly these
results are not sufficient to uncritically apply to an entire population. Yet the data
has been tested against other beats from the same patient, and against other ECG'S.
The numbers do change, but the general characteristics remain the same.
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A LEAST MEAN-SQUARE PREDICTION ALGORITHM
FOR DIGITAL ELECTROCARDIAGRAPHY

Michael Hankamer
Department of Electrical Engineering
Texas A&I University
Kingsville, Texas 78363

INTRODUCTION

Digital transmission of electrocardiagrams (ECG's) has become increasingly °

popular. Digital transmission has much greater noise immunity for a fixed signal-to-

¥ oal i
P rics
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noise ratio. The decreasing cost of microprocessors and other digital logic has
i. provided the ability to do significant signal processing and control cheaply. Thus

the ECG can be sampled, digitized, and pre-processed into an efficient transmission

RISV SRSRIIRREES 3 IS
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format economically. Finaiiy, the cost of mass storage is becoming economical: the
received ECG may be electronically stored in discrete form in lieu of being restored
to analog form for later analysis, processing, etc.

Preprocessing into an efficient transmission format is a current problem in
digital electrocardiagraphy. American Heart Association standards [1],call for 500
samples/second 225.1229 at a precision of 9 bits/sample: for a 3-lead vectorcardiagram
(VCG) a data‘rate of 13.5 Kbps is called for.  Since an unconditioned (dial-up) voice-

grade telephone modem has a typical'data rate capability of 2400 bps, it fgllows that

s

for real-time transmission, the VCG/ECG must be preprocessed: compressed into a 4
v

——

{ ? fewer number of bits/second.
Compression algorithms fall into two categories: time and frequency. Both are

well covered in the literature. Representative time compression algorithms can be

found in Dower and Stewart [2], Cox, et.al., [3], and Weaver [4]; representative

frequency compression algorithms are described in Young and Huggins [5], Ahmed, et.al.
%v [6], and Womble, et.al. [7]. 1In both categories, compression ratios of about 10:1
have been reported. The frequency representation has received somewhat more emphasis

in light ‘of its traditional attachment to pattern recognition while time representations
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have received somewhat less emphasis in light of their attachment to the transmission
problem~--appropriate algorithms have not been economical.

Womble, et.al. used the optimum least mean-square (LMS) frequency representation
in a compression algorithm. This paper considers one part of the complementary
solution: a least mean-square time representation of the digitized electrocardiagram.
Womble used a large ensemble of patient electrocardiaqgrams to find the eigenvectors of
the Karhuuen-Loeve expansion. Then, using the eigenvectors, an individual electro-
cardiagram was decomposed, and the 20 or so largest eigenvalues transmitted to the
receiver, whereupon the least-mean-square estimate of the transmitted electrocardiagram
was assembled. The complementary solution to be discussed here uses the same
statistical ensemble to produce an estimate of the digitized electrocardiagram; the
estimate is then subtracted out and only the differences transmitted. At the receiver,
the estimate is regenerated and the differences added back in to produce the original

electrocardiagram.

THE PREDICTION ALGORITHM

The sampled electrocardiagram is modeled as a periodically stationary random

sequence; that is, one for which
E{s(n)} = E{s(n+kN) } (1)

qu(n,m) A Els(m)s@m)} = Els(n+kN) s (m+fn) } A Rss(n+kN,m+£N) (2)

for some positive integer N and any integers R,f,m, and n. It must be noted that the
actual ECG data sequence is not periodically stationary; however, with proper
"massaging” (baseline removal, gain control, blocking and centering about a fiducial
point, etc.) it can be made so. Womble, et.al., used these techniques in preparing

ECG data for frequency compression; .n this paper such steps are assumed.

Given the periodically stationery random sequence s we wish to predict the nth

g
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member s(n) given the L preceeding members s(n-1),s(n-2),...,s(n~L). We restrict

ourselves to linear, minimum mean-square-error (LMMSE) predictors of the form

s(n) = a;s(n-1) + a,s(n-2) + ... + a s(-L) = ATg (3)

> - g A T T
where s(n) is the prediction, and A" = {al,az,...,aL} and s = {s(n-1),s(n-2),...,
s (n-L)} are Lx1 row vectors. The mean-square prediction error, ez(n) = [s(u)-s(n)]z,

can be written in matrix form as

ez(n) = [ATgfs(n)][AT§;S(n)]T
which becomes

o2 = aTss™a - 2aTssm) + s (4)

Taking the expected value of the mean-squared error (MSE) gives
2 ) A Ele’ (M)} = ATE{ggT}A - 22 Elss(m) ) + E{s2(n) (5)

L T ; o ; ; ; ; :
The matrix ss is LxL; its ijth element is s(n~4)s(n-y). Taking the expectation over
all elements yields the LxL symmetric correlation matrix As. The column vector ss(#)
has as the iEE.element s(N-4)s (n); taking the expectation over all elements yields the

correlation vector I'. Thus
£ fn) = ATASA - 2aTr + E(s%(m} (6)

The elements of the column vector A have not yet been chosen--we will use them to
SGh o ; : . 2 i
minimize E%ﬂ). To effect the minimization, set the derivative of £ (n) with respect

to A equal to zero.

ae2 ).

