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Ultrasonic nonspecular reflectivity near longitudinal critical angle

Tran D. K. Ngoc and Walter G. Mayer

Physics Department, Georgetown University, Washington, D.C. 20057

A numerical integration method is developed to determine the intensity profile of an ultrasonic
beam reflected from a liquid-solid interface near the longitudinal critical angle. The profiles are
calculated for different combinations of frequencies and beam widths with the angle of incidence
being varied about the longitudinal critical angle for a water-Plexiglas interface. These
calculations demonstrate the existence of nonspecular reflectivity near this particular critical
angle and provide a quantitative description of its basic features. Theoretical resuits and

experimental measurements are compared.
PACS numbers: 43.20.Fn, 43.35.Pt

I. INTRODUCTION

An analytical formulation to treat the reflection of a
bounded ultrasonic beam at a liquid-solid interface was first
established by Schoch.' That theory predicts a lateral dis-
placement of the reflected beam for all total reflection an-
gles. This simplified model fails to account for various ex-
perimentally observed phenomena at the Rayleigh critical
angle. Making use of the existence of a pole-zero pair in the
reflection coefficient at the Rayleigh critical angle, Bertoni
and Tamir?® describe an analytical approximation model that
is able to explain all important features of the nonspecular
reflectivity at the Rayleigh angle. Their approximation
method for a liquid-solid interface has been subsequently
extended to a study of reflectivity from a solid plate im-
mersed in a liquid,’ the diffraction effect observed away from
the interface,* and the influence of attenuation® in the sofid
medium. Recently, the same Rayleigh-angle nonspecular re-
flectivity problem was investigated by means of a numerical
integration method which produces results consistent with
those of Bertoni and Tamir,? but also allows one to calculate
changes in the profiles of the reflected beam for angles of
incidence near the Rayleigh critical angle.®

While nonspecular reflectivity near the Rayleigh criti-
cal angle has been studied extensively, little is known about
the possible nonspecularly reflected phenomena for bound-
ed beams incident at or near the longitudinal and shear criti-
cal angles. Experimental evidence indicating the existence of
nonspecular reflectivity similar to that at the Rayleigh angle
was reported by Neubauer’ for Mallory 1000 at the shear
critical angle and for Pyrex glass at the longitudinal critical
angle.

This paper is intended to determine the reflected beam
profile of a bounded sound beam incident at and near the
longitudinal critical angle of a liquid-solid interface.
fi. EFFECT OF ABSORPTION ON PLANE WAVE
REFLECTION COEFFICIENT

A convenient form of the infinite plane wave amplitude
reflection coefficient R for a liquid-solid interface is given® by
(k3 —2k3) + 4kinx, —pkix,/x m

R k, - ’
*.) (k3 —2k2) 4 4kinx, +pking/n

where
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p = liquid density/solid density,

k=w/,
ky=w/v, ,
k, =w/v,,
k,=ksing,,

K= (kl__kZ)l/Z,
Kq= (ki —kZ)"?,

K, = (k:—ki)“z'
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FIG. 1. Magnitude and phase of the reflection coeficient. The absorptive
cages are denoted by dashed curves and the lossiess cases by solid curves. P

denotes & water-Plexigias interface for a frequency of 2 MHz and S denotes
& water-stainless stesl interface for 15 MHz.
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TABLE 1. Sound velocities and density ratios.

vy v,
Materials (m/sec) (m/sec) P
Stainjess steel 5840 3130 0.126
Plexiglas 2740 1350 0.84
Water 1480 1

where w is the angular frequency, 6, is the incident angle, vis
the sound velocity in the liquid, and v, and v, are the veloci-
ties of the longitudinal and shear waves in the solid, respec-
tively. The x direction is along the interface, and the inci-
dence is from the liquid half-space.

It is known that the behavior of R (k, ) is critically de-
pendent on the attenuation constants of the media, especial-
ly at the Rayleigh critical angle, where the so-called “least-
reflection frequency” is normally observed for many solids.’
Near the longitudinal and shear critical angles, attenuation
only slightly affects the magnitude and the phase of R (k, ).
However, it should be noted that inclusion of attenuation
into the expression for R (k) does smooth out the discontin-
uous behavior of the first derivatives of the magnitude and
the phase of R (k). In the complex plane of k., inclusion of
attenuation results in the property that the branch points

+ k, +k,,and + k, of R (k,) and their corresponding
branch cuts are then located off the real axis. This shift of
position of the branch points makes a numerical integration
method possible.

The effects due to attenuation in materials can be incor-
porated into R (k. ) by introducing the complex wave num-
bers k, k,, and k, as defined below. Denoting a as attenu-
ation per wavelength for the sound wave in the liquid, and a,
and a, for the longitudinal and shear waves in the solid, the
complex wave numbers can be written as

k=(w/v)(1 +ia/27),

ky; =(@/vy) (1 +iay/2m), )

k, = (w/v,) (1 +is,/27).

To illustrate the influence of attenuation, the magni-
tude and the phase of R (k,) are plotted as functions of the
angle of incidence for water-stainless steel and water-Plexig-
las interfaces with and without attenuation (Fig. 1). The pa-
rameter values used to produce these curves and all subse-
quent figures are given in Tables I and IIL.

Figure 1 shows that the curves for stainless steel are
typical of many other solid/liquid combinations as previous-

TABLE I1. Attenuation data.

=

Materials (MHz) a, e,

Plexigiae 1 0.0104 0.0107
2 0.0271 0.0496
6 0.1027 0.5670

Stainlesssteel 15 00108 00314

Water ol 0.00026 -
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FIG. 2. Reflected beam profiles for a bounded beam of 0.75-in. width inci-
dent at 8, onto a water-Plexiglas interface. The dashed line represents the
incident beam, the solid lines represent the reflected beam profile for (A) 1
MHz, (B) 2 MHz, (C) 6 MHz.

ly reported,’ while those for Plexiglas exhibit a remarkably
different pattern, expecially near the longitudinal critical an-
gle (8, = 32.70").

Iil. NONSPECULAR REFLECTION OF A BOUNDED
BEAM AT LONGITUDINAL CRITICAL ANGLE

Since the strongly varying behavior of R (k, ) near the
Rayleigh angle leads to pronounced nonspecular reflectivity
while the effect is insignificant where R (k, ) does not possess
this characteristic,* one may expect, on the basis of the re-
sults shown in Fig. 1, that Plexiglas may also show nonspe-
cular reflection for incidence near the longitudinal critical
angle.

Using the method of representing a bounded sound
beam by a Fourier integral in k space,’ a numerical integra-
tion algorithm is developed on the basis of Simpson’s Rule to
calculate the refiected beam profile of a Gaussian incident
beam. The advantage of this method is the possibility of in-
vestigating nonspecular reflectivity for any angle of inci-
dence and for non-Gaussian incident beam profiles as well as
the Gaussian one. The method has been used* to study the
nonspecular refiection phenomena near the Rayleigh angle.
Here it will be used to examine reflectivity in the angular
range about the longitudinal critical angle.

It was shown by Bertoni and Tamir? that the amplitude
field of a bounded beam reflected from a liquid-solid inter-
face can be described by an integral, which, after slight modi-
fications, normalization, and several changes of variables to
facilitate the integration process, is given by

i+ Wa
U,@) =)~ f RUIVUIEU, X)dA, , ()
where
(242 — A3} + 4B,BA42 —pA'B./B

a,—w,
R = i —ay s 1pa BB
V(Ax) - CW[ - (’c)z (“x -‘lrl »

Tran D.K. Ngoc and Walter G. Mayer 7949
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F1G. 3. Reflected beam profiles for a bounded beam of frequency 2 MHz

incident at 8, onto a water-Plexiglas boundary. The beam width is (A) 0.5
in, (B) 0.75 in., (C) 1.0 in. The dashed line represents the incident beam.

E(A,.X)=exp(iCA. X),
where

A=14+ia/27,

Ay =W/ XY +ia,/27m),

A, =@/v X1 +ia,/27),

B=(A2—A§)‘/2,

B,=(;—-42)",
=442,

A4, =sing,,

X=x/w,,

C=ow,/v,

V,=#n/C,

with x being the coordinate along the interface, 8, the inci-
dent angle, and 2w, the beam width projected onto the
interface.

As expected from observing the behavior of R (k, ) for
incidence near G, , the calculated reflected beam profiles for
the case of water-stainless steel only show a small beam dis-
placement of about 2% of 2w, which is normally not observ-
able. In contrast, for the case of water-Plexiglas, the dis-
placement of the intensity peak in the reflected beam
becomes much greater and can be observed experimentaily.
This characteristic of nonspecular reflection near 6, is not
only a strong function of the material properties, but also of
the sound frequency, hence of a, and a,, the beam width,
and the incident angle.

