AD=A085 751 JLLINOIS UNIV AT URBANA=CHAMPAIGH APPLIED COMPUTATION==ETC F/6 9/3
AREA=TIME OPTIMAL VLSI NETWORKS RASED ON THE CUPE=CONMECTED=CYC==ETC({U)
FEB 80 F P PREPARATAs J E VUILLFMIN NODOL4=79=C=0u24

UNCLASSIFIED ACT-21 NL

CEENEREEEEER




0 g

e s =
= « o 12
F ol

MEzs s, pue

MICROCOPY RES()lUlIl‘ TEST CHARY
NATIONAL  BUREMT O STANDAR{Y (90t A

A







SECURITY CLASSIFICATION OF THIS BAGE (When Date Entered)
READ INSTRUCTIONS

REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM

T REPORT NUMBER 2. GOVT ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER

AD-p0¢s Is)

P

S. TYPE OF REPORT & FERIQN COVERED

.4 ,'.
Technic ai{}epxto 2 l jy
R

4. TITLE (and Subtitle) s ot

'\-_C:%qﬁofm-;nm GPTIMAL JIS] NETWORKS BASED ON _nF BE~-

NNECTED-CYCLES o AR

e apny e

PR
ORMIN RG. REPORT

R-875(ACT-21) ;UILU-ENG 80-2207
%. CONTRACT OR GRANT NUMBER(a) .

- - : \\
™ Fyanco )

— o
Q_j/ﬁ Preparata { . MCS-78-13642; NOOO14-79- -
34°E. tuillemin C-0424
(3. PERFORMING ORGANIZATION NAME AND ADDRESS T0. RRCGRAW ELEMENT PROJECT. TASK
Coordinated Science Laboratory N /.
University of Illinois at Urbana-Champaign .- / oS SN

Urbana, Illinois 61801 E

11. CONTROLLING OFFICE NAME ANO ADORESS ] —7
National Science Foundation; Y/ [re - :
. NUMBER OF PAGES

A

Joint Services Electronics Program Contract 14
T4 WONITONING AGENCY NAME 8 AGORESS(II dilfazent leom Conieolling Olfice) | 13- SECURITY CLASS. (of this report)
\//57 Neyer.. g e2v. { UNCLASSIFIED
T e WSE M- e S [ e o oo ]

e

P ——————————— A — ——
16. DISTRISUTION STATEMENT (of thia Report)

Approved for public release; distribution unlimited

17. DISTRIBUTION STATEMENT (of th ract SOiazadinieek-TOTT GHTSIIAT om Report) ~ ’ﬂ) o7 - 7
R T il e NG-E0- 22 F
/M/I / L -~/J ULl L e T

% e oS BN oam U SN WS e

&

18. SUPPLEMENTARY NOTES

Parallel processing, optimal networks, cube-connected-cycles, cyclic shifts,

|

II‘ 19. XEY WORDS (Continue on reverse side if necesaary and identily by block number)
| !

: ! Discrete Fourier transform, integer multiplication

u‘

, . \ THS REpeRT

) 20. AGSTRACT (Continue an ceverse side If necessary and identily by dlock number)

|_We presentfdesigns for VLSI circuits computing Cyclic Shifts, Discrete

. Fourier Transforms, and Integer Multiplication, all based on a machine

| i architecture, the Cube-Connected-Cycles CCC, introduced by the authors in
T (10). All of &i‘ﬁiesigns match, to within a constant factor, the known

theoretical lower bounds (3), (4}, (8) for area x@me) products.wﬂ_,,,

S~

| % ‘
-. ’ i A ’MG S‘ pra—

Y/ A 5y L
11‘ ! DD s 1473

SECURITY CLASSIFICATION OF THIS PAGE (When Dete Entered)

« - - e s e L




AREA-TIME OPTIMAL VLSI NETWORKS BASED ON
CUBE-CONNECTED-CYCLES

by

Franco P. Preparata and Jean Vuillemin

This work was supported in part by the National Science Foundation
under Grant MCS 78-13642 and Joint Services Electronics Program under

Contract NOOOl4-79-C-0424,

Reproduction in whole or in part is permitted for any purpose of

the United States Government.

