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INTRODUCTION 

Recently the C-shaped specimen has been included as a standard specimen 

in ASTM Test for Plane-Strain Fracture Toughness of Metallic Materials, 

E-399-78. The stress intensity factor (K) expression for the C-shaped spec- 

imen in the ASTM Test was obtained by Underwood and Kendall [1] by fitting a 

three parameter expression to boundary collocation results. The expression 

applies over the following ranges of the three parameters: 

0.3<a/W£0.7  ,  0<X/W<0.7  , 0 KT./T* <1.0     , 

where a is crack length, W is specimen depth, and r, and r2 are respectively 

the inner and outer radius of the specimen as shown in Figure 1. For fatigue 

crack growth rate testing and R-curve measurements using the C-shaped specimen, 

K must be known over a wider range of a/W than that of the current expression. 

The purpose of this paper is to develop a wider range K expression for the 

C-shaped specimen. 

PROCEDURE 

Srawley [2] has developed wide range K expressions for two K, specimens 

used in ASTM Method E-399-78, the compact specimen and the bend specimen. An 

approach similar to that used by Srawley was used here to develop a K expres- 

sion for the C-shaped specimen. Since K varies from zero to infinity as a/W 

goes from zero to one for the C-shaped specimen, it is very difficult to 

determine an expression which accurately represents the variation in K with 

crack depth. This problem can be circumvented by using a nondimensional 

form of K which has the correct limiting values as a/W approaches both zero 

and one. Known K solutions for a finite crack in a semi-infinite plane and 



for a serai-infinite crack in a semi-infinite plane were applied as limiting 

cases for short and deep cracks respectively. This resulted in an expression 

which, for both limits of a/W, converges to the correct limiting value. The 

a/W dependence between the limits was described by fitting a polynomial in 

a/W to the available K solutions [3-6] for the C-shaped specimen. 

Because the C-shaped specimen is intended for use with a range of hollow 

cylinder geometries, the K expression must account for load eccentricity, X/W, 

and the radius ratio, r /r , in addition to a/W. The X/W dependence was 

determined by examining the limiting K solutions, and the r /r dependence was 

found using the numerical K results. 

First we consider the deep crack limit which is a function of the resul- 

tant normal force, P, and the resultant moment, M, acting on the uncracked 

ligament of the specimen. If P is assumed to act at the center of the uncracked 

ligament with dimension (W-a), the stress intensity factor is given as [7]: 

KT = 0,464  ; 2P    . (1) 1       B/TT(W-a) 

For the case of the resultant bending moment, M, K is [7]; 

KT = 3.975  ^-TTT    • (^ 1       BCW-ar^ 

The total stress intensity factor as the crack depth approaches through 

penetration of the specimen is the superposition of equations (1) and (2). 

By calculating M in terms of C-shaped specimen parameters and after some 

algebra, the limiting value as a/W approaches 1, of the familiar nondimen- 

sional form of K is determined. 



lira    KBy¥  1.325(5X/W + 1.926 *  1.104a/W) 
a/W + 1  P  ~ TFl ^ 

By rearranging equation (3), a nondimensional form of K which approaches a 

finite value for all X/W and r./r as a/W goes to 1 is obtained. 

3/2 lira KB^Vq-a/W) 
a/W ->- 1     ]   1.325 (4) a/w * ■L P(3X/W + 1.926 + 1.104a/W) 

To determine a nondimensional form of stress intensity factor that has a 

finite limit for short cracks a different K solution must be used, the well 

known Wigglesworth solution, 

K = 1.12 a/Ifa (5) 

where cr in this case is the total stress acting perpendicular to the plane of 

the crack at ^ in an uncracked C-shaped specimen. This stress has two com- 

ponents, a normal component and a bending component, of which the bending 

stress is strongly dependent on the curvature (r /r ) of the specimen.  Since 

the deep crack limit is unaffected by rj/^, the effects of curvature must 

disappear as the relative crack depth increases to 1. The r /r dependence 

cannot be totally accounted for by analysis of the short crack limit. There- 

fore, the stress a, used in equation (5) is initially calculated assuming no 

effects of curvature and the ?Jr2  dePendence will be determined separately. 

Using linear bending theory and basic mechanics of materials concepts, 

the stress a is easily determined in terms of C-shaped specimen parameters. 

Substituting this in equation (5), the limiting value of the familiar non- 

dimensional form of stress intensity factor is 



lira KBS     2.24/rr >/a7w(3X/W *_2 + a/WI 
a/W-0  P =       (l-a/W)^ (6) 

Upon rearranging equation (6) a nondimensional form of K is obtained that has 

a finite limit for all X/W as a/W goes to zero. 

lim       KBv¥(l-a/W)2      , 0.r 
a/W -»- 0 ""^I ^    = 2.24/nr (7) a/W ^ U P*^7W(3X/W + 2 + a/W) 

Although the form of equations (4) and (7) are somewhat different, some 

changes can be made to both equations that do not change these limits. BSc ause 

v^aTw approaches 1 as a/W approaches 1, this term may be included in the demon- 

inator of equation (4) without disturbing that limit. Also for a/W close to 

zero, (1-a/W)2 = (l-a/W)3/2 to a first order approximation, thus (l-a/W)3/2 

can replace (1-a/W)2 in the numerator of equation (7) leaving that limit 

unchanged. The remaining difference between the two equations does affect 

the limits. Since the form of equation (4) gives a better description of the 

X/W dependence of the collocation solutions than that of equation (7), it was 

decided to use a simplified form of equation (4) as the form of nondimensional 

K used to fit the collocation data. Thus the final form of the wide range 

expression is: 

 KB*¥(l-a/W)3/2 „ , 
 1/2 ^ ■ =.f(a/W) • g(r /r , a/W)       (8) 
P(a/W)   (3X/W + 1.9 + l.la/W) 

The functions f and g were then fit to the collocation data with the condi- 

tions that for the limits a/W -»- 1 and a/W -»■ 0 the product of f and g equals 

the values in equations (4) and (7) respectively. 



