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D. E. Davies

SUMMARY

The fin-tailplane configuration consists of two flat half-tailplanes and a
flat fin joined together so as to be symmetric about the plane of the fin. The
half-tailplanes may be set at a non-zero dihedral angle to each other. The
chords of all the surfaces at their junction are of the same length and are coin-
cident. The fin-tailplane configuration is assumed to be isolated and to be
oscillating harmonically about its mean position in a subsonic flow whose main
stream is parallel to the junction chord. The oscillatory motion is taken to be
antisymmetric about the plane of the fin. Linearised equations of potential flow
are assumed to be valid so that the normal velocities on the fin and tailplane
surfaces may be related to the loadings on these surfaces by means of linear {
integral equations. These integral equations are solved numerically for the
loadings for oscillation at general frequency in any antisymmetric modes, and the

generalised airforce coefficients are then obtained. Approximations to the load- |
ings are taken as linear combinations of basis functions. The condition
satisfied by the loadings at the junction of the fin and half-tailplanes is {

imposed on the approximations and the variational principle of Flax is applied to
get the coefficients in the said linear combinations. The method is more
elaborate than that of a previous theory of the author. The procedure has been
programmed in ICL 1900 FORTRAN. Results obtained using the program on a number
of examples are given.
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1 INTRODUCTION

The theory to be described is a development of the author's previous
theoryl for the calculation of subsonic oscillatory airforce coefficients for
fin-tailplane configurations gscillating antisymmetrically about the plane of the
fin in a harmonic motion. A pair of linearised integral equations connects the
loading distributions on the fin and a half-tailplane with the normal air
velocities on these surfaces. The loading distributions on the fin and half-
tailplane are approximated by linear combinations of given continuous basis func-
tions that have the proper edge behaviour, so that the theory is of the lifting-
surface type. The loading distributions satisfy a condition at the junction of
the fin and half-tailplanes. Previously] this junction condition was ignored,
but found to be satisfied approximately by the solution obtained. Here we
impose the junction condition on the approximate loading distributions, and this
has the repercussion that the former method of simple collocation at sets of
points on the fin and a half-tailplane is not easily applied to determine the
coefficients in the above linear combinations. However, an application of
Flax's variational principlez’3 yields a set of equations for determining the
said coefficients. Normal air velocities at specific points on the fin and half-
tailplane may still be used in this application. Having determined the
coefficients, we then obtain the generalised airforce coefficients for the fin-

tailplane in a straightforward manner.

The opportunity has been taken, in refining the theory, to incorporate the
possibility of the dihedral angle between the two half-tailplanes being non-zero,
but the angles of incidence of all surfaces to the main-stream flow remain zero
as beforel. Furthermore, the chords of the fin and the half-tailplanes at their

junction are again of equal length and coincident.

In the past 15 years or so, several authors have developed theories for
calculating subsonic oscillatory airforce coefficients for fin-tailplane con-
figurations. Immediately prior to the author's previous theoryl, Stark pub-
lished a theory4 which was based on integral equations involving the integrated
acceleration potential. The author's previous theory was subsequently applied to
the example taken by Stark, and results in good agreement with those of Stark
were obtained. This same example was used, for comparison, by.sevetal authors
afterwards and is here used again with the present theory.

Zwaans used the same kind of lifting-surface theory as the author'sl

although there are differences of detail. There followed a number of such

lifting-surface theories, eg Bthm and Schmid6 and Isogai7. Only Starka adopted

4+ e, gt
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a procedure equivalent to imposing the junction condition on the loading.
Isogai introduced a non-zero angle of incidence for the tailplane surfaces but

this was only for rigid body oscillations and for incompressible flow.

In a later theory Stark8 solved the integral equations connecting the
doublet strengths on the fin and half-tailplane surfaces and on the wakes
emanating from the trailing edges of these surfaces. From the doublet strengths,

; the loadings and subsequently the airforce coefficients are easily calculated.

4 Stark carries out numerical integration of his surface integrals in terms of
polar coordinates as integration variables and gets a more rapid evaluation,
for a given accuracy, than he would obtain using the conventional cartesian
coordinates as integration variables. The method is, however, of the lifting-

surface type.

The doublet-lattice type of method is different in that the loading dis-
tributions on the fin and half-tailplane are approximated by discrete concen-
trated loadings on certain lines on these surfaces. The same pair of linearised
integral equations connecting the loading distributions on the fin and the half-
tailplane remain to be solved. This type of method was used by Rodden, Giesing
and Kﬁlmﬁn9 10

and has been used more recently by Nayler and Doe ~. Results
obtained by Nayler and Doe are compared with results obtained by the present

method for a fin-tailplane configuration which is a slight modification of the

i standard AGARD configuration taken in Ref 6.

The method presented here is again of the lifting-surface type but it is
different from the earlier versions described above in that the coefficients in
i the expressions for the approximate loadings are determined by applying Flax's
; variational princip1e2’3. The condition on the loading at the fin-tailplane H
' junction is satisfied. The method is more powerful than the author's former
method‘.and should give better approximations to the generalised airforce

coefficients with a comparable amount of numerical calculation. l

i 2 THEORET ICAL CONSIDERATIONS )

2.1 Preliminary formulae

The fin-tailplane configuration consists of two half-tailplanes and a fin

} joined together. The half-tailplanes and the fin are very thin and nearly plane.
: The whole fin-tailplane configuration is immersed in a subsonic airstream with

the inclinations of its surfaces to the main airstream direction being very

SgZl6L

small, The fin-tailplane is oscillating in a prescribed manner with small

? excursion about a mean position. Accordingly linearised aerodynamic theory is
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applicable and the fin~tailplane may, for the purpose of finding the aero-
dynamic forces acting on it, be replaced by intersecting plane surfaces of
infinitesimal thickness, all parallel to the main airstream direction, with the
normal component of the air velocity across these surfaces known. A diagram of
these intersecting plane surfaces is given in Fig 1. The fin ABCD is joined to
the half-tailplanes CDEF and CDHG along the chord line of junction CD. The half-

tailplanes are images of each other in the plane of the fin ABCD.

A section through the fin~tailplane by a plane normal to the main airstream
is shown in Fig 2, the direction of the airstream being normal into the paper.
It illustrates the disposition to each other of -the fin and the two half-
tailplanes. The fin planform ABCD and half-tailplane planforms CDEF and CDHG
will be called the surfaces Sl, 82 and S3 respectively. The normal to the
fin is at an angle a to the surfaces of both the half-tailplanes, and this
angle o 1is taken to be the measure of the dihedral of the two half-tailplanes.
This dihedral angle o 1is reckoned positive when the angle between the fin
surface and a tailplane surface exceeds a right angle. With this reckoning, a
tailplane situated at the bottom of a fin would have conventional anhedral when
a 1is positive. Positive normal directions to the three surfaces 5> Sy and
83 are chosen in the sense shown in Fig 2.