This report is issued simultaneously by the Coordinated Science
Laboratory and by the Institut National de Recherche d'Informatique et

!' d'Automatique, 78150 Rocquencourt, France,

Approved for public release. Distribution unlimited.




i Gemd Do

PRRED

3

sy
L4

AREA-TIME OPTIMAL VLSI NETWORKS BASED ON
THE CUBE~CONNECTED-CYCLES

F.P. PREPARATA J.E. VUILLEMIN
Coordinated Science Laboratory Université de Paris=-Sud

University of Illinois Laboratoire d'Informatique

Urbana, IL 61801 Bat. 490
U.S.A. 91405 Orsay
FRANCE
Abstract

We present designs for VLSI circuits computing Cyclic Shifts, Discrete
Fourier Transforms, and Integer Multiplication, all based on a machine architecture,
the Cube Connected Cycles CCC, introduced by the authors in [10]. All of our
designs match, to within a constant factor, the known theoretical lower bounds
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1. INTRODUCTION

Very-Large-Scale integration (VLSI) is revolutionizing the methodologies
of digital system design. The traditional criteria of component count -whether
applied to processors or to simpler devices- are no longer adequate to establish
a scale of comparison among various solutions to a given problem. Indeed number-
of-elements criteria are substantially based on the fact that processing
elements and their interconnections are realized by different media. This
difference disappears in VLSI, which "integrates" both processing elements and
their interconnection in a two-dimensional geometry, the surface of the silicon
chip. Thus, & meaningful figure-of-meri:t is represented by the area occupied by
the total system, since area captures the complexity of both computation and
data communication. As a result, the solution to a given computational problem
involves the conception of an interconnection architecture, its layout, and the
design of an algorithm for that architecture. It is clear that the traditional

hardware-software antinomy disappears in VLSI techmology.

Pioneering and fundamental work in the area has been done by Mead~Conway "1]
and by Thompson [2], both as regards the development of a VLSI model of compu-
tation and in the design of computations (architecture+algorithms) for specific
problems. As is typical of the methodology of concrete computational complexity,
for a given problem and selected complexity measures one seeks both lover-bound;
to these measures which hold for any realization in the computation model and
upper-bounds by exhibiting explicit realizations which comply with the model.

In spite of the relative novelty, the great interest of the topic is attested to
by the additional contributions of Thompson [3], Abelson and Andreae _4J], King
and Leiserson [5], Guibas et al. 76], Brent and Kung [7,82, Savage "9, and

Preparate-Vuillemin [10].
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The VLSI computation models of Mead-Conway 1] and Thompson "2 are not
significantly different. We briefly recall the latter one for the benefit of the

reader. A VLSI computing system (or network) is viewed as a communication graph,

whose vertices and edges are called nodes and wires, respectively. Nodes store

and process local information ; wires transmit information between nodes. Nodes
and wires are laid out on a grid of unit squares, where "unit" relates to the
so~called "feature width", a basic parameter characterizing the resolution of
current fabrication techniques. Wires have unit width and must be partitionable
into no more than v sets of non intersecting segments, where v is the number

of conducting layers. In this work, we assume that vs2, the almost universal

two layers standard. It is assumed that a bit of information takes unit time to
propagate from node to node, independently of the wire length (this implies that
longer wires have more powerful drivers, of area proportional to the wire length) ;
node processing time is absorbed into wire propagation time, and the total time

for a given computation is the number of time units to execute it.

The usual metric selected for complexity is an area-time product AIZG, vhere
A is the chip area, T is the computation time, and a is a real parameter satis-
fying Osa<!. This metric allows a flexible trade-off (based on c) between the

production cost (area) and the incremental cost (time) of computation.

