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1. INTRODUCTION

The objective of this work is to calculate the differential cross section for single photon produc-
tion in the scattering of an unpolarized electron by the Coulomb potential of a nucleus, independent
of the final momentum and spin state of the electron and polarization state of the emitted photon.
This cross section was calculated some time ago by R. L. Gluckstern and M. H. Hull' and is referred
to here as the Gluckstern-Hull formula. Because of the inherent difficulty and tediousness of the
calculation and complicatedness of the result and because only a brief outline of the calculation was
published,! this work is commonly only referenced in the literature. This differential cross section is
very essential to any fully relativistic and quantum mechanical calculation of bremsstrahlung pro-
duction as a function of angle in anisotropic relativistic beam-plasma systems. Therefore, it is impor-
tant that the Gluckstern-Hull formula be both fully understood and verified.

Specifically, the Gluckstern-Hull formula is given by"

d’o/dQ dw = (Z%°/8n)(|p’|/ |p|lw){8m? sin? § (2E* + m?)/(|p|*x*)

- 2(5E? + 2EE/ + 3m?)/(|p|x?) - 2(Jp|? - 0?)/(|T|*x?)

+ 4E//(|p|*x) + (L/|[p|[p’])[4Em? sin® 6 (3com? - [p]2E")/([p|*x*)

+ [4E2(E* + E”) - 2m*(7E? - 3EE/ + E”) + 2m*}/(|plx?)

+ 2w(E? 4+ EE’ - m?)/(|p|*x)] + (&./|p’||T])[4m?/x?

- 6w/x - 20(|p|? - @)/ ([T|)] - 4ea/ ([’ [x)}. 1)
Here, d*0/d?*Q dw is the differential cross section in electron-nucleus bremsstrahlung for the emission
of a photon of frequency w/2n into the solid angle d*Q = sin? 8 df d$. The angle 6 is that between the
photon and the incoming electron directions, and ¢ is the photon azimuthal angle. The charge of the
nucleus is -Ze where e is the charge of the electron. The electron rest mass is m. The magnitudes of the

initial and final momenta of the electron are |p| and |p/|, respectively. The initial and final electron
energies are E and E’, respectively. The quantities x, T, L, ¢,, and ¢, are defined by

x = E - |p|cos 8, @)

T=p-k 3)

L = n [(EE' - m? + [p|[p’[)/(EE - m? - |p|[’])], )
e = In [(T] + 1p/D/(TL - D), (5)

g2 = In[(E + [p')/(E - [p']). (6)

'R. L. Gluckstern and M. H. Hull, Physical Review, 90 (1953), 1030.



where k is the photon momentum (k| = w/c). Relativistic units are used throughout with
h=c=1ande = 1/137.

In section 2, the more well-known Bethe-Heitler-Sauter formula? is derived for the differential
cross section for bremsstrahlung production in which a photon of a given frequency is emitted in a

given direction and the secondary electron travels in a prescribed direction, disregarding polarization
effects, namely,

d*o/d?Q d’Q’ dw = (Z%*m?/4n*)(|p’|/|p||q|*w)
“{(lal/oc'm?) 2B + 2B - [q]?) + [P /x - 1/x/)?

- 4(E/x’ - E'/x)* + 2wl|qlt/m?)(1/x’ - 1/x)

- 2w*/m?)(x’'/x + x/x')}, (7)

where
=E-(&/k) - p = E-|p| cos 6, (8)
x/ = E/ - (WIK]) - p = E - |p’| cos ¢/, 9)
a=1p +Lk-p. (10)

Here, d’Q’ = sin? 6/ d6’ d¢’, where 6’ is the angle between the scattered electron and emitted photon
directions, and ¢’ is the angle between the component of incident electron momentum transverse to
the photon momentum and the component of scattered electron momentum transverse to the photon
momentum. In section 3, the integration of the cross section equation (7) over the direction of the
secondary electron is performed, and the Gluckstern-Hull formula equation (1) is thereby verified.

2. BETHE-HEITLER-SAUTER FORMULA

The general amplitude for electron-nucleus bremsstrahlung with one photon emission is
diagrammatically depicted in figure 1. In this process, an incident electron is scattered by a nucleus
of charge -Ze and, as a result of . the interaction, a single photon is emitted. In the figure, the light
lines, heavy lines, wavy line, and blob represent the initial and final electron, initial and final
nucleus, emitted photon, and five-point interaction vertex for the process, respectively. This interac-
tion vertex is exceedingly complicated. However, to lowest order in the electromagnetic coupling
constant, neglecting nuclear recoil and treating the nucleus as an external Coulomb field source, the
amplitude may be approximated by the sum of two more elementary amplitudes as shown in
figure 2. Here, the Coulomb field of the static nucleus is represented by a dashed line, and the lowest

*V. B. Berestetskil, E. M. Lifshitz, and L. P. Pitaevskii, Relativistic Quantum Theory, Part I, Addison-Wesley Publishing Co., Inc., Reading,
MA (1971).



order electromagnetic vertex is represented by a dot. The two parts of the approximate total
amplitude correspond to the photon being emitted either before or after the Coulomb interaction.
The conditions for validity of the Born approximation are that both the initial and final velocity (v
and v’) of the electron be sufficiently big and that the nuclear charge, -Ze, be sufficiently small,
namely,

Zer/v << 1, (11)

Zet/v! << 1, (12)
and

Z/137 << 1. (13)

Figure 1. General amplitude for electron-nucleus bremsstrahlung with one photon in final state.
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Figure 2. Approximate amplitude in Born approximation (lowest order in electromagnetic coupling constant)
neglecting nuclear recoil and treating nucleus as source of external Coulomb field.



By elementary S-matrix considerations? the quantum mechanical probability d**W for the oc-
currence of a process in which a single particle of energy E is scattered in a constant field in an interac-
tion volume V and produces any number N of particles with energies E, and momenta p/, in the final
state is given by?

&"W = 2n6(E, - B)|M,[{2EV) ﬁl{da;;(zn)-s(zﬁg)-l, (14)

Here, E; is the total energy in the final state, and My, is the scattering amplitude. The latter is normally
determined by the Feynman rules. The cross section for the process is given by

dMo = d**WY/j, (15)
where j is the incoming particle flux density. The flux density j is given by
j=v/V, (16)
where v is the velocity of the incoming particle. Clearly,
v = [pl/E. (17)
Substituting equations (14), (16), and (17) into equation (15), then
%o = 2n6(E, - E)MAP@Ip) T pi(2m *(2ED)". (18)

For the case of bremsstrahlung with an electron and a photon in the final state, equation (18)
becomes

dso = 2nd(E’ + w - E)|M,|%(2]p))~*(2n)*(2w)-* QE/)* &*p’ &k (19)
or
dso = |M,|2(8|p|E/w)"8(E/ + w - E)(2m) &p’ &k. (20)

V. B. Berestetskil, E. M. Lifshitz, and L. P. Pitaevskil, Relativistic Quantum Theory, Part I, Addison-Wesley Publishing Co., Inc., Reading,
MA (1971).



Since k, = (w, {) and k? = 0, then
K = w. '(21)
Therefore,
&k = |k dik] ¢?Q = »? dw d*Q,, ‘ (22)

where d’Q, is the photon differential solid angle. Also since p, = (F/, ') and p’? = m?, then

p’[* = E/* - m? (23)
and
&'y = [p'|* dlp’| d°Q,s = (E”* - m?) d(E* - m?)"/2 d*Q,,. ' (24)
But
d(E’? - m?)"? = (E’2- m?)~"* E/ dF’. (25)
Therefore,
Fy = (B2 - m)? E dE’ d'Q,, (26)
or
&y = [p|E dE &', 27)

Substituting equations (22) and (27) into equation (20), then

d*o = |M,|*(8|p|E'w)6(E’ + w - E)2n)S|p’|E/ dE’ d*Q,,w? dw d?Q,. (28)




Integrating over E’, then
d'o = flM.ﬁlz(SIEI)"d(E’ + w - E)2n)*fp| dE/ 9,0 do d*Q, (29)
or
&0 = M(¥ /8D 20w do dQ, d¢Q,,. (30)

The matrix element My, is that corresponding to figure 2 and is redrawn in figure 3 with momen-
tum labels. Here p and p’ are the initial and final four-momenta of the electron, respectively; k is the
four-momentum of the emitted photon; and q is the four-vector momentum transfer from the
nucleus. By energy and momentum conservation, the last is given by

a=p +k-p. (31)
Furthermore, neglecting the change in proton energy due to recoil, then

qQ® = 0. (32)

V M v H

I |
| I
Aq ﬂlt q
|
[ I
Figure 3. Feynman diagrammatic representation of matrix element M;.

The subset of Feynman rules to be used in evaluating the matrix element M, in figure 3 is as
follows:?

1. Associated with each incoming electron line of four-momentum p is an amplitude
u(p), where u(p) is the free electron momentum space wave function.

*Equation (30) corresponds to equation (91.2) in V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii, Relativistic Quantum Theory, Part I,
Addison-Wesley Publishing Co., Inc., Reading, MA (1971). The latter has a typographical error omitting the factor of 1/8.

V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii, Relativistic Quantum Theory, Part 1, Addison-Wesley Publishing Co., Inc., Reading,
MA (1971).
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2. Each oufgping electron line isfllssociated with the amplitude T(p’) of the final elec-
tron.
3. Each vertex is associated with a four-vector -iy®, where y*, 4 = 0, 1, 2, 3, are the
Dirac gamma matrices.
4, Associated with each incoming photon line of four-momentum k is an amplitude
V4n ¢,, where ¢, is the photon polarization four-vector, and u is the same as the index u of the vertex
to which it is connected. The Einstein sum convention for repeated indices is understood.
5. Associated with each outgoing photon line is an amplitude V4n ¢}, where * denotes
complex conjugation.
6. Associated with each internal electron line of four-momentum p and rest mass mis a
factor i(f) + m)/(p? - m?), wherefa denotes y,p*.
7. The four-momenta of all lines meeting at an interaction vertex satisfy four-
momentum conservation.
8. An external field line is represented by a factor A*(q), where the latter is the spatial
Fourier transform of the electromagnetic vector potential and q is the four-momentum transfer from
the external source.
9. Diagrams that are identical after removal of all photon lines must have the same sign.
10. Bispinor indices are arranged from right to left, contrary to the arrows.
11. For n vertices, there is an overall factor in M,; of e"/i. ’

Therefore,

M, = @p/)-irip’ + k + m)l(p/ + k)? - m?I(-iy")u(p)(dn)' e} A(q)(*/i)

+ Wp")-iyip - k + m)l(p - k)* - m?] ™ (-iy")u(p)dm) el A (q)(e/i) (33)
or, by interchanging dummy indices u and v in the second term, then

M, = -€*A (@)@n) %)y’ + m)(E? - m) 7y + yf + m)(E - m?) 'y Ju(p),  (34)

where
f=p-k, (35)
F=p +k (36)

Using the definition of equation (35),

ff-m? = (p-k?-m?=p?-2pk + k¥ - m’. (37)

11



But

p’ = m, (38)
k? =0, (39)

and equation (37) becomes
£-m? = -2pk = -2(Ew - [p||k] cos 6), (40)

where 6 is the angle that the emitted photon makes with the incoming electron. For the photon,

k| = . (41)
Equat.ion (40) becomes
f£2-m? = -2xw, (42)
where
x = E - |p| cos 6. (43)
Similarly, .
f2 - m? = 2x'w, (44)
where
x/ =FE - [’| cos 6'. : _ (45)

The external field of the assumed static nucleus has a time component only, given by the static
Coulomb potential. Hence, neglecting nuclear recoil,

12



A¥(q) = 4nZe|q| 6.
Substituting equations (42), (44), and (46) into equation (34), then
M, = -e*4nZe|q(4n)" %} (p))[y*(f’ + m)(@x'w)y® - y°f + m)(2xw) "y u(p).
Defining the matrix variable Q* by
Q =y’ + m)2x'w)y® -y + m)(2xw) iy,
then equation (47) becomes
M, = -eX(4nZe)|q|(4m)* 2T (p')Q u(p).
The Dirac matrices y, satisfy the anticommutation relations
{r. v} =2g~

where g* is the Lorentz space time metric,

1000
g = 0-1 0 0
0 0-10
0 0 0-1
Setting p = v = 0 in equation (50), then
Y =il
or settingpu = v = k, wherek = 1, 2, 3,
R

13
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(50)
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(52)

(53)



Using equations (49) and (52), then

M;, = -e2(4nze)|a|-2(4n)msvu*(p)Qv‘yO’u(p/)

= -eX(4nZe)|qI(4n)" 2e,u*(p)y*y° Q"' Y u(p’),

or

M} = -e(4nZe)|q|(4n)%,& (p)Q u(p’), (54)
where
Q= YOQv*yo* (55)

Therefore, substituting equations (49) and (54) in the expression for the cross section, equation (30),
one obtains

d*o = Z%e5(4m?)(|p’|w/[p|[a|*)ere,

[ (p)Qu(p)I[u (p)Qu(p’)] d’Q d*Q’ dw. (56)
Defining
T(p, p’, k) = &le[u(p’)Quu(p) ][ (p)Q"u(p’)], (57)
equation (56) is
d* = Z2e(4n®)(Ip’|wo/[p||q1) T(p, p’, k) d*Q d*Q’ dw. (58)

For an unpolarized incident electron and for the case where the final polarization states of the
electron and photon are unspecified, which is the case of interest here, one must average over initial
electron spin states and sum over final electron and photon spin states. The cross section is then given

by
&7 = Z?e(4n)(|p’ |/ plla[IT (p, P, k) d*Q d*Q’ do, (59)

14



where
T(p, p/, k) = KLI X l%T(p, P, k), (60)
s s

and Z Z ¥ denote sums over initial electron spin states, final electron spin states, and emitted
photon polanzatlon states, respectively. The factor of ¥: arises in taking the average over incident
electron spin states because there are two possible spin states for the electron.

Since in the present calculation one is not concerned with the state of polarization of the emitted
photon, then in summing over photon polarizations of the final state, one uses the relation?

E(...E:E.,...)=(..-'guv-..). (61)

Also, in summing over the final electron spin states and averaging over the initial electron states (un-
polarized), one uses the following relation:?

“ITlE (p")Q u(p) [T (p)Quu(p’)]

= Tr Q(} + m)Qp’ + m). (62)
Substituting equation (57) into equation (60) and using equations (61) and (62), then

T(p, p/. k) = 1/z;Z z E exeu(p’)
)

- Quip)][T(p)Qu(p’))
or
T(p, p', k) = -%Tr g.Q“p + m) Q*(p’ + m) (63)
or
T(p, p’, k) = - Tr Qu(p + m)Q(p’ + m). (64)

To proceed, one must reduce the trace T given by equation (64). One first notes according to
equations (48) and (55) that

1V, B. Berestetskil, E. M. Lifshitz, and L. P. Pitaevskii, Relativistic Qunntum Theory, Part I, Addison-Wesley Publishing Co., Inc., Reading,
MA (1971).
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Q = YOQv‘yo‘ = 70(70* £ + myo‘)yu‘yo‘(zx/w)-x

-y + m)y*y (2xw) . (65)
However, it is true that?
=1 y (66)
Using equations (66) and (52), then
vy =yt =y (67)

Using equations (66), (52), and (50), it follows that

=7 (68)
and

7= (69)

In equation (65), the term y°y°'f 7*y"'y** can be simplified by using equations (68), (52), and (67);
thus, '

YYTEYY = oty | (70)
or
YYE Yy = oty (71)
Similarly,
YY" = Y = vy, (72)
Y =y = iy, (73)

V. B. Berestetskil, E. M. Lifshitz, and L. P. Pitaevskil, Relativistic Quantum Theory, Part 1, Addison-Wesley Publishing Co., Inc., Reading,
MA (1971).
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and

Y =y = vy (74)

Then substituting equations (71) to (74) into equatiot{ ]65),
Q = (Y’ + myy)2xw) - (yfy° + myy®)(2xew)™. (75)

The function T(p, p’, k) must be evaluated. Substituting equations (48) and (75) into equation
(64),

T(p, p', k) = -4 £ Tdp, ¢/, K), (76)

where
Tulp, p’, k) = Try(f/ + m)2x/w)™y°( + m)y°(f’ + m)(2x’w)"y“(§’ + m), (77)
T.(p, p/, k) = -Tr (i + m)@x'@)™°( + miy¢E + m)(2xw)y*(’ + m), (78)
To(p, P/, k) = -Tr y*(f + m)2xw)y(p + m)y°¢’ + m)@x'w) 'y’ + m), (79)
Tdp, p', k) = Try*¢ + m)(2xw) Yy (p + my¢ + m)(2xw) (s’ + m). (80)

Using equations (66), (68), and (69),
YRy = YrpY = vry'pt = vip* (81)
or

Y’PY° = vopP° - aP* = v.B* = B, (82)

17



where
B = (E, ). i
Substituting equations (52) and (82) into equation (77), then
Tup, ', k) = Try(f’ + m)(ZK’w)"(f’l: + m)(f’ + m)2x'w) 'y (! + m). (84)

Using the cyclic invariance of the trace with equations (52) and (82), equation (80) can be rewritten as
follows:

Tup, ', k) = Try°(’ + m)°(f + m)(2xw)y,(b + my*(f + m)(2xw)™ (85)

or
Tup, 0, k) = Trs” + m)¢ + mi2xoo)y, + my + m)(2xw) (86)

or
Tup, p, K) = Tryf + m)@eo) G/ + m)E + m)(2xo)ty, (b + m) (87)

or
Tu(p, P/, k) = Tu(p’, p, -k), (88)

where, in the last step, equation (84) with the definitions of equations (35), (36), (43), and (45) have
been used. By using equation (88), then

Tl(pl pll k) = T4(P,/ P, —k)- (89)
Next, using the cyclic invariance of the trace, equation (79) may be rewsitten

Typ, P, k) = -Tr (o’ + m)y°(f + m)(2xw)?y, (b + mly°E’ + m)(2c'w) 'y~ (90)

18



It is also true that?
Tr(aa,...4,) = Tr(A. . .. 4.3,). (91)
Thus, using equation (91), equation (90) may be rewritten
Top, P/, k) = Tr-y,( + m)@x'w) '’} + miyf + m)@2xw) ™y} + m). (92)
" Comparing equation (92) with equation (78), then
Tip, p’, k) = Tu(p, p/, k). (93)

Substituting equations (89) and (93) into equation (76), then

T(p, P/, k) = -%ITp’, p, -k) + 2Tu(p, p’, k) + Tulp, p’, k.)] (94)
or
T(p, p’, k) = T,(p, p’, k) - Talp, p, k), (95)
where
Tilp, p'. k) = -%[Tu(p, p’, k) + Tu(p’, p, -K)], (96)

and T, and T, are given by equations (78) and (87), respectively.