In Fig. 2 a set of beam profiles are plotted for different
frequencies while keeping the same incident beam width.
The beam displacement is found to be larger for lower fre-
quencies. Figure 3 shows another set of reflected beam pro-
files for a sound frequency of 2 MHz with the beam width
0.5,0.75, and 1.0in. . The calculations point to the fact that
sthebamwidthhdecnued.thebmdupheanentbe—
comes larger but the peak intensity is reduced.

7960 J. Appi. Phys., Vol. 50, No. 12, December 1979

©) (D)
FIG. 4. Schlieren photographs showing beam di t and changes in
sound intensity near 8, . The incident angleis (A) 8, — 2, (B) 4, — 1, (C)
6,.(D)8, +1°

(V. VARIATION OF BEAM PROFILE AS A FUNCTION OF
ANGLE OF INCIDENCE NEAR 4,

Reflected beam profiles change as a function of the an-
gle of incidence. Their variation can be characterized by
changes in the beam Jisplacement and the intensity peak,
which are only substantial near the longitudinal critical an-
gle for a water-Plexiglas interface. The numerical integra-
tion method is now used to determine the reflection profiles
of a beam of 2-MHz frequency and 0.75-in. width when the
angle of incidence is varied by steps of 0.5°. The same phe-
nomenon is also monitored by using the Schlieren visualiza-
tion technique.

Figure 4 consists of a series of Schlieren photographs
showing the gradual change in profiles of the beam reflected
at angles first smaller than 8, and becoming larger until
exceeding 6, . A sharp increase in the beam displacement
and the reflected intensity can be detected for an incident

0.51 /

Refiection Intensity

FIQ. 5. Reflected beam profiles for a bounded beam of frequency 2 MHz
and beam width of 0.75 in. incideat at a water-Plexigine interface at (A)
6, + 3,8, +2,(08, +I', (D) 6,. The dasbed line represents the
incident besm.
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FIG. 6. Peak intensity and displacement of a bounded beam between

6, — 2°and 6, + 3°for a water-Plexigias interface, beam width of 0.75 in.,
and frequency of 2 MHz. Curve (A) shows the theoretical peak intensity
variation. The theoretical and experimentally measured beam displace-
ments are denoted by curves (B) and (C), respectively.

angle slightly less than @, . A number of these profiles are
theoretically determined and shown in Fig. 5 for 8, <6,
<O, +73.

In order to establish the exact relationship between the
beam displacement and 8;, calculations are done for smaller
increments of the incident angle. The results plotted in Fig. 6
indicate the existence of such a sharp increase simultaneous-
ly in both beam displacement and reflection intensity. Com-
parison of Figs. 6 and 4 shows qualitative agreement between
theory and experiment. Measurements of the beam displace-
ment from the Schlieren photographs are also shown in Fig.
6. Both calculated and experimental curves exhibit the same
general variation pattern for the beam displacement with
respect to the incident angle. The uncertainty in the absolute
values of the beam displacement is due to the fact that small
differences between the values of v, v,, p, a,, and a, listed in

7981 J. Appl. Phys., Vol. 50, No. 12, December 1979

Tables I and II and those which apply to a particular Plexi-
glas sample will cause the calculated displacement to differ
from the observed one. The greatest uncertainty for this cal-
culation lies in the values of the shear-wave velocity and
absorption for Plexiglas. These values are not known to a
high degree of accuracy.

V. CONCLUSION

The above calculated results obtained by a numerical
integration method and experimental measurements estab-
lish the fact that there exists nonspecular reflectivity near the
longitudinal critical angle for a liquid-solid interface. This
phenomenon is found to be significant only for certain lig-
uid-solid combinations, one of which is water-Plexiglas. For
incidence near the longitudinal critical angle, nonspecular
reflectivity is most prominently characterized by a substan-
tial beam displacement which varies with the incident angle,
the beam width, and the frequency-dependent attenuation in
materials. In general, the numerical integration method is
shown to be applicable at a range of incident angles, where
no successful analytical formulation had been available.
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Numerical integration method for reflected beam profiles

near Rayleigh angle

Tran D. K. Ngoc and Walter G. Mayer

Physics Department, Georgetown University, Washington, D.C. 20057
(Received 16 July 1979; accepted for publication 31 December 1979)

A numerical integration method is devoloped to calculate the intensity profile of an ultrasonic beam
reflected from a liquid-solid interface. This numerical treatment is used to calculate nonspecular
reflectivity at a range of angles of incidence near and at the Rayleigh angle. Calculations for a
water-stainless steel interface are compared to a known approximate analysis for various beamwidths
and frequencies. The theoretical predictions of the reflected beam profile near the Rayleigh angle of

incidence are compared to experimental results.

PACS numbers: 43.20.Fn, 43.20.Rz

INTRODUCTION

Nonspecular reflection effects for ultrasonic waves
were originally predicted and experimentally verified
by Schoch® and later by Neubauer® and Breazeale e al.’
for bounded beams incident on a liquid—solid interface.
The simple model presented by Schoch does not account
completely for different experimentally observed pheno-
mena at Rayleigh critical angle, such as the point of
intensity minimum and the trailing field. These dis-
crepancies have been eliminated by Bertoni and Tamir*
who use a complex Laurent series expansion to simpli-
fy the mathematically complicated expression of reflec-
tion coefficient in terms of its complex pole and zero.
Bertoni and Tamir’s approximation gives excellent re-
sults at the Rayleigh critical angle which is associated
with the complex pole and zero.

Attenuation in the media involved, when included in
these analyses, further complicates the physical prob-
lem. Becker and Richardson® pointed out the different
behavior of the reflecticn coefficient with absorption be-
ing taken into account. In such cases, total reflection
is not expected at any angle of incidence and the reflec-
tion amplitude and phase are shown to deviate signifi-
cantly from the lossless case.

Recently, Bertoni and Hou® have modified their form-
ulation to incorporate attenuation into their theoretical
investigation of nonspecular reflectivity. Pitts ef al.’
have extended Bertoni and Tamir’s results to a more
complicated case of the liquid-solid-liquid plate
structure. Breazeale ef al.’ used Bertoni and Tamir’s
analysis to investigate the reflected beam profiles ob-
served at large distances from the liquid-solid inter-
face.

Bertoni and Tamir’s approximation, although giving
excellent results, has some limitations. It is not
readily applicable to those critical angles other than
the Rayleigh critical angle and presents considerable
analytical problems when extended to non-Gaussian
beam profiles.

In the following, the reflected profile is determined
by numerically integrating the Fourier integral des-
cribing the reflected beam amplitude, taking into ac-
count the attenuation in the materials involved. The re-
flected profiles are calculated and compared to known

1149 J. Acoust. Soc. Am. 67(4), April 1980
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results when one varies one of the physical parameters,
namely, the beamwidth, the sound frequency, and the
incident angle,

. MATHEMATICAL REPRESENTATION OF BOUNDED
BEAMS

In Fig. 1, a Gaussian sound beam with a beamwidth
2w is shown to be incident at an angle 6; from a liquid
onto a solid medium. The amplitude field of a sound
beam with finite lateral dimensions can be expressed as
a sum of infinte plane waves via a Fourier transform
pair.* An incident bounded beam can then be repre-
sented by

Unelx, 2) =(27) f " V(k,)expli (k.x +k.2)| db, (1)

and

V) = [ Unclr, Oexp(-ik,) ds, )

where the time dependence exp (-iwf) has been sup-
pressed, k. is the x component of the wave vector,
V(t) is the Fourier transform of the incident beam
amplitude at z =0, and k, is defined by

ky=(k?=k2)V2,
with & being the propagation wavenumber of the sound
beam in the liquid.

The width of the area projected by such an incident
beam onto the interface is 2w,, which is given by

w,=wsecH; .

Thus for well-defined beams, the range of integration
in Eqs. (1) and (2) effectively is

(kg = w/wg) <hy < (ks +7/w0) (3)

FIG. 1. A bounded sound

beam incident onto the

plane {nterface with a sol-

id. The scale of the x

axis is chosen arbitrarily
Liquid for the center of the in-
Solid

X cident beam to be at 100,

© 1980 Acoustical Society of America 1149




and

~w, Sx <w,, 4
where

ky=ksinb;.

