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1.    INTRODUCTION 

The objective of this work is to calculate the differential cross section for single photon produc- 
tion in the scattering of an unpolarized electron by the Coulomb potential of a nucleus, independent 
of the final momentum and spin state of the electron and polarization state of the emitted photon. 
This cross section was calculated some time ago by R. L. Gluckstern and M. H. Hull1 and is referred 
to here as the Gluckstern-Hull formula. Because of the inherent difficulty and tediousness of the 
calculation and complicatedness of the result and because only a brief outline of the calculation was 
published,1 this work is commonly only referenced in the literature. This differential cross section is 
very essential to any fully relativistic and quantum mechanical calculation of bremsstrahlung pro- 
duction as a function of angle in anisotropic relativistic beam-plasma systems. Therefore, it is impor- 
tant that the Gluckstern-Hull formula be both fully understood and verified. 

Specifically, the Gluckstern-Hull formula is given by1 

dWd'Q do; = {Z2e6/8n)(|p/|/|;|a;){8m2 sin2 Q (2E2 + m2)/(|p|V) 

- 2(5E2 + 2EE' + 3m2)/(|;|2)c2) - 2(|;|2 - a)2)/(|t|V) 

+ 4E//(|;|2x) + (L/|p||;/|)[4Em2 sin2 B (Scorn2 - Ip^EO/dpIV) 

+ [4E2(E2 + E/2) - 2m2(7E2 - 3EE' + E'2) + 2m4]/(|p|V) 

+ 2w(E2 + EE' - m2)/(|p|2x:)] + (£1/|p
/||T|)[4m2/x2 

- 6a;/x - 2a)(|;|2 - u2)/(|t|2x)] - ^2/(\l'\x)}. (1) 

Here, d'o/d2© dcu is the differential cross section in electron-nucleus bremsstrahlung for the emission 
of a photon of frequency w/ln into the solid angle d2Q = sin2 Q d0 d<ti. The angle 0 is that between the 
photon and the incoming electron directions, and § is the photon azimuthal angle. The charge of the 
nucleus is -Ze where e is the charge of the electron. The electron rest mass is m. The magnitudes of the 
initial and final momenta of the electron are |p| and \p'\, respectively. The initial and final electron 
energies are E and E', respectively. The quantities x, T, L, £,, and £2 are defined by 

x = E - |picos 0, (2) 

T = p - k, (3) 

L = in [(EE' - m2 + |;||;'|)/(EE' - m2 - IPIIP'DI, (4) 

£, = jen[(|T| + i;'|)/(|t| - fp'!)], (5) 

£2 = in I(E'+ IP'DAE'- IPDI. (6) 

'R. L. Gluckstern and M. H. Hull Physical Review. 90  (1953). 1030. 



where k is the photon momentum (|^|   =  co/c).  Relativistic units are used throughout with 
ft = c = 1 and e2 = 1/137. 

In section 2, the more well-known Bethe-Heitler-Sauter formula2 is derived for the differential 
cross section for bremsstrahlung production in which a photon of a given frequency is emitted in a 
given direction and the secondary electron travels in a prescribed direction, disregarding polarization 
effects, namely. 

d5o/d2Q d^' dco = (Z2e6m2/4n2)(|;'|/|;||q|%) 

• {(|q|2/>oc'm2)(2E2 + 2E'2 - |q|2) + |q|2(l/x - l/x')2 

- 4(E/x/ - EVx)2 + (2co|q|2/m2)(l/x' - 1/K) 

- (2aj2/m2)(x//x + K/K')}, (7) 

where 

x = E-(£/|£|) • ; = E-|;|cos0, (8) 

x' = F - {i/%\) • ^ = E' - 1^1 cos 6', (9) 

q = p' + ^ - p. dO) 

Here, d2^' = sin2 6' dd' dty', where 6' is the angle between the scattered electron and emitted photon 
directions, and $' is the angle between the component of incident electron momentum transverse to 
the photon momentum and the component of scattered electron momentum transverse to the photon 
momentum. In section 3, the integration of the cross section equation (7) over the direction of the 
secondary electron is performed, and the Gluckstern-Hull formula equation (1) is thereby verified. 

2.    BETHE-HEITLER-SAUTER FORMULA 

The general amplitude for electron-nucleus bremsstrahlung with one photon emission is 
diagrammatically depicted in figure 1. In this process, an incident electron is scattered by a nucleus 
of charge -Ze and, as a result of the interaction, a single photon is emitted. In the figure, the light 
lines, heavy lines, wavy line, and blob represent the initial and final electron, initial and final 
nucleus, emitted photon, and five-point interaction vertex for the process, respectively. This interac- 
tion vertex is exceedingly complicated. However, to lowest order in the" electromagnetic coupling 
constant, neglecting nuclear recoil and treating the nucleus as an external Coulomb field source, the 
amplitude may be approximated by the sum of two more elementary amplitudes as shown in 
figure 2. Here, the Coulomb field of the static nucleus is represented by a dashed line, and the lowest 

'V. B. Berestetskii, E. M. Lifshitz, and L. P. Pituevskil Relativistic Quantum Theory, Parti. Addison-Wesley Publishing Co.. Inc., Reading. 
MA (1971). 



order electromagnetic vertex is represented by a dot. The two parts of the approximate total 
amplitude correspond to the photon being emitted either before or after the Coulomb interaction. 
The conditions for validity of the Bom approximation are that both the initial and final velocity (v 
and v') of the electron be sufficiently big and that the nuclear charge, -Ze, be sufficiently small, 
namely. 

ZeVv « 1, 

ZeVv' « 1, 

(11) 

(12) 

and 

Z/137 « 1. (13) 

Figure 1. General amplitude for electron-nucleus bremsstrahlung with one photon in final state. 

Figure 2. Approximate amplitude in Born approximation (lowest order in electromagnetic coupling constant) 
neglecting nuclear recoil and treating nucleus as source of external Coulomb field. 



By elementary S-matrix considerations2 the quantum mechanical probability cP^W for the oc- 
currence of a process in which a single particle of energy E is scattered in a constant field in an interac- 
tion volume V and produces any number N of particles with energies Ei and momenta p^ in the final 
state is given by2 

d3^ = 2n6(Ef - E)|M/,|
2(2EV)-' n d^n)-3^)-'. (14) 

Here, Ef is the total energy in the final state, and Mfi is the scattering amplitude. The latter is normally 
determined by the Feynman rules. The cross section for the process is given by 

d^o = d3"W/j, (15) 

where j is the incoming particle flux density. The flux density j is given by 

j = v/V, (16) 

where v is the velocity of the incoming particle. Clearly, 

v = |p|/E. (17) 

Substituting equations (14), (16), and (17) into equation (15), then 

d3Wo = 2nd(E/ - EJIM^Ui;!)- n d3^(2Tt)-3(2E^)-'. (18) 

For the case of bremsstrahlung with an electron and a photon in the final state, equation (18) 
becomes 

d'o = 2JIC5(E
/
 + a> - E)|M/(|

2(2|p|)-1(27I)-6(2co)-1(2E/)-, d3^ d3!^ (19) 

or 

d6o = |M/(|
2(8|p|E/w)-1(5(E/ + co - E)(2n)-5 d3p' d3L (20) 

'V. B. Berestetskii, E. M. Lifshitz, and L P. Pitaevskil, Relativistic Quantum Theory, Part I, Addison-Weslev Publishing Co   Inc   Reading 
MA (1971). s      "      " *' 



Since kM = (co, t) and k2 = 0, then 

ft = co. (21) 

Therefore, 

d3^ = ft2 dft d^* = co2 dco d2Qik, (22) 

where d22t is the photon differential solid angle. Also since pi = (E', p') and p/2 = m2, then 

|;/|i = E'2 - m2 (23) 

and 

d^' = l^'l2 dl^'l d2Cp/ = (E'2 - m2) d(E'2 - m2)1'2 d2Qp/. (24) 

But 

Therefore, 

or 

d(E/2 - m2)"2   = (E/2 - m2)"1'2 E' dE'. (25) 

d3?' = (E/2 - m2)1 /2 E' dE' d2Q,/ (26) 

d3?' = IP'IE' dE' d2Qp/. (27) 

Substituting equations (22) and (27) into equation (20), then 

d6o = |M/J
2(8|p|E'a))-,(5(E' + cu - E)(2n)-5|p'|E' dE' d^/co2 dco d2Qlt. (28) 



Integrating over E', then 

d'o = fHtmlirW + co - E)(27r)-S|;'| dE' d'Qp/a) do) d^Q* (29) 

or 

d'o = |M/..|J(|;/|/8|;|)(2n)-scu dco d^Q. d^/. (30) 

The matrix element M* is that corresponding to figure 2 and is redrawn in figure 3 with momen- 
tum labels. Here p and p' are the initial and final four-momenta of the electron, respectively; k is the 
four-momentum of the emitted photon; and q is the four-vector momentum transfer from the 
nucleus. By energy and momentum conservation, the last is given by 

q = p' + k - p. (3!) 

Furthermore, neglecting the change in proton energy due to recoil, then 

q0 as 0. (32) 

Mfj   = 

Figure 3. Feynman diagrammatic representation of matrix element M/,. 

The subset of Feynman rules to be used in evaluating the matrix element M,, in figure 3 is as 
follows:2 

1.    Associated with each incoming electron line of four-momentum p is an amplitude 
u(p), where u(p) is the free electron momentum space wave function. 

'Equation (30) corresponds to equation (91.2) in V. B. Berestelskii E. M. Lifshitz. and L. P. Pitaevski!. Relativistic Quantum Theory. Part 1. 
Addison-Wesley Publishing Co.. Inc.. Reading, AM (1971). The latter has a typographical error omitting the factor of 1/8. 

'V. B. Berestetskil, E. M. Lifshitz, and L. P. Pitaevski!, Relativistic Quantum Theory, Parti, Addison-Wesley Publishing Co., Inc., Reading, 
MLA (1971). 
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2. Each outing electron line isHssociated with the amplitude Ii(pO of the final elec- 
tron. 

3. Each vertex is associated with a four-vector -iy", where y", p = 0, 1, 2, 3, are the 
Dirac gamma matrices. 

4. Associated with each incoming photon line of four-momentum k is an amplitude 
VSi £„, where £M is the photon polarization four-vector, and n is the same as the index ^ of the vertex 
to which it is connected. The Einstein sum convention for repeated indices is understood. 

5. Associated with each outgoing photon line is an amplitude \/~in £*, where * denotes 
complex conjugation. 

6. Associated with each internal electron line of four-momentum p and rest mass m is a 
factor i(p + m)/(p2 - m2), where p denotes y^p*. 

7. The four-momenta of all lines meeting at an interaction vertex satisfy four- 
momentum conservation. 

8. An external field line is represented by a factor A'Hq), where the latter is the spatial 
Fourier transform of the electromagnetic vector potential and q is the four-momentum transfer from 
the external source. 

9. Diagrams that are identical after removal of all photon lines must have the same sign. 
10. Bispinor indices are arranged from right to left, contrary to the arrows. 
11. For n vertices, there is an overall factor in Mfl of e"/i. 

Therefore, 

M,, = uip'K-iynfr + k + m)l(p/ + k)2 - m2]-1(-iy')u(p)(4n)1'2£;Av(q)(e2/i) 

+ u(p')(-ir)i(p - k + m)[(p - k)2 - m2]-1(-iy)u(p)(4n)"2£:AI,(q)(e2/i) (33) 

or, by interchanging dummy indices yi and v in the second term, then 

Mf, = -e2Av(q)(4n)1/2£;u(p/)[r(f' + m)(f/2 - m2)-y + y(f + m)(P - m2)-y]u(p),-        (34) 

where 

f = p - k, (35) 

F = p' + k. (36) 

Using the definition of equation (35), 

p . m* = (p . k)2 - m2 = p2 - 2pk + k2 - m2. (37 

11 



But 

P2 = m2, (38) 

k2 = 0, (39) 

and equation (37) becomes 

P - m2 = -2pk = -2(Eco - IPI^I COS 0), (40) 

where 6 is the angle that the emitted photon makes with the incoming electron. For the photon, 

|fc| - «. (41) 

Equation (40) becomes 

f2 - m2 = -2Kto, (42) 

where 

x = E - |p| cos 0. (43) 

Similarly, 
f/2 - m2 = 2x'w, (44) 

where 

JC' = E' - IP'I cos 0'. (45) 

The external field of the assumed static nucleus has a time component only, given by the static 
Coulomb potential. Hence, neglecting nuclear recoil. 

12 



A-(q) = toZelql"*** (46) 

Substituting equations (42), (44), and (46) into equation (34), then 

M/( = -e24nZe|q|-:l(47r)1/2£)ru (pOIy^f' + m)(2^c/co)-V<, - y0(f + m)(2xa))-,y'']u(p). (47) 

Defining the matrix variable QM by 

QM = yrf' + m)(2K/w)-,y0 - y0(f -r m){2Kco)-Y, (48) 

then equation (47) becomes 

Mfl = -e2(4nZe)|q|-2(4n)"2£;S-(pOQ,'u(p). (49) 

The Dirac matrices yM satisfy the anticommutation relations 

{y, r] = ig"1. (50) 

where g"" is the Lorentz space time metric, 

(10   0   0^ 
0-100 
0   0-10 
0   0   0-1/ (51) 

Setting ji = v = 0 in equation (50), then 

y"2 - 1, (52 

or setting fi = v = k, where k = 1, 2, 3, 

y*2 = -1. (53) 

13 



Using equations (49) and (52), then 

M£ = -e2(4nZe)|q|-2(4it)"2£vu
+(p)Q''V0+u(pO 

= -e2(4nZe)|q|-2(47i)1'^u+(p)yVQ-V+u(pO, 

or 

M;, = -e2(4nZe)|q|-2(47r)"
2£^(p)Q"u(pO, (54) 

where 

Q- = yoQ"y+ 

(55) 

Therefore, substituting equations (49) and (54) in the expression for the cross section, equation (30) 
one obtains 

d'a = ZV(4ir»)-l(|J'Mp||q|4)E;e. 

■ [^(p/)Q,'u(p)][^(p)Q"u(p/)] d2S d^' dco. (56) 

Defining 

T(p, p', k) = £;£v(ir(p/)Q''u(p)][^(p)Q,'u(p/)], (57) 

equation (56) is 

d5o = Z2e6(4n2)-'(|p/|a;/|;||q|4)T(p, p', k) d2Q d^' dco. (58) 

For an unpolarized incident electron and for the case where the final polarization states of the 
electron and photon are unspecified, which is the case of interest here, one must average over initial 
electron spin states and sum over final electron and photon spin states. The cross section is then given 
by 

d5o = ZV(4n2)-'(i;'|co/|;||qr)f(p, p', k) d2Q d2Q' do,, (59) 

14 



where 

T(p, p', k) = Vzl Z ZT(p, p', k), (60) 
s   s' h 

and Z, Z, 1 denote sums over initial electron spin states, final electron spin states, and emitted 
photon polarization states, respectively. The factor of Vi arises in taking the average over incident 
electron spin states because there are two possible spin states for the electron. 

Since in the present calculation one is not concerned with the state of polarization of the emitted 
photon, then in summing over photon polarizations of the final state, one uses the relation2 

Z (. . . ete ) = (... -g. )• (61) 
h 

Also, in summing over the final electron spin states and averaging over the initial electron states (un- 
polarized), one uses the following relation:2 

Vii z [u (p')Q,'u(p)][ir(p)QHu(p/)l 
s  s' 

= Tr Q^P + mKUp' + m). (62) 

Substituting equation (57) into equation (60) and using equations (61) and (62), then 

T(p, p', k) = VzJ. Z Z E^SV) 
s   s' h 

• Q''u(p)][ir(p)Q"u(p')) 

or 

T(p, p', k) = -ViTt g^Q^p + m) QV + m) (63) 

or 

T(p, p', k) = -VzTr QM(P + nOQ-V + m). (64) 

To proceed, one must reduce the trace T given by equation (64). One first notes according to 
equations (48) and (55) that 

'V. B. Berestetska. E. M. LifshiU. and L. P. Pitaevski!. Relativistic Quantum Theory. Parti, Addison-Wesley Publishing Co., Inc.. Reading. 
MA (1971). 

15 



- yV+(f+ + m)y0V+(2'cco)-1. (65) 

However, it is true that2 

r* = YYY0- (66) 

Using equations (66) and (52), then 

rW = y0Vyo2 = yv. (67) 

Using equations (66), (52), and (50), it follows that 

y0+ = 7°, (68) 

and 

y'+ = -y*. (69) 

In equation (65), the term ff*{'yy* can be simplified by using equations (68), (52), and (67); 
thus. 

yoyovyy = yo^yyy, (70) 

or 

a*fl*   .,*   n+ ni ryi'Yf = y»fv. (7i) 

Similarly, 

yOyoyy* = yoyy _ yOy^ (72) 

y.y^yy* = yory^y.   = ^ (73) 

'V. B. Berestetskil E. M. Lifshitz, and L P. Pitaevskil, Relativistic Quantum Theory. Part I, Addison-Wesley Publishing Co., Inc., Reading, 
MA (1971). 

16 

i 



and 

yOySyO+yO*       _       yOy^ yOZ       —       ^ l.„0 _ fj^\ 

Then substituting equations (71) to (74) into equation J65), 

QV = (yof«/yv + my«»y»)(2x/a>)-« - (y-f y
0 + myYKlxw)-1. (75) 

_ 
The function T(p, p', k) must be evaluated. Substituting equations (48) and (75) into equation 

(64), 

f (p, p', k) = -Vz iT(p, p', k), (76) 

where 

T^p, p', k) = TryM(f' + mXlx'^ry^ + m}y0{f/ + m)(2x/co)-V(p/ + m), (77) 

T2(p, p', k) = -Tr Y,({' + m)(2x/a))-V0(p + m)y(f + m)(2xco)-1y0(p/ + m), (78) 

T3(p/ p', k) = -Tr y0(f  + m)(2xw)-1yM(^ + m)y0(f' + m)(2x/a;)-1y-(p/ + m), (79) 

T4(p, p', k) = Tr y0(f  + m)(2Jcco)-1yM(^ + m)y(f + m)(2xco)-1y0(^ + m). (80) 

Using equations (66), (68), and (69), 

y0py0 = y^pr = yVyV = y:?" (81) 

or 

y»£yO = y0p»-ytP' = y1,p'' = £, (82) 

17 



where 

P" = (E, -p). (83) 

Substituting equations (52) and (82) into equation (77), then 

T.to, p', k) = Tr yM(f' + m)(2^a))-
1(? + m)(f' + m)(2x'co)-y(p' + m). (84) 

Using the cyclic invariance of the trace with equations (52) and (82), equation (80) can be rewritten as 
follows: 

or 

or 

T4(p, p', k) = Tr y0{p' + m)y0(f + m)(2x:co)-1y(,(^ + m)y(f + m)(2x:co)-1 (85) 

T4(p, p', k) = Trfp' + m)(f + m)(2x:a))-1yM(p + m^f + m)(2xa))-1 (86) 

T4(p, p', k) = Tr yif + m)(2xa))-,(p/ + m)(f + m)(2xa))-1y,(p + m) (87) 

or 

T4(p, p', k) = T,(p', p, -k), (88) 

where, in the last step, equation (84) with the definitions of equations (35), (36), (43), and (45) have 
been used. By using equation (88), then 

TAP, p', k) = T4(p', p, -k). (89) 

Next, using the cyclic invariance of the trace, equation (79) may be rewritten 

T^p, p', k) = -Tr (p' + m)y0(f + m)(2xaJ)-
1y(i(^ + m)y0(fA' + m)(2x/co)-1y^. (90) 

18 



It is also true that2 

Trititi • • • S„) = TrU„ . . . S,^). (91) 

Thus, using equation (91), equation (90) may be rewritten 

T3(p, p', k) = TT-Y^' + m)(2x'u})-Y{p + m)r(( + m)(2)cco)-1y0(p/ + m). (92) 

Comparing equation (92) with equation (78), then 

T3(p, p', k) = T2(p, p', k). (93) 

Substituting equations (89) and (93) into equation (76), then 

f(p, p', k) = -VilTtip', p, -k) + 2T2(p, p', k) + T4(p, p', k)] (94) 

or 

f (p, p', k) = T4s(p, p', k) - T2(p, p', k), (95) 

where 

T4s(p, p', k) = -y2[T4(p, p', k) + T^p', p, -k)], (96) 

and T2 and T4 are given by equations (78) and (87), respectively. 

