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FOREWORD

This work reported herein performed at the Metals Behavior Branch, ]
Metals and Ceramics Division, Air Force Materials Laboratory. The work '
was performed under in-house Project No. 241803, "Dynamic Behavior of
Engine Materials." The work was conducted by Mr. Jeffry D. Sharp,
collocated from ASD/ENFSM, Wright-Patterson AFB, Ohio.

The author would 1ike to offer thanks to his thesis advisor, i
Dr. George Sutherland, Ohio State University, for his suggestions and L
guidance throughout this work, to Dr. Theodore Nicholas, AFML/LLN, for ;
making available the experimental facilities and providing technical advice,
and to Ms. Barbara Lear, ASD/ENF for her secretarial assistance.
u

The research was conducted during the period _Qctober 1977 to }'
July 1979. This report was submiited for publication in September 1979. L
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SUMMARY

&
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With thrust-to-weight ratios in aircraft gas turbine engines
increasing, all components are required to operate at higher steady-
stress levels. This situation, coupled with cyclic 1ife limits based
on crack propagation, demands a better understanding of the operating
environment and various loading conditions to which a component may be
subjected throughout its useful 1ife. Vibratory stresses induced in
rotating airfoils by toreign object impacts are a real part of jet
engine operating environments and require careful consideration when
designing high performance blades. However, before one can analyze
a component for such conditions, the loading mechanism must be under-
stood. This has been investigated for members of similar stiffnesses
impacting each other (References 1 through 4), but little work has been
done to define and analyze the effect of a soft body impacting a member
with the approximate geometry and stiffness of a fan blade. The first
step toward accomplishing this understanding is to'fabricate several
cantilever beam test specimens., impact them with soft projectiles, and
record the strain response at various locations as a function of time.
From this data base, a simple beam theory model can be evaluated for
several different cases, each treating the impact as a slightly dif-
ferent phenomenon, but based on the common assumption that all the
projectile momentum is transferred to the beam. The results indicate
that a soft-body impact on a cantilever beam can be modeled as forced
vibration for the duration of the impact, then free vibration for all
time thereafter. The forcing function created by the projectile is
best modeled as a step-function distributed over an area. Damping in
the system has a significant effect on strain in the beam, but is dif-
ficult to accurately predict, and thus should not be considered in
maximum strain calculations. However, an accurate strain/time history
can be predicted if modal damping values for the first four resonant
modes are known. Impact testing of very large structures can be performed
on scaled down models with no change in results,
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SECTION I

INTRODUCTION

The problem of predicting the response of a blade-1ike structure to
an impact by a soft body is very complex and involves many structural
interactions. To begin analyzing all the load transfer mechanisms
present in such a problem is a monumental task. One must initially take
a more basic approach. The objective of this study is to determine how
a simple cantilever beam responds to an impact on its centerline by a
soft object. If the overall bending strain at various spanwise locations
in a beam can be recorded throughout an impact, the gross loading
mechanism can be studied and an analytical .model can be developed to
predict the response.

To accomplish this objective, four geometrically similar beams were
fabricated and instrumented with strain gages at various spanwise loca-
tions, mounted in a cantilever configuration, and impacted with geomet-
rically similar soft projectiles. Data from the strain gages was
digitally recorded during impact, stored, then analyzed to determine
maximum strain at each gage location and the modal content of each
response. Any damping effects present were noted. This provided the
dynamic response data necessary to evaluate several proposed analytical
models.

Next, analytical models based on the Euler-Bernoulli Beam Theory and
employing linear modal analysis were formulated. Two basic approaches
were used to simulate the impact loading. The first was to assume a
purely impulsive loading in which the projectile imparted an instan-
taneous initial velocity to the beam. The second treated the impact as
a forced vibration problem, which modeled the impact as a.) a step
function and b.) a half sine wave in time. Each model was defined and
formulated on a computer and the resulting time responses were compared
with the test data to determine its accuracy. The following text
describes in detail the experimental work performed, the data analysis
techniques used, the different model derivations and formulations, and
finally, the results obtained from each model and a comparison with
experimental results.
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SECTION II
EXPERIMENTAL PROCEDURE AND RESULTS

Four cantilever beam specimens were fabricated from 7075 T-6
aluminum, approximately 91 R or 190 B hardness, the smaliest beam being
5.6 inches long, 1.2 inches wide, and 0.15 inches thick. The remaining
beams were scaled from these dimensions by factors of 1.5, 2.0, and 2.5.
To ensure cantilever boundary conditions and minimize damping effects
from mounting fixtures, the root section of each specimen was left
significantly thicker than the rest of the beam, as shown in Figure 1.

For simplicity, the impact site of each beam was chosen to be at
75% span. This provided a reasonable portion on either side of the
desired impact location to ensure contact by the whole projectile.
Strain gages were mounted on each beam at the root and 75% span on the
side opposite that to be impacted. On three of the four beams, gages
were also placed at 25% and 50% span to record additional data (Figure 2).
These four locations were chosen to help identify the location of
maximum strain and to provide a sufficient amount of strain/time history
information to facilitate verification of analytical models.

The projectiles used to impact each beam were spherical bodies of
micro-balloon gelatin, a porous gelatin used to simulate bird impacts
(Reference 7). Projectile sizes and velocities were selected to meet
several criteria. The base line projectile diameter was chosen to be
0.5 inches so it would be small compared to the smallest beam length
and width. The geometric ratios used to size the beams were also used
to determine the remaining projectile diameters. This calculation
yielded projectile diameters of 0.5, 0.75, 1.0, and 1.25 inches.
However, a 0.75 inch diameter mold was not available, so the projectile
sizes actually used for the impact experiments were 0.5, 0.70, 1.0, and
1.25 inches in diameter. A calculation was made for approximating
projectile velocities based on a one degree-of-freedom lumped mass
beam model (Reference 6). To assure elastic response, velocity calcula-
tions were based on 0.25% strain at the beam root, which predicted a
projectile velocity of about 570 fps. These calculations are detailed
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Figure 2. Strain Gage Placement on Beams
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in Appendix A. To account for the gross model used, the velocity
prediction was decreased to 400 fps. An attempt was made to maintain
this projectile velocity for each beam specimen so the concept of
scaling impact specimens could be investigated.

Two different devices were used to record transient strain data.
A Hewlett-Packard 5451B Fast Fourier Analyzer (FFT) capable of
digitizing and storing four channels of data at 20 KHZ was employed to
provide a record of transient response data which could be analyzed at
a later time. A Zonics AE 102-2 transient recorder capable of digitizing
eight channels of data from 2 KHZ to 200 KHZ was utilized to investigate
short time and long time responses. Strain data recorded by the FFT unit
was stored on a magnetic disk, while the transient recorder data was
stored temporarily in the recorder and then input to an oscilloscope and
photographed.

For testing, each beam was mounted in a steel fixture as shown in
Figure 3. The entire assembly was then placed inside a steel enclosure
on the impact range, positioned with a laser aiming device and then
secured to the enclosure.

Projectiles were first weighed and the weight recorded, and then
launched from a smooth-bore tube, propelled by compressed air, compressed
helium, or burning gunpowder. Each projectile was carried down the
tube in a sabot, a plastic bore fitting carrier, which protected it
from the launch tube walls. Several inches in front of the target a
constriction in the barrel stopped the sabot, allowing the projectile
to continue. Before striking the beam, the projectile tripped a pair of
laser light sources connected to a time interval counter to measure its
velocity.

Several shots were made at each beam to "zero in" on the amount of
pressure/powder necessary to attain the desired velocity. Impacts on
the first beam indicated that a velocity between 300 and 350 fps was
adequate to produce the desired strain at the specimen root. Thus,
those values became bounds on the desired velocity for all remaining tests.
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Figures 4A through 4D are strain/time responses from each beam root
location. Variations in peak strain values due to differing projectile
velocities and densities can be seen. The data indicates, however, that
linear scaling of all beam and projectile dimensions will produce equal
strains. Appendix B8 is a dimensional analysis that supports this
observation. Responses from the impact site (75% span) on each beam
are shown in Figures 5A through 5C. The same observations made of the
root strain data can also be made of these traces. In addition, very
little damping effect can be observed in either set of data, except at
high frequency. Figures 6A through 6D are the strain responses from each
gage location on the 14.0 inch beam. These traces indicate that the
maximum strain experienced during impact occurs at the beam root.

Figures 7A through 7D show the response of the 14.0 inch beam over 0.5
milliseconds as being slow and containing no high frequency components.
Figures 8A through 8D are the responses of the same locations over 500
milliseconds, demonstrating damping in the system affecting only long-
term response. All the strain traces indicate the presence of several
frequency components. However, it should be noted that the sampling rate
used to record this data was too slow to pick up frequencies above the
first or second mode. Figures 9A through 9D are Digital Fourier Trans-
forms of root strain responses from each beam, showing the presence of
the first four beam bending modes. Similar plots for the 75% span
location, Figures 10A through 10C show the same result with a small
contribution from the fifth mode. Table 1 summarizes the maximum strain
values from all experimental records.

