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ABSTRACT

The object of this study is to present new results concerning the -

integral—equation—Green—function method of solution of the basic linearized

problem of potential flow of regular water waves about a body. Specifically,

this basic potential—flow problem consists in determining the velocity potential

given by the solution of the Laplace equation subject to the usual linearized

boundary condition on the mean free surface and to a Neumann condition on

the mean body surface. The main results of the study are: (i) a new integral

equation for determining the velocity potential, (ii) a relatively simple

explicit approximate solution of this integral equation , and (iii) asymptotic

expansions, ascending series , and one—dimensional Taylor series expansions

for efficient numerical evaluation of the Green function.
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Introduction

The object of this study is to present new results concerning the

integral—equation—Green—function method of solution of the basic linearized

problem of potential flow of regular (time—harmonic) water waves about a

body . Particular problems of practical interest encompassed in this basic

potential—flow problem are the usual problems of wave diffraction, in which

the body is held fixed , and of wave radiation , in wh ich the body is forced

to oscillate about a mean position in otherwise calm water; the problem of
linearized motion of a f reely—float ing body in regular waves can be decomposed

into such a wave—diffraction and six fundamental wave—radiation problems

(corresponding to the six possible degrees of freedom of motion of an unre-

strained rigid body), as is well known. However, this study is not concerned

with these important particular problems per se, but with the development of

a general method of solution of the basic potential—flow problem common to

these practical problems. Specifically,  this basic potential—flow problem

consists in determining the velocity potential (~) given by the solution of
the Laplace equation subject to the usual linearized boundary condition on

the mean free surface and to a Neumann condition (specified normal derivative

on the mean body surface.

The main results obtained in this study are a new integral equation

for determining the velocity potential , and asymptotic expansions , ascending

series, and one—dimensional Taylor series expansions for fast and easy numerical

evaluation of the Green function (i.e. the velocity potential of the flow

caused by a source of pulsating strength at a fixed position in otherwise calm

water); furthermore, a relatively simple explicit approximation for the velocity

potential is given, although the practical usefulness of this explicit

approximate solution remains to be tested numerically. The plan and content

of the study are briefly described below.

The basic potential—flow problem is formulated in section 1. In section

2, the Green function associated with the linearized free—surface boundary

condition is defined, and the classical expression — in terms of a double

integral — for this fundamental function is briefly derived . The main result

of section 2 is stated by equations (2.13) and (2.14). Equations (2.13) are

well known; these equations, however, are valid only for ~ strictly negative,

and equations (2.14) are proper in the limiting case ~ 0.

.— - -—- - - --- - - - --—— -- -- - — --—--- -——- — - - —. -.- -— -—-
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2

This distinction is important in section 3, where fundamental integral

identities verified by the velocity potential are obtained by using equations

(2.13) and (2.14) in the classical Green identity (3.1). Identities (3.6a,b ,c)

are well known [although the particular case of these equations corresponding

to = 0 = ~~—f(l+ic)
2
~ is usually given in the literature , and the traditional

derivation of these identities from the Green identity (3.1) is somewhat different

from that shown in this study]. The main result of section 3, however , is the

integral identity (3.9). This new integral identity is valid outside , inside,

and on the body , and thus is equivalent to the set of the three classical identities

(3.6a,b ,c). An interesting alternative form of the integral identity (3.9) is

given by equation (3.10), which involves a “modified Green function”. Although

the present study is primarily concerned with the “exterior potential—flow
— problem”, that is the problem of flow about a body, the integral identities

corresponding to identities (3.6), (3.9) and (3.10) are also given for the

“interior potential—flow problem”. It is interesting that whereas the classical

identities (3.6a,b ,c) and (3.lla ,b,c) for the exterior and interior problems,

respectively , are identical (provided only one properly interchanges the terms

“exterior” and “interior”), identities (3.9) and (3.12), or the equivalent

alternative identities (3.10) and (3.13), are not identical. In particular

identities (3.10) and (3.13), although identical in form, involve the different

“modified Green functions” ~ and G
1 defined by equations (3.lOa) and (3.13a)

for the “exterior” and “interior” problems, respectively . The zero—and infinite—

frequency limits finally are briefly considered .

Section 4 is mainly concerned with the usual linearized problem of

flow of regular waves about a body. In this important special case, the

general integral identity (3.9) becomes equation (4.2), which provides an

integral equation for determining the potential ~ on the body surface. This

new integral equation is one of the major results of the present study, and it

is discussed in SOL detail. In particular, a notable feature distinguishing

the integral equat ’ i (4.2) from the classical integral equation (3.1) and

analogous integral equations is that every term in equation (4.2) is continuous

at the body surface. Another interesting feature of the integral equation

(4.2) is the presence of the “waterplane integral” defined by formula ~3.9a)

in the case of a free—surface piercing body. (This waterplane integral is

not present in the case of a fully—submerged body). A simple explanation for

_ _ _ _ _ _  
rn ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _
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the occurence of the “waterplane integral” is provided by considering a

f ree—surface piercing body as the “zero—submergence limit ” of a slightly—
submerged body consisting of the mean wetted surface of the body closed by a

horizontal “lid” . A relatively simple explicit approximation for the velocity

potential ~~, defined by formulas (4.8) and (4.3), is f inally given; this
explicit approximate solution is one of the main results of the present study.

A major difficulty in the numerical solution of the integral equation

(4.2) or in the evaluation of the approximation (4.8) stems from the fact

that calculation of the basic double—integral representation of the Green

function given by expression (2.lOb) , or by the alternative expression (2.lOa) ,

requires excessive computing time. The object of the remaining five sections

of the study thus is to obtain simplified expressions for the Green function

that can easily and efficiently be evaluated numerically. In a first step,

three alternative and complementary single—integral representations of the

Green function, that is expressions involving single (one—fold) integrals

only, are obtained from the two above—mentioned double—integral representations.

These three single—integral representations, given in section 5, are: (1) the

“Haskind integral representation” (5.8c), which is essentially identical to

an expression obtained (in a different manner) by Raskind [1], (ii) the “near—

field integral representation” (5.11), which was also obtained (independently

and in a different manner) by Martin [2], and (iii) the far—field integral

representation” (5.21), which does not appear to have been given previously.

The “near—field representation” (5.11) and the “far—field representation”

(5.21) are analogous to the single—integral representations of the Green

function of ship—wave—resistance theory given in [3].

In a second step, asymptotic expansions, ascending series, and one—

dimensional Taylor series expansions are obtained from the three above—mentioned

alternative single—integral representations of the Green function. Specifically,

two complementary asymptotic expansions (useful for evaluating the Green

function sufficiently far away from the singularity) are derived , in section

6, from the near—field and the far—field integral representations (5.11) and

(5.21). These asymptotic expansions are given by equations (6.8) and (6.14).

Comparison of these complementary expansions then yields the single asymptotic

expansion (6.17). In section 7, an ascending series (useful for evaluating

the Green function in the vicinity of the singularity) is derived from the

-

~

- --- - —-----.

~

---—- —.~ ---—~~~~- — - - —~~~~~~~-----—----- --- - ----- ------- - —



- —~~-~~—-~~-

4

near—field integral representation (5.11). This ascend ing series is given by

equations (7.7), (7.8), and (7.22). In section 8, one—dimensional Taylor

series expansions are obtained from the near—field and the Haskind integral

representations (5.11) and (5.8c). These series are given by equations (8.8)

and (8.13). Finally , expressions for the gradient of the Green function are

given in section 9. In particular, the vertical derivative , G , of the Green

function G can be directly expressed in terms of G, as shown in expression (9.5),

which was previously given by Martin [21, and is obtained here in a different

manner (by following an idea used by Eggers [4] for the analogous problem of

ship wave resistance). 

_ _ _ _
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1. The basic potential—flow problem

The basic potential—flow problem of the linearized theory of flow

about a body in regular water waves investigated in the present study is

briefly formulated in this section. A sea of infinite depth and lateral ex-

tent is assumed, and water is regarded as homogeneous and incompressible

(with density p)  as well as inviscid . The only body f orce considered Is that

due to a uniform gravitational field (with acceleration g). Surface ten-

sion and free—surface nonlinearities are neglected . The flow is irro—

tational and thus can be represented by a velocity potential ~~~~, which is

a function of the Cartesian coordinates k(X,Y,Z) and of the time T, i.e.

The mean (undisturbed) free surface of the sea is taken as the

plane Z = 0, wIth the Z axis positive upwards.

The linearized dynamic free—surface boundary condition takes the well—

known form

gE~+~~+P /p = 0 on Z = 0,

where E(X,Y,T) is the elevation of the free surface above, or below, its

mean level Z = 0, ~ç, ~c~~(X ,Y,Z=0,T)/~T, and P(X,Y,T) is the difference
between the pressure at the free surface and the atmospheric pressure. For

most prob lems of practical interest , the pressure at the free surface is

constant equal to the atmospheric pressure, so that one then has P’ = 0. In

the presence of a fluid flux, Q ( X ,Y,T) say, across the free surface, the

linearized kinematic tree—surface boundary condition takes the form

~~~
= E r-Q o n Z = 0 ,

where Q~ <O clearly corresponds to fluid being sucked away across the free

surface . While for all practical problems we have Q = 0, it will be impor-

tant to allow a fluid flux across the free surface for determining the free—

surface condition verified by the Green function, as will be shown in the

next section . Elimination of the free—surface elevation E~ between the fore—

going dynamic and kinematic free—surface conditions then yields the free—

surface boundary condition

~

- - - -

~

- ~~~--~~~~~ --- -~~ -~~~~~~~~~ .- - - -~~----~~~~-~ —--- -—~~—rn- --~~~. --- - - - -~~ -- - - -~~~- -~~ -~~~~~ - ——~~-— -— -  -~~~
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g~j+~~~ = —P~/p—gQ on Z 0 , (1. 1)

which thus involves the velocity potential • alone.

In the present study, we are interested in flows that are simple

harmonic in time, say with radiant frequency ~(period 21T/w). As it is well

known, and is discussed for instance in Stoker [5], such free—surface

gravity flows are not completely (uniquely) determined unless one imposes a

“radiation condition” expressing that waves at a sufficient distance away

from the disturbance (e.g. a body in the present problem) which created

them must be like “outgoing” progressing waves, i.e. like progressing waves

moving away from the wave 3 source. A convenient alternative approach ,

employed for instance in Lighthill [61, to the use of such a “radiation con-

dition” of “outgoing waves” , consists in defining a t ime—harmonic flow as

the limit— as the small positive auxiliary parameter c vanishes— of a flow

defined by a velocity potential of the form

= Re~(~)exp[—iw (l+Ic)T] , (l.2a)

where Re represents the real part. The free—surface pressure and flux

are similarly assumed to be of the form

P ( X ,Y,T) = ReP(X,Y)exp[—iu(l+ic)T] , (l.2b)

Q’~(X ,Y,T) = ReQ (X ,Y)exp [—iw (l+ic )T] (l.2c)

In this alternative approach , one then is faced with a traditional “Initial—

value problem”, with the obvious initial conditions ~~ = 0 and = 0 for
T = —

~~~ . Use of expressions (l.2a,b ,c) into equation (1.1) then yields the

following free—surface boundary conditidn :

= iw (l+ic)P/p—gQ on Z = 0, (1.3)

for the “spatial component” ~(~ ) of the actual potential ~~~~~~~
It will, be convenient to define adimensional variables in terms of

i/u as reference time and of some reference length L, from which the refer-

ence velocity uL , potential wL2, and pressure pw
2L2 can be readily formed.
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• We thus define the adimensiona l variables

t = uT, = 
~X/L, • = ~/wL2, p = P/pw2L2, q Q/uL. (1.4 )

In terms of these adimensional variables , the free—surface condition (1.3)
can be shown to become

= if(l+ic)p—q on z = 0, (1.5)

where f is the “frequency parameter” defined as

f = w
2L/g. (l.5a)

The “frequency parameter” f can obviously be made equal to unity by select-

ing the reference length L as g/w
2
. This choice of reference length

essentially corresponds to takin g the length of the water waves as refer-

ence length since we have g/w2 = A/2n — with A the wave length of plane pro-

gressive waves of frequency w — from the “dispersion relation” for water waves

in deep water. In this choice of reference length, the size of the body

causing the waves would however appear to vary with the frequency w (the

body becoming small at low frequency and large at hi gh frequency ). An al-

ternative (possibly more convenient for practical purposes) choice is to

take the reference length L as a length characterizing the size of the body,

which would thus remain the same at all frequencies. The length of the

waves , however , would then vary with the frequency (the waves being long at

low frequency and short at high frequency).

The basic potential—flow problem of the linearized theory of flow

about a body in regular water waves can now be briefly stated. As it is

well known, this problem consists of solving the Laplace equation

= o in (d), (l.6a)

subject to the boundary conditions specified below. The solution domain

(d) in equation (l.5a ) is the domain exterior to the body and bounded up—

wards by the mean free surface (a) say, which consists in the whole plane

_ _ _ _ _ _ _ _ _ _ _



p 
~~~~~~~~~

