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FOREWORD

This volume constitutes a portion of the three-volume final report
to Ballistics Research Laboratory on Contract DAAK11-77-C-0083, SRI
Project 6802. Volume I reports on ballistic experiments and calculations,
and describes work on the latest version of the SRI brittle fracture sub-

routine. Volume III is the manual for the two-dimensional wave propaga-

tion code TROTT.
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1. INTRODUCTION

The SRI PUFF code is a computer program for calculating one-
dimensional stress wave propagation through solid, porous, liquid, or
gaseous materials, The stress waves being computed are initialized by
the deposition of radiated energy from x-ray, electron beam, or laser
sources; impact of one material on another; detonation of an explosive;
or by prescription of a pressure or velocity history at a boundary.
Computations are made with the Lagrangian form of the equations of motion
so that the coordinates move with the materials. An artificial viscosity

is used to smear wave fronts over several computational cells,

1.1 Background

In 1950 Qon Neumann and Richtmyer (Ref. 1) initiated the artificial
viscosity (or Q) method for solving the equations of wave propagation,
With this technique infinitely steep shock fronts cannot develop, and
the entire field can be treated as one of continuous flow. Shock fronts
appear as regions of high stress gradient, not as discontinuities. The
viscosity tends to dampen all oscillations or perturbations in the flow
field. Several integration schemes based on the Q method have been
developed, notably the Lax-Wendroff method (Ref, 2), the Runge-Kutta-Gill
method (Ref. 3), and the "leapfrog'" scheme (Ref. 1) which is used by most
PUFF codes.

The present line of PUFF codes seems to have originated around 1958
with the development of the SHARK (Ref. 4) and SHARP (Ref. 5) codes. With
later developments at the Air Force Special Weapons Center, Kirtland Air
Force Base, the generic name PUFF was given to the program. Recent versions
include PUFF (Refs., 6-8), PUFF IIT (Ref. 9), PUFF IV (Ref. 10), PUFF IV-EP
(EP for elastic-plastic), (Ref. 11), PUFF V-EP (Ref. 12), PUFF VTS (variable
time step), (Ref., 13) FOAM PUFF (Ref. 14), PUFF 66 and P PUFF 66 {Ref, 15).



Most of the PUFF codes have been described in classified reports, so their
characteristics cannot be outlined here. A useful review of the capa-
bilities of each of these codes has been provided by Bothell and Archuleta
(Ref, 11), Other PUFF-type codes are available under the names of WONDY
(Ref. 16), SRI PUFF (Ref. 17), and RIP (Ref, 18). RIP is a well-documented
code with special capabilities including detailed treatment of composite
materials and laser deposition. All the PUFF-type codes use artificial
viscosity with the leapfrog integration scheme. The SRI PUFF series of

codes began as a modification of the PUFF 66 and P PUFF 66 codes,

1.2 Scope

This volume outlines the essential theory on which the wave propa-
gation calculations of the SRI PUFF series of computer programs is based
and describes some of the constitutive models (stress-strain relations)
currently available. The constitutive models include several that pro-
vide deviator stress only, several for pressure only, and several that
provide a combination of pressure and deviator stress. The descriptions
given here outline the simplest constitutive models only, indicate sources
for information on the others, and show how to insert additional consti-

tutive models.,

The current version of SRI PUFF includes the features of earlier
versions plus provisions for cylindrical and spherical flow as well as
one~dimensional planar flow; use of a data bank; ductile and brittle
fracture, fragmentation, and shear banding; several porous material
models; a hypoelastic (variable modulus); a cap (advanced plasticity)
'model; detonation by constant volume explosion or by running detonation;

improved rezoning; and Coulomb-friction without dilatation.

The code calculations make use of both linear and quadratic arti-
ficial viscosity. An integral approach is used to solve the mass and
energy conservation relations. The stress is determined from the equation
of state or constitutive relations for known volume and energy. Because
the energy is not known at the time stress must be calculated, an energy

estimate is made and then adjusted after the stress calculation,



Since its outgrowth from PUFF 66 in 1967, SRI PUFF has undergone
many changes and is expected to undergo more. The code is written in a
modular form so that initialization and running are usually separated,
deposition problems use subroutines that are unused for other runs, and
constitutive relations are in separable subroutines. Thus the code is
planned for ease of change. Subroutines for new constitutive relations

can be added as new material models are generated.

This manual is intended to assist not only the users of the program,
but also those who wish to understand it well enough to modify it, and
those who wish to investigate the analytical basis of the program. For
users, the chapter on Initialization (Section 5), and the Appendices C
(Input) and J (Glossary) will be of primary interest. Alterers of the
program may notice the following features: a brief description of each
subroutine in Section 2 and a discussion of major subroutines is at the
end of Sections 2 through 6. For the analyst, the bases of the program
are discussed in Sections 3 through 5, which is organized around certain
fundamental problems in the program: initializing, integration of the
propagation equations, equations of state, and so forth. The order of
presentation is general theory first, then application to the current
analysis, and finally details of implementation in the program. It is
’hoped that this organization will provide answers to specific questions

about the program,.