The Fourier integral for the incident beam U (x, 2)
can be interpreted as being a superposition of an infin-
ite number of incident plane waves with different ampli-
tudes V(&,), all of the same wavelength but incident at
different angles within a narrow angular range about
6,, Extending this interpretation, one can represent
the reflected beam profile by integrating over individual
reflected plane waves which are now affected by the
plane wave reflection coefficient R(k,) as

Untr, ) =@0)* [ ROIV(EDexplither +hoz)dby. (5)
At the interface z =0 this expression reduces to
Uatx, 0=@n" [ ROV explibnide,,  (9)
with R(k,) being give;: by*®

(B3 = 2R3) +4kin, kg~ DloKy/K
(k= 207)° + 4k kg + PRKe/K

R{k,) = ™

where
p =liquid density/solid density,
k=w/v, ke=w/vy, k=w/v,,
K= (2 - K2,
Ke=(R3=KDV2, K, =(K-RDV2,

where v is the sound velocity in the liquid and ¥, and
v, the velocities of the longitudinal and shear waves in
the solid, respectively.

1l. AN APPROXIMATE ANALYTICAL SOLUTION TO
THE REFLECTED BEAM INTEGRAL

Expanding R(k,) in a Laurent series, Bertoni and
Tamir were able to derive an approximate form for
R(k,) which yields the reflected beam profile expressed
by Eq. (6) for a Gaussian beam incident at the Rayleigh
critical angle. With the incident Gaussian beam being
normalized to unity, the incident and reflected beam
intensity profiles can be written as*

Ui (%, 0)]? = exp[~2(x/30,)’] (8)
and

[Ux(%, 0)I? = R, + RyR| Uinel %, O)I?, 9
where

R, =(Rek,-k)/(Rek,~k,),

R, =(ky~k,)/(k, ~Rek,),

Ry =1=[(2V%0,Im k,/2) exp(7*) ertc (¥},
where

k, =Pole of R(k,),

k, =Zero of R(k,),

y=(w,Imk,/2) = (x/w0,)

1180 J. Acoust. Soc. Am., Vol, 87, No. 4, April 1980

Briefly, the Bertoni and Tamir’s formulation requires
that the pole and zero locations be identified before the
reflected profile can be determined by Eqs. (8) and (9).

{1, INCORPORATION OF ATTENUATION IN THE
MEDIA

Effects of attenuation in materials can be incorporated
in the wave vectors &, k,, and &,. Denoting a, a,, and
a, as attenuation per wavelength for the sound waves in
liquid, the longitudinal waves, and the shear waves in
the solid, respectively, one can write the wave vectors
for the absorptive media as

k=(w/V) (1 +ia/27),
ky=(w/vy) (1 +iay/27),
ky=(w/v)(1 +ia,/2%).

Inclusion of attenuation moves the branch points &,
k,, and k, off the real axis. Analytically, introduction
of attenuation into the terms contained in the reflection
coefficient [Eq. (7)] makes R(k,) differentiable even at
the longitudinal and shear critical angles. For the loss-
less case, the reflection coefficient is frequency-inde-
pendent. In practice, this is not the case since one
usually observed in experiments different profiles for
different frequencies.

(10

Bertoni and Hou® show that the values of &, and &, will
change with the frequency-dependent values of a, and
a,, making the simplifying assumption that a,; =4, and
that the absorption in the liquid medium can be ne-
glected for a water—stainless steel interface. Under
these simplifying conditions the value of ¥ in Eq. (10)
reduces to a real quantity, and the imaginary parts
are the same for both k. and k,. However, if one uses
distinct values for a, and a,, and includes attenuation
in the liquid, the loci of &, and &, are different from
those obtained under these simplifying assumptions.

The results of such calculations for a water-stainless
steel interface are shown in Fig. 2(a). The values of
the longitudinal and shear wave absorption coefficients
used are those given by Fitch®® (a,=0.00017, a,
=0,00024) and the value of the attenuation in water was

o8}
04
5
£ o3
"% 09 /50
-0t (RekJ/k
) (1

FIG. 2, Pole and zero locations at R(k,) calculated for dif-
ferent attenuation parameters in the frequency range 1-40
MHz for water-stainless steel interface when (@) a,=a, and
an0 b)a,~a, anda=0.
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assumed to be a =0.00026, Figure 2(b), which is taken
in part from Bertoni and Hou,® is reproduced for com-
parison. The results shown in Fig. 2(b) are based

on the assumption that a, =q, and that a is negligible.
One notes that the loci of the poles and zeros in Fig.
2(a) no longer lie on a straight line. The values of
Re(k,)/Re(k) are of no particular importance for the
present discussion since they depend only on the as-
sumed value of the sound velocity in water.

V. BEAM PROFILES CALCULATED BY NUMERICAL
INTEGRATION

In the Bertoni and Tamir’s derivation, it is important
to note that one must identify the Rayleigh pole and
zero and that the reflection coefficient is approximated
in the following form:

R(k,) = (ke ~ ko) /(R = Ry). (11

It is shown® that Eq. (11) is only sufficiently accurate
when the incident angle is at the Rayleigh critical angle.
Away from the Rayleigh angle, the accuracy of Eq. (11)
is reduced rapidly, It is realized that the reflected pro-
file expressed by Eq. (6) can also be calculated by
numerical integration. Since the exact form of the re-
flection coefficient is to be used, such a numerical ap-
proach can provide an accurate profile even away from
the Rayleigh critical angle without a prior knowledge
of the pole-zero location.

After normalization with respect to an incident beam
with a Gaussian profile and making use of the effective
integral limits given by Eqs, (3) and (4), Eq. (6) can be
written as

v =@ns [ ragvaBx A da,, (2
Aj~Wy
where
RA) = (2A2 - A% +4B,B A% - A*B,/B
¥ "(2A3-A% +4B,B,A*+A‘B,/B’
V(Ax) = cexp[—( C/z)’(A: - Al)z] »
E(X, A,) =exp(iCAX),

where the new dimensionless variables are defined as

10, BEAM WIDTH
a: 12 mm
b: 20mm

28 mm

INTENSITY PROFILE
8

300

X (w/50)

FKi. 3. Reflected beam profiles at 2 MHg for various beam-~
widths using both Bertoni and Tamir’s analysts and numerical
integration with © ;=6, for a water—stainless steel interface.
Solid curves sre those calculated by numerical method.
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10 FREQUENCY
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X(W,/50)

FIG. 4. Reflected beam profiles for beamwidth equal to 20
mm at various frequencies using both Bertoni and Tamir's
analysis and numerical integration with 6,=6, for a water-
stainless steel interface. Solid curves arethose calculated by
numerical integration.
follows:

A=1+ia/2x, Ag=(v/v)(1 +ia,/2%),

A, =(v/u)1 +ia/2%), B=(A?-AHV?

B,=(A3-ADV?, B,=(a}-ADV?,

A, =5in;, X=x/w,, W,=a/C.

The reflected profiles which are shown in the next
section are numerically determined according to Eq.
(12).

C=wwo/v,

V. CALCULATED AND EXPERIMENTAL RESULTS

In this section, the reflected profile is calculated by
two approaches for different sets of physical parame-
ters. First, the frequency is kept constant while the
beamwidth is being changed. Then, the beamwidth is
held constant as one varies the sound frequency. In
these two cases, the beam is incident at the Rayleigh
angle and the values of %, and &, substituted in the re-
sults derived by Bertoni and Tamir are obtained from
the attenuation data which are entered into the numeri-
cal integration approach. This was done to eliminate
the possible discrepancy which may arise due to differ-
ent data used for attenuation. Finally, the profiles of
the reflected beam is calculated when the incident angle
is varied near the Rayleigh critical angle.

In Fig. 3, the reflected beam profile is plotted for
different beamwidths at 2 MHz for a water-stainless

10,

8

+050°
07
100
Or.200
INC. BEAM

0P

A:
B:
C:
D:
£
F.

INTENSITY PROFILE
o
o

8

100 200 30
Xwo/S0)
FIG. 5. Reflected beam profiles for beamwidth equal to 20 mm
at 2 MHz using numerical integration when 8, is slightly var-
ied from 6, for a water-stainless steel interface.
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FIG. 6. Schlieren pictures of beam profiles at five different
angles of incidence about ©, for a water—stainless steel inter-
face. A: ©,=6,~1°B: ©,=6,-0.5°; C: ©,=6,;D: 8;,=6, +0.5°;
E: 6,=6,+1.0°

steel interface. Results obtained by both methods,
Bertoni and Tamir’s analysis and the numerical inte-
gration, are presented in this figure. Also for the
water-stainless steel interface, the reflected profiles
are plotted in Fig, 4 for various frequencies while the
beamwidth remains unchanged. Again, both results are
shown in the same figure. It is seen that Bertoni and
Tamir’s analysis, although using an approximate form
for R(k,), agrees very well with an almost exact calcu-
lation.