The term T, must first be evaluated. By substituting equation (52) into equation (78) and using
equation (50), then

T, = -Try (i’ + m)@c'0)y°(p + myy’r ¢ + m)(2xw)™y°(p’ + m) (97)

or

V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskil, Relativistic Quantum Theory, Part I, Addison-Wesley Publishing Co., Inc., Reading,
MA (1971). .
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T = -Try(f + m@ce) ¢ + m)2g - y70)¢ + m)(@xw)y’(p’ + m)
or

T, = Tr[-2p°¢" + m)2x'0)*G + m)¢ + m)2xw)y°(p’ + m)

+ y,(?’ + m)2x’w)(p + m)y“y"(? + m)(2xw)y°(p’ + m)].
Using the cyclic invariance of the trace and equation (82), then equation (99) becomes

T, = Tr[-2¢ + m)@c'w)"¢ + m)¢ + m)(2xw)'(¢’ + m)

+ yf + m)(Zx’w)"(fl;' + m)y“f + m)@xw)(p’ + m)].
Using the following relations obtained from equation (50),

Y“YH = 4/

in equation (100), then

T, = Tr-2¢7 + m)@c/w) "¢ + m)¢ + m)2xw)G’ + m)

(98)

(99)

(100)

(101)

(102)

(103)

+ (4 - 5 - 2mb’ - 2mp + 4mH)(20 @) F + m)2xw) (P + m)].  (104)

Performing the multiplications and recalling that the trace of the product of an odd number of gam-

ma matrices is vanishing,? equation (104) becomes

*V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskil, Relativistic Quantum Theory, Part I, Addison-Wesley Publishing Co., Inc., Reading,

MA (1971).
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T, = (Zx’wxw)"Tr[-?" pfp’

A A

A A
A A ~
-m¥’p - m*’f - m*’p’

A an
2 f - mlpp/

T 2>

-m
2 o,

-m*p/-m* + 2f/-p(fp/ + m?)

-mf/(mf + mp’) - mp(mf

+ mp’) + Zm’(é\'f)’ + m?)].
The trace in equation (105) is evaluated by using the relations?
Trib =4a-b
and
Tribéd=4[(a-b)(c-d)-(a- )b - d) + (a- d)b- o).

Thus,

n

Ty = (2oc/w?)[-4(f - ;f . ;/ - B‘/
+ £ - p'p - ) -4mf - p - 4mf - f- dm?F
-4m?p - p’ - 4m?f - p/ - 4m* + 8F - pf - p/

+ B - 5o 4w F - 4 - pl - 4

-4m’3' -p/ + 8m? - p’ + 8m‘].

(105)

(106)

(107)

(2" ~N
'p’-4m2p f

N
f

(108)

2V, B. Berestetskil, E. M. Lifshitz, and L. P. Pitaevskil, Relativistic Quantum Theory, Part 1, Addison-Wesley Publishing Co., Inc., Reading,

MA (1971).
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Combining terms, then equation (108) becomes

[a%] LV AV

T, = (Zxx’wz)"[-4(f’ . ;f cp'-f - fp - p’
+f";’;"f-2f"pN?J'p’)-4m2(f';
+f/.;/+f/.f_f/.;+';.;/+f.;/

[a%] [a¥] ny

+f - +F p +f -p4p-p-26-p)+4am']. (109

p';=p";. (110)

Substituting equations (35) and (36) into equation (109), performing the multiplications using equa-
tion (110), and combining terms, one obtains

= Z(xx’wz)"[-mzp ) ; I ; -mp’ ;/ - m?k - ;’/

—Zmzp-p’-m’xw+m’k-l':-m“+mzk-p

+ @ - pP-(p' pk-p)+k-pp-p’

+ (- pP-0-xwp p -p' PP

+p - pp - k-p-pk-p’l. (111)

To reduce equation (111) from the expressions involving four-vectors to ones containing explicit

space and time components, one proceeds as follows. By defining the unit vector nin the direction of
photon emission,

n=Lk/k] = k/w, (112)
and using equation (43), then
n-p=E-x (113)
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Similarly, using equation (45),

»
- p/ = FE -,

=R 4

Using the definition of p of equation (83), then

p-p =E+ .
But using equation (38),
lpl* = E? - m?.

Substituting equation (116) in equation (115), then
N
p-p =2FE-m’
Similarly,
k'p =wE+np = w(E-x),
[a¥] Ld
p/ o P/ = E/2 + Ipllz — ZElz _ mzl
k-p/ = +np) = 0E-x),
p-p =EE-p-p,
k-k = 2w?,
k-p=wE-n-p) = wx,

=EFE+¢ b,

2
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(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)



" ppkp/ = w@E -NEE +p-p), (125)

k- Pp-p’=(EE +p- p')NwE + wn- p)

= (EE' + p- p/)(2E - ¥, (126)
p’ - p’pp = (B2 + [p)E + [p]) = (2E” - m)(2E? - m?), (127)
pop’p k= (E? + [p/P)E + - po = QE” - m)(2E - X, (128)
p-ok-p’ = (B + [pP)E + h- p)o = 2F - m)QE - x')w. (129)

Also, for the elastic collision at hand, equations (31) and (32) imply
E' =E-w. (130)
Substituting equations (117) to (130) into equation (111) and simplifying, one obtains

T, = 4(1ac’c:.>’)"{[mz 4+ 0+ ol -x0)p o + (¢ p)? - mEE + mPw?

- B’E” + wEE? - wEE’ - wxE” + wx’E’}. (131)

The quantity p + p’ appearing in equation (131) may be rewritten in terms of the momentum
transfer qas follows. Using equation (31), the space component g of the four-vector q is given by

a=1p + k-p. (132)
Dotting the vector qinto itself, then

o = [ + k-p]2 = [p/| + 2 - k+ [k]

-2 ¢ -2p- k+ |p (133)

Substituting equations (23), (112), (114), (21), (113), and (116) into equation (133) and solving for
p* ', then
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p:p =%[E+ E? + w?-2m?- 2w(E - E') + 2w(x - x’) - |a|’] (134)

It follows then that

(b p')* = YA[E* + 2E?E” + 6Fw? - 4E2m? - 4F%w + 4F*F'w
+ 4(E* + E? + w?-2m? + 2wE’ - |q? - 20E)w(x - x’)
- 2E*|q]* + E/* + 2E”%w? - 4E*m? - 4EE%w + 4E”w
- 2E%q)* + w* - 4m?w? - 4Ew® + 4F'w? - 20?|q* + 4m*
+ 8m*wE - 8m?wE’ + 4m?|qf? - 8EE’w? + 4w?E’?

+ 4Ew|q)? - 4wE|q]* + 4w?(x - x/)* + |q|*]. (135)
Next, substituting equations (134) and-(135) into equation (131), then

T, = (xx’w’)"{E‘ + 2EE”? + 6E*w? - 4E’m? - 4F’w + 4FF'w
+ 4(E* + E” + w?-2m* + 2wE’ - |q* - 2..wE)w(x -x’)
- 2B%|q* + E* + 2E%w? - 4E’m? - 4EF’w + 4F”w
- 2E7%|q* + w* - 4m*w? - 4Ew® + 4F/w? - 20?|q|? + 4m*
+ 8m?wE - 8m?wE’ + 4m?|q|* - 8EE'w? + 4w?E’* + 4Ew|q|?
- 4wE/|q|? + 4w?(x - x')* + |[q]*
+ 2[m? + w? + w(x’ - x)][E* + E”? + w?-2m? - 2w(E - E/)
+ 2w(x - x’) - [q|?] - 4m?EE/ + 4m?w? - 4F?E’* + 4wEE’? - 4wE?F’

- 4wxE”? + 4wx’E?}. (136)
Simplifying equation (136) and substituting equation (130), namely,

E' =E-w, (137)
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then
T, = (x’w?) ™ (-8m?E* + 8m?Ew - 4E*[q|* + 4Ew|q|? - 2w?q)?
(138)
2

+ 2m?fg]* + [q]*) - 2(Jgl*/w)(x’ - ') + 4(Ex’™ + E'x7).

Next one proceeds by evaluating Tu(p, p’, k) given by equation (87). By using the cyclic in-

variance of the trace, equation (87) may be rewritten as
(139)

Tup, p’, k) = Tr(f + m)(2xw)"(p’c’ + m)(f + m)(2xw)'y*(p + m)y*.

Using equation (102) in equation (139), then
(140)

Tup, p', k) = Tr(f + m)(2xw)* @’ + m)(f + m)(2xw)™(-2p + 4m),
or multiplying terms and recalling that the trace of a product of an odd number of gamma matrices is

vanishing, then
Tup, p', k) = (4w?)"Tr(-2£ 5D + 4

+ 4m f - Zmsza P
- 2m2p/p - 2m p + 4m®). (141)

Again using cyclic invariance of the trace to combine the second and fifth terms, then
Pt

Tup, p', k) = (4?w?)"Tr(-2
-2m* p

(2ot
laary

& St g 4 dntt
-2m?5h - 2m2f b + 4m?). (142)
Next, using equations (106) and (107) and combining terms, equation (142) becomes
Tip, p', k) = (4w?)(-16f - p' f - p + 8£ ¢ - p + 32m*f - P
(143)

+ 16m?f? - 16m?f - p - 8m?p’ * p + 16m*).
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Substituting equation (35) into equation (143), using equations (38) and (39), and combining terms,

then

Tdp, p’, k) = (4x?w?)'[-16(p - B'- P - k)(m?-k * p)
+ 32m’p - p’-16p - kp’ - p-32m?k - P’

-16m?p - k + 16m*].

Again, multiplying and combining terms, equation (144) becomes

Tup, p’, k) = 4(c*w?) ™ (m?p - P -m?p’ - k-m’p - k-p/ - kk - p + m?).

One notes using equation (83) that

Substituting equations (120), (123), and (146) into equation (145), then

Tup, p’, k) = 402w?) ' [m2EE’ + m?p - p’ - m*w(2E/ - x/) - m?wx - W (2E/ - x)x + m*],

or

Tu(p. P/, k) = 4(c?w?)[m?p - p/

+ m?EE’ - 2m2wE’ - m2w(x - x’) - 2w?E’x

+ wix’ + m?].

Substituting equation (134) into equation (148), then

Tdp, p’. k) = 4(7czaoz)"{(m2/2)[E2 + E? + w?-2m? - 2w(E - E’) + 2w(x - x/) - lai?]

+ m2EE’ - 2m2wE’ - m*w(x - x’/) - 2w?E’x + wx’ + m"}.
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(145)

(146)

(147)

(148)
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Combining terms, equation (149) becomes

Tulp, p/, k) = 2m*(E + E)*(x*w?)™ + 2m*x? - 4m*(E + E)(x’w)™’

- 8E/x™' + 4x/x™' - 2m?|q (x?w?)™. (150)

Under the interchange (p, p’, k) = (p’, p,-k), one sees from equations (130), (43), (45), and (132)
that (E, B/, w, x, ¥/, @) = (E/, E, -w, ¥/, x, -q). Therefore, by using equation (150),

T, (p’, p, -k) = 2m*E + E)*¥/(x'w)* + 2m*/x’* + 4m*E + E)/x"w

- 8E/x’ + 4x/x’ - 2m?|q)*/x*w?. (151)

Substituting equations (150) and (151) into equation (96), then

T, = -V3[2m*E + E)?/x*w? + 2m*E + E)2/x?w? + 2m?/x* + 2m?*/x"
-4m*E + E)/x*w + 4m*(E + E’)/x*w - 8E//x - 8E/x’ + 4x’/x + 4x/x’

- 2m?|q?/x?w? - 2m?|qf*/x"*w?). (152)

Combining terms in equation (152), then

T, = -m*E + E - 0)?/x’w? - m¥E + E/ + w)*/x"w? + 4(E'/x + E/x/)

-2 /x + x/x’) + mAaxt + X7/ w? (153)

Next, using equation (130) in the first two terms of equation (153), then

T, = -4m?E’*/w™? - 4Am*E*/wx’* + 4(E’/x + E/x)

-2(x’/x + x/x') + m?q(x? + x'77)/w? (154)

28



or

T‘1 = -(dm*/w?)(E'/x - E/x’)* - (8Bm?/w*)(EE’/xx’) + 4(E’/x + E/x’) - 2(x'/x + x/x’)

+ m?|g|?(c! - /7 w? + 2m?|q|?/ wirx’. (155)
Returning to equation (95) and substituting equations (138) and (155), then

T = -(4m?*/ w?*)(E'/x - E/x’)? - (8m?/ w?)(EE'/xx’) + 4(E’/x + E/x’) - 2(x'/x + x/x’)
+ (m?[ql/w?)(x* - ™) + 2m?[ql*/ wixx’ - (1/%x¢’w?)(-8m?E* + 8m?Ew - 4E?|q?

+ 4Ew|ql? - 2w?[q)? + 2m?[q)2 + [q]*) + 2lal*/ @)™ - x*) - 4(E/x! + E'/x). (156)
One notes using equation (130) that

-4E*q)* + 4Ew|q|* - 2w?q)?
= (-4E* + 4Fw - 20?)[q)?
= [-2E* - 2(F/ + w)* + 4(E/ + w)w - 20][q]?

-(2E? + 2E7)|q). (157)

Substituting equation (157) into equation (156), then
T = (m¥?)[(|a)2/x'm?)(2E? + 2E% - |q]?) + |q2(c - x/7')?
- 4(E/x’ - E'/x)* + Qo|ql>/m?)(x'™ - x") - Qw?/m2)(x//x + x/x')]. (158)
Finally, substituting equation (158) into equation (59), then

d’o = (Zzar3/4n2)(|f3|’m“/pq“)(dw/w) d2Q 42/ - [(I::llz/x)c’mz)(ZE2 + 2E” - [q]?)
+ [ql2(c - x")? - 4(E/x’ - E'/x)* + Qolal/m?)(x'™ - x71)

AT e & o], (159)
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where r, is the classical radius of the electron,

r. = e*/m + 1 = e*/mc® = 2.818 X 107!5 meters, (160)

and «a is the fine-structure constant (relativistic units),

a=¢e/1 1= e/hc = 1/137.04. (161)

Equation (159) agrees in form and notation with equation (91.7) of Berestetskii et al.* It is the well-
known Bethe-Heitler-Sauter formula for the bremsstrahlung cross section in which a photon of given
frequency is emitted in a given direction and the incident electron is scattered in a prescribed direction
disregarding polarization effects.

The cross-section equation (159) can be written in terms of the scattering angles 8 and 6/ as
follows. One first defines

3 = ([ /oc'm)RE + 27 - [g) + [ - )2
- 4(E/x! - B0 + Qoofaf*/m)(x/ - x7)

- 2w*/m?)(x//x + x/x’). (162)

Then

dso = (Z2ar/4m*)(|p’|m*/|p||q|*)(dw/w) d*Q d2Q’ X. (163)

Equation (162) may be rewritten as

I=3,+5,+3;, (164)

V. B. Berestetskil, E. M. Lifshitz, and L. P. Pitaevskit, Relativistic Quantum Theory, Part |, Addison-Wesley Publishing Co., Inc., Reading,
MA (1971).
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£7

where

%, = (m2o’)[|a|2E* + 2E” - |gf?) - 2m?q|* + 8m?EE’ + 2w|q/*x

- 20(qx’ - 2w¥(x? + x?)],

%, =« - 4E7),

%, = x| - 4F?).

The term %, of equation (165) may be written as

3 = (maec’)™ |g2(2E2 + 2B - g2 - 2m? + 2w« - 2wx’)

+ (m>oc/)[8m2EE’ - 2w%(x’? + x?)].

