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/ Abstract

A cooperative estimator of aerial target motion was designed and

evaluated using An Extended Kalman Filter and a Monte-Carlo simulation.

The estimator was designed to combine tracking information from two

cooperating fighter aircraft which are tracking a single aerial target

in either range and angle, or in angle-only. The cooperation occurs

when information, in the form of raw measurements or state estimates,

is transferred between aircraft via a telemetry link. The design and

evaluation were both preliminary in the sense that necessary information

about attackers' relative position and orientation was assumed error-

free, that transmission delays and other details of a data link were not

included, tracker errors were modeled as white noise, and timing and

word-length constraints of actual real-time filter software was not

addressed.

Two methods of data transfer were developed and simulated. These

were Direct Measurement Transfer and State Estimate Transfer. An

attempt was made to develop an optimal algorithm for combining state

estimates directly, but no efficient algorithm was found, so that state

estimates were utilized as pseudo-measurements in a heuristic applica-

tion of the extended Kalman Filter. The results of the Monte-Carlo sim-

ulation of Direct Measurement Transfer using two different target tra-

Jectories, indicated up to 30% performance improvement for cooperative

estimation as compared to single filter estimation when range and angle

measurements were present. When only angle measurements were available,

a single filter was unable to estimate the complete target state, but

the cooperative estimator was able to do so, converging to within 1% of

vii



true range within two seconds on the trajectories simulated. State

Estimate Transfer, which was simulated for the angle-only case, proved

successful only-when the transfer rate was approximately 1.0 Hz.
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I. Introduction

Problem

Even though fighter aircraft avionics are becoming increasingly

sophisticated, individual elements of a tactical fighter aircraft forma-

tion operate on an autonomous basis from the standpoint of real-time data

transfer. Once the flight is airborne, coordination is done through

verbal communication, so that data transfer is necessarily at a very low

rate and of limited content. This imposes several constraints on the

operations. First, raw data must be processed onboard the same aircraft

as obtained it. Secondly, except for verbal transfer of data (e.g. "you

have a target at 3 o'clock"), the processed data can only be used aboard

the original aircraft in real time. As a direct result, no raw or pro-

cessed data from another friendly aircraft is available. The lack of

data results in either reduced mission effectiveness, or in increased

avionics requirements to supply all the aircraft with the sensors and

associated processing needed to perform a difficult task.

This lack of data transfer is especially disadvantageous to a numer-

ically outnumbered force, and is not even necessarily compensated by

having sophisticated, yet autonomous aircraft. The ACEVAL flight test

program (Ref 1:606) demonstrated that qualitative superiority does not

necessarily prevail over a quantitative advantage. The cooperation in

tactical maneuvers to defeat an enemy aircraft is an example of the

synergistic effect of coordinating resources for maximum effect. An

example of the disadvantage of one aircraft having to perform all func-

tions is the defensive disadvantage that an aircraft has while illumi-

nating a target for his semi-active missile, while he is simultaneously



closing within the target's missile launch envelope. If another aircraft

could illuminate from beyond missile range, using data transferred from

the launching aircraft, the defensive disadvantage could be avoided.

Finally, some operations are not possible without some sort of

cooperative data transfer. Present tactical radar cannot do terrain

following and terrain avoidance (TF/TA) simultaneously with aerial

search. Using a cooperative technique, however, it should be possible

for the low aircraft of a formation to perform the TF/TA function, while

another aircraft behind him does the aerial search function. The

avionics systems on both aircraft would have all the information avail-

able. Another example is a pair of aircraft angle-tracking a target at

long range, each with an angle-only tracker, such as passive infrared.

Either aircraft alone cannot determine the range to the target because

it is mathematically unobservable. Yet, if their relative position vec-

tors and attitude are known accurately, the combined measurement set is

sufficient to form an estimate of target position, velocity, and pos-

sibly acceleration. These state estimates are then useful in the fire

control systems of each aircraft.

Thesis Topic

This last example of data transfer directly motivates this thesis

study. Specifically, this thesis investigates the target state estima-

tion problem when two aircraft are available to make measurements, and

transfer of data between aircraft takes place in the 1-25 Hz range. For

the purpose of this study, both aircraft are presumed to be configured

identically, that is, both have the same sensors, computing capacity,

and software program, as opposed, say, to one aircraft making all the

2



measurements, while the other does all the processing. Although this

may not be ideal under some circumstances, it simplifies the range of

the investigation, and it may also be desirable in situations where the

availability of the second aircraft is intermittent or uncertain. It I
also should allow reconfiguring the task assignment of each fighter

aiicraft if one aircraft is taken out of action.
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II. Analytic Development

This chapter develops the necessary equations for implementing an

Extended Kalman Filter for cooperative estimation. Since a single, non-

cooperative estimator, such as now used in fighter aircraft radars, is

the building block for the cooperative estimators, it is developed first

in the "Single Tracker Estimation" section. That section has subsections

which develop the necessary dynamics, measurements, and filter equations.

In the "Dual Tracker Estimation" section, dynamics and measurements are

again treated to show what modifications are necessary when exchanging

measurements. Finally, four possible structures for dual tracker esti-

mation are discussed.

Single Tracker Estimation

Dynamics.

Since most of the technical literature dealing with target estima-

tion applies to a single aircraft tracking a single target, and since

that is the foundation for the developments in this thesis, it will be

discussed first. Important points to be discussed in the area of filter

dynamics are the estimator order and coordinate frame, the target accel-

eration model, and the matrices required to define the model. Later

sections will deal with the measurement model, filter algorithm, and

extensions necessary to perform the dual tracker estimation.

A third order, nine state estimator having inertial components of

relative target position, total target velocity, and total target accel-

eration in each of three axes is chosen as the dynamics model. Third

order is chosen because of the greater volume of literature documenting

its performance, thus establishing a larger baseline, (Ref 3, 5, 8) and



the fact that position, velocity, and acceleration are needed for many

fire control applications. In addition, including the acceleration

state produces better velocity estimates. Higher order derivatives of

target motion are not considered because no good model for target accel-

eration rate is known.

Two primary possibilities for the coordinate frame are line-of-

sight coordinates and local level inertial coordinates. Both choices

have been implemented operationally. A line-of-sight coordinate frame,

usually roll-stablized to reduce dynamic coupling between azimuth and

elevation axes, is the more traditional choice. This is because rate-

integrating gyros on a gimbaled tracker form a stabilized physical frame

in which azimuth, elevation, and range equations can be decoupled suc-

cessfully. Because of the necessity of implementing the tracking loops

and target filter in electronic hardware, anything more complicated

than a line-of-sight filter has been considered infeasible until recently.

The simplicity of the filter lies in the close coorespondence of the

measurements to the estimator states, but results in more complicated

dynamics equations. More importantly for this thesis, separate line-

of-sight coordinate frames for two separated tracking aircraft compli-

cates the relationship between states estimated by one aircraft and the

measurements of the other, thus complicating information transfer

between the two aircraft.

An inertial coordinate frame is simpler for modeling target dynam-

ics. The angular rate terms, namely Coriolis and centripetal accelera-

tion, which appear in differential equations written in a rotating coor-

dinate frame are not present. From the standpoint of complication,

these angular rate terms are more significant in determining the partial



derivatives of the nonlinear dynamics equations, which are required for

the covariance matrix integration, than they are for the state equation

integration. While in inertial coordinates the measurement equations

are nonlinear in the states, the equations for relating the measurements

of one tracker to the states being estimated are virtually the same for

either aircraft. Thus, the problem of transferring measurements to

another filter is much simpler than in line-of-sight coordinates.

There can be some real-world problems with using inertial coordi-

nates. For example, gimbal resolver errors now are inside the estimator

loop and enter the update equations directly, rather than corrupting

the state outputs when transforming the filter outputs from line-of-

sight axes to inertial axes. Although this is a valid issue to consider

in choosing a coordinate frame, it is not the subject of this thesis,

and the inertial frame was judged to be more suitable overall.

The modeling of target dynamics in inertial coordinates is not very

difficult, and for the most part, follows the work of previous authors

(Ref 3). Relative position is chosen rather than absolute position to

avoid a dependence on ownship absolute position. Total, rather than

relative target velocity, was chosen because total velocity is needed

in the acceleration dynamics discussed subsequently. For the purpose

of this investigation, the choice was made for convenience, though no

loss of generality results. Since the differential equations for posi-

tion and velocity are deterministic, i.e., no additive noise is included,

the only basis for any expected difference would be in the manner in

which ownship quantities enter the equations. Since the ownship quan-

tities in the simulation are assumed error-free, there should be no

difference in the simulated performance.
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The target acceleration model is the point at which some statisti-

cal uncertainty must be introduced. Since the target future accelera-

tion is not known exactly, some amount of additive noise must be in-

cluded. However, there is some systematic portion of the acceleration

rate, for which the mathematical "random walk" is certainly not very

descriptive. An acceleration model widely used (Ref 3, 5, 8) has been

the exponentially time-correlated acceleration model, in which accelera-

tion rate has been described as

;(t) = -Aa(t) + w(t)

where a(t) is the acceleration, X is a scalar coefficient, and w(t) is

zero-mean, gaussian "white" noise. The purpose of A is merely to reduce

the bandwidth of the gaussian noise, and to make the covariance of a(t)

bounded. Unfortunately, there are two serious problems with this model.

Examining the statistics of this model, it is found that (Ref 6:184)

E{a(t)a(t + T)} (T) a2 e- (2-1)'xx "A

and

a 2 Q (2-2)
A 2A

where xx (T) = autocorrelation function for acceleration model

a A variance of acceleration model output
uA

Q = strength of driving noise, w(t)

A - inverse of correlation time

The first problem occurs when A is picked large enough to make a short

correlation time. Its effect in the filter state equations is to reduce

7



the filter's acceleration estimate toward zero. While for an ensemble

of targets it may be expected that there will be as many targets accel-

erating east as west, yet for any given target, its acceleration can

stay non-zero in one direction for considerable periods of time. The

second problem results from the first. Since the process tends to be

zero mean, the variance of the additive noise, w(t), must be quite high

to allow for the +6g typical of aircraft maneuvers. Sample calculations

using this model are included in Appendix A.

A more appropriate model of target maneuvers is to consider that

the target continues to turn at a constant turn rate ( ) so that its

inertial velocity (V ) and acceleration (A ), if undisturbed, would de-

scribe circles in the plane determined by Yt and At. Disturbances would

add to the acceleration so as to increase or rotate current turn rate,

or change the speed. This model should, and does in fact, give higher

performance. For the purpose of the simulation, both terms are included

for evaluation, even though only one model is evaluated on any given

simulation run.

Before proceeding with the definition of the required matrices for

this application, the nomenclature and generic equations for the sto-

chastic differential equation, mean and covariance differential equa-

tions, and extended Kalman filter will be listed (Ref 6:163-170). The

stochastic differential equation is, using white noise notation:

;(t) - f(x(t),t) + B(t)u(t) + G(t)H(t) (2-3)

where x(t) is the time-varying state

f(x(t),t) is the homogeneous part of the differential equation

B(t) is the input weighting matrix

8



u(t) is the input deterministic vector

G(t) is the noise weighting matrix

w(t) is the zero-mean white noise vector of strength Q(t)

The approximate differential equations for propagating the conditional

mean and covariance between sampled-data measurement times are given by:

x(t) = f(x(t),t) + B(t)u(t) (2-4)

T AT
P(t) = F(x(t),t)P(t) + P(t)F (x(t),t) + G(t)Q(t)G (t) (2-5)

where E(t) - approximated conditional mean value estimate of x(t)

P(t) = conditional covariance matrix estimate of x(t)

F(x(t),t) = matrix of partials,

afi

FiJ = ax

Q(t) = strength of white gaussian noise, w(t)

Although the above equations can be re-written in terms of a state-

transition matrix, 0(t+T,t), for a linear differential equation, the

above form will be used since f(x(t),t) is nonlinear in x(t).

The state and covariance estimates are updated whenever the next

measurement becomes available (Ref 6:217). At the next measurement time

ti, the form of the measurement is assumed to be:

z(ti) - h(x(ti), ti) + V(ti) (2-6)

where,

Z(ti) - noise-corrupted vector measurement at discrete time ti

h(x(t )ti) = nonlinear measurement function

9



v(ti) discrete zero-mean white gaussian noise at time ti with

strength R(tI)

The update itself is performed via the following equations

K(ti) = P(t_)HT(_ti)[H(ti)P(ti)HT(ti) + R(ti)]- (2-7)

P(t+) = P(ti) - K(t )H(t )P(t-) (2-8)

(t+) -. (tt + K(tA)[E(t h(x(t-),t (2-9)

where,

K(ti) = Kalman gain at time t

H(t1 ) = matrix of partials,

3hi
Hij= x

ti = time ti immediately preceding update
ti

t time t~ immediately following update

The filter dynamic equations used in this thesis are shown below.