Figure 5 shows the results for a 2-MHz beam inci-
dent on a water-stainless steel interface when the in~
cident angle is varied from the Rayleigh critical angle.
A gradual change in the beam profile is noticeable, in
particular, the slow increase in intensity in the “null
intensity” as the specularly and nonspecularly reflected
sections of the beam merge into one with lessening
beam displacement.

The same gradual change is observed experimentally.
Figure 6 consists of a series of Schlieren photographs
of the incident and reflected beams for a water-stain-
less steel interface. The beamwidth and the sound fre-
quency used were.19 mm and 1.96 MHz. The incident
angle was varied by steps of 0,25°

It should be noted that the profile of the ultrasonic
beam used was nearly Gaussian so that agreement be-
tween theory and experiment exists qualitatively. It
should also be noted that the same type of agreement
exists between experiment and the predictions of the
present theory for reflection at angles greater or

1162 J. Acoust. Soc. Am., Vol. 87, No. 4, April 1980

smaller than the Rayleigh angle by up to 2°. This range
is sufficiently large so that differences between the ap-
proximate formulation and the numerical integration
method become noticeable,

VI. CONCLUSION

1t is shown that a numerical integration method can
be used to determine accurately the reflected beam pro-
file for a liquid—solid interface. The method is not
restricted to calculations at the Rayleigh angle but can
be extended to other angles of incidence,'* where the
analytical analysis® cannot be applied. The results ob-
tained by the two methods do agree at and very near
the Rayleigh critical angle. Schlieren photographs of
the reflected beam at and near the Rayleigh critical
angle show qualitative agreement between the results of
the numerical integration method and experiments,
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NONSPECULAR TRANSMISSION EFFECTS FOR ULTRASONIC BEAMS

INCIDENT ON A SOLID PLATE IN A LIQUID

K.W. Ng, T.D.K., Ngoc
J.A. McClure, W.G. Mayer
Department of Physics
Georgetown University
Washington, DC 20057

The nonspecular phenomena are investigated theoretically for an ultra-
sonic béam transmitted through a solid plate immersed in a liquid. The ana-
lytical method used by Bertoni and Tamir [ 3 ] to describe the nonspecular
profile of a beam reflected from a liquid-solid interface is extended to the
problem under consideration, taking into account all existing poles. To solve
the integral representing the transmitted beam, the amplitude-plane wave trans-
mission coefficient is replaced by a simpler approximate form. The transmitted

beam profile is then calculated from both single-pole and multiple-pole formu-

lations.
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I. Introduction

Since the work of Goos and Hanchen in 1947, it has been known that light
waves are not always reflected geometrically but may be shifted in the specular
plane at some angles of incidence[l1]. Similar displacements have been observed
with sound beams as well as other non-specular phenomena, namely, a null strip
in the reflected beam, and a trailing sound field which follows the primary
reflection and decreases in intensity as it moves down the interface. In the
early investigations of these effects,“Schoch [2] proposed a simple theory which
explained the displacement of the sound beam but failed to account for other
non-specular features.

More recently Bertoni and Tamir [3) have proposed a theory which success-
fully accounts for all observed non-specular phenomena in reflection from a
liquid-solid (L/S) interface. These authors emphasize the use of complex poles
of the plane wave reflection coefficient in determining both an approximate
mathematical form of the coefficient itself and in finding an accurate descrip-
tion of the reflected sound intensity profile. Pitts [4] has extended the approach
of Bertoni and Tamir to the study of the reflection of a sound beam from a
liquid-solid-Tiquid (L/S/L) systenm.

Experimental observation has shown that non-specular phenomena occur in
the transmitted beam as well, in this investigation we will take the general
theoretical approach used by Bertoni and Tamir and by Pitts and extend it to
the problem of the transmission of a bounded acoustic beam through an L/S/L

system [5].

11. Theory of the Reflection and Transmission of a Bounded Beam by a Solid Plate

: Consider a bounded acoustic beam of width 2W incident at angle ei on a




solid plate of width d immersed in a liquid. The coordinate system is as shown
in Fig. 1 where the incident, reflected and transmitted beams are depicted.

The plate's incident surface is taken to form the xy plane. The sound field

is assumed to be uniform in the direction perpendicular to the plane of incidence
and, therefore, has no spatial y dependence. Using Fourier integrals, the
particle displacement amplitude ‘Zba*,i) associated with the incident sound

field can be expressed as a sum of infinite plane waves,

'ET(*);] < S#F & \/()Rx)-Lyf[:i(xVﬁv-+2aR}\]c£4Rx . ()

AL,

Here kx is the projection of the incident wave vector on the x-axis, kx = k siné,

with 6 the angle of incidence of the plane wave, and ki = kz - ki . The
amplitude V(kx) of the plane wave components of the incident beam can be ob-
tained by Fourier inversion from the initial beam on the z = 0 or incident

surface of the plate,

VIR,) = S\J_(ﬂ,ﬂ*«;«f[-ixﬁﬂo@x- (2)

The Fourier integral of the incident beam can be interpreted as being
composed of an infinite number of plane waves, all of the same wavelength but
at different incident angles 6 with respect to the normal to the surface. |If
this interpretation is extended to the sound fields reflected and transmitted
by the plate, they too can be expressed as a sum over individual plane waves
by using the reflection and transmission coefficients, R(kx) and T(kx) for

the L/S/L system,

[- ]

T);‘(‘x‘}\ : ‘j}-&oR(Rg) V(aﬂ 24P [L (X/R-x* iﬂg\] dR, ,

O (3)
U (x,3) = aw_g_.T(a,\Vcn,) ayp | L (X R* 2R ARy




Any evaluation of the reflected and transmitted sound beams depends, among
other things, on the amplitude distribution of the incident beam U (%,0)

Al
Most transducers produce roughly a Gaussian beam for which a reasonable approxi-

mation is

U_(%32) € 2 [ (5)],

where W is the half beam width and £ is a coordinate transverse to the beam

propagation direction. A convenient form for the incident profile is

Uexer « ot [- (Y ixm ] ()
s

where W= Wpac &/ , R R G , and €, is the beam's incident

angle as defined in Fig. 1. Combining (4) and (2) we get

VIR, Y : V7T W, pp [- (’Rf“x)x(%ﬁ))] (5)

and for the reflected and transmitted sound field amplitudes at the appropriate

surfaces

U(x ) gR(RK) “Uffg (R -ﬁ.)(——-) xR ?&,ﬂ (6)

U, (x.4)* X’F(M«rp foc(roRy (% *"("“;‘Q&\?&Rx-m

An evaluation of these integrals and their comparison with experiment is
a central problem in the study of the L/$/L system. The reflected beam has
been thoroughly investigated by Pitts and others, and in this study we shall

extend their treatment to the transmitted sound field.

The Amplitude Transmission Coefficient

The reflection and transmission coefficients which appear in (6) and (7)

are obtained from the boundary conditions at the surfaces of the plate. A

D



straightforward but laborious calculation yields

. 4 ! e >
R(»G,\= ;'f E(BI-JRW + 1R R:-H:_-/fzﬁ, Re R‘

1- CoaPcsa &
+8(R; 33,(3/“ ¥ (o P @ R !

q 1.2
| Lo R R,IR I Ry Ks
me\w,fg%u K Rng'—‘la 5 —-—‘—*%

where

4,2 (R508,) {}M"? +‘”R Roka § 5 - ’e_—&

lcq . L . : R*K
Por (B3 B,V EZP 30w oy § 4224330 5L

where the following variables have been defined:

/p

% Pliquid’Psolid,

1
kcos® = k(l-sinze)f,

I
H

kg = kgcosp = k[(v/vs)2 - sinzelk,
kg = kycosB, = k[(v/vd)2 - sinze]%,
P = de,
Q = dxs.

The coefficients (8) and (9) satisfy the relationship

IR +T eIV = 1

(8)

(9)

(10)

(M)

(12)

(13)




appropriate to a lossless medium.