Also, Z, of equation (166) can be written

2 = (m?)(|q]? - 4E*)m2.

But using equation (116),

m? = E? - |p|2.

Substituting equation (170) into equation (169), then

%, = (m?)([g* - 4E7)(E? - [p]?).

Substituting

1 = sin?6 + cos? 8

into equation (171), then
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(167)

(168)

(169)

(170)
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or

3, = (m?)H4E? - |4)|pl2(sin? @ + cos? 8) + (m2) (|32 - 4E/%)E?

3, = (p/*m?)(4E/* - [4?) sin? 6 + (1/x*m?)(4E” - [)(p|? cos? 6 - E2).

Substituting equation (43),

lp| cos 8 = E - x,

into equation (174), then

or

%, = (p/x*m?*)(4E”* - [q]?) sin? 6 + (1/x*m2)(4E” - [g|»)[(E - x)? - E?]

%, = (p*/x*m*)(4E* - [g]?) sin? 6 + (1/m2)(4E’* - |4?) - (2E/xm?)(4E’* - af?).

Analogously, Z; of equation (167) can be rewritten in the form

Z5 = (p?/x"*m?)(4E* - [a?) sin? 8’ + (1/m?)(4E? - |q?) - (2E//x/m?)(4E? - la]?).

Substituting equations (168), (177), and (178) into equation (164), then

or

T = (I/m*x)[[a2(2E* + 2E* - [g? - 2m? + 20x - 2wx’ - 2’ + 2Ex! + 2E’x)
+ 8m’EE’ - 2w?(x’* + x?) + (4E? + 4E"*)xx’ - 8EE"*x’ - 8E/Ex|

+ (p/x*m?)(4E? - [4f2) sin? 8 + (|p>/x*m?)(4E’? - [4f?) sin? 6
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(175)

(176)

(177)

(178)

(179)
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S = Z/m¥x’ + (|p/|2/x*m?)(4E? - |q]?) sin? 6/

+ (|p|*/x*m?)(4E"* - [qJ?) sin? 6, (180)
where

S =5, + [q*-2m? + 2wx - 2wx’ - 2xx’ + 2Ex’ + 2E’x) + 8m?EE’
- 2w*x* + x?) + (4E? + 4E*)xx’ - 8EE/*x’ - 8E/E*x, (181)

3, = [q*(2E* + 2E’* - |q]?). (182)

Using equation (133), |]* carr be expressed in terms of the scattering angles 6 and 6’ as follows. The
momentum vector p can be written in terms of components p; and fa“, perpendicular and parallel to
the photon momentum vector k, respectively; thus,

»

p=p + (183)
Clearly,
py = (p-k/[k[)E. (184)

Substituting equation (184) into equation (183), then

p=p + (prk/[k])k (185)
and by definition
p k=0 (186)
Analogously,
P o=+ @ k/]kPk (187)
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and

k=0 (188)
Also, denoting the angle between p, and p| by ¢/, then
PL PL = [py]Ip4l cos ¢ (189)

Denoting the angle between the incident electron momentum p and the emitted photon momentum &
by 6 and that between the scattered electron momentum 3’ and & by 6/, then

[py| = Ip| sin 6, (190)
p k = [p||k] cos 6, (191)
1| =[] sin 6, (192)
pok= |7’ | K] cos 6”. (193)
Using equations (185) and (187), then
P =1[p + (- k|k])K]
e+ - R JE]PR] (194)
or
PP =P P
+ (prk/J )Py - K
+ (p - k/|kP)p, - Kk
+ (pr R - k)/ k(2. (195)
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Substituting equations (189), (186), (188), and (190) to (193) in equation (195), then

p P = |p| sin @ |p] sin 6’ cos ¢’
+ (|pl k] /|k]?) cos 8 |¥'||k| cos 6’ (196)
or
p P = |p||p|(cos 8 cos 8 + sin 6 sin 6/ cos ¢/). (197)

Therefore substituting equations (21), (193), (191), and (197) into equation (133), one obtains

la> = Ip|* + |P|* + w?- 2[p|lw cos 6 + 2|¢|w cos 6

- 2|p||P'|(cos @ cos 8’ + sin 6 sin 8/ cos ¢/). (198)
Then substituting equation (198) into equation (182),

S =[] + |P* + w?-2|plw cos 8 + 2|p|w cos 6’

- 2|p||7’|(cos 8 cos 8’ + sin 6 sin 6’ cos ) ](2E* + 2E7% - |q*)  (199)
or

T, = -2|p||p| sin 8 sin 8/ cos'$’ (2E* + 2E* - [q]*) + (]pI* + |p|? + w?

- 2|plw cos @ + 2| |w cos 87 - 2|p| |¢’| cos 8 cos 87)(2E* + 2E’* - |g]). (200)
Next substituting equation (200) into equation (181), then
S = -2|p||p| sin 0 sin 8 cos &/ (2E* + 2E - |q?) + [q]* T, + 2%, (201)

where
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22 = -2m? + 2wx - 2wx’ - 2xx’ + 2Ex’ + 2E/x - |p|? - [p]? - w?

+ 2lplw cos 6 - 2|p'|w cos 8’ + 2|p||p| cos 6 cos &,

Ty = (B + E?)(Jp) + 7> + w? - 2[plw cos 8 + 2|p|w cos 6’
- 2[p||p| cos 8 cos 6’) + 4m?EE’ - w?(x* + x2)

+ 2(E* + E”)xx’ - 4EE”’x’ - 4E'F?x.

Substituting equations (43) and (45) in equation (202), then

3, = -2m? + 2w(E - |p| cos 8) - 2w(E’ - || cos @) - 2(E - |p| cos 6)(E’ - || cos §7)

+ 2E(E’ - |p/| cos 67) + 2F/(E - p| cos @) - |p|? - lp[? - w?

+ 2Jp|w cos 6 - 2|p'|w cos 6 + 2|p||p| cos 8 cos 8

or

T, = -2m? + 2wE - 20(p| cos 8 - 2EE/ + 2E|p'| cos 8 - 2|p||p| cos @ cos 6

- |pl* - 2wE’ + 2w|p/| cos 8/ + 2EE’ + 2E/|p| cos @
+ 2|p|[¢| cos 8 cos 8’ - |p|* + 2w|p| cos 8

+ 2E’E - 2E|p/| cos €’ - w? - 2w|¢’| cos 8’ - 2E/|p| cos 6.
Substituting equation (130) into the 8th and 15th terms of equation (205), then
2, =-2m’ + w? + 2E? - 20E - [p? - |y

Further, using equation (130),

w=E-F,

and substituting equation (207) in the second and fourth terms of equation (206), then
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3, =-2m* + E* + E” - |p]* - |p|% (208)
Next, substituting equation (116) and, analogously,
ll? = E” - m? (209)
into equation (208), then finally
=0 (210)
Also, substituting equations (43) and (45) into equation (203) and multiplying terms, then

T, = Ep* + EY|p|* + E?w? - 2E?|plw cos @
+ 2E?|p’|lw cos 8/ - 2E2|p| || cos 8 cos 6’
+ E”*|p|* + E?’[p|* + E”w? - 2E”*|p|w cos O
+ 2E”*|¢'|w cos 8/ - 2E”|p| |p| cos O cos 6
+ 4m?EE’ - w?E”* + 2w?E’[p/| cos 0/ - w?|p|? cos 26/
- w’F* + 2w?E|p| cos 8 - w?|p|? cos 20 + 2E°E/
- 2B%|p| cos 0’ - 2E?E/|p| cos 8 + 2E?|p||p| cos 8 cos 6
+ 2EE”® - 2EE*|p/| cos 8/ - 2E”|p| cos 8
+ 2E’*|p| |¢’| cos 8 cos @’ - 4EE”* + 4EE’*|p| cos 6’

- 4E’E® + 4E’E?|p| cos 6. (211)
Substituting the trigonometric identities
cos? 8/ = 1 -sin? §/ (212)

and
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cos’8 = 1-sin* 0
into the 16th and 19th terms of equation (211) and combining terms, then
S, = w?p|? sin? 8 + w?|p|* sin? 8’ + Z,,
where

T, = Ep* + E’lp|* + E”?pl* + E”’p|* + 4m’EE’ - o?[p/|?
- w?|p|* - 2E°E - 2EE”* + cos 6 (-2E?|p|w - 2E"[p|w
+ 2w’Elp| - 2E°E’[p| - 2E”*[p| + 4E’E?|p|)
+ cos 8 QB |p|w + 2E%|p|w + 2w?E’|p| - 2E3|p/|

- 2EE?|y| + 4EE7y|).
Next, substituting equation (207) into equation (215) and combining terms, then
3. = 4m’EE’ + 2EE’|p’|* + 2EE/[p|* - 2E°E’ - 2EE”.

Further, substituting equations (116) and (209) into equation (216), then

Then substituting equation (217) into equation (214),
5, = w*[p|* sin? 8 + w?|p/|? sin? 6.
Therefore, substituting equations (210) and (218) into equation (201), then
3 = -2|p||| sin 8 sin 8’ cos ¢’ (2E* + 2E’* - [q?)

+ 2w?[p|? sin? 6 + 2w?lp'* sin? @',
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Then substituting equation (219) into equation (180),

= = m2[(|p|2/x*)(4F? - [q?) sin* 8/ + (|p|*/x*)(4E’* - [g]?) sin* @
+ 2w?/xx’)(|p|? sin? 8 + [|p/|* sin® 8”)

- (2[p| [P’ | /x’}(2E* + 2E’* - [g]?) sin Bsin 8’ cos $].
Finally, substituting equation (220) into equation (163),

d*o = (Z?ar?/4m*)(|p/|m?/p| |q]*) (dw/w) d*Q &*Q’
[(p[?/x"*)(4E? - [q]*) sin® 8/ + (|p|>/x*)(4E’* - [q]?) sin? 6
+ (2w?/xx’)(|p|* sin? 8 + |p/|* sin? §)

- (2[p| ||/ %x’}2E? + 2E’* - |q]?) sin 6 sin 6/ cos ¢/].
The photon and recoil-electron differential solid angles are given by
d’Q = sin 8 d6 d¢
and

d*Q’ = sin 6/ d6’ d¢/,

(2209

(221)

(222)

(223)

respectively. If one integrates over the photon azimuthal angle ¢, the corresponding cross section is

given by
2n
d‘o = [ (d*o/d$) d¢.
o

Substituting equation (221) into equation (224) and using equations (222) and (223), then
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d*o = (Z*ar?/2n)(|p'|m?/|p| |q]*) (dw/w) sin 8 dO sin 8/ dO’ d¢’
~[(Ip[2/x/*)(4E? - |4[?) sin® 8" + ([p|2/x?)(4E’ - |3[?) sin? 6
+ (2w*/xx’)(|p|? sin® 8 + |p/|? sin? 67)

- (2[p||p')/2x’)(2E2 + 2E* - [a[?) sin 8 sin 8 cos ¢/]. (225)

Equation (225) agrees with equation (91.8) of Berestetski et al,> wherein the notation for ¢ and ¢’ is
interchanged from that used here. The differential cross section d*o of equation (221) is the probabili-
ty (in Born approximation) of single photon emission into solid angle d*Q and electron recoil into
solid angle d*Q’ per unit electron flux. The functions x, x’, and |q|? are given by equations (43}, (45),
and (198), respectively. The quantities E and |p| are the energy and the momentum, respectively, of
the incident electron; E’ and [p/| are the energy and the momentum, respectively, of the scattered
electron; 6’ is the polar angle made by the scattered electron momentum with the photon momentum;
w/2n is the frequency of the emitted photon; 8 is the polar angle between the incident electron
momentum and the emitted photon; ¢/ is the angle between the component of the incident electron
momentum transverse to the photon momentum and the component of the scattered electron
momentum transverse to the photon momentum; ¢ is the azimuthal angle of the photon momentum;
-Ze is the charge of the nucleus; a is the fine structure constant given by equation (161); and r. is the
classical radius of the electron given by equation (160).

3. GLUCKSTERN-HULL FORMULA

In this section, the Bethe-Heitler cross section, equation (221), is to be integrated over all direc-
tions of the recoil electron to obtain the Gluckstern-Hull formula, equation (1). The latter is the dif-
ferential cross section in Born approximation for single photon emission in the scattering of an elec-
tron by the Coulomb potential of a nucleus, independent of the direction of recoil of the final state
electron. Also, the calculation here is specialized to the case of an unpolarized incident electron, and
the cross section is summed over all polarization states of the emitted photon and all final spin states
of the recoil electron.

Thus, the Gluckstern-Hull cross section is given by
do = [(d*o/d2Q’) d2¢, (226)

where the integral is over all possible angles of electron recoil. By substituting equation (221) into
equation (226), then

V. B. Berestetskil, E. M. Lifshitz, and L. P. Pitaevskil, Relativistic Quantum Theory, Part I, Addison-Wesley Publishing Co., Inc., Reading,
MA (1971).
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&Po = (Z2ar? /2n)(|p'|m?/|p|) (dw/w) d*Q K(|p|, &, []), (227)
where

(pl, & 7)) = J(d2Q/72m) gl [(|2/x'?)
- (4E? - |:1|2) sin? & + (|E’|2/7cz)(415’2 - |:1|2) sin? 8
+ (2w?/xx’)(|p|? sin? 8 + |p/|? sin? &) - 2(|p| [p|/x’)

- (2E? 4+ 2E’* - [qf?) sin 6 sin 6/ cos ¢/]. (228)
One proceeds to calculate I{|p|, k, |p’|). Equation (228) is first rewritten in the equivalent form

1= [(dQ72mfa { 4 [-(p[*/x) sin® 8 - ([p2/x?) sin? 8
+ 2(|p||p|/xx’) sin 6 sin @’ cos ¢] + 4(|p’|*E2/x’?) sin? 6/
+ 4(|p|?E"*/x?) sin? 8 + 2(w?/xx’)(|p|* sin? 8 + |p’|? sin? §)

- 4(|p| |p’|/xx’)(E* + E’) sin 8 sin 6’ cos ¢’ }. (229)
Next, using equation (45),
cos 8/ = (E - x')/ |p/. (230)
Also, by trigonometry,
sin2 @ =1 - cos? €. (231)
Substituting equation (230) into equation (231), then

sin? 0/ = 1 - (E//|p|? + 2(Ex//|p|?) - x/*/|p|% (232)
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Also, from equation (198), it follows that

sin 6 sin 6’ cos ¢/ = (V2 |p| |p)(|p|> + [p)? + w? - |q?

- 2|plw cos 8 + 2|p'|w cos § - 2|p|[p'| cos 6 cos 67).  (233)

Next, substituting equations (232) and (233) into equation (229), then

I = [(d&Q72n) {|g2[-lr[2/x* + E?/x” - 2B/ /x' + 1
- (lpl*/2%) sin? 6 + (o) (Bl + [P + w? - |4
- 2|p|lw cos 8 + 2wE’ - 2wx’ - 2|p|E’ cos 8 + 2[p|x’ cos 0)]
+ lal=*[4(|p|2E2/x"?) - 4(EE2/x") + 8(E'F*/x’') - 4E2
+ 4(|p]’E”*/x?) sin?  + 2(w?[p|?/xx’) sin? 6 + 2(w?|p/|2/xx’)
- 2(?*E?/3x’) + 4(F’w?/x) - 2w’ /x) - 200’ ) (B2
+ E”)pl* + |p|? + w? - |42 - 2|p|lw cos 6

+ 20E’ - 20x - 2[p|E’ cos 6 + 2|p|x’ cos 6)]}. (234)

Equivalently,

L= [(dQ/2m) {|a[ ) -Ip]> + B + (oc')(-2E/x + |p]?
+ |p)? + w?- |92 - 2|plw cos § + 2wE - 2pE’ cos 6) + x'(-2w + 2|p| cos 6)
+ 1-(|p*/x) sin? 6] + [al [x/ 4|y "E? - 4EE?) + (x'x)" { 8E'E%x
+ 2wfpl? sin” 6 + 207/ - 20%E2 - 2(E* + B + [P + w?
- [al* - 2fplw cos 8 + 2wE’ - 2[p|E’ cos 6) } + 4x(E* + E”)(w - |p| cos 6)

- 4E* + 4(|p|*E"*/x?) sin? 6 + 4F'w?/x - 20’ /x| } (235)
Using equation (209), one notes that
PP + E? = m? (236)
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and
4|p|?E? - 4E/?E? = -4m?E2. (237)
Substituting equations (236) and (237) into equation (235), then

1= [(dQ/2m { (m*(Jax")" + (Jaloc')* [-2Ex + [p* + ]2
+ w? - 2|plw cos 8 + 2wE’ - 2|p|E/ cos 8 + 2(E2 + E’*)] - (xx/)*
- |42 [2x(w - |p| cos 8) + |p|*x2 sin? B - 1] - 4m2E2[q|"*x/™2
+ (|al*x’)™ [8E’E*x + 2w?[p|* sin? § + 2w?|p'|? - 2w?E’2 - 2(E2 + E/2)(|p|
+ |P|* + w? - 2|plw cos 8 + 2wE’ - 2|p|E/ cos 0)] + |q|*[4x'(E* + E/)

“(w - |p| cos ) - 4E* + 4x?[p|’E"* sin? 8 + 4w | - 20%/(|q[*x)" }. (238)
The terms to be integrated in equation (238) are all of the form
T = J(B2Q/72m)|q] 2/, (239)
where
{(m,m} = {©,1),(10), (11,12, (2-1), 20,21, 22} (240)

The integrals of equation (239) can be cast in a more transparent form as follows. Dotting q of equa-
tion (132) into itself, then

lal* = lp-p - kI
= |(p- k) - pI?