The term T2 must first be evaluated. By substituting equation (52) into equation (78) and using 
equation (50), then 

T2 = -Try^f' + m)(2x/a;)-1y0(p + m)y0yV(f + m)(2xco)-1y0(p/ + m) (97) 

or 

'V. B. Berestetskil, E. M. Lifshitz. and L P. Pitaevski!, Relativistic Quantum Theory, Part I, Addison-Wesley Publishing Co., Inc    Reading 
MA (1971). 
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T2 = -Tr yM(f' + mKZx'co)^? + m)(2g0'' - yY)(f + m)(2Ka))-1y0(p/ + m) (98) 

or 

T, = Tr[-2y0(f' + m)(2K/a))-,(p + in)(f + m)(2xw)-,y0(p/ + m) 

+ yJS1 + m)(2x/a))-,(? + m)y70(f + m)(2xa))-Iy0(p/ + m)]. (99) 

Using the cyclic invariance of the trace and equation (82), then equation (99) becomes 

T2 = Tr[-2(f' + m)(2x/w)-,(? + m)(f + m)(2xo;)-1(?/ + m) 

+ yjf' + m)(2x/w)-,(? + m)y(f' + m)(2xa))-1(p/ + m)]. (100) 

Using the following relations obtained from equation (50), 

ry* = 4, (101) 

yaft = -2a, (102) 

y'aby, = 4a • b, (103) 

in equation (100), then 

T2 = Tr[-2(f' + m)(2x/aJ)-
1(? + m)(f + m)(2xa))-1(g/ + m) 

+ (4F • p - 2mf' - 2mp + 4m2)(2x'aj)-1(f" + m)(2xa))-1(p/ + m)].       (104) 

Performing the multiplications and recalling that the trace of the product of an odd number of gam- 
ma matrices is vanishing,2 equation (104) becomes 

•V. B. Berestetski!, E. M. Lifshitz, and L. P. Pitaevskil. Relativislic Quantum Theory, Parti, Addison-Wesley Publishing Co., Inc., Reading 
MA (1971). 
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T2 = (2x'coxa;)-'Tr[-r' pfp 
A      A 

n^     ^ A 'Vi 

-A /V A     A ^A    -Xi 

A A   A 
^'Xi A l\/ l\j 

- in2pf - m2pp/ 

-m2fp/-m4 + 2f/-p(fp/ + m2) 

- mf'(mT + rnp') - mpdn? 
A 

+ mp') + 2m2(f'p/ + m2)]. (105) 

The trace in equation (105) is evaluated by using the relations2 

Trab = 4a ■ b (106) 

and 

Tr kbtd = 4[(a • b)(c • d) - (a • c)(b ■ d) + (a • d)(b- c)]. (107) 

Thus, 

T2 = (2^a,2H-4(F-pf-p'-P.^.^ 

+ f • p'p • f) - 4m2F • p - 4m2P • f - 4m2f/ • p' - 4m2p • f 

- 4m2p • p' - 4m2f • p' - 4m4 + 8P • pf   • p' 

+ 8m2f/ • p - 4in2f/ • ? - 4m2P • p' - 4m2p • f 

- 4m2p  • p' + 8m2r • p' + 8m4]. (108) 

•V. B. Berestetskil, E. M. Lifshitz, and I. P. Pilaevskit, Relativistic Quantum Theory. Part I, Addison-Wesleu Publishing Co   Inc   Reading 
MA (1971). "      " x' 
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Combining terms, then equation (108) becomes 

T2 = (2xx'a)2)-,[-4(F • pf • p' - F ■ fp  ■ p' 

+ F • P'P • f-2F • pf   • pO-tei^f • p 

+ F-p/ + F-f-F-p +p • p' + f • P I 

f\i t\j I\J 

+ F • f   + F ■ p' + f   • p  + p  • p' - 2f   ■ p') + 4m4].      (109) 

Using the definition of p, equation (83), it follows that 

p ' p' - p' • P. (110) 

Substituting equations (35) and (36) into equation (109), performing the multiplications using equa- 
tion (110), and combining terms, one obtains 

T2 = 2(xx:/oj:')-,[-m2p ■ p  + m2k • p - mV • p' - m2k • p' 

- 2m2p * p7 - m2xco -i- m2k • k - m4 + m2k ■ p 

+ (P' • P)
2
-^' • pk • P') + k • Pp • P' 

+ (p ' p7)2 - («' - )c)cop • p' - p' • p 'p • p 

+ p' • P'P  • k-p • pk • p']. (Ill) 

To reduce equation (111) from the expressions involving four-vectors to ones containing explicit 
space and time components, one proceeds as follows. By defining the unit vector n in the direction of 
photon emission. 

n= Vl\i.\  = £/«, (112) 

and using equation (43), then 

n ■ p = E - JC. (113) 

22 



Similarly, using equation (45), 

n • p' = E' - K'. (114) 

Using the definition of p of equation (83), then 

p • P = E2 + \p\2. (115) 

But using equation (38), 

|p|2 = E2 - m2. (116) 

Substituting equation (116) in equation (115), then 

p • P  = 2E2 - m2. (117) 

Similarly, 

k ■ p  = co(E + n • p) = a)(2E - x), (118) 

p/ . p / = E'2 + Ip'l2 = 2E/2 - m2, (119) 

k • p' = Q>{E' + n • p') = w{2W - x1). (120) 

p . p/ = EE' - p • p', (121) 

k • k = 2a)2, (122) 

k • p = co(E - n • p) = (ax, (123) 

p' • P  = E'E + p' ■ p, (124) 
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f\Jm        f\t 

p' • P k • p' = w(2E' - x'KEE' + p • p'), (125) 

iV nu 

k • p p • p' = (HE' + p • p'KcoE + con • p) 

= (EE' + P • P
/
)(2E - K)W, (126) 

(V nj 

p' ■ p 'p • p = (E/2 + |p'|2)(EJ + |P|2) = (2E'2 - m2)(2E2 - m2), (127) 

p/ . p/p  . k = (E/2 + |p'|aKE + n • p)co = (2E/2 - m2)(2E - x)^, (128) 

p ■ pk • ^ = (E2 + ^^(E' + n • p')co = (2E2 - m2)(2E/ - xOw. (129) 

Also, for the elastic collision at hand, equations (31) and (32) imply 

E' = E - co. (130) 

Substituting equations (117) to (130) into equation (111) and simplifying, one obtains 

T2 = 4(xK/co2)-,{[m2 + co2 + co(x' - x)]p • p' + (p • P')
2
 - m2EE/ + m2co2 

-E2E/2 + coEE/2  - coE'E' -   coxE/2 + cox'E2}. (131) 

The quantity p • p' appearing in equation (131) may be rewritten in terms of the momentum 
transfer qas follows. Using equation (31), the space component qof the four-vector q is given by 

^p' + Jc-p. (132) 

Dotting the vector q into itself, then 

|qp  =   |p'   +ic-p|i  =   Ip'l2  + 2p'   -tH-   |k|2 

- 2p • p' - 2p • fc + |p|2. (133) 

Substituting equations (23), (112), (114), (21), (113), and (116) into equation (133) and solving for 
p • P7, then 
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P • p' = VztE2 + E/2 + w2 - 2m2 - 2co(E - E') + 2a>()c - x') - |q|2]. (134) 

It follows then that 

(p • pO2 = ^[E4 + 2E2E/:' + 6E2aj2 - 4E2m2 - 4E3co + 4E2E/co 

+ 4(E2 + E/2 + w2 - 2m2 + 2COE' - |q|2 - 2wE)co{x: - x') 

- 2E2|q|2 + E/4 + 2E/2a)2 - 4E/2m2 - 4EE'2co + 4E/3co 

- 2E/2|q|2 + OJ* - 4m2co2 - 4Ew3 + 4E/co3 - 2a>2|q|2 + 4m4 

+ 8m2a;E - 8m2a;E/ + 4m2|q|2 - SEE'w2 + 4a)2E/2 

+ 4Eo;rq|2 - 4a)E/|q|2 + 4a;2(x - x')1 + |q|4]. (135) 

• 
Next, substituting equations (134) and (135) into equation (131), then 

:/co T2 = ()CX
/
OJ

2
)-

1
{E

4
 + 2E2E/2 + 6E2aj2 - 4E2m2 - 4E3a) + 4E2E/ 

+ 4(E2 + E/2 + co2 - 2m2 + IwE' - fql2 - 2coE)a)(x - x') 

- 2E2|q|2 + E/4 + 2E/V - 4E/2m2 - 4EE/2co + 4E/3co 

- 2E/2|q|2 + OJ
4
 - 4m2co2 - 4Eaj3 + 4E/w3 - 2w2|q|2 + 4m4 

+ 8m2a)E - 8m2a)E/ + 4m2|q|2 - 8EE/w2 + 4a)2E/2 + 4Ea)|q|2 

- 4wE/|q|2  + 4C02(K - X')2  +   |q|4 

+ 2[m2 + co2 + co{x' - x)][E2 + E/2 + co2 - 2m2 - 2aj(E - E') 

+ 2aj(x - x') - |q|2] - 4m2EE/ + 4m2a)2 - 4E2E/2 + 4Q)EE
/2
 - 4ci;E2E/ 

-4wxE/2 + 4a)x/E2}. (136) 

Simplifying equation (136) and substituting equation (130), namely, 

E' = E - co, (137) 
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then 

T2 = (xx'Q^-U-Sm^2 + 8m2Eco - 4E2rq|2 + 4Ea;rq|2 - 2co2|q|2 

+ 2m2|q|2 + Iql") - 2(|q|2/a))(x'-1 - x-') + ^Ex'- + EV). (138) 

Next one proceeds by evaluating T^p, p', k) given by equation (87). By using the cyclic in- 
variance of the trace, equation (87) may be rewritten as 

T^p, p', k) = Tr(f + m)(2xco)-,(p/ + m)(f + m)(2xaj)-,y''(p + m)y^. (139) 

Using equation (102) in equation (139), then 

T4(p, p', k) = Tr(f + m)(2xw)-,(P/ + m)(f + m)(2xco)-1(-2p + 4m), (140) 

or multiplying terms and recalling that the trace of a product of an odd number of gamma matrices is 
vanishing, then 

T4(p, p', k) = (4x2a)2)-1Tr(-2f g'f p + 4m2f g' 

+ 4m2f f -2m2f p + 4m2?'f 

- 2m2 £' p - 2m2f p + 4m4). (141) 

Again using cyclic invariance of the trace to combine the second and fifth terms, then 

T4(p, p', k) = (4x2a)2)-1Tr(-2f ?'^ 

+ 8m2f g' + 4m2f f -2m2f p 

- 2m2£/p - 2m2f p + 4m4). (142) 

Next, using equations (106) and (107) and combining terms, equation (142) becomes 

T4(p, p'r k) = (4x2a)2)-1(-16f • p' f • p + 8f2 p' • p + 32m2f ■ p' 

+ 16m2P - 16m2f • p - Sm2?' ■ p + 16m4). (143) 
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Substituting equation (35) into equation (143), using equations (38) and (39), and combining terms, 
then 

T4(p, p', k) = (4xW)-l[-16(p • p' - p' ■ k)(m2 - k • p) 

+ 32m2p • p' - 16p • kp' • p - 32m2k ■ p' 

- 16m2p • k + 16m4]. (144) 

Again, multiplying and combining terms, equation (144) becomes 

T4(p, p', k) = 4(X
2co2)-1(m2p ■ $ - m2?' •   k - m2p • k - p' ■ kk ■ p + m"). (145) 

One notes using equation (83) that 

p-g'-EE' + p-p'. (146) 

Substituting equations (120), (123), and (146) into equation (145), then 

T4(p, p', k) = 4(jc2w2)-,[m2EE/ + m2p • p' - m2a}(2E/ - K') - m2wjc - ai2{2W - K')K + m4],        (147) 

or 

T4(p, p', k) = 4(x2w2)-1[m2p- p' 

+ m2EE/ - 2m2wE/ - m2w(x: - x1) - 2a)2E/x; 

+ aj2xx/ + m4]. (148) 

Substituting equation (134) into equation (148), then 

T4(p, p', k) = 4(x2a)2)-1{(m2/2)[E2 + E/2 + w2 - 2m2 - 2a,(E - W) + 2cu(x - x') - |qp] 

+ m2EE/ - 2m2a;E/ - m2w(x - K') - 2w2E/x + whoc1 + m4}. (149) 
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Combining terms, equation (149) becomes 

T4(p, p', k) = 2m2(E + ETfrW)"' + 2m2x-2 - 4m2(E + EO^OJ)"' 

- BE'JC-
1
 + AK'K'

1
 - 2m2|q|2(x:2aj2)-1. (150) 

Under the interchange (p, p', k)^ {p', p,-k), one sees from equations (130), (43), (45), and (132) 
that (E, E', w, K, x.1, q) -•■ (E7, E, -w, x1, K, -q). Therefore, by using equation (150), 

T4(p', p, -k) = 2m2(E + E/)2/(K:/a;)2 + 2m2/x/2 + 4m2(E + E')/K'
2

<O 

- SE/x' + Ax/x' - 2m2|q|2/x/2w2. (151) 

Substituting equations (150) and (151) into equation (96), then 

T4s = -1/2[2m2(E + ET/KW + 2m2(E + W)2/x'2w2 + 2m2/x2 + 2m2/x/2 

- 4m2(E + EO/x'w + 4m2(E + E')/x,2w - 8E'/x - SE/x' + Ax'/x + Ax/x' 

- 2m2|q|2/x2co2 - 2m2|q|2/x/2a;2]. (152) 

Combining terms in equation (152), then 

T45 = -m2(E + E' - a;)2/x2a;2 - m2(E + E' + a;)2/x/2w2 + 4(E'/x + E/x') 

-Kx'/x + x/x') + m2|q|2(x-2 + x7"2)/^2. (153) 

Next, using equation (130) in the first two terms of equation (153), then 

T4s = -4m2E/2/a;2x2 - 4m2E2/co2x/2 + 4(E//x + E/x) 

- 2(x'/x + x/x') + m2rq|2(x-2 + x'-2)/^2 (154) 
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or 

T   = -(4mV<»»)(E7it - E/x')2 - (8m2/a;2)(EE//xx/) + 4(E
/
/K + E/x') - ZCxVx + x/x') 

4s 

+ m^ql^x"1 - x'-y/w1 + Zm'lqlVco'xx'. (155) 

Returning to equation (95) and substituting equations (138) and (155), then 

f = -(4m2/a;2)(E//x - E/x')2 - (8m2/a)2)(EE//xx/) + 4(E//x + E/x') - 2(x//x + x/x') 

+ (m2|q|2/co2)(x-1 - x7"1)2 + Znv'lqlVc^xx' - (l/xx/a)2)(-8m2E2 + 8m2Ew - 4E2|q|2 

+ 4Ea)|q|2 - 2co2|q|2 + 2m2rq|2 + |q|4) + (2|q|2/a;)(x/-' - x"1) - 4(E/x/ + EVx).        (156) 

One notes using equation (130) that 

-4E2|q|2 + 4Ew|q|2 - 2a;2|q|2 

= (-4E2 + 4Ew - 2cu2)|q|2 

= [-2E2 - 2(E/ + w)2 + 4(E/ + w)co - 2a;2]rq|2 

= -(2E2 + 2E/2)|q|2. (157) 

Substituting equation (157) into equation (156), then 

T = (m2/a;2)[(|q|2/xx/m2)(2E2 + 2E/2 - |q|2) + Iq^x- - x'"')2 

- 4(E/x/ - E'/x)2 + UcolqlVrnW"' - x"1) - (2aj2/m2)(x//x + x/x')].     (158) 

Finally, substituting equation (158) into equation (59), then 

d5o = (Z2ar2/4Tr2)(|p|'m4/pq4)(da)/a;) d2Q d2Q' ■ [(|q|2/xx/m2)(2E2 + 2E'2 - fql2) 

+ Iq^x"1 - x'-)2 - 4(E/x/ - EVx)2 + Uwlq^/m2)^- " «") 

- (2a;2/m2)(x//x + x/x')], (159) 
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where r, is the classical radius of the electron, 

r, = e2/m • 1 = e2/mc2 = 2.818 x lO"15 meters, (160) 

and a is the fine-structure constant (relativistic units), 

a = e2/l • 1 = e2/hc = 1/137.04. (161) 

Equation (159) agrees in form and notation with equation (91.7) of Berestetskii et al.2 It is the well- 
known Bethe-Heitler-Sauter formula for the bremsstrahlung cross section in which a photon of given 
frequency is emitted in a given direction and the incident electron is scattered in a prescribed direction 
disregarding polarization effects. 

The cross-section equation (159) can be written in terms of the scattering angles 6 and 9' as 
follows. One first defines 

Z =  (IqlVxJcW^E2  + 2E/2 - |q|2)  +   rq|2(K- - K'"')
2 

- 4(E/x' - EVx)2 + (2a;rq|2/m2)(x:'-1 - x"') 

- (2a;2/m2)(K//x + K/K'). (162) 

Then 

d5o = (Z2ar.2/4Tt2)(rp/|m4/rp|rq|4)(da;/a;) d2Q d2Q' I. (163) 

Equation (162) may be rewritten as 

1 = I, + I2 + Z,, (164) 

'V. B. Beresletskii. E. M. Lifshitz, and L. P. Pitaevskii, Relativistic Quantum Theory. Part I, Addison-Wesley Publishing Co.. Inc.. Reading. 
MA (1971). 
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where 

I, = (m2xx')-,[|q|2(2E2 + 2E/2 - fql2) - 2m2|q|2 + 8m2EE' + Zwlq)2* 

-ZwIqlV-Zo,2^2 + K
2
)], (165) 

Iz = x-2(|q|2 - 4E'2), (166) 

la = x'-2(|q|2 - 4E2). (167) 

The term Z, of equation (165) may be written as 

1. = (m2^')"1 |q|2(2E2 + 2E'2 - |q|2 - 2m2 + 2cox - 2COK') 

+ (m2)cx:')-,[8m2EE/ - 2CO
2
(K'

2
 + x2)]. (168) 

Also, Z2 of equation (166) can be written 

I2 = (xWr'dql2 - 4E'2)m2. (169) 

But using equation (116), 

m2 = E2 - |p|2. (170) 

Substituting equation (170) into equation (169), then 

Z2 = (x2m2)-'(|q|2 - 4E'2)(E2 - |p|2). (171) 

Substituting 

1 = sin2 6 + cos2 6 (172) 

into equation (171), then 
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Z, = (x2m2)-1(4E/2 - |q|2)|p|2(sin2 0 + cos2 9) + (^m^'dql2 - 4E/2)E2 (173) 

or 

Z2 = (p2/)c2m2)(4E/2 - |q|2) sin2 6 + (l/K
2m2)(4E/2 - |q|2)(|p|2 cos2 8 - E2). (174) 

Substituting equation (43), 

|p| cos 9 = E - K, (175) 

into equation (174), then 

12 = (p2/x:2
m

2)(4E'2 - |q|2) sin2 6 + (l/K
2m2)(4E/2 - |q|2)[(E - K)

2
 - E2] (176) 

or 

I. = (p2/x:2m2)(4E/2 - |q|2) sin2 6 + (l/m2)(4E/2 - |q|2) - (2E/xm2)(4E/2 - |q|2). (177) 

Analogously, 1.3 of equation (167) can be rewritten in the form 

la = (p'2/x/2m2)(4E2 - |q|2) sin2 9' + (l/m2)(4E2 - |q|2) - (2EVx'm2)(4E2 - fql2). (178) 