A system of right-handed cartesian coordinates (x,y,z) is introduced,
relative to which the mean positions of the oscillating surfaces are fixed. The
origin 0 of coordinates is taken to be a point on the line of junction CD. The
positive direction of x is that of the main airstream and is therefore in the
direction DC. The axis of 2z is in the plane of the fin 5, » positive towards
the end AB of the fin. The axis of y is mutually perpendicular to the axes of
x and z with positive sense to complete a right-handed cartesian coordinate

system.

Further, a local coordinate axis u passing through 0 is introduced as a
surface axis for each of the half-tailplane surfaces 82 and S3 so that
surface coordinates may be introduced. For each of the half-tailplanes the
positive direction of the axis is towards the tip. The position of a point on a
specified half-tailplane is known when its surface coordinates .(x,u) are known.
On the half-tailplape 82 (Fig 2) the point with surface coordinates (x,u) has
space coordinates (x, u cos a, -u sin a) whereas on the half-tailplane 83 it
has space coordinates (x, -u cos o, -u sin a). Equally the position of a point
on the fin SI is known when its surface coordinates (x,z) are known. On the

fin the point with surface coordinates (x,z) has space coordinates (x,0,z).
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When the fin-tailplane configuration is vibrating the displacements normal
to the surfaces are defined as positive in the directions indicated in Fig 2.
For the surfaces S,, S, and S the normal displacements at time t are

m,' 2@, 3) : .

taken to be N' “(x,z,t), N'“/(x,u,t) and N~/ (x,u,t) respectively at the point
with surface coordinates (x,z) on §, and the points with surface coordinates
(x,u) on S2 and S3 .

We assume that the fin-tailplane is capable of oscillation in modes that

can be numbered 1, 2, 3, ..., etc. For oscillation in mode number q we may

write
N(l)(x,z,t) = £fél)(x,z)bq(t) (2-1)
N(Z)(x,u,t) = lféz)(x,u)bq(t) (2-2)
N(3)(x,u,t) = 2f;3)(x,u)bq(t) (2-3)

wvhere £ 1is a typical linear dimension of the fin-tailplane, f;l)(x,z),
f;z)(x,u), fé3)(x,u) are the qth modal functions, and bq(t) is the qth
generalised coordinate which determines the extent of the displacements of the

fin-tailplane in the mode number q at time t .

It is sufficient, in linearised theory, to consider harmonic oscillations
only, because the principle of superposition holds, and can be used to build any
general oscillation from simple harmonic oscillations. Accordingly we may take

for the function bq(t) the expression
= ot
b(t) = be 2-4
q( ) q (2-4)
where ® 1is the circular frequency of the harmonic oscillation and Sq is a
complex number. The function bq(t) given by formula (2-4) is a complex
function of time t but we can use it and its complex conjugate to form a real

function
s % s
i(bqelwt » Bre le (2-5)

-% - )
vhere bq is the complex conjugate of bq . Then by using the principle of
superposition, any results for the real harmonic function (2-5) can be obtained

stie6L

from the corresponding results for the complex harmonic function bq(t) given
by (2-4). The quantity 5q may, in particular, be a real number but the

functions f:l)(x,z), féz)(x,u), fé3)(x,u) must all be real.
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From the boundary condition that the airflow be tangential to the fin and

tailplane surfaces we get linearised expressions for the normal velocity compo-
nents W(l)(x,z,t), W(z)(x,u,t) and W(3)(x,u,t) at the mean positions of the
surfaces S}, S2 and S3 in terms of the normal displacements N(l)(x,z,t),
N(z)(x,u,t), N(3)(x,u,t) . These linearised expressions, for harmonic oscilla-

tion at circular frequency w in the qth mode, are

vzt - Vsqw((ll)(x,z;v)eimt (2-6)
v (x,u,t) = Vsqwc(lZ)(_X,u;v)eiwt C@-n
W(3)(x,u,t) = V‘ﬁqw;:”(x,u;\))eimt (2-8)
where wél)(x,z;v) = é%-fé])(x,z) + ivf;l)(x,z) (2-9)
w;Z)(x,u;v) - 1 f;z)(x,u) + ivféz)(x,u) (2-10)
w;:” (xuiy) = 2 fé” (x,u) + ivfc(l:” (x,u) (2-11)
are scaled normal velocities,
v = “;,—2 (2-12)

is the frequency parameter and V 1is the speed of the main stream.

Corresponding to the normal velocity components w(l)(x,z,t), W(Z)(x,u,t)
and W(s)(x,u,t) s there are normal pressure forces per unit area L(l)(x,z,t),
L(Z)(x,u,t) and L(3)(x,u,t) across the surfaces S], 52 and S3 respectively.
These pressure forces per unit area are called the aerodynamic loadings on the
surfaces and are reckoned positive when the forces act in the positive normal
directions to the surfaces. For harmonic oscillation in the qth mode, where the
normal components W(l)(x,z,t), W(Z)(x,u,t) and w(3)(x,u,t) of the air

velocities are given by the formulae (2-6) to (2-8), we may write
L(l)(x,z,t) = pvzsqlél)(x,z;v,u)elwt (2-13)

LD (x,u,t) = pvzsqu) (x,u3v,M) e it (2-14)
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L(3)(x,u,t) = oV l—)ql‘g”(x,u;v,M)eWt

(2-15)

where M = (2-16)

v
a
is the Mach number and p and a are the air density and speed of sound in the

main stream.