2\ T
A = ASA + (A As) -2I'=0 (7)

Noting that As = AZ by symmetry, we can solve for A to get

-

A 4 (A (8)
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from which it follows that the minimum mean-squared error is given by

e2im) = Blsttm)) - I‘TA;]‘ r (9)

for each n. Note that the minimum mean-squared error ez(n) depends on Nn: the predictor
is adaptive. This results from the random sequence s being at most periodically
stationary. Wide-sense stationarity would be required to make the minimum mean-square
error independent of n,

Suppose M=N: one full period is used in forming the estimate of the next sample.
Since the random sequence is periodically stationary, it can be shown that the matrix
As is circulatory; As(n+l) di ffers from As(n) by just a row and colum shift. For this
case the column vector I' is identically the last colum of As and it follows that the
=il

optimal predictor Ao (=l\s

nt I') is exactly the vector {O,O,...,l}T. The optimum

prediction is the sample value from one period earlier; the optimal LMMSE predictor of
a heartbeat is the prior beat.

This answer is intuitive, and not particularly helpful, since by implication the
first beat must be sent in full. In this paper we utilize a short predictor (I=1,2,3)
compared to the electrocardiagram period (N=351). The predictor is adaptive from
sample-to-sample (both A and I' depend on n) and period-to-period (the correlations

comprising A and ' are continuously updated as new samples are received).

SIMULATION RESULTS

The prediction algorithm, as defined by equations (3) and (8), was simulated on
an IBM 360/65 computer using predictor lengths L of 1, 2, and 3. The algorithm was
fully adaptive, in that the correlation functions comprising the matrices A and T were
updated each sample. Digitized vectorcardiagram data was supplied by the School of
Aerospace Medicine at Brooks AFB, Texas, for use in testing the algorithm.

Results were quite pleasing. Before considering the Figures and Tables in detail,

we can summarize as follows. The prediction algorithm generally behaves quite well.
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The predicted value is nearly always within 10% of the true value. The predictor
seems to be relatively insensitive to parameter changes. It is adaptive. The original
correlations on which the prediction is based are generated on the basis of an "average"
heartbeat; as the original correlations are updated with "personal" information on the
heartbeat being predicted, the prediction clearly improves.

Figure 1 ((a)-(e)) gives the prediytor performance versus the original data for |
lead 1 of a sample vectorcardiagram. The data was taken at 500 samples/second and 11
bits/sample. The original data is shown as a solid line; the predicted data (every
second point) is given by the (+) signs. The error at the peak of the R-wave on beat
1 is 16%; by beat 5 that error has decreased to less than 4%. The L=2 and L=3
estimators are shown for the same lead of the vectorcardiagram in Figures 2 and 3
respectively. Only the first and last beats of the 5 beat sequence are given. It is
to be noted that increasing the length of the estimator does not appear to significantly
improve the quality of the estimates, for in both cases the first beat peak error is
about 17%, decreasing to about 5% on the fifth beat.

Table 1 is a quantization of the results shown in Figure 1, giving the maximum
error, average error, standard deviation of the error, and entropy of the error for
the five beats of the vectorcardiagram. The vectorcardiagram range is from about
-150 to +1200, for a total range of 1350. Thus a maximum error of 150 represents about
11% of full scale. The entropy is more fully discussed in a companion paper [8], but
roughly can be said to measuré the minimum number of bits required to transmit a
sample, on the average. Starting with 11 bits/sample, the predictor represents a
compression gain of about 2:1 for the first beat, increasing to about 3:1 by the fifth
beat. Although the tabular data for the L=2 and L=3 predictors are not given, they are
typically the same.

The adaptive nature of the predictor is clearly desirable. Figure 4 shows the

predicted versus actual vectorcardiagram that was used in Figure 1: the only difference

being that the predictor was never updated as the new samples entered. The first beat

A T e e i il 13 S i il
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((a) in both Figures 1 and 4) shows that neither is on the mark -- if anything, the
nonadaptive estimator might be a little closer. But by beat five ((e) in both Figures),
the non-adaptive estimator is still as far away from the actual beat as it was in beat
one. The adaptive predictor, on the other hand, is very close to the true value.