Position: t/a = V - Va (2-10)

Velocity: t - At (2-11)

Turning Acceleration: A -t V + w (2-12a)

or

Correlated Acceleration: A-t At + 2 (2-12b)

The subscript "a" denotes attacker, "t" denotes target, "t/a" denotes

target relative to attacker, and H1 and w2 are zero-mean white, gaussian

noise of differing strengths. A "dot" over a variable indicates the

10



1

derivative of a vector as seen by an observer in an inertial coordinate

frame. The 2 term must be calculated from velocity and acceleration as
t

follows. Acceleration of the target is the inertial derivative of the

velocity vector, and can be re-expressed in terms of the derivative

taken in a coordinate frame rotating with the target's velocity vector

as

idA -- V (2-13)
t t - t

At vd + xV *v
t dt -t -vi -t -t vi -t

Crossing V into both sides yields

Vt x A V x V + x (W x V)

t t - t -t - t-vi -t=0+ (Vt " Vt) i -" (yt " --i ) X (2-15)

The first term was zero because the vectors were colinear. Since any

component of wji aiong target velocity does not affect the acceleration

computation, it can be set to zero. Dividing both sides by (Vt VtO

yields

V x A
Target turn rate: - W =vi = vt " Vt (2-16)

2

W = w • (2-17)

Due to the suitability of the constant turn-rate model, the

strength of the additive noise can be based on some reasonable estimate

of the acceleration rate away from the constant turn-rate path. For

this study, a constant power spectral density, q, of 1/4 g2 Isec was

chosen as reasonable. The corresponding autocorrelation function is

11



E{w (t)wT(t+T)} = -qI6C), where q - 1/4 g2 /sec, is also the strength of

the white noise. Since it is not possible to define the most accurate

value without statistically analyzing a large sample of tactical target

maneuvers, the arbitrariness of the choice is actually preferable to

finding the most accurate value for the limited sample of maneuvers

simulated.

To complete the description of the filter dynamics, the 'T' and

"Q" matrices used in the covariance integration are developed.

Df (x (t))
F= ax (-8

where x is the state vector formed from the 9 components of

(Eqs 2-10 - 2-12), and x = f(x(t)) + w(t)

03  13 03

F [3 0 1 (2-19a)

0F F3 3,2 3,

where, for the turning target acceleration model,

-t

3,2 t 3  -t _ t

2 2 T T T ) (2-19b)
t 3 Lt] tx -Lot - t

-2Vtf -  (2-19c)
3, -t Lk -t

T Dw-- 2 tx Ct -t T
S-taA

12



and for the time-correlated acceleration model,

F3 2 =03 (2-19d)

F -XI (2-19e)

and where 13 and 03 are three-by-three identity and zero matrices,

respectively.

03 0°3 0°3

Q 0 3 0]3 03 (2-20)

3 0°3 qI

where q i 256 ft 2/sec5 corresponds to 1/4 g 2/sec for the turning

model, and q 1000. ft 2/sec5 for the correlated model.

Measurements.

For the single tracker case, the target measurements available to

the tracking aircraft are assumed to be line-of-sight direction and

slant range, which is the magnitude of the relative position vector.

To construct an estimator, it is necessary to relate each of the measure-

ments to the estimator states in a measurement equation, model the

measurement errors with a random additive noise, and calculate the

partial derivative matrices required to update the estimator covariance.

At this point, it is worth discussing the basic philosophy used in

developing these measurement models. Whereas the dynamics model is

fairly straightforward, with the possible exception of the acceleration

rate equation, which was discussed in the previous section, the measure-

ment errors occurring in actual target tracking hardware are anything

but straightforward. Many error sources are fairly well known, such as

13



resolver cyclic errors, alignment errors, radar radome refraction errors,

and analog-to-digital conversion errors. Others, like radar angular

scintillation, or atmospheric optical variations, are harder to describe.

It seemed both appropriate and convenient for this study to simplify

measurement errors as much as possible. It was considered appropriate

because the initial feasibility of cooperative filters should be esta-

blished before proceeding with more elaborate evaluations. It was con-

venient because any attempt to locate accepted error models could easily

dissipate most of the available research time.

The line-of-sight direction measurement could be in any of several

forms. Two of these are Euler angles and direction cosines. Euler

angles are formed by rotating one coordinate frame into alignment with

a second by rotations, in a prescribed order, about successively

orthogonal axes. They are described in any elementary physics text and

are the most familiar and easy to visualize. They have the disadvan-

tage of a mathematical singularity when the tracking axis is aligned

with the outer rotational axis. To avoid involving the estimator in

unnecessary detail concerning how a third Euler angle (physically, a

third gimbal) can be used to avoid this, it is easier to assume that

the sensor handles all the gimbal angle relationships and only outputs

the measured line-of-sight direction in the form of direction cosines.

Direction cosines, which are the components of the line-of-sight

unit vector resolved in attacker axes, are mathematically well behaved,

having no singular regions. Since there are only two degrees of freedom

for a unit vector, three direction cosines contain redundant informa-

tion. Assuming that the sensor has some processing capability, it can

combine the resolver outputs and raw tracker error into a unit vector,

14
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as well as normalize the result. At this point, a question arises con-

cerning modeling of errors in direction cosines. Since the direction

cosines are normalized by definition, there can be no error along the

length of the unit vector. Does this imply that the error model needs

to ensure that the error along the line-of-sight is zero? As will be

shown in Appendix B, this is not necessary because the elements of the

Kalman gain "K" corresponding to a measurement along the line-of-sight

go to zero, such that the filter ignores that component of the measurement.

The direction cosine measurements are resolved into attacker body

axes, and it is this vector that has the additive white noise errors.

In order to relate this vector to the state vector, which is in inertial

coordinates, the transformation matrix from inertial to attacker body

axes is used. In equation form, this is expressed as

L.O.S. Unit Vector: T P 1 (2-21)
-R R IA-t/a (-1

Unit Vector Measurement: U = U + vUR (2-22)
m

where UA = true L.O.S. unit vector in attacker body axes
'R

R = true slant range = distance from attacker to target

T = 3x3 transformation matrix which transforms a given

vector from inertial to attacker body coordinates

I relative position vector in inertial coordinates

described in Dynamics section

U = measured L.Q.S. vector

= white Qauss~gn noise vector

V

The range measurement equation and assumptions are fairly straight-

forward. Since these are scalar, rather than vector quantities, no

15



transformation matrix is required. The measurement equations are

R P * p il/2. (2-23)R -[t/a "-t/a ]

R = R + vR  (2-24)

where R = measured range-a m

vR = white Gaussian range noise

For this study, a typical sample rate of 25 per second for all

measurements was used. Thus, the white noise error model has finite

bandwidth, which is more plausible than the infinite bandwidth of con-

tinuous-time white noise. The standard deviations chosen for the dis-

crete white Gaussian errors are given in Table 1.

Table 1

Assumed Measurement Errors

Error (lo)

Measurement

Range 30 ft

Direction cosines, radar 0.004 (rad)

Direction cosines, IR 0.001 (rad)

The latter two values represent 4 milliradians for radar and 1 milli-

radian for infrared as typical. Due to a large part of the evaluation

concentrating on angle-only tracking, two different values were used to

ensure that the filter worked over a reasonable range of errors.

Two matrices must be evaluated for the filter to perform the

measurement update. The "H" matrix is the sensitivity of the measurement

16



vector to the state vector, i.e.,

h/axjx(t-).

The "R" matrix is the positive definite covariance of the measurement

errors. The "R" matrix is the partial derivative of equations (2-21) to

(2-24) with respect to each of the filter states, evaluated at the

filter's estimate of the state vector prior to the measurement. With a

measurement vector defined as

= [(2-25)

the "H" matrix becomes

H = -t/a 01x3 01x3 (2-26)
RT

TI A t/a

IA -R R 0 3x3 O3x3

where all quantities have been previously defined, and are to be eval-

uated at the state estimate, superscript "T" means transpose, and equa-

tions (2-21). (2-23) are used to compute R and R. Va (Eq. 2-10) and

TIA (Eq. 2-26) are ownship quantities supplied external to the filter,

and assumed to be error-free for this feasibility study.

The "R" matrix development assumes that the measurement errors are

uncorrelated with each other, and that the matrix elements are constant.

The full matrix is given below for the case of all measurements being

available.
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RR 0 0 0

0 0 0
R (2-27)

0 0 RUR 0

0 0 0 RUR

where each R is determined from
i

R i = 2 (2-28)

Filter Algorithm.

The filter algorithm, as such, is not a subject of this investiga-

tion. That is, while the basic matrices must be defined and the basic

measurement equations extended for cooperative information transfer,

the efficiency, numerical stability, and computational aspects are not

being investigated. Accordingly, it was appropriate to use an existing

algorithm for which computer software was already developed. The filter

algorithm in SOFE* (Ref 7) uses a Runge-Kutta numerical integration of

the filter state and covariance estimates between measurements, and a

Carlson Square-Root measurement update.

The numerical integration as orginally incorporated in SOFE was

fifth-order variable step, but as explained in Chapter 4, this was re-

duced to second-order fixed step for computational efficiency. Thus

the propagation equations are very general, at the expense of more com-

putation than a more efficient method, which might be developed for a

specific application. The Carlson Square-Root measurement update

(Ref 6:385) is used in SOFE to avoid numerical problems which frequently

occur in the standard Kalman update when the covariance is drastically

*SOFE: Simulation for Optimal Filter Evaluation
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reduced by an accurate measurement. Because of the way in which the

Square-Root filter equations are developed, the measurements must be

processed one at a time, necessitating uncorrelated measurement errors.

Thus the "R" matrix must be diagonal, or the measurements must be trans-

formed so that the new "R" is diagonal (Ref 6:375). This fact will be-

come important in the implementation of state e'stimate transfers that

will be discussed in the next section. Also, the use of a scalai update

produces somewhat different results than a vector update for the extended

Kalman filter, since the measurement sensitivity matrix is linearized

about a different x(t ) after each scalar measurement update.

i1
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Dual Tracker Estimation

The subject of this thesis is an investigation of applying Kalman

filtering techniques to the combination of tracker information from

different aircraft. The previous section covering single tracker esti-

mation serves as the basis for the application extensions covered in

this section. The extensions discussed can be placed into two cate-

gories. First, it is possible to develop a dual tracker Kalman filter

that is an application extension, but not a theoretical extension of

extended Kalman filtering theory. The example illustrated herein is

incorporation of the alternate tracker's measurements into the ownship

filter through the standard measurement update equations. This in no

way violates the basic formulation of an extended Kalman filter. The

second category does not satisfy the basic formulation, but might in-

volve using the other tracker's state estimates as though they were

measurements, or combining or resetting state estimates in some other

way than through the standard measurement update equations. Before

discussing these possibilities, though, the dynamics and measurement

equations for single tracker estimation must be re-examined to develop

additional necessary equations.

Dynamics.

As stated in the introduction, identical structures in each of the

cooperating filters are assumed. Thus, equations (2-10) through (2-12),

and (2-16) through (2-20) are used in each of the filters for the dynamic

model. It is important to note that the actual disturbance noise in

equation (2-12) is identical for both filters, since it is uniquely

determined by a single target. This fact will be important in the later
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section where possible structures for dual tracker estimation are

developed.

At this point, it is important to distinguish between what can be

denoted as a joint filter and dual filters. A joint filter would be

a single 9-state filter which incorporates the fact that the disturbance

noise is identical as seen by each tracker. However, such a dynamics

formulation does not satisfy the requirement that each tracking air-

craft have its own filter capable of autonomous estimation. Dual

filters, on the other hand, are separate filters estimating the same

basic process, the target motion. Depending upon the structure used,

each filter may or may not be optimal, and may or may not duplicate some

or all of the other filter's processing.

Measurements.

Direct measurement transfer is a straightforward application of

the extended Kalman filter, and will be investigated first. The prin-

cipal new element involved with this approach is the need for, and use

of accurate relative position and a common coordinate frame for the

cooperating aircraft. As previously noted, this additional information

is assumed error-free in this preliminary investigation, although such

would certainly not be the case in an actual situation. Presumably,

estimating this information with sufficient accuracy could be an inde-

pendent problem, and further investigation of the information transfer

problem could then be evaluated more extensively.

In order to incorporate a measurement from the other cooperating

aircraft (henceforth referred to as an alternate measurement), an equa-

tion must be developed which defines the alternate measurement in terms

of states being estimated by the primary filter. ("Primary" is not
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intended to imply "more important", but the local one which is pro-

cessing the information. Since both filters are configured identi-

cally, they each provide primary measurement to their own filters, and

alternate measurements to the other's.)