2. ORGANIZATION OF THE CODE

2,1 Summary

SRI PUFF 8 is a one-dimensional Lagrangian hydrodynamic program for
the computation of stress waves caused by impact, radiation deposition,
detonation of an explosive, or prescription of a stress or particle velocity
at a boundary. The numerical integration of the governing equations is
carried out with the leapfrog method of von Neumann and Richtmyer. The
computations proceed by increments of time. For each increment, a cycle
of computations is made throughout the active regions of the materials to
determine stress, particle velocity, specific internal energy, density,
sound speed, yield strength, pressure, coordinate location, and other
variables. The primary routines of the program are SRI PUFF 8 (overall
control), GENRAT (initialization), HYDRO (control of wave propagation
calculations for each cell), HAFSTEP (density and energy calculations),
and HSTRESS (control of stress calculations).

The flow of program control is illustrated schematically in Figure 2.1,
which shows the interrelationship between the subroutines and the main
program. The subroutines are grouped according to type of activity.

Thus the GENRAT group (GENRAT plus all subroutines with arrows from GENRAT)
initializes and the HYDRO group (HYDRO, HAFSTEP, and HSTRESS) treats propa-
gation and stress calculation. The arrows designate direction of calling.

A brief description of the work of each subroutine follows:

e SRI PUFF 8, the main program, sets the size of each time
increment, calls HYDRO to perform a cycle of computations,
and calls for printout and resizing of cells.

® BANDRLX computes deviator stresses according to the Band or
CGilman stress—-relaxation models (see Ref. 19).

® BAUSCHI computes deviator stresses from a Bauschinger model
(see Refs. 19, 20).

e BECOM and BEMOD, in combination with STRESS, compute deviator
stress for beryllium according to a stress-relaxing, Bauschinger
model (see Ref. 21).



8 44Nd I14S 40 LHVHO MO1d

‘uonezieniul 1oy 1VHNI D AQ Pajjes OS(e ale Saullnod UIeIS-SSBUIs paLiers,

1'¢ 3HNOId

A

QOWn3g
WO0O34

siulg 21posad

L-Z089-VW
381408 - LVWOIS <
$S31101ISIH Alepunog ssailg
HHO1S 3INOZ3Yd
2621015 Buizisay AV 129
11a3 -

Viva H

vdixX3

+3Q071dX3 +d3
»LTOHHOd «VvS3 »CSAHILS
»180340d .8v1s03 |* IHOSNvE
»1S3d »dd1S03 X1dAaNvg
«AVHD «1S03 Xv13d
2inssaid §5341G JOlRINAQ
«CHVIHS OLLVIS
»HVv834H
+OdAH L /'Y
10vd4a =i
»1dVO
10v4H4g S0d3a
A
« L7134 - SS3HLSH HOS3Hd
Y
H1VOSS d31SdVH
uoiisodaqy A
OHAAH *
suone|na|e) A' uonebedoiyg
) | > 1VHN3IO
8 44Nd 168 uonezyeiiu)

H4034d




BFRACT computes stress and crack sizes in material undergoing
brittle fracture and fragmentation (see Refs, 22-25).

CAP1 computes stress and tensile fracture in materials with

a combined Mohr-Coulomb yield and compaction behavior
(see Ref., 33).

DEPOS controls deposition of radiant energy into the cell
layout during initialization (see Section 5.4, Appendix A),

DFRACT computes stress and void growth in material undergoing
ductile fracture (see Refs. 23, 26).

EDIT prints a listing of velocities, stresses, and other
variables at specified times (see Section 6).

EOSTAB computes pressure from a table of pressures as a
function of density and energy.

EPLAS computes elastic plastic behavior of the reinforcing
steel treated in the REBAR subroutine (see Ref. 33).

EQST provides the Mie—Gruneisen and PUFF expansion equations
of state for determining pressure (see Section 4).

EQSTPF contains the Philco-Ford equation of state, which
treats explicitly solid, liquid, and gaseous as well as
mixed phases (see Refs., 27, 28).

ESA is an equation of state written in a form that is easy
to fit to experimental data (see Ref. 28).

EXPLODE provides the equation of state for explosives and
for constant volume or running detonation (see Appendix B).

EXTRA reads in additional input outside the normal set (see
Appendix C).

FMELT computes the variation of strength with temperature
(see Appendix D).

GENRAT reads or controls input, and initializes arrays and
indicators (see Section 5).

GRAY provides the Gray equation of state, which treats explicitly
solid, liquid, gaseous, and mixed phases (see Refs. 28, 29).

HAFSTEP computes density and estimates internal energy, then
calls HSTRESS for the stress calculation (see Section 3).

HDATA reads extra input lines for initializing the H(J,I)
indicator array.

HSTRESS computes the stresses through calls to appropriate
subroutines. All constitutive relations are reached through
the calls by HSTRESS (see Sections 3, 4).