Substituting equations (168), (177), and (178) into equation (164), then 

I = (l/m2KK0[|q|2(2E2 + 2E'2 - |q|2 - 2m2 + 2cox - 2COX' - 2XX' + 2EX' + 2E/x) 

+ 8m2EE/ - 2a)2(x/2 + x2) + (4E2 + 4E/2)xx/ - 8EE/2x/ - SE'E^] 

+ (p/2/x/2m2)(4E2 - |q|2) sin2 9' + (|p|2/x2m2)(4E/2 - |q|2) sin2 9 (179) 

or 
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f 

Z = l/mhcx' + (•|p/|2/x/2m2)(4E2 - fql2) sin2 9' 

+ (|p|2/x2m2)(4E/2 - fql2) sin2 6, (180) 

S where 

1 = 1, + |q|2(-2m2 + 2a)x - 2ajK/ - 2KX' + lEx' + 2E/x) + 8m2EE/ 

- 2o;2(x/2 + x2) + (4E2 + 4E'2)xx/ - SEE'V - 8E/E2x, (181) 

Z. = |q|2(2E2 + 2E/2 - fql2). (182) 

Using equation (133), |q|2 can be expressed in terms of the scattering angles 9 and 9' as follows. The 
momentum vector p can be written in terms of components pj^ and P||, perpendicular and parallel to 
the photon momentum vector i., respectively; thus, 

- 

P = Pi + P||- (183) 

Clearly, 

p, = (p.k/|t|2)t. (184) 

Substituting equation (184) into equation (183), then 

p=p1 + (p-t/l^l^ (185) 

and by definition 

Pi 1 = 0. (186) 

Analogously, 

P' = Pl + (p/^/|^|2)t (187) 
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and 

Pi ' ^ = 0- (188) 

Also, denoting the angle between ^ and p^ by $', then 

Pl'Pi = IP±IIP1I cos^. (189) 

Denoting the angle between the incident electron momentum p and the emitted photon momentum £ 
by 6 and that between the scattered electron momentum p' and 1^ by 6', then 

IPJ = |p| sin0, (iPO) 

pt-= \p\m cosB, (29!) 

|pil - |^|sin9', (292) 

^•C= 1^11^1 cos 0'. (293) 

Using equations (185) and (187), then 

p- ^ = [PI + (P- v\W] 

■ [P1 + (p' • i/m] (294) 

or 

• 

P"?' = Pi 'Pi 

+ (P-C/I^2)P1 -i 

+ (p'-S/|£|J)p1-£ 

+ (p^)(p'-t)/|C|2. (195) 
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Substituting equations (189), (186), (188), and (190) to (193) in equation (195), then 

p- p' = |p| sin 6 |p'| sin 6' cos $' 

+ (|p||k|/|tt2)cos0|p'||t|cos0' (196) 

or 

P- P' = IPI IPI (cos 9 cos 9' + sin 0 sin d' cos f). (197) 

Therefore substituting equations (21), (193), (191), and (197) into equation (133), one obtains 

\\\2 = |Jp + |jKp + c^ - 2|p|w cos 0 + 2fp'|w cos 6' 

- 2|p| |^|(cos 0 cos 0' + sin 0 sin 0' cos f). (198) 

Then substituting equation (198) into equation (182), 

f, = [ IJ^ -)- pp/p -|- wi . 2|p|a; cos 0 + ZJP'IQJ COS 0' 

- 21?! fy\ (cos 0 cos Q' + sin 0 sin 0' cos f)](2E2 + 2E/2 - |q|2)       (199) 

or 

Z, = -2|p||p'| sin 0 sin 6' cos4/(2E2 + 2E/2 - |q|2) + (|p|2 + |pf + co2 

- 2|p|co cos 0 + 2|J/|a; cos 0' - 2|p| |^| cos 0 cos 0/)(2E2 + 2E/2 - fql2).        (200) 

Next substituting equation (200) into equation (181), then 

I = -2|p| fp'l sin 0 sin 0' cos f (2E2 + 2E'2 - fql2) + |q|212 + 2ZS/ (201) 

where 
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12 = -2m2 + Zwx - lux1 - 2xx' + IEK' + 2E'x - |p|2 - l^j2 - w2 

+ 2|p|a; cos 0 - 2|p'|co cos 9' + 2|p| |^| cos 0 cos 6', (202) 

13 = (E2 + E'2)(|p|2 + |p'|2 + co2 - 2|p|co cos 0 + 2|p'|a; cos 0' 

- 2|p| |p'| cos 0 cos 0') + 4m2EE/ - cu2()c/2 + x:2) 

+ 2(E2 + E'2)^' - 4EE/V - 4E/E2x. (203) 

Substituting equations (43) and (45) in equation (202), then 

Z2 = -2m2 + 2aj(E - |p| cos 0) - 2a)(E/ - |p'| cos 0') - 2(E - |p| cos 0)(E/ - |p'| cos 0') 

+ 2E(E' - |p'| cos V) + 2E/(E - |p| cos 0) - |p|2 - |p'|2 - w2 

+ 2|p|co cos 0 - 2|p'|co cos 0/ + 2|p| |p'| cos 0 cos 0' (204) 

or 

I, = -2m2 + 2wE - 2co|p| cos 0 - 2EE' + 2E|p'| cos 0' - 2|p| fp'! cos 0 cos d' 

- |P|
2
 - 2WE' + 2a>|p'| cos B' + 2EE' + 2E/|p| cos 0 

+ 2|p| |^| cos 0 cos 0' - |J/|2 + 2a)|p| cos 0 

+ 2E/E - 2E|{/| cos 0' - w2 - 2co|^| cos 0' - 2E/|p| cos 0. (205) 

Substituting equation (130) into the 8th and 15th terms of equation (205), then 

I2 = -2m2 + co2 + 2E2 - 2WE - |p|2 - |p'|2. (206) 

Further, using equation (130), 

w = E - E', (207) 

and substituting equation (207) in the second and fourth terms of equation (206), then 

36 



I2 = -2m2 + E2 + E'2 - fpl2 - Ip'l2. (208) 

Next, substituting equation (116) and, analogously, 

|^|2 = E/2 - m2 (209) 

into equation (208), then finally ■ 

I2 = 0. (210) 

Also, substituting equations (43) and (45) into equation (203) and multiplying terms, then 

I3 = E2|p|2 + E2|^|2 + E2w2 - 2E2rp|a) cos 6 

+ lE^lu cos 9' - 2E2|p| Ip'l cos G cos 0' 

+ E/2|p|2 + E/2|H2 + E'2w2 - 2E'2rp|a; cos 9 

+ 2E/2|p'|a; cos 0' - 2E/2|p| j^j cos B cos 9' 

+ 4m2EE/ - a;2E'2 + 2a)2EVl cos 9' - w2|^|2 cos 20/ 

- w2E2 + 2a)2E|p| cos 0 - aj2|p|2 cos 20 + 2E3E/ 

- 2E3rp'| cos 0' - 2E2E/|p| cos 0 + 2E2|p| j^j cos 0 cos 9' 

+ 2EE/3 - 2EE/2|H cos 9' - 2E/3|p| cos 0 

+ 2E/2|p| Ip'l cos 0 cos 0' - 4EE/3 + 4EE/2|^| cos 9' 

- 4E/E3 + 4E/E2|p| cos 0. (211) 

Substituting the trigonometric identities 

cos2 0' = 1 - sin2 9' (212) 

and 
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cos2 0 = 1- sin2 0 (213) 

into the 16th and 19th terms of equation (211) and combining terms, then 

I3 = a)2|p|2 sin2 0 + co2!?'!2 sin2 0' + I4/ (214) 

where 

I4 = E2|p|2 + E2|p'|2 + E/2|p|2 + E'2!^!2 + 4m2EE/ - w2|^|2 

- a)2|p|2 - lEW - 2EE'3 + cos 0 (-2E2|p|co - 2E/2|p|a; 

+ 2a)2E|p| - 2E2E/|p| - 2E
/
TP| + 4E/E2|p|) 

+ cos  0' (2E2|Hw + 2E/2|^|aj + 2co2EVl - 2E3|J/| 

- 2EE/2|p'| + 4EE/2^|). (215) 

Next, substituting equation (207) into equation (215) and combining terms, then 

I4 = 4m2EE/ + 2EE/|^|2 + 2EE/|p|2 - 2E3E/ - 2EE'3. (216) 

Further, substituting equations (116) and (209) into equation (216), then 

Z4 = 0. (217) 

Then substituting equation (217) into equation (214), 

X3 = W
2
|P|

2
 sin2 0 + CUTPI

2
 sin2 6'. (218) 

Therefore, substituting equations (210) and (218) into equation (201), then 

Z = -2|p| Ip'l sin 0 sin 0' cos f (2E2 + 2E/2 - |q|2) 

+ 2aj2|p|2 sin2 0 + 2w2l^l2 sin2 0/. (219) 
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Then substituting equation (219) into equation (180), 

Z = m-2[(|^|2/)c/2)(4E2 - |q|2) sin2  0' + (|p|2/x2)(4E/2 - |q|2) sin2 6 

+ (2CO
2
/XX')(|P|

2
 sin2 6 + |^|2 sin2 0') 

- (2|p| |PV'CX:0(2E
2
 + 2E/2 - |q|2) sin fl sin 6' cos f]. (220) 

Finally, substituting equation (220) into equation (163), 

d5a = (Z2arf/4Tt2)(|^|m2/|p||q|4) (do/a;) d2Q d^' 

■ [(|J/|2/)c/2)(4E2 - |q|2) sin2 6' + (|P|
2
/JC

2
)(4E

/2
 - |q|2) sin2 6 

+ (2W
2
/)CX

/
)(|P|

2
 sin2 0 + IJ/I2 sin2 0') 

- {2\l\ rp'|/xK/)(2E2 + 2E/2 - fql2) sin 0 sin 0' cos f ]. (221) 

The photon and recoil-electron differential solid angles are given by 

d2Q = sin 0 d0 d«t> (222) 

and 

d2^ = sin 0' d0/ df, (223) 

respectively. If one integrates over the photon azimuthal angle ^, the corresponding cross section is 
given by 

d4o = /n(d5o/d<|)) df (224) 
0 

Substituting equation (221) into equation (224) and using equations (222) and (223), then 
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d4o = (Z'ar.VZTtKl^lmVlpllql4) (daj/w) sin 0 d6 sin 9' d^ df 

• [(|^|2/x'2)(4E2 - |q|2) sin2 9' + (|p|Vx2)(4E'2 - |q|2) sin2 9 

+ [Iw'/KK'nip]2 sin2 0 + |pf sin2 9') 

- (2|p| l^l/xxOCZE2 + 2E/2 - |q|2) sin 9 sin 9' cos f ]■ (225) 

Equation (225) agrees with equation (91.8) of BerestetskiT et al;2 wherein the notation for <(> and $' is 
interchanged from that used here. The differential cross section d5o of equation (221) is the probabili- 
ty (in Born approximation) of single photon emission into solid angle d2Q and electron recoil into 
solid angle d2Q/ per unit electron flux. The functions x, x', and |q|2 are given by equations (43), (45), 
and (198), respectively. The quantities E and |p| are the energy and the momentum, respectively, of 
the incident electron; E' and Ip'l are the energy and the momentum, respectively, of the scattered 
electron; 9' is the polar angle made by the scattered electron momentum with the photon momentum; 
CD/ITI is the frequency of the emitted photon; 9 is the polar angle between the incident electron 
momentum and the emitted photon; $' is the angle between the component of the incident electron 
momentum transverse to the photon momentum and the component of the scattered electron 
momentum transverse to the photon momentum; <t> is the azimuthal angle of the photon momentum; 
-Ze is the charge of the nucleus; a is the fine structure constant given by equation (161); and r, is the 
classical radius of the electron given by equation (160). 

3.    GLUCKSTERN-HULL FORMULA 

In this section, the Bethe-Heitler cross section, equation (221), is to be integrated over all direc- 
tions of the recoil electron to obtain the Gluckstern-Hull formula, equation (1). The latter is the dif- 
ferential cross section in Born approximation for single photon emission in the scattering of an elec- 
tron by the Coulomb potential of a nucleus, independent of the direction of recoil of the final state 
electron. Also, the calculation here is specialized to the case of an unpolarized incident electron, and 
the cross section is summed over all polarization states of the emitted photon and all final spin states 
of the recoil electron. 

Thus, the Gluckstern-Hull cross section is given by 

d3o = /(d5o/d2Q/) d2^', (226) 

where the integral is over all possible angles of electron recoil. By substituting equation (221) into 
equation (226), then 

•V. B. Berestetskb. E. M. Lifshitz, and L P. Pitaevskil Relativistic Quantum Theory. Part I, AMison-Weslev Publishing Co   Inc   Readma 
MA (1971). *      ■'        ' """""«• 
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d3o = (Z2ari/27t)(|^|m2/|p|) (dw/co) d2Q I(|p|, t, 1^1), (227) 

where 

I(|p|, i 1^1) = /(d^V2n)|q|-4[(|p'|Vx'2) 

■ (4E2 - |q|2) sin2 9' + (rp|2/x2)(4E'2 - |q|2) sin2 6 

+ (2w2/x)c/)(rp|2 sin2 9 + |J/|2 sin2 0') - 2(|p| |^|/xx') 

■ (2E2 + 2E/2 - |q|2) sin 9 sin 9' cos +']< (228) 

One proceeds to calculate I(|p|, i<, |p'|). Equation (228) is first rewritten in the equivalent form 

I = /(d^'AZTOIql-'l rq|2[-(|p'|2/x/2) sin2 9' - (|p|2/x2) sin2 9 

+ 2(|p| IP'I/JOCO sin 9 sin 9' cos ^ ] + 4(|^|2E2/x/2) sin2 9' 

+ 4(|p|2E/2/x2) sin2 9 + 2(a;2/xx')(|p|2 sin2 0 + |pf sin2 0') 

- 4(|p| fcl/xx'KE1 + E/2) sin 0 sin 9' cos f }. (229) 

Next, using equation (45), 

cosO' = (E'-XO/IP'I. (230) 

Also, by trigonometry, 

sin2 0' = 1 - cos2 9'. (231) 

Substituting equation (230) into equation (231), then 

sin2 0' = 1 - (E'/fp'l)2 + 2(EV/|^f) - X'VIP'I
2
. (232) 
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Also, from equation (198), it follows that 

sin 6 sin 6' cos f = (^ |p| |^|)(|p|2 + |pf + tf - |^ 

- 2|p|w cos 0 + 2|p'|a; cos 6' - 2|p| |pi cos 0 cos 6').     (233) 

Next, substituting equations (232) and (233) into equation (229), then 

I = /(d2Q'/2n){|q|-4-|pf/x'2 + E'2/x'2 - 2EV,c' + 1 

- (|P|
2
/X

2
) sin2 0 + (PCX')-(|P|

2
 + |P'|

2
 + co1 - |qp 

- 2|p|co cos 9 + 2coE' - 2a;x/ - 2IPIE' cos 0 + 2IPIX' cos 0) ] 

+ |q|-4[4(|H2E2/x'2) - 4(E'2E2/x/2) + 8(E'E2/x/) - 4E2 

+ 4(|p|2E'2/x2) sin2 0 + 2(cu2|p|2/xx') sin2 0 + 2(a;2|pf/xx') 

- 2(w2E/2/xx/) + 4(E'a)2/x) - 2(a;V/x) - 2(xx/)-1(E2 

+ E'2)(|p|2 + iJ^p + cu2 - |q|2 - 2|p|co cos 0 

+ 2ajE/ - 2WX' - 2\p\E' cos 0 + 2|p|x' cos 0) ] }. (234) 

Equivalently, 

I = /(d2QV27i){|q|-2[(x'2)-'(-|H2 + E'2) + (xx')-'(-2E'x + |p|2 

+ |H2 + a;2 - |q|2 - 2|p|aj cos 0 + 2ajE/ - 2PE' cos 0) + x-^co + 2|p| cos 0) 

+ 1 - (|p|2/x2) sin2 0] + |q|-4[x'-2(4|p'|2E2 - 4E'2E2) + (x'x)"'{8E'E2x 

+ 2cu2|p|2 sin2 0 + 2aJ
2|^|2 - 2co2E/2 - 2(E2 + E'2)(|p|2 + |J/|2 + a;2 

- fql2 - 2|p|a) cos 0 + 2coE' - ifrlE' cos 0)} + 4x-1(E2 + E'2)(w - |p| cos 0) 

- 4E2 + 4(|p|2E/2/x2) sin2 0 + 4E/a;2/x - 2a;2xVx ] }. (235) 

Using equation (209), one notes that 

-IH2 + E'2 = m2 (236) 
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and 

4|H2E2 - 4E/2E2 = -4m2E2. (237) 

Substituting equations (236) and (237) into equation (235), then 

I = /(d2QV2Tt){(m2(|q|V2)-' + (IqlWH^E'* + |p|2 + |p'|2 

+ CJ
2
 - 2|p|co cos 0 + 2WE' - 2IPIE' cos 0 + 2(E2 + E/2) ] - {KK')'

1 

- |q|-2[2)c-I(a; - |p| COS 9) + |p|2x:-2 sin2 0 - l] - 4m2E2rq|-V-2 

+ dql-xx:')-1 [SE'E2^ + 2w2|p|2 sin2 0 + 2aj2|^|2 - 2w2E/2 - 2(E2 + E/2)(|p|2 

+ |p'|2 + co2 - 2|p|co cos 0 + 2ajE/ - 2[p|E/ cos 0)] + |q|-4[4K-1(E2 + E'2) 

• (w - |p| cos 0) - 4E2 + 4x-2|p|2E/2 sin2 0 + 4E/a;2x:-1 ] - 2w2x:/(|q|4x)-1}.   (238) 

The terms to be integrated in equation (238) are all of the form 

Tm„ = /(d2Q'/2n)rq|-2mK/-", (239) 

where 

{ (m, n) } = { (0, 1), (1, 0), (1, 1), (1, 2), (2, -1), (2, 0), (2, 1), (2, 2) }. (240) 

The integrals of equation (239) can be cast in a more transparent form as follows. Dotting q of equa- 
tion (132) into itself, then 

|q|2=|p-^|2 

= I(P-S)-^I2 

= |M2 + |pf ^-(p-fe) (241) 

or 

43 



|q|2 = {|p-^ + IH2) 

■ [l-p'-2(p.i)(ft-£l»+ Ipf)-]. (242) 

Defining vectors f, a, and i by 

I = p - k. 

then equation (242) is 

Also, using equation (45), 

*' = E' - 1^1 cos 6' 

= E'd - I^IE'- cos 6'). 

Substituting equation (193) into equation (247), then 

x' = E'[l-i ■ ^(E'l*!)-]. 

Next, substituting equation (245) into equation (248), 

x' = E'(l - ^ • 6). 

Therefore, substituting equations (246) and (249) into equation (239), 

(243) 

a = 2f(|f|2 + |^f)-, (244) 

6 = mm-\ (245) 

N2 = (|T2| + |^2)(l-^-a). (246) 

(247) 

(248) 

(249) 
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Tm„ = /(cPQV2Ti)(|f|2 + |pf j-U -p'-a)" 

•E
/
-"(1-*P'•&)-". (250) 

Since T is independent of d' and $', it can be taken outside the integral, and equation (250) becomes 

Tm„ = (|T|2 + |;'|2)-E'-"L„, (251) 

where 

Imn = /(d2Q//2ji)(l - P' • ^-(l - p' ■ 6)"". (252) 

One proceeds by evaluating the integrals of equation (252). Begininning with I01, one has 

I01 = /(d2Q//2Tr)(l-p'-6)- (253) 

Since the photon momentum i. has been chosen as the polar axis in equation (193), then according to 
the definition of i of equation (245), 6 is along the polar axis. Therefore, 

P'-6 = l^Hfil cose'. (254) 

Expressing the element of solid angle d2^' in equation (253) explicitly in terms of 6' and f and 
substituting equation (254), then 

lo. = /   (df/2Tt);   sin 6' dB' (1 - IP'I |6| COS O')'1. 

One next changes variables of integration by defining 

|J/||6| cos 6'. 