= |p-K? + |p|*-2p - (p- &) (241)

or
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lal* = (p- &2 + [P

1-p26-R) (- K2 + ).

Defining vectors T, 4, and by

a = 20(|T + |ppy,
b = KK|E)™,
then equation (242) is
la = (T + - -3),
Also, using equation (45),

x’ = E’ - |p| cos 6

= E/(1- |p|E"™" cos 8').
Substituting equation (193) into equation (247), then
x/ = E1-& - p(E[k)"].
Next, substituting equation (245) into equation (248),
x' = E{1-p - b).

Therefore, substituting equations (246) and (249) into equation (239),
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T = J(Q/20)(IT]? + [P (1 -7 -3)™

>

CEf(1 - By (250)
Since T is independent of 8’ and ¢/, it can be taken outside the integral, and equation (250) becomes
Tow = (T2 + o/ P™E "L, (251)
where
Loe = J(d?Q//20)(1 - p - 3)™(1 - ¢/ - B)™. (252)
One proceeds by evaluating the integrals of equation (252). Begininning with I, one has
In = [(d?Q//2n)(1-p -b). (253)

Since the photon momentum k has been chosen as the polar axis in equation (193), then according to
the definition of b of equation (245), b is along the polar axis. Therefore,

¢ b= |p||b| cos @’. (254)

Expressing the element of solid angle d*Q’ in equation (253) explicitly in terms of 8’ and ¢/ and
substituting equation (254), then

Iy = f:"(d¢//2n)f: sin 8’ d6’ (1 - |p/||B| cos 67)". (255)
One next changes variables of integration by defining
x = |p/||B] cos 6. (256)
Then
dx = -|p||b| sin 6’ d6’. (257)
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Then equation (255) becomes after integration over ¢’

. P 1]
A e e dx (1 -x)™.

Ap/I1B]
Performing the elementary integration, then
- P61
Lo = ([p[[B])""n (1 - %) |

1p11B|

or finally

Lo = (1B 0 [(1 + [p0BD - (b)),

Similarly evaluating 1,0, one has

Lo = [(d*Q//2m)(1-¥-3)" = [ d6’ sin 8/ (1 - [/|[3] cos )",
(/]

or as in equations (255) to (260), then
Lo = (IP[[aD)* £n[(1 + [p|[2])( - [p [a])].
Next, considering Lo,
Lo = [ (d?Q//2m)(1-p - 3)?

2n
= [ d8'sin 6 (1- |p||a| cos 8)2
0

or

Ipilal
Lo = (p[fal)* J, , dx(1-x)°
Allal
. Ip'lial
= (plla)"@-" |, |
N
or
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(260)

(261)

(262)

(263)

(264)



Lo = 2(1 - [a]*|p|?). (265)

To evaluate L,,, the following identity is useful for arbitrary quantities a and f# independent of the in-
tegration variable, namely,

(ap)t = f: dx [ax + (1 - 0] (266)
Equation (266) is true since

f;dx [ax + B(1-x)]* = f;dx [a- B + ]

Byl o+ BT
= - pria” + (- )

= (af)". (267)
Proceeding then with the evaluation of 1,
I, = [ (&Q//2n)(1-p-a)"(1-p-b)™". (268)
Using the identity equation (266) in the integrand of equation (268), then

I, = [ (d*Q'/2n) fl dx [(Q-p-a)x + (1-p-B)A-x]7?, (269)

or interchanging orders of integration and rewriting the integrand, then
A L d > >
Ly = [ dx [ (dQ/2m{1-p-[ax + (1-x)b]}2 (270)
0
Defining the vector g by
g=xa + (1-xb, (271)
then equation (270) may be written
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Lo = f dx f (dQ/2n)(1-- 9 (272)

Clearly, the integrals must be invariant with respect to the choice of the polar axis of integration. By

choosing the vector g as the polar axis and comparing equation (272) with equations (263) to (265),
then

1
I, = zfo dx (1 - |g* ||y (273)
Substituting equation (271) into equation (273), then
2 > * >
Li=2f de[1-[pPlax + 5(1- 0], (274)
Equation (274) can be rewritten as

Ly, = ZI; dx [1 - IE’IZII’/IZ - lei’/lz(;' b - IBP)

- x|p*a - B)?] . (275)
Defining

A=1-[pPB]?, (276)
B = -2|p)a-b - |b]), (277)
C=-pPfa-bp, (278)
X = A + Bx + Cx, (279)

then equation (275) can be written as

1

L, = Zfo dx X! (280)

or
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1
L, =2 dx (A + Bx + C).
0

Performing the integration, then

_ 12 2Cx+B-D)’
Li = 2(B* - 4AC)™* 4n (ZCx ¥B+D)

’
0

where
D = (B?-4AQC)'2,
Evaluating the upper and lower limits, equation (282) becomes
I, = 2D'{4n [(2C + B-D)2C + B + D)**] - In [(B - D)B + D)1}
or
Ly = 2D 4n [2C + B-D)(B + D)2C + B + D)(B - D)]

or

L, = 2D 4n {[2C(B + D) + B*- D*][2C(B - D) + B*- D*|"'}.
Substituting equation (283) into equation (286),

L, = 2D In {[2C(B + D) + 4AC][2C(B - D) + 4ACJ"'}
or
i = 2D In [2A + B + D)2A + B-D)"].

Using equations (276) and (277),

49

(281)

(282)

(283)

(284)

(285)

(286)

(287)
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or

2A + B = 2(1 - [pLIB]) - 2p12G- b - B

I 4

2A + B = 2(1 - |p|*a-b).

Substituting equations (244) and (245) into equation (290), then

Clearly,

By equation (243),

Substituting equation (293) into the first term on the right side of equation (292), then

or

Substituting equation (243) into the first and last terms on the right of equation (294), then

or

2A + B = 2{1 - [p|P(2k- DIK|E(|T] + [&|)]}.

[ %)
[
—+
I
g
Y
+
 n4
]+

g
I
'U +
1
-

8]
f 3l
]+
I
oy
1
—+
g
+
f 3l
:-"

2T =p(p-8) - [T + k- (p-K)

28T = [p2 - |T? - &P
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(290)

(291)

(292)

(293)

(294)

(295)

(296)
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Using equations (116) and (130),

pl? = (B’ + w)? - m?,

Substituting equations (21), (236), and (298) into equation (297), then

2k-T = (B + w)*- (B2 - |p]?) - |T]? - w?

or

2k-T = |p|* + 2Fw - [T~

Then substituting equations (21) and (300) into equation (291),

2A + B = 2{1- [p]([r|* + 2F'w - [TP)[«E(T]* + [»|9]"}.

Simplifying equation (301), then

2A + B = 2(T]* - (T + 7))@ + o[/ wE).

(298)

(299)

(300)

(301)

(302)

Next, to evaluate D in equation (288), one first evaluates A, B, and C. Substituting equation (245) in

equation (276),

A =1-|y/E* = (E”- [y|)E".

Using equation (236), equation (303) becomes

A = m¥/E"”

Further, substituting equations (244) and (245) into equation (277),

B = -2|y|*{2k- TlwE/(|T|* + |¥[)]* - E}.
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Also, substituting equations (244) and (245) into equation (278), then
C = -lpP[2T(T* + || - KwE)" ]~ (306)
Substituting equations (304) to (306) into equation (283), then

D = afp|*{(2k- D[ BT + [l
-2 2k DILE (H + D]} + alp|/E
+ 4l /B {ATPTR + )

- 22T - BB (TR + )]}

+ 4m?|p/|2/E"“. (307)
According to equation (236),
IPl* = [p*(E” - m?) (308)
and
m? = EZ - |p|~. (309)

Substituting equations (308) and (309) into the second and third terms, respectively, of equation
(307), then

D? = afy|*2k - T2 [E () + Iy )]
+ 4p|/E? + aly {41 + [p])2
- 22T D[E(T + r]}

- 16w J*ITP[E2(T)2 + |12 (310)

Simplifying equation (310), then
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D? = 4|pl(|T]2 + (22 |7 [2(2k - T)(w?E?)

+ (T + [P)2/E” - 4l |TP/E” + 4[ip

- 2T BT + (PPN (wE)"] (311)
or
D? = 4|i>’|2[w2E’2(Ii'|2 + ﬁ"'z)z]_l[ﬁ"lz(m:"i-)z
+ o.;’(ﬁ']2 - PP + 4w2E’2ﬁ'|2
- 20E/2T - R)([T? + |7]?)]. (312)
Equivalently,

D? = 4|i,,|2[sz/2(|—i-Iz + IM:):]—:
{2k T[ P2k - 1) - 20E/|T?
- 20E/[pP] + ([T - [Py

+ 40’12}, (313)
Next, substituting equation (300) into equation (313),
D* = alp [ E(T1? + [ )] o2, (319)
where
f2 = (P + 2E'w - [TPNP|* + 2[pPE'w - [pI2[T?

- 20F/ [T]? - 20E [p|?) + w?(|T)? - [y

+ 4w?E2|T2. (315)
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Multiplying terms, equation (315) becomes

f2 = [p|° - 4B/ [p/ [T - 2l 1*[ T + 2wl

+ 20E/|T|* + [PPIT1* + (T - [ (316)

or
for = |y X(|7|* - 2lp P [T + [T]* - 4wE/|TP?
+ 2Fw|p]?) + 20E/[T]* + (T - [7|2)? (317)
or
fo2 = [T - P17 + 20E/(T? - [
+ wX(|T - P22 (318)
or
fp2 = (|T]? - [[D*(P|* + 20E + @?). (319)

Substituting equation (209) into equation (319), then
for = ([T - ) (E? - m* + 20E + »?) (320)
or
b = ([T - [p((E + w)? - m?]. (321)
Next, using equation (130) in equation (321), then

fp2 = (|T| - [P/[2)*(E? - m?). (322)
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Substituting equation (116) into equation (322), then
for = (|T)* - |21l
Finally, substituting equation (323) into equation (314), then

D? = 4l [p (T - [p])?

- [EA(TP + 2]
Therefore,
D = 2[pl 7| (T - [ ) [B (T + [3)].
Substituting equations (302) and (325) into equation (288), then
Ly = oE/([T + [T - [p1)] £n A,
where

Ay = {2071 - I/ P)TP? + 7P + [P/ wE)
- 2[pl [ [T - [ PIEA(TR + T[]}
{2(1TP - PPATP + PP + |p[/oE)

+ 2[p| [PI(T] - [PPE (T2 + [p2)]}
or

Ay =1 + [p[/oFE - |p| ||/ wE’)

(1 + |P*/wE + |p||p|/wE’)?

or
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Ay = (WE' + |p[* - [p| [P (@B + [P]* + [plp]).

Substituting for w in equation (329) with equation (130), then

A, = [(E-ENE + [p* - [blIwl]

- [(E-EVE + [¢)* + Iollp| ]

or

Au = (EE' - E” + [¢[* - [pl 7))

- (EE-E” + [p]* + [pllP]).

Using equation (209) in equation (331), then

Au = (EE' - m* - [pl [¥|)(EE’ - m* + [p[p])™".

Finally, substituting equation (332) into equation (326), then
Li = oE/(T1* + [P I0T2 - [1)]L,
where

L = In [(EE’ - m* + [p||p/)(EE’ - m? - [p][p'])"*].

Proceeding with the evaluation of I,; by using equation (252), then

L, = [(dQ//2m)(1 - p -2y (1 -p - )2

Using the identity equation (266), one first notes that
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a/3p(aP)™ = a*d/3B(P") = -a'f2, - (336)
and therefore
a'f? = -2/3B(af) = -3/3p8 fo l dx[ax + B(1-x)]? (337)
or
aipt = fo' dx 2(1 - Wax + B - 0] (338)
Using the identity equation (338) in the integrand of equation (335), then
Iy = fo' de f(d°Q7/2m)2(1 - (L - - 3)x + (1 - - B)(T - )] (339)
or
R fo' dx 2(1 - ) [(dQ/2m)[1 - - 1, (340)
where g is given by equation (271).
Defining,
Lzo(x) = [(d2Q//2m)[1-p - &), (341)

then equation (340) is written as

Lo = f dx2(1 - L. (342)

Again choosing the polar axis of integration to lie along the vector g, then equation (341) becomes

Lao(x) = J d6’ sin 6’ [1- |p/| [#lcos 6] (343)
1] N
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Changing variables of integration according to

y = Pl cos @,

then equation (343) becomes

. I7ligl
L2o(x) = (lp’”gi)_‘ J’ . dy (1- y)_3
AP llgl
or
. i lle!
Lizo(x) = Qe[ (1-y)? |
1wllgl
or

Iuo(x) = 2(1 - |E”|’|§i’)”-
Substituting equation (347) into equation (342), then

I, = 4J’l dx (1 - x)X2,
°

(344)

(345)

(346)

(347)

(348)

where X is defined by equations (276) to (279). The reduction to this form is identical to that of equa-

tion (273) to equation (281). Equation (348) is rewritten as
I, = 41y, - 4l,,,,
where
1
Ios = f dx X2,
0

1
L = J’ dx xX~2.

o
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Performing the integral, equation (350) becomes

Lo = (2Cx + B)4AC - B)™(Cx* + Bx + A) |

Q

+ 2C4AC-B)™" [ dx (Cx* + Bx + A),
Q

or evaluating the first term and using equations (281) and (283), then

Lo = -2C + B)[D¥C +'B + A)]"' + B(D*A)" - CD™,,.

Combining terms, equation (353) becomes

liai = (B*- 2AC + BO[AD¥A + B + Q)] - CD,,,
or using equation (283), then

Ly = (D* 4+ 2AC + BO[AD¥A + B + O)]* - CD™,,.

Next, evaluating equation (351),

1
L = -2A + Bx)@AC - B (A + Bx + Cx) |

_BM4AC - B [ dx (A + Bx + Cx)L.

Again using equations (281) and (283), equation (356) becomes

Iz, = -(B + 2C)D*A + B + C)* + (B/2D)],;.

Next, substituting equations (355) and (357) into equation (349), then

I, = 4D? + 2AC + BC)[AD¥A + B + Q)] - 4CD™,,

+ 4B + 2C)DA + B + C)*' - 2BD,,.
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Combining terms, then equation (358) becomes

[, = 4D? + 4AC + BC + AB)[AD*A + B + QO)]"' - 2 (B + 2C)D,,.