Because of the complicated dependence of R(kx) and T(kx) upon k , a direct
evaluation of the profile integrals (6) and (7) is very difficult. Complex
contour integration is a possibility but the presence of branch cuts in R and
T poses difficulties if this approach is taken. Bertoni and Tamir in the case
of reflection from the L/S interface, aﬁd later Pitts treating the L/S/L case,
have addressed this problem by using an approximation for R(kx)' The approxi-

mate reflection coefficient of the general form

R, T (%) (14)
x dai /Rx“d'
is constructed to have the same poles pj, pj = Bj + iaj, and the same zeros z,

as R(kx) but no other singularities. With R(kx) replaced by R'(kx). the integral
(6) can be evaluated using the residue theorem.

We will follow that approach in this investigation and will construct
approximations to the transmission coefficient. With these approximations
the profile of the transmitted beam (7) will be evaluated and compared with
experiment.

In a lossless medium the sum of reflected and incident energies must equal
the incident energy, a condition expressed mathematically in Eq. (13). |In
the present investigation, where we shall try to use as much as possible the
earlier results of Pitts, this equation will be the basis of our approximation
procedure for T. Equation (13) states, among other things, that whenever R |= 0,

[T| = 1. Two very simple forms for T which have this property are

s (WY - M\
'T' (R“\: 1-;‘?; (’ex-h (15)

and

r—-n"(N\ N Ry-2
b (R ;IT (1- —“"*,gx_%\ \ (16)




v,

in which zj and pj are respectively the zeroes and poles of R(kx) already
introduced in connection with (14).

Each of these forms has its shortcomings. Llet us denote the relative
phase of T, T', and T'* by ¥, ¢', and y'', respectively, Then numerical eval-
uation of (15), (16), (9) and comparison show good agreement between |T'| and
|T| but poor agreement between the phases y' and y. On the other hand, there

is good agreement between y'' and Y, but poor agreement between |[T''| and IT 1.

The Transmitted Beam Profile

In addition to the complexities of T, the integral (7) for the transmitted
beam is complicated by the presence of the factor exp (dkz) in the integrand.
This factor does not appear in (6) because of the choice of the incident surface
of the plate as the z = 0 surface. This problem can be addressed, however,

by expanding kz in a8 Taylor series about sin6.

L 3
R, TR 02 6 - (Ry R O) K& + (R Rpun ©) /3Reos® +... . (17

All the terms are now in the proper form for the evaluation of the trans-
mitted beam profile integral. Because of the complexity of the expressions,
it is worthwhile defining an integral which plays an important role in the
evaluation. It describes the profile of the incident beam at the z = d plane

as if there were no solid plate present. Substitution of Eqs. (2) and (17) into

(1) yields
) w 3 M f? (18)
) Gk e L0 (Re Rame) (350

wepp §ia s 12 [Rea o (R7RAm0) L .

4_(...,.&“9\‘/;0@0’9'\? AR, -

———




After some manipulation this can be shown to become

o\ w (7&,}1
U(‘X)Z§= —w—m—iﬁP%— -\:l:; 4‘-'&2«‘ P (‘9)

in which the variables

XT = Xxc0os8 - zsin@,

2, = xsin8 + zcos®, (20)
- . 2 Y

we = Wit - (2iz/kW cos8)]™,

have been introduced. Equations {(19) and (20) not only describe the Gaussian

incident beam in termsof anew set of coordinates, z; parallel with and x, trans-

T

verse to the direction of incidence, but also explicitly express the beam
spreading caused by the geometrical diffraction of a bounded beam,

The transmitted sound field amplitude (7) may now be evaluated for either
of the approximations (15) or (16). The procedure is essentially the same for

both, and we will present it here only for T"(k ). First noting that

o . R -zﬁ\ _24_14\
. Eas S 41

then substituting into (7), we find

M w ol '% S
Vg 6,33 A con ® %Ir:l((’,,:"‘-m\ Seo 3:: (81'?0\

X o E-(&.x-/a/&uve\t (-.%MTG\L‘*‘ (X Ry & [ Rwa®

~(RiRAanb) 1m0 © + (sfﬁmo\*/;ncm’o']?

s e o e £ (53

AR Ry-Rpn & - (21)
S :?F (42 ea -L¥f % dTo0 @ :} V%y
+i(Ry-Rpn8)hn [era ®3
- T » AR
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Here I(N) is the integral

1% € (B 02 pAES)
X“H’g ('QWWR\) +t ’&/Q‘XTR?

(22)

where
-/RMG‘
R - R pan O ._j
K- =X ) R;( WYy RTtea &
IR Lot &
I(N) can be evaluated analytically by using the convolution theorem in a

manner like that employed by Pitts in treating the reflected beam. We first

write

N ©
1 {F o2 e £ R) 3 [ Fp e oy .
in which

L (24)
:¢R1T\;/ *ﬁ’g 3““’«3 J 2
G(Zl- ) = ;T'T‘fg :_f‘%ﬁ“;’g p ¢ ¢ (b-g) R% (25)
% P
31




N . .
G'(b'Y) is integrable by complex contour integration. For b > y, the contour

must enclose those poles with Byseee,ay > 0 and for the b< y case, it must

Prreeady < 0. In forming both the approximations T‘(kx)

and T"(kx) only poles in the first quadrant were used. Therefore

(;—(N(‘b-a :f.g %‘ﬂ' ngg&of?{-a(\) 33 g ) (26)

mitm

enclose those with a

and the convolution intedral can be carried through to yield

T~ -‘Urfg %(QM M\TTT ‘\577‘ -wp{‘lf:\ % nfe (¥,.) , (27)

rEm
where
VY - Rpm 6)
Y = - o T Qo= Rt . (28)
nn qu\ 3 Cesa @

Finally the profile of the transmitted beam for the approximaticn T'', using

N poles, is

o . .& v N N
#) (o) (T ] W z; %:(? -2 \\ "ﬂ‘l S&n_—jiﬂ

U,T.,,(‘X?.‘) Uk, | Tea e ™ mEimdlmst R -6,
m (29)
*’*‘f?”ﬂ%”ﬂ}
s (D .
The other approximation 'T‘(ex\ can be written as
N
\T‘l(u\( R,\: 1- T ( 1 + m (30)
m=1 R~ Pm
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To express T'(N) in terms of T“(N), Eq. (16) is rearranged to give
"(N\ N ? -2
T (& =TT _il___iL\\ (31)
;\ mz ARﬁ"em
Denoting 0. < gi‘&————z'i‘—v. , it is noted from Eqs. (30) and (31) that
AL el LN N
. N . l:(M
1)
T (e):=-2 T, (Ry) (32)
. M=1

Where T"(M)(k ) is defined as the sum of all possible products a_ ... a_ , in
N X " Ny
which an can assume any value from | to N and must satisfy the requirement

a <a < ...<a . For example, if N = 3, then T;(l) =3, + a, + a3,

nz nM
T..(2) _

3 22, + a]a3 + azas, and T;(3) = alazaé. Insertion of Eq. (32) into

Eq. (7) would lead to the transmitted beam profile corresponding to T'(N)(kx),
N ()
(M
U, (x1)=’Z_ U ey (X,3) (33)
T ! m-1 T !
v
(M)
where I%T”(h“ (%2 can be derived from Eq. (29).
1Y

Results and Conclusions

Theoretical predictions for these angles of incidence were obtained by
numerically evaluating the transmitted beam profile U#ﬂ) as given by Eq. (29).
The approximation T', Eq. (16) depends upon the complex poles 93=I8J+iold of
the transmission coefficient and, as shown by Pitts et al, kx = Bj corresponds
to the condition for the existence of a vibrational mode of the plate. Since
k= ksino, Bj = ksinej implies that at an angle of incidence ej the mode of

vibration corresponding to the jth pole is excited. At an angle of incidence

very near the jth pole, i.e.,




AL

_ll-
A*MQL' - MQJ < 0.03,
the contribution for the jth pole to the total intensity profile is five
or more orders of magnitude greater than the contribution from other poles.
At such angles the jth pole term dominates the entire expression for the trans-

mission profile.

In our calculations, U#?)(x,z) is used since poor agreement between ]T]
and |T"] is not tolerable in the determination of the transmitted profile.
The transmitted profile was first calculated for the case where ei = Gj. Be-
cause of the dominance of the jth pole, only that pole was accounted for in

Uiv)(x,z) and the resulting profiles are shown in Fig. 2. The input values

are chosen for a brass plate.in water with fd = 2 MHz.mm and sinei = 0.36 for
two frequencies, 1 MHz and 7 MHz. The outstanding feature seen here is a
lateral displacement of the transmitted beam relative to the incident beam.
It is noted that in Fig. 2 the 7 MHz profile has a larger beam displacement
but with a much lower intensity peak.