HYDRO conducts each cycle of calculations through the coordinate
array, computes coordinate location and velocity, and calls
HAFSTEP for midcell calculations (see Section 3).



HYPO computes pressure and deviator stress from a variable
modulus or hypoelastic stress-strain relation (see Ref. 30).

PEST provides a stress-strain relatlon for porous materials,
including strain-rate effects, hysteresis, thermal strength
reduction, and fracture (see Ref. 28).

POREQST computes pressure in a porous material, allowing for
hysteresis and thermal strength reduction (see Ref. 31).

PORHOLT computes pressure in a porous material according
to the Holt curve for compaction (see Refs. 32, 28).

PRESCR initializes the indicators required to obtain historical
listings (see Appendix C).

REBAR computes stresses in a layered composite such as reinforced
concrete (see Ref, 33).

RELR positions the tape for reading when input is from a
tape file (see Appendix C).

RELAX computes relaxation of the deviator stress for the
anelastic model and a two-parameter, varying yield model
(see Ref. 19),.

REZONE resizes the cells and recomputes all coordinate
quantities (see Appendix E).

SCATTO distributes the radiated energy of a depth-dose profile
into the cells of the PUFF layout (see Appendix A).

SCRIBE stores historical data during the computation and pro-
vides stress histories at selected coordinates and at each
material interface at the end of each computation (see Section 6).

SHEAR2 contains stress-~strain relations for material under-
going yielding and fragmentation by shear banding (see Refs.
34, 35).

SIGMAT provides a pressure history for a boundary condition.

SSCALH computes the energy deposited at midcell points during
each time increment in which radiation is occurring (see
Appendix A).

STORR stores variables during the calculation for the historical
listing (see Appendix C).

STRES2 computes the deviator stress for beryllium from a
stress-relaxing, Bauschinger model (see Refs. 21, 36).

TSQE provides a computation of density from the Mie-Gruneisen
equation of state, given the pressure and energy (see Ref. 28).



2.2 Main Program: SRI PUFF 8

The main program controls sequencing of the operations of initial-
ization, calculation, printout, rezoning, and stopping of the program,
It also governs the time increment. The order of operations in the main

program is as follows:
(1) Call GENRAT to read data and initialize COMMON storage.

(2) cCcall HYDRO to make computations of all array variables
at each time increment.

(3) Call STORR to store data from HYDRO cycle for later printout.

(4) Check whether the program should be terminated because:
(a) the problem time (TIME) has exceeded the specified stop
time TS; (b) the number of cycles N has exceeded the specified
total number of cycles JCYCS; (c) the coordinate of the zone
of maximum stress has exceeded the specified coordinate CKS;
(d) LSUB(7) has been set to 1 because of an error detected
in the computations. If termination is indicated, SCRIBE
is called to print a history of stresses. Then the program
returns to step 1 to read in the next data deck. If termina-
tion is not called for, the program continues to step 5.

{5) Calculate next time increment DTNH.

(6) Call EDIT for printout if TIME equals one of the TEDITS
(input quantities).

(7) cCall REZONE if the TIME equals a TEDIT time designated for
rezoning or 1f N is a cycle designated for periodic rezoning.

(8) Prepare for the next EDIT listing. (After completion of this
sequence, the program returns to step 2 for the next call to
HYDRO.)

The time increment is based on the minimum of the natural time steps
allowed (for stability of the calculations) at any point in the mesh.
This calculation of permitted time step is described in Section 3.4 on
Propagation. The time increment is initialized in GENRAT at 10“12 second
for the first cycle. Thereafter, the time step increases gradually in
successive cycles, to 80% of the natural time step. The increment is
never required to be less than 2.8% of the natural time step: then, if
a short increment occurs, the increment returns to its normal value within

20 cycles.



To ensure that an adequate number of cycles occurs during the radia-
tion deposition, the time Increment during deposition is required not to
exceed 0.03 times the duration of any currently active radiation sources.
After deposition 1s complete (TIME > SSTOPM), SDURM is reset to 1.0 to

indicate that the radiation time step control should be skipped.
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3. ©PROPAGATION CALCULATIONS: HYDRO GROUP

The motion and stresses throughout the material are determined as
a function of time in the code. The solution is obtained by solving the
mass, momentum, and energy conservation relations together with consti-
tutive relations for the material. This section presents the conserva-
tion relations and their general solutions and shows specific solutions

for interior points and boundaries of material layers.

In the solution procedure, the material is first divided into dis-
crete units or cells. Motions, energies, and other quantities are
initialized in cells as required for the particular problem. Then a
time step is taken and the motions and stresses are calculated for each
cell using the conservation and constitutive relations. This process
of stepping forward in time and performing calculations for each cell is
repeated until the time has reached the duration of interest. The time
step used is controlled by stability and smoothness criteria in the code.
The stability considerations are described in this section. At the end
of the section, the major work of the HYDRO group. (HYDRO, HAFSTEP, HSTRESS)

1s summarized.