(359)
Using equation (283) in the numerator of the first term, then
I, = 4(B* + BC + AB)[AD¥A + B + Q)] - 2(B + 2C)D,, (360)
or
I, = 4B(AD?»™ - 2(B + 2C)D1,,. (361)
Next,
L= [ (dQ//2n)(1-p -2y %1 -p - B). (362)
Using the identity equation (266), one notes that
a = -0/dalaf)]’ = -8/0a fo' dx [ax + B(1 - 0] (363)
or
af = 2 fo' dx xlax + B(1 - 9] (364)

Rewriting the integrand of equation (362) with the identity equation (364) and the definition equation
(271), then

Ly =2 f dxxf (@9 /20)(1 - b - 9. (365)

Substituting equation (341) into equation (365), then
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1
IZ] = 2 f dx quo(x). (366)
0
Then substituting equation (347) into equation (366),
H > >
Li =4[ dxx(1-[p|*g?)2 (367)
]

Again recalling the reduction of equation (273) to equation (281) and using equations (276) to (279),
then equation (367) becomes

In =4S deoox, (368)
Comparing equations (368) and (351), and
L, = 4l,5,. (369)
Finally, substituting equation (357) into equation (369), then
L, = -4B + 2C)D*A + B + O + 2BD?,,. (370)
Using equation (252), I, is given by
Ly = [ (dQ//2m)(1-p - 31 - p - B). (371)
One notes using equation (266) that
a"B = (3/2a)8/3p)aP)™ = 0%/ da 8P fol dx [ax + B(1 - 0] (372)
or
a7 = 20/0a f dx (1-ax + B1- ], (373)

or
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1
afr =6 f dx x(1 - x)[ax + Q1 - x)]"‘.
[+]
Using the identity equation (374) in equation (371), then
1
L. =6 f dx x(1 - xMazi(x),
0
where, analogously,
La(x) = [ (dQ//2m)(1 - 7 - 2.
Again choosing the polar axis of integration along the vector g, then

"

Laix) = [ dO’ sin 6/ (1 - || |&] cos 6/)*,

0o

and making the substitution with equation (344), then

]
La(x) = || [g]™ f‘ . dy (1 -y)™.
APlIg]

Performing the integration, then equation (378) becomes

La(x) = G| ls)'[A - & [&)

-1+ | b,
Simplifying equation (379), then
Lai(x) = (2/3)3 + |1 [a)(1 - [ [8]) .
Then substituting equation (380) into equation (375),

L, =6 fl dx x(1 - x)(2/3)[3 + 1 - X)]x3,
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where equation (279) has again been used. Rewriting equation (381), then

La = 16l - 16h;, - 4115, + 4L, (382)

where equation (351) has been used, and

1221 = _f dX XX_a, (383)
[
1

Izzz = _f dX sz_a, (384)
]

Lo = [ dx x3X72, (385)
[

Evaluating the integral of equation (383),
1 1
L2 = -(2A + Bx)[2(4AC - B)(A + Bx + Cx?)?]"' | -3B[2(4AC-B)]"' [ dx X2 (386)
o o
Evaluating the first term, using equation (283), and substituting equation (350), then
L. = (2A + B)[2D%A + B + Q)] - D?A™* + (3/2)BD,,,. (387)

Substituting equation (355) into equation (387), then

L., = (2A + B)[2DXA + B + Q)] - D?A-! + (3/2)BD>

- [(D* + 2AC + BOA'D*A + B + C)* - CD,,]. (388)
Combining terms, then equation (388) becomes

L. = [(2A + B)D?A - 2D¥A + B + C)* + 3B(D* + 2AC + BC)Y(A + B + Q)]

- [2D*A(A + B + C)2]* - (3/2)BCD™I,,. (389)

Next, evaluating I,,, of equation (384), then
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L, = -x[3C(A + Bx + Cx? ] 2 | (B/3C) f dx x(A + Bx + Cx?)3

+ (A/30) fo dx [A + Bx 4+ Cx?]2.
Evaluating the first term of equation (390) and using equation (383), then
Lx = -[3C(A + B + C)*]" - (B/3C)La + (A/30)Lza,
where
T jO' dx (A + Bx + Cx2),
Evaluating equation (392), then
Lan = (2Cx + B)[2(4AC - BY(A + Bx + CaP]™ | | + 6C[2(4AC - BY)]™ [ dx X
Evaluating the first term and using equations (350) and (355), then equation (393) becomes

Lz = (2C + B)[2(4AC - B)(A + B + O)?] - B[2(4AC - B)A?]*
- 3CD2{(D* + 2AC + BC)[AD¥A + B + O] - CD1,,}.
Simplifying equation (394) and using equation (283), then

B 4+ B _ 3C(D* + 2AC + BO)
+C? ' 2D°A® ° T AD'A + B + Q) D*

Lo = - 2C +
2321 2D*A + B

Then by substituting equations (389) and (395) into equation (391),

1 B

(390)

(391)

(392)

(393)

(394)

(395)

(2A + B)D*A-2D*(A+ B+ C)*+3B(D*+2AC+BC)(A+B+ Q)

Le = 35 ¥ B¥ 07 "icC [ 3D'A(A B + O

3 . .
) 2D¥A +B+ C)? + 2D2A? ADYA+B+Q) D*

BC 1] LA [ 2C+B B _3C(D*+2AC+BC) , 3C?
D™ 3C

Next, by evaluating ;5 of equation (385), then
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9

Las = -

X : A -2
CAT BTGy bt o dxn (897

Evaluating the first term and using equations (350) and (355), then equation (397) becomes

Ly = - 1 +é D2+2AC+BC_£I (398)
’ CA+B+C C |AD¥A+B+CQOQ D™
Simplifying equation (398) and using equation {283), then
2
L, = '—"LL" - A L. (399)

DA+B+C D

Finally, substituting equations (389), (396), (357), and (399) into equation (382), then
L, = 16(1 + B/30){[2D*A(A + B + C)*]"'[(2A + B)D?A - 2D¥A + B + C)?
+ 3B(D* + 2AC + BC)A + B + O)] - (3BC/2D%),,} - 16(-[3C(A + B + C)*]
+ (A/30){-2C + B)[2D¥A + B + C*]"* + B/2D*A? - 3C(D* + 2AC + BQ)
-[AD%A + B + Q)] + 3C¥/DY1,}) - 4{-(B + 2C)[D¥A + B + O)]*

+ (B/2D)L.,} + 4{(2A + B)[DXA + B + O)]"* - (A/D")l,.}. (400)

Combining terms, equation (400) becomes

L. = [16(1 + B/3C)(-3BC/2D*) - (16A/3C)(3C*/D*) - 2B/D* - 4A/D*]1,, + 16(1 + B/3C)
-[2D*A(A + B + C)*]"'[2A + B)D?A - 2D*A + B + C)* + 3B(D* + 2AC + BQ)
(A + B + O] -16(-[3C(A + B + Q)] + (A/30){-(2C + B)[2D¥A + B + C)*]"

+ B/2D?A? - 3C(D* + 2AC + BO)[ADYA + B + O)]'}) + 8/D=. (401)
Next, using equation (252), I,-, is given by

Lo = [(dQ/20)(1-p - 2)*1-p - b).
(402)
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Define a unit vector # perpendicular to i and 5, namely,

n = axb/[l|b|, (403)
and choose a vector n; perpendicular to a and 4, namely,
f, =axa/l3 (404)

The vectors f, 1, and a define orthogonal coordinate axes for the integration. The polar axis is taken
along the vector a. The vector p can be written in terms of its projections along 1, fi;, and a as
follows:

po=(y-a/3iP)a+p-ha

+p-ng A, (405)

Then

aben 4 pody bed . (406)

Using equation (403), one notes that

o

‘A= 0. (407)

Choosing the polar axis of integration to lie along the vector 4 and the azimuthal angle ¢/ to be with
respect to 1|, then

+

P h; = || sin 8 cos ¢’. (408)

Substituting equations (407) and (408) into equation (406), then
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P b= (p-a/|a|?a-b

+ b -4, || sin 8/ cos ¢,
Using equation (409) in equation (402), then
L., = f(2n)" sin 8/ d6’ d§/(1 - p/ + 2)™2
“(1-p-aa-bla|?-b-n|p| sin 6’ cos ¢’)

= [@n)"sin 6/ d&/ d$/(1 -7 23)2 (1- 23 -BJA[?) + Luw,

where
I mm= -f(Zn)" sin 8/ d8’/ d§’(1 - p' -a)2 b ‘) || sin 6/ cos ¢’.
But clearly
Loy = - f @) sin® 0/ (1 - 3] 3lcos6/)y2d8’ - &, [ j &y @
or
L., = 0.
Substituting equation {413) into equation (410), then
Ly = @) #?Q/ (1-p-a)21-p -aa-bfa]?).
Rewriting equation (414) and then using the above coordinate frame,

Lo = [@n)* &Q (1-p-3)2-4 blal?

- f@n) dQ A1 - )
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or

L= f@n)" dQ (1-p-2)2-3 b3

“JentdQ (- 1- (- 3] (416)

or

Lo = (1-a-83 [@n)" d?Q (1-p-3)2

+ a-bfa? f@2n) d2Q/ (1-p-3). (417)

Comparing equation (417) with equations (263) and (261), then

» >

Loy = (1-a-bfa])], + - b[a2,. (418)
Finally, substituting equations (262) and (265) into equation (418), then

L = a-bfal™(Jp|ja)™ £n [ + |p]]a])

P

(1= plED) + 21 -2 BJAl)A - 2 [afr). (419)
To proceed then, comparing equations (238) and (239), then equation (238) may be rewritten as

I=mT, + x'[-2Ex + |p]* + [P + w?- 2|plw cos 8 + 2wE’ - 25| E/ cos 8
+ 2(E* + EN)T,, - x ' Toy - [2¢ (e - p| cos 8)+ [p|2x~2 sin? 6 - 1]T,,
- 4m?ET,, + x'[8E/Ex + 2w?|p|? sin? 0 + 20?p/|? - 2w?E’* - 2(E* + E3)(|p?
+ |p)* + w? - 2|p|w cos 8 + 2wE’ - 2|p|E’ cos 0)]T,, + [4x'(E2 + E/?)

“ (w - |p| cos 0) - 4E* + 4x?|p|*E”* sin? 0 + 4E/ wix T 40 - 20%7'T ,.,. (420)

Substituting equation (251) into equation (420), then
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1= m(T) + [p[)"E L + [2E% + [ + [P + o?
- 2|p|lw cos 8 + 2wE’ - 2|p| cos 6 E/ + 2(E* + E) (T + |¢|)"(E'x) "1,
- x'E oy - [2¢w - |p| cos 6) + |p|2x2sin? 6 - 1](|T]2 + |¢/|) Lo
- 4m?EY(|T|> + |p/|)?E" L2 + x'[8E/E*x + 2w?|p|? sin? 6 + 2aw?|p/|?
- 20%E” - 2(E* + E)(|p|* + |p|* + w? - 2|plw cos 8 + 2wE’ - 2|p|E’ cos 6) ]
(T2 + [PI)E L + [4x(E? + E*)w - |p| cos 6) - 4E2
+ 4|pPE%? sin? 6 + 4E @i (T2 + |/]2) 2Ly - 202 *( T2

+ [P ?E L. (421)
Substituting equations (361), (260), (262), (401), (370), (265), and (419) into equation (421), then

I = m¥T? + |[|?'E"*[4B/AD? - 2(B + 20)DL,,] + (|7
+ ) E o [2Ex + Bl + |7 + @ - 2[plw cos 6
+ 2wE’ - 2|p|E’ cos 8 + 2E* + 2E”*]L,, - x'E/7 || B
“An [@ + [PBNA - []B)] - [26(w - [p] cos 6)
+ [p*c sin? 8- 1J(ITP + [p1)* (| [a]
an [(@ + IR - (P[] - 4m?E2E (1T + [p]2)
- [16(1 + B/3C)(-3BC/2D") - 16ACD™ - 2BD2 - 4AD2 |1, - 4m?E*E/(|T|2 + |p/|?)2
- (16(1 + B/3C)[(2A + B)D?A - 2D*A + B + C)?
+ 3B(D* + 2AC + BCYA + B + O)][2D*A(A + B + C)2]
+ 16 [3C(A + B + O)*]" - (16A/3C){(2C + B)[-2D¥A + B + C)*]*
+ B/2D?A? - 3C(D* + 2AC + BC)[AD“A + B + O)]"'} + 8D7?)
+ x'[8E/Exx + 2w?|p|? sin?> 8 + 2w?|p|* - 2w?E’* - 2(E2 + E/*)([p|?
+ [p|* + w? - 2|plw cos 8 + 2wE’ - 2|p|E’ cos 6)]

(T2 + || 2E*{-4(B + 20)[D¥A + B + O
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+ 2BD7L,} + [4(E* + E”)x(w - [p] cos 6) - 4E* + 4[p]*E/%? sin?
+ 4E @ T2 + |p])221 - [y 232

- 202 (T2 + [»)2E {a - B3 |y

“In [+ [pfaDa - ]

+ 2(1 -2 b)) - |p2fa)). (422)

Separating terms containing I,;, then equation (422) may be rewritten in the form

I=1L+1, (423)

where

L = {2 + 20m(T]2 + [¢[)"ED* + (T2 + [ "x"E'(-2E/x
+ [pI* + [P|* + w? - 2|p|w cos & + 2wE’ - 2|p| cos 8 E/ + 2E? + 2E/%)
- 4m*EE'(|T]* + |p)*)?[-24(1 + B/3C)BCD™ - 16ACD* - 2BD"2 - 4AD"?]
+ 2B 'D2E (T2 + [/]?)?[8E/E2x + 20?32 sin? 6 + 2w%|p|? - 2w?E”? - 2(E?

+ E?)(lpl* + |¢* + w? - 2[plw cos 6 + 2wE’ - 2|p|E’cos 6)]}1,,, (424)

L = m*(T]* + |¢|)E/*(4B/AD?) - (xE/|¢/|[5])*
A [ + IED - )] - (26 - 3 cos 0
+ Iplx7? sin? 6 - 1)(IT* + [¢1)7 || ]
An (@ + [pE)A - ][a))"] - 4m?EE ()2
+ [PI»2{16[1 + (B/30))(2D*A)"(A + B + C)*[(2A + B)D?A
-2D¥A + B + C)* + 3B(D* + 2AC + BC)(A + B + Q)]
+ (16/3C)(A + B + O)2 - (16A/30)[(2C + B)(-2D*)'(A + B + Q)2
+ (B/2D?A?) - 3CA"D*(A + B + O)*(D* + 2AC + BQ)] + 8D}
+ xE(T1? + |p[*)[-4(B + 20D*A + B + C)]|[8E’E*x + 2w?[pf* sin? 6

+ 20*|p - 20%E? - 2(E2 + E2)(Jp2 + [p|? + w?- 2|p|lw cos 8

70



+ 2wE’ - 2|HE cos 6)] + [4x*(E* + E”*)w - |p| cos 6) - 4E* + 4x*|p|’E’* sin* 6
+ 4B (TP + (w9220 - [ fa)

L Z(Az)l)c"(l'i'l2 + [p>)? E/{Zl - bl [al?

In [ + pIEDA - [p] 3] + 201 -3 - Blal™)

(- [P} (425)
Substituting equation (333) into equation (424), then

L = {L: + x'E"(-2E'x + |p|* + [¢'|> + w?- 2[p|lw cos & + 2wE’ - 2[p|E’ cos 6
+ 2E* + 2E7) - 4m?EE/(|T|* + |p|)*Far + 2Bx'DE (T + [0

- [8E/E*x + 2w?|p|? sin? 8 + 2w?|p/|? - 2w?E? - 2(E* + E*)(|p]* + |P)* + w?

- 2|pw cos 8 + 2wE’ - 2|p|E’ cos 8)]}E w|p| [p| (T2 - |¢|2)'L, (426)

where
I, = -2(B + 2C)m*E*D?, (427)
F., = -24(1 + B/3C)BCD™ - 16ACD™ - 2BD? - 4AD™. (428)

To reduce equation (427), one first substitutes equation (243) into equation (305), and using equa-
tions (191) and (41), then

= 2|yl 2lp|lw cos 8 - 20w BT + [p?) - 7). (429)

Equivalently,

B = -2|p|*2F |p|w cos 0 - 2E/w? - w|T|? - w|p/[)w ' E/?

(T + [P (430)
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Substituting equation (243) into the numerator of equation (430) and using equation (41), then

B = 2|y E (T + [¥|)2E [Hw cos 8 - 2E/w? - wfp]? - w®

+ 2|plw? cos 8 - w|p'|?). (431)
Substituting equation (130) into equation (431), then equation (429) becomes
= -2lpIE(T + [p/|?)(2IPIE cos 6 - 2Ew - b + w? - [p]2). (432)
Also, by substituting equation (130) into equation (209) and using equation (116), then

»

P = (E- w)?*-m?
= E?- 2Ew + w?-m?

| = [pl? - 2Ew + w?. (433)
Substituting equation (433) into equation (432), then
B = 2pE(T + [ (2IPIE cos 6 - 2[p). (434)
Furthermore, using equation (43) in equation (434), then
B = -2l PEX(TI + [p17)[2E(E - x) - 2[3f7], (435)
or again using equation (116), then
B = -4y PE(|T? + [p[?)(m? - xE). (436)
Further, using equation (41) in equation (306), then

C = -[rPlalT)® (T + |92 - 22k T)

C BT + ) + B (437)
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Equation (437) may be rewritten

C = -lp P BT + [[*)?[4wE” [T? - 2(2k - 1)

CE(RR + )+ w(TP + (] (438)
or
C = -[pPE(TP + |¢|)*Fe, (439)
where

Fo = 4E”[T] - 22k - D E/(IT) + |p|)

+ (T + pPr (440)
Equation (440) can be written

Fo = 2k - Tw™'F/ - [T - [¢/[?)? - 4(k - T)’E?w™

+ 4E2|T). (441)
Substituting equation (243) and using equation (191) in equation (441), then

Fe = [2w™(w]|p| cos 0 - w?)E’ - (|p|* - 2|plw cos 0 + w?) - v |22

- 4E[w(w[p| cos 6 - w?)? - [p|* + 2[p|lw cos 8 - w?]. (442)

Substituting equation (130) into equation (442), then
Fo = [2E(|p| cos 6 - w) + w?- [p* - |[¢*]* + 4E’*|p|*(1 - cos? 6). (443)
Substituting equations (116) and (209) and using equations (130) and (213) in equation (443), then
Fec = (2E|p| cos 6 - 2E* + 2m?)* + 4E*|p|* sin® 6. (444)
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Substituting equation (43) into equation (444), then
Fe = 4[(m? - xE)* + E*|p|? sin? 0. (445)
Then, substituting equation (445) into equation (439),
C = -4lyPE(T + [p[)2[(m? - <E)* + E/[p|? sin? 6]. (446)
Also, using equations (243), (191), and (41),
T2 - 12 = Jbl? -2lble cos 6 + w? - [p/]2. (447)

Substituting equations (116) and (209) into equation (447), substituting equation (130), and using
equation (43), then

[T]2- [P = 2en. (448)
Substituting equation (448) into equation (325), then
D = 4lpl [ IE(T + [p[). (449)
Next, by substituting equations (436), (446), and (449) into equation (427), then
Ly = m*(2E”[p|*) " [(m? - xE)(|T* + [p[?) + 2(m? - xE)* + 2E” [p]? sin? 6]. (450)
Using equations (243), (191), and (43)
T+ 1P = [ - 20(E - x) + * + [¥]2. (451)
Also, using equations (213) and (43),