On using the governing partial differential equation for the perturbation
velocity potential, the boundary conditions of prescribed normal components of
the air velocities on the surfaces Sy, Sp and 83 , and the condition of no
loading across the wakes shed from the trailing edges of these surfaces, we can
set up, as in Ref 1, three integral equations relating the normal components
of the air velccities on the surfaces 81> S, and S3 with the aerodynamic

2
loading on them. These integral equations may be written in the form

X - X z -2z
w(l)(x,z;v) = ;2 //2(1)(x0,z0;v,M)K]< T 0, 1 O;V,M)
q 4mg S 1
1

dx.dz

(x - xo)
00

X exp%— iv —

X - X u

1 2 0 0

+ ———4 3 -/./SL; )(xo,uo;\),M)Kz( 7 ’T’%’ v + o3 \),M)
T §

2

dx.du

0"0

(x - xo)
[

x exp; - iv

1 (3) ) X"% Y% z _ )
+4 5 //Zq (xo,uo,\),M)Kz( R it - a3 v,M
T
53

dx.du

x - xo)
00

Xexp;-iv 7

ceeees (2-17)

~
o
A
4




X - X z
W;Z) (x,u3v) = —1' ff zél)(xotzo;\’,M)Kz(_E_o’—f'9%’ S LEE-H VpM)
S

4ﬂ22
; l (x - xo)
x expi— iv — idxodz0
1
,
- ) 2 X = x, u-ug
+ 4—2 /:/2; )(xo,uo;v,M)K]( 7 0 , 7 3 V,M
] . i é
2
1 (x - xo)
1 X expg- iv T fdxoduo
| ' 1 3 X = X5 Yy
: + Z_—Z f/lé )(xo,uo;v,M)Kz( 7 ,—2—,%, T - 2003 Vv,M
e 3
3
(x - xo)
x expg- iv i dxodu0
3 1 1 ¥ "%y 2
Wé )(xsu;\’) = -;r-;-z- /fﬁ; )(xo,zo;v,M)K2< Z ’T’%’ dm + a; v,M
S
! (x = x4)
x expg—Alv —2—-——£ dxodz0

1 (2) . *X"% Y% u _ i
+ 4."12 ffﬁlq (XO’UO,V’M)KZ(_T—’T:Is T+ 20" v,M

Sy

dx.du

00

(x ~ xo)
1

x expg- iv

1 [] (3) (x =X, u -y,
 —_— L (x.,u.;v,MK s 3 V,M
4"12 q 0’7o’ 1 [) [} > 7

54

X expg- iv ————g dxodu

79125
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where the kernel functions l(l (x,y;v,M) and Kz(x,u,v,e;v,M) are given, for

subsonic flow M < 1 , by the formulae

[

K, (xy59,4) = [ exp(- ivd) —o T+ M(sz * Rz) exp(— iv ('L;-’&)
~x+MR "+ y9) R(x“ + y°) 8
B2
veees (2-20)
Kz(x,u,v,e,v,M) = cos 0 ch%, /GZ - 2uv co6s 6 + vz; v,M)
- uv(sin O)ZF(x, v/u?' - 2uv cos 6 + v2; \),M)
veees (2-21)
with
F(x,y;v,M) = |3 (- iva) ——32
Xy Y5V, = exp 1 m
-x+MR y
B2
3 2.2
+ exp(— iv (- x ; MR)){M(MZX + RZ) 3+ =3 MZB X 5
B R(x" + y%) R7(x" + y%)
2
R(x“ + y7) R7(x" + y9)
cevees (2-22) f
g2 = 1 - M2 (2-23)
and

R = R(x,y,B) = /xz + 82y2 . ' (2-24)

We note that

szle6!L

K,(x,u,v,-6;v,M) = K_(x,u,v,0;v,M) . (2-25)
2 2
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For analyses of dynamics of oscillating fin-tailplane configurations in an
airstream we need to know the generalised airforce coefficients qu(v,M),

p=1,2,3,..., q=1,2,3,..., which are given by the expression

Q v = //f(l)(x z)l(l)(x 23v,M) dxdz

-Ji J' (2)(x u)l( )(x u;v,M)dxdu

2
S

s L j £ (x, u)SL( ) (x,u;3v,M)dxdu (2-26)

in the linearised approximation. The main purpose of the present paper is to

develop a method for evaluating numerically the quantities Qp q(v,M) .
’

2.2 Approximate solution of the integral equations

We introduce parametric coordinates on the surfaces Sl’ 32 and S3 as

follows:
(i) On Sl
= 1 - -
¢ = CI(ZO) *XO el(zo)} (2-27)
_ 1 -
ny = ;; z, (2-28)
|
£ = @ {x - el(z)} (2-29)
n = EL-z (2-30)

1

vhere s is the span of the fin Sl s cl(z) is the chord length and el(z)
is the x coordinate of the leading edge at spanwise position =z .
(ii) On 82

£ %, - e, (u,) (2-31)
0 2(uo) { 230 } )

1
= ;; 4y (2-32)

£ = E;%;T {x - ez(u)} (2-33)
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n = ;L-u (2-34)
2

where s, is the span of the half-tailplane Sz, cz(u) is the chord length

and ez(u) is the x coordinate of the leading edge at spanwise position u .

(iii) On S

3
— !
g0 = &) {xy - eg(ui (2-35) , |
!
= ; :‘
" = 5 Yo (2-36) _ 1
3 !
E £ o — fx - e, (0} (2-37) ;
‘ c3(u) 3
] AY
no= -s—u (2-38)
’ 3
3
where s, is the span of the half-tailplane S,, c4(u) is the chord length

and e3(u) is the x coordinate of the leading edge at spanwise position u .

Since the surfaces 82 and S3 are images of each other in the plane

y = 0 we must have k
e3(u) = ez(u) (2-39)
c3(u) = cz(u) (2-40)
and
83 = 8§, . (2-41)

The oscillation of the fin-tailplane configuration is taken to be anti-

symmetric about the plane y = 0 . If the oscillation were symmetric about the
plane y = 0 , then the fin S1 would be at rest and the flow about the con-
figuration would be symmetric. There would therefore be no aerodynamic loading
on the fin and the presence of the fin would not affect the aerodynamic loadings
on the half-tailplanes 52 and S, . The fin-tailplane would therefore need to

3
be treated in exactly the same way as an isolated wing with dihedral oscillating

symmetrically. Because of the validity of the principle of superposition we 1

then need to deal only with antisymmetric oscillations of the fin-tailplane.