3.1 Solution Procedure for Wave Propagation Equations

The PUFF programs are all based on the solution of the Lagrangian
equations governing one-dimensional motion of a continuous medium. The
solution technique is called the method of artificial viscosity because
of the introduction of viscous forces to permit a continuous-flow
computation in-regions of high-stress gradients. Such regions are inter-
preted as locations of shock fronts, although no discontinuities occur
in the computed flow field. With this artificial viscosity method, the
equations of continuous flow can be used everywhere and no special equa-
tions are required for shock fronts. SRI PUFF uses the leapfrog

method of von Neumann and Richtmyer to integrate the flow equations.
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The following paragraphs introduce the governing differential equations
for planar flow. These are changed to an integral form for solution in
the program. The corresponding equations for one-dimensional cylindrical

and spherical flow are given in Appendix F.

The one-dimensional planar Lagranglan differential equations to be

solved are

83Uy _ 1 /9R
<3t)H'_ D (BH) (momentum) (3.1)
o t
(BX) (velocity) (3.2)
e - U
ot u
(%%) = - EE{QE) or equivalently
H D \oX
° E
. (mass) (3.3)
oX :
<8H)t - Do/D
oE
). R (2U) f rad
<3t> =-3 H +< At > or, equivalently
o t H
@) o) o (Tm) G
t = - e 3.
q ot H ot "
where H = Lagrangian coordinate location (original position in
laboratory coordinates)
X = Eulerian coordinate location (current position in

laboratory coordinates)

= time
= particle velocity
’Do = current and original density

total mechanical stress
= Internal energy

Lot = radiated energy

< = H W O 9 ot
It

= D—l = gpecific volume
12



These equations relate velocity to the coordinate motion and provide
for conservation of momentum, mass, and energy. In addition to these
differential equations, there is an equation of state (or constitutive
relation (which is a relationship between stress or pressure quantities

and the density, internal energy, history of loading, and so forth.

=
]

F(E, D, ...) (equation of state) (3.5)

=P +0" + Q (3.6)

The total mechanical stress (in the direction of propagation), R, is
composed of the pressure P, the deviator stress ¢” in the direction of

propagation, and an artificial viscous stress, Q.

In the code the five preceding equations are solved simultaneously
by dividing the material into small elements. Then the quantities X, U,
D, R, E, and so forth, are evaluated only at the discrete positions and
times shown in Figure 3.1. The coordinate quantities X and U are obtained
at integral values of j and n, whereas all other quantities pertain to
the midcell (j+%, n+%) points. Here the cells are treated as constant
strain finite elements (each cell has a constant value of all three
principal strains throughout its volume). This derivation contrasts
slightly with the finite difference approach normally used, but the
resulting equations differ only for cylindrical and spherical flow (see

Appendix F).

The discrete values of the flow quantities are obtained from Eqs. (3.1)
through (3.4), using the nomenclature of Figure 3.1. Here it is convenient
to solve for quantities in the order D, E, R, U, and X. The density is
obtained from conservation of mass by dividing the stored value of the
cell mass, Z, by the thickness of half time, tn+;j ="+ %Atn+
The first form of Equation (3.3) is not used here because it can give
erroneous results for large density changes; instead, the second form

of Equation (3.3) is used:
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FIGURE 3.1 GRID FOR DEPICTING COORDINATES AND TIME INCREMENTS
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Dn+% - j+% (3.7)
j+% . n+k
X -xt e (vl -}
j+1 J 2 St J

The energy conservation relation is also used in integral form rather
‘than relying on the differential form of Eq. (3.4). As shown in the
second form of Eq. (3.4), the strain energy term is the stress times the

volume change.

n+s _ _n-% 1 1 n-% n
Ej+i ) EJ'+f’£ * n-% _n+k Rj+% * (AEj+%) (3.8)
D, , ’ rad
i T B

For correct centering of the equations, the stress quantity here should
n . . n-% n+% n+% . .
be R obtained by averaging R and R . However, R is obtained in
the next step; hence, Eq. (3.8) is only the first approximation to the
energy. The complete procedure for obtaining energy is described in
Section 3.2. The stress is next calculated with a constitutive relation
represented by Eq. (3.5). Some of the available constitutive relations

are described in Section 4.

The velocity is obtained by a discretization of Eq. (3.1), or
equivalently, by using "force equals mass times acceleration'': and con-

, ’ P .th : .
sidering a mass pertaining to the j coordinate point.

n+% i Rn+%
e 3
U?+1 = U? j+3 =% _E_Atn+2 (3.9)
Tor i)
< i+ i-%

Finally, the Eulerian position of the coordinate is computed from Eq. (3.2)

1
R G l(U‘.‘*l 2 U‘,‘>At“+2 (3.10)
h] j 2\ 1] h|

The computations proceed from left to right, one cell and coordinate at
. : o : + n+l

a time, updating the flow quantities to the new time " % or t , as

appropriate. This process is continued until the right boundary is

reached. Then computations resume at the left for the next time increment.