An overview of the test results leads to several conclusions. The
maximum stress over the entire impact event occurs at the beam root.
For the same projectile velocity and density, linearly scaled beams and
projectiles will produce the same impact strain values. The strain
response at any location in the beam has significant contribution from
only the first five resonant bending modes. Damping in the system has
little effect on the peak strain value but does become apparent in long
time response. These results provided the basis for evaluating several
analytical models.
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TABLE 1

EXPERIMENTAL RESULTS*

Beam Length,in{ Dy, in| Vp, f/sleroot. 2legs, % €50> % | €75, X |tmax €58
5.6 0.5 370 0.278 - - 0.155 1.5
[
5.6 0.5 341 0.269 - - 0.113 0.3%%
8.4 0.7 344 0.225 - - 0.134 2.1
8.4 0.7 336 0.231 - - 0.103 2.1
11.2 1.0 366 0.282 - - 0.139 2.9
14.0 1.25 1 365 0.247 | 0.162 | 0.116 | 0.147 3.55
14, 0%x% 1.25 0 343 0.209 | 0.154 | 0.077 | 0.116 5.0
i
14.0 1.25 | 324 0.250 - 0.091 | 0.114 2.3
14,0 1.251 317 0.254 | 0.175 | 0.086 | 0.105 3.0

e Lo

* Strains are absolute value.

** Recorder triggered late.
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SECTION III
THEORETICAL SOLUTION

Two basic approaches were taken to modeling the soft-body impact
problem. The first entailed treating the projectile as imparting an
initial velocity to the beam at the point of impact. This approach was
suggested in Reference 9 and applied to a hard-body impact problem in
Reference 8. The second approach was to treat the beam response to
impact as a forced vibration, as in Reference 4. The forcing function
was modeled as both a square wave and a half-sine wave. In both
formulations, the common assumption made was that all the projectile
momentum is transferred to the beam, i.e., Tinear momentum is conserved
and the projectile assumes a velocity of zero after impact. This
assumption, which is supported in Reference 7 and by experimental
observation, implies that the coefficient of restitution is close to
zero, but unknown. Both formulations are based on linear modal theory
and employ the Euler-Bernoulli beam relationships. Timoshenko beam
effects (i.e., shear and rotary inertia) were investigated and found to
be negligible (Appendix C).

The solution for free vibration of a beam developed in Reference 5
was used to determine the resonant frequencies and mode shapes of a
cantilever. The general beam mode shape (as a function of space
coordinate only) is given by:
y(x) = A sinh(Bx) + B cosh(8x) + C sin(8x) + D cos(Bx) (1)

where B8 is dependent upon the applied boundary conditions. For a
cantilever:

y=0
at x=0

dy/dx = 0

M =0 or d’y/dx® = 0
at x = £

V =0 or doy/dx> = 0

20
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Substitution of these boundary conditions into Equation 1 yields:
cosh(Bf)cos(BL) + 1 =0 (2)

which is the solution for gb for the various resonant modes. The mode
shape expression can also be rewritten, as a result of applying the
boundary conditions, as:

y(x) = A {cosh(Bx) - cos(8x) - K [sinh(8x) - sin(Bx)]} (3)

where k = sinh(B2) - sin(BR)/cosh(Bge) + cos(Be). For simplicity,
Equation 3 will be written as:

y(x) = A $(x) }
defining
¢(x) = cosh(Bx) - cos(Bx) - K [sinh(Bx) - sin(Bx)] (3a)
Employing linear modal theory, the total response of the beam, including )
time variation, can be formulated as: !
yix, €) = 0 F ) A (T (E) (4) _*

with ¢N(x) corresponding to a solution of Equation 3a for a particular )
value of g, determined from Equation 2. TN(t) is a time varying function 1
of the resonant frequency for each mode, wyy» calculated from

g = & E/or (5)
Assuming a sinusoidal time response, 1
TN(t) =c sin(ﬁNt) + C, cos(gt) (6) 1

C] and C2 are determiﬁed by evaluating the initial conditions of the
problem. At this point, each approach to analyzing the soft body impact
must be treated separately.

1. INITIAL VELOCITY SOLUTION

The first approach taken was to assume the projectile imparts an
initial velocity to the beam, as shown pictorially in Figure 11A. The
velocity can be expressed as:

V = Vé(x - L) (7)

21
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l »
O-——— = ——. Compatibility: MV, =/ opBABy (x, 0)dx
ylL, 0) = Va(x - L)

y(0, t) =0
ANAN NN y'(0,t) =0

A) Initial Velocity at a Point H

y(L, 0) = V{U(x - L + D/2) -
U(x - L - D/2)}

MV Compatibility: MV = oA (x, 0)dx
ppo _______ — p y: p'p 0°PBgY\X:

i y(0, t) = 0
ANy (0, t) =0

B) Initial Velocity Over an Area

Figure 11. Schematic of Initial Velocity Models

22

. lgmn;“mmmﬂim e e acadaaaias




AFML-TR-79-4169

At time t = 0, the initial conditions are:

y(x, 0) = 0

y(x, 0) = V6(x - L)

Application of the I.C.s yields C2 = 0 and

Vix-L) = z 1 Aty ) (8)

Multiplying both sides by a particular mode shape, ¢M(x), applying
orthogonality conditions and integrating over the length of the beam
results in:

155 _ = ;l 2
éVG(x L) ¢“(x)dx AM(,L\‘i 0Qm(x)dx (9)
The left hand side of Equation 9 reduces to VbM(L), while the integral

on the right hand side, when evaluated, equals & (Reference 10).
Therefore,

V- Ay /&y (L)
which leads to the solution for AN,
Ay = A, (o fu) [0(1) /6, (1)] (10)

A] must now be solved for to determine the complete solution. The rela-
tionship remaining is conservation of momentum. Applying this principle
as previously described, the projectile momentum is equated to the net
momentum of the beam. Thus,

My, = 'ngABi(x, t)dx

- £
MV, = Pghp L 1 Ay cos(yyt) T Godx
Evaluating the integral and substituting Equation 10 for AN’ we have

MVo = 20585 £ 1 (A8 (L) /8, (L) Ky cos(uet)

23

*»

‘mytrt e 4 anY .ngﬁ., L. g . ] "




AFML-TR-79-4169

where KN is defined in Equation 3a. This relationship exists only at
= 0, therefore,

Mpvp 2MBAlwl/l¢ w ; 1 N(L)KV/B

nesg

Defining Cg = ]2¢N(L)KN/BN2 and solving for Ay

Al = Mpr@‘l(L) /MBMICS
Thus, one can solve for AN by substituting into Equation 10.

Ay = MYV (L) My Co (1)
The beam response to impact can now be written as:

y(x, t) = MV /MBCs £ [0y (L) /5 19 () cos(ue) (12)

This solution can be further modified to simulate the projectile
impact by spreading the initial velocity out from a point to an area,
shown in Figure 11B. Equation 7 is rewritten as:

v = viu[x - (L - D/D1 - ulx - @+ Dp/2)1} (13)

which spreads the impact over an area as wide as the projectile and

eugally distributes it on either side of the impact span. The left hand
side of Equation 9 now becomes:

P - (L= D /DY - Ulx - (L + D /2] e (0 dx

which reduces to:

L +D/2
Vs P by (%) dx
L - Dp/z

Following through the solution, the final expression for the beam
response becomes:

y(x, ©) = MV et B Lol /u ) gy () cos () (14)

24
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where

L+D/2
o = P a(x)dx
L - Dp/2

c'g =y £ 1 2y¢ /AL (16)

Both solutions, for impact at a point and over an area, were programmed
on the computer to be evaluated against test data.

2. FORCED VIBRATION

The second approach taken was to treat the impact as a forced
vibration problem for the duration of projectile contact, shown in
Figure 12A. The solution to such a problem is in two parts, the
homogeneous (free vibration) solution and the particular (forced vibration)
solution. The homogeneous solution is that given in Equation 4. The
particular solution is developed below.