3 Accordingly we have

SZl6L

W;B)(x,u;v) - w;Z)(x,u;v) (2-42)

and consequently

- £;3)(x0,uo;v,M) - 2;2)(x M (2-43)

0’3V




15

The triplet of integral equations (2-17) to (2-19) reduce to two independent
ones because of the relations (2-25) and (2-39) to (2-43). The two independent
integral equations may be written, on using parametric coordinates for the inte-

S and S

gration variables on the surfaces $;» Sy

3 14

1 1
) X-X, z-2
(1) . 5 ¢ (zq [ (1) . 0 0.
Wq (x,z3v) = XY J T dno | zq (xO’ZO’v’M)Kl T T v,M

0

2xe q
0 0
X~ %)
x expg- 1v(——z——)Edgo
ceeve. (2-44)
(2) 5[ el ' W *T¥ %0 u
Vg (®ousv) = lm!l,f z do[ ' (xo’zo;"’M)Kz( e T \),M)
0
X-X
. 0
x exp;- 1v(——i——)$d£o
s, [ cplup 1 X~X, u-u
2 2% (2) _ 0 0
* (X [ 2 dno / Q'q (XO,UO,V,M)K]<-——-—9‘ ’ 7 ,\),M)
0 0
X = X
o e
s, f ¢ (u) 1 X=X, Uu
2 | 20 (2) : o % u __. .
* 4l ] £ dno / R,q (xo’uosst)Kz( [l ) ’I’" 2a3 \),M)

0 0

ceeees (2-45)
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- The loa&ing functions lél)(xo,zo;v,m), 2;2)(x0,u0;v,M) and
3

L

q &

o,uo;v,M) satisfy the junction condition

1 2 3
zé ) (2, 030,1) + z; ) (%, 05v,1) + zé ) (059,80 = 0 (2-46)
which, in virtue of (2-43), may be replaced by
zél)(x ,03v,M) + 22é2)(xo,0;v,M) = 0 . (2-47)

We wish to solve the pair of integral equations (2-44) and (2-45) when the
normal velocity functions w(l)(x,z;v) and wéz)(x,u;v) are known for loading

@)

functions Zél)(xo,zo;v,M) and Rq v,M) that satisfy the condition

o’uo;
(2~47) and then to use these loading functions for the calculation of Qp q(v,M)
?

from formula (2-26). The integral equations (2-~44) and (2-45) do not have a
2(2)(

X
q

unique solution for lél)(xo,zo;v,M) and 0,uo;v,M) , unless we impose
the condition that these latter two functions vanish at the trailing edges of
S, and 5, respectively,
Let
g™, k=1()n, (2-48)
be n points £o in (0,1) and let
™, j=1(Dm, (2-49)
be m points U in (0,1) of which
™ -0 . (2-50)

We form the interpolation polynomials hﬁn)(io), r = 1(1)n, each of degree
(n-1)in &0 and the interpolation polynomials ggm)(no), s = 1(1)m , each of

degree (m - 1) in o by means of the formulae

o fg -g™ |
(n) 0 k
hr (Eo) = Iﬁ[ Ez;j—:—gfay s r=1(1)n, (2-51)
k=1 r k
kér

GCi6L
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n (m) i

n, - n, !

ssm) (no) = H —Tgy—:—‘l'm ’ s=1(1)m, (2-52) 1
i \" T

j¥s j

These interpolation polynomials have the properties

) [, () _ r=1(1)n _
hr (Ek ) = Grk L] k‘ l(l)n’} (2 53)
and
(w) { (m) s=1()m _
g, (“j ) = 8 o j.m)m} (2-54)
where Grk is the Kronecker delta
{l r=k
= (2-55)
Tk 0 r¥k .
We take an approximation i(l)(x z,) to 2(1)(x z,3;V,M) by means of
PP q 0’%0 q 0’203V y
the formula
m
DR\ ) ) ) f"go —
- (1) - 2 _ n m) —
lq (XO’zO) < zo) exp( L )Z qu;r,shr (50)8s (“0) 50 ! "o
r=] s=l

teeae. (2-56)

and an approximation ﬁ;z)(xo,uo) to 2;2)(xo,u0;v,M) by means of the formula

m

| R n 2 .
- (2) 2 | 1vxg ) () (mp) =8 —
g xprug) = We@( N Bsr,ste Co8s T (od[TE T T T o -

=] sg=1

o]
0

ceeees (2-57)

The approximation i;l)(xo,zo) to 2;1)(xo,zo;v,M) vanishes at the
trailing edge of the fin §, and it has the correct singular behaviour near the
outer edges of 5, except in the neighbourhood of corners where there are weak

singularities not accounted for. Similarly the approximation i:z)(xo,uo) to
(2)
2

q (xo,u ;v,M) vanishes at the trailing edge of the tailplane 82 and it has




A ——

the correct singular behaviour near the outer edges except for weak corner

singularities. The correct behaviour of 2;‘)(x o;v,M) and léz)(xo,uo;v,u)

02
near the junction of the fin and tailplanes is not reproduced, but the
singularity not accounted for is weak. Because the chords of the fin and tail-
plane have been taken equal in length to each other and coincident at the

junction no stronger singularities in the loadings arise near the junction.

. (n . . (2) -
The coefficients Aq;r,s’ r 1(1)n, s I(l)ml , and Aq;r e F 1(1)n,
. (1 2
g8 = l(l)m2 , are to be determined so that 2; )(xo,zo) and 2( )(xo.uo) are
good approximations, in some sense, to zél)(xo,zo,v,M) and 2( )(xo,uo,v M)

respectively. In the first place, however, we shall need to satisfy a junction

condition of the form (2-47), e
ié')(xo,o) + 22(2)(x 0 = 0 , (2-58)

which can be satisfied with the expressions (2-56) and (2~57) if we put

(l) (2) - - _
q,r ) ZAq;t,l o , r=1(1)n. (2-59)
It was for the purpose of satisfying the condition (2-58) at all points along the
junction chord that the same value of n was taken in the expressions (2-56)

- ~(1) +(2) (m)
and (2-57) for zq (xo,zo) and R (x n,

was taken to be zero in condition (2 50).

0,uo) respectively and the value

(n)
e

, r=1(1)n , and the points
(m) _{(n)

ngG s 8= 1(1)m , is somewhat arbitrary. In this Report we choose the &

r=1(1)n , to be the zeros of a polynomial nn(go) of degree n in €0 which

The choice of location of the points

is such that

‘ k-1 -
[50 1n(50) Tdio = 0 , k=1(1)n, (2-60)
0

(m) . .

and we choose the ng » 8" 2(1)m , to be the zeros of a polynomial ym_l(no)

of degree m ~ 1 in o which is suchk that

SZl6L

m-1

|
f,‘%—l, (T g dng = 0,  j=2(Dm. (261
0




vy
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—
(=2
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The interpolation polynomials h(n) (3 ), r = 1(1)n , and the interpolation
polynomials g(m) (no), s=1()m, defmed above, then have very convenient
properties for our subsequent analysis where integrals involving these poly-
nomials occur. These properties are that, for arbitrary functions f (Eo) and
k(ng) »

]
1 ~-£
] f(Eo)h(n)(Eo) 0 dg, = af_“)f(gi“)) , (2-62)
%o
0 r=1(1)n,
(n) e =&
where B - [hr (&) £ dy ,  r=1(Dn, (2-63)
0
and
1
fk(no)g:m)(no)v'l - ng dn0 o Gém)k(n;m)) , (2-64)
0 s=1(m,
1
where cf;m) - [ ggm)(no)v’l Thgdng s s=1(Dm. (2765

0

The approximate formula (2-62) becomes precise when f(Eo) is a polynomial of
degree <n in 50 and the approximate formula (2-64) becomes precise when

k(no) is a polynomial of degree <m in o *

In Ref 11 and elsewhere it is shown that

51(‘“) = -;- [1 - cos (%;——:——:— 17)] r=1(1)n, (2-66)
and that
H,_(.n) - _Z_n__ZI_]_ (1 - gin)) . r=1(1)n. (2-67)

No explicit analytical formulae are available for the points ném), s =2(1)m ,

(m)

and the integration weights G , 8 = 1(1)m , but we show in Appendix A how

these values may be evaluated mnnerically.