Since the primary filter must calculate the expected secondary

measurement, it requires the inertial-to-attacker transformation matrix

for the alternate tracker, and the position vector to the alternate

tracker. Note that the use of relative target position as a state is

what requires a different "H" matrix and h(x) function. If absolute

target position were the state, the identical form for "H" and h(x)

would be used, although evaluated at somewhat different nominal values

in each filter Despite this apparent advantage of absolute target posi-

tion, the use of relative target position is retained because it should

not have the roundoff errors which would likely occur when the target

moved very far away from the absolute origin. The measurement equations

can now be developed making use of equation (2-21) through (2-26). As

those equations are written, P t/a is the estimate of target position

relative to the primary tracker. To clarify the notation in the

following development, let

-t/all = target position estimate relative to primary, estimated

by primary

P t/a21 target position estimate relative to secondary, estimated

by primary

P =tal2 target position estimate relative to primary, estimated

by secondary
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P =ta

-t/a22 target position estimate relative to secondary, estimated

by secondary

Then, P t/aij is the filter position state directly when i=j, and

must be calculated when i j. This is calculated as

-t/aij = -Kt/ajj +-aj/ai (2-29)

where P aj/ai is the (known) position of attacker "j" with respect to

attacker "i". Equation (2-29) can be substituted into equation (2-21)

through (2-26) for P when processing alternate measurements, along
-t/a

with TIA for the alternate tracker. After substitution, the equations

can be used without further modification when calculating the "H" matrix,

due to the fact that Paj/ai enters only in an additive form in equation

(2-29) such that

ap t/au 
_

__ta__ = 7 (2-30)

-t/ajj

Thus, when the chain rule is applied to the calculation of Hij, the 3

by 9 partition of H corresponding to the target position states in equa-

tion (2-26),

ah(x) aPt/au

Xi -tlaif

H'j= Ptai X (2-31)

Pt/ai] t/aJJ

H ij reduces to equation (2-26) evaluated at t/aij"

From the standpoint of data transfer requirements, the following

vectors must be transmitted from aircraft "i" to aircraft "J" at each

time that measurement transfer is desired:
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z, the measurement vector obtained on aircraft "i"

T IA, the inertial-to-attacker transformation matrix for attacker

"i", or equivalent information

No filter outputs from attacker "i" are used, so that the filters are

not structurally coupled; that is, they only process data from the same
a

environment, x t(t). The accuracy of the measurement processing will

obviously depend upon the accuracy of Pa*/ai' and upon the relative

alignment of the inertial frames in each aircraft. It is not signifi-

cant whether absolute geographic locations are known, or whether the

inertial frame has a particular geographic alignment.

Possible Structures for Dual Estimation.

The preceding section discussed the application of existing extended

Kalman filter theory for handling measurements transferred to the filter

from another moving observation point. There are a number of other

possibilities for transferring information that are not part of extended

Kalman filter theory. Several of these possibilities are explored in

this section, especially those that were finally evaluated using a Monte-

Carlo analysis. The considerations involved in evaluating these possi-

bilities are making maximum use of computations already performed in

the alternate filter, mathematical rigor of the algorithm, if it is so

developed, or potential pitfalls of a heuristic approach. The following

four approaches are tentatively considered, and two of these are carried

forward to numerical evaluation.

1. Direct Measurement Transfer

2. Residual Transfer

3. Using state estimates as "measurements" for the other filter
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4. Optimal estimates via parallel processing

Items 1. and 3. are evaluated in simulation.

Direct Measurement Transfer.

Direct transfer of unprocessed sensor data from the alternate

tracker to the primary is an approach that will be evaluated. The

necessary equations for processing the alternate measurements were

developed in the previous section. This approach has the following

advantages:

1. The transferred data is not a function of how well the alternate

estimator is functioning.

2. The dimension of the measurement is less than that of the state

estimate, so that fewer variables need be transferred.

3. The measurement covariance matrix, R, is the same as for the

primary tracker if both aircraft are identically configured,

and hence would not need to be transmitted.

4. If all of the alternate measurements are transmitted to the

primary filter and processed every sample period, then the full

performance potential of the extended Kalman filter should be

realized.

The approach has the following disadvantages:

1. The quality of a single sample measurement is not as high as

the alternate filter's estimate of the position states. This

can be demonstrated by comparing the standard deviation of the

estimate to the measurement standard deviation from a simulation

run. (See Chapter 5.) Thus, it does not appear to be passing

the best available information.
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2. No information about the alternate filter's velocity and

acceleration estimates is used.

3. Transmission of all the raw measurement data may require exces-

sive transmission time or bandwidth. Intuitively, it seems

that the data could be compressed. If only a small fraction of

the data is transmitted to conserve transmission bandwidth, the

performance improvement may be too small.

Because this approach requires no new theory beyond the extended

Kalman filter, it serves as the performance benchmark (when transfers

are made every sample time) for what is possible in cooperative estima-

tion. This baseline is attained when all measurements are transferred.

Because of the desireability of minimizing the volume of transmitted

data, lower rates of transfer are of interest and will be investigated.

Residual Transfer.

The filter residual is the difference between the actual and

expected measurement.

(2-32)
K(t) z(t h(x (t I ) , t i )

where r(t ) = measurement residual at time t i

z(ti) measurement at time ti

h(x(t1 ), t 1 ) = measurement function evaluated at the filter

state propagated to time ti

It has the potential advantage of not requiring separate computation of

the measurement function, h( ) as would be required if z(ti) itself were

transferred. However, it has the distinct disadvantage of including

the alternate tracker's estimate in the residual. When this residual
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is incorporated into the primary filter, it cross-couples the two filters

in such a way that each filter processes the other filter's error in x

as though it were its own error. (This effect is developed in Appendix

D.) Thus, it would not be expected to perform well because the system

response of each filter is changed. In fact, this approach was initially

programmed in the simulation, and did produce an unstable response after

approximately 1.5 second of data transfer. This approach was then eli-

minated from further consideration.

Using State Estimates as Measurements.

The list of disadvantages of Direct Measurement Transfer given in

the previous section motivates the consideration of transferring the

alternate filter's state estimates to the primary filter. Intuitively,

this should overcome each of those disadvantages if a proper method of

incorporating these estimates exists. One method to be considered is to

treat the alternate state estimate as though it were a measurement vec-

tor. This would have the effect of cascading the two filters so that

the alternate filter's output becomes the primary filter's input.

Treating the alternate estimates as measurements does not satisfy

the assumptions of the filter formulation, however. In particular, it

is not true that the measurement error, v(ti), and the additive distur-

bance noise, w(ti) are uncorrelated, i.e.,

E wv(t ) w(t ) T 0 for ti > t (2-33)

since v(t1 ) in this case is the error in x(t). Using the alternate

estimates as measurements in a filter that assumues v and w to be uncor-

related can produce erroneous results. Although there are extensions
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that properly account for the correlations, evaluation of the correla-

tions is difficult, the computational burden is high, and that approach

is not evaluated here. One problem that will likely result from this

correlation is that the difference between the actual and assumed target

acceleration will tend to produce correlated errors between the two

filters' estimates. Since the filter is unaware of this, it assumes

that the errors are independent, and for the case of equal covariance

matrices, it will calculate a new covariance matrix that is approximately

one-half of the previous value. After this process is repeated several

times, both filters will have essentially identical estimates and the

covariance estimate will decrease to an unrealistically low value.

One possible ad hoc solution to this problem is to use the alternate

state estimate to update the primary state estimate, but not to update

the primary filter's covariance matrix. This would avoid the problem

mentioned in the previous paragraph, reduce the amount of computation,

and leave the filter covariance and gain identical to the single filter

problem. This may be reasonable for range and angle measurements, where

the filter covariance converges well, but not for angle-only measurements,

where it does not converge.

The additional equations required for this approach are just the

measurement equations as follows:

zS (ti -alt(t ) + F-alt/prict ) t V (ti1 (2-34)

a

H = 1 (2-35)
S
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E[v s(ti)v s(t s] (t alt(t ) (2-36)

where,

z (ti) secondary filter state used as measurement = Xs(ti)

x alt(t ) = true target state relative to alternate aircraft

P (ti) = position vector of alternate aircraft relative to
-alt/pri I

primary

vs(ti) = (assumed) white gaussian errors included in x s(t.)

Rs(ti) covariance of v (t i )

P alt ) = alternate estimator's estimate of state vector covariance

Due to the fact that the identical disturbance noise, w(ti), enters

each filter's dynamics model at the acceleration rate level, while the

independent range and angle measurement noise is added to target posi-

tion, it might be expected that there is a higher degree of correlation

between acceleration estimation errors than between position estimation

errors. Thus, the simplifying assumption that w and v are uncor-

related might be less valid for acceleration state estimate transfers

than velocity or position estimate transfers. In order to evaluate

this possibility, the measurement vector and matrices, z, Hs, and Rs,

can be partitioned into position, velocity, and acceleration components.

This will produce a measurement with either three, six, or nine compo-

nents, depending upon the level of transfer selected.

One final consideration in the use of state estimates as measure-

ments is the possibility that direct measurement transfer might need to

occur along with state transfer. A specific instance of this is the

situation in which two cooperating aircraft are tracking a single target

in angle only. In this case, the mathematical observability of all tar-
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get states depends upon combining measurements at least initially. It

is also important to update the covariance matrix to prevent divergence

due to the observability problem. In this instance, it may be necessary

to start the estimator with direct measurement transfer and continue

frequently enough for good covariance performance.

Optimal Estimates via Parallel Processing.

This section is motivated by the fact that the inherent correlation

between the alternate filter's state estimates and the disturbance noise,

w(ti), is not properly considered with the previous approach. It would

be desireable if an efficient algorithm could be derived which would

perform at a reduced transfer rate as well as the extended Kalman fil-

ter using direct measurement transfer every measurement sample time. An

efficient algorithm ideally would capitalize on the measurement processing

already done in each filter separately, combining state and covariance

estimates in an optimal or sub-optimal manner, with a minimum of arith-

metic computation beyond the single filter computational load. Ideally,

the result would be sub-optimal only because the contributing single

filters are already sub-optimal due to the nonlinear h(x(t),t) function

which disallows a linear filter. What is desired could thus be described

as optimal (or suboptimal) estimation using parallel processing.

The structure of the p:oblem can be illustrated using simplified

block diagrams. Existing extended Kalman filter theory, as applied

directly to this problem, can be described as centralized estimation.

The method of direct measurement transfer, described previously, effec-

tively implements a complete, centralized, extended Kalman filter in

each of the cooperating aircraft. Structurally, then, it can be dia-

grammed as in Fig 1. What is desired, however, is for each tracking
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aircraft to estimate the same target's states autonomously for at least

several measurement sample periods, and then to combine the individual

estimates in what would be an optimal estimate for a linear filter, or

in this case, suboptimal due to the measurement nonlinearity. This

linear system structure can be diagramned as in Fig 2. In this structure

note that N>l measurement samples, z.(ti) are incorporated into each

filter "j" before the optimal combination (x(tN),P(tN)) is formed. This

implies that each filter has to perform "N" propagation and update cycles

with only part of the available measurement information, so that

x (t N) and P'(tN) for each filter (j = 1 or 2) are definitely suboptimal

in the context of the total measurement information, z (ti) and z2(ti).

Note also that although the errors in z1 (t ) are presumed uncorrelated

with the errors in z2 (ti), i.e.

E[(z 1 (t.) - h 1 (x(ti))(z 2 (t i ) - h2 (x(ti))T] = 0 (2-37)

the same disturbance noise, w(ti), enters both filters identically since

they are both observing the same target manuevers. Thus, the errors in

X1 (ti) are not uncorrelated with the errors in x2 (ti), i.e.,

E[l~t i ) - ?t(td ( ) - x(t))T 0 0 (2-38)

In addition to the same errors being introduced through the dynamics

equations, the initial errors, [x (tl) - x (t1)], will be perfectly

correlated if x (ti) is initialized identically. Finally, the global

optimal estimate, x(tN), is produced only every "N" sample periods.

Note that transferring states as measurements, as shown in Figure

3, does feedback state information every "N" sample periods, but not

in an optimal fashion.
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Several attempts were made to develop such a parallel Kalman filter

algorithm that would optimally combine the individual suboptimal lesults

from each filter without involving significantly more computations than

the Direct Measurement Transfer method. Since the Direct Measurement

Transfer method satisfies all of the required assumptions of an extended

Kalman filter, a parallel filter algorithm, if developed, could not be

expected to have better estimator performance. Its only advantage would

be to reduce the amount of data transfer necessary, and possibly reduce

the number of computations.

The results of these attempts failed to develop such an algorithm.

The basic impediment in the development is the correlated driving dis-

turbance representing the target maneuvers, which is identical for both

filters. The measurement information added to each filter during its

own filter update is independent of the other filter's measurement infor-

mation. However, the addition of the driving disturbance reduces that

information level in such a way that the independent and dependent

(between the two filters) information is no longer separable. The sepa-

ration of the independent information is what is required for this

algorithm to be successful.
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III. Simulation Test Plans

Simulation Test Requirements

The necessity for a Monte-Carlo simulation arises from at least

three aspects of the proposed filter structures. Since the filter is

basically an extended Kalman filter, rather than a linear Kalman filter,

there is no theoretical basis for guaranteeing that the covariance com-

putations of the filter will accurately describe the true errors, as

would be the case for a linear, full-order Kalman filter. The non-

linearities in the measurement equations are significant, so that a

covariance analysis of an associated linearized Kalman filter, linearized

about a given a priori nominal state trajectory, might produce signifi-

cantly erroneous results. Secondly, the effect of initial filter errors

are important, since for an extended filter there is not a theoretical

guarantee that the Initial transient will be stable. This effect could

be particularly important for the case of angle-only measurements, where

the first measurement provides essentially no information in range (an

observability problem). Even with measurement transfer, the range esti-

mation problem, which is geometrically a triangulation problem, is

highly dependent on the relative positions of the two tracking aircraft

and the target, so that different geometries should be considered.