15



The foregoing integration method is essentially the leapfrog method
of von Neumann and Richtmyer. With this approach the derivatives in the
equations of mass, momentum, and energy are correctly centered. That is,
each of the conservation relations is replaced by a numerical approxima-
tion in which all terms pertain to the same point in time and space. For
example, in the momentum equation (3.9), 3U/3t and 3R/3Z are both centered
precisely at (n+%,j), and therefore, the solution scheme is of second

order, although no numerical approximations to 32U/3t2 orBzR/BZ2 are needed.

In the code, the names of quantities are essentially those given

above in the discretized equations. The coordinate quantities are U(J) =

U3+1 and X(J) = X?+1, and the cell quantities are of the form RHL(J) =

i 3

Rj:;' The time step is DTNH = At™ 2, Hence the coordinate point and the
2

cell to the right are both labeled J, and the midcell quantities at n+%
and the coordinate quantities at n+l are stored in the arrays. Boundaries
between materials are treated in the same fashion as coordinates within

a material except that an extra coordinate is provided to permit separa-

tion of the layers,

3.2 Pressure-Energy Calculation

A special solution method for obtaining stress and energy simulta-
neously was necessary to permit use of arbitrarily complex equations.
of state. The set of equations governing wave propagation includes
expressions for pressure as a function of energy and density and for

energy as a function of stress and density.

P = P(E,p) (3.11)
E=E_+ fﬁ%+AEr (302
0

where AE 1s radiant energy. These expressions may be solved simulta-
r

neously as in WONDY16 if the pressure function is linear in energy, by

multiple calls to the equation-of-state routine as in PUFF 66,15 or by

H

extrapolation as in a two-step integration scheme. A combined eXtrap-

olation and simultaneous solution method was developed for use in the

16



current one-step integration scheme of SRI PUFF 8. First we estimate

the internal energy at the current step. This energy is used to com-

pute the stress. Then these provisional values of stress and energy,

plus derivatives of the pressure, are used to solve simultaneously for

the stress and internal energy. The process is described algebraically
below: it is implemented in HAFSTEP, the subroutine that computes density

and energy and calls HSTRESS for the stress calculation,

The total mechanical stress R and the internal energy E are the

variables to be determined. The stress R is defined as

R=Q+0=Q+0 +P (3.13)

where Q, 0, 07, and P are the artificial viscous stress, thermodynamic
stress, deviatoric stress, and pressure. For the .simultaneous solution

for R and E, R is presumed to be derivable from the previous value R

1
and the pressure derivatives as follows:
. opP oP
R =R + 5 Ap + == AE (3.14)

Thus only changes in P are considered; changes in Q and 0” are presumed
to be small, The derivative 9P/JE is derived analytically from the
expression for pressure, while the other derivative is derived from the
solution of Eq. (3.14) following the stress determination in the previous

time step.

R - R1 - 3P/3E - AE

oP _
i o (3.15)
The two derivatives have approximately the following values:
Lo+l (3.16)
30 P
o
aPp (3
CAEES 5 A
E 1P )



where ' 1s the Gruneisen ratio, C is the bulk modulus, and po is the
initial density. The estimate of internal energy E is made by evaluating

Eq. (3.2) with the available densities pl and p,. at the previous and

2
current times, the average of stresses R and Rl (using Eq. 3.14), and

the increment of radiant energy AEr

1 1 oP oP
. g [+ _ L oF AR M+ 3.18
E E. + o.,< ><2Rl + 3 Ap + e r) AEr ( )

(This is the actual expression used instead of Eq. (3.8).) With this
value of internal energy, HSTRESS is called to compute the new stresses:
R', 02, and P2.

variables R2 and E2 are derived from Eqs. (3.12) and (3.14).

The simultaneous equations to be solved for the state

B i _1
E, = 0.5<pl pz>(Rl +Ry)) + E, + AE (3.19)

where R” and E” are the provisional values. The simultaneous solution
of Eqs. (3.19) and (3.20) provides the required values of stress and
energy. The thermodynamic stress quantities o and P are not altered but

are used as they are computed in HSTRESS.

3.3 Artificial Viscous Stress

The artificial viscous stress is required in finite difference wave
propagation calculations to smooth out shock waves so that the entire
flow field can be treated by the conservation equations of continuous
flow, Egqs. (3.1) through (3.4). The artificial viscous stress (Q) is
the difference between the nonequilibrium mechanical stress (R) and the
equilibrium thermodynamic stress (0) given by the constitutive relations.
Hence Q represents real stresses occurring in the nonequilibrium states
of the shock front., But the basis for computing Q is artificial, depend-
ing on the computational cell size and on viscosity coefficients, which

are not related to real physical processes.

18



In SRI PUFF the usual linear and quadratic viscosity forms are pro-

vided. The linear form is computed by the equation

@= - C1 CSDAU (3.21)
where C1 = dimensionless coefficient of linear artificial viscosity,
CS = sound speed,
and AU = Uj+1 = Uj.

The linear artificial viscosity is similar in form and operation to the
standard linear viscosity models used to represent material behavior.