If we substitute from (2-56) and (2-57), the approximations Aé )(xo,zo)

and 2( )(xo,uo) to <(l )(xo,zo,v,M) and zé )(xo,uo,v M) respectively, into

P
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the integral equations (2-44) and (2-45), we get approximations &él)(x,z) and
6(2) (x,u) to wc(ll)(x,z;v) and wéz) (x,u;v) that are given by

n 1
G‘(ll)(x,z) = exp( wx) z Z A :3:,3 1(:: l)(x z3v,M)

_ r=] g=l
3 n 2
; + -2‘? exp(- 1—\;3‘-) Z ;3: s 1('132) (x,z3v,M) (2-68)
‘_ r=] s=1
; and
" n ml
- Gc(lz) (x,u) = 'l.l—n exp(- wa) Z ;li s 1Ezsl)(x,u v,M)
r=1 s=
. n m2
el 52) T Y AD D it + 2 a0}
r=1 g=1]
...... (2-69)
where
s 1
51 1
f,: )(x zjv,M) = — [ siml)(no)v'l - ng dng
0
! (n) x-xo z-z0 I-Eo |
x [ hr (EO)K]( ) ;v,M) To— dEo (2-70)
0
{r =1(1)n
s = l(l)m] ;

1'8

1
8
(1 2)(x,z V.M = ,_2 f (mZ)(n )/1 - N dno
0

)
X=X, U 1-8
0 0

r

{r-l(l)n
ssl(l)m2

sti6L
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Ty

hr (EO)KZ( ) ,T,-f,ivrﬂx, v, M 50 dEo (2-72)

1
8
v(z;l)(xm;v.u) - Tl! sf,"‘)(no)/l -, dng
1
/

{r- 1(1)n
s=l(l)m]
|
a 8
wg;” (x,u3v,M) = —,?-f ggmz) (no)v'l - ng dng
0
] -X, u-u 1-¢
(n) 0 0. 0
x '[ hr (EO)KI(iE__’_l_’ \),M) -—E—— dEO (2-73)
0 0
{r= 1(1)n
s-—-l(])m2

and
1
8
w2 v - L [ 8" (n )T =g dn,

1
- ]_g
(n) 2% o u : 0 -
x f hr (EO)KZ( L ,I,n-Za, v,M Eo dgo (2-74)
0

{r=l(1)n
=] (l)m2.

For the purpose of developing an approximation formula for the
generalised airforce coefficients Qp q(\),M), Pp=1,2,3, ..., 9=1,2,3,...,
]
given by the expression (2-26) we introduce the two integral equations

1 1
8 c, (z) - X=X, z.-2
f;')(xo,zo) = z"—"‘/ 12 an/ l;])(x,z;v.M)Kl( 7 0, 02 ;V,M)
0

el o)

x—xo

1
z
dn j 1;2)(x,u;v,M)K2< 3 ,%,-To,hnrn; v,M)

XX
x exp{- iv( - 0)} df  (2-75)




T T e T sy

]
|
i

g

e

22

u
9T0’ i""'a; V’M)

©|N

@) 8 cl(z) -(1) . X=X
fp (xo,uo) - m[ 7 dn !Lp (x,z,\:,M)l(2 T

x exp{. o’ ';‘o)} i

1
8 c,(u) _ X=X, u,-u .
+_20[ 2 dn f 2;2)(x,u;v,M)Kl( ) 0, 02 ;v,M)
0

s c,(u) -x u
I 7 0 0
MT) [ 7 dn [ 2; )(st;VsM)KZ(K 2 ,%,T,n-Za; v,M)
0

- %g
x exp{— iv(x T )} dg . (2-76)

The unknowns E;l)(x,z;v,M) and EI(,Z) (x,u;v,M) are loading functions

on the fin surface Sl and tailplane surface 82 when the fin-tailplane con-
figuration is in antisymmetric harmonic oscillation in a main stream of speed V
in the direction of the negative x—axis, the oscillation being such that the
scaled normal air velocities on the surfaces Si» S, and S3 are the modal

. (1) . (2) (3) i
functions fp (xo,zo), fp (xo,uo) and fp (xo,uo) with

X

2
f ( o,uo) .

(3) - -
fp (xo,uo) = 2-77)
However, as far as we are concerned, the unknowns E;l)(x,z;v,M) and
E;z) (x,u;v,M) are merely solutions of the pair of integral equations (2-75) and

(2-76) upon which we impose the junction condition
E;])(x,O;v,M) + 22;2)(x,o;v,u) =0 (2-78)

which is analogous to the junction condition (2-47), and appropriate behaviours
near the edges of SI and 52 .

We take an approximation 9,;1)(x,z) to I;l)(x,z;v,M) by means of the

GTl6L

formula
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n 1
(D ) ivx =(1) . (n) (my) ’ [4
£p (x,2) = cl(zyexp( 7 ) :E: ji: Ap;i,jhi Qa - E)gj 1 (n) T=% Y1 - n

ceeees (2-79)

and an approximation Ep ,u) to Eéz)(x,u;v,M) by means of the formula

n M
2(2) 2 ivx 3 @ (m ) ’ E  r—
!'p (x’u) = C2(|.l) exp( ) ) Z z P; ’J 1 (I j 2 (f\) T - ¢ 1 n .

creee. (2-80)

The approximations i(])(x z) to E(l)(x z3v,M) and 1( )(x u) to

(2)(x,u 3V,M) have Ehe approprlatepbehavxours near the edges of S and S2 .
Wb shall require A; )(x z) and 2; )(x u) to satisfy a junction cond1t10n of
the form (2-78), Ze

i;‘)(x,O) + 23;2)(x,0) -0 . (281

We can satisfy this condition with the expressions (2-79) and (2-80) for
i;l)(x,z) and 2;2)(x u) respectively if we put

SR ¥ OO

3, | 31,1 R i=1(1n . (2-82)
If we substitute the approximations -;1)(x z) and ( )(x u) to _;l)(x z3Vv,M)
and 2;2)(x u3v,M) respectively, into the right~hand 51des of the integral
equations (2-75) and (2-76), we shall get approximations ; )(xo,zo) and

(2)(x f(’)(x

04 ) to 0) and f;z)(xo,uo) respectively.