When there existmany poles in the neighborhood of sinei, all the involved
(W)
Tl

profiles. For example, the transmitted profile was again calculated for a

poles must be included in the evaluation of U_,’ (x,z) to obtain the appropriate
water-brass-water system with fd = 6.5 MHz.mm, f = 2MHz, and sinOi varied from
0.3} to 0.36. In this angular range, there are two poles. The results of these
calculations are shown graphically in Fig. 3. The profiles exhibit some inter-
ference effect and are seen to change with the incident angle.

The method employed in this work, while giving some reasonable results
is limited in several ways. One is that the restraint (13) between R and T
is bothersome and neither T' or T, the forms of which are suggested partly

by it, are fully satisfactory. A more scrious limitation is the dependence

of this method on the location of the poles of T; the closer sinei is to a parti-

cular pj the better it works. A technique which does not involve the poles

might be less restricted,
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Figure Captions

1.

Coordinate system and schematic diagram of a bounded beam reflected from

and transmitted through a solid plate immersed in a liquid.

Intensity profiles calculated for a beam transmitted through a solid plate
in water with fd = 2 MHz.mm and sinei = 0,36 for two frequencies: (a) !

MHz and (b) 7 MHz.

Intensity profiles calculated for a beam transmitted through a solid plate
in water with fd = 6.5 MHz.mm, f = 2 MHz, and sinei being varied from 0.31

to 0.36.
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Restrictions on the Existence of Leaky Rayleigh Waves

NEAL G. BROWER, DOUGLAS E. HIMBERGER,
AND WALTER G. MAYER

Abstracs—The Rayleigh wave, an inhomogeneous surface wave, exists
for all isotropic elastic solid infinite half-spaces. When the free surface
of the solid is bounded by 2 liquid a leaky Rayleigh wave does not nec-
essarily exist for all liquid/isotropic solid systems. The well-known con-
dition for the existence of 2 leaky Rayleigh wave, the sound velocity in
the liquid must be less than the shear wave velocity in the solid, is
shown to be a necessary but not a sufficient condition. Additional con-
ditions on density ratios and velocity ratios are given. Examples are
listed showing liquid/solid combinations which satisfy the liquid-shear
wave velocity condition but not the additional restrictions and thusdo
not support a leaky Rayleigh wave.

1. INTRODUCTION

The Rayleigh wave is a plane inhomogeneous surface wave
which can propagate undiminished along the surface of an elas-
tic half-space. The wave amplitude decreases exponentially
normal to the surface. The existence of such surface waves,
which can be supported by all elastic media, was shown by
Lord Rayleigh [1].

There also exists surface waves for the case of a liquid/elastic
solid system. One surface wave, the leaky Rayleigh wave, is an
inhomogeneous wave which is damped along the interface
formed by the adjoining two media. The damping is a mani-
festation of radiation into the liquid along the path of propa-
gation. In the limit where the density of the liquid tends to
zero, the leaky Rayleigh wave becomes-a free Rayleigh wave.
Unlike the free Rayleigh wave, the leaky Rayleigh wave does
not exist for all real combinations of liquid/elastic solid media.
A well-known example is an elastic solid in which the bulk
shear wave velocity is less than the sonic velocity in the ad-
joining liquid.

Manuscript received April 2, 1979. This work was supported by the
Office of Naval Research, U.S. Navy.

N. G. Brower was with the Physics Department, Georgetown Univer-
sity, Washington, DC 20057. He is now with the Johns Hopkins Uni-
vensity AppHed Physics Laboratory, Laurel, MD 20810.

D. E. Himberger snd W. G. Mayer are with the Physics Department,
Georgetown University, Washington, DC 200587,

The purpose of this paper is an investigation of further con-
ditions on the existence of a leaky Kayleigh wave. The condi-
tions involve restrictions on the following ratios which describe
the liquid/elastic solid system: p; [ps, V1 /Vp. VL /Vs, where
Py and pg are the densities of the liquid and the solid. respec-
tively, and ¥V, Vpp, and Vg are the sound velocity in the lig-
uid, the longitudinal and shear bulk wave velocities in the
solid.

Limits on these ratios are derived from numerical soluticns
of the secular equation for leaky Rayleigh waves and specific
examples are given of liquid/elastic solid combinations which
exceed the limits.

II. THEORETICAL BACKGROUND

Consider an unbounded isotropic bulk medium. In this case
two and only two different waves can be propagated. If the
medium is bounded, other waves may exist.

A. The Rayleigh Wave

For an isotropic elastic solid with a plane boundary, a sur-
face wave always exists. The wave is known as a Rayleigh
wave. Briefly, one seeks a solution to the equations of motion
for an elastic solid where the displacement amplitude decays
exponentially perpendicular to the surface. At the boundary.
all stress components must vanish. This leads to a secular
equation for the velocity of the surface wave V. The secular
equation is given by

aVsIVY 1 - (Vs VIRV VD) - (Vs V)2
+11-2Vs/VY 12 =0 )
where Vp and Vg are the longitudinal and shear bulk wave
velocities, respectively. There are three roogs to the secular
equation (1). The range of the Poisson ratié o determines the

nature of the roots. The Poisson ratio may be written in terms
of the bulk velocities as

o=(Vh-2v§)2(vh - vH. Q)
If the Poisson ratio is in the range where
0<0.263 - - 3)

then there exist three real roots to (1). However, if the Poisson
ratio falls in the range where

0>0263 " (4)
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there exist one real, and two complex conjugate roots. For all
real media the Poisson ratio is bounded by

0<a6<0.5. (5)

Complex roots are not acceptable for they imply attenua-
tion or damping which is not the case for the free surface here.
Further the root ¥V must have a magnitude less than the veloc-
ity of the bulk shear wave in the medium,

V<. (6)

The constraint is a manifestation of the radiation condition.
Thus there is only one root [2] satisfying (6). The root, given
by

V="Vg )]

corresponds to the Rayleigh surface wave propagating with ve-
locity Vg . The root (7) always exists. The Rayleigh velocity
varies approximately from

087 Vg —> 096 Vg (8)
as the Poisson ratio varies from 0to 0 S.

B. The Leaky Rayleigh Wave

Consider the elastic isotropic solid above, now loaded by a
liquid half-space. Again one seeks a solution to the equations
of motion in which the displacement amplitude attenuates ex-
ponentially normal to the interface. At the interface, normal
stresses and displacements must be continuous. Further tan-
gential stresses in the solid must vanish. Upon application of
the boundary conditions, a new secular equation is derived.
The secular equation is given by

AV - (Vs VRV (Vs Vp)? - (VI V)P1Y?
+[1-2(Vs/V1? + (pL/ps) (Vs VD)?
- (VsIVY IR (Vs VL) - (VsIVYA7 2 =0 )

where ¥ is the phase velocity in the liquid. The densities p,
and p; correspond to those of the liquid and solid, respectively.

Two permissible roots exist for (9); one of them is real. This
root always exists as in the Rayleigh wave case. The surface
wave associated with this solution is known as the Stoneley
wave, It is a pure surface wave propagating parallel to the in-
terface without attenuation and exponentially damped in both
directions normal to the boundary. The Stoneley phase veloc-
ity Vgr is constrained to be '

Vsr < VL. (10)

There is a second root which is complex [3]. The value of this
complex root approaches the Rayleigh wave velocity as the
density of the liquid approaches zero. The inhomogeneous
wave associated with the root is the leaky Rayleigh wave.

The complex root is an allowed solution for a liquid/elastic
solid system. Attentuation implied by the complex nature of
the root has physical meaning in this instance. As the leaky
Rayleigh wave propagates, energy 's transferred into the liquid.

The real and the imaginary parts of the complex root,
Ver =Re ¥V
RR an
Var=ImV

yield the phase velocity of the leaky Rayleigh wave and the
attenuation, respectively.

C. Conditions for Existence of Leakyv Rayvieigh Wave

In contrast to the free Rayleigh wave, the leaky Rayleigh
wave does not exist for all hiquid/elastic solid plane half-spaces.
A charactenstic of the leaky Rayleigh velocity is

VR pS VRR < Vs< Vl)- (1))

The value of Vgp must be iess than the bulk shear velocity
due to the radiation condition. Due to the loading by the lig-
uid, the leaky Rayleigh wave velocity must be greater than the
free Rayleigh wave velocity.