The function g was difficult to determine exactly. For all r /r as 

a/W approaches 1, g must approach 1, and as a/W approaches 0, g is the ratio 

of the stress normal to the plane of the crack at r1 using curved beam theory 

to that stress acting at T-^  using straight beam theory. This ratio was deter- 

mined and found to be highly complex and has a strong dependence on X/W in 

addition to T./T-.    Therefore, g was developed by fitting a polynomial that 

describes the r /r dependence of the available collocation results for the 

standard C-shaped specimens, that is for X/W = 0 and 0.5. For a/W ranging 

from .2 to 1, g was found to be: 

gC^/r^a/W) = 1 + .ZSCl-a/W^O^/rp  . (9) 

The function f was determined from the available collocation data and the 

deep crack limit for the standard C-shaped specimens. Using multivariable 

linear regression, these data were fit to the following cubic polynomial, for 

a/W from 0.2 to 1. 

f(a/W) = 3.74 - 6.30 a/W + 6.32(a/W)2 - 2.43(a/W)3       (10) 

COMPARISON WITH COLLOCATION DATA 

To illustrate the goodness of fit of equation (10), values of f(a/W) 

calculated from the collocation results for standard specimens are compared 

in Table 1 to the corresponding values determined from equation (10). For 

comparison we have defined an error function E, which is the difference 

between the value of f(a/W) from equation (10) and the value f from the 

collocation results divided by the value of f . 
c 



Based on the comparisons in Table 1 and on the information from the 

limit solutions, equation (10) agrees with all these solutions within ±1.5% 

for .2 _< a/W <  1 and within ± 1% for .45 _< a/W <  .55 for all r /r and X/W of 

either 0 or .5. 

Comparisons are made in Table 2 between equation (10) and other collo- 

cation results for nonstandard specimens. Analysis of the relative errors 

in these cases indicate that the derived K expression should not be used for 
values 

specimens with X/W^greater than about 1. As X/W becromes large, ths banding 

component of the stress distribution becomes dominant. Since the bending 

component is significantly affected by the curvature of the specimen, the 

variation in K could have been explained by the function g derived above. 

However, g was not obtained exactly, but by fitting to the numerical solu- 

tions for the standard specimens, so good agreement can not be expected for 

X/W larger than 0.5. 

RESULTS 

To calculate K using equations (8), (9), and (10) is cumbersome. To 

simplfy K determination, equations (8), (9), and (10) can be arranged to a 

more convenient form: 

K = -j-L [3 X/W + 1.9 + 1.1 a/W][l + .25(l-a/W) 2(l-r1/r2)]F(a/W)  .   (11) 

where 

F(a/W) =    ^3/2 (3.74 - 6.30 a/W + 6.32(a/W)2 - 2.43(a/W)3) 
(1-a/W)' 

Numerical values of F(a/W) have been determined for two ranges of a/W and 

are presented in Tables 3 and 4. 



Equation (11) agrees with the numerical solutions available [3-6] within 

± 1.0%-for .45 £ a/W £ .55 for all i^/^ and X/W of either 0 or .5, within 

±1.5% for .2 <  a/W <  1 for all r /r and X/W equal to 0 or .5; and within 

about ± 3% for .2 £ a/W <_ 1 for all r,/^ and 0 _< X/W < 1. The K expression 

of equation (11) is as accurate as that which is currently given in ASTM 

Method E-399-78. The new expression can be used for other fracture testing 

over a wider range of a/W than that of the current expression. 



Fig. 1, The C-Shaped Specimen, Indicating Geometric Parameters 
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TABLE 3. VALUES OF F(a/W) FOR THE RANGE OF a/W USED IN KIc TESTING 

a/W F(a/W) a/W F(a/W) 

.450 3.23 

.455 3.27 

.460 3.32 

.465 3.37 

.470 3.42 

.475 3.47 

.480 3.52 

.485 3.57 

.490 3.62 

.495 3.68 

.500 3.73 

.505 3.79 

.510 3.85 

.515 3.91 

.520 3.97 

.525 4.03 

.530 4.10 

.535 4.17 

.540 4.24 

.545 4.31 

.550 4.38 

TABLE 4. VALUES OF F(a/W) FOR WIDE RANGE OF a/W 

a/W F(a/W) a/W Ffa/W^ 

.20              1.70 .60 5.24 

.25               1.94 .65 6.42 

.30              2.20 .70 8.11 

.35               2.49 .75 10.70 

.40              2.82 .80 15.01 

.45               3.23 .85 23.15 

.50               3.73 .90 42.53 

.55                4.38 .95 119.90 

11 
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