‘

~~~

- ‘

~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

8

z = 0 if the body is fully submerged or in the portion of the plane z = 0

exter ior to the body in the case the body pierces the free surface . On the

mean free surface (a), the free—surface boundary condition (1.5) must be

verified:

= if(l+ic)p—q on (a), (l.6b)

where in fact we generally have p = 0 = q for the problem of flow about a

body . The potential 4 must vanish at infinity; specifically, we have the

condition

= O(l/~~ j) as -
~ , (l.6c)

expressing that c~ vanishes at least as fast as l/Jx~I as 
-
~ . Finally, on

the body surface, (b) say, which actually consists only in the portion of the

body surface located below the plane z = 0 if the body pierces the free sur-

face , the potential ~ must verify the usual “body boundary condition”

~ 
given on (b) ,  (l.6d)

where 4~ ~~/3n Vcp . it is the derivative of 4, in the direction of the unit
normal i~ to (b), which is taken to be pointing outwards with respect to the

fluid, i.e. inside the body . The precise form taken by the expression for

on (b) in particular problems, notably in the usual “radiation” and “diffrac-

tion” problems, may be found in va~rious places in the literature, e.g. in

New”~ n [7]. In the zero—frequency limit (f=O) the free—surface boundary con—

dition (l.6b) becomes

= —q on (a) , (l.7a)

whereas in the infinite—frequency limit (f= co ) it becomes

: = —ip/(l+ic) on (o). (l.7b)
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2. The Green function

A well—known technique for solving a potential—flow problem such as

the one defined above by equations (l.6a,b,c,d) ,  in the general case of an

arbitrarily—shaped body, consists in formulating an integral equation for the

potential 4, based on the use of a Green function verifying all the boundary

condit ions of the prob lem except the “body condition” , which is to be verified

by means of the integral equat ion . The Green function , G(~~;Z, f ,c) say,

appropriate to the present prob lem then is the solution of the problem de-

fined by the following equations:

= iS (x—E~)6(y—n)ó(z—~) in z < 0 (2.la)

G — f ( l +ic) 2G = 0 on a = 0, (2.lb )

G = O( l/ r) as r ~ , (2.lc)

where ~S( ) is the usual “Dirac delta function” , and r 
~~~~~~~~~~ 

is the distance

between the “ field point ” ~ and the singularity” ~~~.

A particular solution of the Poisson equation (2.la) is given by

41TG = —l/r, as is well known and can readily be verified. The general solu-

tion of equation (2.la) can thus be written as

4~TGG;tf,c) — h r  ÷ H(~ ;~~,f,c), (2.2)

where the function H is regular harmonic in the lower half space z < 0, and

evidently is to be determined from the boundary conditions (2.lb,c). Indeed,

use of expression (2.2) into equations (2.la,b ,c) yields

V2H = 0 in z < 0, (2.3a)

H —f (l+ic)2H = t~~
_f(l+fi)21 (l/r) on z = 0, (2.3b)

H 0(l/r) as r -
~ ~~‘. (2.3c)

The above problem can be solved by using a double Fourier transform
with respect to the horizontal coordinates x and y. The double Fourier trans—

form of the  function H(~ ; , f,c) is denoted by H**(a,$,z;~~,f ,c) and def ined as

_ _ __ _ __ _ _ _  - ~~~~~~ ~~~~~~~~~~~ • -~~
_ 

~~~~~~~~~~~~~~~~ _ _  _ _ _ _ _
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~°‘ i(ax+~y)

H (ce ,B ,z;~~,f,c) 
= 

~~
— ) d y  j d x  e H ( x U , f ,c) .  ( 2.4)

The correspon ding Fourier transform of the function h r  is

(h / r ) ** 
= (h/k)exp [— k j z — ~~+i(~iE+~hi) ] (2.5)

whe re k (n 2+B 2 ) L~
’2 by def ini t ion , as it may be verified. By taking the

double Fourier transform with respect to x and y of equations (2.3a,b,c) ,

we may then obtain the f ollowing “Fourier—transformed problem” f or the func—
**tion H (z ;a , B ,~~,f , c) :

2 * *  2 2 * *d H /dz —k H = 0 in z < 0, (2.&a)

** 2 ** 2d}I / dz—f( 1+i c)  H = — [l+f ( l+ic) /kj e  on z = 0 , (2.6b )

**H -~~0 a s z - 3 _ c o . (2.6c)

The general solution of the ordinary differential equation (2.6a) is

H = Aexp(kz)+Bexp(—kz),  where A and B are arbitrary constants. The boundary

condition (2.6c)  shows that B=0 ,and the constant A then can be determined

from the free—surface condition (2 .6b) . We thus may obtain

** — 
k+f(l+ic) 2 

~, 
k(z+~)+ i(ce~+~T1)

H — —  2 1~- e  ( 2.7)
k—f ( l + i c)

which can be expressed in the equivalent forms

** 1 
k(z+C )+ i( ce~+~ri) 2 f( h +j ) 2 

~ 
k(z+~)+i (ct~+B~ )

H = — ~~- e — 

2 r~ e , (2.7a)
k—f(l+ic)

** 1 k (z +~ )+ i (r i~+B~ ) 2 k (z+~)+i(ctF~+$~)
H = — e  — -— 

2 e . (2 .7b )
k—f( l + iu )  

,- -~~~~~~~~ -— -~~~~~- - - •
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It may be seen from equation (2.5) that the first term on the right side of
**equa t ion (2.7b ) is equal to the double Fourier transform (1/r ) of h/r ’,

where r is defined as r (x 2+y 2+z~2)l1’2 witl~ x x—~ , y y—’i , and

z z+1 , so that ~~ (x ,y ’ ,z )  is the vector joining the mirror image of the

“singularity” ~ with respect to the free surface z = 0 to the “field poin t ”

~~~, and r ’ is the dist ance between these two points.

The funct ion H (~~;tf ,e) may now be obtained by taking the inverse double
**

~~urier transform of the function 11 (c~,~ ,z;E~,f,c ) ,  namely

i. (~ ~ —i(cex+~y) **H(x ,y, z;t, f ,c) = ~‘ J d $  L d c z  e H (ce ,8 ,z;t , f , c).  ( 2.8)

By using expressions (2.7a ,b) for H** into equation (2.8) , and by using the
resulting expression for H into equat ion (2 .2) , we can then obtain the follow-
ing alternative expressions for the Green function G(~~;t, f ,c) :

4~ G = - 
1 

- 
1 f(l+ic) 2 f dB d~ 

kz -i(ex +~y )  
, (2.9a)

k [k—f( l+ic) I

1 1 1 ~co kz~ —i (ax +t3y )
41TG = — — + — .— — I dR I dce er r IT ) 2 (2.9b)

k—f(l+ic)

-,•- -*•
The Green funct ion G(x ; F~, f ,c) obviously is ax isymnet r ic about th e

ver t ica l  axis x=E~, y f l , so that  we may take y IT y—n as zero and replace
- _ 2 2 h / 2  -

x x—~ by p (x +y ) in expressions (2.9a ,b). Expression (2.9b) then

becomes

2 2 1/2
1 1 2 ( z (a +8 ) —ip a

4it G = — -
~~ + — — — d~ da e . (2. l0a)r r 

~—°‘ 2 2 1/2 2
(a +8 ) — f( l+ i c )

A mo ~~ ~ ;ii~j J  n I te m a t  I vc ~xpress ion is that w h i c h  can bc obtained by per f orming
h’  r~uth i t iii I nfl y = I) rind x = p in 4 ’  Xp r&’ss I on (2. tia) , fol towed by a

_ _ _ _ _ __ _ __ _ _ _ _ _ _ _ _ _
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transformation from the Cartesian Fourier variables a and 8 to the polar

variables k (a2+82)~~
’2 and 0 , specifically by pe rforming the change c’f

variable a = kcos0 and 8 = ksinO . The resulting classical expression is

1 1 ,, ,, pr 
~
‘ ‘  (z~ —ip cos0)k

4 IT G = — — — — — f(l+ic) ” — I dO I dk e (2.lOb)r r 
~ 

~ 0 ~ 0 k—f (l+i c) 2

Expressions (2.lOa ,b) show that G(~~;tf ,c) act ually is a function of only
- 2 2 h / 2  2three space variables, namely p = (x +y ) , z = z+~ , and (z— ~) which

- 2 2 1/2occurs in r = (p +(z—i )

As it is self—evident from equations (2.la,b ,c), the physical signifi-

cance of the Green function G(~ ;tf,c) is that ReG(~ ;tf,c)exp(c—i)t is the

linearized velocity potential, at the “field point” ~ (x ,y, z~ O) and at the

time t, of the flow caused by a submerged pulsating source of strength

Reexp(c—i)-t , -
~~~ < i < t , located at point ~~~~~~~~~~~ This well—known

physical interpretation becomes ambiguous however in the limiting case ~ = 0 ,

since the source then is obviously no longer fully submerged . A natural com-

plementa ry interpretat ion for this limit ing case is to assume that the out-

flow produced at point (~ ,n ,~=O) now stems from a flux Req(x,y)exp(c—i)t,
with q(x,y) = 5(x—~)~~(y— ~), across the mean free surface a = 0. Equations

(l . 6a ,b ,c) then suggest that the “limit Green function” G,~6~;F ,n,f,c)

G(~~;~~,n ,c=0 , f , c) must verify the following equations

~
2Ge 

= 0 in z < 0 , (2.h la)

G
~~

_f(l+im)2G
~ 

—~S(x—~)tS(y—ri) on z = 0 , (2.llb)

= 0(h/r) as r -
~ = . (2.llc)

A mathematical demonstration of the above physically—motivated equa—

tions can readily be provided by verifying that the solution G1(~ ;~ ,n,f,c ) of
the problem defined by equations (2.lla ,b ,c) actually is identical to the “limit

Green function” obtained by replacing ~ by zero in the previously—derived

solution G(~~;~
’,f,r) of the problem defined by equations (2.la,b ,c). Problem

(2.11) may be solved in the same manner as was used previously for solving

_ _
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problem (2.3) , namely by using a double Fourie r transform with respect to

the horizontal coordinates x and y. We may then obtain the “Fourier—trans—

formed prob lem:

2** 2 2**d C
i

/dz _k G,e = O i n z < O ,

** 2 * *dct /dz—f(l+ic) G,~ 
= —exp[i (a~+8ri)]/2z on z = 0,

+ 0 as z -* —

where G * is the double—Fourier transform of G~ , as is defined by formula

(2.4). The solution of the above problem is given by

= — exp [kz+i(a~+8n)]/2ir(k—f(l+ic)
2]

By taking the inverse double Fourier transform, as is given by formula (2.8),

we can finally obtain

- 1 
kz—i(ax +8y )

Gp (x;E~,n,f,c) = — -
~~ I d~3 J da e (2.12)

4-it )~~o - —
~~ 2

k—f(l+ic)

which can readily be verified to be identical to the expression obtained by

replacing ~ by zero in formula (2.9b).

Conversely, it may be shown that the “limit Green function” Ct 
given

by expression (2.12) does in fact verify equations (2.hla ,b ,c). Verification

of equations (2.hla) and 2.llc) can easily be checked. As for the free—

surface condition (2.llb) , we have

~ —iax —iBy
Gez

_ f(l+ic)2Ge 
= — (i-- j e  da)(-~’- f

°
e dO) on z = 0,

f r om which we may obtain

= -6(x ) 6 ( y ’) = -~ (x—F,)~~(y-~ ) on z = 0

_____ 

., 
-
~~

- - - -
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by virtue of the relations

iax 
1 ~ —iczx

1 = I e 6(x)dx, 6(x) = — I e dci,2ir i
-~~ -~~

expressing the (well—known) fact that 6(x) and 1 are Fourier transforms.
It may thus be seen, in sunmiary, that the Green function

of the theory of flow about a body in regular waves (where the limit it = +0
is ultimately implied) verifies the following equations

= 6(x—~)6(y—n)6(z—~) in z < 0, (2.13a)

G —f(1+ic)2G = 0 on z = 0 , if ~ < o (2.13b)

G = O (h / r )  as r ‘~~ , (2.l3c)

= U in ~ < o , (2.l4a)

G
~

_ f( l + i c) 2G = -6(x-~)6(y-~) on z = 0 , if ~ = (2.l4b)

C = 0(h / r )  as r -~ . (2.14c)

As it was noted previously, the Green function only depends on the

three space variables (x— ~)
2+(y—r~)

2, (a— c)
2
, and (z+c), so that this function

is invariant under the substitution -“--p ~~ Physically, the velocity poten—
tial ReG(~ ;~~,f,c)exp(c—i)t of the flow created at point x(x,y,z<O) by an out—

flow of strength Reexp(m—i)t at point t(~~,T 1,~ <0) , stemming from a submerged
source if <0 or a free—surface flux if r~ = 0, is identical to the potential

ReG(~;~~,f,~ )exp(e—i)t of the flow created at point ~ by an outflow Re exp(c—i )t

at point ~~~, s -emmin g from a source if z<O or a free—surface flux if z 0.

It then follows that equations (2.13) and (2.14) are also verified by the

func t i on

In the zero — and infinite— frequency limits ( f=O ,°°) , the Green func-

tion C becomes

~~~G° = -h / r -h / r ~~ , 4wG~ = _l/r+i/r
1 

, (2.l5a ,b)

respectively, as may be obtained from formulas (2.lOa) and (2.lob) , respectively.