Thirdly, the proposed technique of transferring filter states as measure-

ments does not satisfy even the assumptions of an extended Kalman filter,

in that the assumption of independent errors in the two filters may re-

duce the covariance too low, so that even a tentative performance evalu-

ation of that method requires a Monte-Carlo simulation.
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The Monte-Carlo simulation is required to generate both true and

estimated values. The true values drive the measurement equations, and

both are needed to evaluate estimator errors. Since the required true

values are the kinematic variables (position, velocity, and acceleration

vectors) for both attackers and target, a trajectory must be generated

which contains these parameters.

Since it was already decided that controlling the attacker's tacti-

cal maneuvers to aid the target estimator is outside the scope of the

investigation, the trajectories can be generated independently of the

Monte-Carlo simulation of the estimator. Due to the difficulty and

time that would be consumed in generating random target maneuvers, and

to the difficulty of interpreting results of such a simulation, a col-

lection of deterministic trajectories is considered more desireable.

The requirements of the trajectory set are that it presents a

significant variety of initial conditions and target maneuvers which

will exercise the filter over a broad enough range of conditions to in-

crease confidence that the measured performance is truly representative

of its overall performance. It is important to note that tactical real-

ism is not a specific requirement for filter evaluation. As long as

the trajectory set chosen is not radically different from realistic

maneuvers, the performance results should be very similar to operational

performance.

A requirement of the trajectory is that two aircraft be available

to track the target. Although in the general case, one might ultimately

be interested in "m" attackers versus "n" targets, that should be a

straightforward extension, conceptually, of the two versus one problem.
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Note also, that although this investigation considers only two versus

one, there is no inherent reason why attackers have to out-number

targets for the technique to be used. If two interceptors had infrared

search and track (IRST) sets capable of measuring angles to "n" multi-

ple targets, the two versus one problem would have to be repeated "n"

times. Although conceptually simple, these extensions obviously would

involve difficult engineering problems.

Other requirements of the evaluation software are that the user be

able to control initial conditions, computation of the H(x(ti),ti) matrix,

target acceleration filter model, and timing of measurement and/or state

transfers. In the area of initial conditions, there are three types of

initial filter errors possible. There are zero errors (perfect initial-

ization), random errors, and initial errors which are fixed from one

Monte-Carlo run to the next. This latter type of error is needed in the

evaluation of filter recovery from initial errors. Computation of

H(x(t.),ti), while actually done with the filter state vector estimate

as H(xf(ti)lt i) in an actual implementation, may need to be Investigated

with the true state vector as H(Xt(ti),ti) in order to isolate the effect

of the erroneous partial derivative evaluation point on measurement pro-

cessing. The two target acceleration models to be included are the

exponentially time-correlated target acceleration model and the turning

target acceleration model discussed in Chapter Two. Starting, stopping,

and interval timing on measurement and state transfers are to be user

controlled.

The implementation of these requirements in software is discussed

in Chapter Four and the appendices. The definition of test cases to be

run is given in the next section.
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Test Case Definition.

Various test cases are needed to determine the performance of the

candidate filter configurations. The objectives of the test cases are

to evaluate

1. The effect of noise and bias errors on estimates

2. Recovery from initial errors

3. Filter performance during target maneuvers

4. Filter estimates of its own error variance as compared to the

true RMS errors

Due to the volume of output, this analysis will be primarily graphical,

with some key results tabulated.

Some general description can be applied to all of the test cases.

Unless otherwise noted, each case will have ten Monte-Carlo replications.

Since the only random variables are the measurement errors, ten seemed

a sufficient number, based upon previous experience. As described pre-

viously, the trajectories do not vary from one replication to the next.

The initial filter error, if random initial conditions are chosen, may

vary from one replication to the next.

What is referred to as "radar" means discrete-time (25 Hz) range

and direction cosines measurement available throughout the entire pass

with discrete-time, zero-mean white, gaussian errors of 30 feet and 4

mllliradlans, one sigma, respectively. "IR" (infrared) means direction

cosine measurements with 1 milliradian, one-sigma errors, also at 25 Hz.

The trajectories numbered 1 through 6 are described more fully in Appen-

dix C, but are described briefly here. 4
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Tra ectoryNo. Description

1. Tail chase at 8000 feet initially, target

makes 3 g level turn to right

2. Target offset 5000 feet to right, initi-

ally turns to right, then reverses and

loses speed

3. Attackers at 20K alt., target at 15K alt.

at 60,000 feet head-on, target straight

and level, all three A/C at Mach=l.2

4. Target at 60,000 feet head-on as in 3.,

but rolls left and turns, then rolls right

and climbs

5. Target straight ahead at 12000 feet flying

straight and level on relative heading of

90* right

6. Target initially flying straight and level

at 12000 feet at relative heading 90* left,

makes ascending, turning climb to left

Detailed Test Case Description.

Table 2 gives the exact conditions for the test cases described

below. Blanks in a particular column indicate that that value is

unchanged from the previous case.

1. Single-filter baseline (no information transfer)

1.1 Evaluate target acceleration model

Test cases 1.1.1 through 1.1.4 will be run using target

trajectories 1 and 4 with both the correlated and turning

acceleration models, and using radar measurements.
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1.2 Evaluate perfozmance on each trajectory

Test Cases 1.2.1 tbrQughL 1.2.4 will be run using targets

2, 3, 5, 6 with turning acceleration model.

1.3 Evaluate angle-only (IR) performance of single filter

Test cases 1.3.1 through 1.3.4 will be run with angle-

only on target trajectories 1, 4 with both perfect and

random initial errors.

2. Cooperative filter comparison

2.1 Direct measurement transfer

2.1.1 Radar tracking benchmark

Test Cases 2.1.1.1 and 2.1.1.2 will be run on tar-

gets 1, 4 with perfect initial conditions and 25 Hz

measurement transfer rate.

2.1.2 Angle-only (IR) benchmark

Test Cases 2.1.2.1 through 2.1.2.6 will be run on

targets 1, 4 with true, random and constant error

initial conditions.

2.1.3 Angle-only (IR) tracking with lower transfer rates

and no initial errors

Test cases 2.1.3.1 through 2.1.3.4 will be run on

targets 1, 4 at transfer rates of 5 lz and 1 Hz.

2.1.4 Angle-only (IR) tracking with lower transfer rates

and imperfect initial conditions

Test cases 2.1.4.1 through 2.1.4.4 will be run on

targets 1, 4 at transfer rates of 5 Hz and 1 Hz.
44. . .
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Results of 2.1.3 and 2.1.4 will be compared with

2.1.1 and 2.1.2 respectively.

2.1.5 Effects of imperfect H on angle-only (IR) estimation

Test cases 2.1.5.1 through 2.1.5.4 will be run on

targets 1, 4 at 25 Hz transfer rate with perfect

H = H(x t) with random and error initial conditions

and compared with 2.1.2.

2.2 State Transfer Investigation

2.2.1 State transfer with no measurement transfer and perfect

initial conditions

Test cases 2.2.1.1 through 2.2.1.18 will be run on tar-

get 4 with state transfer occurring at 5.0, 1.0, and

0.2 Hz. Target 4 was chosen because of the longer

range, less advantageous geometry for triangulation,

and significant maneuvers. These cases will be run

with both state and covariance updates, and with state

updates only. Normal ownship measurement updates con-

tinue as in previous test cases. In addition, combina-

tions of position only, position and velocity, and

position, velocity, and acceleration transfers will be

simulated.

2.2.2 State transfer with no measurement transfer and imper-

fect initial conditions

Test cases from set 2.2.1 that perform satisfactorally

will be rerun with imperfect initial state estimates.
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2.2.3 State transfer with simultaneous measurement transfer

Test cases similar to set 2.2.1 will be run with state

and measurement transfer at appropriate transfer rates.
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IV. Software Development

In order to meet the evaluation requirements which were described

in Chapter Three, existing software had to be modified and new software

written. The modifications to existing software were minor, and the

new software was developed only for this particular application of the

extended Kalman filter to cooperative estimation. This chapter will

describe the basic capabilities of the Monte-Carlo Kalman filter simu-

lation program, "SOFE" (Simulation for Optimal Filter Evaluation), the

application routines which were written as part of the thesis effort

and which supply problem-dependent data needed by "SOFE", and several

pre- and post-processing programs associated with "SOFE".

Monte-Carlo Evaluation.

The reason for requiring a Monte-Carlo evaluation was described in

Chapter Three. The basic requirements of such a simulation are described

here as a prelude to the software discussion. In order to evaluate the

results, or outputs, of a process which has stochastic process inputs,

the evaluation must take into account the effect of the process on

those stochastic inputs. One way that this can be done is to charac-

terize the inputs with some probability distribution function,

Fx(1) = P(X < E) (4-1)

where F = probability distribution function

X = random input variable (vector)

particular value of X

P(X < E) = "probability that X is less than or equal to "a"

47



If one could somehow use the input probability distribution, along

with the process description, to produce the joint probability distribu-

tion of the output at each time ti (e.g. FXt, the evaluation

would be complete. However, this is not practially possible for this

problem. Another one possibility might be to let the process operate

on a certain parameter of FX (), such as the covariance. For certain

restricted conditions, i.e., a linear process with gaussian-distributed

random inputs, this is possible and produces an exact result, but for a

nonlinear process, such as the one simulated, the output covariance

cannot be computed exactly. In addition, the mean and covariance are

no longer sufficient to characterize completely the output probability

distribution.

The remaining possibility is to sample the input stochastic process

to obtain an actual realization, and then to process it to obtain an

actual realization of the output random variables. This process is

duplicated many times so that enough samples from the output random

variable exist to characterize its probability distribution. This is

called a Monte-Carlo simulation.

An important concern of this problem is to measure estimated quan-

tities against the corresponding true values and to describe the errors

which result from the differences. For this problem, the important

quantities are

tt) vector of true target quantities at discrete intervals

A

x cti P vector of estimated target quantities at discrete inter-

vals (with measurement updates, there will be values at

both t and t+I
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t(.t ) x tt) - x(_t i ) (A-Z)
X -t YI-til

error vector at time t

When the Monte-Carlo simulation is run, the entire time history

of Xf(tl) is generated a number of times, each time with a different

random time history of measurement noise. The values generated for a

set of Monte-Carlo runs are

xt(ti,m) = Xt(t) for run #m

xf(t.,m) = xf(t i ) for run #m

(tim) = E (ti) for run #m

Since for this simulation, the true target quantities do not vary from

one run to the next, xt(ti,m) does not vary with "m".

The outputs from the simulation are reduced to form the mean and

standard deviation from equations (4-3) and (4-4) (Ref 10)).

Av[-(t)] = m .(ti~m) (4-3)

(M-1. O)11 M21/
Sig[E(t1 )] = M-1.25 [m~l (c(tim) - Av[£(tt)])2i (4-4)

"SOFE" Usage.

The "SOFE" program (Ref 7) was developed by Stanton H. Musick of

the Reference Systems Branch of the Avionics Laboratory, primarily for

application to inertial navigation problems, although the program itself

is general purpose. The total "SOFE" program includes basic "SOFE",

which is invariant from one problem to another and provides the basic

Monte Carlo simulation structure and efficient general purpose routines
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as for integration, matrix manipulation, and Input/output functions,

and user-written "SOFE", which defines the functions and matrices pecu-

liar to a particular problem. The basic filter computations performed

by basic "SOFE" are described in Chapter Two in the Filter Algorithm

section. Basic "SOFE" also performs problem initialization, Monte-

Carlo run initialization, and input/output Including data printout,

printer plots, trajectory input, and Monte-Carlo data output. The

Monte-Carlo data is analyzed and plotted using a post-processing program,

"SOFEPL", described later.

Basic "SOFE" has provisions for both a tritth model, i.e., a set of

nonlinear stochastic differential equations describing the true values,

and for an external trajectory. For this problem, the truth model

states are defined to be equal to the external trajectory values.

"SOFE" Application Routines.

There are a minimum of nine user-written routines which are neces-

sary to satisfy the requirements of basic "SOFE". In addition to

these nine, there are ten additional routines which are called from

within the nine required routines, and which were designed for this

investigation. Detailed discussion of these routines is given in

Appendix E.

Pre- and Post-Processing Software

Trajectory Generation and Plots.

Trajectories were generated using an Interactive aerial gunnery

simulation. Initial conditions and target maneuvers were controlled

from an interactive computer terminal, while the attacker flew a gunnery

lead pursuit course against the target. Trajectories were generated on
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a one versus one basis, and then two such trajectories were merged to

form a two-versus-two geometry. WTile one target remained almost direc-

tly in front of each attacker due to the lead pursuit course (In which

the lead angle is generally less than 15 degrees off the nose), the

other target, which was not being tracked by that attacker in lead pur-

suit, maneuvered independently of it. This independent target remains

generally in front of the attacker for target trajectories one through

five, simply due to the initial conditions and the duration of the

encounter. For trajectory six, the target eventually moves behind

attacker number one. Although two attackers exist and are estimating

target states throughout the simulation, only the output from attacker

number one is shown in the results. Early testing showed that both

filters converged to essentially the same estimates after the initiali-

zation transient settled. The purpose of pointing this out here is

merely to establish the following relationship between attacker and tar-

gets, that is, that the odd-numbered target trajectories correspond to

targets being chased in lead pursuit, while even-numbered targets are

maneuvering independently of the attacker.