Then 

dx = -IP'I |6| sin e'de'. 

(255) 

(256) 

(257) 
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Then equation (255) becomes after integration over ^ 

Ip'llbl 

or 

or 

lot = iH-'Ifil-1  /        dx(l-x)-'. (258) 
-Ip'llbl 

Performing the elementary integration, then 

Ip'llbl 

lo. =(|p'||6|)-1in(l-x)-'| (259) 
Vllbl 

or finally 

Io> = (l^llbl)- in [(1 + |p'||b|)(l - Ip'llbl)-)]. 

(260) 

Similarly evaluating I.o, one has 

1,0 = /(d2Q727r)(l - p' • a)"1 = /" dQ' sin 9' (1 - |^| |a| cos 8')-', (261) 
0 

or as in equations (255) to (260), then 

I.o = (|p'| |a|)-' in[(l + |p'| |a|)(l - |p' |a|)-]. (262) 

Next, considering I20, 

I2o = J (d2QV2Tt)(l - p' • a)"2 

= J " dO' sin 9' (1 - |p'| |a| cos S')"2 (263) 

Ip'llal 

l2o = (|^||a|)-1   /.   .dx(l-x)-2 

Vila I 

Ip'llal 

= (^ira|)-'(l-x)-1   I.   . (264) 
-Ip'llal 
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I^Zd-l^fpl2)-. (265) 

To evaluate I,,, the following identity is useful for arbitrary quantities a and fi independent of the in- 
tegration variable, namely, 

(a/?)- = /' dx [ax + /?(1 - x)]"2. (266) 
c 

Equation (266) is true since 

/' dx [ax + /J(l - x)]"2 = /' dx [(a - ph + PY2 

0 0 

= -(a-p)-[(a-/?)x + p]-ir 
0 

= -(a - /JJ-V + (a - /J)-/?-' 

= (a/?)"1. (267) 

Proceeding then with the evaluation of In, 

!„ = ;(d2Q//27i)(l-^-a)-1(l-p'-6)-1. (268) 

Using the identity equation (266) in the integrand of equation (268), then 

I,,  = / (d2Q//27t)   /' dx [(1 - p'- a)x + (1 - p' ■ 6)(1 - x)]"2, (269) 
0 

or interchanging orders of integration and rewriting the integrand, then 

In = / dx / (cPQ/2n){l - P'- [ax + (1 - x)6]}-2. (270) 
o 

Defining the vector g by 

g = xa + (1 - x)6, (271) 

then equation (270) may be written 
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In = / dx / (d2Q/27i)(l - p' • l)-\ (272) 

Clearly, the integrals must be invariant with respect to the choice of the polar axis of integration. By 
choosing the vector g as the polar axis and comparing equation (272) with equations (263) to (265), 
then 

In =2/odx(l-|i|2|p'|2)-1. (273) 

Substituting equation (271) into equation (273), then 

lu  = 2/ dx [1 - |H2|ax + 6(1 - x)|2]-. (274) 

Equation (274) can be rewritten as 

In  =2/odx[l-|e|2£f-2x|pf(a-M^) 

-x*ipfa-6m (275) 

Defining 

A = l-|H2|ep, (276) 

B=.-2|pf(a-6.|gp), (277) 

C = -|H2|a-6|2, 

or 

(278) 

(279) 

then equation (275) can be written as 

1 

In = 2/   dx X"1 (280) 
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I,, = 2/  dx (A + Bx + Cx2)-'. (281) 

Performing the integration, then 

I..-2(B»-4AC)-^in(^ + g;D
D)|;, (282) 

where 

or 

or 

(283) D = (B2 - 4AC)"2. 

Evaluating the upper and lower limits, equation (282) becomes 

I,, = 2D-,{in I(2C + B - D)(2C + B + D)"1] - In [(B - D)(B + D)"']} (284) 

lu = 2D-' in [(2C + B - D)(B + D)(2C + B + D)-'(B - D)"1] (285) 

lu = 20- in {[2C(B + D) + B2 - D2][2C(B - D) + B2 - D2]-}. (286) 

Substituting equation (283) into equation (286), 

In = 2D- in {[2C(B + D) + 4AC][2C(B - D) + 4AC]-'} (287) 

or 

!„ = 2D-' in [(2A + B + D)(2A + B - D)"1]. (288) 

Using equations (276) and (277), 
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2A + B = 2(1 - £f |6|2) - 2|H2(a- £ - |6|2) (289) 

or 

2A + B = 2(l-|^l2a^)- (290) 

Substituting equations (244) and (245) into equation (290), then 

2A + B = 2{l - |p'|J(2fe-f)[|£|E/(|f|2 + l^l2)]-1}. (291) 

Clearly, 

2£-f-£-t + M (292) 

By equation (243), 

£=p-f. (293) 

Substituting equation (293) into the first term on the right side of equation (292), then 

2C-f = (p-f)-f + t-f, (294) 

or 

2^-f = p-f-|T|2 + t-T. (295) 

Substituting equation (243) into the first and last terms on the right of equation (294), then 

2t-f = p-(p-t)-|T|2 + t-(p-t) (296) 

or 

Zi^.f = IPMTM^I2- (297) 
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Using equations (116) and (130), 

|P|
2
 = (E' + cu)2 - m2. (298) 

Substituting equations (21), (236), and (298) into equation (297), then 

2M = (E' + w)2 - (E/2 - |pf) - |f|2 - co2 (299) 

or 

2t-f = |^|2 + 2E/a;- |f|2. (300) 

Then substituting equations (21) and (300) into equation (291), 

2A + B = 2{l - IH2^!2 + 2E'(0 - |T|2)[a;E'(|f|2 + |^|2)]-'}. (301) 

Simplifying equation (301), then 

2A + B = 2(|f|2 - |H2)(|f|2 + |^|2)-(1 + |P'|
2
/WE0. (302) 

Next, to evaluate D in equation (288), one first evaluates A, B, and C. Substituting equation (245) in 
equation (276), 

A = 1 - |J/|2/E'2 = (E'2 - |p'|2)E'-2. (303) 

Using equation (236), equation (303) becomes 

A = m2/E/2. (304) 

Further, substituting equations (244) and (245) into equation (277), 

B = -2|^|2{2^-f[wE'(|f|2 + |^|2)]- - E'-2}. (305) 
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Also, substituting equations (244) and (245) into equation (278), then 

C = -|p/l2[2T(|f|2 + |H2)- - i^E')-]2. (306) 

Substituting equations (304) to (306) into equation (283), then 

DJ = 4|^{(2i;-fHa;2E'2(|T? + fpf)2]-' 

-2(2i-J)[vV3{\T\2 + IP'I
2
)]-

1
} + 4|HVE'4 

+ 4(m^|VE'2){4|f|2(|f|2 + |pf )-2 

-2(2f-t)[coF(ifp + i^nh} 

+ 4m2|J>'|2/E'4. (307) 

According to equation (236), 

fpt = IH2(E/2 - m2) (308) 

and 

m2 = E/2 - IJ/I2. (309) 

Substituting equations (308) and (309) into the second and third terms, respectively, of equation 
(307), then 

D2 = 4|^r(2C-f)2 [co2E'2(|f|2 + |^|2)2]-' 

+ 4rp'|2/E'2 + 4|^|2{4|f|2(|f|2 + |^|2)-2 

-2(2t^)[a)E'(|f|2+ IPI
2
)]-} 

- 16|^nf|2[E'2(|f|2 + |^|2)2]-. (310) 

Simplifying equation (310), then 
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D
2
 = 4i^(|-ir + |p'i2Hlp'i2(2£--bi(«jE'2)-' 

+ (|T|2 + M2)2/E/2-4|^|J|f|VE/2 + 4|fp 

-2(2f-t)(|f|2 + |p'|»)(e»E')-»] (311) 

or 

D2 = 4|^p[co2E'2(|fp + |^|2)2]-l[|^|2(2£-f)2 

+ w2(|t|2-|^ + 4co2E'2|f|J 

-2a;E'(2f^)(|fp+ |^p)]. {312) 

Equivalently, 

D2 = 4|^|2[co2E'2(|fp + frf )»]-' 

{2^-f[|^|2(2t-f)-2a)E/|f|J 

- 2WE'|^|2] + a)2(|f |2 - |^|^ 

+ 4a,2E'2|f|2}. (323) 

Next, substituting equation (300) into equation (313), 

D2 = 4|H VF2(|f|2 + |H2)2]-V, (314) 

where 

fc = (l^l2 + 2E'W - |f|1)(|p'|« + 2|^|2E'co - £f |t|2 

- 2a)E' |f|2 - 2coE' |^|2) + co2(|f|J - fpf )2 

+ 4a>2E'2|fp. (315) 
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Multiplying terms, equation (315) becomes 

fD2 = |^-4coE'|H2|t|2-2£t|Tr + 2E'o,|pt 

+ 2a;E'|f|4 + |p'|l|f|* + a^lTf - fp'l2)2 (316) 

or 

f^ = fp'Pdp'l4 - 2|^Nf|2 + |fr-4coE'|f|» 

+ 2E'a)|J/|2) + 2a)E/|Tf + coH\T\2 - |^|2)2 (317) 

or 

fB> = fpf (|T|2 - l^l2)2 + ZcoE'df |2 - |H2)2 

+ a,2(|t|2 - fp'l2)2 (318) 

or 

f* = (|T|2 - |J>'|2)2(|^|2 + 2o;E' + w2). (319) 

Substituting equation (209) into equation (319), then 

fa = (|T|2 - |^|2)2(E/2 - m2 + 2a»E' + w2) (320) 

or 

to* = (|T|2 - rp'|2)2[(E' + co)2 - m2]. (321) 

Next, using equation (130) in equation (321), then 

fD2 = (|f|2-|H2)2(E2-m2). (322) 
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Substituting equation (116) into equation (322), then 

f^ = (|TMM
2
)
2
|P|

2
. (323) 

Finally, substituting equation (323) into equation (314), then 

Di-4|p|1|p'p(|f|I-|p'l2)2 

■ [^E'2(|f|J + |pf)»]"«. (324) 

Therefore, 

D = 2|p||^|(|f|MH2)M'(|;ir + |^|2)]-'. (325) 

Substituting equations (302) and (325) into equation (288), then 

!„ = cuE'dTl2 + fpf )t|p| Ip'Klfp - |p|*)]-> in A... (326) 

where 

A.. = {2(|f|2 - |^)(|T? + IP'^-'U + IP'IVCBE') 

-2|p||J>'K|t|2-rP'l2)[^(|f|i+ IH2)]-} 

■ {2(|f|2 - £t)(|f|2 + |^|2)-(1 + I^IVWF) 

+ 2|p| |^|(|f|2 - I^I^IcuE'dfl2 + fpf)]-'}- (327) 

or 

A., =(1 + IHVWE'-IPIIP'I/COE') 

• (1 + I^IVCOE' + IPI^I/COEO- (328) 

or 
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A.. = (coE' + fr\* - IPIPPIKCOE' + |^|2 + |p||H)-. (329) 

Substituting for co in equation (329) with equation (130), then 

An- [(E-E')E' + IMMPIIH] 

• [(E-E')E' + fpf + IPHP'I]-
1 (330) 

or 

AH = (EE'-E'2+ IP'I'-IPIIP'I) 

• (EE'-E'2 + fpf + IPIIP'I)-
1
. (331) 

Using equation (209) in equation (331), then 

A., = (EE' - m2 - |p| ^|)(EE' - m2 + ft fp'l)-. (332) 

Finally, substituting equation (332) into equation (326), then 

!„ = wE'(|Tf + fpf )[|p| I^Klfl2 - fp'l^l-'L, (333) 

where 

L = in [(EE' - m2 + |p| |^|)(EE' - m2 - |p| l^l)-]. (334) 

Proceeding with the evaluation of 1,2 by using equation (252), then 

I12 = /(d2QV2n)(l - J ■ S)-H1 - y ■ fi)"2. (335) 

Using the identity equation (266), one first notes that 
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d/dpiaPY1 = a-'d/dpip-1) = -a'1/?-2, ■ (336) 

and therefore 

a-ip-i = -d/ap{ap)-1 = -d/dp /    dx[ax + p(l - x)]"2 (337) 

or 

a"1/*-2 = /    dx 2(1 - x)[crx + p(l - x)]"3. (338) 
0 

Using the identity equation (338) in the integrand of equation (335), then 

1.2 = ;'   dx/(d2Q//2n)2(l - x)[(l - p' • a)x + (1 - p' • 6)(1 - x)]"3 (339) 
0 

or 

I12 = /  dx 2(1 - x);(d2Q//27i)[l - p' • g]"3, (340) 
0 

where g is given by equation (271). 

Defining, 

luo(x) = /(d2QV2n)[l - p' • g]-3, (341) 

then equation (340) is written as 

I12 = /   dx 2(1 - x)I12„(x). (342) 
0 

Again choosing the polar axis of integration to lie along the vector g, then equation (341) becomes 

Ii2o(x) = /" dB' sin 0' [l- |^| |g|co8 0']-3. (343) 
0 
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Changing variables of integration according to 

y=Mcose', (344) 

then equation (343) becomes 

Ip'llgl 

I.2o(x) = (M)-  / dyd-y)"3 (345) 

or 

fp-llgl 

i.2o(x) = (2iHrgi)-,(i-y)-2r 046) 
Vllgl 

or 

I12„(x) = 2(l-|^l2lil2)-2- (347) 

Substituting equation (347) into equation (342), then 

I12 = 4 /' dx (1 - x)X-2, (348) 
0 

where X is defined by equations (276) to (279). The reduction to this form is identical to that of equa- 
tion (273) to equation (281). Equation (348) is rewritten as 

1.2 = 4I121 - 4I122, (349) 

where 

Im = /    dx X"2, (350) 
0 

1.22 = /'   dxxX"2. (351) 
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Performing the integral, equation (350) becomes 

I121 = (2Cx + B)(4AC - B^-HCx2 + Bx + A)-  l' 
0 

+ 2C(4AC - B2)- /'   dx (Cx2 + Bx + A)-, (352) 
0 

or evaluating the first term and using equations (281) and (283), then 

In. = -(2C + B)[D2(C + B + A)]- + B(D2A)-1 - CD"2!,,. (353) 

Combining terms, equation (353) becomes 

In, = (B2 - 2AC + BC)[AD2(A + B + C)]- - CD"2!.,, (354) 

or using equation (283), then 

!«, = (D2 + 2AC + BC)[AD2(A + B + C)]- - CD"2!,,. (355) 

Next, evaluating equation (351), 

1.22 = -(2A + Bx)(4AC - B2)-1(A + Bx + Cx2)"1  I' 
0 

- B(4AC - B2)- /'   dx (A + Bx + Cx2)-. (356) 
0 

Again using equations (281) and (283), equation (356) becomes 

1.22 = -(B + 2C)D-2(A + B + C)- + (B/2D2)I11. (357) 

Next, substituting equations (355) and (357) into equation (349), then 

Iu = 4(D2 + 2AC + BC)[AD2(A + B + C)]- - 4CD-2I11 

+ 4(B + 2C)D-2(A + B + C)-' - 2BD-2I11. (358) 
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Combining terms, then equation (358) becomes 

In = 4{D2 + 4AC + BC + AB)[AD2(A + B + C)]- - 2 (B + ZOD"2!,,. 

or 

Next, 

or 

(359) 

Using equation (283) in the numerator of the first term, then 

I12 = 4(B2 + BC + AB)[AD2(A + B + C)]"1 - 2(B + 2C)D-2I11 (360) 

I12 = 4B(AD2)-' - 2(B + 2C)D-2I11. (361) 

I21 = / (d2Q72n)(l - p' • a)-2(l - p' • 6)-». (362) 

Using the identity equation (266), one notes that 

a"2/?- = -d/da{aP)" = -d/da J   dx [ax + /?(1 - x)]"2 (363) 

a"2/?-' = 2 /   dx x[ax + /3(1 - x)]"3. (364) 

Rewriting the integrand of equation (362) with the identity equation (364) and the definition equation 
(271), then 

I21 = 2 /   dx x/ (d2QV27i)(l - p' • g)"3. (365) 
0 

Substituting equation (341) into equation (365), then 
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I21 = 2 /   dx xI12o(x). (366) 
0 

Then substituting equation (347) into equation (366), 

I21 =4;'dxx(l-|^2|8|2)"2. (367) 

Again recalling the reduction of equation (273) to equation (281) and using equations (276) to (279), 
then equation (367) becomes 

0 
Iii = 4 /   dx xX"2. (368) 

Comparing equations (368) and (351), and 

I21 = 4I122. (369) 

Finally, substituting equation (357) into equation (369), then 

I21 = -4(B + 2C)D-2(A + B + C)- + 2BD-2IU. (370) 

Using equation (252), I22 is given by 

I22 = / (d2Q//2n)(l - p* • a)-2(l - p' • iy\ (37!) 

One notes using equation (266) that 

a-'p-2 = (d/daKd/apKap)-1 = 3*/da dp J* dx [ax + p(l - x)]"2 (372) 

or 

a-2p-2 = -2d/da J   dx (1 - x)[ax +/?(1 - x)]"3, (373) 

or 
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a"2/?"2 = 6 /  dx x(l - x)[ax + /?(1 - x)]"4. (374) 
0 

Using the identity equation (374) in equation (371), then 

IM = 6 /' dx x(l - x)I221(x), (375) 
0 

where, analogously, 

IniU) = / (d2QV27t)(l - p' • &\ (376) 

Again choosing the polar axis of integration along the vector g, then 

I«i(x) = / dB' sin 6' (1 - Ip'l |g| cos Q')"4, (377) 
0 

and making the substitution with equation (344), then 

Mtel 
Wx) = |^|-Isl-   /        dy(l-y)-4. (378) 

-fp-llgl 

Performing the integration, then equation (378) becomes 

wx) = (3iHigi)-[(i-rp'iigi)-3 

-(l + |^||g|)-3]. (379) 

Simplifying equation (379), then 

I221(x) = (2/3)(3 + Ip'l2rg|2)(l - |^|2 |g|2)-3. (380) 

Then substituting equation (380) into equation (375), 

IM = 6 / dx x(l - x)(2/3)[3 + (1 - X)]X-3, (381) 

62 



where equation (279) has again been used. Rewriting equation (381), then 

I22 = 16I22, - 16I222 - 4Il22 + 4I223 (382) 

where equation (351) has been used, and 

Uu = /   dx xX-3, 

I222 = /   dx x2X- 
0 

I223 = /   dx x2X- 

(383) 

(384) 

(385) 

Evaluating the integral of equation (383), 

I22I = -(2A + Bx)[2(4AC - B2)(A + Bx + Cx2)2]- |    - 3B[2(4AC - B2)]- /   dx X"2.    (386) 

Evaluating the first term, using equation (283), and substituting equation (350), then 

I221 = (2A + B)[2D2(A + B + C)2]"1 - D^A"1 + (3/2)BD-2I12I. 

Substituting equation (355) into equation (387), then 

I221 = (2A + B)[2D2(A + B + C)2]'1 - D^A"1 + (3/2)BD-2 

• [(D2 + 2AC + BC)A-D-2(A + B + C)"1 - CD"2!,,]. 