_________________ 
- - - - _ _ _
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The zero—frequency Green function G
0
(~ ;~) verifies the equations

V2G° = 6(x—~)6(y—ri)6(z—i ) in z < 0 ,
O ~~ i f c < 0 ,

C = 0  o n z = 0 , Iz 
“ (2.16)

v2c0 
= o in z < 0 , )

OC = — 6 (x — ~ ) 6 ( y — ri) on z = 0 , J
+ +

whe reas the infinite—frequency Green function C (E;x) verifies the equations

72 G= 
= S(x— ~ ) 5(y — ~ ) 6 ( z_ ~) in z < 0 , ‘

~

~ i f ç < O ,
G = 0  o n z = 0 , f

(2.17)
IT 0 if ~ = 0 .

- ~~~~~~~~~~~~~~~~~~~~~~~~ - -  - --
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3. Basic integral identities

In this section, bas ic in tegral identities for the velocity potential
are obtained by applying a classical Green identity to the function 4, (~~~)

and the Green func tion G(~ ;~~,f,c) defined in the previous section. The above—
mentione d classical Green iden tity is

= ja Z Z  
‘b a ”  

(3.1)

where the fact that 4, — 0(l/r) and C — O(l/r) as r + ~ was used to discard the
integral of 4,G —G4, = O(l/r3) over a large surrounding half sphere of radius r

(surface area “i r
2). In formula (3.1), as indeed hereaf ter in this study ,

the following notation is used: 4, 4,(~
) ,  C G(~ ;~~,f,c) ,  V E

G5 
E ~G/az, C E ~G/~n IT VG •n , and likewise 4, E 9$/an V4,.n, where it n(x)

is the unit normal vector at point ~ of the body surface (b) pointing outside

the solution domain (d) as was defined in section 1; fur thermore , dv a dv(~)
and da E da(~) represent the differential elements of volume and area at
point ~ of (d) and (b) res pective ly , while dxdy evidently is the differential
element of area of the mean free surface (a).

By expressing the term $G
~
=G4,

~ 
in the form 4,[G

~
_f(1+ic)

2G]_G [4,
5
_f(l+ic)24,J,

equation (3. 1) can be wri t ten as

~ 2 2 ~ 2 ~ 2J 4,V G d v _ J  4 , [C —f(l+ic) G]dxdy = j GV $dv_j G[$
~
_f(l+ic) $JdxdY_j (G4, —$G )da. (3.2)

d a d a b ~

Let us now express 4, in the two integrals on the left side of equation (3.2)
in the form 4,~+4,—$*, where 4i IT $G ~) as was def ined previously , and 4i

~ 
is

defined as 4,(
’
~
) ,  i.e. a $ (i) . We may then obtain

f~~
v
2
Gdv_f 4,[GZ

_f l÷ic
2G]dxay = C4,

*
+C , (3.3)

where C and C~ are defined as

= f v
2
Gdv_f [Gz

_f(1+ic)
2G]d xdy , (3.4)

-

~ 

- -  
_ _ _ _ _
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C~ = 
1d~~~~~~~~~ 

_f ($_$~ ) [G~_f(l+ic)2C] dxdy .

It follows from equations (2.l3a,b) and (2.14a ,b), and the fact that (~—$~) = 0

when the points ~ and ~ coincide, that we have C IT 0 for any point in the

lower half space r<0. By using equation (3.3). with C IT 0 , into equation

(3.2) , we can then obtain

C4,~ 
= 

fd
G
~~

4,
~~~_ J a

4,z
_ f + i

2
4 , d J

b
4,n

4,cn
d5, (3.5)

where C is given by formula (3.4).

By using equations (2.13a ,b) and (2.l4a,b) in expression (3.4) for

C, it can be seen that we have C IT 1 if the point ~ is strictly outside the

body surface (b), either in (d) or on (a) , while we have C IT 0 if is strictly

inside (b) .  We thus have

= f 0V24,dv - f G(4,
~
_f(1+ie)

2
4,Jdxdy Ib

$n _$G da (3.6a)

for in (d)+(a)—(b)—(c), where (c) is the intersection curve of (b) with the

plane z0 [in the case (b) doe s in fact intersect the plane z=O], and

0 1 G~~4,dv _ J 0( 4 ,  -f(l+ic)24,]dxdy -j (G~ -4,G )da (3.6b)
a 

Z b 
n n

for ~ in (dj)+(a
i
)_(b)_ (c), where (d

1) and (a1
) represent the domain and the

portion of the plane z=0, respectively, which are strictly inside the body

surface (b)+(c) , so that (d)+(d
i)+(b) and (ci)+(01)+(c) are the whole lower 

-

~

half space z<O and the entire plane z0 , respectively. It can also easily

be seen from equations (2.l3a,b),(2.14a,b) ,  and (3.4) that we have C—l/2 if

the point ~ is right on the body surface (b) or its intersection (c) with

the plane z—0, at least for points ~ where (b)+(c) is smooth; more generally

the value of 4-rtC{or 2i~C} at a point ~ of (b) {or (c)~ is equal to the angle

under which (d) {or (a)} is viewed from the point Z. ~Je then have

_______________________
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$ ~~~ 
= jGV~$dv — J G[$~_f(1+ic)2$]dxdy — 

Jb n )4:
~
a (3.6c)

L~~~~~
_ _ __ _ _ _ _ _ __ _ _ _ _ _ J

for ~ exactly on (b)+(c). Equations (3.6a,b ,c) are quite well known of

course, although the particular case of these equations corresponding to
= 0 = $

~~
_f(

~~~~~
t)
2
$ is usually given in the literature, and the tradi-

tional derivation of these equations from the Green identity (3.1) is some-

what different from that shown above.

As it is explicitly indicated in equation (3.6a,b ,c), the value of

the constant C on the left side of equation (3.5) is discontinuous across

the body surface, C being equal to 1 outside the body and to 0 inside. This

discontinu ity in the value of C on the left side of equation (3.5) evidently

is accompanied by a corresponding discontinuity on the right side of the

equation. Specifically , the latter discontinuity stems from the integral

fb$Gn~~ 
representing the potential induced by a surface distribution of

normal doublets of strength 4, over (b) , as is well known. An integral iden-

tity valid for any point t——either outside , inside, or right on the body

surface——can be obtained by eliminating the discontinuity in the value of

C in equation (3.5). This can readily be achieved by adding the term C~$~
on both the left and right sides of equation (3.5), with C1 given by

C~ = V2Gdv — 

j 
[G —f(l+ic)2G]dxdy.

d
i 

a1

Equation (3.5) then becomes

* 
=

. 

~

‘

d 
— 

1a 
— 

1b ~‘ 
+

+$~(j V2Gdv — j [C
~
_f(1+ic)2G]dxdy } (3.7)

d
1

where I is defined as

[ V
2
Gdv — J 1G

~~
f(1+ic) 2C1dxdy

d+d1 a+a1

I ‘=—‘- - — — -‘#. - - ---- - - _ —

~
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It can be seen from equations (2.l3a,b) and (2.14a ,b) that we have I IT 1 for
+

any point ~ in the lower half space ~~O. By using the divergence theorem

L~. 
= i0 . — j c ;da (3.8)

in equation (3.7), where I is taken as 1, we may finally obtain

(l-w~)~~ = jGV
2
$dv - f G[$~_f(l+iE)

2
~ ]dxdy - I [G$

fl
_ ($_$)G~~]d~~~

J 

, (3.9) 

-

where the function w
~ 

IT w(1;f,c ,a .)  is the “waterplane integral” given by

w(
~
;f,r ,ai) = f(l+ic) 2 

J G(i;
~

f
~
it)dxdY1 . (3 .9a)

An interesting alternative form of the integral identity (3.9) involving a
“modified Green f unction “ 

~ can be obtained by dividing both sides of this

identity by (l—w ~) .  This yields

4, = 
J
~~ v2 $dv - J ~~($2

-f (l+ic)
2
4,]dxdy - I ~~~~~~~~~~~~~~ 

, (3.10)

whe re the “modified Green function ” is given by = G/(l-.w~) ,  that is

= G(~~;~~, f ,c)/ (1—f(l+ic) 2 j G(t;~ ,f,s)dxdy} . (3.lOa)
oi

In the case of a fully—submerged body, we evidently have (a.) IT 0 , so that
the “waterplane integral” w then vanishes and the “modified Green function”

become s identical to the usual Green function C, that is we have w a 0 and
IT C.

The integral identity (3.9) is valid for any point ~ eithe r outside ,
inside , or exact ly on the body surface . This new identi ty thus is essenti—
ally equivalent to the set of the three classical identities (3.6a ,b ,c) ,

____________ --  - --—-- =---.----- - - - -  -C 
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which are valid exclusively for outside , inside, or on the body surface,

vem~~ati~vely. As a matter of fact , these three identities can readily be ob—

tam ed from the identity (3.9) by verifying that we have v
*_ Jb

Gflda = 0,1, or

1/2 for ~ 
outside , inside, or on the body surface, respectively , as is shown

below. From equation (3.9a), we have

w~ 
— 

Ib n = f(l+ic)2J Gdxdy — 

1b~~ 
=

f G d x d Y  — 

fb n 
— 

f a i 
~
_ f + ) 2d1th~~1 =

~ 2 r 2J V Gdv — J [G —f(l+ic) G]dxdy ,
d i a i

where the divergence theorem (3.8) was used; the above—stated result then

follows from equations (2.13a ,b) and (2.l4a,b).

Although the present study is primarily concerned with the “exterior

potential—flow problen”, i.e. the problem of potential flow about a body , it

may be of some interest to list here the integral identities corresponding

to equations (3.6a ,b ,c) and equations (3.9) and (3.10) for the “interior

potential” , 4,1 say, defined in the interior domain (d1) bounded by

(b)+(a 1)+(c) . The integral identities corresponding to equations (3.6a ,b,c)
can be shown to take the forms

* — Jd CV $ dv — 

j 
G($

~ 
—f(l+ic) $ ]dxdy + 

J
(C. _+ G )da , (3.lla)

for in (d~ )+(a
1
)—(b)—(c). that is inside the body ,

O — GV $ dv — G(4,~ — f(l+ic) $ ]dxdy + (0$ — ,  G )da , (3.llb)
“ a ‘b ~

I I

for in (d)+(a)— (b)—(c), I.e. outside the body , and

___ - -  —- -- ---  —-- -— —_ _ _ _



---~ ——~ ~~~—---~~~~~~~~~~~~ ~~~
-

~~~~~~
- -

- -- - 
--  _ - - .- - -~~~~~~~~~~~~ -~~~~~~~~~ ~~~~ - -

22

= 
1 d 

GV24,~dv — L~ 
G[$ _f(l+ir)2$

i
]dxdy+j (G4,~—4

1
G5

)da I , (3.llc)

I i I
for exactly on (b)+(c).

The integral identity corresponding to equation (3.9) takes the form

w
~4,~ 

= jG7
2
$
l
dv - f G E 4 ,

1_ f(l+i~ ) 2;i ] d x d y+ J  [c4 ,l (4 ,u_4 ,~)c ]da $ , (3.12)

where the function w~ IT w(Z ; f ,c ,a .) is the “waterplane integral” defined by

formula (3.9a). The integral relation (3.12), like equation (3.9), is valid

for  any point ~~~, either inside, outside or exactly on the body surface, and

thus is equivalent to the set of the three classical identities (3.lla ,b,c).

An alternative form of the integral identity (3.12) involving a “modi f ied

Green funct ion” Gi is

~i~E fdl 0
1 

fb
n * n 

(3 13)

where the function G” is given by Gi = G/w
~
, that is

- 

Gi(~ ;~ ,f,c ,ai
) = G(~~;~~, f ,c)/f ( l+ic) 2 f G(~ ;~~,f,c)dxdy 1 . (3.l3a)

oi

The case of a fully—submerged body evidently is a degenerate case for which

the boundary condition at the free surface becomes meaningless.