First, the forcing function was assumed to be a constant force at
a point acting over a finite time period. In other words,

F(x, t) = F6(x - L){U(t) - U(t - T4)] (17)

The time interval, TO’ over which the force acts is determined in
Reference 7 to be the time necessary for the projectile to traverse its

diameter, or
=D
To pr

The beam mode shape meets all special requirements of the differential
equation, independent of time. Therefore, the assumed particular
solution is:

Vo0 8) = o E A (0T ()

25
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LA
O—————= —| [ Comatibitity: My, fngAB}(x.To)dx
F=F 6(x-L)[U(t)-U(t-T°)]
or
F=F¢§ (x-L) sin (wt/To)[U(t)-U(t-To)]
y(0,t) = 0

AN yr(o,t) = 0
A) Forced Vibration At A Point

—

) _—— : = y
o === - Compatibility: MV, #ﬁm%m

F= ?{u(x-L+o/z)-u(x-L-o/Z))[u(t)-U(t.To)]
r
F= F{U(§-L+D/2)-U(x-L-D/Z)}sin(nt/To)[U(t)-U(t-To)]

,V(O.t) =0
A\ y'(0,t) =0
B8) Forced Vibration Over An Area

Figure 12. Schematic of Forced Vibration Models
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Substituting this into the beam equation, we have
o L @ -
N L1 Bty (O TR(E) = pgAR/ELy I Agd ()T (E) =

Fo(x - L)[U(t) - U(t - To)1/E1L

Applying orthogonality, as before, this expression reduces to,

B:AMLTM(t) - (pBABK/EI);M(t) = (FbM(L)/EIZ)[U(t) -

(18)
Ut - 1]

For all time except between t = 0 and t = TO’ the right hand side of
Equation 18 is zero, thus TM(t) is zero for the same time. For

0<t < Tos the right hand side of Equation 18 is a constant, therefore,
TM(t) js a constant and the equation reduces to

ByLCy = Foy (L) /ELL

which further reduces to an expression for CM’
Cy = Foy (L) /oyhy l (19)

This is the particular solution to the differential equation which, when
combined with the homogeneous solution, leads to the total solution to
the forced vibration problem,

Yplx, €) = o ¥ [Asin(ue) + Bucos(ugt) + Cyléy(x) (20)

Evaluating the initial conditions, y(x, 0) = y(x, 0) = 0, leads to

yplx, € = 0 B Cull - cos(uyt) 14y (x) (21)

This solution is valid for 0 < t < To» at which time the force is removed
and the problem becomes free vibration with deflection and velocity initial
conditions from the forced response. Evaluating and applying these initial
conditions results in two equations and two unknowns which provides ex-
pressions for AN and BN' The solution for t 3_T0 is then,

27
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y%(x, t) = N e_f lCN{sin((:ﬂ'l‘o)s:h'x(mmt:) -[1- cos(wNTo)]

cos(uNt)}¢N(x) (22)

The only unknown at this point is F, which can be determined from the
conservation of linear momentum assumption. Projectile and beam
momentum are formulated in the same manner as in the initial velocity
analysis, with the additional requirement that the transfer is complete
at time Ty. From this, F is determined to be

= F
=MV L
F=MV, /Cg
where
Cf =y I 120 (LK /0 B B sin(u,To)

Hence, CN is

2 F
Cy MPVP¢N(L)/MBwNCS (23)

The forced vibration solution becomes

Yplx, t) = <“pr/“BC§)N £ l(¢N(L)/w§)[1 - cos(wyt) ]9, (x)

(24)
for 0 < t<T
~t="
and the free vibration solution becomes
1w, ©) = v mchH T 0.1 /0@y {sin(w T )sin(w t) -
Yg(X, LV MpCsly & 1Oy N0 N
(25)

[1- cos(mNTo)]cos(th)}¢N(x) for t 2 '1‘0

This solution can also be modified, as was the initial velocity
solution, to spread the force over an area as wide as the projectile,
as shown in Figure 12B. The analysis procedure is the same as before
and results in the same solutions as Equations 24 and 25 with two

28
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. F .
substitutions. ¢N(L) is replaced by ¢;(L) = t t gg;g ¢N(x)dx and CS is

replaced by Cg N

neg

](2¢&(L)KN/wNBNl)sinmNT0.

A second set of solutions can be obtained by assuming the forcing
function to be a half-sine wave, as opposed to a square wave, acting
over the impact duration. This assumption makes the force take the form,
also shown schematically in Figure 12A,

F(x, t) = F&(x - L)sin("t/TO) {U(t) - U(e - To)]

and Equation 18 becomes

B:;AMLTM(c) - (PgAL/ED Ty (t) = [ﬁM(L) JEX]sin(Tt/T) (26)

Letting TM(t) = RMsin(ﬂt/To), differentiating, and substituting into
Equation 26 results in the equation

EIB:;lRM + (ﬂzpBABﬂ/TS)RM = F¢M( 1 /L
which, when reduced and solved for RM’ yields
-= 2 2,.2
Ry = Foy (L) Myloy + 77/Tp)L (27)

This expression is substituted in Equation 20 and solved with initial
conditions for AN and BN to give the total forced response as

y!.(x, t) = NZ 1RN[Sin(1Tt/T0) - (n/TOuN)sin(th)NN(x) (28)
As before, Equation 28 is used to develop initial conditions at t = T0
for the free vibration solution for t > Tg- This solution 1s
yalx, ©) = (R /Tgu) [1 + cosuTo)sinCuyt) -

(29)
sin (wNTo) cos (mNt) 1 oN(x)

29
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The conservation of momentum yields

F= (Mpnpﬂ/ncs)

where

(2
[}
neg

G 1 + cos(@T)1/8LE + 722y

Thus, RN is given as

2 2,2
Ry = Mp[)p<bN(L)/1rCSMB(mN + 7 /To) (30)

which, in turn, results in the total response for 0 < t 5_T0 being'
® 2 2.2
YF(x’ t) = (MPDp/vMBCS)N P 1[¢N(L)(wN + 7 To)][sin(Wt/To) -

(31)
(ﬂ/TOwN)sin(th) ]¢N(x)

and the response for t Z.To being

18

2,.2
yate © = iy peco T e g + 7))

{[1+ cos(wNTO)]sin(th) sin(wNTo)cos(mNt)MN(x)

A solution for the half-sine wave spread over an area as depicted in
Figure 12B can be obtained by making the substitution of
L+D./2
/ P ou(x)dx for ¢4(L) in the appropriate places in Equations 31 and 32.
L - Dp/Z N N

A11 the aforementioned solutions for forced vibration at a point
(Equations 24, 25, 31, 32) and also those for forced vibration over an
area were converted to computer programs for evaluation against test
data.

30
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SECTION IV
NUMERICAL ANALYSIS AND RESULTS

Each theoretical solution derived was programmed for analysis on
the digital computer. The program was written for use at an interactive
graphics terminal so that several parameters in any particular problem
could be easily varied and results compared. The required input included
beam parameters (dimensions, material properties), projectile parameters
(diameter, density, velocity), the number of modes to be used in the
summation, and the time period over which to make strain calculations.
Damping effects could be included, at the user's option. When included,
damping was modeled by decaying exponential functions applied to each
mode. The values of £ included in the program were based on actual
damping measurements taken from each test specimen.

Initially, numerical difficulty was encountered evaluating sinh and
cosh functions for large values of B. The problem arose in calculating
K in Equation 32 and stemmed from taking small differences of large
numbers. As B increased, so did the values of sinh and cosh until the
accuracy of the computer was exceeded. The problem was solved by
expressing hyperbolic functions in the mode shape equation as exponentials.
A complete derivation of the expressions used to calculate ¢(x) is included
in Appendix D. Once the exponential equations were included, all numerical
problems were corrected and accurate solutions were obtained from the
program, which are listed in Appendix E.

Results calculated and included in the output were the maximum
absolute value of strain calculated over the specified time period, the
time at which it occurred, the resonant frequency of each mode used in
the summation, and, if desired, a plot of strain versus time. Figure 13
is an example of the program input and output and Figure 14 exemplifies
the type of strain/time plot generated. The program was used to calculate
theoretical impact responses for comparison with each other and with
experimental results.

31




AFML-TR-79-4169

anding/3ndu] 423ndwo) j0 adwex3y ‘gl a4nbL4

A- ¢L0d
E0+317E° en+32es” FO-32¥2y23°- ¥©+332S5L8° S
E0+3215E" CL+2205° £z-30785L5° Y8+7255825"° ¥
£C+3IVE" Ce+ZlLS? co-q-678lar - ¥5+260ci e’ €
€e+3TrE" . 3+3805° ce-3L218LE” EBG+35LESIS’ e
go+31yE"° 90+300S5° 00+2552241L" £o+3p0OrSt” 1

Ss4 ‘120 *HI‘YId JRUEFRAEE DI *ZH ‘AT!3Nn03d4 300U
*5AN0SIS E£0-32000SL° LY DHIUUIN00 22-20205e1°  SI NIVYLS XYW 3L
05- (°c S5°0
30 ‘S ‘95 ‘005)¥3INC NIVYLS 3Li9IN0TVO 0L LNVMA NOA 0Q g0I¥2d Zu1L LYHN
IPE9IES" ‘S~ I1ILI3r0ud 3:L 40 ALIJODTI3N QWY ‘ALISHIA §313uvIA ¥ZIN
SL’Si- 1 40 X NI 52190 HIvdls 04 LNIOd dhY 44I10d LOudHI ¥ILN3
¢35e°1°107°°51°‘2°1°3°5~ 3 aHyoHd‘L'a’1
*uY3g ¥NOA 30 SNINGCH QMY ‘ALISN3Q ‘SNOISH3UIA IHL ¥3IN3
G- & 350 0L INYA NOA 0C S3I0W ANYU ~OH
A-¢ONIQWYa LNUN NOA Od
nd-NOIldo
aN3
Y32Y NY Y300 NOIlwdEIn 033304
INIOd ¥ LU NOILuNEIN Q30303
Y3uY NY 33N0 ALID013n TWILINI-°J°I b3dv
INIOd ¥ 1Y ALID013N IWILINI-*J°I INIOd

-3¥9Y SHOI1d0 300K

32

BV e

Lot

.

