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ABSTRACT ) Dp fiia X T e

It is shown that large amplitude solitary water-waves arise as the limit
of periodic waves whose wavelength increases indefinitely. This result is
obtained after a new version of the Nekrasov integral equation for periodic
waves has been derived. Its resemblance to the equation for solitary waves
[1] leads to this convergence result once the global existence proof for

solitary waves given in [1] has been taken into account.
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SIGNIFICANCE AND EXPLANATION

Now that large amplitude solitary waves have been proved to exist [1], it

is natural to consider whether periodic water-waves converge to solitary waves

s

as the wavelength increases indefinitely. Numerical evidence suggests that this 4
is the case, and the substance of this paper is to provide a proof of this

observation, and to elucidate the precise circumstances under which this claim
is valid. Previous results along these lines were proved under the assumption

that the amplitudes were small; no such assumption is necessary here.
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THE CONVERGENCE OF PERIODIC WAVES
TO SOLITARY WAVES IN THE LONG-WAVE LIMIT

J. F. Toland

INTRODUCTION

1.1. Introductory remarks

Under consideration are the steady two-dimensional waves which can arise as
the free surface of a heavy, ideal liquid acted on by gravity, and contained in
a channel of infinite extent with a horizontal bottom, in the absence of surface
tension effects. It is well known that both periodic waves [8], [10] and
solitary waves [l] of large amplitude may occur in these circumstances. A pre-
cise account of the free boundary-value problem presented by this situation is
given in the next section, and various physical parameters describing the flows
are introduced. After some basic results about conformal mappings and Jacobi
elliptic functions have been recorded in section 1.3, the method of Nekrasov
f{16] is used to reduce the existence questions for the free boundary-value
problems to a similar question for nonlinear integral eguations. While the
solitary wave equation (1.47) is the familiar one (a precise account of which
is given in [1]), the eqguation for periodic waves (1.31) is new in the form given
here. It is, of course, equivalent to the usual integral equation for periodic
waves [8], [10], [20] but it has distinct advantages for our purposes. First of
all, the domain of the independent variable is [-m,7], and is independent of the
wavelength of the waves being considered. Moreover its kernel is
Qn](sin (s+t)/2)/(sin (s-t)/2)| whose behaviour is well known. Most important
of all is its striking resemblance to the approximation used in [1l; section 3.2]
to prove the existence of large amplitude solitary waves (a point we shall return

to later). Throughout this section we emphasize the role which various physical

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024. This
research was supported in part by a fellowship from the United Kingdom Science
Research Council.




parameters play in these integral equation formulations. For example, in the

periodic case the wavelength and the mean depth are chosen a priori and appear

as constants in the equation, whereas the mean velocity, the flux and the flow

velocity at the crest depend on the solution of the equation being considered.

An account of all this is given in Theorems 1.5 and 1.6.
After a few remarks in section 2.1 about recent developments in the theory
of large amplitude periodic water-waves, section 2.2 is devoted to a summary and

sketch of the proof of the global bifurcation theorem of periodic waves of wave-

length X on a flow of mean depth h, where X and h are any given positive

real numbers. It is shown that there exists a ccnnected set of such waves con-

A 5 A Wkt AR

taining waves of all amplitudes up to and including a wave of greatest height
(of wavelength X on a flow of mean depth h). This connected set contains a
wave whose maximum angle of inclination to the horizontal is B8, for any

3 ¢ (0,1/6). Moreover the phase speeds of all such periodic waves is bounded

away from zero and infinity. A comment on the relation between these results
and those of [8], [10], is in order, and is to be found in section 2.1.
Finally, in section 2.3, the main result of this paper is proved, and is
roughly speaking the following: if h 1is fixed, then as ) » » the connected
sets of periodic waves of wavelength ) on a flow of mean depth h, converage
in a certain sense to a connected set of solitarylwaves whose asymptotic height
is h. This connected set enjoys all the properties of the connected set C(
mentioned in [l; Theorem 3.9}, and the behaviour of the corresponding waves is
described in [1; section 4]. The global existence of solitary waves is already
known [1l]; what is new here is that periodic waves converge to solitary waves
in the long wave limit. An easy corollary of our general result in this direc-

tion is the following:
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COROLLARY 2.6. For each 8, 0 < B < /6, and h, A > 0 there exists on

a flow of mean depth h, a periodic, symmetric water-wave of wavelength X, the

free surface of which subtends an angle B with the horizontal at its steepest

point. If h is fixed, and Xn t ® as n + ©, then a subsequence of the

periodic-wave profiles converge uniformly on compact subsets of R to the pro-

file of a steady solitary water-wave whose free surface subtends a maximum angle

of B8 with the horizontal, and whose asymptotic depth is h.