However, here, the coefficient C, is chosen to provide enough damping

to minimize oscillations in the ialculations and not to represent the
real material viscosity. In the code C1 is given different values for
compressive and rarefaction waves so that less damping can be provided
for unloading processes. For compression, useful values are in the

range of 0.05 to 0.30; for rarefaction, we have used 0.05.

The quadratic artificial viscosity proposed originally by von Neumann

and Richtmyer has the form

Q= Ccz)p(AU)2 (3.22)

where Cj is the dimensionless viscosity coefficient, and

AU = Uj+1 - Uj, as before.

The quadratic viscosity 1s permitted to act only on compressive waves.
For normal values of Ci of 3 or 4, the shock front is rapidly spread

over three to four cells and then maintains essentially a constant
thickness as the wave propagates. Because of the quadratic nature of

the expression for Q, very little damping occurs outside the shock front.
By contrast, the linear viscosity tends to continue to erode the wave

fronts as long as they propagate.

Normally, both linear and quadratic artificial viscosities are used,
so the artificial viscous stress Q is the sum of the linear and quadratic

terms from Eqs. (3.21 and (3.22). The quadratic viscosity quickly
19



establishes the shock front thickness. The linear wiscosity damps the
small oscillations that would otherwise occur near the shock front, but
is given a small enough coefficient so that the wave front is not seriously

eroded.

3.4 Time-Step Control

For the calculations to proceed in a stable manner, the time increment
between cycles must be kept smaller than that given by the Courant-

Friedrichs-Lewy condition (see Ref. 2, p. 262). This criterion is simply

ae < X (3.23)
e
where AX is the cell size and Ce is the local effective sound speed

(defined later).

The criterion means that the time step cannot be so large that the
new points are outside the characteristic domain of dependence of the
previous points. Refefring to Figure 3.1, the new point (n+l, j-1),
for which the variables are computed from values at (n, j-2), (n,j-1),
and (n,3), must lie within the domain of dependence or range of waves
from those points. This domain 1s contained between lines with speeds
of Ce. A physical interpretation of the requirement is that a wavelet
cannot be allowed to proceed from one coordinate point to beyond another
in one time step, since this would allow a material point to '"'see," and
be affected by, conditions at material points outside the true domain of
dependence. This simple criterion is modified to provide for added
safety (the time step used is 80% of the time step at the limit of
stability), to allow for the effect of artificial viscosity, and to

allow for the influence of high particle velocities.

Artificial viscosity stiffens the material and therefore increases
the apparent sound speed, reducing the allowable time step. For linear

and quadratic viscosity coefficients (C., and Ci), Herrmann et al. (Ref. 16,

1
p. 37) derived the following reduction factor F to be applied to the time

step:
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F = . (3.24)

2
U .
\/1 +(c, +¢C, !.'_u,u|fca:| +C +C, |AU|/CS

where CS is the material sound speed and AU is the change in particle
Velocity between mesh points. To speed the computation by eliminating

the square root process, the denominator of Eq. (3.24) is approximated
by
2 2

L+Cm +Cp 21 +0.5C +0C (81225)

where CF = C1 + C2 . ]AUI/CS because CF should be a small fraction.
Our experience with radiation deposition computations has indicated
that instabilities can arise when the particle velocities get very large.
For example, in the vaporized region near the front surface, particle
velocities may approach or exceed sound velocities. In such cases the

usual stability criterion, At = AX/CS, is no longer sufficient.

Consider the X, t plot in Figure 3.2, The point XN is the inter-
section of a forward-going sound wave from (Xl, to) and the cell

boundary, which was at (X2, to). Then

XN = U2 At + X2 (3.26)
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TIME, t

DISTANCE, X
GA-8152-3

FIGURE 3.2 AN X-t PLOT FOR THE TIME STEP COMPUTATION

The time required for a wave to travel from X to XN’ that is, to traverse

the cell, is

X
N

dX
At = fm; (3.27)

i

It will be assumed that U + CS varles linearly from Xl to X2 so that

+ T(U2 h CS = U, v= Csl) (3.28)

U+ CS = Ul + CS 2 1

1

where T goes from 0 to 1. Then dX = 'dT(XN - Xl) and the integral is

1
at
At = (XN—Xl)./U+CS
0

X. - X C + U
= N _ 1 In{ =322\ (3.29)

Cap ¥ Uy - Cy -0 O il
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l1+y
= 1In
€ P gy G V)l LTEF
where
o Cp 15 "% =5y
€3 Yy B Oy 1 0
The series expansion of the logarithm term is 2(y + y3 « +« « ). Only
the first term is used here, giving
- 2 + t -
= 2(XN Xl) - (XZ UZA Xl) (3.30)
+ + + +
Cgg + Uy +Cyy * U CptUp+C+ )
When the At terms are collected on the left side, the result is
2. - X))
2 1
At = (3.31)
+ -
Cp 5 S5l T 1 g