[p|? sin? 8 = [p|? - E? 4+ 2Ex - x2. (452)
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Then, substituting equations (451) and (452) into equation (450),

L, = mQE2[p|*x?)* {(m? - xE)[p|? - 20(E - x) + w? + [p/*]

+ 2(m? - xE)? - 2E7|p|? - 2E/°E? + 4E”Ex - 2E/*x?}. (453)
Substituting equations (116) and (209) and using equation (130) in equation (453), then
L. = m?(2E”?|p|?)*[(m? - xE)(2E"* - 2E/x) - 2E”m? + 4E’*Ex - 2E/*x?] (454)
or
L. = m2(2E”|p|2x?)~(-2m?E’x - 2xEE’* + 2x?EE’ + 4E”Ex - 2E/*x?). (455)
Using equations (116) and (130),

-2m?E’x = -2E?E’x + 2|p|?E'x

= 2E(E’ + w)E'x + 2[p]E'x. (456)

Also, using equation (130),

2x?EE’ = 2x*(E’ + w)E’. (457)
Substituting equations (456) and (457) into equation (455), then
L, = m2(2E”|p|>x?)"(-2EwE’'x + 2[p|E’x + 2x?E'w), (458)
or
Ly = mE"7'p"x(-Ew + [p|* + xw) (459)

or
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Lo = B - meBE bt 4 miwB/ i,
Equation (428) can be written as
E., = -2D?[4D(3BC + B* + 2AC) + B + 24].
Using equation (283) in equation (461), then
F., = -2D?[4 + 12F,,, + B + 2A),
where
F.n = (2A + B)CD.
Substituting equations (304), (449), (436), and (446) into equation (463), then
Fa = -l(m? - xB)* + E7Jpl? sin® 0] [2[plE/ (1T + [p[)]*Fuss ,
where
Elm, = mzﬁl2 + m?|p|? - 2m?|p |2 + 2xE|p|2.
Substituting equation (451) into equation (465), then
Farn = m?[p]? - 20m*E - x) + m?w? - m*p|?* + 2xE|p/|2.
Substituting equations (116) and (209) into equation (466), then
Fan = mE? - m’E” + m’w? - 2Eom? + 2x(E|p|* + wm?).
Substituting equation (130) into equation (467),
Farnn = 2x(E|p|> + w’m?).
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Then substituting equation (468) into equation (464),

Fau = -(E[p|? + wm?)[pl2EX(T* + [p)

- [(m? - xE)* + E/|p|? sin? 6]. (469)
Substituting equations (469), (449), (436), and (304) into equation (462), then

Fao = -E(T2 + [w[)*8|p* [pI? ¥ {4 - 12(E|p')* + wm?)
- [|pI2E2( T2 + |p|)]*[(m? - xE)* + E”[p|? sin 6]

- 4]p/[¥(m? - xE)E(| T2 + |p|)™ + 2m?E/ 7}, (470)
Simplifying equation (470), then

Fu = -(T1* + [#1)@p o) {|plx(2E”* + m?)
(T2 + Y] - 6EY] + wom)[(m? - xE)?

+ E”p* sin? 6] - 2[p'|*|pI’x(m? - xB)}. (471)
Using equation {43) in equation (451),
[T + [pI* = [p* + |[PI* + w? - 2[plw cos 6. (472)
Substituting equation (472) into equation (471), then

E. = (T + [P)@p P9 {(2E”* + m*)x|p|*
“(lp]? + P+ - 2|plw cos 6) - 6(wm? + Elp|?)

- [(E - m2)? + E”[p|* sin* 8] + 2|v/|*|p|*x(xE - m?)}. (473)

Therefore, substituting equations (448), (449), (460), (473), and (436) into equation (426), then
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L =

Using equation (43),

E'L2lp |p[x)"*(m?E" " - m’@EE" ™ p| "t + mwE/"[p|2

+ BTN 2Ex + o + P2 + w? - 2fp| @ cos 6 4 20E - 2|p| E/ cos 6
+ 2B + 2E7) + m*Ep | bl { RE” + mx[pP (B + B + w?
- 2|plw cos 6) - 6(cwm? + Elp')[(Ex - m?)? + E”*|p|? sin? 6]

+ 2lpbl*x(xE - m?)} - (m? - xE)2CE/ (b)) [8E/Exx + 262 sin’ 8

+ 20 - 20°E” - 2(* + EA)(pl2 + [7f + w? - 2fplw cos 0

+ 2wE’ - 2|plE cos 6)]). (474)

cos 8 = (E - x)|p|". (475)

Substituting equation (475) into equation (213), then

sin’ 8 = 1 - (E - x)?|p|2. (476)

Then substituting equations (475) and (476) into equation (474),

L=

E'L(2[p| [p b0 (m?E/"'x™" - m?wEE " |p| ™ + m?wE’™ [p|-2

+ B [-2Ex + [ + [ + w?- 20(E - x) + 20F - 2E/(E-x) + 2E2 + 2E7]
+ m Bl [PE P { (2B + m)x bl + [ + w? - 20(E - x)]

- 6(wm® + E[p[)[(Ex - m?)? + E[p|? - E/(E - x)?] + 2|p*[pl*x(xE - m?)}

- (m? - xE)2cE [pf) {8E/E*x + 2002[pl? - 260%(E - x)* + 2007(p/[? - 207E"?

- 2(B* + E”)NIpl* + [p* + w? - 20(E - x) + 2wE - 2E/(E - 1)) (477)

Rewriting equation (477) as a sum of powers of x*, then

L = E'LQ2Jp| [p]x) (K, + Kox* + Kox? + Kaix™), (478)
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where

K, = mw(E/|p[)" - 2 + 20E" 4 2 + EQE/|p]?)"(-20?), (479)

K, = m?E/™" - m*@EE |2 + E/(jp2 + [p']* + w? - 20E + 20E’ - 2EE’ + 2E* + 2E”)
+ 2m?Bro[p| 3| *E/42E? + m?)[p|* - 6m?EX|p/|?p|*E/ ™
. (o.)m2 + EIfJ’I’)E’ + 6m2E2|IJ/|_2|IJ|_4E/_2(Q)m2 + Elf”lz)Elz + ZszJIIJI_zE/_z

- m2E ) (-2w?) + EQE/[p|?)*[8E/E? + 4w’E - 2(E* + E*)2w + 2E)], (480)

Ks = m?E2|p/|2[p*E/*(2E* + m?)|p*([p* + [p[* + «? - 20E)
+ 12m?E2p/|2[p|*E"*(wm? + E|p[)m’E + m’E*|p/|[p|*E"”
- [-6(wm? + E|p’|’)(2E”’E) - 2l *|pm?] - m*(2E[p|*)*[8E'E* + 4w’E - 4(E* + Ew
- 4(E* + EANE’| + EQE/|p|)[20?p]? - 20?E? + 2w?|p/[? - 2w?E”

- 2(E* + E2)(p* + PP + w? - 20E + 20E’ - 2EE)], (481)

K, = -6m?E2[p/|2[p|“E"*(wm? + E|y|(m* + E7*[p|? - E”*E?)
- m2E/ b [202pf? - 207E? + 207|p|? - 207E7% - 2(E* + E7?)

(3 + [PI? + w? - 20E + 2wE’ - 2EE))]. (482)

Simplifying equation (479),

K, = wE""[p|2(m? + 2[p|* - Ew). (483)

Using equations (116) and (130) in equation (483), then

K, = wE'[p|"?[m? + 2E - 2m? - E(E - E/)] (484)
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or

Further,

where

Ku = 20°E'w(E” + m?)[p|[p|E" - 6m*E¥(wm? + E[p|2)p|2[p|~E"

KZZ

K:;

K..

Ki = wE"'|p|ME* + EF’ - m?).

simplifying equation (480),

K; = Ka + K. + K + K.s,

+ 6m’E?p|2[p|*(wm? + E|p[?) + 2m?E*p| 2B/,

= [pl"2(4E° - 2F® - 2EF’w - 2EE"),

= E"'p|?[m?p|? - m*wE + m?w? + 20°E? - 2Bw),

= E7(B + [ + w? - 20E + 20F - 2EE/ + 2E* + 2E7),

Substituting equations (116), (209), and (130) into equation (490), then

or

K = E7[E?-m? + E*-m? + (E-E)?-2(E-F)E

+ 2(E - E')E’ - 2EE/ + 2E* + 2E?]

Koo = 2E/7Y(E? + E” - m?).
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Substituting equation (130) into equation (489),

K:; = |p|2[2E? - 2E(E - w)w - 2E(E - w)?]
or

Ki: = 2wE?[p|™.
Using equation (130) in equation (489), then
Kis = E7'[p|{m?|p] + w[-m’E + m*(E - E’) + 2EXE - F) - 2B*]}.

Simplifying equation (495), then

Kas = E7'[p|*[ m?[p|* - w(m?E’ + 2E?E’)]
or

Kas = m?E"™p|([p]* - wE’) - 20E?|p|™.
Next, simplifying equation (487),

Kar = 202 [pE [ m*Epw(2E” + m?) - 3m*E{wm?® + El¥|?)

+ 3m’E’Ewm® + ElpP) + m?p ],
or rearranging terms, then

Kz = 2m?E|p/|2|p|™E[20([p* + mY)E? + m*wE’? + mPw|p|? - 3m?wE?

- 3 [’E* + 3[pI’EE” + [p/|*|pPE].

Substituting equation (116) in the first term, then equation (499) becomes
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Ko = 2m?E?|p |2 |p| B ?[20EE? + m*wE? + mPwl|p|? - 3m*wE? - 3|p|?E?

+ 3|p"EE” + |p'|’[pE].

Substituting equations (130), (116), and (209) into equation (500), then

K = 2m?E?|p|2[p|“E/*[2(E - E)E’E”* + m?E’*(E - E/) + m?(E - E/)(E? - m?)

- 3m?EXE - E’) - 3E*(E’* - m?) + 3EE'(E”* - m?) + (F* - m?(E? - m?)E].

*Simplifying equation (501),

K:i = 2m?E?|p|2p|E/ *(-2E?E”* - 3m?EE” - m?E” + 2m?E’E’ + m*E’ + 3EE/*).

Combining the first and fourth, second and sixth, and third and fifth terms, then

Ki = 2m?E2 /|2 [p|E/[2BE/(-E”” + m?) + 3EE*(-m? + E®) + m?E/(m? - E)).

Using equation (209) in equation (503), then
Kay = 2m?E?|p/|2[p|E/*(2E°E/[p'|* + 3EE”’|p'|? - m?E/|p'|?)
or
K., = 2m?E?|p|*E/*(-2E* + 3EE’ - m?).
Finally, substituting equations (505), (494), (497), and (492) into equation (486), then

K, = 2m?E2[p|*E/(-2E? + 3EE/ - m?) + 20E*[p| + m2E"|p|2([p]? - wE)

- 20E?[p|? + 2E(E* + E* - m?)
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or

Ky = mE""[pl*(|p|* - wE’) + 2E"(E? + E* - m?) + 2m?E[p|*E""Frs,

where

Fx. = (-2E* + 3EE’ - m?)E.

Substituting equation (130) into equation (508), then

Fr. = (E? - 3Ew - m?)E.

Using equation (116), equation (509) becomes

Fra = (|pf* - 3Ew)E.

Using equation (116), equation (510) becomes

F = |pPE- 3(Jp)* + m)w

or

F. = -(3wm? - Ii)le) - 3|i)|20)

Substituting equation (512) into equation (507), then

Ka: = -2m?E[p|*E'Bwm? - [p|’E) + fE b2,

where

fra = 2mElp|(-3]p'w) + mX(|pl - wE) + 2(E* + B - m?)Jp]?
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or

fxo = -6m?Ew - m?|p|? - m?wE’ + 2(E? + E'?)|p|.

Using equations (130) and (116) in equation (515), then

fo = -6m?E(E - E') - m*E? - m?) - m*E - E)E’ + 2(E* + E*)(E? - m?)

or

fxa = -6m?E?* + 6m?EE’ - m?E? + m* - m?EE’ + m?E’*> + 2E*- 2m?E? + 2E?E’? - 2m?E’?

or

fx» = -9m’E? + 5m’EE’ + m*- m?E’* + 2E* + 2E?E”?
= 2E¥E? + E’*) + m* - m*(9E? - S5EE’ + E’?)
= 2E¥E? + E*) + m* - m*7E* + 2Ew - 3EE’ + E’?)

= 2E*(E? + E’*) - m*7E? - 3EF’ + E*) + m* - 2m’Ew.

Substituting equation (518) into equation (513), then

K, = -2m?EwE/"|p|"? - 2m?E|p|*E’"(3wm? - |p|?E)

+ E/'[p|2[2EXE* + E’*) - mX(7E* - 3EE’ + E/) + m*].

Combining the first two terms of equation (519), then

K; = -2m?E|p|*E’"[3wm? - [p|*(E - w)] + E/'|p|2[2EX(E* + E??)

- m*7E? - 3EE’ + E?) + m‘].
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Using equation (130) in the second term, then

K, = -2m?E[p|*E/"'(3wm? - [p|’E’) + E/[p|2[2EXE> + E*?)

- m*7E? - 3EE’ + E’?) + m*].

Equation (481) can be written as

Ks =K + Ki; + Ky + Ky + K,

where

Kii = m?Bp/|2[p|2E'*2E”* + m?)(|p|* + |¢'|* + w? - 2wE),

K; = 12m*E’|p’|?|p|*E’ X(wm? + E|p'[?),

Ks; = m?E*|p'| 2 |pI™E/*[-12(wm? + Elp'[)E”E - 2|p'|p*m?],

Kss = -m*QQF/|p|?)*[8E’E* + 4w’E - 4(E* + E)w - 4(E* + E)E/],
Kss = EQE/[p) " [20[p? - 20°E* + 200?fp|? - 20°E” - 2(E? + E7)

“(p* + [P + »? - 20E + 20E’ - 2EF)].

Using equation (130) in equation (523),

K, = m?E?|p/|2[p|2E2(2E* + m?)|[|p|* + |¢|* + (E - E)* - 2(E - E")E]

or

Kar = m*E2lp[ 25"/ *QE” + m?)(|p2 + [p|* - E* + EA).
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Substituting equations (116) and (209) into equation (529), then

Ki: = 2m?E?[p|?E/*(2E"* + m?).

Using equation (130) in equation (524),

Ks; = 12m*E|p/|2[p|*E/?[(E - E)m? + E|p|?]

or

Ky = 2m*Bp|?[pIE*[E(m® + [p']?) - E'm?].

Substituting equation (209) into equation (532), then

Ks» = 12m°E*[y/|2[p|*E/"(EE”? - E/m?)

or

Ki; = 12m*E?|p/|2[p|*E/*(EE’ - m?).

Using equation (130) in equation (525),

Kss = m?E?|p/|2[p|“E’*{-6[(E - E')m* + E[p/|*] (2E’*E) - 2|p'|?[p|*m?},

or

Ks; = m?E?|p/|~2[p|E/*[-12E*E(Em? - E‘'m? + E|p/|?) - 2|y |?p|*m?].

Using equation (209), equation (536) becomes

Kss = m?E?[p/|2[p|~*E*[-12EE(EE/ - m?) - 2m?[p|?[p}?]
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or

Kas = 12m?E°E/[p/|"2[p|*(m? - EE’) - 2m*E2|p|-2E/. (538)

Using equation (130) in equation (526),

Kae = -m*2E/[p|")[8E/E? + 4(E - E')E - 4(E? + E”)(E - E') - 4E* + E")E’] (539)

or

Ki. = -m?2E’|p|?)"(8E’E* + 4E° - 8E’E’ + 4E’’E - 4F° - 4E/*E), (540)

or combining terms,

Kss = 0. (541)

Further using equations (116), (209), and (130) in equation (527),

Kss = EQE/|p|?)*[-4w?m? - 2(E* + E”*)(|p|2 + |p'|? - w? - 2EE/)]. (542)

Again using equations (130), (209), and (116) in equation (542),

Kis = E(2E/|p|?)"'[-4m?(E? - 2EE’ + E’*) - 2(E* + E/*)(-2m?)] (543)

or

Kss = 4m?E?|p|2. (544)

Then substituting equations (530), (534), (538), (541), and (544) into equation (522),
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K; = 2m?E2[p|E/?(2E” + m?) + 12m*E*|p/|2[p|*E/"(EE/ - m?)

+ 12mE°E/ [y || (m? - EE/) - 2m*E2[p2E/ + 4m?E2[p,

or combining the second and third terms in equation (545) and using equation (209),

K, = EE/"'[p|?[2m?EE"(2E” + m?) - 12m?E[p|(EE’ - m?) - 2m*EE’™" + 4m?EE/]

or
Ks = 2m?EE""[p|2[EE/*2E”* + m?) - 6E*|p|*(EE - m?) - m®EE/™" + 2EE/]
or
K; = 2m?EE’"'|p|2[4EE’ - 6E*(EE’ - m?)|p|].
Equivalently,

K; = 4E*m?E’"'|p|*[2E’|p|? - 3E(EE’ - m?)].