Combining terms, then equation (388) becomes 

(387) 

(388) 

I221 = [(2A + B)D2A - 2D2(A + B + C)2 + 3B(D2 + 2AC + BC)(A + B + C)] 

• [2D4A(A + B + C)2]- - (3/2)BCD-4I11. (389) 

Next, evaluating I222 of equation (384), then 
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I222 = -x[3C(A + Bx + Cx2)2]- |   - (B/3C) /   dx x(A + Bx + Cx2)"3 

0 0 

+ (A/3C) / ' dx [A + Bx + Cx2]"3. (390) 
0 

Evaluating the first term of equation (390) and using equation (383), then 

I222 = -[3C(A + B + C)2]- - (B/3C)IMi + (A/3C)I2221, (391) 

where 

1222. = / ' dx (A + Bx + Cx2)"3. (392) 
0 

Evaluating equation (392), then 

1222! = (2Cx + B)[2(4AC - B2)(A + Bx + Cx2)2]"1 | ^ + 6C[2(4AC - B2)]"1 Jf' dx X"2.   (393) 

Evaluating the first term and using equations (350) and (355), then equation (393) becomes 

I2221 = (2C + B)[2(4AC - B2)(A + B + C)2]"1 - B[2(4AC - B2)A2]-, 

- 3CD-2{(D2 + 2AC + BC)[AD2(A + B + C)]"1 - CD"2!,,}. (394) 

Simplifying equation (394) and using equation (283), then 

, 2C + B ■        B 3C(D2 + 2AC + BC)    .    30 T ^^ 
2221      " 2D2(A + B + C)2 2D2A2 '     AD4(A + B + C) D4    "■        v     ' 

Then by substituting equations (389) and (395) into equation (391), 

1 B^    r(2A + B)D2A-2D2(A + B + C)2 + 3B(D2 + 2AC + BC)(A + B + C) 
222      '3C(A + B + C)2  ^C    ]_ 2D4A(A + B + C)2 

_^ BC ,    I A    I 2C + B ,       B        3C(D2 + 2AC + BC)      _3C1, 1 
'2   D4   "J        3C    I    2D2(A + B + C)2      2D2A2 '    AD4(A + B + C) D4    "j' 

(396) 

Next, by evaluating 1223 of equation (385), then 
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» 

U" - -   C(A + I + Qi)   l> ^ / ^ *-• (397) 

Evaluating the first term and using equations (350) and (355), then equation (397) becomes 

D2 + 2AC + I      = 1 +  A 
C(A + B + C) C       _AD2(A + B 

Simplifying equation (398) and using equation (283), then 

-I- BC       C     I 
+ C)  '  D2    "j (398) 

T       . 2A + B A   T ,--m 
1223 - ■D2(A + B + O ■ 5^ II1- (399) 

Finally, substituting equations (389), (396), (357), and (399) into equation (382), then 

IM = 16(1 + B/3C){[2D4A{A + B + C)2]-1[(2A + B)D2A - 2D2(A + B + C)2 

+ 3B(D2 + 2AC + BC)(A + B + C)] - (3BC/2D',)IU} - 16(-[3C(A + B + C)2]"' 

+ (A/3C){-(2C + B)[2D2(A + B + C)2]- + B/2D2A2 - 3C(D2 + 2AC + BC) 

• [AD4(A + B + C)]- + (3C2/D4)I11}) - 4{-(B + 2C)[D2(A + B + C)]"1 

+ (B/2D2)I11} + 4{(2A + B)[D2(A + B + C)]"' - (A/D2)!.,}. (400) 

Combining terms, equation (400) becomes 

IM = [16(1 + B/3C)(-3BC/2D4) - (16A/3C)(3C2/D4) - 2B/D2 - 4A/D2]!,, + 16(1 + B/3C) 

• [2D4A(A + B + C)2]-,[(2A + B)D2A - 2D2(A + B + C)2 + 3B(D2 + 2AC + BC) 

(A + B + C)] - 16(-[3C(A + B + C)2]-1 + (A/3C){-(2C + B)[2D2(A + B + C)2]- 

+ B/2D2A2 - 3C(D2 + 2AC + BC)[AD4(A + B + C)]-}) + 8/D2. (401) 

Next, using equation (252), I2-1 is given by 

I,., = / (d2Q//27l),(l - p' • a)-2(l - p' ■ 6). 
(402) 
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Define a unit vector n perpendicular to a and 6, namely, 

f. = a xS/|a||6|, (403) 

and choose a vector fij^ perpendicular to a and n, namely, 

n± = axA/|a|. (404) 

The vectors n, n±, and a define orthogonal coordinate axes for the integration. The polar axis is taken 
along the vector a. The vector p' can be written in terms of its projections along n, n1, and a as 
follows: 

p' = (p'-a/|a|2)a + p'• A A 

+ P'' "1 "± • (405) 

Then 

p'-fi   = ^-aa-fi/lal2 

+ p' • n S • n + p' ■ n1i ■n1. (406) 

Using equation (403), one notes that 

6 • n = 0. (407) 

Choosing the polar axis of integration to lie along the vector a and the azimuthal angle +' to be with 
respect to f^, then 

P' ' "i = IP'I sin 9' cos $'. (408) 

Substituting equations (407) and (408) into equation (406), then 
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+ f, ■ n1\
¥p'\ sin 6'cos ^. (409) 

Using equation (409) in equation (402), then 

I,., = /(2n)-' sin 0' 66' df (1 - p' • a)"2 

•(1 - p' • a a • i\l\-2 - {, ■ njp'l   sin 9' COS f) 

= ;(2n)- sin 6' 69' df (1 - r" • a)-2 (1 - p' • a a • b|a|-2) + I2.u, (^Q) 

where 

U-,. = -/(2n)-1 sin 0' dS' df (1 - p' ■ a)"2 6 • AJ^I sin 9' cos f. (411) 

But clearly 

Iz-n = -/Uft)"1 sin2 0' (1 - |^| |a|cos0/)-2d0/ 6 • AJp'l /"  cos f d^ (412) 
0 

or 

Ii-u = 0. (413) 

Substituting equation (413) into equation (410), then 

I,.,  = /(27l)- d2Q' (1 - p' • a)-2(l - p' ■ a a • 6|a|-2). (414) 

Rewriting equation (414) and then using the above coordinate frame, 

I,.,  = /(2n)- d^ (1 - p' • a)"2 - a • 6|a|-2 

■ Si2n)-id1Q'*fl{l-l/-**)-1 (415) 
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or 

I.-.  = /(27l)-' d2Q' (1 - p' ■ a)'2 - a • 6|a|-2 

• /(2n)-'d2QMl-p'-aHl-(l-p'-a)] (416) 

or 

la-,  = (1 - a • 6|a|-2) /(27I)-' d2Q' (1 - p' • a)"2 

+ a-eia^^^-d^Ml-p'-a)-1. (417) 

Comparing equation (417) with equations (263) and (261), then 

I,-, = (1 - a • 6|a|-2)I20 + a • e|a|-2I10. (428) 

Finally, substituting equations (262) and (265) into equation (418), then 

U = a-e|a|-2(|J/||a|)-'in[(l +  |^||a|) 

• (1 - |^| |a|)-'] + 2(1 - a ■ fi|a|-2)(l - |J/|2|a|2)-'. (419) 

To proceed then, comparing equations (238) and (239), then equation (238) may be rewritten as 

I = m2T12 + K-
1
[-2E'K + |p|2 + |^|2 + a;2 - 2|p|(a cos 0 + 2wW - 2|p| E' cos 6 

+ 2(E2 + E'2)]!.. - x-ir01 - [2x-(a. - |p| cos 6)+ |p|2x-2 sin2 6 - l]T,0 

- 4m2E2T22 + x-fSE'E^ + 2co2|p|2 sin2 0 + 2a;2|p'|2 - 2a;2E/2 - 2(E2 + E/2)(|p|2 

+ IH2 + w2 - 2|p|a) cos 0 + 2«E' - 2IPIE' cos 0)]r2, + [4)c-(E2 + E/2) 

• {to - |p| cos 0) - 4E2 + 4x-2|p|2E'2 sin2 0 + 4E/a)V
,]r20 - 2(»V1T2.1. (420) 

Substituting equation (251) into equation (420), then 
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I = m2(|f|2 + |pf j-'E'-'In + [-2E'x + IPI
2
 + fcl1 + co2 

- 2\p\cv cos 9 + 2CJE' - 2|p| cos 0 E' + 2(E2 + E/2)](|f|2 + |p'|2)-1(E/Jc)-lIlI 

- K-E'-'IO, - [2x-I(co - |p| COS 9) + |p|V2sin2 0 - l](|t|2 + l^j2)-'!^ 

- 4m2E2(|f|2 + |pf)-2E'"JI« + x-iSE'E^ + 2w2|p|2 sin2 0 + loffyY 

- 2a;2E/2 - 2(E2 + E^HIpj2 + fp'l2 + co2 - 2|p|(U cos 0 + 2a)E/ - 2|p|E' cos 0)] 

• (|f |2 + Ip'^^E'"1^, + [^"'(E2 + E/2)(a; - |p| cos 0) - 4E2 

+ 4|p|2E/V2 sin2 0 + 4E/a;2)c-1](|T|2 + l^2)"2!™ - 2w2)c-,(|f|2 

+ fpf )-2E/I2_1. (421) 

Substituting equations (361), (260), (262), (401), (370), (265), and (419) into equation (421), then 

I = m2(|f|2 + rp'|2)-1E/-2[4B/AD2 - 2(B + 2C)D-2In] + (|f|2 

+ |p'|1)-1E/",x-1[-2E/x + fpl2 + jpf + w2 - 2|p|a) cos 0 

+ 2a)E
/ - 2IPIE' cos 0 + 2E2 + 2E'2]!,. - rC^'-lfy\-%\-1 

■ in [(1 + |p'||b|)(l - Ip'ljbl)-1] - [2x-(a; - |p| cos 0) 

+ |p|V2sin20-l](|f|2 + IptHpflal-' 

• in [(1 + |p'||a|)(l - Ip'llal)-] - 4m2E2F-2(|T|2 + |^|2)-2 

• [16(1 + B/3C)(-3BC/2D4)-16ACD-4-2BD-2-4AD-2]lu-4m2E2E/-2(|f|2 + |J/|2)-2 

■ (16(1 + B/3C)[(2A + B)D2A - 2D2(A + B + C)2 

+ 3B(D2 + 2AC + BC)(A + B + C)][2D4A(A + B + C)2]"1 

+ 16 [3C(A + B + C)2]-' - (16A/3C){(2C + B)[-2D2(A + B + C)2]"1 

+ B/2D2A2 - 3C(D2 + 2AC + BC)[AD4(A + B + C)]-'} + SD"2) 

+ xr'ISE'E2^ + 2a;2|p|2 sin2   0 + 2aj2|^|2 - 2w2E/2 - 2(E2 + E/2)(|p|2 

+ fp'l2 + co2 - 2|p|co cos 0 + 2ajE/ - 2IPIE' cos 0)] 

• (|T|2 + |pf )-2E'-1{-4(B + 2C)[D2(A + B + C)]"1 
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+ 2BD-2I11} + [4(E2 + E'VHco - IPI COS 6) - 4E2 + 4|p|2E/V2 sin2 0 

+ 4E'a)V](|f|2 + |p'|2)-22(l - |p'|2|a|2)-' 

-2a;2x-(|f|2 + |f/|2)-2E'{a-fi|a|-3|p'|-' 

•in[(l +  I^HaDd-lp'llal)-'] 

+ 2(l-a-b|a|-2)(l-|pf|a|2)-1}. (422) 

Separating terms containing I,,, then equation (422) may be rewritten in the form 

I - L + I», (423) 

where 

I. = {-2(B + 2C)m
2(|f|2 + |^|2)-E'-2D-2 + (|f|2 + |p'|2)-'x-E'-(-2E'x 

+ IPI
2
 + IP'I

2
 + co2 - 2|p|aj cos 0 + 2WE' - 2|p| cos 0 E' + 2E2 + 2E/2) 

- 4m2E2E/-2(|f |2 + |^|2)-2[-24(l + B/3C)BCD-4 - I6ACD-4 - 2BD-2 - 4AD-2] 

+ 2B)c-'D-2E'-,(|f|2 + |J/|2)-2[8E'E2x + 2a;2|p|2 sin2 0 + 2aJ
2rP'|

2 - 2a;2E'2 - 2(E2 

+ E/2)(|p|2 + |p'|2 + co2 - 2|p|cu cos 0 + 2a;E' - 2|p|E/cos 9)]}lM. (424) 

I. = m2(|T|2 + Ipf^'E'-^B/AD2) - (KE'|P'||6|)- 

•in [(1 + |p'||b|)(l - |^||e|)-'] -[2x-(a) - |p| COS 0) 

+ IPJV
2
 sin2 0 - l](|f|2 + ^|2)-|p'|-|a|- 

•in [(1 + |H|a|)(l - Ip'llal)"1] - 4m2E2E'-2(|f|2 

+ |H2)-2{16(1 + (B/3C)](2D4A)-(A + B + C)-2[(2A + B)D2A 

- 2D2(A + B + C)2 + 3B(D2 + 2AC + BC)(A + B + C)] 

+ (16/3C)(A + B + C)-2 - (16A/3C)[(2C + B)(-2D2)-1(A + B + C)"2 

+ (B/2D2A2) - 3CA-,D-4(A + B + C)-l(D2 + 2AC + BC)] + SD"2} 

+ x-E'-dfl2 + |p'|2)-2[-4(B + 2C)D-2(A + B + Q-'HSE'E2* + 2a)
2|p|2 sin2 0 

+ 2a)
2|H2 - 2a)

2E'2 - 2(E2 + E'2)(|p|2 + |pf + co2 - 2|p|<u COS 0 
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+ ZwE' - ZlplE' COS 0)] + [4x:-1(E2 + E/2)(co - |p| cos 9) - 4E2 + 4x-2|p|2E'2 sin2 0 

+ 4E'x-1co2](|f|2 + l^l2)"^! - I^Nal2)"1 

-2a)VI(|T|2+ |^|2)-2E'{*a- 6|p'|-'|a|-3 

•  M(l+  rp'l|a|)(l-rP/||a|)-,]  +  2(l-a  ■ filal"2) 

•d-fp'Nal2)-1}. (425) 

Substituting equation (333) into equation (424), then 

L = {L. + x-'E'-'^E'x + fpl2 + fcf + co2 - 2|p|co cos 0 + 2a;E/ - 2|p|E' cos 0 

+ 2E2 + 2E'2) - 4m2E2E'-2(|f |2 + l^l2)"'?,, + 2Bx-1D-2E/-1(|T|2 + IP'I
2
)"

1 

■ [SE'Px + 2a;2|p|2 sin2 0 + 2a;2rp'|2 - 2a;2E/2 - 2(E2 + E/2)(|p|2 + |p'|2 + co2 

- 2|p|co cos 0 + 2a;E/ - 2|p|E' cos 0)]}E'a)|^|-1 fpl'^T2 - |p'|,)-lL, (426) 

where 

L, = -2(B + 2C)m2E/-2D-2, (427) 

F., = -24(1 + B/3C)BCD-4 - 16ACD-4 - IBD'2 - 4AD-2. (428) 

To reduce equation (427), one first substitutes equation (243) into equation (305), and using equa- 
tions (191) and (41), then 

B = -2|H2[(2rP|a; cos 0 - 2a;2)co-1E/-,(|f|2 + Ipf)"1 - E'"2)]. (429) 

Equivalently, 

B = -2|H2(2E'|p|w cos 0 - 2E'co2 - a;|f|2 - cofp'^w-'E'-2 

•(|f|2 + IJ/I2)-. (430) 
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Substituting equation (243) into the numerator of equation (430) and using equation (41), then 

B = -2|H2a)-E'-2(|f|2 + ^|2)-'(2E'|p|a) cos 0 - 2Wco2 - a;|p|J - co3 

+ 2\p\(o2 cos 9 - cu|p'|2). (43!) 

Substituting equation (130) into equation (431), then equation (429) becomes 

B = -2|pf E^lfp + ^|2)-(2|p|E cos 6 - 2Ea, - \h\2 + co2 - |pf). (432) 

Also, by substituting equation (130) into equation (209) and using equation (116), then 

|^|2 = (E-co)2-m2 

= E2 - 2Ea; + w2 - m2 

= |p|2 - 2Eaj + w2. (433) 

Substituting equation (433) into equation (432), then 

B = -2|H2E'-2(|f|* + |J/|2)-'(2|p|E cos 6 - 2|p|2). (434) 

Furthermore, using equation (43) in equation (434), then 

B = -2|^|^-2(|f|2 + |^|2)-'[2E(E - K) - 2|p|2], (435) 

or again using equation (116), then 

B = -4|^|2E'-2(|f|2 + |pf )-(m2 - PCE). (436) 

Further, using equation (41) in equation (306), then 

C = -|H2[4|f|2(|f|^ + |H2)-2-2(2^-f) 

• or'E'-'dfl2 + H2)- + E'-2]. (437) 
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Equation (437) may be rewritten 

or 

where 

C = -|pf w-'E'^lTl1 + |pt)-2[4a)E'2 |f|2 - 2(2t ■ f) 

• E'(|f|2 + fpf) + a;(|f|2 + Ipf)2] (438) 

C = -fptE'^dfl2 + |H2)-2Fc, (439) 

Fc = 4E/2|Tp - 2(2k • ^co-'E'dfl2 + |P'|
2
) 

+ (|f|2 + |pf )2. (440) 

Equation (440) can be written 

Fc = (2£ • fco-'E' - |f |2 - |pf )2 - 4(C • t)2E/2a)-2 

+ 4E/2|T|2. (441) 

Substituting equation (243) and using equation (191) in equation (441), then 

Fc = ^CO-MPI COS 0 - a)2)E' - (|p|2 - 2|p|aj cos 6 + oo1) - |^|2]2 

- 4E/2[w-2(a;|p| cos 9 - a;2)2 - |p|2 + 2|p|w cos 0 - CJ
2
]. (442) 

Substituting equation (130) into equation (442), then 

Fc = [2E(rP| cos 0 - a;) + co2 - fpl2 - fpf]2 + 4E'2|p|2(l - cos2 9). (443) 

Substituting equations (116) and (209) and using equations (130)   and (213) in equation (443), then 

Fc = UEfpl cos 0 - 2E2 + 2m2)2 + 4E
/
TP|

2
 sin2 0. (444) 
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Substituting equation (43) into equation (444), then 

Fc = 4[(m2 - KE)
1
 + E/2|p|2 sin2 d]. (445) 

Then, substituting equation (445) into equation (439), 

C = -4|pf E'-2(|f|2 + fcf )-»{(mJ - xEy + E'2\h\2 sin2 0]. (446) 

Also, using equations (243), (191), and (41), 

|T|2 - |P'|
2
 = |P|

2
 -2|p|co cos 6 + co2- |H2. (447) 

Substituting equations (116)   and (209) into equation (447), substituting equation (130), and using 
equation (43), then 

|T|2 - |pf = 2COK. (448) 

Substituting equation (448) into equation (325), then 

D = 4|p| l^lxE'-'dfl2 + |H2)-'. (449) 

Next, by substituting equations (436), (446), and (449) into equation (427), then 

IO1 = m2(2E'2|p|V)-,[(m2 - xE)(|t|2 + |pf) + 2(m2 - xE)2 + 2E'2 |p|2 sin2 6]. (450) 

Using equations (243), (191), and (43) 

JT|2 + |P'|
2
 = |P|

2
 - 2w(E - x) + co2 + |^|2. (451) 

Also, using equations (213)   and (43), 

|P|
2
 sin2 e = |p|2 - E2 + 2Ex - x2. (452) 
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Then, substituting equations (451)   and (452) into equation (450), 

!„, = m2(2E'2|p|2x:i)-{(m2 - xE)[\p\2 - 2a;(E - x) + w2 + |p'|2] 

+ 2(m2 - xW - 2E'2|p|2 - 2E/2E2 + 4E'
2
EK - 2E/V}. (453) 

Substituting equations (116)   and (209) and using equation (130) in equation (453), then 

Li = m2(2E/2|p|V)-1[(m2 - xE)(2E/2 - 2E/x:) - 2E/2ni2 + 4E/2Ex - 2E/V] (454) 

or 

Li = m2(2E/2rp|2x2)-1(-2m2E/x - 2xEE/2 + 2x2EE' + 4E/2Ex - 2E/V). (455) 

Using equations (116)   and (130), 

-2m2Vx = -2E2E/x + 2|p|2E/x 

= -2E(E/ + a))E/x + 2rp|2E/x. (456) 

Also, using equation (130), 

2x2EE' = 2x2(E/ + w)E/. (457) 