For several interesting problems, lower-bounds to the area-time product have
been obtained. A crucial notion in obtaining such lower-bounds S is the minimal

bisection width w of a given communication graph G=(V,E), which is defined as the

smallest integer such that w=|(u,v)eE ; ueV,, vevz}l: vhere {Vl,vz} is a partition
of V with lVl|s|V2|s|V1|+l. Thompson has shown (2] that for any n-node communi-
cation graph with minimal bisection width w, A2w2/4 (in unit squares). Therefore,
lower~bounds to ATzu are obtained by bounding the computation time T in terms of w.
In this paper we restrict ourselves to the following problems : cyclic shifts,
integer multiplication, and radix-2 Discrete~Fourier-Transform. As regards cyclic
shifts, it has been shown in [4] and [10]) that T2n/2w for any VLSI design which
performs any cyclic shifc of an array of n one~bit terms ; using a technique due

alsc to Thompson [2,p. 72], this leads to the lower=bound AIZG-Q(n"a)

. Since the
ability to perform an arbitrary cvelic shift of an n-bit string is reducible to

the multiplication of two (n/2)-bit integers, the lower-bound to AT2° for cvelic
shift becomes a lower-bound to integer multiplication 4] ; however, an independent

proof of the latter -in a slightly more general model- has been supplied by

Brent and Kung -8.. Finally, as regards radix-2 DFT, Thompson 72 has shown that i
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u-R(nl*ulogzan) for any communication graph which computes the DFT of n numbers
each represented with O(logn) bits.

The purpose of this paper is to provide upper-bounds to the chosen metric
of complexity for the problems mentioned above. The paper is organized as follows.
Section 2 reviews the structure and the layout of a general computation network
~called the cube connected-cycles [10]- which is remarkably suited to VLSI design.
Section 3 and 4 discuss optimal designs based on the cube-connected-cvcles ;
specifically Section 3 considers a network for cyclic shifts, while Section &

considers networks for integer multiplication and radix-2 Fast-Fourier-Transform.

2. THE CUBE-CONNECTED-CYCLES

The cube-connected-cycles (CCC) intercomnection has been proposed in [10]

as a general-purpose network of processing modules, suited for ithe implementation
of various combinatorial algorithms. The specifications, the operating modes,

and the performance of the CCC are now briefly reviewed.

An hx2® CCC-incerconnection consists of 2° cycles, indexed from O to 2%-1 ;
each cvcle is the circular interconnection of h modules (h2s), indexed from O to
h=1. Thus each module is addressed by a pair ({,p), where { and p are respectively
the cycle and the module indices, and is denoted M"L,pJ. Each module has three

(n

ports : F, B, and L, and the connection is completely specified by

F(L,p) «=B(L,(p+!)mod h)
B(¢,p) ~ F(L,(p~1)mod h)
L(t,p)¢~'L(£+e2P,p) if p<s-1 (unconnected if p2s)

vhere e-I-ZBITP(E) (here BITP(Z) is the coefficient of 2P in the binary expansion
of £). In the hypothesis that modules reduce to nodes (i.e., they can be placed
at vertices of a uniform grid of squares) and that wires are laid out on the
grid, a layout of a 6!2‘ CCC is shown in figure 1. Notice that if all nodes of
every cycle are ideally collapsed into a single node, the resulting set of nodes
are connected as a binary s-dimensional cube (s-cube). This justifies the CCC
denotation. (In the lavout of figure 1, vertical and horizontal wires realise the

evcle and cube connections, respectively).

(1) F, B, and L are respectively mnemonic for "forward", "backward", and

"lateral”.
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Figure 1. A standard layout for an nx2®% cce (h=6, s=4),

The dimensions of this s-cube are numbered 1,2,...,s, and the set of horizontal

wires realizing dimension i are collectively denoted as sheaf i.