It is interesting to note that whereas the classical identities

(3.6a,b ,c) and (3.lla ,b ,c) for the exterior and interior potential—flow

problems, respectively, are identical (provided only one properly interchanges

the terms “exterior” and “interior” ) ,  the relations (3.9) and (3.12) , or the

equivalent alternative relations (3.10) and (3.13) , clearly are not ident i—

cal. Specifically , the factor (1—w i) in relation (3.9) for the exterior

problem becomes w,,, in relation (3.12) for the interior problem, and the

L — .-- -- ----~~~~- - - -—-— -—____
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equivalent relations (3.10) and (3.13) , although identical in form, involve

dif fe rent “modified Green functions” , namely the “modified exterior Green

function” ~ IT G/ (l—w ~ ) and the “modified interior Green function ” G1 
IT G/w

~
.

If we add the integral relations (3.6a) and (3.llb), we may obtain

the relation

= f GV~~ d v + f  GV 2 4,idv — 

j 
G [$~ _ f ( l+ic) 2 $Jdxd y — I G[4,

1—f(l+iE-)
2
4,
1]dxdy

d d~ a

+ I [G(4 , i~~ ) - ( 4 ,’-4 ,) G Ida.n n  n

Addition of equations (3.6b) and (3.lla) yields the same relation, with on

the left side merely replaced by 4,
~
. We therefore have the relation

= 
j 

GV24,dv - f ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , (3.14)
z’zO z=0 b

where 4, on the left side and in the first two integrals on the right side

clearly corresponds to 4, or for points outside or inside, respectively,

the body surface (b)+(c). The integral relation (3.14) expresses the poten-

tial $(i) in the lower—half space r<0 in terms of a volume distribution of

sources (with density V24,), a free—surface flux (or pressure) distribution

[with flux q=f(l+ie)24,— 4 , ], and surface distributions of sources (with den-

sity $~— $~) and of normal dipoles (with density 4,—4,
1)over the surface (b).

Two classical results in potential theory immediately follow from equation

(3.14): namely , (i) a distribution of normal dipoles (say of strength ~) on

a surface (say S) generates a potential 4, = 
f5~

5G da whose value is discon-

tinuous across the surface S (specifically, we have 4,
e 4,i = ~, where the

superscripts e and I refer  to the “exterior” and “interior” sides of S , re—

spectively; the “interior” side being that into which the unit normal vector

n is drawn), and (ii) a distribution of sources (strength a) over a surface

S generates a potential 4, = f5Gada whose normal derivative 4~ 
is discontin-

uous across S (specifically) we have 4~ —4~ 
a). It may finally be worth—

while to verify that equation (3.14) can (naturally) also be obtained by

~ 

_ _ _
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adding equations (3.9) and (3.12). Indeed, this yields

(l_C j)4,*
+c

i$~ 
= 

J~<~~~
2
4,
~~ 

_ J G[4,-f(l+fr)24,]dxdy +

where C~ is defined as

I I’l Ii)+ i)_ (b )_ ( c ) ’I
C. = w~, — 

J 
Gda = 

~ 
( for ~ in -

~1 b 0 J t(d)+(a)— (b)—(c) )

as was shown previously. It then follows that the expression (l—C
1)4,~

+C14~
is identical to or 4~ for outside or inside , respectively , the body

surface (b)+(c), and the above relation thus is identical with relation (3.14).

In the zero—frequency limit (f=O), the integral identity correspond-

ing to identity (3.9) takes the form

$2 = jG
0V2$

O
dv - jG

0
$~dxdy - jb

[G04,
~
_ (4,0_4,2)G

~
1da

~ 
(3.15)

where C° is the zero—frequency Green function given by formula (2.l5a) , and 4,
0

is the zero—frequen cy potential , which verifies a free—surface condition like
equation (l.7a). The zero—frequency integral identity (3.15) may readily be

obtained as the zero—frequency limit of the integral identity (3.9), or it

may be derived directly by using equations (2.16) in the Green identity (3.1).

In the infinite—frequency limit (f==), on the other hand , the integral identity
corresponding to identities (3.9) and (3.15) takes the form

= 

‘d 
+ j 4 ,G~dxdy - 

~~~~~~~~~~~~~~~~~~~~~~ 

(3.16)

as may be obtained by using equations (2.17) in the Green identity (3.1).

In equation (3.16), ~f) is the infinite—frequency Green function given by

formula (2.lsb) , 4,~ 
is the Infinite—frequency potential , which verifies a

free—surface condition like equat ion (l.7b), and the function w
~ 

IT v

Is def i n ed by
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w = j  G°’dxdy
c
i

It may easily be seen that all the terms in equation (3.16) are continuous

at the bod y sur face (b) if r-<O. It can also be seen that , in the limit ~——0,

the first and last integrals on the right side of equation (3.16) vanish ,

while the function w: and the second Integral on the right side (i.e. the

two free—surface integrals involving G )  are discontinuous at the intersec—
tion curve (ci of the body surface (b) and the mean free—surface plane ~~O;
specifica lly,  the term (l—w )$ ‘ on the left side and the integral f 4 ~ G dxd y
may be shown to be equal to 0,$ /2, and for ~(~ ,n ,~~—0) on (a1),(c)

(whereve r (c) is smooth], and (a), respectively .
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4. Applications and discussion

In the particular case when we do not have a body (b), equations (3.6b)

and (3.6c) evident ly become meaningless, while both equations (3.6a) and

(3.9) can readily be seen to become

= J GV 2 4,dv - 
j 

G [ 4 , -f( l+ic) 2 $]dxdy
z<O z=O

This fo rmula p rovides an explicit solution to the problem of dete rmining th e

velocity potential 4, when V
2
4, and $ —f(1+ic)2$ are given in the lower—half

space z<0 and on the mean free surface z=0 , respectively. A classical prob —

lem in this category is that of determining the potential induced by a given

dist r ibution of pressure p (and possibly also of flux q) at the free surface

The solution of this problem, which is stated in different ial  form by equa-

tions (l.6a,b,c), is then given by

- f jG(~ ;x,y,z0 ,f,~ )[if(l+ic)p(x,Y)_q (x,Y)]dxdY

This solution is well known of course, and can indeed be obtained by using

other approaches than that adopted here. For instance, equations (l.6a,b ,c)

can be solved di rect ly by means of a double Fourier transformation with re—

spect to the horizontal variables x and y. Another often—used approach for

determining the potential  induced by a free—surface pressure distribution is

based on the use of a special Green function, C say , corresponding to the

potential induced by a pressure impulse p(x ,y) = ~( x—E ~) 6 ( y — n )  at the free

surface . This Green function G in fact is essentially identical to the “limit

Green function” Ge[more precisely , we have G = —if(l+ie)Gt] defined by equa-

tions (2.lla,b,c) and given by formula (2.12). The “free—surface pressure

impulse” Green function C thus is merely a particular case (corresponding to

z0) of the Green function C defined in this study, so that introduction of

this special Green function C is obviously not necessary.

A particular problem that is more difficult , and also more important

from the point of view of practical applications , than the above—discussed

problem of flow induced by a free—surface pressure ditribution is the problem

L -
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of flow about an arbitrary body in regular waves, for which we have V
2
4, = 0

in the mean flow domain (d) and p = 0 = q, and hence 4, —f(l+ie)
2
$ = 0, on the

mean free surface (a) in the usual linearized approximation. The integral

identities given in the previous section evidently do not provide an explicit

solution for this problem as they did in the previous case of flow induced

by a free—surface pressure distribution in the absence of a body. However,

identities (3.6c) and (3 9) provide integral equations for determining the

potential 
~~ 

IT 4,(~
) on the body surface (b) + (c). These integral equations

take the form

:~
- 4’
~ 

= — J G4,da + J $G da , (4.1)
b b

I’ I
(l_ w~) 4 ,~ 

= — J G$ da + j ($_$
~

)G
~
da , (4.2)

b b

corresponding to equations (3.6c) and (3.9), respectively. An alternative

form, corresponding to equation (3.10), of the integral equation (4.2) is

= - 
Ib n + 

J
($_$

*
)
~ nda

~ 
- (4.2a)

A notable feature of the new integral equation (4.2), or of the

equivalent equation (4.2a), is that the last integrals on the right sides of

these equations are continuous functions of ~ (since the dipole strength $—4,~
vanishes as the “integration point ” ~ and the “field point” ~ coincide),

whereas the corresponding integral in the classical integral equation (4.1)

is discontinuous at the body surface (b) + (c), as was discussed in the pre-

vious section and is indeed well known. As a matter of fact, the factor 1/2

on the left side of equation (4.1) is correct only at points ~ where (b) + (c)

is smooth , that is , has a tangent plane, as was also discussed in the previous

section . The classical integral equation (4.1) requires evaluation of a dis-

continuous function (the function defined by the last integral on the right

side) p recisely on the surface of discontinuity,  namely (b) + (c) . This

awkward and difficult problem , specially from the viewpoint of numerical

_________ 
~~~~_~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -_- - . ____________
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calculations, is avoided in the integral equat ions (4.2) or (4.2a). In fact,

the integrands ($_ $~ )G~ or 
~~~~~~~~~~~~~~~~~~ 

can be shown to be non—singular (that  is ,

to remain f ini te)  for  ~ = 
~~, 

which evidently is advantageous for purposes of

numerical calculations.

For simplicity, let the first Integral on the right side of the

integral equation (4.2) be denoted by ~~ 4(~ ) ,  that is we have

= - 
Jb n 

(4.3)

This potential ‘P~ 
is known in principle since 4,n 

is given on (b). A choice

of methods is available for solving the nonhomogeneous Fredholm integral

equation (4.2). In particular, a natural method of solution consist 3 in us-

ing an iterative procedure based on an appropriate recurrence relation. An

obvious recurrence relation is that obtained by simply replacing 4, by 4,~~~and

$
(k+l) on the right and left sides, respectively, of equation (4.2), i.e.

(l_ w
*
)$
*

(l
~~~
) 

= + f ($
(1
~~_$~~~)G~da , k>O , (4.4)

where the initial (zeroth) approximation 4,~~~musc be specified somehow. The

practical usefulness of such an iterative method of solution depends on fast

convergence of the successive iterative approximations 4,
(k) 

which in turn is

crucially dependent on selection of a “reasonably—good” initial approximation
In some particular problems , such an initial approximation is readily

available ; for instance , in the problems of wave radiation due to surging
motions of a slender ship or to heaving and pitching motions of a thin (beam

<< length and draft) ship, we may simply take $
(0) 

IT 0 (for swaying motions

of a thin ship , on the other hand , this simple approximation clearly could

not be used). For sufficiently low (or high) values of the frequency para-
meter f = w2L/ g , the zero— (or infinite—) frequency potential 4,0 (or 4~

°) might

also be used as an initial approximation ; more generally, a relatively—simple

interpolation approximation such as (4,°+f4,~)/(l+f), which clearly reduces to

4,
0 and $

~
° as f -*O and f-~-= , respectively, would seem likely to provide a

reasonable initial approximation

— ‘-_ _ _ _ _ _ _  - - - - ------ - -~~~~~—--—— ——---- ----— -~~ -- — ----- -- —-— — - - - - --- -~~~ -- ——--
~
—---- 
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Equation (4.2), like equation (3.9) of course, holds not only for

on the body surface (b)+(c), but also for outside (and inside) the body .

This means that the integral equat ion (4.2) can in principle be used to determine

the potential 4, in the entire solution domain (d)+(~)+(b)+(c), specifically by

means of the recurrence relation (4.4). In practice howeve r , it would usually
be much simpler to solve for $ on the body surface (b)+(c) , and — in the event

(rare in reality) that knowledge of 4, in the flow domain is in fact required —

to determine 4, outside (b)+(c) by means of equation (3.6a), which here takes

the simplif ied form

= — G4, da + 4,G da . (4.5)

Equation (4.2) also holds for inside the body , as was noted previously.