The method of controlling the target maneuver was through piecewise

constant commands of roll rate, load factor, and thrust to a five degree-

of-freedom aerodynamic model of an F-4 aircraft. Moment equations were

used in the pitch axis to prevent discontinuities in pitch rate, where

tail surface deflection was generated in a feedback loop to achieve the

commanded load factor. Thrust and roll rate were assumed to be instantly

achieved. In the case of instant thrust, this produced somewhat

unrealistic step changes in target acceleration that sometimes made the
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target estimator's input more difficult to follow. This is not con-

sidered to invalidate the data; however, this fact must be considered

when examining the results.

In addition to the trajectory generation and merging programs, a

three-dimensional plotting program was developed to graph the trajec-

tories. These graphs are shown in Appcndix C for each of the three

merged data files, each of which contains two target and attacker

trajectories.

"SOFEPL".

"SOFEPL" is a statistical analysis and plotting post-processing

program developed by University of Dayton Research Institute. Using

a "SOFE" generated input file, it calculates time histories of averages

of xt and x and time histories of averages and standard deviations of

errors. Errors are defined as the differences between user-specified

pairs of components of x and Xf. Of the many plot options available,

the two which were used were the plot of X and X , and the
tJ i(aver)

plot of average error, plus or minus one standard deviation, Avg

[Xt -Xf ]+E. In additinn, an option to plot average error, aver-

age Jerror plus a j, and -(P 1/2 was developed for test set 2.2.1.

Program Output

Printer Output.

An example of printer output is given in Figures 4 and 5. Figure 4

is an example of time history output of truth, (or "system", as called

in "SOFE") states, filter estimated states, and filter estimated stand-

ard deviation. Since "SOFE" itself performs no ensemble averaging, all

the printed output represents results from an individual run. Ensemble
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averaging is ;,erformed by "SOFEPL". All of the eighteen filter states,

nine for each of two filters, are printed out here, even though plots

were generated only for filter one, which corresponds to the first nine

states. Figure 5 shows one of the printer plots generated by "SOFE".

The data used in these plots is only from the first Monte-Carlo run.

The example given is of the filter error and filter-estimated standard

deviation, as di!stinguished from the actual Monte-Carlo standard devia-

tion.

Plotted Outputs.

Numerous examples of plotted output are referenced in Chapter Five

on test results. For the full state plots, titled "TRUE AND EST. VALUES",

the average estimates can be distinguished from the true state by the

estimation noise appearing on the estimate curve. By contrast, the true

value time history, which is identical from one Monte-Carlo replication

to the next, appears as a smooth curve. The error plots, titled "ERROR,

ERROR +- ONE SIGMA", contain three curves showing the average error, and

the average error, plus and minus the computed standard deviation.

Beginning with the plots that are labeled "CASE36" and thereafter and

also on "CASEI5" and "CASEI6" plots, the bottom curve is the negative

square root of the average filter-estimated covariance, i.e., -Av[Pf(j,

j)1 /2]. This allows better insight into accuracy of the filter in its

own estimate of its errors, by allowing the reader to compare the filter's

estimate of standard deviation with the actual Monte-Carlo standard

deviation.
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V. Test Results

The test conditions described in Chapter Three were simulated

uLilizing the software described in Chapter Four. This chapter de-

scribes the results of those tests, making specific and general observa-

tions and inferences. The paragraph numbering follows that of Chapter

Three to aid the reader in cross-referencing test objectives and results.

There are a number of tables of statistical data referenced throughout

this chapter. They contain means and standard deviations of the errors

committed by the filter in each of the nine filter states. They are

computed in the post-processing program, *SOFEPL" by first generating

time histories of average error and standard deviation, and then aver-

aging each of those curves over the entire time interval. Since this

interval does include the filter initialization, the time averages gen-

erally represent worse errors than the steady-state errors. Nonetheless,

for a given target trajectory, the statistics of any two given test cases

can be compared to indicate relative performance. To understand the

exact conditions of a particular test case, it is necessary to refer to

Table 2.

The plots referred to in this chapter are contained in Appendix F,

and are labeled with a set of sequential test case numbers, as well as

decimal test case numbers from Chapter Three. Since the plotting program

scales each graph independently, the vertical scales are not necessarily

the same for the same plot on different test cases.
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1. Single Filter Baseline

1.1 Target Acceleration Model (Ref Pages F-(3-44))

Target trajectories one (a short-range, turning engagement) and

four (a long-range head-on pass) were used to evaluate the performance

of the turning target acceleration model relative to the time-correlated

acceleration model. These trajectories were chosen because they were

significantly different, and would present the filter with a broad

range of conditions. On trajectory one, the turning acceleration model

produced standard deviations of all the state errors that were 5% to 15%

lower than the time-correlated model. See Table 5-1, cases 1.1.1 and

1.1.2. More significantly, the bias errors were considerably less for

those axes in which a significant acceleration occurred. The bias errors

for both models were worse in acceleration than velocity, and worse ir.

velocity than position, but the acceleration biases for the turning

model was approxmately 8% in X, 67% in Y, and 110% in Z, of the time-

correlated bias. The Z-axis had very little acceleration resulting in

small biases for both filters.

On trajectory four (cases 1.1.3 and 1.1.4), the target is much

further away than on trajectory one, (60,000 feet vs. 8000 feet) resulting

in much larger azimuth and elevation measurement errors (in feet) since

the errors are a constant 4 milliradians, RMS. This results in larger

estimation errors in the Y and Z axes than on trajectory one. In addi-

tion to the longer range, the target performs a significant out-of-plane

maneuver, i.e., by rolling the aircraft, it rolls the acceleration vector

from the inertial Y-axis to the inertial Z-axis. This is a significant

test for the turning acceleration model, because its propagation equa-

tions can only account for the in-plane turn. The test results show
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significantly lower mean errors in Y-axis position and acceleration, and

nearly equal or slightly lower mean errors in other estimated states for

the turning acceleration model, as compared to the time-correlated model.

There were no significant differences in standard deviations. Based on

the tests run in this set, it was concluded that the turning accelera-

tion model out-performed the time-correlated acceleration model, espe-

cially in the reduction of bias errors on acceleration states.

1.2 Performance of Turning Acceleration Filter on Different Trajec-

tories (Ref. Pages F-(45-53))

On trajectory two (test case 1.2.1), the target performs very

dynamic maneuvers by reversing his turning plane. The acceleration esti-

mates appear to oscillate or initially diverge before convergence begins

at about two or three seconds. (Page F-47) A sharp roll reversal by the

target at four seconds creates a large dynamic lag in estimated accelera-

tion from five seconds to nine seconds. At 14 seconds, the target

maneuver becomes unrealistic because excessive load factor is causing a

rapid loss of energy and airspeed. This trajectory is not used hereafter

for that reason. (Table 5-2)

On trajectory three (test case 1.2.2) the target flies south,

straight and level at 15000 feet altitude, slowly increasing speed from

1200 to 1320 feet per second. Except for some unusually large initiali-

zation transients in X and Y velocity estimates, the filter performed

well, having essentially equal standard deviation of errors as for tra-

jectory four (test case 1.1.4), and lower mean error, due to the lack

of target maneuver.

Trajectory five (case test 1.2.3) is another straight and level tar-

get, but flying east at 90 degrees to the attacker's Initial velocity.
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Performance is similar in that the mean errors are small, but the

standard deviations are lower due to the shorter range.

Test Case 1.2.4 was conducted on trajectory six, in which the tar-

get initially is flying v._st in a climb, rolls left and pulls a three

• g" turn and then rolls level and continues to climb. A three "g"

transient in X-acceleration during the first three seconds, while the

filter is still settling, generates a large bias error in that state

until 4.5 seconds into the simulation. Another target maneuver at 8

seconds induces a bias that lasts until 12 seconds in both X and Y axis

acceleration estimates. After examining the Y and Z axis true accelera-

tions, the target maneuvers appear unrealistically too dynamic. The

maneuvers in Z axis acceleration appear to be high enough frequency

.4
that the filter estimate seems to be 180 degrees out of phase. The over-

all observation from test cases 1.2.1 through 1.2.4 is that the filter's

performance was consistent with runs 1.1.1 through 1.1.4 on trajectories

one and four. The similarity of statistics for these cases, as compared

to trajectories one and four, indicate that further investigation can

reasonably be carried out using only trajectories one and four. It is

important in order to control the overall number of runs that this reduc-

tion In number of trajectories be made if a performance indication is to

be generated with a reaonsable total number of runs.

1.3 Performance of Single Fiter with Angle-only Track (Test Cases

1.3.1 - 1.3.4) (Ref. Pages F-(56-67))

Cases 1.3.1 through 1.3.4 were run only for comparison with the

cooperative filter runs described in the next section. A single aircraft

that is tracking a target with an angle-only tracker cannot observe
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range to the target. This affects all of the other estimates, since

an estimate of range is necessary to relate angular measurements to

linear states. Equation (2-26) shows how estimated range enters the H

matrix, which is required to process the angle measurements.

For both case 1.3.1 and 1.3.2, the filter was initialized to the

true state, although the initial filter covariance was high so that an

initialization transient still occurred. Not surprisingly, the perfor-

mance of X axis estimates was considerably worse than Y or Z, since the

slant range was primarily in the X axis direction. (See Table 5-3).

For the short period of time simulated, there was some tendency for X-

axis position and velocity to follow the true values, but whether this

was convergent or actually a divergent oscillation could not be deter-

mined without a run of longer duration. The Y and Z axis estimates

tended to diverge slowly but steadily from the true values. Numerical

problems resulting from the lack of range information forced the simu-

lations to be stopped short of the full trajectory length before the

covariance matrix P(t i) became indefinite.

Test Cases 1.3.3 and 1.3.4 were like 1.3.1 and 1.3.2 except that

random initial errors were used. Case 1.3.3 was never successfully run

because the P matrix became indefinite shortly after starting the run.

This may be largely due to the fact that the initial P matrix induced

numerical errors large enough to produce such large variations in x(t)

during the initial transient, that the target was estimated as behind

the attacker, so that fluctuations in the H matrix were too large. Case

1.3.4 was successfully run and, as expected, showed worse errors than

case 1.3.2.
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The result from test set 1.3 was that, as expected, a single

tracker making angle-only measurements available to a Kalman filter

results in filter divergence. This was expected due to the mathemati-

cal observability problem.

The overall rcsult from test set 1. was that the turning accelera-

tion model was selected as superior to the time-correlated acceleration

model, that this filter performed satisfactorally on a variety of tar-

get trajectories, and that angle-only information from a single tracker

is insufficient to estimate the complete target state.

2. Cooperative Filter Comparison

2.1 Direct Measurement Transfer (DMT)

2.1.1 DMT Benchmark, Complete Data Transfer, Radar Parameters

(Ref. Pages F-(68-79))

Test Cases 2.1.1.1 and 2.1.1.2 were run using perfect

initialization, trajectories 1 and 4, and a data transfer rate of 25

time per second. Since this is also the basic measurement rate, this

means that all of the measured data was transmitted to the other filter,

as well as being used on the original filter, every sample time. The

outputs from these two runs should be compared with cases 1.1.2 and

1.1.4 to determine the degree of improvement over single filter per-

formance. The outputs will also be used later for comparison with DMT

runs made at a lower transfer rate, and for comparison with the state

transfer technique evaluated in subsection 2.2 of this section.

Using Table 5-4, it can be seen that the standard deviations

improvement over the single filter performance ranged from approximately

a 30% improvement in position to no improvement in acceleration esti-
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mates. This was true for both trajectories one and four. This also

indicates that while increasing the number of samples at a given sample

rate of a position measurement (still maintaining a white noise sequence

corruptive noise assumption) will improve the position estimates, the

acceleration estimation accuracy is limited for other reasons. Note

also that the 30% improvement in standard deviation (i.e., reduction to

approximately 70%) correlates well with the 50% reduction in variance

expected when doubling the number of equal accuracy, independent measure-

ments. (The variance equals the standard deviation squared.) The re-

sult of this set of runs was that data transfer significantly improved

position estimates, somewhat improved velocity estimates, but made no

improvement in acceleration estimates.