Using equations (130) and (116) in equation (549), then

K; = 4E’m?E""'|p|*[2E/[p]* + 3m*(E’ + w) - 3([p|* + m)E]

or

K; = 4E*m?E’"'|p|*(3wm? - E’[p|?).

Multiplying terms in equation (482), then

K4=K41+K42/
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where

Ka = -6m?E*|p/|?|p| “E’ (wm® + wm?E"?|p|? - wm?E’E? + m*E[p/[|* -

+ EE”|p|?|p* - EE”*|p|?, (553)

K42 = -m2w?E" + mzszzE/-llil—z _ mzmzlale/-lll’_)I—z + mzsz/lH—z + m2E2E/™!
+ m B2y PE b 4+ E'mi0?E (B - 2m*wBE " [p|? + 2m?wEp|?
- 2mEfpl + mE + mE [y + E'miw?pl - 2mwEE/[pl 2

+ 2m?wE’*|p|"? - 2m?E’?E|p|2. (554)
Further, by multiplying in equation (553), then

Ku = -6wm®E[p/|2[p|E/? - 6m*E’w|p|*|p/| 2[5

+ 6m*E‘w|p|? |p|™ - 6m°E?|p|E’"* - 6m2E3|p|* + 6m?ES|p|™*. (555)
Using equation (116) to reexpress factors of E? in the third and sixth terms of equation (555), then

Ko = ~60m By | E" - m'EXls /| bl + 6m'E*
. (li)lz + mz)mliyl—zh’ol-‘a _ 6m6E3|I’Dl—4E/-2 » 6m2E3|E>|‘2

+ 6m?E*(|p|* + m?)[p|™. (556)
Simplifying and using equation (209), equation (556) becomes

Ky = -60m®E*|p/|2[p|™E* + 6m°*E’w|p|?|p|™ - 6m®

* (E” - [¢|)E[p[“E"* + 6m*E’|p|™ (557)

or

Ka = -6m*E2[p/|p|E*(wm" - m*E" - E[p|*). (558)
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Using equation (209) in the second term of equation (558), then

Ki = 6m*E?|p|E"(wm? + E|p[?).

(559)
Next, combining terms, equation (554) becomes
Ki; = -m*E - E/)2E"! + 2m?w?E?E’ 7 [p|? - mPw?|p|?E ! 2 + 2m’w?E’|p|? + m?E2E/™!
+ m*(E’ + w)?|p/|’E""[p|™ - 2m2wEXE’ + w)E7'p|? + 2mPwE?[p| 2 - 2m?E?|p| 2
+ m’E’ + m?E'[p?[p]? - 2mPw(E/ + w)E/[p|? + 2m?wE”|p|2 - 2m?E"?E|p| 2, (560)

where equation (130) has been used in the 1st, 6th, 7th, and 12th terms. Further, combining terms in
equation (560), then

K42 = /m?E - mszII’IIZE/_lli’I_Z + szzlf’,le/-lI;)I-z _ zszali_,l-z

+ m?E’|p/|*|p| - 2m?E/2E|p|?

(561)
or
Ka = mQE - @ pE bl + BB/ - 2B

+ E'lp?lp| ™ - 2E°E[p|?). (562)
Using equation (130) and substituting for w in the second term of equation (562), then

Kaz = 2m’E[p|™(|p|* + |p/|? - E2 - E7?). (563)
Substituting equations (116) and (209) into equation (563), then

Ki: = -4m*E|p|2. (564)
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Finally, substituting equations (559) and (564) into equation (552), then
Ki = 6m*E*[p|“E"(wm? + Elp'|?) - 4mE|p| (565)
or
K; = 2m*Elp|“E’*(3Ewm? + 3E|p/|? - 2|p|*E"?). (566)
Substituting equation (209) into the second term of equation (566) and using equation (130), then
K, = 2m*Elp|“E'*[3Ewm?® 4 3E?E”* - 3E(E’ + w)m? - 2|p|*E"?] (567)
or
Ks = 2m*E[p|™E’""(-3Em? + 3E2E’ - 2|p|*E’). (568)
Using equation (130) in the first term of equation (568), then
K, = 2m*E[p|“E’"[-3wm? + 3E/(E? - m?) - 2|p]E’]. (569)
Finally, substituting equation (116) into equation (569), then
Ki = -2m*E|p|E’"(3wm? - |p|2E’). (570)
Then by substituting equations (485), (521), (551), and (570) into equation (478),

L = E'LQ2[p| Ip'Ix)"(wE""[p|*(E* + EE’ - m?) + x*{-2m?E|p|-“E’™"
* (Bwm? - [pE’) + E/'|p|?[2EX(E* + E’?) - m¥(7E? - 3EE/ + E’?) + m*]}
+ x?[4E>m?E/ " [p|*(3wm? - E'|p|2)] + x~*[-2m*E|p|*E/™

- (3wm? - |p|2E")]). (571)
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Collecting terms with the common factor (3wm? - |p|?E’), equation (571) can be rewritten as

L = L2l [N {Bwm? - [PE)pl™xFar + [p|"2'w(E? + EE/ - m?)

+ |plx2[2EX(E? + E’?) - m¥(7E? - 3EE/ + E?) + m*]}, (572)
where
F., = -2m?Ex? + 4E?m?x - 2m*E. (573)

Equation (573) may be rewritten as
F.. = -2m?E(x? - 2Ex + m?)
or
F., = -2m?E[(E - x)? - E* + m?]. (574)
Using equations (43) and (116) in equation (574), then
F.. = -2m?E(|p|? cos® 6 - |p|?). (575)
Using equation (213), equation (575) becomes
F., = 2m?E|p|* sin? 6. (576)
Substituting equation (576) into equation (572), then

L. = L(4[p| |p)*{4Em? sin? 8(3wm? - [p?E")|p|x"* + [4EE* + E’*) - 2m?

- (7E? - 3EE’ + E”) + 2m*] |p|™x* + 2w(E? + EE’ - m?)[p|'}. (577)
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Proceeding also to reduce equation (425), one first rewrites equation (425) in the form

I =L+ Lo + La + La + Ls + L, (578)
L, = Fy,L,,, (579)
Foi = -[2x"(w - |p| cos 8) + [p|x? sin? @ - 1]|p|[a]
(TR + [p) - 20%Ec [y A
(T + ) a3, (580)
Lo = In [ + [p| [AD(L - [ D], (581)
Lo = B8 0 (1 + o] B - ] 5], (582)
Ls = m(|T* + |p'|)"E(4BA-'D"), (583)
Le = Ly + Laz + Lay + lpae, (584)

Ly = -4m?BE (T2 + [p))%A + B 4+ C)2[8D%1 + B/3C)(2A + B)

+ 16/3C + (8A/3C)(2C + B)D*?], (585)

Lax = -4m?*E’E7*(|T|2 + |p|?)*(A + B + ) [24DA-'(1 + B/3C)B

- (D? + 2AC + BC) + 16D%D* + 2AC + BO)], (586)

Las = -4m?E2E/*(|T]2 + [p|?)2[-16D2A(1 + B/3C) - 8B(3CD?A)™* + 8D?], (587)
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Las = -4(B + 20x'E'(JT? + ['|)?D*A + B + C)'[8E/E*x + 2w|p|* sin? 6
+ 20?|p/|? - 20%E” - 2(E* + E)(|p|* + |P|* + w? - 2|plw cos 6

+ 2wE’ - 2|p|E’ cos 6)],

Ls = 2117 + [p/)2(1 - [P 32 [4x (B2 + E™)(w - [p| cos 6) - 4E2

+ 4[p|?E’*x? sin? § + 4E/w*x],

Le = -4?ENc'(JT] + |21 -3 - BIA)(A - [p]? 3D,

Substituting equation (244) into equation (581),

L. = fn{[1 + 21p| [TI(T? + 101 - 202 (T
TR+ T
or
Lo = 240 [(T] + DAT - D],
To reduce equation (580), one first notes that, using equations (244), (245), and (41),
a b [al? = T- k(TP + [¢[)QwE/[TP).

_ Substituting equation (300) into equation (593), then

ab|al? = (4oF/|T]2)

(PP + 2E'w - [TXITP + [¥1D).
Substituting equations (244) and (594) into equation (580), then

Fyy = Foiv + Fopa,
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where

Fon = -[2x(w - |p| cos @) + |p|*x2 sin? 6 - 1]z a)

(TP + [P+ wlaxy] [T,
Foz = -0(|p|* + 2E'w)(xfp| [T}).
Substituting equations (209) and (130) into equation (597),
Bz = -w(E”? - m* + 2Ew - 20?)(4x|y| [T]?).
Substituting equation (130) into equation (598), then
Fo = -w(E* - m? - 0?)(@xly/| [TP),
or again using equation (116),
Far = -0([pl? - ?)(4xlp/| [T1).
Further, using equations (43) and (244) in equation (596), then

Foy = -{2c"(w - E + x) + [p|x?[1 - (E - x)?p| 2] - 1}l It

+ w(xlp| 1)
or
Fae = -QI| [T [[px - E2? + 3w(20)7],
or using equation (116),

Fon = -Q2lp| [T])[30(2x)" - m?x?].
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Substituting equations (603) and (600) into equation (595), then
For = -@2lp/| [T)"[3w(20) - m*x2] - w(lpf? - w?)(4xlp| [T°)
or
Fyo = (8]p/| IT])*[4mx2 - 6wx~t - 2a([p|? - w?)x![T|2].
Then substituting equations (605) and (592) into equation (579),

L. = (4|p| |’i‘|)"[4m’x'2 - bwx™! - 2(,ux"|"1'|'2(|ia|2 - w?)]

“an[(T + (T - D]

Next substituting equation (245) into equation (582), then
L: = xEE/[y|" In [ + [7|E7)A - [7[E))

or

Ly = -'[p/|* n [(E + |[PI(E - 7],
Next, substituting equations (304), (436), and (449) into equation (583),

La = -m’[p|"x* + Elp|™x.

Equation (585) may be rewritten as

L = -4m?E2E7%(JT]? + |p|2)-*[8(B + 3C)(2A + B) + 16D?

+ 8A(2C + B)][3CD¥A + B + C»]"

or
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(609)

(610)



L

La = -4m?E*E/(T]? + [¢|*)(24AB + 8B* + 64AC

+ 24BC + 16D*)[3CD¥A + B + O]
Substituting equation (283) in the numerator of equation (611), then
Ly = -32m*E*E"*(|T]* + |p|»)BC'D*A + B + O
Next, simplifying equation (587),
Lias = -4m?E*E (TP + 71 *Fsus,
where
F,s = -16(1 + B/3C)D?A" - 8B(3CD?A)™" + 8D
or
F,s = 8D2A'(-2 - BC* + A).
Substituting equation (615) into equation (613), then
L = -32m?E2E/%(|T? + |[¢[)?D2A7(-2 - BC™ + A).
Equation (588) may be rewritten as
Lss = -4(B + 2Cx'E7(|T]? + [#)?DA + B + C)'Fous,
where

Fres = 8E/Ex + 20?fp? sin® 0 + 20?[p/| - 2w°E” - 2(E* + E7)(p|* + |p|* + w?

- 2|p|w cos 6 + 2wE’ - 2[p|E’ cos 6).

(611)

(612)

(613)

(614)

(615)

(616)

(617)

(618)



Using equations (130), (43), (116), (213), and (209) in equation (618), then

Foas = 8E’E>x + 2(E - E')*(E* - m?)[1 - (E - x)2(E* - m?)™'] - 2(E - E/)’m? - 2(E* + E’*)[E? + E?

-2m* + E? - 2EE’ + E/*- 2E(E-x) + 2(E- E)F/], (619)
or simplifying equation (619), then
Fpas = 8m?EE’ - 2(E - E/)2x2, (620)
Substituting equation (620) into equation (617), then
Iras = -4(B + 2C)[8m?EE’ - 2(E - E)%][xE/(|T] + [p])D¥A + B + @) (621)

Using equations (612) and (616), then

Lu + Le = -32m?E?B[E/%(|T]2 + |p|*CD*A + B + Q)]
- 32m’EX-2 - BC* + A)[EA(T] + [p])DA]" (622)
or
Lat + Las = Lais - 32mE¥(2 + A)[EX(T)? + [p])DA]", (623)
where
Las = -32m*E*B[E(|T)* + [p|)*CD?]"[(A + B + O)* - A1]. (624)

Equation (624) may be rewritten as

Lais = 32m?EB(B + C)E/'z(ﬁ*lz + I;,/IZ)-z

- [AD*C(A + B + O)]. (625)
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Substituting equation (625) into equation (623), then

La + Las = 32m?E*B(B + O)[E”(|T|* + |r|*?AD*C(A + B + @)l

- 32m?EYA - 2)[EA(T|F + |pv|?PD?A]. (626)

Substituting equations (626) and (586) into equation (584), then

Ls = L. - 32mE¥A - 2)[EA(|T]* + |p|??D?A]", (627)
where
Liaa = Loas + Liaa, (628)
L = 32m?E’B(B + C)[E”(l"rl2 + |p*)*AD*C(A + B + ol

- 32m?B B + P12l {@ + B/3Q)3B(D* + 2AC + BO[D*A(A + B + Q)]

+ 2(D* + 2AC + BO)[D¥A + B + O)]'}. (629)
Combining terms in equation (629), then
L = 32m*EE3(|T]* + |p|?)?ACD%A + B + O)]"'Feas, (630)
where
F.., = BD*B + C) - 3BC(1 + B/3C)YD* + 2AC + BC) - 2AC(D* + 2AC + BQ). (631)
Equivalently, equation (631) is
F,.» = B2D? + BCD? - (3BC + B*)(D* + 2AC + BC) - 2AC(D* + 2AC + BQ) (632)

or
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Fyss = B’D* + BCD? - (D* + 2AC + BC)(3BC + B? + 2AQ)
or
Fy» = D*-2BC - 2AC) - (2AC + BC)(3BC + B? + 2AQ)

or

Foo = -2CD¥A + B + C) + 2CD? - (2AC + BQ)(3BC + B? + 2AQ).
Substituting equation (283) into the second term of equation (635), then

Fis = -2CD¥A + B + Q) + C(-B*C - 8AC? - 8ABC - 2AB? - 4A°C - BY),
or

Fop = -2CDYA + B+ C)-B*C(A + B + C) - ACD* - 8ACHA + B + Q).

Substituting equation (637) into equation (630), then

Lo = 32m*E[E*(T]* + [¢|)’ACD¥A + B + O)]"[-2CD¥A + B + C)

-B*C(A + B + C)- ACD? - 8BACXA + B + O)].
Substituting equations (638) and (621) into equation (628), then

Lisa = -64m?E*E/*(|T|* + [p/|)2A"'D" - 32m2E?B2E/~

* (T + [p[)2A™D - 256m?E*CE(|T)2 + [y[?)2D~ - 1.,
where

Luc = 32mEE (T + [p)?D*(A + B + O + 4(B + 2C)[8meEE’ - 2(E - E' )]
TR + 17D HA + B + O,
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(634)

(635)

(636)

(637)

(638)

(639)

(640)




Rewriting equation (640), then

L. = 4{8xm’E* + E/(B + 2C)[8m?EE’ - 2(E - E")x*]}

- EC(T? + ) DHA + B + O]
or

L. = 4{8xm’E* - E{(2A + B) - 2(A + B + O)][8m’EE’ - 2(E - E')’x’]}

BT + DA + B+ O
Then equation (642) becomes
La = lpes + S8E/[8m?EE’ - 2(E - E:2 ) 'E/X(|T)* + |p|)D2,
where

I = 4{8em’E? - E'(2A + B)[8m?EE’ - 2(E - E/)x*}}

- [xE2(T)? + |¢]??D¥A + B + O]
Using equations (276) to (278),

A+ B+ C=1-|pp|*-2lpIGa - b - b))

- Pl |a - B?
or
A+ B+ C=1-|p3"
Substituting equation (244) into equation (646), then
A + B+ C=1-4lPITP(TP + &)
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(641)

(642)

(643)

(644)

(645)

(646)

(647)



Simplifying equation (647), then
A+ B+ C= (TP PP + |y
Substituting equation (448) into equation (648), then
A+ B + C = Quo(T + |y
Next, substituting equations (304), (436), (449), and (649) into equation (644), then

L = 4{87cm2E2 - E/[8m?EE’ - 2(E - E)x?][2m?E’ ™ - 4p/[((m? - xE)E/™

CUTP + B Q6 PR EZ(TR + Jy172) dwme ),
Using equation (130) and simplifying the result, then equation (650) becomes

Lua = (1T + [/ @b E ) { 2em?E 2

(T + |p]?) - (4m?EE’ - @) mA(TP + |p]2) - 2/p(m? - xE)]}.

Using equation (448) in equation (651), then

Lyas = (wx + IE)/'2)(2"pllzlblzxsE/wz)-anM,

where

Foia = (2x + 2p?)(2xm’E’E - 4m'EE’ + m?wx?) + 2[p/[Am? - xE)(4m?EE/ - wx?).