As a paradigm of computation, we consider the following type of algorithms.
Abstractly, there are n=2" data items (operands), assigned addresses from 0 to
2F-1 (or equivalently, each operand is addressed by an r~dimensional binary
vector and assumed to be placed at the corresponding vertex of the r=cube). The
algorithm is a sequence of r-logzn steps -each executable in parallel- with the
property that at each of these steps each operand interacts with another operand,
which is adjacent to it one a specified r-cube dimension ; specifically, either
the i-th (ASCEND type algorithms) or the (r-i)-th dimension (DESCEND type
algorithms) pertains to step i. (Typical instances of such algorithms are the
Radix-2 Fast-Fourier-Transform and Bitonic merging of sorted sequences.) We see
that these algorithms are supported by an r-cube interconnection.

We now show how algorithms of the type just described can be implemented omn
a 2Px2™P ccc. Processing occurs in two consecutive phases. Making reference for
concreteness to the ASCEND mode of operation, the first phase (referred to
conventionally as LOWSHEAVES) pertains to r-cube dimensiomns !,2,...,p (which
are subsumed by the CCC cvcle connection), while the second phase (denoted
HIGHSHEAVES) pertains to r-cube dimemsion p+1, p+2,...,r (which ordely cor-
respond to CCC sheaves 1,2,...,p).
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The LOWSHEAVES phase emulates in general the r-cube behavior as follows.
Since operand-interaction can occur in the cycles only between adjacent modules,
it is necessary to successively realize the adjacencies corresponding to p-cube

dimensions 1,2,...,p. The key permutation for this task is the perfect unshuffle

T11], and it is shown in [10] that the required adjacencies are globally realizable

in time proportional to 2P, thereby showing that the first phase runs in time 0(2Py.

In the second phase the r-cube behavior is emulated as follows. The parallel
step pertaining to r-cube dimension p+j can no longer be executed in one time
unit ; however, using repeated circular shift within the cycles, each operand can
be successively brought to reside for one time unit in that module in its cycle
which is connected in sheaf j. Although this processing of all operands in a cycle
on sheaf j now requires 0(2P) time units, this computation can be pipelined
(overlapped) with the analogous computations corresponding to all other sheaves,
according to the scheme illustrated in figure 2. The sejuence of steps during
which a given sheaf is active is called the active phase of that sheaf (for
example, steps 3~6 for sheaf 3 in figure 2).

Thus, the second phase also runs in time 0(2p), and, when p is chosen equal
to i&ogﬁ(r-pﬂ » processing time on the CCC is O(logn). We see therefore that,
by combining the principles of pipelining and parallelism, the CCC can emulate

the cube with no significant loss of performance. In the sequel, we shall assume

that
Step
Sheal 1 2 3 4 5 6 7
1 X X X X
2 X X X X
3 X X X X
4 X X X X

Figure 2. Illustration of the pipelining of parallel computations.
A "X" denotes a step at which a given sheaf is active.

the cycle length 2P satisfies tne limitationms corresponding to

['logz(r-p)] sps Lr/?_l (1)
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Finally, as concern the area of the layout, by referring to figure 1 we
readily see that a 2Px2T7P cee can be laid out on a chip of height (25 P+2P~p)
and width (2r-p+l-l) (in the chosen units).

3. CYCLIC SHIFT

Let TEO:Zr-IJ be an array of n=2" one-bit operands (for any other operand
length, both the area and the time will be multiplied by a constant).

We describe cyclic shifts to the left by t<n positions of the operands
of this array ; although dual implementations are possible, for concreteness,
we describe a cyclic shift scheme which corresponds to an algorithm in the
ASCEND class.