0%
If we introduce che antisymmetry conditions (2-43) and (2-77) into the

formula (2-26) for qu(v,M) we get

qu(v,M@) - L jy f;l)(x,z)lél)(x,z;v,M)dxéz

3
g
5
+ J% j-f(z)(x,u)l(z)(x,u;v,M)dxdu . (2-83)
R p q
)
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We take an approximation qu to qu(v,M) by means of the formula

s 1 [[gpm Moy + 8Dz i O PN ()]
qu 22 Jv <2p (x,z)wq (x,z,v)-ffp (X,Z)lq (x,2) Rp (x,z)wq (X,Z)}dXdZ

1

2 2(2) (2) . (2) ~(2) _2(2) ~(2)
+ 22 /]'{lp (x,u)wq (x,u,v)+fp (x,u)lq (x,u) Qp (x,u)wq (x,u)}dxdu .

Sy
veen. (2-84)

Now we can show that the relation

13 . .. 2 [[z@ @, .
22 j-zp (x,z)wq (x,z;v)dxdz + 22 j].lp (x,u)wq (x,u;v)dxdu

2

) 9.1_2 //f(’)(xo,zo)l(])(xo-z 3v,M)dxydz, —22' [ (2)("0’"0)2(2) (xgsug3V,M) dxdu

5y Sy

is true merely by substituting for w;])(x,z;v) and wéz)(x,u;v) from the
integral equations (2-44) and (2-45) respectively into the left-hand side of
(2-85) changing the order of integration and then using the integral equations
analogous to (2-75) and (2-76) to recover E;])(xo,zo) and f( )(x uo)

respectively. Similarly we can show that the relation

1 [ ~(1) 2 [[3@ ~(2)
22 // lp (x,z)wq (x,z)dxdz + 22 /].zp (x,u)wd (x,u)dxdu

8 Sy

Jf ]]’f(l)(xo,zo)l(])(xo,zo)dxodzo + = }].f(z)(xo,uo)l(z)(xo,uo)dxoduo
S
1 2

veees. (2-86)

is true merely by substituting for Qél)(x,z) and G;z)(x,u) from the integral
equations analogous to (2~44) and (2-45) respectively into the left-hand side of
(2-86) changing the order of integration and then using the integral equations

analogous to (2-75) and (2-76) to recover A; )(xo,zo) and f

SCl6L
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Both relations (2-85) and (2-86) are expressions of Flax's

respectively.

2,

reverse flow theorem for fin-tailplane configurations.

By using the relations (2-85) and (2-86) we can rewrite the formula
2-84) for Q as
( ) Qp,q

6 J% j' (1)(x z)l( ) (x,23v) +f(])(x z)l(l)(x, ) -f;')(x,z)ié])(x,z)}dxdz
+ j% j. (2)(x u)l( )(x u;zv) +f(2)(x u)z( )(x u) —f(z)(x u)z(z)(x u)}dxdu.
...... (2-87)

Let us put

62;])(x,z)

E;])(x,z) ~

Eél)(x,z;v,Mm)

(2-88)

(2) - () _ .2 . _
62q (x,u) Rq (x,u) lq (x,u,v,Mm) (2-89)
m - (D _ (D -
Sfp (x,2) fp (x,2) fp (x,z) (2-90)
(2) _ (@2 @) _
Gfp (x,u) fp (x,u) fp (x,u) (2-91)
Then formula (2-87) may be replaced by
Q = - (1) n
qu qu(v,M) 22 j].6fp (x,z)dzq (x,z)dxdz
S
1
-2 jj 522 (x,u) 622 dxdu (2-92)
. P q
52
From formula (2-92) we see that qu differs from qu(v,M) by a

quantity which is of the second degree. If f;])(x,z) and f;z)(x,u) were

exactly equal to f;l)(x,z) and f;z)(x,z) respectively then apq would be

exactly equal to qu(v,M) regardless of the accuracy of iél)(x,z) and

79125

ﬁ;z)(x,u) . Equally if iél)(x,z) and iéz)(x,u) were exactly equal to
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I;I)(x,z;v,M) and 2;2)(x,u;v,M) respectively then again qu would be

exactly equal to qu(v,M) regardless of the accuracy of f;l)(x,z) and

£
|4

»u) . These exactitudes are not likely to arise. However, it is possible
(]) (2) (]) . and X(z? . , in the

q r,s’ q r,s’ P, s] P31,]

respective formulae (2-56), (2- 57), (2- 79) and (2-80) so that the corresponding

to choose the coefficients

value of qu is stationary for variations of these coefficients from the

chosen values, with the conditions (2-59) and (2-82) being satisfied. It is

this stationary value of épq that will be taken as the approximation to
i(l)(x
q

Q_ (v,M) in this work. The approximate loading functions and

E(Z)(x
q

0’ zo)
O’UO)
;2)(x 3v,M) respectively if the quantities qu are good approximations to

0*%
qu(v,M) for all p and q . This is an application of Flax's variational

are taken to be good approximations to lél)(xo,zo,v,M) and

principle2 to fin-tailplane configurations.