It thus might appear that this integral equation must also define the potential

4, inside the body. This result, were it to be true, would certainly be quite

surprising (indeed fundamentally unacceptable) for it would mean that the “exterior

boundary—value problem” stated by equations (l.6a,b,c,d) would define a solution

in the “interior domain ” (d
i)+(aj

)_ (b)_(c). It can easily be shown, however ,
that equation (4.2) allows the potential 4, to be extended inside (b)+(c) in an

entirely arbitrary manner. Indeed , equation (4.2) can be written in the form

C$~ 
= - 

Ib
n + 

‘b~~~ 

(4.6)

where C is given by C = 1—w
~ 
+ j

b
G
n
da. We have C IT 0 for inside (b)+(c),

as may easily be verified (and has indeed been shown in the previous section),

so that equation (4.6) clearly does not define inside (b)+(c). For out-

side (b)+(c), on the other hand , we have C IT 1, and equation (4.6) becomes

equation (4.5), which obviously defines

A simple explanation for the origin of the “waterplane integral” w
~ 

IT

w(~ ;f~ e,a~) defined by formula (3.9a) in the integral equation (4.2) in the

case of a free—surface piercing body [this “waterplane integral” does not

appear in the case of a fully—submerged body] may be provided by considering

a free—surface piercing body as the “zero—submergence limit” of a slightly
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submerged body consisting of the mean wetted body surface (b) closed by a

horizontal “lid” , (.e) say, submer ged a depth ~S be low the mean f ree—surface
plane z=0, so that the “lid” (~) becomes the “interior waterplane” (~~.) in
the limit 60. For the ful ly—sub merged body (b)+(t ) , the integral equation
(4.2) takes the form

= - f G4, da + f (4,-4,~
)G da

- ‘b+t ~ ~b÷-e

= - f G4, da + 
Jb

($
~

$*~~n~~ 
+ 
f~
G$zd~

cdY -

where the fact that 4,n 
IT on the “lid” (

~
) was used. By Expressing the

terms 4, and G in the forms 4, —f(l+ic)
2
4, + f(l+ic)

2
4, and G —f(l+ie)

2G +

f (l+ ic ) 2G, we may then obtain

= - 

f~~~ nda + 
Jb
($_$*)Gnda + 4,*

f( l+ic) 2 I c a x d y  +

— + I G[4, -f(l+ic)24,]dxdy - f (4,-4,~)[G -f(l+ic)
2
G]dxdy

Z e. z

We have 4, —f(l+ic)
2
4, = 0 on the mean free—surface plane z0 , so thatZ

2 2
[4, —f(l+ic) 

~~~~~ 
vanish as S-~’-0 . Likewise , we have ( q — ~~ ) [C — f ( l + i c )  G]-’-O

as 5-’O . The last two integrals on the right side of the above equation thus

vanish in the limit 6-’O, and this equation may then be seen to become identi-

cal to equation (4.2) in this limit. Moreover, the term w
~4,~ 

in equation

(4.2) for a free—surface piercing body (b) can be seen to stem from the effect

of the “lid” (
~) in the integral equation for the slightly submerged body

A modified form of the integral equation (4.2) can be obtained by expres—

sing the potential 4,~ 
IT $(i) in the form 4~ = 

~~~~ 
where IT x(1) is some

given potential (to be selected somehow), and k~ 
IT k(t) is the function de—

fined by the relation k
~ 

= 4,~/x ., ,. By substituting this expression for ~~ 
into

equation (4.2) and expressing the term 
~~~~~~~~~ 

IT k X—k ~ X~ in the form k
*

( X — X *
) +

(k—k
~)X,

we may obtain the following integral equation for the function

_ __ _ __ _ _  _ _ _ _ _ _ _ _ _ _ _  —4
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1 (1_w *
)x*_ J (X_x*~~

daIk
* 

= + 
Jb * n . (4 .7a )

The last integral on the right side of the above integral equat ion would

evidently vanish if k IT k~ for ~ and F~ on the body surface (h), that i~ if

k IT 4/x is constant on (b), or if x is proportional to 4, on (b ) .  Thc

in teg ral equat ion (4.7a) would then y ield the explicit solution

k~ 4,~ / [ ( l -w ~ )x ~ — 

J b * n , (~ .7b)

f rom which we may immediately obtain the following expression for  the veloci ty

potent ial ~~ IT k~ X~~:

= 
*~ */ t ( l -w

*)x * 
- 

Jb * n . (4 .7 c )

An alternative form of equation (4.7a) may be obtained by multiplying both

sides of this equation by y . .,~ and using the relation 4, IT k~ ; this y ields the

followin g integral equation for  the velocity potential 4 , :

- J (~—X~
)G
~
da]$

~ 
= + 

J
($x*~cb*

x)Gnda , (4.7d)

which thus is a modified form of the original integral equation (4.2). The

potential defined by formula (4.7c), which clearly is the exact solution of -

the modif ied integral equation (4.7d) if x is proportional to 4, over the body 
-
~

surface (b), would then seem likely to provide a fairly—good approximation to

the exact potential if x is so chosen that k IT 4,/y does not vary significantly

over (b) .  An obvious choice for the function x is the potential ,p defined by

formula (4.3). More generally , we may choose x as

- , = - (4.7e)

where ,. i’~ some (presumably slowly—varying) function which may be chosen so

as to render the potent ia l  (4 .7c)  as “good ” an app roximation as possible [ it

_  
-~~- - - - - - -  ~~- -- - - -~ - - -_
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may readily be seen from equation (4.7d) that the potential defined by formu-

las (4.7c) and (4.7e) actually becomes exact if the function A is proportional

to •/‘p]; in the absence of any information, one may simply take A IT 1.

By substituting expression (4.7e) for x into expression (4.7c) for
we thus may obtain

= ~~~~~~~~~~~~~~~~ - (A ~
_A
***

)G
nJda~ 

. (4.8)

Formula (4.8), where the potential ~p is defined by formula (4.3) and the
free auxiliary function A may simply be taken as A IT 1, provides an explicit

approximation to the velocity potential. This explicit approximation is the

simplest result obtained in the above—described theory based on formulating

an integral equation for the velocity potential.

_ _ _ _ _
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A .
1

- Figure 1 — Contours

- of integration in -if
—<0<11

the comp lex plane 2

A IT A +iA .r :1.
l+iO A

•

2 1/ 2 -—(1—v ) —iO _i(v
2_l)l~

’2

- 
(0<v-zl) (v>l)

—iv

Figure 2 — Contour of Integration in the complex plane ti

L _ _ _  - - - _ _ _ _ _
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5. The Green function: single—integral representations

It is convenient to introduce the notation h IT fp  IT

v IT fz ’, and d IT (h 2+v2)~~’2 IT fr’, so that we have

h IT f [ ( x_ F ~)
2+(y_n) 2

J~~~
2 

IT w
2
[(x_x )

2+(Y_Y )
2
]~~

’2
/g

v f(z+~) IT w 2 (Z+Z )/g ,

d IT f((x~~)
2+(y_fl)2+(z+~)

2
}~~
’2 w 2 [ (x_x 9) 2+(Y_Y 5) 2+(z+z 5) 2 J h u ’2 /g

where (X,Y,Z) and (X5,Y5,Z5) are the dimensional coordinates of the field

point and of the singularity, respectively , in the Green function, and equa-

tion (l.5a) was used. It may thus be seen that d represents the adimensional

distance, in terms of L=g/w
2 as reference length, between the field point and

the mirror image of the singularity with respect to the free—surface plane

z0 , while h is the horizontal distance (similarly adimensional) between

these two points, and v is the negative of the vertical distance.

We restrict our attention to the limiting case e = +0 corresponding to

purely oscillatory flow. By performing the change of variable k fA in the

inner integral in expression (2.lob) , we can express the Green function

G(x;~~,f) IT G(x;~~,f,c +0) in the form

= - 1/fr + g(h~v)~ , (5.1)

where the function g(h ,v) is defined by the double integral

1 2 ~ ~ 
(v—ihcosO)A

g(h,v) = — -
~~

- — — dO j dA e . (5.la)
~ -‘0 -‘0 x—(l+iO)

By performing the changes of variables n f~, and $ = fv in expression (2.l0a),

we may obtain the alternative double—integral representation

2 2 1/2
1 2 v(p -I-v ) —ihp

g(h ,v) = -
~~~ — — J dv J du e . (5.lb)

11 
0 

(P
2.4.~,

2)l/2 (l+i0)
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5.1 Haskind ’ s inte&ral r~presentation

We start by expressing the double integral (5.la) in the form

(11
g(h ,v) = — l/d — (2/IT) J [( O ;h ,v)d O , (s 2)

0

where I(O;h,v) is the inner integral given b y

(v—ihcos p )  A

I ( O ; h ,v) = 
A—(l+iO) 

—- dx

By considering the contours of integration in the complex plane A IT A + iX~
shown in figure 1 — where th e lower and upper contours are selected for
O<O<r /2 and 7r/2c0-(7r , respectively — we can express the integral I in the

forms

—(hcos O+iv) t

= f e 
t—i dt for 0 < O < r / 2

(hcosO+iv)t v—ihcos O
I = 

~~
— 

- dt + 2irie for 11/2<8<11
4-1

Use of the above expressions fo r I into equation (5.2) then readily

y ields

n/2 C050+1~7) t  
11 ~ (hcose+iv)t

g(h , v) = - -
~~~ — -

~~~ 
f do r e dt—~~ f do J e 

t+i 
dt

vrr  —i he os O_4ie
J 

e do
n / 2

A f t e r  performing the change of variable 0 = 1T—’p in the last two integrals,

we may regroup the  first two integrals and express the function g(h,v) in
the form
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g(h ,v) = W(h ,v) + N(h,v) ,  (5~ 3)

where the functions W(h,v) and N(h,v) are defined as

v (11/2 ihcos0
W(h ,v) = —4ie J e dO

0

(11/2 -

N(h,v) = —l/d— (2/ ,r) J J(e ;h ,v ) d O , ( 5 . 4 )
0

with J ( O ; h ,v) given by

—(hcos O+i v)t  — (h cos o—iv ) t
= 

e 
t-i dt + f’~ ~~~~~~~~~ 

dt . (5.4a)

The integral W(h ,v) may be expressed in terms of “standard functions”, as
may be seen for instance f rote equations (9.1.18) p.360 and (12.1.7) p.  496
in Abramowitz and Stegun 181. SpecifIcally , we have

W(h ,v) 2irexp(v) [i~0 (h )— iJ 0 (h) ] , (5 .5 )

where and J0 are the usual Struve and Bessel functio~s, respectively .

By performing the changes of variables T~ (hcosO+iv)t and -r=(hcose—iv)t
in the first and second integrals, respectively, in expression (5.4a) for J,
we may obtain