Substituting equations (456)   and (457) into equation (455), then 

Li = m2(2E/2|p|2x2)-1(-2Ea;E/x + 2rp|2E/x + 2x2E'aj), (458) 

or 

IO1 = m2E'-1ip|-V(-Eti) + |p|2 + Km) (459) 

or 
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-2 

(460) 
I.. = m2E'-V - in^EE'-lpl-V + m^E'" 

Equation (428) can be written as 

F^, = -2D-2[4D-2(3BC + B2 + 2AC) + B + 2A]. (461) 

Using equation (283) in equation (461), then 

P.. = -2D-2[4 + 12FO11 + B + 2A], (462) 

where 

F... = (2A + B)CD-2. (463) 

Substituting equations (304), (449), (436), and (446) into equation (463), then 

F... = -[(m2 - xE)2 + E'2|pp sin2 e][2|p|VE'2(|f|2 + |P'|
2
)]-'FO11 , (464) 

where 

F.ln = m2|f|2 + m2|^|2 - 2m2|^|2 + 2x:E|^|2. (465) 

Substituting equation (451) into equation (465), then 

F.,,, = in2|p|2 - 2a;m2(E - x) + m2co2 - m2|pf + 2xE|p'|2. (466) 

Substituting equations (116)  and (209) into equation (466), then 

F..,, = m2E2 - m2E/2 + m2w2 - 2Ecom2 + 2x(E|p'|2 + wm2). (467) 

Substituting equation (130) into equation (467), 

F.U, = 2x(E^|2 + wW). (468) 
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Then substituting equation (468) into equation (464), 

F... = -(E|pt + com^lpl-^-'E'-Mfl1 + IP'IT
1 

• [(m2 - xE)2 + E/2rp|2 sin2 9]. (469) 

Substituting equations (469), (449), (436), and (304) into equation (462), then 

Fe> = -E'2(|f|2 + |P'|
2
)
2
(8|P'|

2
 fpl2 X

2
)-{4 - 12(E|^|2 + com') 

■ [rp|2xE'2(|T|2 + |p'|2)]-l[(m2 - xE)2 + E'2rP|
2 sin2 0] 

- 4rp'|2(m2 - xE)E/-2(|T|2 + fp'l2)-1 + Zm^'"2}. (470) 

Simplifying equation (470), then 

F., = -(|T|2 + |pf )(4rp'|2|p|V)->{|p|2x(2E'2 + m2) 

■ (|f |2 + |pf) - 6(E|p'|2 + Wm2)[(m2 - xE)2 

+ E'TPI
2
 sin2 6]  - 2rp'|2|p|2x(m2 - xE)}. (471) 

Using equation (43) in equation (451), 

|f|2 + |p'|2 = |p|2 + |p'|2 + w2 - 2|p|a) cos 0. (472) 

Substituting equation (472) into equation (471), then 

Foi = .(|f |2 + |p'|2)(4rPf rp|V)-'{(2E'2 + m2)x|p|2 

• (IPI
2
 + IP'I

2
 + w2 - 2lp|co COS 0) - 6(a)m2 + E^l2) 

• [(xE - m2)2 + E'Tp|2 sin2 0] + 2rP'|
2|p|2x(xE - m2)1}. (473) 

Therefore, substituting equations (448), (449), (460), (473), and (436) into equation (426), then 
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I = E'L(2|p| l^l^-^m^'-'x-1 - m^EE'-'Ipl-V + m^E'-'Ipl"2 

+ x^E'-'i-IW* + |pp + Ipf + ^ . 2|p| co cos 0 + 2WE' - 2|p| E' cos 6 

+ 2P + 2E'2) + m2P|H-E-2|p|-V3{(2E'2 + m*)x\p\*{\tf + fr\* + u> 

- 2|p|w cos 0) - 6(a;m2 + E|pf )[(Ex - m2)2 + E/2|p|2 sin2 0] 

+ 2|p'|2|p|2x(KE - m2)} - (m2 - XE)(2K
3
E

/
|P|

2
)-'[8E

/
E

2
X + 2a;2|p|2 sin2 0 

+ 2co2|^|2 - 2a;2E'2 - 2(E2 + E'2)(|p|2 + |pf + ^ . 2fp|<0 cos 0 

+ 2<UE',-2|p|E'cos0)l). (474) 

Using equation (43), 

cos 0 = (E- K)\P\-\ (475) 

Substituting equation (475) into equation (213), then 

sin2 0 = 1 - (E - x)2|p|-2. (476) 

Then substituting equations (475) and (476) into equation (474), 

I. = E'L(2|p| |p'|x)-'(m2E/-,x-' - m2a)EE/-,|p|-2x-1 + m2a)E
/-1|p|-2 

+ K-'E'-
1
[-2E'K + |p|2 + fcf + a;2-2a;(E-x) + 2a;E'- 2E/(E - x) + 2E2 + 2E/2] 

+ m
2E2|pt2F-2|p|-^{(2E'2 + m2)K|p|2[|p|2 + fcf + w

2-2a;(E-x)] 

- 6(a;m2 + E|pf )[(E)c - m
2)2 + E'2|p|2 - E'2(E - x)2] + 2|p'|2|p|2x(xE - m2)} 

- (m2 - xE)(2)c3E'|p|2)-'{8E'E2x + 2W
2|p|2 - 2a)

2(E - x)2 + 2W
2|p'|2 - 2a;2E'2 

- 2(E2 + E'2)[|p|2 + |pf + co2 - 2a;(E - K) + 2a>E' - 2E'(E - x)]}). (477) 

Rewriting equation (477) as a sum of powers of x"1, then 

L = E/L(2|p| IPWUK, + K2x-' + K3X-2 + K4x-3), (478) 
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where 

K, = m2co(E'rp|2)-' - 2 + 2a)E'-, + 2 + E{2E'|p|2)-{-2a;2), (479) 

K2 = m2E'-, - m2coEE/-Tp|-2 + E'-'dpl2 + IP'I
2
 + w2 - 2a;E + 2C0E' - 2EE' + 2E2 + 2E/2) 

+ 2m2E2a;|pt2|p|-4E/-2(2E'2 + m2)!?!2 - 6m2E2rpt2|p|-4E/-2 

• (com2   + E|p'|2)E2 + 6m2E2rpt2|p|-4E'-2(com2 + E|p'|2)E'2 + 2m2P|p|-2E/-2 

- m2(2E'|p|2)-1(-2cu2) + E(2E/rp|2)"1[8E/E2 + 4a)
2E - 2(E2 + E/2)(2co + 2E')], (480) 

K3 = m2E2|pt2|p|-4E/-2(2E'2 + m2)!?^!?!2 + |P'|
2
 + co2 - 2coE) 

+ 12m2E2rpt2|p|-4E/"2(a;m2 + E|pf )m2E + m
2E2|pt2|p|-4E/-2 

• [-6(a;m2 + E|pf )(2E^E) - 2|p'|2|p|2m2] - m2(2E'|p|2)-I[8E'E2 + 4co2E - 4(E2 + E'2)a) 

-4(E2 + E'2)E'] + E(2E/rp|2)-1[2a;2rp|2 - 2a;2E2 + 2co2|p'|2 - 2a)2E/2 

- 2(E2 + E/2)(rp|2 + fpf + co2 - 2wE + 2wW - 2EE')], (481) 

K4 = -6m2E2|p'|-2rp|-4E/-2(a;m2 + E|p'|2)(m4 + E'2|p|2 - E'2E2) 

- m2(2E/rp|2)-1[2co2|p|2 - 2co2E2 + 2co2|J>'|2 - 2a;2E/2 - 2(E2 + E/2) 

• (IPI
2
 + |p'|2 + co2 - 2a;E + 2WE' - 2EE0]. (482) 

Simplifying equation (479), 

Kj = coE/-1|p|-2(m2 + 2rp|2 - Eco). 

Using equations (116) and (130) in equation (483), then 

K, = coE'-fpl^im2 + 2E2 - 2m2 - E(E - E')] 

(483) 

(484) 
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or 

K, = coE'-lpl-^E2 + EE' - m2). (435) 

Further, simplifying equation (480), 

K2 = K21 + K22 + K23 + K24, (4g6) 

where 

K21 = 2m2EJa;(2E'2 + m1)|p'|-»|p|-1E'-J - 6m2E4(wm
2 + Eip'|i)|p'|-^-*E/-J 

(487) + 6m2E2|J/|-2|p|-(Wm2 + E|^|2) + 2m2E3|p|-2E'-2, 

K22 = |p|-2(4E3 - 2E3 - 2EE/co - 2EE/2), 

K23 = E'-'Ipl-^Ipp - m
2o;E + m2co2 + 2w2E2 - 2E3w], 

KM = E'-'dpl2 + |^p + a)2 - 2wE + 2COE' - 2EE' + 2E2 + 2E'2). 

Substituting equations (116), (209), and (130) into equation (490), then 

K24 = E'-l[E2 - m2 + E/2 - m2 + (E - E')2 - 2(E - E^E 

+ 2(E - EOE' - 2EE' + 2E2 + 2E/2] 

or 

KM = 2E/-1(E2 + E/2 - m2). 

(488) 

(489) 

(490) 

(491) 

(492) 
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Substituting equation (130) into equation (489), 

K22 = |p|-2[2E3 - 2E(E - w)w - 2E(E - co)2] (493) 

or 

K22 = 2coE2|p|-2. (494) 

Using equation (130) in equation (489), then 

K23 = E'-'IPI-^IPI
2
 + co[-m

2E + m2(E - E') + 2E2(E - E') - 2E3]}. 

Simplifying equation (495), then 

K23 = E/-1|p|-2[m2|p|2-a)(m2E' + 2E2E/)] 

(495) 

(496) 

or 

K23 = m2E/-1|p|-2(|p|2 - coE') - 2ajE2|p|-2. (497) 

Next, simplifying equation (487), 

K2, = 2|^|-2|p|-4E/-2[m2E2|p|2cu(2E/2 + m2) - 3m2E4(wm2 + E^|2) 

+ 3m2E/2E2(a;m2 + E|p'|2) + m2rP'|
2|p|2E3], 

or rearranging terms, then 

(498) 

K2l = 2m2E2|^|-2|p|-4E'-2[2cu(|p|2 + m2)E/2 + m^E'2 + m2w|p|2 - 3m2a;E2 

- 3|p'|2E3 + 3|H2EE'2 + |P'|
2
|P|

2
E]. (499) 

Substituting equation (116) in the first term, then equation (499) becomes 
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K21 = 2m2E2|^|-2|p|-'E/-2[2cuE2E/2 + m2a;E/2 + m2w|p|2 - 3m2coE2 - 3|p'|2E3 

+ 3|^|2EE'2 + |P'|
2
|P|

2
E]. (500) 

Substituting equations (130), (116), and (209) into equation (500), then 

K21 = 2m2E2|^|-2|p|-''E/-2[2(E - E')E2E/2 + m2E/2(E - E') + m2(E - E/)(E2 - m2) 

- 3m2E2(E - E0 - 3E3(E/2 - m2) + 3EE/2(E/2 - m2) + (E/2 - m2)(E2 - m2)E].        (501) 

Simplifying equation (501), 

K21 = 2m
2E2|^|-2|p|-4E/-2(-2E2E/3 - 3m2EE/2 - m2E/3 + 2m2E2E/ + m^' + 3EE/',). (502) 

Combining the first and fourth, second and sixth, and third and fifth terms, then 

K21 = 2m2E2rp'|-2|p|-4E/-2[2E2E/(-E/2 + m2) + 3EE/2(-m2 + E/2) + m2E/(m2 - E/2)]. (503) 

Using equation (209) in equation (503), then 

K21 = 2m2E2rpt2|p|-4E'-2(-2E2E'|p'|2 + 3EE/2|p'|2 - m2E/rp'|2) (504) 

or 

K21 = 2m2E2|p|-4E/-1(-2E2 + 3EE' - m2). (505) 

Finally, substituting equations (505), (494), (497), and (492) into equation (486), then 

K2 = 2m2E2|p|-4E/-,(-2E2 + 3EE' - m2) + 2a)E2|p|-2 + m^'-Tpl^dpl2 - wE') 

- 2cuE2|p|-2 + 2E/-1(E2 + E/2 - m2) (506) 
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or 

K2 = n^E'-'Ipl-Mfpl2 - coE') + 2E'-|(E2 + E'2 - m2) + 2m2E|p|-4E/-,F„, (507) 

where 

F« = (-2E2 + 3EE' - m2)E. (508) 

Substituting equation (130) into equation (508), then 

F^ = (E2 - 3Eco - m2)E. (509) 

Using equation (116), equation (509) becomes 

F« = (|P|
2
 - 3Ea))E. (510) 

Using equation (116), equation (510) becomes 

F^ = |p|2E - 3(|p|2 + m2)a) (511) 

or 

Fja = -(3a;m2 - |p|2E) - 3|p|2co. (512) 

Substituting equation (512) into equation (507), then 

K2 = -2m2E|p|-',E/-,(3com2 - |p|2E) + f^E'-'Ipl"2, (513! 

where 

.     f« = 2m2E|p|-2(-3|p|2a)) + m2(|p|2 - wE') + 2(E2 + E'2 - m2)|p|2 (514) 
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or 

fjn = -6m2Ea) - m2^2 - m^coE' + 2(E2 + E/2)|p|2. (515) 

Using equations (130) and (116) in equation (515), then 

iK2 = -6m2E(E - E') - m2(E2 - m2) - m2(E - EOE' + 2(E2 + E/2)(E2 - m2) (516) 

or 

f« = -6m2E2 + 6m2EE' - m2E2 + m4 - m2EE/ + m2E/2 + 2E4 - 2m2E2 + 2E2E/2 - 2m2E/2   (517) 

or 

f„ = -9m2E2 + 5m2EE/ + m4 - m2E/2 + 2E4 + 2E2E/2 

- 2E2(E2 + E'2) + m4 - m2(9E2 - 5EE' + E/2) 

= 2E2(E2 + E/2) + m4 - m2(7E2 + 2Ea) - 3EE' + E/2) 

= 2E2(E2 + E/2) - m2(7E2 - 3EE' + E/2) + m4 - 2m2Eco. (518) 

Substituting equation (518) into equation (513), then 

K2 = -2m2EajE/-,|p|-2 - 2m2Erp|-4E/-,(3com2 - |p|2E) 

+ E/-,|p|-2[2E2(E2 + E'2) - m2(7E2 - 3EE' + E/2) + m4]. (519) 

Combining the first two terms of equation (519), then 

K2 = -2m2E|p|-4E/-1[3wm2 - |p|2(E - w)] + E/-Tp|-2[2E2(E2 + E'2) 

- m2(7E2 - 3EE' + E'2) + m4]. (520) 
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Using equation (130) in the second term, then 

K2 = -Zm'Elpl-E'-'tecom2 - IPI'E') + E'-'IPI^UEW + E'2) 

- m2(7E2 - 3EE' + E/2) + m4]. (521) 

Equation (481) can be written as 

K3 = K31 + Ka, + K33 + K34 + K35, (52 ) 

where 

K3, = m2E2|^|-2|p|-2E/-2(2E/2 + m^fpl2 + IP'I
2
 + w2 - 2a>E), (523) 

K32 = 12m4E3rp'|-2|p|-4E'-2(a)m
2 + E|^|2), (524) 

K33 = m2Ei|p'|-1|p|-4E'-1I-12(comJ + E|^|2)E/2E - 2|^|2|p|2m2], (525) 

K34 = -m2(2E/|p|2)-1[8E/E2 + 4a;2E - 4(E2 + E/2)a; - 4(E2 + E'2)E/], (526) 

K35 = E(2E/|p|2)-1[2a)2rp|2 - 2a)2E2 + 2a)2|p'|2 - 2w2E/2 - 2(E2 + E/2) 

• (IPI
2
 + IP'I

2
 + co2 - 2coE + 2WE' - 2EE')]. (527) 

Using equation (130) in equation (523), 

Kj, = m2E2|^|-2|p|-2E'-2(2E'2 + m2)[rp|2 + |^|2 + (E - E')2 - 2(E - E')E] (528) 

or 

K31 = m2E2rp'|-2rp|-2E/-2(2E'2 + m2)(|p|2 + |p'|2 - E2 + E'2). (529) 
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Substituting equations (116) and (209) into equation (529), then 

K31 = 2m2E2|p|-2E/-2(2E/2 + m2). (530) 

Using equation (130) in equation (524), 

K32 = 12m4P|pt2|p|-4E'-2[(E - E')m2 + E|^|2] (531) 

or 

K32 = 12m4E3|^|-2|p|-4E'-2[E(m2 + |p'|2) - E'm2]. (532) 

Substituting equation (209) into equation (532), then 

K32 = 12m4E3rP'|-
2rp|-4E/-2(EE'2 - E'm2) (533) 

or 

K32 = Um^lh'nhl-'E'-'iEW - m2). (534) 

Using equation (130) in equation (525), 

K33 = m2E2|^|-2|p|-E'-2{-6[(E - EOm2 + E|p'|2] (2E/2E) - 2|p'p|p|1in2}, (535) 

or 

K33 = in2E2|^|-2|p|-4E'-2[-12E/2E(Em2 - E'm2 + Efpf) - 2|^|2|p|2m
2]. (536) 

Using equation (209), equation (536) becomes 

K33 = m2E2rp'|-2|p|-4E/-2[-12E/3E(EE/ - m2) - 2m2|HTp|2] (537) 
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or 

K33 = 12m2E3E/lp'|-»|p|-4<m2 - EE') - 2m4E2|p|-2E/-2. (538) 

Using equation (130) in equation (526), 

Ka, = -m2(2E/|p|2)-1[8E/E2 + 4(E - E02E - 4(E2 + E/2)(E - E') - 4(E2 + E/2)E'] (539) 

or 

K34 = -m2(2E/|p|2)-(8E/E2 + 4E3 - 8E2E/ + 4E/2E - 4E3 - 4E/2E), (540) 

or combining terms, 

K34 = 0. (541) 

Further using equations (116), (209), and (130) in equation (527), 

Ka, = E(2E/|p|2)-1[-4cu2m2 - 2(E2 + E/2)(|p|2 + |^|2 - w2 - 2EE')]. (542) 

Again using equations (130), (209), and (116) in equation (542), 

K35 = E(2E/|p|2)-1[-4m2(E2 - 2EE' + E/2) - 2(E2 + E'2)(-2m2)] (543) 

or 

KJS = 4m2E2|p|-2. (544) 

Then substituting equations (530), (534), (538), (541), and (544) into equation (522), 
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K3 = 2m2E2|p|-2E/-2(2E/2 + m2) + 12in4E3|p'|-2|p|-4E/-,(EE/ - m2) 

+ 12m2E3E'|^|-2|p|-',(m2 - EE') - 2m<E2rp|-2E'-2 + 4m2E2|p|-2, (545) 

or combining the second and third terms in equation (545) and using equation (209), 

K3 = EE'-,|p|-2[2m2EE'-1(2E'2 + m2) - 12m2E2|p|-2(EE/ - m2) - 2m4EE/- + 4m2EE/]      (546) 

or 

K3 = 2m2EE/-1|p|-2[EE/-,(2E/2 + m2) - 6E2|p|-2(EE' - m2) - m^E'"1 + 2EE'] (547) 

or 

K3 = 2m2EE/-,|p|-2[4EE/ - 6E2(EE/ - m2)|p|-2]. (548) 

Equivalently, 

K, = 4E2m2E/-,|p|-4[2E'|p|2 - 3E(EE/ - m2)]. (549) 

Using equations (130) and (116) in equation (549), then 

K3 = 4E2m2E/-,|p|-4[2E/|p|2 + 3m2(E' + m) - 3(|p|2 + m2)E/] (550) 

or 

K3 = 4E2m2E/-,|p|-',(3a;m2 - E'|p|2). (551) 

Multiplying terms in equation (482), then 

K4 = K41 + K,^ (552) 
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where 

K41 = -6m2E2rpt2|pr4E'"2(a;m6 + a;m2E'2|pp - wm2E/2E2 + m4E|p'|2   . 