We now note the following property : Assuming that T[0:2r-l-l] and r[z‘:zr-

have both been subjected to a left-cyclic-shift by :moer-] positions, the

desired final configuration is obtained by the following alternative exchanges :

if (t>2r-]) then foreach k:OSkSZr-l-tmodzr-’-l pardo TEk3**T[2r-l+k] odpar

!

else foreach k:2° -tmodzr-]skSEr-] pardo T[k]**T[Zr-l+k] odpar

The proof of this property is straightforward (and it is basically supplied

by the illustrations in figure 3). Property (2) can be reformulated as follows

(2)

13

tZZr-] ::<2"‘-l
Initial | l | l
. . A B (9 D A B C D
Configuration
— 7! F—s ket -
k t— ’|
|
tmod2”
}
Intermediate
Configuration L8 A D ¢ | L fi D} C
1 ~
l-— Exchange —I L- Exchange—]
Final e
Configuration D | A] B Jc] [ B {c | D | & |

Figure 3. Illustration for the proof of Rule (2)




adjacent pairs on dimension r (i.e., pairs of the form (j,j+2r-l)) are partitioned
! and (Zr-l-tmber-l) and the numbers
of the former or of the latter set are exchanged depending upon whether t<2r_l

r=1
of t22

. . . r-
inte to sets, of respective sizes tmod2

. Furthermore, since the two halves of the array Tr0:25=1] are treated
in exactly the same way as regards dimensions 1,2,...,r-1, it follows by induc-
tion on decreasing j that the exchanges pertaining to dimension 1Sjsr are

completely described by :

ii (tmod23>23-1) then for each k: k-25.23-1+v, OSVSZJ-l-tmodZJ-]-l,
0ss<2" 3-1 pardo TTk1+TTk+27'] odpar

]

else for each k: k=2s.23” +v, 23-1-:mod21-15v523-]-1, 0ss<2t 31

pardo .&Eklﬁl‘[kﬂrl ] odpar (3)

Notice that in the above rule (3) a crucial role is played by the parameter
v, which defines the range of the pairs to be exchanged.
’ -
We now propose to implement the described cyclic shift operation on a CCC-like
network. We select a 2Px2" P ccC-interconnection so that dimension j of the
previous abstract description (for j>p) corresponds to CCC sheaf j=-9. We now

observe the following facts :

(i) Refering to the standard layout of figure 1, in sheaf £, for £ in the
range (l,r-p), adjacent pairs on the same orizontal line are characterized by the
same value of the parameter v, as defined above. This means that all pairs on a
given horizontal line of the layout will behave identically during the execution
of the shift algorithm, whence the behavior of sheaf £ is completely specified
by the behavior of modules M[i,£-1] in cycles i=0,1,...,2 -, Therefore, as
regards sheaf £, we may restrict ourselves to the subarray TZO:Zp*t-IZ ; in
particular according to rule (3), this array is partitioned into
'1'20:2;”2”I p+£-'-l] and T':ZIHl-l p+£—1:2p+£-l

first or the second of them exchanged on sheaf L.

-tmod2 ~tmod2 -1], and either the

(ii) cmode*z-l-q£2p+:mod2p, where qz--(cmodzp+£-l)/2p . Thus modules
MTi,L~1] (05152£-’-1) are divided into three sets,
000,8-13, .. M2 egm2, 0017, 28 g 0-1Ty, ana 22T eqp e,
Mizﬁ-l-l,t-ll}, such that modules in the first and third set have fixed behavior
during their active phases (either exchange or no-exchange), while MfZL-]-qe-l,ﬂ-l:

£~

changes its behavior after the first 2P-tmod 2P steps of its active phase.
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(iii) For amy value of £ (i.e., for 2ll sheaves) the quantity (2p-tmod2p) is
independent of £. This means that all modules with mixed behavior, the change
of behavior (from exchange to no-exchange, or vice versa) occurs after the

same number of steps during their active phases.