—
~ 1 — 71

~~~e d  d
= 

0 
r+v_ihcoso +J

0 t+v+ihcosO 
(5.6)

By g roup ing these two integrals, we can obtain

J = 2  F e  (-r+v)d-r
) o (t+v)2+h2cos2O

i , _ - _ - — ..‘— 

hi ~~~~~
‘.--—

~ 
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Use of this expression for J into equation (5.4) then yields

4 ( ‘ — 71 (1 1/ 2  dN (h ,v) = — — — J die (-r+v) j 2 2 2o 0 (-i +v) +h cos 0

whe re an interchange in the order of integration with respect to i and 0 was

performed.  The inner integral (with respect to 0) can be evaluated (in the

usual manner by t ransforming th i s  in tegra l  into an integral around the unit

c i r c l e  I z I 1 in the comp lex pla ne z = e
10 ) .  We m ay then obtain

-t
M(~ . . — . ( e sgn(-i-+v)d-r 

— 
1 V 

~ 
e sgnt dt

2 2 1/2~~~~~~d~~~~~° 
I 2 2 1/2-‘ 0 [(i+v ) +h ] -v (t +h )

where the change of variable t = i-I-v was performed . The last expression may

readily be written in the following alternative forms:

N(h ,v) = - - 2e
V f e ( t 2+h

2 )~~~
/2 dt + 2e J e (t

2+h2)~~~~~
2 

dt

N(h ,v) = - - ~e
V 
I e (t 2+h

2 )~~~
’2 dt  + 2e e ( t 2+h2)

_
~~

2 dt
‘ 0 ‘V

The f i r s t  integrals  in the above alternative expressions can be expressed

in terms of “standard functions”, as may be seen for instance from equat ion

(12.1.8) p. 496 in (8]. We may then obtain

N (h,v) = - + ITe [Y
0
(h)— ~~0

(h) ] + 2 1-v e (t2+h2)
_l/2 dt , (5.7a)

N(h ,v) = - + 2ie [Y0(h)-~0
(h)J + 2 e ( t

2
~~

2)
_
~~

2 
dt , (5.7b)

where V
0 

and are the usual Bessel and Struve functions , respectively, as

they are defined in [ 8 1 for instance.

~

—_

~
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By using the above alternative expressions for N(h,v) and expression 5.5)

for W(h,v) in equation (5.3), we may finally obtain

g(h ,v) = ITe [Y0
(h)+~0(h)-2iJ0(h)] 

- + 2 
J 

e (t2+h
2)~~

’2 dt , (5.8a)

V (— V  t+v 
‘2

g(h,v) = 2iie [Y0(h)—iJ0
(h) ] — ~~

- + 2 
J 

e (t +h ) ‘ dt. (5.8b)

Expression (5.8b ) is identical to the expression obtained by Haskind [1] and

given in Wehausen and Laitone [9] p. 477 eq. (13.17 ’). The modified Haskind

expression (5.8a) was used by Yeung [10] p. 61 eq. (4.5b), and was also recently
rederived by Hearn [11]. For purposes of numerical evaluation, a convenient

alternative form of the integral in expression (5.8a) is obtained by perform-

ing the change of variable i = —(t+v)/d. This yields

g(~~v)= ~e ~~~ (h)+~~~(h)-2iJ~~(hfl ~~~ ± 2 J e ( l ~~2ar+T 2 ) 112d~~~~~ (5.8c)

where we have o. IT —v/d  by def ini t ion and 0<~<1. This modified Haskind integral

rep resentation is very well suited for evaluating the Green function for
small values of c~. Indeed , fo r v 0 , the integral in forr ’ula (5.8c) vanishes ,
and we have the pa rt icularly simple exp ression

[(h~v0) = IT [Y0 (h)+~0 (h)- 2iJ 0 (h) ]-1/h
J 

. (5.9)

Howeve r , Haskind ’s integral representation is clearly not well suited
for  evaluating the Green function for values of a close to 1. As a matter
of fact , expressions (5.8) are not defined for a 1 , i.e. for h 0  and v<O ,

so that  these exp ressions can only be used f or v~O and h>O. A complementary

single—integral representation that is well suited for evaluating the Green

func t ion  for  v<0 and small values of h>O will now be derived.

--— —

~
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5.2 The ~~~~~~~~~~~~~~~~~~~~ r~presentat1on

By performing the changes of variables t i+v—ihcosO and t=-r+v+ihcos0

in the first and second integrals , respectively, in equation (5.6), we may obtain

J = exp (v—ihco s0)E
1(v—ihcosO )+exp (v+j hcosO)E

1(v+ihcos0)

where E1 is the usual expone n t ia l  integral defined here as in ~qii: mt ion (5.Ll)
p.228 in [8] .  By using the symmetry relation E

1
(Z ) = E

1
(Z) , given by equat ion

(5.1- 13) p .229  in [8] for instance , we may then obtain J = 2 Re exp (v+ihcosP)

E1(v+ihcos9). Use of this expression for J into equation (5.4) finally yields

(11/2 Z
N(h ,v) = —l/d —(4/ IT) J Re e E 1( Z ) d O  , (5.10)

0

where Z is the comp lex number defined as Z = v+ihcos0.

By using formulas (5.5) and (5.10) in formula (5.3) , we the n have

g thM = 211; ~~~ (h) -iJ~~hfl -~~~~~~ ~ J Re e\(Z)dO Z v+ih~~~s 9 I  (5 11)

For the sake of easy reference (and for reasons which will become clear further

on) , the expression for the Green function defined by formulas (5.1) and
( 5.11) is referred to as the “near—field integral representation” of the Green
function . This expression has also been obtained, independently and in a dif-
ferent manner, by Martin [2]. The near—field integral representation takes

a particularly simple form for h=O. Indeed , expression (5.11) then becomes

rg(h=0 ,v) = 1/v _2exP(v)[ReE
1
(v+i0)+i11~

J 
. ( 5 . 1 2 )

The main in t erest of the integral representation (5.10), in comparison

to the alternative integral representation (5.7), resides in that this expression
can be used to obtain an ascending series useful in the neighborhood of the origin
h=Osv , i.e. for small values of h and —v. This ascending series will be given

in section 7.

L — --
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53. The far-field inte~ ral representation

We now s tar t  from the double—integral  representat ion  ( 5 . l b ) ,  wh ich  we

w r ite in the fo rm

g(h ,v) = l/d — (2/IT) J I(v;h ,v)dv , (5 .13)
0

where I ( v ; h ,v) is the inner integral  defined as

2 2 1/2 .v(ij +u ) — ihp
I cI ( v ;h ,v) - ,
~o (~j L+vL) —(l+iO)

By mul t i p ly ing the numerator  and denominator of the integrand of the

inner integral I by the expression (u 2
÷v

2)
l
~
2 
+ (l+iO), and by rearranging

the denominator , we may express this integral in the form

2 2 1/2v(p +v ) — ih~j 2 2 1/2
= 

I e f (p +v ) + (l+iO)] 
d

[~ + ( l_ v 2+i0) h / 2 J [ ~ _ ( l_ v 2+io)~~~2 ] 
p -

The poles ±( 1--v 2+i0)~~~
2 of the integrand of the above integral are given by

if 0<v< l  and ±[0+i(v 2_ 1)~~~
2 ] if l<v<c~. By considering the

contour of integration in the complex plane p IT 
~~ 

+ ip .~ shown in figure 2,

and noting that  we have (1J 2+v 2) l /2 
= ~ i(P

2_u 2)l/2 for p = ±O+ip . on the

two sides of the cut defined by p = 0 and — ~ <ji ~ <~ v , we can express the

integral  I in the form

~ -v  
hu i+iv (p

~
_v 2 ) ”2 hu i_ iv (u

~
_v 2 ) ”2

= 

~~~~~ i (P ~ _v 2 )~~~
2 

- ~ 

idu i 
+ 

~ 2 2 1 / 2  -l 
idIJ 1 — 2ITiR. (5.14)

In th is  expression R is the residue at the pole _ (l_v2)~~
2 if 0<v<l , or at

2 1/2
— i ( .  —1 ) if l<v~z~= , so tha t  we have

- ~~~~~~~~~~~~~~~~~~~~~~~~ - 
_
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4 1

[~~
i h(l 2)l/2 ]/ ( 1 2

)
l/2 

if 0<v<l
R(v;h ,v) -

~~~~~ 2 1/2 2 1 2 
(5 .15)

iexpEv-h(v -1) ]/(v —1) / if  l<v< ’~

-) -7

as may easily be found . By performing the changes of variables

and t =_ (p~~_v 2 ) h 1~
’2 in the first and second integrals , resp~ c t i v ~’1v .

in expression (5.14) , we can finally obtain

‘- _ h ( t 2+v 2 ) 1h ’2 +ivt
I(v;h,v) 

2 2 1/2 
tdt — 2111 R(v;h ,v) , (5.16)

~~ ( t+ i) ( t  +v )

where R is given by equations (5.15).

By using equations (5.16) and (5.15) In formula (5.13) , we may then

express the function g(h,v) in the form

g(h.v) W’(h,v) + N ’(h ,v) , (5.17)

where the functions W’ and N’ are given by

ih(l_v 2)l/’2 ..h(v 2_l)lh’2

W ’(h,v) = —4ie 
J 2 1/2 dv ~4e J 1 2 

dv , (5.l7a)

~ 
(1-v ) 1 (v 2-l) /

_h(p2+v2)l/2+ivp

N ’ (h ,v) = — -
~~

- I dv 
J 

du 
pe 

. (5. l7b)
d it 

~o —~~ (p+i)(p
2
+v

2
)”~

2

The two integrals in equation (5.lla) can be expressed in terms of usual

Bessel func t ions , as may be seen by performing the changes of variables

v sin- and ‘=(1+t
2)~

”2 in the first and second integrals, respectively,

and by using equation (9.1.18) p.360 and equations (12.1.7) and (12.1.8)

p .-.96 in [8). Specifically, we may obtain

W ’(h ,v) = 2i~e [Y0
(h)-i3

0
(h)] -2iTIe H~~~ (h) . (5.18)

~

— -- - - -_-— -- ---- ---- - ---- - — - -_ -—-- - ~~
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By performing the changes of variables j i =A cos0  and v=X s in O  in the

double integral (5 .17b), we may express the function N’(h .v) in the form

111
- - N ’(h ,v) = l/d— (2/ii ) 

J 
J (0 ; h ,v)dO , (5 . 1 - i )

0

where the inner integral J is given by

— (h—ivcos O)  A

J(0;h,v) = 
e 

A+isecO 
AdA

This integral may be expressed as

1 r — ( h — i v c o s 0 )A
- — isecO l e

h—ivcosO j . dA
0 x+isece

By performing the change of variable i=X+isecO , we may then obtain

Z ~ —(h—ivcosO)-r
isecO . I dT

J = —isecOe e ——z j .  I
isecO

where Z is the comp lex number defined as Z = v+ihsecO . The change of variable

t (h—ivcosO)r then yields

-t z
J = isecO (-~- — e J - ~--e- dt) 

= i sec 0 [l /Z—e E 1(Z) ]

Substitution of this expression for the inner integral J into formula (5.19)

then  gives

(11/2 Z
N ’(h ,v) = —l/d — (4/it) J Im e E

1
(Z)secOdo , (5.20)

0

as may be found after some transformations.

_ _ __ _ __ _ __ _ __ _ _ _  _ _  ____
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By substituting expressions (5.18) and (5.20) for W’ and N’ , respectively

into formula (5.17), we can finally obtain 

v 1 4 (11/2 Z
g(h ,v) = 2ire [Y

0
(h )— iJ

0
(h)J— ~~

- — - -  

J 
Ime E1

(Z)secodo; Z E v+il,sec0 . (5.2 1) 
0_ _ __ __

~~~
___

~~
__ _ __ J

This expression is obviously not defined for h=O, and is best suited for

evaluating the function g(h,v) for large values of h. The expression for the

Green function defined by formulas (5.1) and (5.21) will thus be referred to as

the “far—field  integral representation” . This integral representation does not

seem t o h ave been given previously , to the author’s knowledge. There is a

striking similarity in form between the far—field representation (5.21) and the

near—f ield representation (5.11). These two integral representations indeed

are complementary . In particular , the near—field representation (5.11)

readily provides an asymptotic expansion valid for large values of d and small

or moderate values of h/d , that is in a sector neighbouring the vertical

axis h=0, while an asymptotic expansion valid for large values of d and small

or moderate values of —v/d , that is in a sector neighbouring the horizontal

axis v=0, can readily be obtained from the far—field representation (5.21).

These complementary asymptotic expansions are given in the following section .

Comparison of expressions (5.8b) and (5.21) show that these expressions are

equivalent , and that in fact we must have

-n/2 v+ihsec8 —di
— 

* ~~ 
Ime E1(v+ihsecO)secOd8 J e (1+2~~t+i

2
y~~

’2 
di

as may be obtained by performing the change of variable r = —(t+v)/d in the

integral in the Haskind expression (5.8b)
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6. The Green function: asymptotic expansions

Let us f i rs t  consider the fa r—fie ld  integral representat ion def ined by
expression (5.21), or by the equivalent equations (5.17),  (5.18) , and (5 .20) .
We define the integral 11

(h-,v) as

(11/2 
—

11(h ,v) = Im ( — 2 / I T )  ( l / Z ) s e c o d o ;  Z v+ihseco . (6.1)
Jo

We have

11(h , v) = l/d , (6.la)

as may easily be ver ified , and indeed was already used in the derivation of

exp ression (5.20). By using equations (6.1) and 6.la) in equation (5.20), we

may express the function N’(h,v) in the form

~it/2 Z
N ’ (h ,v) = l/d —(4/it) Im [ e E1(Z)- - l/Z] secede ;  Z E v+ihsec0 . (6.2)

J o

By using the well—known asymptotic expansion

n n+l
e x p ( Z ) E 1( Z ) — l / Z  ~ ~ (— 1) n / Z  as Iz I÷ = , with ArgZ~’-n , (6.3)

n �i

in exp ression (6 .2 ) , we may obtain the asymptotic expansion

N’(h,v) - -- - l /d  + 2 E (_ l) n !I n+i (h ,v) as d-~~, with h>0 , (6.4)

n> 1

whe re I ÷i (h ,v) is the integral defined by

~r/2 n+l
mn+i th

~~
) = Im (—2 i i r ) 

j 
(l/z )secede; Z v+ihsec0 -

J O

It may be seen that  we have the relation
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1n+l~~ ”~ 
= (—l/n)3I (h,v)/3v , (6 5)

from which we may obtain

n n n n n
(—1) n:I

+1
(h ,v) = 3 1

1
(h,v)/3v = 3 (l/d)/3v , (n~ l)  , (6 .Sa)

where equation (6.la) was used. The asymptotic expansion (6.4) then becomes

n n
il ’ (h,v) ‘v l/d + 2 ~ 3 ( l/ d ) / Sv  as d-~~, wi th  h>O - (.6)

n>l

It may be verified that we have

n n n+l
3 ( l / d ) / B v  = P (a)/d , (6.7)

where -~~ —v / d , an d P (a) is a polynomial of degree n in a.

By using equation (5.18) and equations (6.6) and (6 .7)  in equation (5.17) ,
we may f i nally obtain 

-- - - - - - - - -- - - -- 

v n+l
g(h ,v) ~— 2ire [Y

0(h)—iJ0
(h)J + l/d + 2 ~ P (a)/d as d-+co (6.8)

~~~~~~~~~~~~~~~~~~~~~~~~~~ J

with O~ iIT—v/dcl. The first few polynomials P (a) may be shown to be 

-- - - - - - - - - —  —-- -m - - - - - - - —--- -- -~
- - - - — - - —- - —

~~~~
--

~~~~
— --— 1

• 2
- ~~P2 —(l—3c t )

p = ~32a(l-~~~
2 ) p

4 = 3
2 (1-lOa2+-~~~a

4
) 

(6.8a)

— p = 3
3
.5

2
u (l~~~~~~n

2
+~~
1a

4
) 

I 
~6 = -32 .5 2 (l 2la 2 +63a 4

~~~~~~~
6 )

We now consider the near—field Integral representation defined by express-

ion (5.11), or by the equivalent formulas (5.3) , (5.5), and (5.10). We define

the in teg ral

- .-. - -

_________ -~ — ---- - - — --- - - - - - - —~~~~~ - -  
-
~~~~ . 