Multiplying in equation (653), then

Fosa = 40x®m?E’E’ - 8wm*EE/x + 2m2w’x® + 4|p'|*m?E*E/x - 8m*|p/|’EE’ + 2m?[p/Pwxc

+ 8mEE/|p/|? - 2[p PmPwix? - 8mfy PEE/x + 2|y fw?Ex’
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(648)

(649)

(650)

(651)

(652)

(653)

(654)



or
Foas = dom?EE/x? + 2mPwi® + 2|p/|*w?Ex® - 8wm*EE'x - 4|p/|>’m?E*E'x. (655)
Substituting equation (655) into equation (652), then

La = (wx + [P P°E w?) (dom?E’E/x* + 2miw’s® + 2|7 Pw?Ex?

- 8wm*EE/x - 4|p'|>m?E*E’x). (656)
Substituting equations (652) and (655) into equation (643), then

La = (wx + |1 pI°E 0?) (dwom?E?E/x? + 2mPw’c® + 2|p'|2w?Ex?
 8wm*EE/x - 4|y|Pm*E*E'x) + 8E/[8m’EE’ - 2(E - E)x?]

- BT + |p]PrD2] . (657)
Substituting equation (657) into equation (639), then

L. = -64m?B2[E/(|T|? + |p|?)?AD?]" - 32m?E*B?
- [E2(H1 + [p)?AD*] - 256m?E*CIE ([T + pPYD] - (w + )
- @[ PIpPecE w?) (4wm?EE/x? + 2miew’® + 2|pw’Ex’
- 8wm?EE/x - 4[p/|Pm?E?E/x) - 8E/[8m?EE’ - 2(E - E/)¢*]

- [xE2(T2 + |p|)D?]. (658)

Substituting equation (658) into equation (627), then




L = -64m?E[E/*(|T|* + |p/|?)?AD?]"' - 32m?E?B?
" [EA(T + [pAD*] - 256m*E*C[E*(T]* + [/[?)D*]*
- 8E/[8m’EE’ - 2(E - E%*][xE”(T* + |p[*D?]"" - (wx + [p]?)
* 2l PP E 0?)  (dwm?B?E'x* + 2miw + 2|p|?w?Ex’
- 8wm*EE/x - 4|p/|>’m?E*E’x) - 32m?EX(A - 2)

. [E/Z(I-I-Iz + IE’IIZ)ZDZA]_l-

To reduce equation (589), one first notes using equation (244) that

1-lpPlal = 1- @] [T + 1712,

or substituting equation (448), then

1-PPEP = Qoo + |y

Substituting equations (661) and (43) into equation (589), then

ILs = 2(2wx)"{4Ezwx“ + 4E%wx! - 4(E?* + E')x"YE - x) - 4F* + 4|p|2Ex"?

“[1-(E-x)2p 2] + 4Fwix'}.

Simplifying equation (662), then

s = 20 (Bwx' + Ewx! - Bx ! - E2Ex! + |p|?E*x2 - E/*E2x?

+ 2E”Ex + Flwx).

Substituting equation (116) into equation (663), then

Ls = 20 (B’w + E’w 4+ F'w?-E* + E”E - mE*x").
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(659)

(660)

(661)

(662)

(663)

(664)



Using equation (130) in equation (664), then
Ls = -2m*E%w 2. (665)
Next substituting equations (594) and (660) into equation (590}, then

Le = -4 Ex (1T + [p[)2(1 - QoE/ [T (7> + 2E'w
- [P + DI - 4l PP

(T + P (666)
or

Lo = -w[x(T]? - [ PRI Cp]* + 2B o T

- 2Ew|p|? + [T]4). (667)
Substituting equation (448) into equation (667), then
Le = [[pP@eT (P + 2E'@) - Box? - [TP(2x) ] (2wx) ™. (668)
Using equation (451) in equation (668), then
Le = o) [[F2@ TP (# + 2Ew) - Eox™ - [[B” - 20(E -x) + w@a)].  (669)
Substituting equation (130) into the second term of equation (669), then

Le = Cox) [T (PP + 2Ew) - ox™ - (B - «?)(2x)] (670)

or

Ls = Ls: - (23" - (|p? - 0*)(4wx®)7, (671)




where
Lo = [P + 2E'w)@wx’ ). (672)
Using equations (448), (209), (130), and (116) in equation (672), then
Lo = (T2 - 20)(Jpl? - %) (e’ T2) (673)
or
Lot = (bl - @)@ T + (pf? - w?)(dwn), (674)
Substituting equation (674) into equation (671), then
Ls = ~(Ipl* - w?)(@x*T2)" - 202y, (675)

Then using equations (609), (659), (665), and (675), one obtains

Lo + Ly + Ls + Lis = Lse, (676)
where

Lss = ~(Jpl* - @)@ - (2x2)™ - mfp|"%? + Efp|x" - 2m?E o 25
+ Lser + Lz + Lises + Ipass + Lises + Dsee, (677)
Lss: = -32m?EX(A - 2)[E(T + [])'D?A]", (678)
Lss = -64m?E[E/X(|T]? + |p|?)AD?]", (679)
Lisss = -32m?E*B[E/X(|T|* + |p|??AD*]", (680)
Lsss = -256m?E*C[E’X(|T]? + |p|?)'D*]", (681)
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I,36s = -8E/(8m?EE’ - 202 [xEA(T? + [p22D?], (682)
where equation (130) has been used, and

Lisss = -(2wx + 2|f>’|2)(4|fa’|1|f>|27c5E’ooz)"(4oom2EzE’x2 + 2m2w’x% 2|p’|w?Ex?

- 8wm*EE/x - 4|p/|*m2E*E'x). (683)
Substituting equations (304) and (449) into equation (678), then
Liss: = -32m?E*(m?E’" - 2)E"?[ 16|y |E/2|p|2x*m?E/ 2] (684)
or
Lser = -2Emm?[|p'|?[pl]* + AE?E”(|p o) (685)
Substituting equations (304) and (449) into equation (679),
Lsss = -4E2E72(|p'|2[p|?x?)"". (686)
Substituting equations (304), (449), and (436) into equation (680),
Lsss = -2m*E2(|p|*x*)™" + 4m?E>([p|*<®)™" - 2E%(|p|*x?). (687)
Substituting equation (446) and (449) into equation (681) and using equations (43) and (213), then

i Liss = 4m°EX(|p/|*[pl*x")" - 8m*E*([p[*[pl*x*)" + 4m’E*
(P PB4 4m2EE ([P pl ) - 4mPEE*
(PP + 8mEE (Y Plpl*) - 4m?E?E”

(| Plpl*e?) . (688)
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Next, substituting equation (449) into equation (682),
Lises = -4m?EE/*(|p/|2|p|2x®)~t + E'w*(|p')? |p|2x). (689)
Equation (683) is

hsos = -2 By I")" - (B - Eao( )
+ 4m*E(lp?[pl ) + 2m’EX(|p|*wx?)™" - 2m?E*(|pl2ewn?) !
- (R ) - [ PE(E ) + 4mE([pl2nt)
+ 2lpIPm?EX(|p)2wxt), (690)
Substituting equations (685) to (690) in equation (677) and collecting terms contamning various

powers of x, then

Lis = Lax™ + Lox? + Liax?® + | R (691)

where

bex o EIH_Z - msz('i,,lzIHzE/)—l - qul‘JIZE/)—l

+ E'w¥(|p o), (692)

I

Lo = -pPEITP™ + @) - ¥ - m2fp)? - 4E2m?

“ (PR - 2E* bl + 4m?E*(lp bl

- 4szzE/2('E)/|zIH4)—1 K mzquzE/)—l ! IE”IZEGHZE/)-II (693)

Lo = 4m’E*[p|™* - 8m*E*(||2[pl*)* + 8m?E*E/*(|pl*)*
+ 4AmE(lp o)t + 2m?Ex(plw) ! - 2m?EX(Jpf2w)!

- 4mEE"X(|p 2 |p|?), (694)

L.« = -2m2E%w2 -2m4E2'H'4 + 4m6E2(';3"2';J'4)'1 + 4m2E2E/2('i’"2'f3'2)_1

- 4m?E”E4(|p |2 |p|9) " + 4m*E(Jp|?w)* + 2|p [P m2EX(|p|2w?)". (695)
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Rewriting equation (692),
L = (E[PJ’E’ - m? - [p"Ew + E20?)(|pI*[pIE’)"
or
L = [EPE’ - @) + wE” - m?) (5 2[pIE").

Using equations (130) and (209) in equation (697), then

La = E/[pl.
Rewriting equation (693),

La = -(Ip* - @)@[TH)" + L,

where

Loy = -Y2 - m?|p|? - 4E*m?|p/|?|p|™ - 2E*|p|™* + 4m?E%|p/|*|p|™

- AmPEE 2l - miwlp B - [y PEIE

(696)

(697)

(698)

(699)

(700)

Using equations (130) and (209) in the last two terms of equation (700), equation (209) in the sixth

term, and equation (116) in the fourth and fifth terms, then

ar = ¥ - mefpl - 4EMmElp bl - 2(m? + IRl + 4meE?
S (m BRI - amPE(pI )

- EE/|p|> + m?|p|™

or

Lar = -2 - 4E'm?|p|2|p|™ - 2m?*|p|™* - 4m?|p|™2 - 2 + 4m*E2|p/|2[p|™
+ 4szz|f)’|'2|I)|'2 _ 4m2E2|l*J|-4 = 4m4E2|i)'|_2|;?|-4 _ EE/I;’I_Z
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(702)



or

Lpwas = -(5/2)(1 + m?|p|™) - EE/|p|2 - (3/2)m?|p| - 4m?E2|p|™ - 2m?*[p|™.

Then using equation (116) in the first term of equation (703),

or

Loxzr = -(5/2)E*|p|™ - EE/[p|2 - (3/2)m?|p|™? - 4m?E?|p|™ - 2m*|p|™*

Liai = -(5E* + 2E’E + 3m?)(2|p|?)™" - 2m?(2E* + m?)|p|™.

Substituting equation (705) into equation (699), then

Lz = ~(¥2)(|p|? - @?)|T|2 - (2[p)*(5E* + 2EE/ + 3m?) - 2m?[p|*(2E* + m?).

Using equation (209) in the second and third terms of equation (694), then

or

bea = 4m2E3|‘l’:’|-4 _ smz(E/Z 1 |B,|2)E3(|’p/|z|’p|4)-1 + 8sz3(|‘I’__’,|z + mz)

(Ip2lpl)* + 4m*E(|p][pI?) - 4m?EE"([p [*|p[*)™

Lo = 20m?E%[p|"* - 8BmA(E” - m)Ep/|2[p* + 4m?Ef|2[p|(m? - E?).

Using equation (209) in the second and third terms, equation (708) becomes

or

Ly = 20m?E?[p|™ - 8m?E?|p|™* - 4m?E|p|

bea = 41'112E|;’|-4[2E2 + (Ez - |’P|2)]
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(705)

(706)

(707)

(708)

(709)

(710)



Then using equation (116) in equation (710),

L. = 4m?E[p|™(2E* + m?).

Next, rewriting equation (695),

L = (wzli“l“l;’/lz)_lFbxu

where

Fpue = 2m?E2p|0|? - 2m*EB20?|p|? + 4m°Elw? + 4m?E?E/*[p|?w? - 4m?w?E/E*

+ 4m4w|i)/|zE|i)|z + 2|£"|4sz2|;’|2-

Using equation (116) in the fifth term of equation (713), then

Foe = 2m2E?|p||p|? - 2m*B?w?|p/|* + 4m°E*w? + 4m?E*E”?|p|*w?

- 4w EPE(b? + m?) + dmwlpPE + 20y ' m?Ep)?
or

Fos = -2m?E”?[p|*|p'|? - 2m*E?w?|p|? + 4m°E*w? - 4m*w?E/*E?

+ am*wE|p/?|p|? + 2|p|*m?E?|p|>.

(711)

(712)

(713)

(714)

(715)

Using equation (116) in the second term, equation (209) in the fourth and sixth terms, and equation

(130) in the fifth term, equation (715) becomes

Fors = -2m?E’?[p|*|p/|? - 2m*(|p|* + m?)w?|p|* + 4m°E2w? - 4m*w?

- (m? + |§’|2)E2 + 4m4(E i E/)li’llele + 2|i’/|z(E/2 4 mz)szzli’lzf

or simplifying and using equations (116) and (130), then
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1':“4 - 'zszlzlile(Ez _ mz)l;/lz _ zmewzlb,lz _ 2m4|f3|2(E i E/)zli"'lz
_ 4m“w2|fn’|2E2 + 4m4E2|;7’|2|fJ|2 _ 4m4|iJ’|2EE/|fJ|2

+ 2m?[pPE*E”[pf? - 2m*[p'|*E[pI". (717)
Equation (717) reduces to
Foe = -2m°w?|p/|? - 4m*w?|p/|2E2. (718)
Substituting equation (718) into equation (712), then
Ls = -2m*|p|™*(m? + 2F?). (719)
One next recalls, substituting equation (691) into equation (676), that
Ly + Ly + Lis + Lis = Lax™? + Laox? + Laoax™ + Lax™. (720)
Then substituting equation (720) into equation (578),
I, = Iy + L + Laax™ + Lax? + Lax™ + Lax™. (721)
Next substituting equations (606), (608), (698), (706), (711), and (719) into equation (721), then

I, = @lp| [T)™ £n [(T] + &DATI - 217 ][4max
- 6wx - 20(p|? - @ [T2] - x|y In[(E + [pI)E - [p])]
+ Exfpl? 4+ (bl - 02T - (SE? + 2EE/ + 3m?)(2[p)
- 2m*(E? + m?)[p|] + 4m*EQE? + m?)x”[p|

- 2m*x~4|p|™(m? + 2E?). (722)
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Collecting terms with the common factor (2E* + m?), equation (722) can be rewritten as

I, = (2B + m?)|p|"x*G, - (5E* + 2EE’ + 3m)2[p2)" - (b2 - 0?)@T|2)

AR
+ Eo'|pl? + (4lp| [T £n [(IT] + [&])
. (T - ) amae? - 6wxt - 200(]p]* - w?)x [T
-xp An [(B + [PINE - [))], (723)
where
G, = -2m*[p|? + 4m’Ex[p| - 2m*|p|. (724)

Equation (724) can be rewritten
G, = 2m?|p|2(-x*> + 2Ex - m?). (725)
Substituting equation (43) into equation (725), then
G, = 2m?|p|*[-(E - |p| cos 8)* + 2E(E - |p| cos 6) - m?] (726)
or
G, = 2m?|p|*(E* - m? - |p|? cos? 6). ' (727)
Using equations (116) and (213) in equation (727), then

G, = 2m? sin? 6. (728)




Substituting equation (728) into equation (723), then

I, = (1/4){8m? sin? 8(2E* + m?)|p|x™* - 2(S5E? + 2EE’ + 3m?)|p|x? - 2(|p|? - w?)
< Tt + 4E It + ||
“An [(f + DT - ) ][4mix? - 6w

- 2w([p|? - @?)|T|2x] - 4lp|'x* n [(E7 + |P|NE/ - [p))]}. (729)
Finally, substituting equation (423) into equation (227),
dPo = Z?arX2n)|p| P m2w™ dw d?Q (I, + 1,). (730)

Therefore, substituting equations (577) and (729) into equation (730) and using equations (160),
(161), (334), (243), and (43), one obtains

d°0/d*Q dw = (Z?¢*/8n)(|p’|/|plw){8m? sin® 6 (2E* + m?)/([p|*x*)
- 2(SE* + 2EE’ + 3m?)/(|p|*x?) - 2(Jp]* - w?)/([T]x?)
+ 4E'/(|p|*x) + (L/|p||p’])[4Em? sin? 6 (3wm? - |p|2E")/(|p|*x*)
+ [4E(E? + E”) - 2m2(7E* - 3EE’ + E%) + 2m*)/([p|2x?)

+ 2w(E* + EE - m)/(|p|2)] + (&./|p’|[T){4m?/x?

- 6w/x - 20([p|? - @?)/([T1%0)] - 4&2/([p/|)}. (731)

where
x = E - |p|cos 6, (732)
F=p-k (733)
L = n [(EE' - m* + [p||p/|)/(EE’ - m? - [p|[p])], (734)
g = In [([T] + [p/D/(] - 1)), (735)
& = In[(E' + [p//(E’ - [p/)]. (736)
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Equation (731) verifies the Gluckstern-Hull formula, equation (1), in agreement with equation (4.1)
of Gluckstern and Hull's paper. ! The differential cross-section equation (731) is that of electron-
nucleus bremsstrahlung for photort emission into solid angle d*Q and frequency interval dw/2n. The
angle 0 is that between the direction of the emitted photon and that of the incident electron; e is the
charge of the electron; -Ze is the charge of the scattering nucleus; p and p’ are the initial and scattered
electron momenta, respectively; E and E’ are the initial and scattered electron energies, respectively;
m is the mass of the electron; w/2n is the frequency of the emitted photon; k is the momentum of the
emitted photon; and T is the difference in momentum between the incident electron and the emitted
photon. The Gluckstern-Hull formula is to be used in calculations of continuum x-ray spectra
radiated by anisotropic relativistic beam plasma systems.

'R. L. Gluckstern and M. H. Hull, Physical Review, 90 (1953), 1030.
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