A




AFML-TR-79-4169

= e g g T R T T T T

3014 dwl] “SA uleals pa3easusy 49qndwo) jo ajdwexd -yl aunbLy

ov

0e

"SW IWIL

0¢

01

T

t

[2

"0 °NIVYLS

33

o

gt
-yt

A




AFML-TR-79-4169

Table 2 contains values of maximum strain calculated by each model
at the root of a particular beam. The number of modes used in each
model was varied to determine how many were necessary for the strain
value to stabilize. It is apparent that the point initial velocity
solution does not stabilize, i.e., the more modes included in the
solution, the higher the calculated value of strain. Spreading the
initial velocity over an area decreased the rate at which strain
increased, but did not stabilize the solution. Both forced vibration
models which treat the force as a square wave stabilize at five modes,
with addition of more changing the max strain value less than 4%. The
half-sine wave models also stabilize at five modes with less than 2%
variation in the max strain value thereafter. Table 3 shows the effect
of damping on the maximum strain values. The values calculated by the
point and area initial condition models decrease by 24% and 19%,
respectively. Values of strain from both square wave forced vibration
models decreased 2% while the half-sine wave models predicted strain
6% lower than those with no damping.

These results lead to two conclusions concerning the theoretical
models. First, the initial velocity solutions, although shown in
Reference 3 to simulate hard-body impacts, do not provide reasonable
simulations of the soft-body problem. The non-converging strain values
calculated by both are not realistic. For this reason, these models
will not be considered in test data comparisons. Second, all forced
vibration solutions appear to provide reasonable results and should
be further evaluated and compared to test data to verify the validity
of each.
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TABLE 2

THEORETICAL RESULTS WITHOUT DAMPING*
5.6 INCH BEAM; op = 0.032 ]bm/in3; DP = 0.5; Vp = 340 f/s

Number €root s
of f -— =
Modes PIC ; AIC FV FA FV' FA'
' ———— - —— et > e - s o e
i !
1 0.186 | 0.118 0.187 0.187 0.187 0.187
| —
2 10.149 0.091 0.150 | 0.150 ; 0.201 ! 0.20
! . - — i_. o — - ? —_ - M..‘__"
3 0.328 0.182 0.267 ; 0.264 | 0.266 ; 0.264
ST S |" — .“”waA .7-__ T
! i i
4 0.400 0.214 0.329 : 0.323 . 0.287 0.254
— .“-~_m_“m,_A“_i."_“_unﬂ________i_,__wyni m_“__1
! i i
5 0.458 0.241 ! 0.327 0.321  0.292 1!0.289 .
I | ! | j
10 1 0.578 | 0.285 | 0.339 | 0.330 ,0.288 ! 0.284 |
' o 7 i |
| , ' !
20 JA0.990 L 0.348 0.340 | 0.332 | 0.287 i 0.284 ;
PIC = Initial Velocity at a Point
AIC = Initial Velocity Over an Area
FV = Forced Vibration at a Point; Step-TFunction Model
FA = Forced Vibration Over an Area; Step-Function Model
FV' = Forced Vibration at a Point; Half-Sine Wave Model
FA' = Forced Vibration Over an Area; Half-Sine Wave Model
* Strains are absolute value
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THEORETICAL RESULTS WITH DAMPING*

TABLE 3

5.6 INCH BEAM; Pp = 0.032 1bm/in ; DP = 0.5; VP = 340 f/s

Number €root s

of f

Modes PIC | AIC | FV FA v FA'
- |

10 0.438 | 0.230 | 0.331 | 0.323 | 0.270 | 0.267

HAS /0

* Strains

are absolute value
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SECTION v
COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS

Table 4 shows the maximum root strain from one of each size test
beam and the predicted values from each forced vibration model. The
percentage differences between the predicted and experimental values
indicate that forced vibration with 2 half-sine wave force over an
area provides the best correlation without damping effects included,
although the half-sine wave force at a point is only slightly different.
Predicted results for the 5.6 inch beam are significantly higher than
the experimental ones due to damping effects in the third and fourth
modes which were not accounted for in the analytical predictions. If
some reasonable values of damping are included in the predictions, the
percent error is decreased to that shown in Table 5.

The results in Table 2 indicate that in all the forced vibration
models, the entire response can be simulated using only the first four
modes. This agrees with the Fourier transform plots in Figure 9.
Predictions of strain from the same models show that this is also true
at 75% span, which agrees with Figure 10.

The differences between predictions applying the force at a point
and over an area are less than 2%. This difference is small enough
that results from either model are acceptable.

Figures 15A and 15B are plots of predicted strain response from
both the step function and half-sine wave models at the 5.6 inch beam
root. These can be compared to Figure 4A. Both models predict the
same basic response shape as that determined from experiments over the
50 millisecond interval.

Comparison of Figures 16A and 17A to the experimental short time
response in Figure 6A shows that the step function model predicts beam
response more accurately than the half sine wave model does. Further
comparison of Figures 16B through 16D to Figures 6B through 6D recon-
firms the step function model accuracy. For final verification, Figures
18A through 18D can be compared to Figures 7A through 70, which firmly
verifies this model.
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Investigation of the half-sine wave model shows that it predicts the
same basic response shape as the experiments, but the higher frequency

(3rd and 4th) modes are apparently not accounted for correctly.

Response

plots from this model are shown in Figures 17A through 170 for comparison
with Figures 6A through 6D.

TABLE 4

COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS*

P

[Beam Length, ‘Experi-
in.; , mental FV FA FV' FA'

:P.%ym/in H €root’® ers? (A% lero® 1,8 leps® (8,3 [eps% [ 8.2

pt/s

5.63.031;370 0.278 |0.368 | 32.4(0.360| 29.5!0.326 {17.3 |0.322|15.8

8.4;.0307;344 0.231 0.272 17.7 .0.267} 15.6(0.250 8.2 0.247 6.9
11.2;.0303;366 0.282 0.353 25.2 0.3464 22.7i0.312 {10.6 0.308 9.2
14.0;.033;317 0.254 0.302 18.910.297; 16.9 0.272 7.1 0.269 5.9

* Strains are absolute value; theoretical results do not include damping

TABLE 5

COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS WITH DAMPING

]
)

Beam Length, in;| Experi- FV FA V' FA'
Dp,lbﬂ/iﬂ3; mental L
vp,fls Crootgz r:z A% Gr:z 4,2 ttsz A,% €y 4 4,%
5.6;0.031;370 0.278 | 0.303! 9.0{0.297| 6.8 }0.252 |-9.4 | 0,250} -10.0
38
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Figure 15. Strain at Root of 5.6 Inch Beam From Forced

Vibration Models
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Figure 16. Strain in 14.0 Inch Beam From Step Function
Model (5.0 ms.)
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Figure 17. Strain in 14.0 Inch Beam From Half-Sine Wave
Model (5.0 ms.)
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Figure 17.
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Figure 18. Strain in 14.0 Inch Beam From Step Function
Model (0.5 ms.)
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SECTION VI
DISCUSSION AND CONCLUSION

The experimental data provided an excellent base from which to
evaluate theoretical models. Both the FFT system and the high speed
transient recorder proved to be very valuable tools for studying the
impact problem. Fourier transforms of test data made it immediately
apparent that the initial velocity solutions were not adequate models.
Also, the very short-time response plots from the transient recorder
dispelled any questions of high frequency bending waves causing
responses the FFT system could not record.

Both the strain values and graphic displays of beam response data
allowed complete verification of the step function forced vibration
model. Correlation between actual data plots and the predicted
response was surprising and proved to be the discerning factor
between the step function and half-sine wave formulations. The only
question that might arise would be why the half-sine wave model more
closely predicts maximum strain. The answer to this may be in the damp-
ing present in the beam/fixture system. Accurate modal damping values
could not be obtained while the beams were mounted on the impact range;
thus, any values employed in the models were approximate. Conceivably,
if the actual & values for each mode could be modeled into the computer
simultation, values of strain predicted would be much closer to experi-
mental values. Additional damping could also enter the system through
the projectile/beam interface. Plastic flow and many other undefined
phenomena taking place in the projectile during impact could cause
small reductions in beam response.