_
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(11/2
11(h ,v) = Re(—2Iii) ( l/Z) de ; Z v+ihcosO . (6.9)

0

We have

11(h ,v) l/d , (b .9a)

as may be verified . By using equations (6.9)  and (6.9a) in equat ion (5.10) .
we may exp ress the function N(h ,v) in the fo rm

it/ 2 Z
N ( h , v) = l/d — ( 4/ it ) Re[e E

1
(Z)—l/Z]de ; Z IT v+ihcose . (6.10)

0

By using the asymptotic expansion (6.3) in expression (6 .10) , we may

obtain the asymptotic expansion

N ( h , v) -
~~ l/d + 2 E (_ l ) f l !I fl+l (h ,V) as d~~~, with v<0 , (6.1l)

n >i~

where I ÷1(h ,v) is the integral

it/2 n+l
I
÷i
(h,v) = Re(—2/ i i ) J ( 1/2 ) dO ; Z v+ihcos8

Equations (6.5)  and (6.5a) may readily be verified to hold, so that the

asymptotic expansion (6.11) becomes

n n -
N ( h , v) ‘v l/ d + 2 E 3 ( 1/d ) / Sv  as d-’-~° , with v<0 - (6.12)

n>1

The functions N ’(h ,v) and N (h ,v) defined by equations (6 .2)  and (6.10) thus
happen to have the same asymptotic expansion as d-~~, although these expansions

a re not valid in the same reg ion s of the (h ,v) plane . Spec i f i cally , the asymp-

to t i c  expa nsions (6 .6)  and (6 .12) are not valid in the nei ghbo rhoods of the

- --__ ~~-
_

L_ _t ~~~~~~~~~~~ - a

~
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~
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vertical axis h=O and of the horizontal axis v 0 , respectively. It may be

convenient to express the polynomials P (a) in equation (6.7) as functions of

IT h/d [so that  we have a — (1_ (~
2
)1J2]• The polynomials P(c~) can then be

expressed in the form

P (ci) = n Q (8) , (6.13)

where the functions Q (8) verify Q (O)=l , since we have P (l)=n ! as may be verif ied
f rom equat ion (6.8a) .

By using equation (5.5) and equations (6.12), (6.7), and (6.13) in equation
(5.3), we may finally obtain

v n+l
g(h ,v) it-’ 2-r e [~i0 (h )—iJ 0 (h) ] + l/d + 2 ~ n Q ( 8 ) / d  as d-’~~! , (6.14)

~~~~~~~~~~~ 
_ _ _ _ _

~~~~~~~~
_ _

~~
_ _ _ _

~
_ _ _ _ _ _

~
_ __j

with O<8ITh/d<1.. The first few functions 
~~~~ 

are given by

~2
l.1’2 1 3 2(1—c ) = ~~~~~~ -

Q3 
= (l—8 ~~) (l_ ~~~8

2
) Q4 = l_58

2
+-~j-8

4 
(6.l4a)

Q5 = (l_82) (l_782+~~~~
4
) l_~?j8

2+i~~ B
4_ 231~~6

The d i f f e rence , 5g(h ,v) say , between the values of the function g(h ,v)
given by the asymptotic expansions (6.8) and (6.14) is given by

v
3g(h ,v) = 2ite [y

0(h)—H0
(h) ] 2-ire [Y

0
(8d)—IY

0(~
d)] . (6.15)

The function 6g(h ,v) thus is exponentially small as d-+cc , provided we have 0<8<1.

It may then be seen that the “transition discontinuity” ~g(d ,8~ 8~ ) due to the
use of the asymptotic expansions (6.14) and (6.8) for O<B<B

~ 
and 

~~~~~~ 
respec-

tively, is exponentially small , and thus is negligible—in an asymptotic sense—

in comparison with the algebraic term s l/d’~ in the asymptotic expansions . An

optimum transition between the asymptotic expansions (6.8) and (6.14) may be

- —a - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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determined from the obvious requirement that the transition discontinuity

6g(d ,~~) is a minimum. This optimum transition then is given by the solution

of the equation 3[óg(d,~ )]/38 = 0. By differentiating equation (6.15), we
may then obtain the following equation for  the “t ransition curve” v

~
(h)

_v
~ 

= h[H
0

(h )—Y
0
(h)}/[11

1
(h)—Y

1
(h)—2/1T ] . ( b . ] ( - ’)

where equations (9.1.28) p 361 and (12.1.11) p.  496 in [S  I were used . In
particular , equation (6.16) gives

2 2 4

~~ 
~ h (1+2/h —30/h + . . . )  as h-~= , (6.l6a)

as may be obtained by using equations (12.1.30) and (12.1.31) p. 497 in [8 1.

By substituting expression (6.l6a) into equation (6.15) we may then obtain
the following expression for the transition discontinuity 5g~ (h) ~~ —4exp(—h

2)/h

as h-~--’- . The discontinuity may be regarded as negligible in practice if it is

sufficiently small in comparison with the main algebraic term , i.e. l /d , in

the asymptotic expansions (6.8) and (6.14). We thus require that 4dexp (—h 2)/h

be smaller than the desired relative accuracy , c say, which might be taken as

= .01 for practical applications. This then yields 4(l+h2)lI
’2exp(_h2)< .0l

• - 2 2 1 / 2  2 1/2 . .  2[since we have d = (h +v ) ~ h(l+h ) as h-*~. on the transition curve -v~h J ,

from which we may obtain h>2.6 and d>7.2.

For sufficiently large values of d (say for d greater than about 7

according to the foregoing analysis), the function g(h,v) can then be evaluated

by means of the asymptotic expression

~~~~,v) ~ W (h ,v) + N(h,v) as d~~ . (6.17)

The function W(h,v) in expression (6.17) is given by

2’rexp (v)[Y0
(h)—iJ

0
(h)1 vt (h)

~
v<O

~~: ,v) = for  , (6 .1?a)

2 — e x p ( v )  [!\ 0 ( h ) — i J 0 ( h ) ]  _co<v< v t (h)

_ _ _  _ _  - _ _ _
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where the transition curve v~ (h) is defined by equar ion ( b .  16). The func t ion

N (h ,v) in expression (6.17) can be evaluated by means of either one of the
equivalent asymptotic expansions

n+l n+l 7
~N(h ,v) it~ l/d + 2 E P (c t )/ d  l/d + 2 E n !Q (8)/d as d-’~° , (6 . l 7b )

n>l
11 n>1

where a IT —vkd and~~ IT h/d, and the functions P (a) and Q (B) are given by

equations (6.8a) and (6.l4a).

The error associated with the use of the asymptotic expansion (6.17b)

is of the order of the term following the last term in the truncated series

(i.e. the first discarded te rm in the series), as is well known. The requirement

that the function N(h,v) be evaluated with a relative accuracy c (say with c = .01

in practice) may then be approximately expressed by the condition 2IP~(a)p /dn<c ,

which yields d> [2lP (a)I/E]~ ”~ . 
The function d (ct;c) IT [21p n(a)t/c]

l/n may be

evaluated , notably in the particular cases a 0  and a1 . In the particular

case a=l(S=0) , that is along the vertical axis h 0 , we have P~ (l) n !~ so tha t

we may obtain d (a=l ,e)=(2n /c)~~
”. For c .Ol , we may then obt ain d1=200 , d 2 20 ,

d
3
=lO .63, d

4
=8 .32 , d

5
=7.52, d

6
=7.24 , d

7
=7.2l , d

8
=7 .30 In the particular case

a= O( 8=l) , that is along the horizontal axis v=0 , we have l (0
~~

0 and P 2 (0) 1
2 2 2  21 .3 .5 .. .(2n—1) , as may be seen from equations (6.8a) . We may then obtain

d
2

( a 0 ,c).~ [2.1
2 .32 .52

. • . (2n_l)
2/e]

h/2n
. For c= .Ol , this yields d2=l4.l4, d4=6.Sl ,

d6=5.96, d8
=6.2l.... The above results suggest that if a relative accuracy c .Ol

is desired (as ought to be sufficient for most practical applications), it may

not be advantageous to use more than the first five terms, i.e. l<n.’z4, in the

asymptotic expansion (6. 17b);  furthermore, it appears that this 5—terms asymptotic

expansion could be used for d greater than about 8 if ct l(h 0) and for d greater

than about 6.5 if ci=O(v=0). These values of d fortunately happen to be about

the same as the value d=7.2 found previously from the requirement that the transition

discontinuity in the value of the function W(h,v) be negligible. On the basis

of the foregoing analysis , it may thus be recommended that the 5—terms asymptotic

expansion (6. 17b ) be used in a region which may approximately (and tentatively) be

~e~~ined b the equ ation h 2 f45+v 2 /65 > 1; a more precise numerical determination of

the domain of practical usefulness of the asymptotic expansion (6.17b) is of

course possible .

_  — - -- - ~~~~---~~~~ 
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7. The Green function: ascending series

In this section, an ascending series for the function g(h ,v) is obtained
from the near—field representation given by formula (5.11), or by the equivalent

equations (5.3), (5.5) and (5.10). Let the integrand exp(Z)E
1
(Z) in eq uat ion

(5.10) be expressed in the form

z z z
e E

1(Z) = —e (LnZ+’y)+e [E1(Z)-henZ+-y ) . (7.1)

Furthermore , let the complex number Z v+ihcos8 in the term £nZ be written in
the fo rm

d—v 2v . 2hZ = —~—-(~~~— + i ~~~—- cosO) , (7.2)

for reasons that will become clear further on. Also, let the parameter o be
defined as

o IT h/(d—v) . ( 7 . 3 )

It may be verified that we have O<~ <1, and 2v/ (d—v) = ~
2_i so that equation

(7.2) becomes

Z = ~-~~- ( o 2—l+i 2ocos~ )

Use of this expression for Z in equation (7.1) then yields

Z v+ihcosO 
— z

e E
1(Z) 

= —e [tn ~~~2~+ y +~n ( o 2_ 1+f2(ycos5)] + e [E
1

(Z)+~nZ+y]

By us ing this expression for the integrand exp(Z)E
1

(Z) in equation (5.10), we
nuv express the function N(Iì ,v) in the fo rm

N(~ ,v) =  + 2e (~~~~~!+ ) J (h) + 2e
V
T - 2J , (7.4)

L~ .  _ _
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where equation (9.1.18) p. 360 in [8] was used , and I and J are the integrals

defined as

(11/2 iheosO 2
I = (2/ir)Re I e £ n[—( l— o )+i2 oco sO]d O , t. 1 )

(71/2 Z
J = (2/IT) Re e [E1(Z)+-e

nZ+-yIdO ; 7. v+ihcosO . (7 .~~)
JO

Subst i tu t ion  of expressions (5.5)  and (7.4) for the functions W and N into
equat io n (5.3)  finally y ields the exp ression

= - l/d + 2e [it~ 0 (h)+( 1n~~~~ +y-iit) J0
(h)+I] - 2J1 . (7 .7)

The ascending series for the above—defined integrals I and J are given below.

The integral J is considered first.

We h ave

Z ~~~m k+l k
e [E

1(Z)+-e
nZ+yJ = [ ~ Z /m!][ ~ (—1) Z /k.k!]

m=O k=l

as readily follows from the ascending series of the functions exp(Z) and E
1
(Z).

The above product of series may be expressed in the form

k+1 fl n
~~- 1 L E ( E

n= 1 k l  k (n—k)!k! n! 
n l k l  k n! 

‘

where equation (0.155,4) p .4  in Gradshteyn and Ryzhik [12] was used . The well—
know-n binomial expansion formula yields

n n n kkn-k k
Z IT (v+ihcos8) = ~ (~~~) 1 h v con 8

k=0

We may then obtain

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _   ---- rn -~~~~~ - 
-

~~~~
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n n ’ k 2 k n-2k 2k
ReZ = n! ~ (—1) h v cos O/(2k)!(n—2k)!

k 0

whe re n ’ is defined as n ’ = n/2 if n is even or as n ’ = (n—l)/2 if n is odd .