(iv) The LOWSHEAVES phase is void. Indeed the effect of a left cyclic shift
by tmod 2P positions within each cycle is implicitly achieved by the timing of
the exchanges in the HIGHSHEAVES phase. All that is needed initially for each
cycle is a toward cyclic shift by one position so that Tri2P-1] resides in
M[i,03, for i=0,1,...,2° P-1,

In summary the shift operation can be controlled as follows. Each module of

the CCC is assigned two bits, b, and b2’ which respectively control the module

operation during the first (Zp-émodzp) and the last tmod2P steps of the module
active phase. Bit bj is set to 1| denote "exchange" and to 0 otherwise. The
timing of the possible change of behavior (between step (2P-tmod2P) and step
(2P-tmod2P+1) is controlled by the bit sequence (O)ZP'tm°d2pl (O)cmodp’ which
circulates in each cycle along with the operands. Thus we conclude that three
control bits for module are sufficient, i.e., the cyclic shift operation has

a finite-state module control.

Since the layout of figure 1 is used without modification, (and the

nodes have censtant area) we reach the following conclusioms. For p=L;/%[ we
obtain a CCC whose computation time is O(2p)-0(¢3), i.e. a "slow" realization,
which, however is optimal for the ATZG metric (0<a<l) : in fact, referring to
the expression for the CCC height and width obtained at the end of Section 2,
we have : A=0(2r) and T-O(Zrlz), whence ATZQ-O(n]+a). If,on the other hand,we seek
minimum computation time O(logn), the corresponding "fast" CCC is obtained by
choosing p-‘iogz(r-p;‘g 1log2n.(]) I
A=0((n/logn)”), whence setting a=! in ATza, we obtain ATZ-O(nZ), i.e. the

n this case we obtain T=0(2p)-0(logn) and
network is optimal (notice that this occurs only for a=l).

4. INTEGER MULTIPLICATION AND DISCRETE FOURIER TRANSFORM

The design of hardware multipliers is not a new problem in computer science.
The classical shift and add method multiplies two n bits integers in time T=0(n),

within 2 circuit area A=O(n). Furthermore, such a circuit is laid out in a

(I)The notatien "llog™” is used in this paper instead of the more common
"loglog".




0

rectangle of constant width O(1), corresponding to a few wires, and height O(n)

proportional to the number of bits. Although this multiplier does not meet
2
the AT-O(n3/“

gt e ey

"
) and AT2=0(n') bounds of Brent-Kung 78], it proves to be useful
in designing optimal VLSI for the DFT and binary multiplication.

4.1. CIRCUITS FOR DFT

In [10], we indicate that the radix-2 FFT algorithm can be imple-
mented on the CCC in time T proportional to the cycle size h. Each module of
the machine performs one of seven tasks at a given time : it may transmit
operanas, in either direction, on one of its three communication lines, or it
may be performing an internal operation. Internal operations, in this context,
are linear combinations of the form (U,V)«(U+aV, U-aV) where U et V are two

operands present in the module, and a is an appropriate power of
2iT )
w=e T , a primitive n-th root of unity. In fact, the successive values of
. . T .
¢ vary with time, taking the form Boelys where W and w, are appropriate powers

of w ; keeping the value of w, 1in a special register allows to update & with

a single multiplication. Inte;nal operations can thus be computed in each

ﬁ module by a multiplication avo.w,, another multiplication V«ua.V, and 2 final
add~substract step (U,V} (U+V, G-V), Using a shift and add multiplier, and a
few registers, such a butterfly module can be implemented om a chip of area

O(logn) proportional to the number of bits used for representing each of the n

inputs. As for the multiplier, this butterfly can be laid out in a rectangle

of width 0(1) and height O(logn). The n butterflies are then placed on the
CCC of figure 1 as indicated in figure 4. It should be pointed out that in

. figure 4 the horizontal wires realizing the sheaf connection can be inter-

g
o

o leaved with the horizontal wires belonging to the butterfly modules; this

interleaving at most doubles the height of the latter modules. Thus, the width
; ,, of this new layout for a 2P x 2""P ccc (with n = 2P) is 0(27°P) = O(lp); we
shall now evaluate the height of the CCC. 2