The beams tested were specifically chosen to approximate the
stiffness of typical jet engine fan blades. Timoshenko effects were
negligible in this base because high order modes did not lend any
significant contributions to beam response. For beams of different
geometric properties where A/t (modal wave length/beam thickness) reaches
ten in the first several modes, the impact problem requires Timoshenko
beam theory to account for shear and rotary inertia. However, as long
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as A/t is greater than ten, an Euler-Bernoulli beam theory formulation,
which models soft-body impact as a forced vibration, treats the impact

as a step function force in time and assumes a complete momentum transfer
from projectile to beam will provide a good solution for elastic beam
response. The accuracy of results from such a model is good for short-
time response and can be improved for long-time response by addition of
damping effects. Future work in this area can build upon this basis and
the fact that 1inearly scaled beams and projectiles will produce equal
strains. This means that the response of very large beam-like structures
to soft-body impacts can be determined from analysis or testing of
scaled-down models and the results will not require scaling.
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APPENDIX A - ESTIMATION OF PROJECTILE VELOCITY
According to Reference 6, the stress at the beam root is

oroot = KAXh/ZIO

where

X £ Impact Location
h

Beam Thickness

I0 Z Minimum Area Moment of Inertia

The values of X, h, and I0 are determined directly from the particular
beam geometry. K is the equivalent beam stiffness determined from
Figure 5, Reference 6 as a function of impact site. A is the effective
first mode amplitude at the impact site. For a strain of 0.25%, o
is 25,000 psi which gives A as

root

A= (50,000)IO/XKh

For the 8.4 inch beam,
A = (50,000) (0.0017086)/(6.3) (202) (.225) = C.299 in.
Assuming simusoidal motion,
V = Aw

where w is the effective first mode frequency, determined from

w=K/M
M is obtained from Figure 6, Reference 6. Thus, we have

w = 202 x 386/.227 = 586 HZ
Thus, the velocity is
V = Ay = 175 in/s

Assuming complete momentum transfer from the projectile to the beam,
the projectile velocity can be approximated by

V =VMNM
P Bmp

. m—

EuinG Fauk bLanK=iioT Fl.mED

FRLE
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The projectile material density is typically 0.033 1bm/1n3. and the
diameter for this case is 0.7 inches, therefore,

Vp = (175) x (0.227)/(0.00584) = 6800 in/s

or

V_ =570 f
P /s

oren
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APPENDIX B8 - STRAIN IN LINEARLY SCALED BEAMS

The elementary formula for bending strain in a beam is:

€ = Mc/IE M = Bending Moment
¢ Z Distance from Neutral
Bending Axis
I = Moment of Inertia of
Beam Cross-Section
E = Young's Modulus

For two linearly scaled beams,

_ .3 - 3. 3,0, - Wb
I, = wt/12 I, = (Qw(K)t /12 = K'T;

and
c2 = Kc1
Therefore,
€, = MlcllllE
and

e /K E = 3
= MKe,;/K'L,E = (1/K7)M,c) /1 E

€9 = M9 1

The bending moment, M, is created by a force that is proportional to the
momentum of the projectile.

T

] 0 = > & =

o Fat mpr F mpr/To m, = Projectile Mass
Vp = Projectile Velocity
To sz Duration of Impact

51
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For linearly scaled projectiles and equal projectile velocities,

3 e w3 n3/8 o k3
mpl = an1/8 and ‘p2 K anl/8 K mp1
To = Dl/vp and To = K(Dllvp) = KTO
1 2 1
Therefore,
) -
Fl = mplvp/T01 and Fz = K mplvp/KT01 K Fl

The moment arm in each case, L, is also linearly scaled so that the
bending moments are

2 _ .3
Ml = Fl x L1 and M2 = K FlKL1 = K Ml
The bending strain is now
23,,.,3 -
€ = MlcllllE and €y = (1/K7) (K M1c1/IlE)
Mlcl/IlE

This shows that if the force created is proportional to the projectile
momentum, equal strains will be created in linearly scaled beams impacted
by linearly scaled projectiles (which is in agreement with experimental
results observed).
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APPENDIX C - EVALUATION OF TIMOSHENKO BEAM THEORY EFFECTS

When modes of vibration are considered in an analysis, the Euler-
Bernoulli Beam Theory provides adequate eigenvalue predictions up to
a certain point. When the effective wavelength of a particular mode
is of the order of ten times the thickness of the beam being considered,
shear effects start to become significant and the Timoshenko Theory is
necessary to make adequate eigenvalue calculations. Figure C-1 is a plot
of effective wavelength to thickness ratio versus mode number for a
cantilever beam. This indicates that for the beams used in the impact
experiments, shear effects will be negligible until the twentieth mode
of the smallest beam. The lowest curve on Figure 16 represents a beam
of thickness equal to one-fourth its length. Analysis of this class of
geometries should employ the Timoshenko Theory to predict impact response
accurately. Since only the first four or five modes were apparent in
test data and the same number were necessary in theoretical predictions,
the Euler-Bernoulli Theory is adequate to model the soft-body impact
probiem as considered in this analysis.

53

bW

P

*

S




AFML-TR-79-4169
lg 1000.
7 C
6 =
5 L
“ o
3 "
© 14.0 IN. TEST BEAM
2 >
O 5.6 IN. TEST BEAM
1 100. A 5.6 IN. BEAM; t/L = 0.25
3 [
7 C
6 -
5 »
b -
3 -
2 d
A/t
1 0.0 b —
3 o ]
7 o ]
6 - p
5 = -
“ -l -
3 = -
2 L
é 1.0
] o.li

Figure C-1. Shear Effects in Cantilever Beam Vibration
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APPENDIX D - NUMERICAL STABILITY

0“(3:) - cosh(BNx) - cos(BNx) - {[sinh(Bul) - sin(Bnl)]/

k [cosh(BNl) + cos (Bnl) 1M sinh(BNx) - s:ln(BNx) ]

To evaluate this expression on a computer, the hyperbolic functions
must be expressed as exponentials. This leads to

000 = /2P - k) + WD+ KD - cos(Bm) +

ll“sin(BNx)

where

KN - [eB“L - e-BNLIZ - sin(BNf.)]/[eBNL + e_BNZIZ) + cos(BNl)]

For Byt = 17.2787595323 (mode 6}, Ky = 1.000000063. For a 16 bit word,
the computer carries seven significant figures, and thus, would make

1 - K6 identically zero. eBN for mode 6 is on the order of 3 x 107 SO
that (1 - Ke)esﬁl would have a significant contribution to sine and
cosine functions. Double precision will not change with phenomena for
higher modes, so a convergent solution must be sought. First, in the
expression for Ky, let cos(BNl) = - 1/cosh(8N2) and use the identities

relating cosh and sinh to obtain
ke = (1= e Mo - Y 1 4 200G g - o2G,)

Substituting the series expansion

2,1

1/1-U=140+0°+0" +. ..
§
' and letting
R . L " .
4
i
¥
] o
s 55
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we have

Kg=(@Q+v) -(1+ v)(ze‘aNLsin(sNL)/l - 254

Now, defining

Cy=1-K = [2e-BNLs1n(BN£)/1 - e’zsNL](1 +Y) - ¥

2By L

and expanding 1/1 - e in a series, we obtain

Cy = 2e_BNLsin(BNL)(1 + 3Y/2 + 72/2) -Y

This expression, along with that for y, can be substituted into the mode
shape expression, ¢N(x), to yield this equation

0,00 = < = D0 (1 4 372 4 P12 - (N

(1 - Gy/2e W  cos(8¥) + (1 - Csin(By0)

This equation was programmed and values of ¢N(x) were compared to those
tabulated in Reference 10. The comparison showed that this form
provided a stable solution for ¢N(x) for the first 20 modes.
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APPENDIX E - LISTING OF COMPUTER PROGRAM

180~ OU{RLAV(IH?anf0.0l

110- PROGPANM IFPRACIN LT, OUTPUT)
ng&:' COroN D,RP,V, 8L, SJ.T R, KT, $Pan] ,SPANZ, DL 20),U(231,0:1200, 00
)
Qe 1,5, TIN,V(20),EPS( 1000, TTIN

13¢
248'C 223 TNIS PROGRAMA CQL’ULRTES THE STRALN IN A CANTILELER REAP
152+C UNDER INPACT. IFPACT (AN BT TREATED RS I.C. OR FORCED vial.,

150e n-nLL-nL-an-ax-Aa-nxx-lun
17¢. B(11+1,875104C 7232,
180 8(2)-4.69439113xt2.
190 BL3)e7. 85476744082,
2dde B(4)~1Q.00554074¢32.
210e B(S)=14,1371E85941332,
2ade B(G)-l?..?S?SSSEBJXtE.
230= B(?1920.4203582251 3832,
240 9(3)-23.>L194«G?l§!le
250» B(G1e23.7023537551¢2,
260 BUI0)e29,.84513021822,
270e B(41)e32.5887cco03832,
E80e Br121+36.12831851¢32.
€59 B(13)+33.25600817322,
cede B{141242.41150082332,
219» B(15)245.55209347¢32,
320e 811G6)+43,.65463613882,
230 B(17151,83327373122,
340. B(18:s54,97737142182.
2380 B(19)+58,11346433322,
2€9e Br2d)ec1.26195674882.
L JK-0

39 PRINT 152

389
‘°c§$$'152 FORNMAT(X, *MODEL OPTIONS ARE-*,//,10X,°POINT I.C.~INITIAL VE
A 400, 1AT A POINT *.710X, “AREA 1.C.~INITIAL VELOCITY OVER AN AR
lON‘éSE 1,710X, "FCRCED VIBRATION AT A POINT *,710X,*FORCED VIBRAT

420+ IR AN AREA %, /10N, "END®)
430+ 178 PPINT 153 O, "END
4302153 FORMATL, X, QPTION-")