2.1.2 DMT Benchmark, Complete Data Transfer, Angle-only Meas-

urements (Ref. Pages D-(80-112))

While for range and angle tracking, the improvement in

estimation accuracy as shown by the cooperative filters was primarily

a matter of degree, the potential improvement in angle-only target esti-

mation should be considerable. Section 1.3 established the performance

of a single filter with angle-only measurements, showing the divergence

of estimates when no range information is available. Test case set 2.1.2

establishes the benchmark for angle-only measurement transfer in that

all runs in this set Interchanged all measurements taken at each sample

time. Tests were run with no initial errors, random initial errors, and

constant initial errors, but no significant differences were noted as a

function of initial errors (.See Table 5-5). The convergence of X-axis

estimates was always noticeably slower than Y or Z, since the X-axis
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was initially aligned (trajectory 1) or nearly aligned (trajectory 4)

with the initial range vector. Nevertheless, the X position error con-

verged to under 0.5% of range within the first second of data transfer

due to the triangulation effectively being performed. It should be

noted that both filters were starting data transfer from the initializa-

tion point; that is, each filter started to receive the alternate

tracker's measurements at the same time as its own. Since the steady-

state errors are always less than the errors during initialization, the

table values (averaged over the entire run) are higher than for steady-

state. This is especially true for these angle-only cases, which require

a longer initialization time, so that the table values should not be

thought of as the steady-state performance.

Table 5-6 presents a comparison of "radar" and "IR" type measurement

transfer at 25 Hz. The larger errors in X-axis estimates for case 2.1.2.2

result from initialization errors, and do not represent steady-state re-

sults. By comparing the corresponding graphs, it can be seen that even

without a range measurement, the filter using "IR"-type measurements,

with information transfer, outperformed the radar filter on trajectory

one, even in the X-axis. Comparing results from 2.1.1.2 with 2.1.2.2

("radar" vs. "IR" on trajectory four), the "IR" configuration performs

better than the "radar" in "Y" and "Z" axes, though not in "X". In this

instance, the "radar" range measurement is unrealistically accurate

(+30 teet, 1 sigma) at a range of 60,000 feet.

2.1.3 DMT at Lower Transfer Rates: Angle-only with no Initial

Errors (Ref. Pages D-(113-136)).

As Table (5-7) shows, the estimator had very low errors on
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trajectory 1 (case 2.1.3.1) with 0.2 second transfers. The plot of X-

position error illustrates an interesting aspect of the filter perfor-

mance. For approximately the first eight to ten seconds, the standard

deviation can be seen to be increasing rapidly for a 0.2 second inter-

val, only to decrease abruptly when the transferred data is received.

This is to be expected for the angle-only case, since the initially

incorrect range estimate affects all other estimates. This abrupt up-

and-down behavior gradually diminishes until it is no longer perceptible

at 12 seconds. In fact, at 12 seconds the standard deviation (Z5') is

the same as on the 25 Hz transfer rate figure. This indicates that

while the higher transfer rate aids the filter more during initialization,

the lower transfer rate is adequate thereafter.

On trajectory 4 (case 2.1.3.2), errors were considerably higher

than for trajectory 1, which was closer in range and had a more favor-

able geometry for triangulation, and were also higher than for case

2.1.2.2. The steady-state standard deviations were roughly twice the

values of case 2.1.2.2. While of relatively poorer quality, the infor-

mation would still have been good enough to be tactically useful, having

range errors under 1% of range.

These two cases were repeated with the transfer rate reduced to

1.0 Hz on cases 2.1.3.3 and 2.1.3.4. A similar behavior involving ra-

pidly increasing and abruptly decreasing errors occurred on trajectory 1

(case 2.1.3.3), but the 14 second trajectory was not long enough to be

sure that initialization was complete, i.e., that the standard deviation

was not changing appreciably in time. Initialization appeared complete

in the X-axis, but the Y-axis position errors (Page F-128) were Increasing
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to higher values between 1 second transfers during the final 3 seconds,

though this was possibly due to the target maneuver. This test case

would have to be continued lQnger to determine the steady-state behavior.

The same phenomenon occurred on trajectory 4 (case 2.1.3.4).

2.1.4 DW17 at Lower Transfer Rates: Angle-only with Constant

Initial Errors (Ref. Pages D-(137-145))

Trajectories 1 and 4 were again simulated, this time with

fixed initial errors in position that corresponded to 1000 feet too far

in range for trajectory 1 (actual range = 8000 feet), and 10,000 feet

too close in range for trajectory 4 (actual range = 60,000 feet). These

significant, but not extreme, errors exercise the filter's capability

to recover from initial errors. Initial velocity estimate was set

nearly to zero and acceleration was set to zero. Velocity was not set

exactly to zero because of the W t calculation (Eq. 2-16). This re-

presents the more realistic conditions in which such an estimator would

be used. On both trajectories, the estimator recovered well, when data

was transferred at 5 Hz, converging to under 1% error in range within 1

second. However, when data was transferred at only 1 Hz, the same type

of behavior was evident as in Test Set 2.1.3. Due to the initial error

and slow transfer rate, convergence was very slow (approximately 8 se-

conds) with large errors occurring during the initialization transient

phase. Overall statistics are contained in Table 5-8.

Tests 2.1.3 and 2.1.4 showed that good performance of angle-only

direct measurement transfer occurred at significantly lower rates than

the 25 Hz basic measurement rate. Although the initialization transient

phase lasted somewhat longer, range errors of approximately 0.5% were
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achieved on trajectory four, and approximately 0.1% on trajectory one,

with a 5.0 Hz transfer rate. For the trajectories and time durations

used, a transfer rate as low as 1.0 Hz was used successfully, but the

general success of a rate this low should be verified with more complete

test conditions.

2.1.5 DMT - Effect of Imperfect H Matrix (Ref Pages F-(146-149))

All of the previous cases in section 2.1 had the measure-

ment sensitivity, H(x(t),t) evaluated at x(t) = x(t), so that estimation

errors indirectly affected the measurement processing by introducing

errors in H. Since the errors can be quite large, at least initially,

in X(t ), this effect was separately investigated. This was done by

making a series of runs with H(x(t),t) evaluated at x(t) = x t(t), the

true state, for comparison with the previous runs. All runs were made

at the full 25 Hz transfer rate, with both random and ccnstant errors

in initial conditions. Comparing values in Table 5-9 for case 2.1.5.1

with 2.1.2.3 and for 2.1.5.2 with 2.1.2.4 indicates no significant

differences, but that the standard deviations computed with a "perfect"

H matrix were sometimes slightly larger. For constant initial errors

(cases 2.1.5.3 and 2.1.5.4), there was also no improvement. See Table

5-10.

The conclusion of this test is that errors in the H matrix caused

by the erroneous initial X(t ) either did not cause any detectable amount

of estimation error, or possibly, that the "error" introduced into H

by using x(t) reduces, rather than compounds the estimation error.

2.2.1 State Transfer - Perfect X (Ref. Pages F-(152-192))--o

A large number of conditions were simulated to determine

the performance of a filter which transferred state estimates as pseudo-
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measurements (Tables 5-11 through 5-13). Three different levels of

transfer (position only, position and velocity, or position, velocity

and acceleration) were simulated and three different transfer rates (5.,

I., and 0.2 Hz). Also simulated were state updates only, and both state

and covariance update. These runs should be compared with cases 2.1.2.2,

2.1.3.2 and 2.1.3.4. Examining the results of case 2.2.1.1, which was

position only transfer at 5.0 Hz, it is evident that the filter esti-

mates are divergent and unsatisfactory. In this case, the position

estimates were transferred as though the errors in position estimates

were uncorrelated from sample to sample, which was not true. This

caused the updated filter covariance to become unrealistically low,

which resulted in low gains for the original angle measurements and the

subsequent divergence. Test Case 2.2.1.2 was run at a lower transfer

rate of 1 per second, with improved results, since the uncorrelated

assumption was more nearly valid. The plots (pages F-(157-162)) show a

convergent trend, although the Y-axis position estimate exhibits a "see-

saw" behavior, i.e., an abrupt decrease in error after a rapid increase,

from 12. to 15. seconds, similar to the 1 per second direct measurement

transfer test case 2.1.3. By comparing the values for case 2.2.1.2

with 2.1.3.4 (Table 5-14) which corresponds to the case of 1 second

measurement transfers, it can be seen that the state transfer case

had somewhat lower standard deviations, especially for position esti-

mates. No significant difference in acceleration estimation errors was

noted. By comparing case 2.2.1.2 with 2.1.3.2, which was direct measure-

ment transfer at 5 per second, the statistics are closer than the previous

case, although the state transfer at 1 per second tended to have hignier
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lower standard deviations. Mhen state transfer was simulated at a low

transfer rate of 1 transfer every 5 seconds (case 2.2.1.3), position

error converged very slowly, while Y-position error appeared to be

slowly divergent. It appears that position state transfers as measure-

ments could be useful, if care is taken in the choice of transfer rate.

Test cases 2.2.1.4 through 2.2.1.6 were run to evaluate the effect

of not updating the covariance matrix, P, when state estimates were

transferred. The normal covariance updates still occurred when angle

measurements were incorporated. The results of these runs showed that

the covariance converged so slowly that the position estimates were

noisy due to the high Kalman gain, and significant errors developed in

X-velocity (-500 ft/sec at 14. seconds) (See Page F-168). Basically,

although the filter performed better than the single-filter angle-only

case (test set 1.3), its covariance was calculated the same as in test

set 1.3, so that the filter treated its own angle measurements in the

same way. Not knowing enough information about the target state

(according to its covariance estimate), it was not able to use the angle

measurements effectively. Based on these test cases, then, it appears

that this approach (not updating P(t) when states are transferred) is

not a good one when a basic observability problem exists with the

single-tracker measurements, as it does with angle-only measurements.

Test cases 2.2.1.8 through 2.2.1.12 were run to determine the per-

formance of state transfer of position and velocity, both with and

without covariance updates corresponding to the state "measurements*.

Performance appeared satisfactory only for case 2.2.1.8, which had

states and covariance updated once per second when the states were
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transferred. The covariance converged fairly rapidly, reaching an X-

position estimated deviation of 200 feet within 4. seconds. By the 14-

second point, the average error was sometimes exceeding the estimated

deviation, but this is probably due to the target maneuver at this

point, rather than filter incipient divergence. (See pages F-(176-181)).

Case 2.2.1.9 developed much larger errors between its 5 second updates,

but appeared to remain stable. Test cases 2.2.1.10 through 2.2.1.12

(position and velocity transfer without covariance uipdating) did not

perform well, having the same problem as 2.2.1.4 through 2.2.16, that

is, estimated covariance values that were too large.

Finally, transfer of position, velocity and acceleration was tested

only at the 1.0 Hz transfer rate (Table 5-13) in cases 2.2.1.14 and

2.2.1.17. When the covariance matrix was updated, the results were

similar to 2.2.1.8, except that the acceleration estimates were more

accurate (See pages F-(187-191)). When the covariance was not updated, per-

performance was unsatisfactory due to divergence, as illustrated by the

Y-position estimate (page F-193).

2.2.2 State Transfer with Errors in Initial Estimates

No cases were run in this category, due to the overall

poorer performance of state transfers, as compared to measurement trans-

fers. If state transfers are to be seriously considered, however, these

cases will need to be run.

2.2.3 Simultaneous State and Measurement Transfer

One test case 2.2.3.1 was run with both states and

measurements transferred at 1.0 Hz, and not updating "P" when states

were transferred. As seen in the figures on pages F-(194-197), the
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performance was poor. At one point, the X-axis velocity estimate was

over 3000 feet per second in error. This case should be rerun with

"P" updites.
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VI. Conclusions and Recommendations

Numerous detailed conclusions concerning specific test results

were drawn in Chapter Five. In this chapter, more general conclusions

are given, which summarize the detailed conclusions, and which relate

them more directly to the applic~qtion for which this technology was

originally considered. That was the tactical fighter aircraft operating

in an air superiority role in cooperation with other aircraft in his

immediate vicinity. In addition to the conclusions, recommendations for

further study are made, both for further verification of the validity of

this study, and for possible modifications worthy of investigation.

Conclusions

Basic Single Filter Structure.

There were two areas in which the basic single filter differed from

the traditional development of a target cstimator. First, the turning

target acceleration model was used in lieu of the time-correlated target

acceleration model. This proved to lower the bias errors in acceleration

estimates, and was therefore used for all succeeding test cases. Se-

condly, direction cosines were assumed for the raw measurement, rather

than Euler angles, for the reasons outlined in Chapter Two. Basically,

these reasons were to avoid mathematical singularity and trigonometric

computations. Although a direct comparison with Euler angles was never

simulated, no problems were known to have occurred in the simulation

runs because of the use of direction cosines.

Direct Measurement Transfer.

There were a number of general conclusions drawn from the test of

direct measurement transfer. First, when range and angle measurrmcnts
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were available and being transferred, tlere was a significant improve-

mnet (30%) in position estimates, a lesser improvement in velocity esti-

mates (15%-20%), and virtually unchanged acceleration estimation errors.

This degree of improvement might be worth the cost of implementation de-

pending upon the mission and task in which the aircraft is involved, and

its present ability to meet the requirements of that mis6ion.

Secondly, good performance was achieved in the case of two aircraft

making and transferring angle-only measurements, such as would be the

case with an infrared search and track (IRST) set, or other passive

electro-optical sensor. This is a vast im-provement over the single fil-

ter performance, for which the filter is unable to estimate the complete

target state, due to the absence of any range information. The filter

was able, when transferring the data at 25. Hz, to estimate target range

within 0.25% for trajectory number four, in which the target started at

60,000 feet and closed to 22,000 feet. In this geometry, the attckers

were initially 6,000 feet apart laterally, giving a 10 to 1 ratio of

target range to attacker separation. It was able to obtain this level

of accuracy within the first two seconds on this trajectory.