If the sonic velocity in the liquid exceeds the bulk shear
wave velocity, then no leaky Rayleigh wave can be propagated.
From consideration of the radiation condition again, the leaky
Rayleigh wave velocity is constrained to

Vi <Vgg- (13)

Thus, from (12) and (13). one obtains a necessary condition
for existence of the wave. that is,

vy <Vs. (14)

This condition follows directly from Snell’s law: for a sur-
face wave radiating into the liquid. the direction of the radia-
tion is given by

sin0L=VL/VRR (]5)

where for the surface wave, sin gg = 1. If the liquid velocity
exceeds the shear wave velocity, this implies that V; > Vgg
or considering (15),

sinf;, > 1. (16)

The necessary condition (14) is well known; however, it is
not the only condition necessary in order to admit a leaky
Rayleigh wave solution. A second condition which encom-
passes the first is obtained through numerical analysis of (9).

Ifl. NUMERICAL SOLUTION TO SECULAR EQUATION
The secular equation (9) may be written as

AVLIVIHVLIVS? - (VLIVPIMA L Vp)?
S (VL VRN + (VL Vs)? - 2V VY )?
+(VLIVs)Y (oLlps) (VLI VD)?
SV IVRIMRL - (v vt =0 (7

for ease in calculation and consideration of the influence of
the velocity and density parameters. Solutions to the leaky
Rayleigh wave equation, (17), are obtained numerically. Asa
result of the calculation, it is seen that the existence of a leaky
Rayleigh wave is dependent upon the ratios: V. /Vp, Vi /Vs,
and py [ps. For given parameters V /Vp and ¥V [V, the
maximum allowable p; /pg is calculated. The results are tabu-
lated in Table I. The limits on the Poisson ratio bound the re-
lationship of the bulk shear wave velocity to the bulk elastic
longitudinal wave velocity. Since the Poisson ratio has an
upper limit of 1/2, the elastic bulk shear velocity, Vg, is given
by

Vs <VpiVZ. 18)

Due to this constraint the range of ¥ /Vg is limited by the
parameter V. /Vp. This is expressed in Table I by the cutoff
in calculated maxima in the density ratio.

As can be seen from Table [, as the bulk longitudinsl wave
velogity increases for a given shear wave and liquid velocity,
the maximum density ratio increases. Likewise, as the elastic
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TABLE | TABLE H
Maxivi M ALTORARIE o7 py As A Foscnion o 3y 1y Exavptes of Ligrin Erastic Sorm Compinanions wiicn b 1w
u (Horizon1at Heapine) ano 1y Fs(Virticar Heanina) Existincs Conprion
0.05 0.1¢ 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.350 0.3 Liquid/Elastic Solid MVATSER N PO T
| 0.10] 7.56
0.15) 4.87 5.36 Hg/Al C.220 U.el? 5.0
0.20[ 3.60 3.74
0.25] 2.83 2.89 3.05 el flucite 0366 U.Bk2 1.35
0.30| 2,30 2.3& 2.43 2.58 Hg /N1 0.265 0.w05 1,53
0.35| 1.93 1.96 2.0t 2.09
_ 0.0 1.65 1.66 1.70 1.75 1.83 Hg/Fused Silica U.263 €385 blle
f 0.45] 1,62 1.43 1.46 1.49 1.55 1,60 uzollce" 0.429  0.968 L
0.50| 1.2¢ 1.25 1.26 1.29 1.32 1.37 S o ~
0.55 1.08 1.09 1.10 1.12 l.16 1.18 1.21
0.60|0.95 0.95 0.9 0.97 0.97 1.02 1.05 1.06
0.65]|0.83 0.83 0.84 0.85 0.86 0.88 0.90 0.92 IV. CONCLUSION
0.70{0.72 0,72 0.73 0.73 0.74 0.75 0.77 0.79 0.80 o1 The leaky Rayleigh wave, which is the complex solution to
S| 0ss oss 533 33 orss oise 038 D56 oi99 039 (9), approaches the Rayleigh wave as the density of the liquid
0.85] 0.43 0.43 0.46 0.4b 0.6 0,45 0.45 0.66 0,67 0.48 0.50 goes to zero. While the free Rayleigh wave always exists, the
0.90[0.30 ©0.30 0.30 0.31 0.31 0.32 0.32 0.33 0.33 0.3 0.35 leaky Rayleigh wave does not. It is well known that if the
0.95]0.22 0.22 0.23 0.23 0.24 0.24 0.25 0.26 0.27 0.27 0.29 liquid velocity is greater than the bulk elastic shear wave ve-

— locity, then there is no admissible leaky Rayleigh solution.

' However, as a result of parametric investigation of the secular
equation via numerical analysis a second set of conditions is
evident. Existence of a solution does not only depend on

V1 /Vs but on the values of the three ratios: V; /Vp, V[V,
and (73 /ps
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Fig. 1. Combinations of V; /Vg, V1 /V p. and py [og which allow prop-
agation of a leaky Rayleigh wave. Points must lie within the volume
shown for wave to exist.

shear velocity increases for given ¥, and V¥, the maximum
density ratio increases. Further, for constant Vp and Vg, i.e.,
for a given solid, an increase in the liquid velocity decreases
the maximum allowable density ratio.

Fig. 1 shows the range of admissible parameter sets. All sets
of the parameters under the curved surface yield a valid solu-
tion to (17). However, if for a given set of ¥V /Vp and V[V
the density ratio lies above the curve, then no leaky Rayleigh
wave ig possible. Thus one obtains the condition for existence
of the leaky Rayleigh wave.

To illustrate the condition, several examples are given in
Table I1. For real media, there are cases where the velocity
and density ratio parameters are such that no leaky Rayleigu
propagation is possible. It is evident from Table 11 that there
! : are cases where a leaky Rayleigh waves cannot be generated
‘ even if the usual condition (¥, < V) is satisfied.
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ACOUSTO-OPTIC INTERACTION OF SECOND HARMONICS IN LAMB WAVES

N.G. BROWER and W.G. MAYER

Physics Department, Georgetown Umiversity, Washingtom, D.C. 20007

Résumé. - La possibilité de génération d'harmoniques d'ondes de Lambse propageant dans une plague
isotrope est examiné, Les conditions de la génération d'harmoniques sont discutées. Un systéme de
détection utilisant 1'intéraction acousto-optique permet de mettre en évidence 1'existence de deu-
xiémes harmoniques en mesurant les disymétries de la figure de diffraction. Les résultats expérimen-

taux sont présentés.

Abstract. - The possibility of harmonic generation in Lamb waves propagating on isotropic plates is

investigatea. The conditions for harmonic generation are discussed. A detection scheme using the acous-*

to-optic interaction is designed by which asymmetries in the diffraction pattern are measured to de-
termine the existence of second harmonics. The results of the experiments are presented.

1. Introduction. - Finite amplitude mechanical vi-
brations in an elastic solid are nonlinear in natu-
re which may give rise to a number of interesting
interactions. One such interaction is the generation
of harmonics as a finite amplitude acoustic wave is
propagating in an elastic soiid.

Acoustic bulk second harmonic generation was
observed by Gedroits and Krasi]‘nikov/}/uhen an ini-
tially monochromatic longitudinal ultrasonic bulk
wave was launched in an elastic medium, a secondary
longitudinal wave was observed. The second harmonic
amplitude increased linearly with the interaction
Tength, i.e., with the distance of travel.

Harmonic generation of acoustic surface waves
in crystals was observed by Lgpen /2/. His experi-
mental results agreed with the theoretical analysis.
As in the case of bulk waves, the amplitude of the
second harmonic surface wave varied linearly with
the interaction length and quadratically with the
fundamental surface wave amplitude,

The possibility of harmonic generation in elas-
tic isotropic plates is investigated in the present
experiment. As an introduction, general features
of second harmonic generation are presented as a
theoretical background. Next, conditions for gene-
ration are discussed. The detection scheme utili-
zing a laser optical probe is outlined. A brief des-
cription of the experimental design is given. Final-
1y results of the experiment are presented.

2. Theoretical Background. - Using a perturbative
aspproximation /3/, the nonlinear equations of mo-
tion for an {1sotropic elastic solid bulk medium re-

duce to

f.zg- cfv’(v.ﬁ)+c$$x$xﬁ=5. (1)
r

where ﬁ is the particle displacement amplitude and
CL and CT are the longitudinal and transverse bulk
wave velocities. The term on the righthand side of
eq.(1), 6, is the source or forcing term. In the
case of harmonic generation, 6 consists of terms
quadratic in the fundamental plane wave amplitude.
An iterative solution/4/ to the nonlinear equation
of motion yields

U, = € 0§ x. (2)

The amplitude of the second harmonic, U2' is pro-
portional to the square of the fundamental wave
amplitude, Ul' and also to the interaction length,
x, with C a proportionality constant. This result
is also obtained by Lépen /2/ for surface waves in
which case U1 1s the fundamental surface wave am-
plitude. Similarly, for plate mode interactions, eq.
(2) is valid, where U1 is the Lamb mode fundamental
amplitude. The characteristics implied by eq. (2)
will be used to identify a generated harmonic.