+ EE/2|p'|2rp|2 - E3E'2|J/|2, (553) 

K« = -m2^^'-1 + m2co2E2E/-,|p|-2 - m2w2|^|2E/-,|p|-2 + m2w2E/|p|-2 + m^E'"1 

+ m^lpfE'-'Tpl"2 + E2m2a)2E/-,|p|-2-2ina(BE3E/-,|p|-:1 + 2m2coE2|p|-2 

- 2m2E3|p|-2 + m2E/ + m2E/|^|2|p|-2 + E'ITIWIPI"
2
 - 2m2wEE/|p|-2 

+ 2m2wE/2|p|-2 - 2m2E/2E|p|-2. (554) 

Further, by multiplying in equation (553), then 

K41 = -6a)m8E2|p'|-2|p|-4E'-2 - 6m4E2a;|p|2|^|-2|p|-4 

+ 6m4E4wrp'|-2 |P|"
4
 - 6m6E3|p|-4E'-2 - 6m2E3|p|-2 + 6m2E5|p|-4. (555) 

Using equation (116) to reexpress factors of E2 in the third and sixth terms of equation (555), then 

K41 = -6a)m8E2|p'|-2|p|-4E/-a - 6m4E2a;|p|2|p'|-2|p|"4 + 6m4E2 

• (IPI
2
 + m2)cu|^|-2|p|-4 - em^lpl-E'"2 - 6m2E3|p|-2 

+ 6m2E3(|p|2 + m2)|p|-4. (556) 

Simplifying and using equation (209), equation (556) becomes 

K41 = -6a;m8E2^|-2|p|-4E/-2 + 6m6E2w|pt2|p|-4 - 6m4 

■ (E/2 - |p'|2)E3|p|-4E/-2 + 6m4E3|p|-4 (557) 

or 

K4l = -6m4E2|^|-2|p|-4E'"2(a)m4 - m2coE/2 - Efp'!4). (558) 
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Using equation (209) in the second term of equation (558), then 

K41 = 6m4E2|p|-4E/-2(W + E|pf). (559) 

Next, combining terms, equation (554) becomes 

K42 = -m2(E - ETE'- + Zm^^PE'-lpl"2 - mW|H2E'-|p|-2 + 2m2a)
2E'|p|-2 + m^E'"' 

+ mME' + a;)2|pfE'-|p|-2-2m2a;E2(E' + a;)E'-,|p|-2 + 2m2a;E2|p|-J - 2m2E3|p|-2 

+ m2E' + m»E'|p'|l|p|-J - 2m2a)(E' + cu)E'|p|-2 + 2m2a)E'2|p|-2 - 2m2E/2E|p|-2,        (560) 

where equation (130) has been used in the 1st, 6th, 7th, and 12th terms. Further, combining terms in 
equation (560), then 

K« = /m2E - mWlpf E'-IPI"
2
 + m2E2|p'|2E/-1|p|-2 - 2m2E3|p|-2 

+ m2E'|pf |p|-2 - 2m2E'2E|p|-2 (561) 

or 

K42 = m2(2E-co2|p'|2E'-'|p|-2 + PIpfE'-'Ipl"2 - 2E3|p|-2 

+ E'|p'|2|p|- - 2E'2E|p|-2). (562) 

Using equation (130) and substituting for a; in the second term of equation (562), then 

K42 = 2m2E|p|-2(|p|2 + |pf - E2 - E'2). (563) 

Substituting equations (116) and (209) into equation (563), then 

K42 = -4m4E|p|-2. (564) 
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Finally, substituting equations (559) and (564) into equation (552), then 

K4 = 6m4E2|p|-4E'-2(com2 + E[pf) - 4m4E|p|-2 (565) 

or 

K4 = 2m4E|p|-4E'-2(3Ea;m2 + SPfpf - 2|p|2E'2). (566) 

Substituting equation (209) into the second term of equation (566) and using equation (130), then 

K4 = 2m',E|p|-4E/-2[3Ea;m2 + 3E2E'2 - 3E(E/ + a;)m2 - 2|p|2E'2] (567) 

or 

K4 = 2m
4E|p|-4E/-1(-3Em2 + 3E2E' - 2|p|2E'). (568) 

Using equation (130) in the first term of equation  (568), then 

K4 = Zm-Elpl-'-E'-^com2 + 3E/(E2 - m2) - 2\h\2E']. (569) 

Finally, substituting equation (116) into equation (569), then 

K4 = -2m4E|p|-4E/-1(3a;m2 - |p|2E'). (570) 

Then by substituting equations (485), (521), (551), and (570) into equation (478), 

L = E'LUIPI |p'|x)-1(a;E'-,|p|-2(E2 + EE' - m2) + K-'l^m^lpl^E'-1 

• (3ajm
2 - fppEO + E'-,rP|-

2[2E2(E2 + E'2) - m2(7E2 - 3EE' + E'2) + m4]} 

+ x:-2[4E2m2E/-1|p|-'(3a;m2 - E'IPI
2
)] + it-»[-2m4E|p|-4E/-' 

■ (Scorn2-|p|2E')]). (571) 
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Collecting terms with the common factor (Scum2 - |p|2E'), equation (571) can be rewritten as 

I, = L(2|p| |p'|)-{(3Wm2 - |P|
2
E')|P|-

4
)C-

4
FD1   + |p|-V'w(E2 + EE' - m2) 

+ |p|-V2[2E2(E2 + E/2) - m2(7E2 - 3EE' + E'2) + m4]}, (572) 

where 

FO1 = -2m2Ex:2 + 4E2m2)c - 2m4E. (573) 

Equation (573) may be rewritten as 

P., = -2m2E(jc2 - 2EK + m2) 

or 

F., = -2m2E[(E - K)
2
 - E2 + m2]. (574) 

Using equations (43) and (116) in equation (574), then 

Fal = -2m2E(|p|2 cos2 6 - fpl2). (575) 

Using equation (213), equation (575) becomes 

Fal = 2m2E|p|2 sin2 6. (576) 

Substituting equation (576) into equation (572), then 

L = L(4rp| rp'|)-1{4Em2 sin2 0(3a;m2 - |P|
2
E')|P|-

2
)C-

4
 + [4E2(E2 + E/2) - 2m2 

• (7E2 - 3EE' + E'2) + 2m4] fpl^x"2 + 2co(E2 + EE' - m2)!?!"^-1}. (577) 
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Proceeding also to reduce equation (425), one first rewrites equation (425) in the form 

I» = IM + IM + I»3 + IM + Its + IM, (578) 

where 

IM = FMLM/ (579) 

FM = -[2K ^u - |p| COS 6) + \P\
2
K-

2
 sin2 6 - lUpt'lal- 

• (|T|2 + |pf)"' - 2cu2EV|pt1|a|-' 

' (|T|2  +  |pf)-2a-6|a|-2, (580) 

U,   =  M(l  +   Ip'MaDd-lp'llal)-1], (581) 

IM = -x-E'-'Ipt'lfil- in [(1 + |p'| |6|)(1 - |p'| |fi|)-], (582) 

1.3 = m2(|f|2 + |p'|2)-'E/-2(4BA-'D-2), (583) 

1*4   =   IMI    +    1*42    +    Il>43   +   Il)44, (584) 

IM1 = -im2WW-2{\i\* + |P'|
2
)-

2
(A + B + C)-2[8D-2(1 + B/3C)(2A + B) 

+ 16/3C + (8A/3C)(2C + B)D-2], (585) 

IM2 = -4m2E2E'-2(|f|2 + |p'|2)-2(A + B + C)- [24D-4A-1(1 + B/3C)B 

■ (D2 + 2AC + BC) + 16D-4(D2 + 2AC + BQ], (586) 

IM3 = -4m2E2E'-2(|f |2 + |p'|2)-2[-16D-2A-'(l + B/3C) - 8B(3CD2A)- + 8D-2], (587) 
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IM4 = -4(B + 2C)x-,E/-,(|f|2 + |pf )-2D-2(A + B + C)-'[8E'E
2
K + 2co2\p\2 sin2 6 

+ 2o)2\}/\2 - 2w2E/2 - 2(E2 + E/2)(|p|2 + |pf + w2 - 2|p|w cos 0 

+ ZWE'^IPIE'cosS)], (588) 

U, = 2(|f|2 + |p'|2)-2(l - |pf ra|2)-'[4x-'(E2 + E'2)(co - |p| COS 9) - 4E2 

+ 4|p|2E'V2 sin2 0 + 4E/a;2x-,], (589) 

lb6 = -4a,2E'x-(|f |2 + |^P)-»(1 - a ; 6 |a|-2)(l - |^|2 |a|2)-', (590) 

Substituting equation (244) into equation (581), 

LM = in|[l + 2|p'| |f|(|T|2 + |p'|2)-][l-2|p'| |f| 

■ (|T|2 + IP'I
2
)-']"'} (591) 

LM =2 in   [(|f| + |p'|)(|f| - IP'I)-
1
]. (592) 

To reduce equation (580), one first notes that, using equations (244), (245), and (41), 

a-b lal"2 = t- M|t|2 + |p'|2)(2a;E/|f|2)-'. (593) 

Substituting equation (300) into equation (593), then 

a-6 lal-2  =  (4wE/|f|2)-1 

• (|p'|2+ 2E'a; - |T|2)(|f|2 + Ipf). (594) 

Substituting equations (244)   and (594) into equation (580), then 

FM - F4I1 + FM2, (595) 
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where 

FM. = -[2K'
1
(CO - |p| COS 0) + |p|2x:-2 sin2 0 - lll^t'lal-1 

• (|T|2 + |^|2)- + co{4Kfc\ |f|)-', (596) 

FM. = Mfr\2 + 2E'a))(4jt|p'| |fp)-. (597) 

Substituting equations (209) and (130) into equation (597), 

FM2 = ME'2 - m2 + 2Ew - 2co2)(4x|^| |f|3)-'. (598) 

Substituting equation (130) into equation (598), then 

FMa = -a)(E2 - m2 - w2)(4x|J>'| |f|3)-', (599) 

or again using equation (116), 

FM2 = -a,(|p|2-co2)(4x|^||f|3)-'. (600) 

Further, using equations (43) and (244) in equation (596), then 

FM, = -{2x-1(aJ - E + x) + |p|2x-2[l - (E - x)2|p|-2] -1}(2|^| |f|)- 

+ a)(4x|^| Ifl)- (601) 

or 

FM, = -(2|H ITD-IIPIV
2
 - EV2 + 3a)(2x)-'], (602) 

or using equation (116), 

FM1 = -(2|^| |f|)-'[3(U(2x)-1 - mV2]. (603) 
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Substituting equations (603) and (600) into equation (595), then 

F„ = -Ufrl |f|)-ll3«<2jc)-' - mV2] - w(|p|J - w*)(4x\h'\ |f|3)- (604) 

or 

FM = (8|^| |f|)-l[4m2Jc-2 - 6cox-' - 2a;(|p|2 - CO^-'IT]-
1
]. (605) 

Then substituting equations (605) and (592) into equation (579), 

IM = (4|J/| |f|)-1[4m2x-2 - 6WX-1 - 2(0K-l\T\-z{\i\2 - w2)] 

• in[(|f| + |p'|)(|t| - |p'|)-']. (606) 

Next substituting equation (245) into equation (582), then 

It2 = -K-'E'-E'IH"
1
 in [(1 + IP'IE'-'KI - IPIE'-)-'] (607) 

or 

I„ = -K-IH- in [(E' + |^|)(E' - |p'|)-]. (608) 

Next, substituting equations (304), (436), and (449) into equation (583), 

lb3 = -m2|p|-V2 + E|p|-2x-. (609) 

Equation (585) may be rewritten as 

IM, = ^m^E'^dfl2 + |^|2)-2l8(B + 3C)(2A + B) + 16D2 

+ 8A(2C + B)][3CD2(A + B + C)2]"1 (610) 

or 
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IM1 = ^m^E'-'dfl2 + |pf )-1(24AB + 8B2 + 64AC 

+ 24BC + 16D2)[3CD2(A + B + C)2]"1. (611) 

Substituting equation (283) in the numerator of equation (611), then 

U = -32m2E2E'-2(|f|2 + |^|2)-2BC-1D-2(A + B + C)-. (612) 

Next, simplifying equation (587), 

U = -4m2E2E'-2(|f|2 + |p'|2)-2F„3, (613) 

where 

FM3 = -16(1 + B/3C)D-2A-1 - 8B(3CD2A)-, + 8D-2 (614) 

or 

FM3 = 8D-2A-1(-2 - BC + A). (615) 

Substituting equation (615) into equation (613), then 

lb43 = -32m2E2E'-2(|f|2 + IpfrD^A-^ - BC + A). (616) 

Equation (588) may be rewritten as 

U, = -4(B + 2C))c-E'-l(|f|2 + |pf )-2D-2(A + B + Q-'F.-u, (617) 

where 

FM4 = 8E'E2>c + 2a)2|p|2 sin2 0 + 2a)2|^|2 - 2a)2E'2 - 2(E2 + E'2)(rp|2 + fp'l2 + a)2 

- 2|p|a) cos 9 + 2a)E' - l^E' cos 9). (618) 
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Using equations (130), (43), (116), (213), and (209) in equation (618), then 

FM4 = SE'Px + 2(E - E')2(P - m2)[l - (E - x)2(E2 - m2)-] - 2(E - E02m2 - 2(E2 + E/2)[E2 + E'2 

- 2m2 + E2 - 2EE' + E/2 - 2E(E - K)  + 2(E - EOE'], (619) 

or simplifying equation (619), then 

FM4 = 8m2EE/ - 2(E - EOV. (620) 

Substituting equation (620) into equation (617), then 

U = -4(B + 2C)[8m2EE' - 2(E - E0V][KF(|ff2 + |p'|2)D2(A + B + C)]-. (621) 

Using equations (612) and (616), then 

U + U = -32m2E2B[E/2(|f|2 + |pf )2CD2(A + B + C)]- 

- 32m2E2(-2 - BC- + A)[E'2(|f|2 + |^|2)2D2A]-' (622) 

IM, + U = IMU - 32m2E2(-2 + A)[E'2(|f|2 + |pf )2D2A]-1, (623) 

where 

IMU = -32m2E2B[E/2(|f|J + |pf )2CD2]-[(A + B + C)- - A"1]. 

Equation (624) may be rewritten as 

(624) 

IMU - 32m2E2B(B + C)E'-2(|f|2 + |pf)-' 

■ [AD2C(A + B + C)]-. (625) 
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Substituting equation (625) into equation (623), then 

U + IM3 = 32m2PB(B + C)[E'2{|T|2 + |pf )2AD2C(A + B + C)]- 

- 32m2P(A - 2)[E'2(|f|2 + I^I^D^A]-. (626) 

Substituting equations (626) and (586) into equation (584), then 

IM = U - 32m^(A - 2)[E'2(|T|2 + |pf )2DJA]-, (627) 

where 

U = U + IM4, (628) 

U = 32m2PB(B + C)[E/2(|f|2 + rp'|2)2AD2C(A + B + C)]"' 

- 32m2E2[E/2(|f|2 + I^ITj-'ld + B/3C)3B(D2 + 2AC + BC)[D4A(A + B + C)]"1 

+ 2(D2 + 2AC + BC)[D4(A + B + C)]"1}. (629) 

Combining terms in equation (629), then 

U = 32m2E2[E'2(|fp + |pf )2ACD4(A + B + C)]"'?^, (630) 

where 

FM6 = BD2(B + C) - 3BC(1 + B/3C)(D2 + 2AC + BC) - 2AC(D2 + 2AC + BC). (631) 

Equivalently, equation (631) is 

FMi = B2D2 + BCD2 - (3BC + B2)(D2 + 2AC + BC) - 2AC(D2 + 2AC + BC)       (632) 

or 

99 



FM6 = B2D2 + BCD2 - (D2 + 2AC + BC)(3BC + B2 + 2AC) 

FM* = D2(-2BC - 2AC) - (2AC + BC)(3BC + B2 + 2AC) 

or 

FM* = -2CD2(A + B + C) + 2CD2 - (2AC + BC)(3BC + B2 + 2AC). 

Substituting equation (283) into the second term of equation (635), then 

FM* = -2CD2(A + B + C) + C(-B2C - 8AC2 - 8ABC - 2AB2 - 4A2C - B3), 

or 

Substituting equations (638) and (621) into equation (628), then 

where 

U = 32m2E2E/-2(|f|2 + |pf )-2D-2(A + B + Q- + 4(B + 2C)[8m2EE/ - 2(E - E')V] 

■ x-'E'-'dfl2 + |p'|2)-2D-2(A + B + C)-. 
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(633) 

(634) 

(635) 

(636) 

FM. = -2CD2(A + B + C) - B2C(A + B + C) - ACD2 - 8AC2(A + B + C). (637) 

Substituting equation (637) into equation (630), then 

U = 32m2E2[E/2(|f|2 + |p'|2)2ACD4(A + B + C)]-1[-2CD2(A + B + C) 

- B2C(A + B + C) - ACD2 - 8AC2(A + B + C)]. (638) 

U = -64m2E2E/-2(|f|2 + Ip'p^A-'D-1 - 32m2E2B2E/-2 

• (|T|2 + |P'|
2
)-

2
A-'D- - 256m2E2CE'-2(|f|2 + |^|2)-2D- - IMc,       (639) 

(640) 



Rewriting equation (640), then 

U = 4{8Kin2E2 + E'(B + 2C)[8m2EE' - 2(E - E')***]} 

• K-E'-'UlTl2 + |^|2)2D2(A + B + C)]-1 (641) 

U = 4{8xm2E2 - E'[(2A + B) - 2(A + B + C)][8m2EE' - 2(E - E')2x2]} 

■ jc-'E'-'dfl2 + |H2)-2D-2(A + B + C)"1. (642) 

Then equation (642) becomes 

U = IM. + 8El8m2EE' - 2(E - E')
2

>C
2
]X-'E'-

2
(|T|

2
 + fc]1)-****. (643) 

where 

U = 4{8xm2E2 - E'(2A + B)[8m2EE' - 2(E - E')2x2]} 

• [KE
/2

(|T|
2
 + |H2)2D2(A + B + C)]-1. (644) 

Using equations (276) to (278), 

A + B + c = i-ppflfil2-2£fa -e-iei2) 

-IP'I
2
 l"-6|J (645) 

or 

A + B + C = 1 - |pf |a|J. (646) 

Substituting equation (244) into equation (646), then 

A + B + C = 1 - 4|H2|f |2(|t|2 + l^l2)"2. (647; 
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Simplifying equation (647), then 

A + B + C = (|fp - |pt)2(|fp + |pf)-. (648) 

Substituting equation (448) into equation (648), then 

A + B + C = (2a)x)2(|f|2 + |pf)-. (649) 

Next, substituting equations (304), (436), (449), and (649) into equation (644), then 

U, = 4{8)cm2E2 - E'[8m2EE' - 2(E - E')V][2m
2E/-2 - 4|p'|2(m2 - xE)E/-2 

• (|t|2 + |F/|
2
)-]}{PCE'

2
(16|^|

2
|P|

2
X

2
)[E'

2
(|T|

2
+ Ip/I2)2]-^^2}-. (650) 

Using equation (130) and simplifying the result, then equation (650) becomes 

IM. = (|f|2 + |p'|2)(4|pf |p(VE'co2)-{2Km2E^ 

• (|T|2 + |pf) - (4m2EE' - a,V)[m2(|fp + |pf) - 2|pf (m2 - KE)]}.        (651) 

Using equation (448) in equation (651), then 

U = (cox + |p'|2)(2|p'|2|p|VE'a)2)-FMd, (652) 

where 

Eb4d = (2a»c + 2|p'|2)(2xm2E2E' - 4m4EE' + m2co2x2) + 2|pf (m2 - xE)(4m2EE/ - w^2). (653) 

Multiplying in equation (653), then 

FM. = 4a;x2m2E2E/ - 8a;m4EE/x + 2m2co3x3 + 4|p'|2m2E2E/x - Sm^pfEE' + 2m2|p'|2w2x2 

+ 8m4EE/|p'|2 - 2|p'|2m2c<;2x2 - 8m2|p'|2E2E/x + 2|p'|2a)2Ex3 (654) 
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or 