We thus have

2k n—2k
Z ~‘ n n k 2k

-~~ Ree [E 1
(Z)-f-enZ+y] = E ( ~ ~ (2k)’(n—2k)’ 

cos
n l m 1  k=0

Substitution of this series for the integrand in the integral (7.6) and term

by term integration finally yields

2k n—2k

j = v +~~~(~~~*)(V
n
/fl!+!(_l)

k 

~~ (2k)!(n-2k)! ~ n ’ = 
~~~~l)/

2] 
(7 .8 )

We now consider the integral I. By replacing the function exp(ihcose)

in equation (7.5)  by the ascending series n~O h”co5~ 0/n!, we may obtain

2n 2n+l

I = : ( - l ) [ (2n) ! Re12 -- (2n+l)! ImI2~~1
] (7.9)

whe re I is the in teg ral defined by

(11/2 n
I = (2/ir)J ~n[— (1—c~

2)+i2cicosO]cos Ode
n

It may be verified that we have

Rel = I ’ and ImI = —it ’2n 2n 2n+1 2n+1 ‘ (7.10)

whe re I’ is the integral given by

( IT  (1

1 ’ = (1/211) J ~n[— (1—u 2)+t2icosO1cos fldo
—I T

- _ _ __ _

-
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• Use of equations (7.10) in equation (7.9) then yields

2n 2n—l
I = + Z l ) [~~~ ‘2n~~~ ~~~ -i) !  ‘2n-l~ (7.11)

The integral I’ can be expressed as a contour integral around the unit circle

I z~ = 1 in the complex plane z exp (iO). We thus have

i 2 1 ’ = 
~~~

— J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. (7 .12)

J z J =l

By using the binomial theorem , and af ter  some transformations , we may
obtain

2n n-l 2n—2k-l

~-(z4-) = E (~~ )( z + 2n—2~~I~ 
+ ~~~~~ 

1 , (7.l3a)
k=O z

2n—l n—l 2n—2k—2
= 

k = O 1
~ 

+ 2n—2k~ 
( 7 .l3b)

Use of equations (7.l3a,b) in equation (7.12) then yields

i 2 I ~ = f(
Th
)j? ÷ 

k~O 
2n_2k_1+ 1;n 2k+l~ 

, (7.14a)

2n-l n—l
2 I’ = E /2n—l~ (1+ + I

_ 
)2n—l 

k=O k / 2n—2k—2 2n—2k (7.l4b)

+where Tm and ‘m are the integrals defined by

1
~ 

.“.~
-
~

--- J ~n[~~ -( z-f-~ ) ( z — i o ) ]z dz , m > 0  , (7. 15a)
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= -~L J Zn[!2. (z+~~)(z_icr) ] ~~~~~- , m > 2 . (7 .l sb)

It may be ve r i f ied that we have

= 0 . (7.16)

Furthermo re, we have

I = ~~

-

~

- 

(7 .17)m m— 2

as may easily be ve rif ied by performing the change of variable z l / ~ in the

integral  (7 . lsb ) . Use of equations (7.16) and (7.17) in equations (7.l4a,b)

then yields

2n— l n-i
i2 ~~ 

k=0 ~~~~~~~~~~~~ 
, (7.l8a)

2n-2 n-i
i2 ‘2

’
n—l 

= 

k=O k 2n~2k~2 • (7.18b)

m
We ha ve 0<o<l , so that the function £n[io(z+i/cr)Jz is holomorphic in the

region Iz I 1, and the integral (7.l5a) becomes

= 
1 tn(

Z_ iO
)zd . (7.19)m z

zl= l

This integral can easily be evaluated ; we have

m ttr4-l
1~ = i ~ /(m+l) . ( 7 . 2 0 )

Use of expression (7 .20)  for the integral I~ in equations (7.18a ,b)

then gives

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--
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n 2n n—i k 2n—2k
(—1) i~~/(2n)! = (—2/2 ) E (—1) o /(2n—2k)k!(2n—k)! , (7.2ia)

k=O

n 2n—l n—i k 2n—l—2k
i ( — l )  I~ 1/ ( 2n— l)!  (—2 / 2  ) 7 (—1) o /(2n—l—2k)k!(2n—l—k) ! . (7 .2lb)n k=O

By substituting expressions (7.16) and (7.2la,b) for the integrals  I~~, i~ and

~~~~ in equ ation (7.11), we may finally obtain

-2 : ( E  
k ’~~~

1
~ ) ’  ~~ 2k ) (~~ ) ;  o ~~~~~~~, n’ = { . (7 .22 )

Equations ( 7 . 2 2 ) ,  (7 .8) , and (7 .7 )  — where the classical ascending series for
the Bessel and Struve functions J

0(h) and ~Y0
(h) , namely

n 2 n  2 n2n+l 
2 2  2

J0 (h) = ~ (— 1) (
~

- ) / ( n !) , ~~ ?1
0

(h) = ~ (— 1) h /12.3 .5 . . .  (2n+l ) , (7.23a ,b)
n=O n=O

may evidently be used—provide an ascending series useful for evaluating the

function g(h,v) for small and moderate values of d. 

— 
- -  
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8. The Green func t ion: one—dimensional Taylor series expansions
The near—field  representation (5.11) may be used to obtain ;1 Taylor

series exp ansion of the function g(h ,v) in the nei ghborhood of the ver t i ca l

axis h= O. Let L(h ,v) be the function defined as

(11/2 Z
I(h,v) = Re(4/IT) J e E

1
(Z)dO; Z v+ihcosO . ( 8 . 1 )

0

By expanding the function I(h,v) in a Taylor series about the axis h 0 , we may

obtain

~ n n n
I (h ,v) = ~ h [ 3 I (h ,v) / 3h }h O /n ’. . (8.2)

n=0

Differentiation of both sides of equat ion (8.1) yields

n n ~Ti/2 n Z  n n  n
3 I(h ,v) / 3h = Re(4/ir) I [d e E1(Z)/dZ ]i cos edO . (8.3)

From the definition of the exponential integral function E1(Z) , given for
instance by equation (5.1.1) p. 228 in [8], it may be verified that we have

n Z  n Z n k
d e E

1
(Z)/dZ = e E

1
(Z) + ~ (k—l)!/(—Z) for n>1. (8.4)

k=l

By using equation (8.4) in equation (8.3), we may obtain

= 2( —l )  ~~~~ [e ReE1(v+iO) + 7 -
~~~~~~

-
~
-
~~~~

- I for n>i , (8.5a)
h 0  k 1  (—v )

while for n 0  we have

I (h 0,v) = 2e ReE
1(v+iO) (8.5b)

- ‘ s - .aa  -~~  

— - -——-— —- - -~~~— — - — ----- -
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We have ReiE
1(v+iO)=—ImE1

(v+iO)=n , as may be found from the ascending series
for the exponential integral given , for instance , by equation (5.1.11) p. 229
in [8]. It may then be seen that we have

31/ahJ = 4e
V 

, (8.5c)

and

:~ ~h=O 
4(-l) 

3:5:7:::(2n+l) e
v 

for n>i. (8.5d )

Use of equations (8.5a ,b ,c ,d) in the series (8.2) then yields

I (h ,v) = 2e ReE
1(v+i0)[l+~~~(-l) ~~~~~~~~~~,

} + 2J (h ,v) +

2n+1

÷ 4e [h+E(-l) 
3:5:7:::(2n+1)(2n+l)! I , (8.6)

where the function J(h,v) is defined by the series

J(h ,v) 
n=l k=l (v)k ~~~~~~~ (2n ! (8.6a)

The two series between brackets in equation (8.6) are the ascending series for
the functions J0(h) and (ir/2)?10

(h) ,  respectively, as may readily be verified
from equations (7.23a,b), so that equation (8.6) becomes

I (h ,v) = 2e [Re E
1(v+i0)J0(h)+~~0

(h) ] + 2J(h,v) . (8 .7 )

The ser ies  (S .6a) for  the function J(h ,v) may be expressed in the form
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2n
J(h - (2n-l-m)! 

1 
1.3.5.. .(2n—l) h . (8.7a)— 

n 1  
— 

m 0  (_v)2~~
m 2.4.6...(2n) (2n)!

By substituting expression (8.7) for the integral (8.1) into formula
(5.11), we may finally exp ress the function g(h ,v) in the form

g(h,v) = -i/d-2J
0
(h)exp(v)[ReE

1
(v+fO)+jir]_ 2J(h,v) . (8.8)

The series (8.7a) for the function J(h,v) can be written in the form

J(h,v) = 

~~~~~~ 

1:3:5::.(2n 1) 
(~~)P(v) , (8.8a)

where P (v) is the polynomial of degree 2n—l given by

2n-l m
Pn
(v) = 1 + E (—v) /(2n—l)(2n—2)(2n—3). .. (2n—m) . (8.8b)

m=l

~e have J(h=0,v)= 0 and J0(h=0)=l , so that expression (8.8) becomes identical

to expression (5.12) in the limit h0.
A complementary Taylor series of the function g(h,v) in the neighborhood

of the horizontal axis v=0 can be obtained from the Haskind integral representation
(5.8a). Let l(h,v) be the function defined as

~-v t+v 2 2 —1/2I(h,v) = I e (t -4-h ) dt (8.9)

Expansion of this function in a Taylor series about the axis v 0  yields

a n  n
t ( h ,v) = ~ v [3 I(h ,v)/ 3v ]

0
/n! , (8.10)

n 1

where the fact that I(h,v=0)=0 was used . It can be verified that we have 

~~~~~~~~~~~
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2n+l 2 2 2 2 2n+2

k=O 

1 .3 .5 ...(2k—l) 
= 

:v2fl+2 
v 0  

for n~’O. (8.11)

Use of equation (8.11) in equation (8.10) y ields th e ser ies

2n+l 2 2 2 2
I(h,v) = E

0 (2n+l) ! (1+ 2~~ 2 k~o~~
1) 

h 2k
~~

which may be written in the equivalent form

2n+l 2 2 2 2

I(h,v) = 
n~O 

(2n+l)!~~~~ 2n+2~~~~O~~~~ 
1 .3 

n~j~~~~

_

~~
2m) 

] • (8.12)

— 
By using equation (8.9) in equation (5.8), we may then express the

function g(h,v) in the form 
-

g(h,v) = -l/d ÷ 7Texp(v)fY
0
(h)+i~0

(h)-2iJ
0
(h)J + 2I(h

~
v)I (~ .l3)

The series (8.12) for the function I(h,v) may be written as

n
2n+l

I (h ,v) = L~ L(1.f~~) + 
n~l 

2: :: ~~~~~ 2n+2~~n~~~ 
, (8.l3a)

where Pn(h) is the polynomial of degree 2n given by

n m 2ni 2 2 2 2
P (h) = 1 + E (—1) h /(2n—1) (2n—3) (2n—5) .. . (2n+l-2m) . (8.l3b)

m l

In the limit v=O , we have 1=0, and expression (8.13) becomes identical to

expression (5.9).

_ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _
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9. The gradient of the Green function

The ver tical de r ivative , ~~~ of the Green function G(x;~ ,f) may be

exp ressed di rect ly in te rms of the funct ion g (h ,v ) ,  as will now be shown . Following

an idea used by Eggers [4] for the similar problem of ship wave resistance , we

express the Green function in the alternat ive forms

411G(~ ;tf
) = _l/r+1/r~+}1

+(p, z~ ;f) = —1/r—l/r ’+H (p,z’ ;f) , (9.la ,b)

where we h a v e p I T  [(x-~)
2+(y-~)

2
]~~

2
,z’ IT z+~ , r - [~

2~ (7 .)~~1
1i_ 

-r IT (p +z ) , and f IT ~ L/g, as was defined previously. Although the precise

expressions for the function H+(p,z~ ;f) and I((p,z’;f) can evidently be readily

obtained from the analysis in the previous sections, for instance by setting

= + 0 in expressions (2.lOa) and (2.lOb), the precise forms of these functions

is actually not required here. By using equations (9.la ,b), we may obtain

411(G —fG) = (_l /r_l/r ’)
~ 

+ H; — f(—1/r+l/r ’) — fH+ . (9.2)

The free-surface condition (2.l3b) shows that we have G
~
—fG 0 on z0 if ~<0. It

may also readily be seen that —l/r+l/r’=O on z0 and (l/r+l/r ’)
~~

O on z0 if ~,<O.

It then follows from equation (9.2) that we have H _fH+ 0 on z0 if ~<O. This

relation however must hold for z<0 since the functions H+ and H depend on z+~.

We thus have H;
_fH+ITO, as may also readily be verified prom equations (2.9a)

and (2.9b). Equation (9.2) then becomes

4(G —fG) = _ (l/r+l/r ’)
~ 

+ f(l/r—1/r’) . (9.3)

By using expression (5.1) for the Green function , that is

4-G (x;~~,f)/f = —1/fr + g(h,v) (9.4)

in equation (9.3), we may finally obtain

~ 411G / f
2 

= (z-ç)if
2
r3 + v/d 3 - l/d + g(h ,v)1 , ( 9 . 5 )

where v IT f z ’ , h fo , and d fr ’, as was defined previously . Expression (9.5)

- -~~~ r.

—~-—- - - — — i - - —  - ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~- 
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for he vertical derivative Gz of the Green function was obtained previous1~’

by Martin [2], in a different manner. The horizontal derivatives and C of

the Green function C may readily be obtained by differenti~iting expression (9.4).

Specifically, we may obtain

Cx 
= C~ (x~~)/P Gy 

= G (Y_ ~~)/P
J 

, (9.~~a,b)

with G~ IT 3G/3p given be

I4~
/ f 2 /f2 3

~~~~1 
. ( 9 . 7 )

‘1
- _~~~~
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