4S9e FEAD 2
, :ég- 254 ;g«ﬂgTéﬁ’)
Toe (R2.EQ IHE)G
183-154 ;gnﬁ¢7(ﬂ 0 To 176
3. INTS,*CO V¥ -
Saa- REah 15‘ an 0U WANT DANMPING?-*
glg- 203 ;;;re.so 1HY IGO0 TO 201
2ds iT3, "HOU MAN € -
252 431040 Y MODES DO YOU WANT TO USE ? - *
S40e IF(BNH.EQ 1HYIGO TO 202
3:&3 Or 199 PRINTX, “ENTER THE D!PENSXONS. DENSITY, AND MODULUS OF VOUR
S60« 25 PRINTE, *L, u T R -
573 READS, BL, R RH2 AND €
630 IF(AL.EG. 1HV)GO T0 €02
of Esg- 205 FRINTX, ‘ENTER IRPACT POINT AND POINT FOR STRAIN CALCS IN x
682 1

QUALITY PRACTLCABLE
(0 TOBDC e

BEST
$11S PAGE 1S
yroM COFY FURAESE
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62¢. SPan] =SPANL /108,

630 SPaNg PN 190,

640 Feall £2.1mY2050 *C 202

65ve 200 PPINTZ,"ENTER DIATETER, DENSITY, AN ELUCITY OF g PCJEC
TILE -

€60 *

gion TF e € v 160 1O 201

13K, .

SSO-ZOG PRINTS, "UHAT TINE PERIOD DO YOU WANT TO CALCULATE STRalN OV
RS
oo 1, 59, S, OR 9.5 M§,) - *

710 PEADL, TINM

20 TTIN=TIN

TR TIMeTIM2,004

740~ IF(AKK.EQ.1HYICO TO 18

750C 313%

CALCULATE RESCNANT FREOQUENCIES

760 202 C1+5,571STITASART(E/R)/BLES2.0
7. DO 6 1=1,HNM
28 Uir1)eB(])3CY
TIQe 6 CONTINUE
£33+ 201 IFvAB.EQ.2HPINCALL PI¢
gles 1F CAR.EQ,.2HATICALL AIC
823- IFtaR . EQ.2RFYICALL FV
333 IF{AB.EQ.2HFAICALL FA
840-C ERRe3l3268k3300282 CALCULATE STRAIN 2222283382 T3LXR88R
Soe TQsDs(VS12.)
860« 18 TIsd.
§T0= S50,
EEQ- IT+9,
8§30 DO 12 I-1,1000
SO TI«TI+.0012TINM
Qe EPS(I )@,
Q20 2+9,
930 PO 13 Jeg, NN
94d= IFCJ.EQ.1.AND.L.LE.9.)2+0.001
95Q. 1F(J.€G.2.0R.J.£0.3)2-0.0905
950 IF(J.0E.4)2~0.0015
970 IF(eD.EQ.1HN)Z -8,
QA IF(AR.EQ.2HFUIGO TO 75
1 939~ IF(RB.EQ.2HFR)IZ0 TO 75
}gfg- EP‘l-f(J)!SlN(U(J)tTX)tEXP(-ZxU(J)!TXI
u(sﬁfgi s EPSl Y(J)t(SlN(U(J)tTO)xSIN(U(J)!TI) ={1.~COS(UCIIZTD))IXCOS(
)
1022 1))AEXP(-23U(J)2T])
194@- IFCTILLT,.TO)EPS1eY(JI8(1-COS (I IRTT ) IZEXP(-28U(J)ST])
1950 13 EPS(I) *EPSI] 14EPSY
1060« EPS(1)«EPS(I ST 2,
1070 XF(ABS(E?S(I)).GT.ABS(S))OO TO 41
1080~ GO TO i¢
10G0= 41 S+EPS(ID)
11¢9- 171
1110~ 12 CONTINUE
;}gg-c x::;tx:::xxx:atxx PRINT RESULTS 3ES32XTSIRIRTLTILLRLE
K] L] l
1140 TM=TMITIMX. 008
1150 PRINT 380,5,Tn
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200 FORNAT(2X,*THE max sTRaln 1S * . £12.8,° OCCURRING oF ° 112 6

€. * .
’gSinn).' ROLE FREQUENCY, MZ. COEFFIC EnTY e,

1VEL, F/S'

(2] 10 Ne i

U"-U(N)/(E 33 143159

B Lor wup e

RIN

101 FOFMATIGX, xa , sva 6 SX,E12.5,2%,£9.3,2%X,€9.3
19 CONTINLE
30 FRINTE, "PLOT? - o

FEAD 154,A1JK

IF ATJICLEQ. THY GO TO 31

ChLL PLoT (EPS)
31 CALL PLOT(EFS
29 PRINTE,*WULD YOU LIXE THE SAME PROBLEM, DIFFERENT OPTION?

REnD 154,RA
IF (6. EQ.IHY)GO TO 1
PRINTE, "LCULD YOU LXLE TO CHANGE THE NUMBER OF MODES? - *
FEAD 15-' Btm
IFCELM.EQ. THY )60 TO 203
FRINTS, *UCULD YOU LIKE TO CHANGE THE TIME PERJOD? -
FEAD 154, RRK
IF (AKK.EQ. 1KY GO0 TO 208
27 PRINTS, "UOLLD YOU LIKE THE SANE PROBLEM VITH DIFFERENT IMPa

1IRAIN LOCATIONSG? -»
RESD 164, ALL
1IF(ALLLEQ. IHY)IGO TO 205
@2 PRINTY,*UGULD YOU LIKE THE SAME BEAN WITH A DIFFERENT PROJE

!-n
REARD (S4,RK
IF(AK.EQ.IHY)IGO TO 200

23 FRINTS, *UOULD YOU LIKE A DIFFERENT BEAM UITH THE SAME PROJE

17 -
READ 154,4aL
IF (3L .£Q.1KYICO TO 199
24 PRINTE, 'WOULD YOU LIKE A DIFFERENT BEAM AND DIFFERENT PROJE

17 -
RESD 154, AN
lf(ﬁH.EQ.lNV)GO To 199

G T
178 CONTINUE
END

SUBRSUTINE PLOT(X)
COMMON D,RP,U,3L,BU,T,R,NM, SPANL, SPANR, B(20),U(20),A(20),DU

1,5,TIM,v(20), EPS(lOEO) TTIN
DIM‘NSXON x«xoee) IT(8)

ALL INITT(120
IF(ASS(S) LT.9. OOIQEIS)YH-.S

YPLB PAGE 12 70 00 J0AL I URASTLY
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1650~ IF(ADS(S5).CT.€.00142151VM=1,