Such results as these may be regarded as global versions of the theorems of
Ter-Krikorov [18], [19] and Lavrentiev [12], who proved the existence of small-

amplitude solitary waves by proving the convergence of small-amplitude periodic

waves to solitary waves as their wavelength increases indefinitely. (See (3]

for a similar global treatment of a different problem.) It is worth noting that,
because the mathematical theory of large amplitude water-waves lacks any form of
global uniqueness result, we cannot claim that all solitary waves may be described
as the long-wave limit of a sequence of perindic waves. The results of section
2.3 follow immediately by the methods of (1; section 3) once the similarity
between (1.31) and equation (3.12) of [1] has been noted. The analysis presented
here has the advantage that the linearization about the zero solution of (1.31)

is well understood because exact solutions can be found. It may be regarded as

a small step towards finding theoretical confirmation of the very striking

numerical results given in [4].

1.2. The water-wave problems

The question being considered is the existence problem for steady, two dimen-
sional waves on the surface of an ideal liquid acted on by gravity. 1In this 4
section two possible types of flow are considered.

(a) A symmetric, periodic flow of wavelength A whose mean depth is h. {

If such a flow exists and if the free surface has a unique maximum per wavelength

3=




then a cross-section of the flow perpendicular to the wave crests may be identi-
fied with a region in the z-plane between the line y = 0 and a curve

{x+iHA(x) : x ¢ R} . Here Hy + R~ (0,®) is a function of period * which is

even and is decreasing on the interval (0,4/2) (see figure 1). One wavelength

of this flow then occupies the region § bounded by the lines x = *\/2, y = 0

A

and the free surface FA = {x+iHA(x) : x € (-A/2,2/2)}. Since the flow is

supposed to be incompressible and irrotational, there exists a complex potential

w=¢ + iy, which is related to the velocity (u(z),v(z)) of the flow at a

point =z ¢ SA by the expression

u(z) - iv({z) = - —

gz = (TOyr0) = vomv) (1.1)

Since the flow is symmetric about x = 0, w must satisfy the relationship

% (2 =L -n (1.2)
whence
b (2) = -y (-2) (1.3)
and
viz) = ¥(-z) . (1.4)

In particular wx is zero on the imaginary axis and so, by periodicity,
wx(z) = -¢y(z) =0 if Real z = *A/2 . (1.5)

Let C = {z(t) : t ¢ [0,11} be any simple curve in SA joining two points

*A/2 + iy. Then

[ ulz) + iv(z)az
C

w(=X/2+iy) - w(r/2+iy)

d(=r/2+1iy) = d(A/2+iy)
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= =($(A/2) ~ $(-2/2))
by (1.5). Thus, for a given periodic flow,

1

Xf ufz) + iv(z)dz = -(¢(A/2) - ¢(-A/2))/2 (1.8)
C

is called the mean velocity and is denoted by =c. (If the flow is considered in

a frame of reference relative to which the mean velocity is zero, then ¢ 1is the
phase speed of the wave.) Since the bottom (y = 0) and the free surface FA
are streamlines, the stream-function ¢ must be constant on both, and without

loss of generality we may suppose that

plz) = 0 if 2z ¢ YA . (1.7)

Since h 1is the mean depth of the flow,

y(z) = -Q, if 1Imag z =0 , (1.8)
where

Q =ch . (1.9}

(Note that for a given flow the mean depth is not to be confused with an integral
average of the height of the free surface. It is defined by (1.9) once the flux
QO of the flow is known. By definition @ 1is the value of { on the bottom

when 4 has been normalized so that ¢ = 0 on the free surface.) Finally,

since T 1s a free streamline, the pressure is a constant there, and Bernoulli's

theorem then implies that
% lV¢(z)‘2 + g Imag z = constant 11.10)

for all =z - T where ¢g 1is the acceleration due to gravity.