Thirdly, reducing the transfer rate of angle measurements incrcased

the estimation errors and settling time, although the pCrform0nce could

still be considered tactically acceptable. With a transfer rate of 5 Hz,

position estimation errors were roughly twice those obtained with a

25 Hz transfer rate, velocity estimation errors increased by roughly

50%, and acceleration estimation errors increased by roughtly 107[ to 30%.

These values may still be acceptable in many applications, where a re-

ditced data transmission bandwidth is necessary or desired. Wlcn the
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data transfer rate was further reduced from 5.0 to 1.0 Hz, the errors

and settling time again increased, both roughly by a factor of two.

These performance levels are dependent upon both the "9" and "R" filter

matrices.

Fourthly, no separate, ad-hoc start-up procedure was used, nor did

one appear necessary or desireable to compensate for the lack of initial

range. This was true even when extremely large errors in initial range

estimate (e.g. error = 100% of true range) were simulated. Although

these tests were run informally with only one simulation run, they

showed that the filter would converge to the true values after a very

large transient error had subsided. Although this did not cause a pro-

blem on the scientific computer used (floating point, 60 bit words), it

would probably cause problems on computers with shorter wordlength, and

certainly would cause problems on a fixed-point computer. Although this

aspect was not thoroughly investigated in this thesis, it is mentioned

here because such large errors might be expected in operational use.

State Estimate Transfer.

The test of transferring state estimates as pseudo-measurements

produced a number of positive and negative results. There were a large

number of configurations that had less than satisfactory performance.

First, it was found that transferring states at 5 Hz as pseudo-measure-

ments was too fast, because it grossly violated the assumption of uncor-

related errors between state estimates and "measurements", which were

actually state estimates from the other filter. The estimated covariance

dropped to unrealistically low levels, resulting in eventual filter

divergence. Attempts at evaluating or approximating the cross correla-

tions did not yield fruitful, useful results. If evaluated, such cross
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correlations can be incorporated into the filter.

Secondly, transferring states without making the corresponding P

matrix updates was unsatisfactory, at least for the angle-only measure-

ment case that was simulated. In the angle-only case, the target state

is unobservable from a single tracker, and the filter covarlance does

not converge if this is the only information of which it is aware. Thus,

this conclusion might not necessarily be true for a range and angle

measurement tracker.

Thirdly, when state transfer was performed at a low 0.2 Hz rate,

the filter error experienced 5 seconds of significant error increase,

followed by a large reset, which reduced the error. This type of per-

formance may be unacceptable in many applications. However, the fact

that the filter operated in an otherwise successful manner at 0.2 Hz,

tends to ensure that the performance occurring at I Hz transfer rate was

not overly sensitive to that rate.

Fourthly, state transfer at 1 Hz produced the best results of any

configuration tested within the overall test on state transfer. It pro-

duced better performance than direct measurement transfer at 1 Hz, and

performance comparable to direct measurement transfer at 5 Hz. Even

though the transfer rate was lower than measurement transfer at 5 Hz,

the number of data items transferred each time was higher, because a

full-rank, symmetric covariance matrix (e.g., 3 by 3 yielding 6 unique

elements for position-only transfer) had to be transferred. For measure-

ment transfer, no covariance matrix would have to be transferred, since

each aircraft would know the measurement error covariance of the other.

Fifthly, the effect of transferring velocity and/or acceleration

estimates, in addition to position estimates, was to improve velocity

88



and/or acceleration estimates accordingly, without further improving

position estimates. Since this increased both the amount of data to

transfer and number of computations to perform, it seemed to provide

a marginal improvement in return for the substantial increase in cost.

This is especially true because both the amount of data to transfer and

number of computations to perform increase quadratically as velocity

and acceleration are added (e.g., 6 by 6 yielding 21 unique elements in

P for position and velocity; 45 elements in P for adding acceleration,

and the associated matrix inverses). Thus, transferring anything be-

yond position estimates seemed marginally efficient, except possibly

where unusual requirements for velocity and acceleration exist.

Recommendations

Further Verification and Realism.

In order to verify further the simulation already performed through

more realistic conditions, future investigation of this subject should

include the following considerations.

1. The effects of errors in the relative positions and orienta-

tions of cooperating aircraft should be simulated. There are at least

three different manners in which this could be done. The first approach

would be simply to assume errors of a specified distribution. For

example, the specified accuracy of the Global Positioning System (GPS)

could be assumed for each aircraft independently, and inertial naviga-

tion system (INS) accuracy for platform tilt and wander angle could be

used. The second approach would be more complicated and would entail

the development of an estimator that would improve the independent esti-

mates of ownship parameters through the use of tracking data provided by
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the data transfer telemetry antenna. The third approach would combine

the relative position estimation problem with the target estimation

problem. There might be some advantage that would occur in this formu-

lation, such as estimation of target tracker alignment errors, using

the redundancy of the information obtained.

2. More elaborate measurement error modeling should be simulated.

While this might not initially involve actual hardware-verified models,

it should at least investigate the effects of bias errors, time-corre-

lated errors, and state-dependent errors, such as radar glint, or atmos-

pheric propagation anomalies.

3. The effects of time delays should be more thoroughly investi-

gated, once some estimate of the delays in queing, transmission, de-

coding, etc., are known. The filter is not now structured to incorporate

"old" data.

4. Other target trajectories and geometries should be evaluated,

especially a much longer range geometry with comparatively close spacing

on cooperating aircraft. The "long range" geometry simulated in this

investigation had a range of 10 nautical miles, with a 10 to 1 ratio

of target range to attacker separation. Ranges on the order of 50 to

100 miles should be simulated with different attacker separations, to

obtain an upper bound on the range-to-separation ratio. This should be

done in conjunction with number 1., above.

Possible Modifications.

In the case of simplification, several possibilities could be in-

vestigated. First, the exact partials of f(A), used in forming F(t),

could be simplified by ignoring the partial derivatives of cit with
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respect to V and A This should have the effect of assuming that
-t -t

is constant between measurement updates. t itself would still be re-

computed after each measurement update, and would thus vary in time.

Secondly, a faster, lower order numerical integration could probably

be used between updates. Since the target driving disturbance is fairly

large by comparison with the numerical integration error, there is

little to be gained by a highly accurate integrator for this applica-

tion. Thirdly, since the raw measurements are not extremely accurate,

it is not likely that numerical problems would occur if a standard

Kalman filter update were performed in lieu of the Carlson Square Root

update now being simulated. A variety of update methods, including

standard, Carlson, and U-D factorization, should be explored.

Extensions to the Form and Use of the Algorithm.

Two extensions to the present algorithm are presented conceptually

here. The first is an extension to the form of the algorithm, in the

target acceleration model. While the turning-target acceleration model

capitalizes on the fact that a target tends to turn at a constant rate,

at least for short periods of time, it does not capitalize on the fact

that a target can change its acceleration less drastically along the

velocity vector, than it can across the velocity vector. Mathematically,

this would imply that the component of w(t) (the target driving distur-

bance) along V (t) should have a lower variance than the two components

of v(t) perpendicular to V t(t). Incorporation of this fact into the

filter structure has the potential to decrease the estimation error in

states that lie along the target's velocity. Note also that this would

be an additional nonlinearity in the filter by explicitly making Q(t) a

function of V tCt).
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The second extension would be in the application of the algorithm,

by applying it to air-to-ground target-tracking situations. For moving

targets, it could be used to determine target motion without any range

measurement, in the same way as for aerial targets. For stationary

targets, its utility might lie more in the area of simultaneously ,

updating target and friendlies' relative positions, and also the

friendlies' absolute inertial coordinates. For this effect to occur,

it would be necessary first to modify the filter according to the third

approach given in recommendation number one.
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Appendix A

StatistIcs of Target Acceleration Models

The two target acceleration models considered in Chapter Two, the

exponentially time-correlated Causs-Markov, and the constant turning

rate models, are described by the mean and covariance propagation

models described below. Single-axis equations are used to illustrate

the potential advantage of the constant turning rate model. When measure-

ments are incorporated into a filter, they act as a feedback to these

models from the actual environment. What is described in this appendix

can be termed the open-loop acceleration estimator. As much accuracy

as possible is desireable in these Open-loop equations to allow the reduc-

tion of the Kalman gain through which noisy measurements are introduced.

The use of the constant turning rate model did, in fact, allow such a

reduction.

Time-Correlated Acceleration Model.

The propagation of a stochastic process variable, x(t), and its mean

value, x(t), can be developed from the following general equations:

= F(t) x(t) + w(t)

x~)=F(t) (t)

where,

x(t) P random vector variable

V(tj = plant matrtx

wCQt - white noise

;(t) = mean value of x(t)

For the time-correlated model, this reduces to
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1(t) - -XA(t)

where,

1(t) P acceleration mean value derivative

At ; acceleration mean value

= reciprocal of correlation time

The propagation of the covariance can be developed from the following

general matrix equation:

P(t) - F(t) P(t) + P(t) FT (t) + q(t)

where,

P(t) covariance matrix

F(t) - plant matrix

Q(t) = strength of driving noise

For the time-correlated model (subscript "c"), this reduces to the

scalar equation,

i Ct) = -2A P (t) + QC c c

which is simply a damped first-order response to the white noise strength,

Qc" The accompanying figures (A-1, A-2) give the time response of the

mean and covariance using the values of X and Q used in the simulation.

The parameters for the plots are

0.2/sec

qc ? 2000. Xt2/see5

ACt ) 100. ft/sec
2

Pc(t) - 0. ft2 /se4
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The solutions for the mean and covariance are

-Xt
ACt) A0 e

Pc~t  2X cc e f -2410

0

Important features of this model are that the acceleration is assumed

to be independent of velocity magnitude and direction, that the var-

iance reaches a final value, Qc/2X, and that the covariance and mean

value change most rapidly at t = o.

Constant Turning Rate Acceleration Model.

Propagation of Mean (Velocity and Acceleration):

V(t) = A(t)

1(t) = -2v(t)

where

V(t) = target total velocity component

A(t) = target total acceleration component

= target turn rate, assumed constant and known (in this Appendix)

For this model, the plant matrix, F(t), is given by

F (t) [2
-',, 0 0

and the covariance, PT(t), propagation by

F2PT2 _T22 - W2 PT211
Pi_2 PW 2J

T22 - W rT11 - 2w PT12

This can be rearranged as a linear differential equation for a vector
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composed of the three distinct elements of pTP which are PT11' PTl2'

and FT22' since PT2l " T12" The result is

Tl 0 2 01 PrTll F0
pTj {W 02 l PT12 + 0
T22 0 -2w 2 0 !PT22j QIJ LL~ LT

for which the zero-state response is (setting t = 0)0

T s in2 €t

T 1 ( t ) 2 t 2 w '

T11 2w

PT12(t) = -2 [1 - cos2wt]
4W

QT sin2wt]
P£22t) =- [t + 2 I

f22 2 2w

The response for velocity and acceleration with zero initial velocity is

A
V(t) =_osin w t

A(t) = A0 cos wt

The accompanying figures (A-3 through A-7) give the time response, using

the following parameters:

QT= 256. ft /sec
5

w= .1 rad/sec

A(t) = 100. ft/sec
2

V(t ) 0. ft/sec

PT(t" 0 .2x2
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Important differences between this model and the time-correlated

model are 1) a strong relationt-hip between acceleration and velocity, 2)

unbounded covariance elements PT11 and PT22 Cif no measurements are

taken), and 31 the significantly lower value of QT that is possible if

you assume this is a better model of actual target motion. The lower

value of QT is possible because the turning rate model does not assume

a zero-mean process, as does the time-correlated model. Note that the

value of QC used, 1000. ft 2/see 5 , produces a one sigma value for accele-

ration of

UAC =  1QC/2X]l12 = 50. ft/sec
2

which corresponds to about 1.5 g, which is not a very dynamic target.

If a higher value of Q is used to account for more dynamic targets,

more measurement noise will pass through the filter.

When the models are incorporated into an estimator with measure-

ments, the Kalman gain effects a feedback path which will correct the

long term errors of the open-loop models. Due to the measurement noise,

the feedback will not affect the short-term (high-bandwidth) response.

The degree to which real targets tend to turn at constant rate, rather

than let acceleration decay toward zero, at least for short periods of

time, determines the advantages of the turning target model. In the

actual filter, w is not given, but must be estimated from velocity and

acceleration, thus making the filter nonlinear.
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Appendix B

Sensitivity of Filter to Line-of-Sight Unit Vector

In Chapter Two, a question was raised concerning the senstivity of

the measurement update equations to an error along the line-of-sight.

Assuming that the three components oR the unit vector are input to the

filter as measurements, the filter should ignore any component of that

unit vector measurement, __R , that changes its length from unity. For

the three direction cosines, the Kalman gain, (Eq. C2-7)) K(ti) , can be

rewritten as

K(ti) F (t+)H(ti)TR(t) -1 (B-1)

Since the components of U are resolved into aircraft coordinates, the
-:-R
m

fact that the filter ignores errors along the line-of-sight can be

established by proving that the Kalman gain times a residual in the

line-of-sight direction is zero. This is expressed in equation (B-2):

K(a 3 ) - 0 (B-2)

where,

K Kalman gain, from eq. (B-1)

a arbitrary scalar length of error along L.O.S.