16€Qe IF(AL515).6T.0.0323431¥N2,
1672 CALL CWINDO(O.,TIN, -vP, vYH)
168Je CALL SUIND01239,3209,280,2688°
1630 TI«TIN2.001
1769 CALL MOUEAR(Q.,0.)
1719 DO 10 [+1,1000
1729 Xien(1)12,-8,025686
17353 CALL DRAUA(TI,X1)
1740 10 TIeTIeT1IMNx,001
1750 CALL MOUEA(Q,,~YM)
17€9e CALL DRAVA(CTIN, -YM)
177G call LRaWALCTINMG M
17€0. CALL T'RAUR(Q.,¥M)
1750 chlLL [RALANO.,-YM)
12C0» Cull TSEND
1810« ReTinM/S,
1820« DD 11 11,4
133590 CAaLll MOVER(TIR,~YM)
1340 CHLll DRAUACTSR, =VYM+YME,04)
1850 CALL MCUER(IIR,YM)
1860 11 CALL DRPAUACIZR,YM-YMZ,04)
1870~ CALL TSEND
18303 Re-¥M
15990+~ po 12 I-1,9
1920 RePevfg, 2
1912 Cull MIEALO.,R)
1820 Chll DRWLAC,023TIM,R)
1923. call MGUEA(TIM,R)
1940 12 Call DRrURITIM=-.223TIM,R)
1952 Call TSEMD
1960 Je=cel
1372« CALL anmMOCE
1922 CaLl CHRSIZ(4)
19350 DO 83 I-1,6
ealqe CaLl nQuats(],249)
200 IF(1.EG.1)LRL 2HA.
CJZQe IF(TTII.EQ.S001G0 TO 1001
293@e [F(TTIN.EQ.50)50 TC 1002
2040 IF(TTIM . EQ.S)C0 TO 1003
2350 1FLT.E0.2)LBL=CN, )
29£Q= IFCILEQ.3)LBL=CH.2
2370= IF(1.€3.4)LBL=2H.3
2J80. IFCI.EQ.S)ILBL=2H. 4
cd50e IF(I.EQ.6)LBL+2NH.5
21¢Coe. GO TO li1e2
119 1062 ]F(1.EQ.2)L8L~2H1D
21:9. IF(L.EQ.3) BL*2H20Q
2130 IF(].EQ.4)LBL-2H3Q
2140 IFCI.EQ.SILBL«2H4Q
2150e 1F(1.EQ.6)LBL=2H50
cl60. GO TO 1100
2170« 1003 IF(1.EG.2)LBL=2H!.
2180 IF(I.EQ.3)LBLe2HE.
2150 IF(1.£0.4)LBL=gHI,
22020 1F(1.EQ.S)LBL=2H4.,
2210 IF(1.EQ.6)LBL=2HS5,
Al E‘
15 u~fiQUAL111PBAb§1CABL
Lty TAVE L e
R . LY, w00 —
Fnean et 2 E
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22E0. CALL n0UTST(2,LBL?
2259+ LEL=2HC,
2320 IFVI.EQ.1)G0 TO 1101
gglq' }}g? SuLL AJUTST2,LBL?
cQe
i 2330 13 xr(x.so 5.AND.TTIN.E0.500)J0J-C0
Q34¢e Jecgd
22350 DO 14 I-1,3
2320 Call POUnEC(EBO.J
2370 IF(S.6T.0.002343160 T0 24
2320 IF(5.17.9.02142151C0 TO 22
2390 IF(I.EQ.1)LBLe2H-1
2400 IF(L.E9.2)LBL=2HY.
i £4100 1F(1.£3.3)LBL=2HI.
2420 69 TO 25
€439 21 IF(1.E0.1)5L-2H-2
c44dv IF(I.EQ.2)LELCHD.
24592 IF(1.£Q.3)LEL=2H2.
2460 GO TO 25
2470 22 IF(1.€2.1)LEL=CH-S
c48d. IFt1.€0.2LRL=2HO.
2439 IF(1.EQ.3)LBL~cHS.
eSdde 25 Call AOUTST(2,LBL)
cS10»~ CALL CHRSIZ(3)
€520 14 JeJ+1344
€530 CALL TSEND
€540 CALL MOUKBS(2000,149)
€650 LD ¢ I+1,4
€550 IT(1)eEHT]
€Sl IT(2)eeHNE
c530 IT13)scH, M
€590. IT(4)-cH5,
2E20 50 CALL AOUTST(2,IT(IN)
261¢. CALL MOUABS(80,3088)
CEL DC 51 11,5
2n3Qe IT(1)=2HST
264Qe IT(2)+2KRA
2650 IT(3)e2H]IN
26€0~ 1T(4)e2H,U
e570. IT(S)istH.
2680e. IF(S.LT.0.0014215)IT(S)e2H=-1
2650 IF(5.LT.0.0014215)N10
273051 CALL ACUTST(2,IT(1))
2710 CAlLL MCME
2720 CALL HDCOPY
2739 CALL CHRSIZ(R) :
2740« CALL ERASE
2750 CALL FINITT s
27:9- RETURN 1
2770. END :
2780- SUBROUTINE FV ¢
A\
4 .
!
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2790« COMION D.RP,V,BL,BU. T.R, MW, GPANS, SAAKD, D¢ 20),U(001,8(20) . I
arvso»

28u0e 1,5,717,v(29)

2810« DIFENS O C1200

1
2820°C 32933  CALCULATE CONSTANTS
2839« 201 FM=J.141598D233.3RP/6.

3ee  Ri-misveinilia.

SE20-C s2s¥sttatss CALCULATE Y(N)‘S Z28328SSI283285888 $Sa83L83538
Ty mounm

- T P e R e

AT B B AN D1 ) SSINIBI )8 (1. 93.3G/2. +GEE2. /2. }=GREXP(ARG)/2
TR LU0 2. 1EEXP (ARG )~COS(ARG )+ (1,~C(N) IESINCARG)

1 $3

2340 9 CONTINUE
£950«C xgg2t3r3ses  CALCULATE €S BIXBERITTRELSS

39 C5e0.
£5%a. £ 17 I=1,NM
3233e TEHP V(TR0 1. ~CONDIESINCUC T IETO )/ (WE I IISERT(B(IN)

€530= 151 FCRINATIEN2.6)

3¢ 17 CSe(SeTENP

301Q«C  spziitittgertszsxr CALCULATE A‘S  $23X33XI2ITXTIXAIZTRIILLR
302 BC 8 le1,mM

3030 ALL) =6 IPHIVLY( T/ (CSIRXBUSBLATRU(I)822.)

3049 8 CONTINUE

3050+C ms3xsstzrsnxssrss  CALCULATE COEFFICIENTS FOR STRAIN 333333288
1z

2060 DO 11 H={,NM

3073 KEsSGRT(BIN))

3083 Bl1=SGRT(B(N))IZSPANS

2033 Co2.3tEXP(-2.3B2)EXP(~4, XB2)4EXP(-6.XB2)+EXP(-8.3B2))
3&02; SUMSEXP(B1-8238SIN(B2)X(1.43.230/2.+G232.72. )~G2EXP(BL)/72. ¢
-Cer

3140 172, )3ExPL-B1)I#COS{BL )~ .~C(N))XSIN(B1)

3120 11 Y(N)«SUMIA(N)IEB(N)/BLX22.

313 RETURN

3140. €N

315@ SUERQUTINE PIC

$§§g; COMMIN D,RP,V,BL,BU,T,R,NM,SPANS , SPANZ, B(20),U(20),A(20),0U
2173 1,5,TIM,v(23)

3180- DIMENSION C(20)

3150+C 33333 CALCULATE CONSTANTS
3220« 231 FM+3.1415930%23.0fRP/6.0

3210 BMBLSBUKTER
220 Ca2pPriviic.ossn
xxaese-c 2322582823t CALCULATE Y(N)’S 2XLITTLXTXLTLLTELT  BASTLITLALL
2240 DO 9 N«{, NM
3250 B1*SQRT(BIN))
3260 Ge2 . X(EXP(~-2.XB1 )¢EXP(~4,XB1 )+EXP(~6.2B1 )+EXP(-8.281))
327¢- CINYo-Go (2. SSINIBLISEXP(-B1)X(1,¢G))/(1.-EXP(~2.3B1))
3280 ARG+B135PANL
S ohu ht
Clia g nAcRLoARR
Ry
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32%¢- V(N)'E)@(M"l 1ESINCPL 18¢ Y .03.W..0ﬂl‘.1.. ,'“““. [

3300~ 1(N)/2. YEEXP(=ARG )-COS(ARG 10 1. ~CIM) JBSIN(ARC)

313 9 CONTINUE
ggég-c $2235333X33382338 CALCULATE CS E38CE83838335888388823840

3339- {S-0.

: 00 4 I=1,N0
330 TEHP-Vté);2.!(1.-C(N))/SOR?!!(!)I
e 4 CSeCSeTER
ggsg'c ‘x‘tt(!!;l!;llxil CALCULATE A’S 2533883388 88828828852280
33£0- £0 8 11N
3350- ALT1+C2EV(T1)/(CSIUCT)

<00 COHTINJC
34?3-c lgxltX(t)l;lttl!t CALCULATE COEFFICIEHTS FOR STRAIN 332333328

3420+ DO 11 Nei,Hun

3430 B2+SORTIB(N)Y)

3440- B1=SGRT(B(N))ITSPANS

3450 G2 . R(EXP(~2.2B2)+EXP(-4.LB21¢EXP(-5.3B2)+EXP(-8.382)])

3450- SUNCEXP(B1-B2)SSIN(BR)E(1.43.2G/2,+G522.72, )~GEEXP (B )/2.¢(
1.,-CiN)

3470 172, )3EXP(=B1)4C05(B1)-(1.-C(N) ISSINIB1)

3439 13 Y(N)=SUMLA(N)EB(N)/BLIS2,

3492- RETURN

3500e END

3510- SUBROUTINE AIC
‘Rsfgg; CONMON D,RP,V,BL,BU,T,R,NR,SPANL , SPAN2, B(20),U(20),A(20),DV

3530 1,5,TIN,V(20)

Sade DINENSICN C(20)

J
3550+C 323332 CALCULATE CONSYANTS
3560- 201 FMe3.141592Dx%3.04RP/6.0
360 BM-BLIBULTIR
3583 C2+FMEUL12.0/BM
"as;a-c $IX3Ixr$21%3  CALCULATE YI(N)’S ETXXITXZIXTANELIRX  RIXIXLRLEXS

36002 DO S Ne{, HM

3610 B1+SORT(BI(N))

3620- G=2. 8 (EXP(~2.2B1)+EXP(~4,3B1 )+EXP(-6.3B1 )+EXP(~-8.3B1))
2530 C(Nie=G+ (2. XSIN(B1)XEXP(-B1)3(1.4G))/7(1.-EXP(-2.%81))
J64ee Al *B1X(SPANT1+2.52D/BL)

3658 A2+B13/5PAN1-0.5xD/BL)

’(Sggg; Y(H)I« (3. SXCINIX(EXP(AL)-EXP(AR2) )=(1.-0.SECIN)ISCEXP(-AL )-EX
3570 1-SINCALI+SINCA2)-(1.-C(N))IZ(COS(AL)~COS(AR2)))ISBL/BIL
3590« 9 CONTINUE
gggg-c t:t;;x;x:xxtxz:tt CALCULATE CS XIXTEEIXXLLRELXITIXXTIRS

e "0.
710e DO 4 I-{,NM
372c0e TEMP=Y(])32.%(1.~C(N))/SQRT(B(1))