In order that a harmonic be generated, the ve-
Jocities of the fundamental and the harmonic must
be equal, that is
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V(w) = v(2w)). (3)

This is a resonance condition. Two means of satis-
fying eq. (3) are possible for Lamb mode interac-
tion. The curves in Fig. 1 show the Lamb mode velo-

Fig. 1. -

Velocity dispersion. curves -for a free
brass plate as a function of product frequency times
plate thickness (fd in units of MHz.mm). Selected
points for harmonic generation are indicated by
numbers 1 to 4 - see text.

city dispersion for an unloaded brass plate. One
means of satisfying eq. (3) is by exciting a Tocally
non-dispersive Lamb mode. For example, if the funda-
mental were excited at 7 MHz in the A1 mode (point 1)
then a second harmonic at 14 MHz (point 2) will sa-
tisfy the resonance condition. The resonance condi-
tion may also be satisfied for dispersive regions
provided there is mode coupling. For example, con-
sider a fundamental in the A1 mode at 5 MHz (point 3)
the second harmonic is in the A, mode (point 4).
Whenever Lamb modes couple, eq. (3) is satisfied.
This coupling has been observed by Brower and

Mayer /5/ for the "isotropic three-phonon interac-
tion".

The two cases of possible resonance are experi-
mentally investigated here. Table I lists the funda-
mentals used and the possible harmonics generated.

TABLE I. Fundamental Lamb Modes and Hermonics

Fundamental Mode Second Harmonic

A1 at 7 Mz
A1 at 5 MMz

Al at 14 Wz
Az at 10 Mz
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3. Optical Detection of Second Harmonics. -

R. Basic_Theory.

The optical detection system is based on the
fact that a light beam (laser) will be diffracted
upon reflection from a periodic surface corugation.
This corrugation may be an acoustic surface wave
(a Rayleigh wave) or a plate vibrational mode (a
Lamb wave). A theoretical treatment of this acousto-
optic interaction for a Rayleigh wave has been gi-
ven by Mayer, Lamers, and Auth /6/. This treatment
can be extended to include Lamb waves /7/. Fig. 2
is a schematic diagram of the laser-surface wave

lo

3

g

Fig. 2. -
teraction caused by Lamb waves. K refers to the
wave vector of the light incident at an angle 9 ,
9 §s the angular spacing of the first light dif-
fraction order, and x denotes the direction of
travel of the Lamb wave on the plate.

Schematic diagram for acousto-optic in-

interaction. The light is incident into the surface
at an angle P and is diffracted into discrete dif-
fraction orders with angular spacing 8, centered
around the reflection angle #. The 1ight intensity
in the mth diffraction order due to a single-
frequency Lamb mode of amplitude U1 is given by

Iy =92 vy, (4)

where

Yl = ZKUI cos P,

with K the wavenumber of the 1ight and J. the mth
order Bessel function. It is evident from eq. (4)
that the diffraction pattern {s symmetric with res-
pect to the central order reflectad at angle §.

Now consider a surface corrugation caused by a
Lawb wave which, in addition to its fundesmental
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frequency, contains a second harmonic component of
amplitude U2' In this case the particle displacement
will no longer be pure sinusoidal and a distorted

Lamb wave will interact with the incident light beam.

The resulting diffraction pattern will be asymmetric
with respect to the central order. The amount of
asymmetry will depend on the magnitude of Uz relati-
ve to Ul'

This process is similar to that described by
Neighbors and Mayer /8/ for nonsinusoidal Rayleigh
waves. Using the same approach for nonsinusoidal
Lamb waves and assuming that only the fundamental
and a second harmonic component are present in the
wave, the light intensities in the positive and ne-
gative first orders are given by

Ry [... - J3(Yl)JZ(YZ)'Jl(Yl)Jl(Y2)+J1(Y1)J0(Yz)

- 33lvdy(vp) 1 2 (5)

—
L)
—
n
Ll
]

J3(71)J1(72)‘JI(YI)Jo(Yg)'Jl(Yl)Jl(Yz)

- 350,y -] 2 (6)
where Yy = ZKUZ cos P.

The series of products of Bessel functions in
above equations €an safely be truncated to the terms
shown since both Y1 and Y, are usually small so
that insignificant errors in the values of I’1 and
l_1 are introduced by neglecting terms in Jsz with
r.,s > 3.

Equations (5-6) are the bases in the optical
detection of the presence of second hammonics. If
U, # 0, one finds that I_; > 1,11 giving rise to
an asymmetric diffraction pattern. It should be no-
ted that eqs.(5-6) reduce to eq. (4) if U2 =0, In
this case all terms vanish except Jl(yl)Jo(yz) which
equals Jl(yl).

This analysis provides a method of determining
the presence or absence of second harmonics in a vi-

brating solid plate. Probing the surface with a 1ight

beam.and measuring the intensity distribution in the
diffraction pattern yields information about the ma-
gnitude of “2 compared to Ul' Moreover, probing the
surface at different distances from the source of
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the Lamb wave generation, one can measure the chan-
ge in harmonic content as a function of distance.

Due to the method of generating the funda-
mantal Lamb mode, i.e., by means of the "liquid
wedge" method /9/, the possibility exists that
second harmonic components are generated in the 1i-
quid prior to incidence on the plate surface. Ho-
wever, if such components should be present and
should continue to propagate along the plate they
would at best decrease in amplitude as a function
of distance traveled on the plate. Their amplitude
could not increase as a function of distance on
the plate unless harmonic generation on the plate
is possible. Thus eq. (2) will be satisfied only
if harmonic generation on the plate itself occurs.
if harmonics propagate on the plate, asymmetry in
the diffraction pattern will be observed; to ob-
tain numerical values, a new parameter, lp, is in-
troduced, defined as

x 100 (7)

Using eq. (2), it may be shown that Ip is a
linear function of distance from the source of the
Lamb wave /7/ if the plate is considered to be a
dissipationless medium. Therefore, Ip can be measu-
red as a function of distance.

Fig. 3. - Experimental setup for optic probing of
harmonic generation in Lamb waves.
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B. Experimental Design and Results.

The design for the optical probing system is
shown in Fig.3. Light from a He-Ne laser is expan-
ded and co\1§mated (details of the necessary optical
components not shown in Fig. 3.) The collimated
light beam is reflected from a highly polished brass
plate which supports the Lamb wave. The diffracted-
reflected light is focussed approximately 8 m from
the plate. This distance is sufficient to properly
separate the diffraction orders so that intensity
measurements of I,qand I_; can be made with a pho-
todiode.

Measurements of I_ were made at various dis-
tances x on the plate for the different fundamental
frequencies and modes listed in Table I. Excitation
of the modes was accomplished by adjusting the
quartz transducer to the required angular position
for the generation of the desired Lamb mode.

The polished brass plate, excited in the A1
mode at 7 MHz, was probed with the He-Ne laser. A
diffraction pattern was observed and the asymmetry
between the first diffraction orders was measured. At
2 relative interaction length of 0.8 cm, the percent
asymmetry was approximately 15%. The laser probe was
then moved along the plate in the positive x-direc~
tion and the asymmetry increased. At a distance of
1.2 cm, a 29% asymmetry was observed. Likewise, for
the plate in the fundamental Al mode, excited at
5 MHz, asymmetry was observed. In this case the
asymmetry also increased with interaction distance.
The results are listed in Table 11,

TABLE [I. Ip as a function of x.

X Ip
0.8 cm 15%
12 o 298 Aj mode at 7 Mz
0.9 cm 14% Aj mode at § Mz
1.3 om 39%

As a control, the So mode at 3 MHz was excited
{point 5 in Fig. 1.). As can be seen in Fig. 1.,
there is no second harmonic which satisfies Eq. (3)
because the required location (point 6) does not
fall on a curve. Therefore, there should be no se-
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cond harmonic content in the detected mode. The

measured diffraction pattern showed this to be true:

no detectable asymmetry in the first orders could
be found.

In conclusion, second harmonic generation in
Lamb modes was detected. Harmonics were observed
for both a locally dispersionless mode and also for
the mode coupling case, provided the appropriate
conditions for harmonic generation in plates were
satisfied.
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