UA unit vector along L.O.S. in aircraft coordinates

and the time, ti, is dropped as unnecessary for this proof.

Since the errors in UA are assumed homogeneous, the covariance matrix,
-a

R, can be written as

B-1



so that,

R-1 1
Sr 3x3

Substituting (B-4), C2-26), and (B-11 into (R-2),

K(a a P~ HT R -A p+ I4P T~ - UAJ UA
rR

a + I -I =U TUA aP+ I(T )I

rR rR

K(a U-) 0 (B-5)

since -_A = U, the L.O.S. unit vector in inertial coordinates

T
and-- -R -- 1, the length of a unit vector

Therefore, any component of the measured unit vector along the line-of-

sight produces no change in the updated state vector.
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Appendix C

Trajectory Descriptions

The six trajectories which were used in the simulation are illus-

trated in this Appendix with three-dimensional ribbon plots of each

attacker and target time history. Figures C-i through C-4 shows target

trajectories 1 through 6, along with their corresponding attackers, who

are flying gunnery lead pursuit, i.e. pointing the gun axis of the

attacker sufficiently far ahead of the target to provide near-zero miss

distance. The accuracy of the lead pursuit is not important for this

investigation. For each aircraft, the closely-spaced pair of lines re-

present traces of the wing tips throughout the pass. The aircraft dimen-

sions were deliberately scaled-up by a factor of four to improve resolu-

tion. There is also a single-line ground trace to enable some degree of

separation of horizontal and vertical components of the trajectory.

The aircraft trajectory which is marked at the starting point with

a circle is attacker number 1. Attacker number 2 is marked with a 'Y'

sign. Target number 1 is marked with a triangle, and target number 2 is

marked with an "X". The quadrilateral is the ground plane which contains

all the trajectories, and the (0., 0., 0.) point (inertial origin) is the

intersection of the ground plane and the attacker one starting point. A

vertical axis extends upward from one corner to the maximum vertical

point for that test case. In all cases, attacker one is initially flying

north. To provide a general idea of scale, the minimum and maximum X,

Y, and Z values for the "box" defined by the ground plane and vertical

axis are defined in Table C-1. In addition, the X, Yj and Z locations

of the viewing point are given. The graphs are drawn in true perspective.
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Since a north, east, down coordinate frame is used, all Z-values are

negative for points above ground.

Table C-i

Trajectory Dimensions (ftY

Fig. No. C-i C-2 C-3 C-4

Min. X -1000. -1000. -1000. -4000.

Max. X 21000. -60000. -60000. 13000.

Min. Y -1000. -1000. -1000. -14000.

Max. Y 12000. 9000. 9000. 28000.

Min. Z -10000. -25000. -25000. -21000.

Max. Z 0. 0. 0. 0.

View X 10000. 30000. 75000. 22000.

View Y 21000. -50000. 10000. -10000.

View Z -23000. -60000. -25000. -30000.

Traj. Nos. 1,2 3,4 3,4 5,6

Two figures were included for trajectories 3 and 4 because of the

long range in X.
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Appendix D

Effect of Residual Transfer on Filter Response

The purpose of this appendix is to show how transferring residuals

between filters significantly alters the response of the filter to inputs

from either aircraft. This can be illustrated with a linear, time-

invariant filter. Assuming a single filter with an open-loop transfer

function F(s), the unity feedback, closed-loop response can be written

as:

C(s) = F(s)[r(s) - C(s)]

where

C(s) = Laplace domain closed-loop response

F(s) = Laplace domain open-loop response

r(s) = Laplace domain input signal

Equation (D-l) can be rearranged as

C(s) F(s)
r(s) 1 + F(s)

In this analog to the filter problem, C(s) represents the state

estimate, and r(s) represents the measurement. Unity feedback represents

a system with H=I. If two nearly identical filters are now coupled

through residual transfer, and one-half of the residual, fr(s) - C(s)],

is incorporated from each filter (i.e., the residuals are averaged) the

simultaneous equations become:

Cl(s) 1 Fi(s)[r (a) - C (s) + r 2 (s) - C2 (s)J
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C2 - F2 (s)1r 2 (s) - C2 (s) + rl(s) - CS)I

The solution to these simultancious. equations is

WFI(s). rlCs.1 + r 2 (s)
C (s) 

2 (S) F2 2
1, + F 2

O 2

C2 (sy F2 ( 1 (+ r2(5)
AI(s + F 2 Cs_ 2

2

It can now be seen that the denominator of the transfer function

has been altered to include both Fl(s) and F2 (s), so that the two fil-

ters are structurally coupled. In the extended Kalman filter implemented

in this investigation, not only are the filter responses different for

each aircraft due to the geometry, but they are to some degree measure-

ment data dependent. This fact, together with the coupling effect just

demonstrated, provides a mechanism for instability in the coupled

filters.
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Appendix E

User-Written Routines for SOFE

Subroutine "FQQEN" generates the F and Q matrices for use in pro-

pagating the filter P matrix (Eq. 2-5). The eighteen filter states, in

order, are "x" position, velocity, and acceleration, "y" position, velo-

city, and acceleration, and "z" position, velocity, and acceleration

for the filter in the aircraft number one, followed by the same nine

states, in the same order, for the filter in aircraft number two. Since

there are two tracking aircraft in the simulation, the computations to

generate the F and Q matrices are performed once for each aircraft, each

time using the appropriate filter states.

Subroutine "HRZ" is a fairly large subroutine which calculates the

l-by-18 H matrix (which is the linearized measurement sensitivity 3h

R, the scalar measurement noise variance, and [z - h(x(t))], the scalar

measurement residual. Since "SOFE" performs iterative scalar measurement

ji updates using the Carlson Square Root method, subroutine "HRZ" is called

three times to incorporate a range, azimuth, and elevation measurement

into a sIngle filter. With two single filters running independently,

six scalar updates are performed. With the two filters coupled together,

there are twelve scalar updates, although there are still only six

measurements, each measurement having been incorporated once into each

of two filters. "HRZ" saves each measurement until it has been incor-

porated into both filters. Besides controlling the times at which

measurement transfers are allowed, there is another subtle, but important

aspect of the way in which random noise is obtained to generate the noisy

measurement. Function "GAUSS", which generates the gaussian-distributed
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measurement noise, is always called the same number of times each time

"HRZ" is called, to ensure repeatability of noise samples from one test

case to the next. That is, although each Monte-Carlo replication en-

counters a different noise sequence, the "m"th run of test case "n" has

exactly the same sequence of radar range errors as test case "2". There

two possible ways of computing H = in "11RZ". Normally, H is computed

as a function of the filter state, xf. For a special investigation of

the effects of errors in Xf on the evaluation of H, it is possible to

select H computed with xt This capability is included to support test

case set 2.1.5, as described in Chapter 3.

Subroutine "XSDOT-" calculates the derivative of the true state,

At i.e., it specified f[x(t),t] + B(t)u(t). Although this is done the

same way as in subroutine "XFDOT", described below, it is not really

important since xt will be reset to the external trajectory values imme-

diately after integration. More importantly, the initial values of

are always set equal to the trajectory values during the initialization

portion of subroutine "XSDOT", so that true values are used in computing

the first measurement.

Subroutine "XFDOT" calculates ta derivative of the filter state

xf. During its initialization, it can optionally reset the initial xf
0

which was set in the basic "SOFE" program, to perfect, error-free values,

or to random initial values with zero mean error and variance determined

by the initial filter covariance matrix, PF.

Subroutine "SNOYS" simply resets the true values, xt to the trajec-

tory values after the integration, but before the measurement update.

Subroutine "ESTIX" is provided for specialized user output. In

this instance, it was only used to output the Kalman gain and residual
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*1

used in the option of using state transfers as measurements.

Subroutine "AMEND" is called after the usual measurement update and

prior to another propagation cycle of the filter. It is used to manage

the update of the filter when the alternate filter's states are used as

measurements. This was implemented via a standard Kalman filter vector

measurement update, rather than the Carlson Square Root method incor-

porated in "SOFE". There are two reasons for this choice. First, the

alternate filter's estimated covariance matrix, P(X(t.),ti), is not dia-

gonal, which would necessitate a transformation of the state before incor-

poration using the Carlson Square-Root update (which assumes a diagonal

measurement noise covariance matrix.) Secondly, it would not be conven-

ient to update the states without updating the covariance simultaneously

(as described in Chapter Two, "Using State Estimates as Measurements")

unless further changes were made to basic "SOFE". "AMEND" controls the

timing of state transfers, determines the order of state transfer, i.e.,

which combinations of position, velocity, and acceleration states will

be transferred, calls subroutine "RSDUL" to form the "measurement" resi-

dual (x 2 (ti) -X (ti)), and calls subroutine "PPLGAN", which calculates

the 9 by 9 Kalman gain matrix, optionally updates the covariance matrix,

and finally updates the states themselves by calling subroutine "UPDSTS".

Subroutine "TRAJ" reads trajectory values from an external file as

they are required by the simulation.

Subroutine "USRIN" reads the input which controls the operation of,

and data for, the user-written subroutines. These inputs are specifically

detailed in the next section.
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Input to "USRIN".

Namelist input is used to control the data and options used within

the application routines. Table E-I gives the namie, default value, and

description of each input variable.
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Table E-1

User Input to SOFE

Fortran Chap. 2 Default

Name Symbol Value Description

1. QF(9) Q l.xlO7 pos., vel. Disturbance noise

256. acc. strength assumed in
filter, see 2., below

2. TQ* 0. sec Time at which to reset
pos., vel. QF to zero.

3. RR RR 900. Range measurement
variance. (30 ft, 10)

4. RE RVR 16.xlO 6  Elevation measurement
variance. (4 mr, la)

5. RT RUR  16.xlO 6  Traverse measurement
R.variance. (4mr, la)

6. RRDOT* -i00. Range rate measurement
variance. Negative
value causes SOFE to

ignore measurement.

7. RLAMBDA 0. Correlation constant
for correlated target

acceleration model.

8. CTURN 1. Cgefficient to multiply
w V term in turning

target model.

9. NTGT(2) 1,1 Target number for each
of the two trackers to

track.

10. MAXNUM 2 Maximum number of

filters.

11. PRFCIN FALSE Initialize X per-
fectly if true.

12. PRFCH FALSE Compute perfect H
ah~ if true.a x t

13. TXFERO 1. x 109  Time for initial meas-
urement transfer.

E-5



14. DTXFER - 1. x 109  Delta time between
measurement transfer.

15. TXFERF - 1. x 109  Final time for meas-

urement tranfer.

16. LOGORD(1) - True Transfer position

states if true
(2) - False Transfer velocity

states if true
(3) - False Transfer acceleration

states if true

17. TSFERO - 1. x 109  Initial time for

state transfer.

18. DTSFER - 1. x 10 9  Delta time between
state transfers.

19. TSFERF - 1. x 109  Final time for state
transfer.

*Not used in the investigation
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Appendix F

Simulation Data Plots

The primary output from the simulation is the set of graphs contained

in this Appendix. Since "SOFE" itself does not calculate ensemble sta-

tistics, its printed output is not used to determine averages and var-

iances. Rather, it provides data to "SOFEPL", which calculates and plots

these data. Printed output would have been too volumii.ous to compare

data from various runs.

There are three different types of plots contained in this Appendix.

The first type of plot, labeled "TRUE AND EST. VALUES", shows true and

average estimated values for the indicated state, and is used only on

test cases 1.1.1, 1.1.3, and 1.2.4. The purpose for showing this type

of plot is to indicate the dynamics of the target motion, especially

for trajectory I (case 1.1.1) and trajectory 4 (case 1.1.3), which are

used extensively throughout the investigation. The second type of plot,

labeled "ERROR, ERROR +- ONE SIGMA", shows the average error and standard

deviation of the error for the indicated state. This type of plot is

used on all plots, except for those indicated as type 1, above, and

type 3, below. The error, as defined in "SOFEPL" is

Average [xt (t) - xf(t)]j, where the average is taken over the ten

Monte-Carlo runs on state number "j". The top and bottom curves are

the average error, plus and minus the standard deviation, respectively.

The third type of plot was developed while the test runs were in

progress, in order to provide additional useful information. Since the

second type of plot shows only the standard deviation of the actual error,

no Information is present on the filter-estimated standard deviation.



In the third type Qf plot, this information is shown as -Aver[Pff (t)i/2].

Since the filter-estimated average error is zero, the average of the

square-root of the covariance is subtracted from zero, rather than from

th actual average error. This type of plot Is shown on cases 2.1.2.1,

2.1.2.2, and 2.2.1.4 through 2.2.3.1, and is labeled, "ERROR, ERROR+ONE

SIG A, -FILTER SIGMA".

Since all plots are arranged in ascending order by case number, it

was not necessary to include a separate figure number and caption on

each plot, and so the plots are referred to by page number in Chapter

Five.
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