If the value of At computed from this equation is negative, the two paths
do not intersect and At can be set to an arbitrarily large value. The
criterion used in the program is a simple combination of this equation

and the safety factors, (0.8 and F), presented earlier:

2(X. - X.) F
48 i > (3.32)
2

At = 0.8
<CSz + CSl + U1 -0

The time-step computations are begun in HSTRESS, continued in HYDRO, and

completed in the main program.
Note that an effective sound speed accounting for artificial vis-
cosity and particle velocity is

I IS B T Y (3.33)

e 2F
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The sound speed CS is required only to control the time step. The

analytical expression for sound speed is

ci - (%%) =(§§) + (égé) (3.34)

S S S
where 0,0” are the stress and deviator stress in the direction of propa-
gation and S = entropy; as a subscript it means that the derivative is
taken at constant entropy. The elastic or low stress approximation to the

sound speed of compressional waves is

+

L~

o
]
iel[e!

G
5 (3.35)

where C 1is the bulk modulus and G is the shear modulus.

In the PUFF code the sound speed 1s used only to determine the
permissible size of the next time step and to compute the artificial
viscosity. The minimum time is governed by maximum speed, the speed of
a small elastic unloading wave; hence, expressions (3.34) or (3.35) can
be evaluated to give an upper bound on the sound speed. Thus 307/9p
or G/p 1is computed from the largest shear modulus associated with the
current stress, thereby neglecting that the material may be at yileld so

the effective modulus is actually zero.

At high stress, the bulk modulus 1s expected to increase significantly,
so the derivative 3P/9p should be evaluated instead of using C/p. A pro-
cedure for numerically evaluating the partial derivative was developed
for the program. The first law of thermodynamics for an isentropic

(dS = 0) process is

4
dE = -PdV = —Pd(p> (3.36)

The usual rule for partial differentiation provides
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dE = (—) dp +(—> dp (3.37)

From these two equations and the chain rule
(), - (%)
ap P oP ap
the required derivative is obtained:

dp _ /(3P _P__(B_P)
do © (80 )E 4 2 \3E/ (3.39)

The derivative dP/dp was taken along an isentrope and therefore is

properly written (3P/3p)§.

As an example of the sound speed calculation, the derivative is

obtained for the Mie-Gruneisen equation with T'p a constant.

p=" (1- +IpE (3.40)
H 2
where
2 g
P =C +D  + S ~, the pressure on the Hugoniot
H u o w u

C, D, S = material constants with units of bulk moduli

the current and initial values of Gruneisen's ratio

—
-
—
o
n

=
It

p/pO - 1, a strain.

Then the expression for sound speed, derived from Eq. (3.39) is
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(3.41)

3.5 Outline of Subroutines

A
The subroutines that control the wave propagation calculations and

contain the equations developed in this section are HYDRO, HAFSTEP, and
HSTRESS. HYDRO contains the position and particle velocity calculations,
whereas HAFSTEP has the density and energy calculations as well as the
simul taneous pressure—energy solution. HSTRESS contains the artificial
viscous stress (Q) and mechanical stress (R) equations, but is mainly a
switching routine for selecting appropriate constitutive relations for
each material.. HYDRO and HAFSTEP are described below. Because of the
involvement with constitutive relations, HSTRESS is described in Section 4.

HYDRO. For each call tec HYDRO from SRI PUFF, a calculation is made
for all cells and coordinates which are currently active., HYDRO contains
separate paths for the several coordinate conditions provided. The coordi-

nate conditions and their indicators are:
Normal (N) - interior coordinate point (within a layer of material).

Interface (L,R) - left and right coordinate points at an interface
between layers.

Separated interface (S) - right coordinate point at a
separated interface. First and last
coordinates are treated by this path.

Mirror or reflective boundary (M) - a constant-velocity boundary
(arbitrary velocity histories should be imposed by modifying
this path). '

Pressure houndary (P) - first and last boundaries may have a pres-
sure history with a shock front and exponential decay, or a
history provided by a series of pressure and time values,
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Infinite boundary (I) -~ first or last boundaries are treated as
if a mass of the same material continued indefinitely to
the left or right past the actual first or last coordinate
points (implemented only for planar case).
The path to be taken for each coordinate is determined by an indicator
array, H(J,2). Values of the indicator are given above in parentheses

following the path title.

In each path a call is first made to HAFSTEP to compute density,
energy, and stress; then the new coordinate's position and velocity are
computed. A test is made for spallation at the end of the interface

path and for recombination in the separated path.

At the end of HYDRO, brief calculations are made to determine the
largest J value (JSTAR) for which EDITs should be printed and to deter-
mine the stable time step for the next cycle.

HAFSTEP. The HAFSTEP subroutine is called by HYDRO for each cell
and each time step to compute the midcell quantities of density, energy,
and stress. To presefve accuracy in the stress calculations, the time
step may be divided into small intervals (subcycles) for calculating the
midcell quantities. Not more than 1% density change is permitted in any
subcycle. This subcycling feature is important for constitutive rela-
tions in which internal energy is important and for relations based on

differentials.