Table 2 compares the predictor errors for beats one and 5; the superiority of the
adaptive predictor is evident.

The adaptive predictor is also insensitive to parameter changes: as evidence,
consider the vectorcardiagram of Figure 5. The VCG #T12329 was effectively reduced to
125 samples/second by using every fou;th sample and 7 bit quantization by dividing
each sample by 16(24). Nonetheless, as evidenced by the Figure, the predicted value
is still close to the actual value, and converging as the number of beats increases.
There is some evidence of a loss of pefformance during the Q wave and the S-T interval;
but this loss is most likely due to the low sampling rate rather than any inadequacy

of the algorithm.

CONCLUSIONS

This algorithm for data prediction should prove useful for any discrete signal
sequence that can be modeled as a periodically stationary random seqguence. The
algorithm error seems to be relatively robust: independent of both guantization and
sample rate -- at least within reasonable limits. Sampling rate and quantization are
interdependent [8], and because of aliasing, it is doubtful if the predictor is
capable of operating correctly below the Nyquist rate.

The L=1 predictor algorithm appears to be the most practical for implementation.
The L=2 and L=3 predictors, although good, consistently had average error and standard
deviations close to or slightly worse than those associated with the less complex L=1
predictor. Other research (e.g., [8]) also implies that unit length predictors offer
the best "gain" per-unit complexity. Presuming a unit-length predictor, this

research tends to indicate that a practical maximum compression of 3-4 to 1 is the
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ultimate achievable by this method. Further compression would require less than

perfect reproduction, perhaps by not sending all the samples, or possibly by sending
only approximations to the differences. The latter appears chancy, since the
differences are used to reconstruct the succeeding samples. The former method offers
some hope, since it is not difficult to extend the prediction algorithm to a full-period

interpolation. That extension is in progress and will be reported at a later date.
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TABLE 1

Predictor Errors for VCG #T12329 Lead 1

R = I I S

Max. Error Avg. Error Std. Dev. Entropy
165 19.9 31.2 5.5
147 17.3 28.3 5.6

500 samples/second at 11 bit quantization
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TABLE 2

A Comparison of the Non-Adaptive and Adaptive Predictor Errors

Predictor Beat No. Max. Error | Avg. Error Std. Dev. Entropy
Adaptive 1 165 19.9 31.2 5.5
Nonadaptive 1 110 12.3 20.6 5.2
Adaptive 2 76 2.9 12.0 3.8
Nonadaptive 2 140 11.9 23:5 5. 3
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The Full Period Interpolator

SR

Consider an N-element sample, of which only every kth equally spaced element is
known. The remaining N-K elements must be interpolated from the K known elements.

Let §$ = s}, She1? Sohapr ccce Syl be the vector of known samples, where k = ==

N-1 ;
7 i ;

Let S£ be the sample being interpolated, and suppose

~

T
e
Sp = By By

Then the error ¢ Q (Sl - se) = (Sf - AT 5.). sduarinq the error gives

o

o o bR prmsee ! T

Cp T op ~ A RS, Sk B
T S e

Spr e M T E T M e Sy

This is the mean-squared error for the estimate SC‘ The total mean-squared error is

z cz . Minimizing the total mean-squared-ertor is equivalent to minimizing each
all £

term individually, so

~ N

ll A\l ’l‘ T
= ~2(8. Sp) £ 2, 5 v 5 =0
(Bp Hgh L BRp Sy " 39

>

7|

~

Taking the expectation and solving for ne yields

where A is the symmetric correlation matrix of the transmitted samples (that is,

111 = E{sl,sl}; A12

of the Lth interpolate with the members of the transmitted samples

= E{Sl'sk+l}’ Ay ™ E{Sk+1'sk01}) and Fc is the correlation vector

(711 = B(SL.SI): Yy = B(St'5k+1})‘ Since this representation is valid for each
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interpolate S, 1<f<ui-k, we see that the vector of interpolates
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to be the (N-k)x(k) matrix of interpolate

correlations and we have the desired full beat interpolator.
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1
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Note that T and A are invariant; they do not chande as new beats enter the interpolator.