3720e 4 CS=CS+TENP
3740<C BEXXXx33x333IX88E  CALCULATE A’S SEXXTELXTLZLXRILXXNLLILR
3758 DO 8 I-1,NN
3760 AC])=CesY(I)/7(CSRUKL))
3770¢ 8 CONTINUE
"3zso-c BIX22232353222232 CALCULATE COEFFICIENTS FOR STRAIN trsxssrss

NIV TUN IRV SN
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3350e
nnv(so)
3320~
3310.
39z0+C
3520+
3349
3550-
3980°C

DO 11 Moy, %

AT
1 1SN

& Ge2.31EXP (-2, ¥D2 V+E¥2( -4, 882 10ENP( -8 SN2+ E DL

-8.882 )
-ExP(u!-lzilSIN(B’)t(l *). l.ze.ocxte.:l..-czixo.gnna.,.¢

1/2. )8EXP(-B1 14C05(B1)=(3.=-CIN))=SIN DY)
11 ZE¢) *SUNSA(NISB (NI LR,

£Nnd
UERCUTINE FA
gownou D,RP,V,BL,BU, T, R, N, SPANT ,SPANZ,B(20),U(20),A120),0U

1,8, TIM, V(200
BINZHSICN 5i2e)
2323 CALCULATE CONSTANTS
201 PM=3,14159¢DE33. 2RP/6.
ToeDs(US12, )
BIsBUSTEE3. /12,
$3¥134a83288  CALCULATE V(N)’S 223L¥333t3%3s
DG 9 Ne1,HR
Ql‘cQRT(B(N))
G=2. #(EXP(=2. 381 JeEXP(~4.3B1 )4EXP(~6. 2181 ) sEXP(=8.2D1))
N Gat2. S5 INBLISEXPC B ) RCT.+G1 ), (1. -EXP(-2.3B1))
A1B13iSPANI+O. SZDIBL)
A2 P13(SPAN1-0.5xD/BL
YR, s:c(uxz(sxp(nx) -EXP(AZ))=(1,-0.58C(N) IB(EXP(~AS )=EX

glzggﬂ(nl‘0SIN(a2) (1.-C(N)IX(COSCtAL)I-COS(AR)))IEBL/BY
xxttt;xxxxxxzx CALCULATE CS  SEITEXEETXXATTIRER
c -
DO 17 Iei
TENPs V(l)t(l.-C(N))tSlN(U(I)tTO)/(U(l)tSORT(B(I)))
17 CS=CS+TENP
x:s;t;x;xxxxxxtt CALCULATE A’S  EXX2TXXTIIXXREZX
8 ggé;;: L EAMEVIV(] )/ (CSERTBUSBLETIU( IX42. )
EATITITITT2L CALCULATE COEFFICIENTS FOR STRAIN B2Xx8%
DO 11 Nel,NM
B2*SART(B(N))
B1+SORT(B(N) ITSPANS
Ge2.3(EXP(~2.3B2)+EXP(-4.3B2)+EXP(~6.2B2)+EXP(~8.XB2
SUMCEXP(BL~ BE):SIN(BE)t(l +3.3G/2.+062%52. /a.)-clEXP(li)la.OC

172 )XEXP(=B1)+COS(BL)~(1,-C(N)IXSIN(BS)
11 ;é?éaﬁuﬂlR(N)Xl(N)/BL!!B-

EHD

2332383332138
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_5;2;; EUTON BaEP. BLLEV. 7,0, K0, SPANT , SPAACE, 203, V1801, A(80), 0

2329 1,8, TIR,v(20), EPSIS000), TPIN L
2333 DILELSICN C(CH

€840«C 8332t CALCULATE CCHSTANTS
elSee 201 PM=J.14:523D38).33PG.

2850« T0=Ds(vs33a,.)
£870e 21-LUITES3. /12,
“zaso-c 3323332282 CALCULATE VIN)‘S S22233388882338283 23825828088
2852 DO 9 Nel,NM
2902 F125Q3T(B(N))
2910+ Gre. 2(EXP(~2,3B1 )+EXP(~4.231 )oEXP (=6, 831 JeEXP (-8, 201 ))
2329 Ciz)e-Ge (2. ESTH(BLISEXP (=81 )2(2. 46 /(L. -EXP(~2.381))
2932« ARG TIZSFAM
3?435 Y(N)=EXP(ARG-BL ISSINIBL IB(2,43.8G/2. 46232, 72, )-CEEXP (ARG I/
o*(3,-
2950¢ 1(N)/2. )XEXP{~ARC }=COSCARG ) # (L, ~CAN) IZSIN(ARS)

25ade $ CONTINUZ
25700 xxxgxx;x::x CALCULATE C5  ssxassizsssate

2920 59,
E550e 0O 17 I=t,Nn
32L0- BS=SIRTI{B(1))/3L
"gozgs TERP*(1.4C0SCUC1)IBTONIB(L.~CCIDIBYIT I/ (BSR(UC]IBR2.03.34159
o/
Jecd- 1222.))

3230 17 CS=CSeTENMP
3240-C sxtzzsrrsizxzssss CALCULATE A’S 3SES33E3XE32R8LRTITLLRLST

3339. 0O B I=1,NM
o'gg;?; AU IPREDEY(T1)/ (283, 141SO2REBURTICSLIUC ] Iu%2, +3.14159822, /7

3670 8 CONTINUE
3030<C s3z2sx23333882338  CALCULATE COEFFICIENTS FOR STRAIN S833sssss

3250 DO 11 Ney, hM
31C0. B2e5GRT(BIND)
3110 B1+SCRT(BIN) ISSPANS
3120- Ce2.3(EXP(-2.382)+EXP(=4.3B2)+EXP(~6.3B2 }4EXP(-2.382))
s gé?:; SUMCENP(B1-B2IISIN(BR)B(1.43.3C/2, 46232, /2, )-GSEXP (D1 )/2. oL
3140« 172, )13EXP(~B1)4C0S(B1)=C1.~C(N)ITSIN(BL)
3162+ 11 VINI«SUMSAINIZBINIZBLIZ2,
3160 RETUAN
3170 END
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10- SUPRRUTING PO
3?%:; CLIT0N B.AP, U, 0L, 00, T, 0,000, SPRNY , SPAE, B0, 820,080, v
¥230- S.Ylﬂ vi2®)
3949+ Y S Insion ctzen
3758+C l:lsl CALCULATE CONSTANTS 2333389333838
050+ 208 PA+3.141553D88).3kP/6,
3973 TOB/(V282.)
Pt I B1-2U3T38).782,
3500.¢ ltl!lltlltll CALCULATE v(NI‘S  E333283834383
4022 DO U Neg, NM
4010 B1eSCRT(BINY)
4320+ G2.8(EXP(=2.88 JoEXP(=4.8D8 JoEXP(~6.831 1eEXP(-8.381))
4339 C(N)--G’(z.tSIN()l)tExP(~l!)3(1.06))I(l.-tk’(-!.lili)
404Q+ AL+B12(SPANL+9,58D/BL)
4050« A2-BLX(SPANT-0.5%D/3L)
4260¢ Y(N)*(0.SECIN)Z(EXP(AL )-EXP(A2) )~(1.-0.52CIN) ISLEXPC-AS )-EX

P(-A2))
4972- 1-SINIAL JeSINIA2)=(1.-CIN)IS(COS(AL)-COSIA2) ) )ESL/BS
4089 9 CONTINU
4293+C xt;t:;t:xx;t:t CALCULATE C5  332x33exs23sssase

43100 5.0,
4110- 0O 17 le3,N0
4120e BS+SART(B(1)3)/BL
";Isga TENPo(1.4COSIN(IIST0)IRCL.~CLI))IBYIL )/ (BS(U(])1322,.4).14189
o/
4140+ 1352. 1
4150« 87 CSeCSeTENMP
4180eC  X323rEXSUIXEERX CALCULATE A°’S  Z3gsszssssessss
4173 D0 8 1-3,NA
0':582; ACI)IoPARDEY(DI/7(22I.341SO8CSINIJUSTI(VI])1232.43,.14259822. /7

41604 8 COMTINUE
4200eC xxxx;xr:t:z:lncalculhtt COEFFICIENTS FOR STRAIN sgo2s

4218

422G B2+SA3T(BIND)

4230« B2+SQRT(BIN) 1EISPANR

4240e Gr2.8(EXP(~2,.382)4EXP(~4,3B2)+EXP(~6.3B2)¢EXP(~8,282))
R lg?g- SUn. EXP(B!-BZ):SKN(Ba)x(t $3.3G/2.+GX32.72. 1~CLEXP (D1 )r2. ¢t
.-

)
4260s  1/2.)3EXP(-B1)+COS(B1)-(1.~CIND)2 )
4270: L1 vNDSUTIACNIIB (NI BLRe] SN

4299 END

?’\‘
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