The internal energy is estimated using Eq. (3.18) and then HSTRESS
is called for the stress calculation. Following the completion of HSTRESS,
the final solution is made for energy and mechanical stress (R) from
Egs. (3.19) and (3.20). The derivatives 3P/3E used to determine the

energy estimate are computed before returning to HYDRO.
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4, CONSTITUTIVE RELATIONS

The constitutive relations provide the stress as a function of
density, strains, internal energy, and other quantities. This section
describes the common constitutive relations and outlines the available
constitutive modelé. The subroutine HSTRESS, which selects the correct

constitutive subroutine for each material, is also described.

4.1 Standard Constitutive Models

In the standard constitutive relations, the stress tensor is sepa-
rated into a pressure and a stress deviator tensor. The pressure is the
average stress

P=1/3 Zci (4.1)

4 i

and the stress deviator elements are

O‘ij = Oij - Péij (4.2)

where Gijare stress tensor elements and 6ij is the Kronecker delta. The
pressure is usually presented as a function of density and internal energy.
‘The deviator stress is calculated by elastic, plastic relations, which

may include thermal softening, rate-dependent effects, and work hardening.
The standard pressure and deviator models are presented in the following

sections.

4.1.1 Standard Pressure Models

The pressure is computed from a simplified form of an equation of
state, the locus of all possible thermodynamic equilibrium states for a
substance. Each state is a set of values of the following thermodynamic

quantities: stress tensor, specific volume, entropy, specific internal
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energy, and temperature. In the simplified equation of state used here
and Iin most wave propagation codes, the only variables considered are
pressure (the deviator components of stress are treated separately),
specific volume (V) or density (p = 1/V), and internal energy (E). The

equation of state 1s then
P = P(E,V) (4.3)

which defines a surface or locus of points in energy-pressure-volume

space.

An equation of state represents equilibrium states. Therefore, as
a material undergoes gradual changes, such as heating or compression,
the successive states describe a path on the equation-of-state surface.
If the material is compressed by passing through a steady-state shock
front, the initial and final states lie on the P-V-E surface. These
initial and final states are connected by a straight line, the Rayleigh
line, which does not lie on the surface, but above the P-V-E surface.
The states of transition within a shock front are not states of thermo-
dynamic equilibrium. The equation of state describés the material
behavior in solid, liquid, and gaseous phases. The standard pressure
model gives a detailed treatment of the solid behavior, but the other
phases are described by approximate relations without specific determina-

tion of the particular phase.

First, we examine the paths taken on the equation-of-state surface
by material under shock loading. Shock experiments lead to the deter-
mination of a Hugoniot or Rankine-Hugoniot equation of state that is
represented by one curve on the equation-of-state surface. This line
is the locus of final states that can be obtained by a steady-state
shock transition from a given initial state. The pressure-volume path
taken by the material during the shock and a subsequent unloading is
shown in Figure 4.1. The shock path follows. a Rayleigh line, to a point
on the equation-of-state surface. Pressures on the Rayleigh line can

be considered to be decomposed into an equilibrium pressure represented
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by a point on the equation-of-state surface plus a nonequilibrium
pressure component. In code calculations the equilibrium pressure is
computed from the equation of state; and the nonequilibrium component

is computed as the artificial viscous stress. Figure 4.2 shows the
Rayleigh line and unloading isentrope on the equation-of-state surface
with a Hugoniot curve. During the shock loading the internal energy
increases, as indicated in this figure. Less internal energy is used in
the elastic recovery on unloading down the isentrope; hence the unloading
does not coincide with loading, and the final, unloaded state is warmer
than the initial state and at a larger specific volume (for materials

that expand during heating).

As a reminder of the role of stress in the compression of the solid,
consider the stress-volume Hugoniot of Figure 4.3. Here only the stress
component in the direction of propagation is shown. During compression,
the stress 1is greater than the pressure; on unloading, the stress
decreases rapidly to yielding and then follows a stress isentrope below

the pressure isentrope.

Several other lines of interest are shown in Figure 4.2. The adia-
batic compression path is followed by a rapid but nonshock loading in which
no heat conduction occurs. The unloading isentrope is a similar, equil-
ibrium process without heat conduction. The zero pressure line is the
locus of points obtained by simply heating the material without external
mechanical confinement. Heating increases the internal energy, and
thermal expansion occurs. For small increases in internal energy, the

zero pressure curve describes the usual expression for volumetric thermal

expansion
vV = Vo(l + aAB) (4.4)
where Vo = the initial specific volume
0 = the volumetric thermal expansion coefficient
AB = the change in temperature.
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The zero pressure curve becomes asymptotic to the line described by

E = vaporization energy

=0

for large V.

The spall path is shown only to indicate the direction taken in tension.
Spall, or fracture, is a rate-dependent process that generally depends

on the stress tensor (not simply the pressure) and on the internal.
energy. Regions where the energy is high enough that the material is
liquid or vapor are to the right in Figure 4.2, The v<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>