The interpolation scheme is thus a large matrix product; it does not involve any matrix

inversion.
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INTEGER 1L(3)

REAL. LAMDACA,4) 1 DET

DIMENSION L.(4),M(4)

DIMENSION H(3%296) LAMACA) 9 ALFACAY)
DIMENSION S(351)yX(3G1) o DIFFC351)
DATA NDEX1/1/yNDEX2/1/

READ IN THE PREDICTOR CONTROL INFORMATION
LEN -~ FREDICTOR LENGTH
NRATE -~ SAMFLE RATE (MAX 18 5500)
MAXI -- NUMEBER OF BEATS T0 BE FROCESSED
1IQ -~ QUANTIZATION LEVEL IN RITS

WRITE(6,890)

FORMAT (1HO» ‘GIVE THE FREDICTOR CONTROL INFORMATION’/5X»
2'FREDICTOR LENGIH (1%) /65Xy ‘SANFLE RATE (I5) /75Xy

J NUMBER OF BEATS (15) /706Xy “QUANTIZATION LEVEL (IS)/75X» X" 94Xy
47X 94Xy "X 94Xy ' X")

REAI(6»910) LENNRATE»MAXI»IQ

FORMAT (A41%)

READ AND ECHO THE VCG IDENTIFICATION DATA

READ(S»9200) IhslEAD

FORMAT (3A294Xr11)

WRITE(6,%201) IDrLEAD

FORMAT (1H1, 'VCG TN NUMBER “»3A2y° LEAD “»[1)

READ IN THE AVERAGE HEARTREAT

READN(S»9220) (H(I»1)yI=19351)
FORMAT(7F10.0)

RELOCATE SAMFLES APFROPRIATE TO THE DESIRED SAMFLING RATE

NA=INT (500 /NRATEAO . 5)
N=INT (351, /NALO.5)
IF(NALEQ.1) GO TO 12
NX=N+1

Do 329 1=29NX
NI=NAKC(T-1) 41
HCIp1)=HONDY 1)
IDIV=2%k(11-1Q)

DO 330 I:=19N
H(Is1)=H(Is1)/1DIV

INITIALIZE THE CORKELATION COMPUTATIONS

LX=LEN+1
DO 8 I=1sN




I1I=N-1I+41

DO 8 J=1s1X
NNENES! '
JK=11~J41 4
IFCIKLELO) JR=JIK4N f
E HOITo D) =H(TIs1)RH(IKp 1) REXF (-0, 1%.)) i
| L 8 CONTINUVE t
z 990  FORMAT(1X,6F10.0) 13
c 13
c READ IN THE SAMFLE VALUES FOR A BEAT |
4 c r
E 13 READ(S91010) (S(1)sI=1,351) E
b | 1010 FORMAT(12F6.0) i
c §
c SELECT ONLY THOSE SAMFLES TO BE USED
C p-
IF(NALEQ.1) GO TO 334
DO 333 I=2,N !

ND=NAX(I-1)
333 S(I)=S(ND)
334 CONTINUE

Do 332 I=1sN
332 S(I)=4C1)/1hLV

C z

C COMPFUTE THE CORKELATLIONS--MATRIX LAMDA AND VECTOR GAMA

c i

17 DO 10 I=141LEN i
IT=N+1-1 ]
N 2

DO 10 J=1sLEN
LAMDACT» J) =H(TEsK)
LAMDACTy 1) =L.ANDACLy.))
10 K=K+1
DO 20 J=1,LEN
0 GAMACI) =H (1 J42)

2

(5 :
C START TO FORM THE ESTIMATE, INVERT THE MATRIX LAMDA. E
c ]

IFCLEN.GT.1) GO TO 22
LAMDACL v 1) =1, /7L AMDACL» 1)
GO TO 35 :

22 CALL INVERT (LAMDA2LEN,DET)
IFCDET.NE.O.) GO TO 30
WRITE(692000) NDEX:2

-8 2000 FORMAT(IH » ' DETERMINANT ALMOST SINGULAR -~ EXTRAPOLATE ESTIMATE’»I

ey | 29)

. 25 XCNDEX2) =24AH(N»1)~-H(N-191)

. G0 TO 50

30 CONTINUE

C
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COMFUTE THE OFTIMAL FREDICTOR COEFFICIENTS

DO 40 I=1sLEN

ALFACI)=0.