As we see from figure 1, in each cycle there are two sets of modules:

the set of the sheaf-modules, whose lateral port is used, and the possibly

3' empty set of non-sheaf modules, which we shall consider first. Let H be the
. module height.
Each row of 2°°P non-sheaf modules (there are 2p-(r-p) such rows) can
I; be laid out in an obvious way, using height H; the chip height used to
1




accommodate these rows is thus (2p-r+p)H. As regards sheaf modules — although

more compact placements are possible — we just assume the standard placement
i')(2). Thus the (r-p)
+2H(r-p), and the total chip height is

shown in figure 4, where sheaf i uses height 2(H+2

sheaves contribute height 2t-p+2

(zr-p+2

follows that (provided 2P, the cycle length, is upper-bounded by ./n/logn ;
we already know that 2P 2 logn) the total CCC area is A = 0(n2/22p).

+H(2P+r-p)) = 0(;“5 + 2p108n), since r = logn and H = O(logn). It

===y
I ST O I .| sheaf 2
N
LT LLIT
T T_! T lTT TT
; l Sheaf 0
R

Figure 4. Placement of the butterflies (vertical rectangles) on the
ccc.

Processing time is devoted to butterfly operations and operand trans-
mission, each of which requires time O(logn). There are 2P+1og(n/2p) steps
in the computation, thus total time is T=0(2plogn). Since we have just
observed that 2P is bounded as logns 2p$~/n—/i-o_g;, for any choice of T within
the bounds logzns TS,\/r_\l—ogr-; we have just designed networks of area A =
O(nzlogzn/'rz), thus achieving the lower-bound of Thompson [2].

Of independent interest 1is the product AT which, as observed by Thompson

[2], is proportional to the amount of energy spent in the computation. In
3/2

this regard, a lower bound AT =Q(n logn) is obtained in [2], for the computa-

3/2

tion of the DFT; from the lower bound AT =..(n ) obtained by Brent-Xung (3]

(2)

The factor 2 is due to the interleaving of module wires and sheaf connections.




for binary multiplication, it is straight forward however to conclude that any
DFT circuit satisfies the bound AT = Q((nlogn)3/2). This last bound is met by
a "slow" CCC design, with the choice of 2P = 0((nllogn)1/2) for cycle size,
ylelding a circuit for the DFT with values A = O(nlogn) and T = 0(/nlogn).

The fastest circuit, among those described, is obtained for a cycle size
= 0(1§gn); it uses an area A = O(n%«logn)z) for computing DFT in time
0((logn)7).

2P

4.2. CIRCUITS FOR INTEGER MULTIPLICATION

It is well-known [13] that the Discrete Fourier Transform allows to compute
convolution products. From the preceding section, we know that we can
construct circuits computing the convolution of two sequences of q integers,
each integer being represented on logzq bits, with the following characteristics :

2 2 2
A.T"=0(q"logg”) for any T such that (logq)stSVqlogq.

2ir/q and its powers

In T13], Schonage and Strassen show that, if uwe
are -epresented with 5 log,q bits, and the arithmetic is carried out with this
precision, the approximate error in computing convolutions via FFT remains

confined to the fractional parts of the terms involved.

In order to compute the product of two n bits integers, we divide each

operand into q = longn blocks of length logn bits each, and we compute the convolution

of the two sequences of q integers. The exact product is then found by

"releasing the carries", in a straightforward maaner.

in the expression above for convolution shows that we have

. n
t =

Setting q o

designed circuits for binary integer multiplication having the characteristics :

‘, (o
A.TZ-O(nZ) for any T such that (logn) “sTsvn.

9
These circuits meet the ATZ-Q(n') bound of Brent and Kung 78] ; in this class,
the slow circuit corresponding to T=0(/n) also meets the AT=Q (n3/2) lower bound [8].




Although circuits in section 4 appear to be too complex for being feasible
on one chip in the present state of the technology,the sheer existence of, say,

an A=O(n), T=0(vn) multiplier raises interesting very practical prospects.
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