If we introduce the formulae (2-56), (2-57), (2-68), (2-69), (2-79) and
(2-80) for Eé‘)(x,z), Eéz)(x,u), w(])( ,2), aéz)(x,u), E;])(x,z) and

1;2)(x,u) respectively into the right-hand side of formula (2-84) and use the

parametric coordinates (2-29) and (2-30) on the surface Sl and the parametric

coordinates (2-33) and (2-34) on the surface S2 we get

: n 1 n 2
g 5 }: E: <1) }: E: 72 @)
: ,J Qa P l’J q, ’J
j= j=
L |
3 n )

] n ]
| . z z NCO N 2 2m@ L@
: »S P,r s , q;Tr,S8 p3Tr,s

=1

n 1

Z z i, a,n
P;isj q r,s'i,jir,s

(1) (2) w(‘ ,2)

Pa i,] q,r s'1,j3r,s

|I
/]
Il
[a]
]
—
n

GZl16L

F




where

ol1)
q51,)

()
q51,]

)

P3T,»S

(2)

ps1,S8

(1,1

i,j3r,s

w(l.Z)

i,js;r,s
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™

n

:E: 222 A 21
p3i,j qsr,s i,jsr,s

i=] j=1 r=1 s=i

)

n n
=(2) ,(2) (2,2) (2,3) _
B Z z Z Z 2AP;i,J‘Aq;r.s{"'i,j;r,s * wi,j;r,s} (2-93)

i=1 j=1 r=1 s=1

) 1
s ’ .
7‘]_ [ ngml)(n) b=ndn / hi(n)(l - g)ahij Wé‘)(x,z;v) exp(—lzx)dﬁ
0 0

i=1()n, j=1(Mm, (2-94)
. | ]
‘2—2(! Sj(mZ) ()Yl = n dn [ hi(n)(l - &) h—g_—é Wc(lz) (x,u;v) exp(l;—x)di
0
i=1(n, j=1(m,, (2-95)
. 1 1
+ f ™) (/T an f b [ £ D) e (- %)
0 0
r=1(1)n, s=1(1)m], (2-96)

] 1
s / - 3
TZ .[ gimZ) (Y1 = n dn / hx('n) (5)."]—55 flgz) (x,u) exp(— -—1zx)d€
0 0
r=1(n, s=1(m,), (2-97)

1 1
s
L gj(ml)(n)v’l - ndn [ hi(n)(l -£) 5 w(l’l)(x,z;v.M)dE

4me 1 -¢ "r,s

i=1(n, j=1(Mm, )
{r=l(l)n, S='l(l)m:, (2-98)

1 1
81 (my), \ f—— (n) £ (1,2) )
Ty [ g3 (n)¥1 = ndn hi (1 -8) T=F s (x,z3v,M)dE
0 0

i=1(1)n, j=1(m,, _
{r-l(l)n, s=1(1)m;. (2-99)
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1
S
JD 2 (mz)(n)/—-— f

i,jsr,s 4re

2,2y _ %2 <m2> AT a
i,iir,s - Tk (71 f
s 1 1

2,3) 2 (mz) f ropmany
i,jir,s  G4mp (mY1 -7 dn f
0
We eliminate ( ) , r=1(1)n,

q,r 1

expression (2-93) for
p ) qu

doing this is that we get

)1}
p - =(2) (1) 0 (2)
qu - z 2AP91 1( Q91 1 Qvl l) ¥

i=1
n O n nb
DRI
i,] q,
i=1 j=2 1=] j=2

n 1
DRI e
q;r,s p;r,s

2

n n

=(2) (2) (i,1)

* Z Z 2Ap,1 lAq;r,l( 2‘1)1 1;r,
i=] r=1

TR =T e S . " N S m— * St

by using relations (2—59) and (2-82).

n™ - g = ui2e!) Gusv e

{1= 1(1)n, j= l(l)mz,
r=1(1)n, s=l(l)m

n™a - sﬁ “szuvmms

{1 =1(n, j= l(l)mza
r=1(n, s—l(l)m

(2-100)

(2-101)

hi“)(x £y (2 3)(x u3v,M)dE

E Yr,s
i=1()n, j=1()m,, -
{r-—l(l)n, s=1()md. (2-102)
and A( ) 17 i =1(1)n, from the

The result of

n

@ [ . (2)
Z 2Aq;r,l( q’p;r,l * ¢p;r,l)

r=1

Pl 9J qs1

+ Z Z 2A(2) e(z)

(2) ¢(2)

q3TsS P3r,S

(1,2) 2,1)
) Zwl I;r,1 * zwl 11,1
_ o (2,2) _(2,3) )
wi,l;r,l wi,l;r,l

1 YALTA

R b

4 el camades . oe e o e

. dita i it it ae
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m
n 1 n
(l) (2) a,n  _ o (1,2)
Z z Z 24 Psisj qsr ](wiui;r’l wi,j;r,l)
i=1 j=2 r=l
n ™ =n
Z ZZ i@ L@ (Zw(z,n) (2,2)  _ (2,3 )
p. »J q,r N\, jsr,l i,j;r,! i,jsr,l
i=] j=2 r=]
n n o)
2(2) L (a,1n  _ (2,1)
Z Z 2A1:~,1 17q;r ,s(‘pi,l;r,s IJ"i,l;r,s)
i=] r=1 s=2
n n )
22 @ [,0,2 _ (2,2 (2,3) )
ZE: ZE: 2Ap,1 lAq;r,s(zwi,l;r,s wi,l;r,s i,lr,s
i=1 r=1 s=2
n R
Z Z Z i, 4,
p3i,i Q:r s'i,jsr,s
. i=]l j=2 r=1 s=2
f n :A n %2
E \ (1) (2) (1,2)
Z L.I z Z 24 ps1 aJ q:r SwI:Js]-"a
‘; i=l j=2 r=1 s=2
;; n M2 o ™
| Z Z z @ A @2,D
I psl i, ] q,l‘Sl,JrS
: i=1 j=2 r=1 s=2
n ™2 a2 ™
i Z Z Z OBNG! (w(z,z> @3 ) (2-103)
psi,itqsr,s\*i,isr,s T Yi,ir,s
i=] j=2 r=1 s=2
We may write formula (2-103) for qu as the matrix formula
] Q] = (RIDJ+ [,100 - (A6, . . (2-104)
= =(0) (D =(2) -
vhere [Ap] [Ap A, A, ] (2-105)

79125
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A =
q

A =
q

up =
A =

and
[qu] is the 1 x

E;;o)] is the row matrix of

in the ith column}

[X;l)] is the row matrix of

in the n(j~-2) +ith colum}

[;;2)] is the row matrix of

in the n(j~-2) +ith columj

L
q
RO
q
A

L9 _

R&
q

N
q

,(2)
L9

[ (0) 1) (2)
_“p " ¥ ]

(0,00 (0,1 ,(0,2)]

A0 LD, 3,2)

K20 @D @)

1 matrix with element 6pq ’

n elements with the element

Z(2)

p;i,l i=l(l)n’

n(ml -1) elements with the element
2D i=1(Dm, j=2(Da,
P3l,]

n(m2 -1) elements with the element

z(2) i = 1= V
Ap;i,j i=1(1)n, j 2(l)m2,

(2-106)

(2-107)

(2-108)

(2-109)

(2-110)

(2~11})