N0 40 J=1+LEN

ALFACD) =ALFACT) 4L.AMDACT » J) XGAMA (D)
CONT INUE

ESTIMATE THE NEXT SAMPLE

X(NDEX2)=0,

DO S50 I=1sLEN

XCNDEX2)=X(NDEXO) 4ALFACI)XH(N+L1-1v1)
CONTINUE

X(NDEX2)=AINT(X(NDEX2)40.5)

COMFUTE THE DIFFERENCE BETWEEN THE DATA ANDO THE ESTIMATE.
DIFF (NDEX2) =6 (NIEXZ) ~X (NLEX2)
UFDATE THE CORRELATION FUNCTIONS

Ly=LX+1

DO 60 JM=2sLY

H(352,J)=H(1y))

DO 65 I=1»N

DO 65 J=1,yLY

H(I»J)=H(I+1y))

H(N» 1)=8S(NLEX2)

DO 70 J=2»LY

H(Ny )= (NDEXTRKH (3529 0) tH(Ns 1) XH(NE2-Jy 1)) /(NDEX1+1)

HAVE WE REACHED THE END OF THE DATA?
NDEX2=NDEX2+1

IF(NDEX2.LE.N) GO TO 17
NDEX2=NDEX2-N

FRINT THE DATA FOR THIS BEAT

WRITE(6,2010) NDEX1
FORMATC(IHO» 55Xy "DATA FOR BEAT NUMBER »12/76Xy  SAMFLE “ »

20Xy ESTIMATE »HX» 'DIFFERENCE *)

WRITE(692020) (SCI)oXCI) o DIFF(I) v I=19N)
FORMAT(6X FLH.096X9F6.098XFH40)
WRITE(792020) (S(I) o X(D)oDIFF(I) v I=19sN)

COMFUTE THE DIFFLRENCE AVERAGE» MEAN-SQUARE ERROR» AND ENTROPY.

SUM:=0

RS b s




SUM2=0,
ENTRFY=0,
NEX=N-1
DO 120 I=1sNEX
IF(DIFF(I) L EQ.999999.) GO TO 120
SUM=SUM+DIFF (1)
SUM2=SUM24DTFF (1) RDIFF (1)
COUNT =1,
IEX=141
DO 110 J=IEXsN
IF(DIFFCD) WNEJDIFFCD) GO TO 110
SUM=SUM+DIFF (.J)
SUM2=SUM2+DTFF (D XDLFF ()
| DIFF(J)=999999,
COUNT=COUNT41,
8 110 CONTINUE
2 ENTREY=ENTREY-1,4427% (COUNT/N) ¥ALOG CCOUNT/N)
i
4

Wk B

R L

SR TR

120 CONTINUE
SUM=5UM/N
SUM2=5UM2/N
WRITE(652030) SUMsSUM2YENTRFY

2030 FORMAT(1HO» ' THE AVERAGE OF THE DIFFERENCES IS ‘yFé6.1/71H »’THE MEAN
2-SQUARE ERROKR IS “sF10.2/1H ' THE ENTROFY OF THE DIFFERENCES IS ‘»
SFG.19 7 BITS’)

R -
Wb FEES TGS R SRR &

STOF?  OR ANOTHER BEAT?

(il Slap )

NDEX1=NDEX1+1

IF(NDEX1.LE.MAXI) GO TO 13
ENDFILE 7

STOF

END

SUBROUTINE INVERT(LAMDASLENSLDET)
REAL. LAMDA(A94)9A(A5»08)

DET=1.,

INITIALIZE THE A MATRIX

aonoo

Do S5 I=1.4

Do % J=1,8
ACLy»))=0,

DO 20 I=1,LEN

DO 10 J=1,LEN

10 ACTy D) =LAMDACTy.J)
0 ACT»A+T) =1,

14,

FERFORM THE TNVEKRSTON BY ELEMENTARY ROW REDUCTIONS
ON THE MATRIX A

acoooan

[ 1 DO 45 I=1,0LEN
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70
80
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IF(ACII1).EQ.0.) GO TO 70
DO 30 J=IsLEN

IF(ACI,I) EQ.0.) GO TO 30
TEMF=A(Js 1)

DO 30 K=I,8

ACIIK)=ACIYN) /TENMF
CONTINUE

ID=1I+1

IFCID.GT.LEN) GO TO 40

DO 40 J=IDsLERN
TEMF=A(J, 1)

[0 40 K=1+8
IFCTEMF.EQ. 1) ACHK)=ACIIK)-ACTIK)
CONTINUE

CONTINUE

LAMDA IS IN UFFER TRIANGULAR FORM--COMFLETE THE REDUCTION

LL=LEN-1

o 55 I=1,LL

I1J=1+1

D0 50 J=IJyLEN
TEMF=A(I,.))

00 %0 K=J,0
ACTIK)=AC1sK)~TEMFXACIIN)
CONTINUE

RETURN THE INVERSE MATRIX T0O LAMDA

DO 60 I=1sLEN

0 60 J=1sLEN
LAMDAC(J» I)=AC)»44T)
LAMDACI v J) =LAMDACI» 1)
GO TO 80

DET=0,

RETURN

END