FMd = -kom^E'x2 + 2m2w3K3 + 2rp'|2a)2E)c3 - 8<«m4EE'K - 4|p'|2m2E2E/x. (655) 

Substituting equation (655) into equation (652), then 

U =   (COK + rp'|2)(2rp'|2|p|VE'oJ
2)-1(4a;m2E2E/

X
2 + 2m2

WV + 2rP'|
2

W
2EJc3 

-8ajm4EE/)c-4rp'|2m2E2E/x). (656) 

Substituting equations (652) and (655)   into equation (643), then 

U = (cox + |p'|2)(2|p'|2rp|VE/w2)-(4wm2E2E/x2 + 2m2a;V + 2|p'|2a;2EX
3 

- SaWEE'x - 4|p'|2m2E2E'x) + 8E/[8m2EE/ - 2(E - E')2x2] 

• [xE/2(|T|2 + Ipf^D2]-. (657) 

Substituting equation (657) into equation (639), then 

IMa - -64m2E2[E'2(|f|2 + |pf )2AD2]-' - 32m2E2B2 

• [E/2(|T|2 + fpf^AD4]--256m2E2C[E/2(|f|2+rf/|2)2D']-,-(a;x+rr/|
2) 

• (2|J)'|2rp|2x5E/a)2)-,(4wm2E2E/x2 + 2m2co3x3 + 2rp'|2a;2Ex3 

- 8com4EE'x - 4rp'|2m2E2E'x) - 8E'[8m2EE/ - 2(E - E')1^] 

■ [xE'2(|T|2 + rp'|2)2D2]-. (658) 

Substituting equation (658) into equation (627), then 
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IM = -64m2E2[E/2(|f|2 + Ip'^^D2]"1 - 32m2E2B2 

• [E/2(|f|2 + |p'|2)2AD4]- - 256m2E2C[E/2(|f|2 + |p'|2)2D4]- 

- 8E'[8m2EE' - 2(E - E0V][xE'2(|f |2 + |p'|2)2D2]- - (cox + |p'|2) 

■ (2|p'|2|p|2x:5E/a;2)-'(4a;m2E2E/x2 + 2m2a;3x3 + 2|p'|2a)2E)c3 

- 8a;m4EE/x - 4|p'|2m2E2E/x) - 32m2E2(A - 2) 

• [F2(|T|2 + |p'|2)2D2A]-'. (659) 

To reduce equation (589), one first notes using equation (244) that 

1 - lM2|a|2 = 1 - (2|p'| |f|)2(|f|2 + |p'|2)- (66o) 

or substituting equation (448), then 

1 - |p'|2|a|2 = (2a,x)2(|f|2 + |p'|2)-2. (661) 

Substituting equations (661) and (43) into equation (589), then 

IM = 2(2wx)-2{4E2cux-1 + 4E/2wx-, - 4(E2 + E/2)x-,(E - x) - 4E2 + 4|p|2E/2x-2 

• [1 - (E - x)2|p|-2] +4E'aJ
2x-}. (662) 

Simplifying equation (662), then 

U, = 2a;-2x-2(E2a;x-1 + E'2©*"1 - E
3
K" - E^Ex"1 + |p|2E/2x-2 - E

/2
E

2
K-

2 

+ 2E'2Ex- + E'coV). (663) 

Substituting equation (116) into equation (663), then 

1,5 = 2ar2x-3(E2co + E/2co + E'w2 - E3 + E/2E - m2E/2x-). (664) 
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Using equation (130) in equation (664), then 

L. = -2m2E/2ar2)c (665) 

Next substituting equations (594) and (660) into equation (590), then 

U = ^E'x-dTl2 + |pf Hi - (4coE'|f|2)-(|pf + 2Wco 

-|T|2)(|t|2 + Ip'nKl^lpflTl2 

■ (|f|2 + fpf )-2]-1 (666) 

or 

IM = -w[x(|f|2 - |p'|2)2|f|2]-'(-|pt + 2E'co|t|: 

-2E/co|p'|J + |f|4). (667) 

Substituting equation (448) into equation (667), then 

lb6 = [|pf (2x2|f|2)-'(rp'|2 + 2E'o)) - E'cux"2 - |f|2(2K2)-I](2a,X)-. (668) 

Using equation (451) in equation (668), then 

I66 = (2a)pc)-1[|F/|2(2K2|t|2)-(|f/|2 + 2E'co) - EW2 - [|^ - 2W(E - x) + cu^KZx2)-].       (669) 

Substituting equation (130) into the second term of equation (669), then 

U = (2a;K)-I[|p'|2(2x2|f|2)-1(rp'|2 + 2E/Q>) - wf* - (\p\2 - cu2)(2ic2)-1] 

or 

(670) 

U = 1.6. - (2X2)-1 - (fpl2 - W
2)(4WX

3)-', (671) 
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where 

U = |^|2(|^|2 + 2E'W)(4cox:3|f|2)-. (672) 

Using equations (448), (209), (130), and (116) in equation (672), then 

U., = (|T|2 - 2a)x)(|p|2 - w2)(4a;x3|T|2)-' (673) 

or 

IMI = -(|P|
2
 - aj2)(2)c2|f|2)-' + (|p|2 - a;2)(4a,)c3)-. (674) 

Substituting equation (674) into equation (671), then 

he = -(|P|
2
 - a)

2)(2x2|fp)-' - (2K*)-\ (675) 

Then using equations (609), (659), (665), and (675), one obtains 

I(,3    +    1*4    +    IfcS    +    I(,6    =    Ii36, (676) 

where 

U = -(|P|
2
 - cu2)(2xJ|f |2)- - (2x2)-' - m2|p|-V2 + E|p|-Vl - 2m2E'2arV4 

+   It361    +    Ii362    +    1*363    +   I(,364   +    1*365   +    Ii366, (677) 

U. = -32m2E2(A - 2)[E^2(|fp + |pf )^D2A]-', {678) 

1.362 = -64m2E2[E'2(|f|2 + |H2)2AD2]-, (679) 

1.363 = -32mW[E'2(|Tr + fr\*rAD*]-\ (68o) 

IM64 = -256m
2E2C[E/2(|f|J + l^l2)^4]-, (681) 
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IM(i5 = -8E'(8m2EE' - 2a)V)[xE'2(|f|2 + Ipf^D1]"1, (682) 

where equation (130) has been used, and 

lb366 = -(2COK + 2rpf )(4rptrp|2)c5E/a)2)-1(4a)m2E2E')c2 + ZmWx^ 2|pta;2Ex3 

-8a;m4EE/)c-4|ptm2E2E/)c). (683) 

Substituting equations (304) and (449) into equation (678), then 

U. = -32m2EWE'-2 - 2)E'-2[l6|p'|2E'-2|p|2x2m2E'-2]-' (684) 

or 

U, = -2EW[rp'|2rp|2x2]- + 4PE'2(rp'|2rplV)-. (685) 

Substituting equations (304) and (449) into equation (679), 

1^ = -4FE'2(|pf IPIV)"
1
. (686 = 

Substituting equations (304), (449), and (436) into equation (680), 

Ifc363 = ^PdpIV)-1 + 4m2P(|p|V)-' - 2E4(|prx2)-'. (687) 

Substituting equation (446) and (449) into equation (681) and using equations (43) and (213), then 

Ib364 = 4m6E2(|p'|2|p|V)- - 8m4P(|pf |P|V)- + 4m2E4 

• (IpflpIV)-1 + 4m2E2E'2(rp'|2|p|V)-1-4m2E/2E4 

■ (|P'|
,
|P|V)-

1
 + Sm^E^lpf IPIV)- - 4m2E2E'2 

■ (|pf |P|V)-. (688) 
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Next, substituting equation (449) into equation (682), 

U, = -4m
2EE'2(|pf |p|V)- + EV(|pf |p|2x)-. (689) 

Equation (683) is 

It* = -2m^(|pf |p|V)- - m^^lpflppE'K)-' - ECOQ^E'K)-' 

+ 4m4E(|pf |p|V)- + Im^Uco^)-' - 2m2E2(|p|W)- 

- m^(lppEV)- - |^pEdp^EV)- + 4m4E(|«pft)JC4)-) 

+ 2|p'(WP(|J|»a,V)-'. 
(690) 

Sweto^Z"0"5 (685) ,0 (690, " eqUa,i0n <677, a"d -"-""S •"«■» "—S various 

1*36    =    I^.X"1    +    l^X'2   +    I6>3K-J    +    l^K- 

where 

I*., = E|p|-2 - mWdpf IPI^E')-
1
 - EwdppEO-' 

+ E'a;2(|pf |pp)-'. 

(691) 

(692) 

Ii.2 = -|p|2(2|f|2)- + a,2(2|T|2)-' - V2 - mi$\-* . 4E2
m

2 

• {\^\2\h\2)" - 2E4|p|-4 + 4mJE4(|^|2|p|'')-' 

- 4m
JPE'2(|H2|p|4)-1 - inV(p|2E0- - |pf Edpl'EO-1, (693) 

Urt = 4m
2E3|p|-4 - 8m4E3(|^|2|p|4)-' + 8m2E3E/2(|^|2|p|4)- 

+ 4m4E(|^|2|p|2)-' + 2m2E2(|p|2a))-' - 2m2E2(|p|2a;)- 

- 4m2EE'2(|J/p|pn-/ (694) 

h« = -2m2E'2ar2 - 2m4E2|p|-4 + 4m'E2(|^|2|p|4)-' + 4m2E2E'2(|pf |p|2)- 

- 4m2E'2E4(|^p|pp)- + 4n^E(|pM-' + 2|pf m2E2(|ppw
2)-. (595) 
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Rewriting equation (692), 

I... = (E|pf E' - mW - |pf Eco + E'WKlpflpl'E')- 

or 

h., = [E|pf(E'-a;) + a;2(E'2 - m2)](|pf IppE')-. 

Using equations (130) and (209) in equation (697), then 

U. = E'IPI"
2
. 

Rewriting equation (693), 

U = -(IPI
2
 - a;2)(2|f|2)- + 1^,, 

/here 

I*^. = -Vi - m2|p|-2 - 4E2m2rpt2|p|-2 - 2E4|p|-4 + 4m2E4|^|-2|p|- 

- 4m2E2E/2|^|-2|p|-4 - m^lpl^E'- - IpfEfpl^E'-. 

(696) 

(697) 

(698) 

(699) 

(700) 

Using equations (130) and (209) in the last two terms of equation (700), equation (209) in the sixth 
term, and equation (116) in the fourth and fifth terms, then 

Ib,21 = -Vz - m2|p|-2 - 4E2m2|pt2|p|-2 - 2(m2 + |P|
2
)
2
|P|-

4
 + 4m2E2 

" (m2 + |p|2)|pt2|p|-4 - 4m2E2(|p'|2 + m2)|^|-2|p|- 

- EE'|p|-2 + m2|p|-2 (701) 

or 

U^i = -Vi - 4E2m2|^|-2|p|-2 - 2m4|p|-, - 4m2|p|-2 - 2 + 4m4E2|p'|-2|p|-4 

+ 4m2E2rp'|-2|p|-2 - 4m2E2rp|-4 - 4m4E2rp'|-2rp|-4 - EE'IPI"
2 (702) 
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or 

Lat = -(5/2)(l + m2|p|-2) - EE'IPI"
2
 - (3/2)m2|p|-2 - 4m2E2|p|-4 - 2m4|p|-4. (703) 

Then using equation (116) in the first term of equation (703), 

lM1 = -(5/2)E2|p|-2 - EE'|p|-2 - (3/2)m2|p|-2 - im'E2]},]-' - 2m4|p|-4 (704) 

or 

I5.2, = -(5E2 + 2E/E + 3m2)(2|p|2)-1 - 2m2(2E2 + m2)|p|-4. (705) 

Substituting equation (705) into equation (699), then 

It.2 = -(1/2)(|p|2 - a)2)|f |-2 - (2|p|2)-1(5E2 + 2EE' + 3m2) - 2m2rp|-4(2E2 + m2). (706) 

Using equation (209) in the second and third terms of equation (694), then 

Ib.3 = 4m2E3|p|-4 - 8m2(E'2 - |pf )E3(|^f IPI
4
)-' + 8m,EJ(|p'|J + m2) 

(fp'l2!?!4)-1 + 4m4E(|p|2|p|2)-1 - 4m2EE'2(|p'|2|p|2)-1 (707) 

or 

Ib,3 = 20m2E3|p|-4 - 8m2(E'2 - m^Efpt'lpr + 4m2E|^|-2|p|-2(m2 - E'2). (708) 

Using equation (209) in the second and third terms, equation (708) becomes 

I..3 = 20m2E3|p|-4 - 8m2E3|p|-4 - 4m2E|p|-2 (709) 

or 

lM = 4m2E|p|-4[2E2 + (E2 - |p|2)]. (710) 
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Then using equation (116) in equation (710), 

U = 4m2E|p|-4(2E2 + m2). (711) 

Next, rewriting equation (695), 

It«4 = (a;2|p|4|pf)-?, (712) 

where 

F^ = -2m2E'2|p|4|pf - 2m4E2a)2|^|2 + 4m6E2a;2 + 4m2E2E/2|p|2cu2-4m2a)2E/2E4 

+ 4m4a)|p'|2E|p|2 + 2rp'|4m2E2|p|2. 

Using equation (116) in the fifth term of equation (713), then 

F6,4 = -2m2E/2|p|4|p'|2 - 2m4E2a;2|p'|2 + 4m6E2a;2 + 4m2E2E/2|p|2w2 

- 4m2co2E/2E2(rp|2 + m2) + 4m4co|p'|2Erp|2 + 2|^|4m2E2|p|2 

(713) 

(714) 

or 

F,,^ = -2m2E/2|p|4|p'|2 - 2m4E2a)2|i)'|2 + 4m6E2aj2 - 4m4a;2E/2E2 

+ 4m4coErp'|2|p|2 + 2|p'|4m2E2|p|2. (715) 

Using equation (116) in the second term, equation (209) in the fourth and sixth terms, and equation 
(130) in the fifth term, equation (715) becomes 

7bx4 = -2m2E/2rp|4|p'|2 - 2m4(rp|2 + m^o;2^!2 + 4m6E2co2 - 4m4co2 

■ (m2 + rp'|2)E2 + 4m4(E - EOlpfEfpl2 + 2|p'|2(E/2 - m2)m2E2|p|2, (716) 

or simplifying and using equations (116) and (130), then 
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F6x4 = -2m2E/2|p|2(P - m2)!^!2 - Zm'^fpf - 2m4|p|2(E - E')2^!2 

- 4m4a;2|p'|2E2 + tei^lp'!2!?]2 - 4m4|pf EE'|p|J 

+ Ztrflp'I^E'2!?!' - 2m4rPf E2|p|2. (717) 

Equation (717) reduces to 

F^4 - -2m6co2|pf - telWlpf E2. (718) 

Substituting equation (718) into equation (712), then 

UK4 - -2m4rp|-4(m2 + 2E2). (719) 

One next recalls, substituting equation (691) into equation (676), that 

!„ + IM + Us + 1.6 = I*.*-' + Ifc.2K-2 + l^K'3 + lbxAK-4. (720) 

Then substituting equation (720) into equation (578), 

h = IM + 1.2 + I*..*- + UxiX"2 + I..3X-3 + lb^K-\ (721) 

Next substituting equations (606), (608), (698), (706), (711), and (719) into equation (721), then 

I. = UIP'I |f|)- in [(|f| + Ip'Ddfl - rP'|)-][4mV2 

- 6cox-' - 2a;(|p|2 - o^-'lfI"2] - K'W in[(E' + fp'IKE' - fp'l)-] 

+ E'X-IPI-
2
 + x-2[-(rp|2 - co2)(2|f|2)-1 - (5E2 + 2EE' + 3m2)(2|p|2)-1 

- 2m2(2E2 + m2)|p|-4] + 4m2E(2E2 + m2)x:-3|p|-4 

- 2m4x-4|p|-4(m2 + 2E2). (722) 
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Collecting terms with the common factor (2E2 + m2), equation (722) can be rewritten as 

!„ = (2E2 + nrOlpTV^ - (5E2 + 2EE' + 3m2)(2|p|2)c2)-1 - (|p|2 - co2)(2|f|2K2)-1 

+ E'x-|p|-2 + (4|p'| |f|)-' in [(|f| + |p'|) 

• (|T| - |p'|)-,][4mV2 - earn-' - 2a;(|p|2 - W
2
)X-

1
|T|-

2
] 

- x-lpf in [(E' + |p'|)(E' - |p'|)-»], (723) 

where 

G6 = -2m2x2|p|-2 + 4m2Ex|p|-2 - 2m4|p|-2. (724) 

Equation (724) can be rewritten 

G» = 2m2|p|-2(-x2 + 2Ex - m2). (725) 

Substituting equation (43) into equation (725), then 

C = 2m2|p|-2[-(E - |p| cos 0)2 + 2E(E - |p| cos 6) - m2] (726) 

or 

Gb = 2m2|p|-2(E2 - m2 - |p|2 cos2 6). (727) 

Using equations (116) and (213) in equation (727), then 

Gb = 2m2 sin2 0. (728) 
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Substituting equation (728) into equation (723), then 

lb = (l/4){8m2 sin2 0(2E2 + m%\-2K-A - 2(5E2 + 2EE' + 3m2)rp|-V2 - 2(|p|2 - w2) 

• |f|-2x-2 + 4E'|p|-2)c-1 + |P'|-
1
|T|-' 

• in [(T + Ip'IKlfl - fp'lHUmV2 - frnxT* 

- 2cu(rp|2 - o;2)!!!-2^1] - 4|p'|-,x-1 in [(E' + |p'|)(E' - IH)"1]}. (729) 

Finally, substituting equation (423) into equation (227), 

d3o = Z2ar2(27i)-irp'| Ipfm^"1 dw d2Q (Ia + I*). (730) 

Therefore, substituting equations (577) and (729) into equation (730) and using equations (160), 
(161), (334), (243), and (43), one obtains 

d3a/d2Q dco = (Z2e6/8n)(|p/|/|p|a;){8m2 sin2 0 (2E2 + m2)/(|p|V) 

- 2(5E2 + 2EE' + 3m2)/(|;|2x2) - 2(|;|2 - a)
2)/(|T|V) 

+ 4E
/
/(|;|

2
K) + (L/|p||p/|)t4Ema sin2 6 {3com2 - Ip^EO/dplV) 

+ [4E2(E2 + E'2) - 2m2(7E2 - 3EE' + E/2) + 2m4]/{\p\2x2) 

+ 2a;(E2 + EE'- m2)/(|;|2x)l + (£1/|;'||f|)[4m2/x2 

- 6CO/K - 2a,(|;|2 - a;2)/(|t|2x)] - 4£2/(|;'|JC)}. (731) 

where 

K = E - |p|cos 9, (732) 

f = ; - k, (733) 

L = in [(EE' - m2 + l^'D/CEE' - m2 - |;||;'|)], (734) 

E, = in[(|T| + Ip^/dll - IP'DI- (735) 

£2 = in [(E' + ^\)liV - |;'|)]. (736) 
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Equation (731) verifies the Gluckstern-Hull formula, equation (1), in agreement with equation (4.1) 
of Gluckstern and Hull's paper. ' The differential cross-section equation (731) is that of electron- 
nucleus bremsstrahlung for photon emission into solid angle d2Q and frequency interval dw/ln. The 
angle 6 is that between the direction of the emitted photon and that of the incident electron; e is the 
charge of the electron; -Ze is the charge of the scattering nucleus; p and p' are the initial and scattered 
electron momenta, respectively; E and E' are the initial and scattered electron energies, respectively; 
m is the mass of the electron; w/2n is the frequency of the emitted photon; i is the momentum of the 
emitted photon; and T is the difference in momentum between the incident electron and the emitted 
photon. The Gluckstern-Hull formula is to be used in calculations of continuum x-ray spectra 
radiated by anisotropic relativistic beam plasma systems. 

'R. L. Gluckstern and M. H. Hull, Physical Review,   90  (1953), 1030. 
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