(2-112)

cZi6L
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[A;O)] is the column matrix of n elements with the element

A((é:):,l r=1(n,

in the rth row;

[A;l)] is the column matrix of n(ml ~1) elements with the element

(1)
Aq;r,s r=1(1)n, s-Z(I)ml,

in the n(s=-2) +rth row;

[Aéz)] is the colummn matrix of n(m2 ~1) elements with the element

Ro)

q;r,s r=1(1n, s=2(l)m2,

in the n(s~2) +rth row;

[A;o)] is the column matrix of n elements with the element

_ ol ) .
2( Oqsi1 * eq;i,l) i=1(n,
in the ith row;

[A;l)] is the column matrix of n(m] -1) elements with the element

) . .
eq;i,j i=1n, j -2(l)ml,
in the n(j =2) +ith row;

[).éz)] is the column matrix of n(m2 -1) elements with the element

(2) - s o
zeq;i,j i=1(1)n, j 2(l)m2,
in the n(j~2) +ith row;

[u;o)] is the row matrix of n elements with the element

2(- ¢(l) + ¢;§z’l) r=1(1)n,
in the rth column;

31

(2-113)

(2-114)

(2-115)

(2-116)

(2-117)

(2-118)

(2-119)




[u;l)] is the row matrix of n(ml -1) elements with the element

¢p;r,s r=1(1)n, s 2(l)ml,

in the n(s-2) +rth column;

[uéz)] is the row matrix of n(m2 -=1) elements with the element

(2)

pPiTr,8

2¢ r=1(l)n, s=2(l)m2, (2--121)

in the n(s-2) +rth column;

[A(O,O)] is the square matrix of order n x n with the element

1,2)

i, l;r,l

2,1
i,l:r,l

(2,2)
i,1;r,l

e g o

(],1) - - (2’3) _
4¢i’];r 1 4y 4y + 2y + zwi,l;r,l (2-122)

) i=1(1)n, r=1(n,

in the ith row and rth column;

[A(O’l)] is the rectangular matrix of order n Xn(m] -1) with the element 3

(1,1)

i,l;r,s (2-123)

+ 2")(2’1) {i=l(l)n,

{ ‘211’ i’];r’s r=l(])n, S=2(])m1!

in the ith row and n(s-2) +rth column;

[A(O’z)] is the rectangular matrix of order nxn(mz- 1) with the element

(1,2)
i,l;r,s

(2,2)

- by i,l;r,s

+ 2y

. 20(2:3) {i=l(l)n,

i,l;r,s r-](l)n, s=2(])m2’ (2-124) _ ‘i

in the ith row and n(s-2) +rth column;

[A(l’o)] is the rectangular matrix of order n(m -1) xn with ‘the element

- 2¢.(l!1) + 2y

i,jr,l j=2Mm, r=1()n,

STi6L

in the n(j -2) +ith row and rth column;
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[A(l.l)] is the square matrix of order n(ml -1) xn(m2 ~1) with the element

NU) {i—l(l)n,‘]-Z(l)m

i,jir,s r=1(1)n, s=2(l)ml’ (2-126)

in the n(j-2)+ith row and n(s-2) +rth column;

[A(l’z)] is the rectangular matrix of order n(m, -1) xn(m,-1) with the

element 29 '22) - {1"'“)“' i=2Mm, 5159y

i,jr,s r=1(n, s=2(m,,

in the n(j -2)+ith row and n(s-2)+rth column;

[A(Z,O)] is the rectangular matrix of order n(m2 -1)xn with the element

(2,1)

’J’r 1

ZIP-(Z’Z)

(2,3) i=1(n, _]-Z(I)m
w 1’j;r’l {

2¥ r=1(n,

N (2-128)

in the n(j -2) +ith row and rth column;

[A(Z’l)] is the rectangular matrix of order n(m,-1) xn(m, -1) with the

(2,1) {1-1(1)n, i=2(Dm

i jsr,s r=1(1)n, s—2(l)m2 (2-129)

element 2y,

in the n(j-2)+ith row and n(s~2) +rth column;

[A(2,2)] is the square matrix of order n(m2 -1 ><n(m2 -1) with the element

(2,2) 2

2,3) {i-l(l)n, j=2(m
i,jsr,s i,jsr,s

W r=1(1)n, s=2(l)m

2° (2-130)

in the n(j -2)+ith row and n(s=~2)+rth column.

The quantity qu of formula (2-104) is stationary for variations of

y . ¢) (2) (l) (2)
f ts A d j
the coefficients q;r, 8’ q,r 8’ i, an p,1,
are given by the matrix equations

when these coefficients




34
-1

(8] = BT0) (2-131)
and

7 -1

[4,] = [w )] (2-132)
and the stationary value is

o -1

[Qq] = [vI1N) 2] - (2-133)

The quantity apq of the formula (2-104), however, takes the stationary

(1 (2) are obtained from
q;r,s q;I,Ss
=(2)

the matrix formula (2-131) and the coefficients K(l? . and A

Ps51,] Pii,]
arbitrary, or if the coefficients A(l) (2)

q3r,Ss
(D +(2)

value (2-133) either if the coefficients A
are

are arbitrary and the

R ]

and A
q
. . and . . are obtained from the matrix formula (2-132),
Ps1,) Psl,)
as may be shown by substitution of either of these sets of coefficients into

coefficients

formula (2~104). The stationary value (2-133) may be written in the alternative

form

[0, = [,]k,] (2-134)

where the column matrix Aq is given by formula (2-131). The form (2-134)

together with the formulae (2-56) and (2-57) for Eél)(xo,zo) and iqz

then enable us to write the stationary value in the form

9 = L () (1) 2 (2) ~(2) _
qu 2 !y.fp (x,z)lq (x,z)dxdz + 2 gﬂ[fp (x,u)zq (x,u)dxdu  (2-135)
! 2

which would be the formula obtained by replacing zél)(x,z;v,Mw) and
2;2)(x,u;v,Mw) in formula (2-83) by the approximations ﬁ;l)(x,z) and

iéz)(x,u) respectively. However, even though we have shown that the stationary

value qu takes the expected form (2-135) we shall evaluate it from the
formula (2-133).

Let us now write

ig_x(l,n,ml) (1) r=1(1)n,

_ 2
Pir,s s H(n)GZml) exp( L “r,s )¢p;r,s {s =1(l)ml’ (2-136)
I'r s

SCI6L
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@ 2 iv _(2,n,mp)\ ,(2) r=1(1)n, )
fp;r,s s Hinsc(mzs exP(R. r 8 )¢