A'
The existence question for this type of periodic flow is first one of find-

ing the region S} occupied by one wavelength of the flow, and then one of find-

ingy % and y such that a periodic flow of wavelength X and mean depth h

-6-
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occupies S It must be shown that ¢ and ¢ satisfies all the conditions

A"

(1.1) - (1.5), (1.7), (1.8) and (1.10) in SX where Q 1is given by (1.9) and

c 1is given by (1.6).

(b) Solitary waves on a flow of asymptotic depth h. By a steady solitary

wave 1s meant a symmetric two-dimensional flow whose free surface is in the form
of a single symmetric wave of elevation, whose extent is infinite, and which is
asymptotic to a finite height at #x (see Figure 2). The flow at ix |is
supposed to be approximately uniform horizontal flow from right to left in the
channel. The boundary-value problem posed by this situation is first to find the
flow domain S bounded by the line y = 0 and a curve T = {x+iH(x) : x ¢ R}

where the even function H is decreasing, and

lim H{(x) = h (1.11)

|x[>e

and then to find a complex potential « satisfying all the boundary conditions,
which in this case take the following form. The relationship between the complex
potential and the velocity field is given by (1.1), and since the flow is sym-
metrical (1.2) must also be satisfied. Since the flow is supposed approximately

uniform and horizontal at points of S far from the crest, there results that

lim u(z) - iv(z) = 1lim Eg?-(z) = -c , (1.12)
[z]e |2]e
zeS ze¢S

where -c¢ 1is the asymptotic velocity of the steady flow. (In a frame of
reference relative to which t he asymptotic speed is zero, c¢ 1is the phase speed

of the wave.) Since [ and the bottom are both streamlines, we may suppose that

=0 on T (1.13)
and
g = -ch if Imag z =0 . (1.14)
-7-
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- Figure 2. The region occupied by a steady solitary wave, of asymptotic #

! velocity ¢ (from right to left) and asymptotic height h.

1
The boundary condition (1.13) is a normalization, as before, and (1.14) follows
i from (1.11) because the stream function is a constant on the bottom, and by
(1.12), lim ¢ (2) - c. Finally, since T 1is a free streamline, Bernoulli's
! |2| o
z€$S
*
3! theorem requires that (1.10) must hold on T. {
"

If, by analogy with the periodic case, the mean velocity of a solitary wave
A/2+1iy

i is calculated using the formula 1lim | (u(z)+iv(z))dz, for any y ¢ (0,h),
‘ Ao =) /241y
then it follows from (1.12) that this value coincides with the asymptotic
velocity. Since the flux of the solitary wave is c¢h, it follows that the mean
depth, and the asymptotic depth coincide.

It is appropriate at this stage to mention one further parameter associated

with a flow, solitary or periodic. 1In either case 9. is used to denote the

velocity of the steady flow at the crest of a wave.

As is well-known both the free boundary-value problems described above can

be reformulated as nonlinear integral equations [15], [16). 1In section 1.4 this

-8~ b




formulation is discussed in detail, but before we can do that we need to intro-
duce some conformal mappings. The approach of the next two sections is suggested

by the remarks in the appendix of [8].

1.3. Preliminary mapping theorems

A treatment of Jacobi's elliptic functions which is adequate for our purposes
is given in [5]. Throughout the section and in all of the sequel, h is an
arbitrary, but fixed, positive real number.

For k € (0,1), sn(+,k) denotes the odd Jacobi elliptic function of modulus
k with primative periods 4K and 2iK' and simple poles with residues 1l/k or
-1/k at points congruent to iK' or to 2K + iK' (mod 4K, 2iK') respectively.
The primative periods are given in terms of k by the formulae

1 -1 1

K=/ a-x) 2a-x%) %ax
0

1
K' = f (1-x
0

2y 21 - 1-x9xH Zax

Clearly K and K' are monotone functions of k ¢ (0,1), K ¥ % and K' % =

as k + 0, while K t «® and K' % as k 4+ 1.

For any A > 0 let k be the modulus of the unique function sn(-.,k

A )

A
such that

X

=4—',

A

A
h

where KA and KA' are defined in terms of kA by (1.15), (1.16). Since

is fixed, kA' KA and Kx' are monotone functions of A and
ZKA .
—— Y —

\ ah (1.18)




e kg

as \ -~ =, For convenience with notation we will use S5 to denote the elliptic
function sn(<,k,) for all X ~ 0, and s to denote the analytic function

tann which is the pointwise limit of SA as A » « [5; page 414, ex. 1].

It is well known [5; page 414, ex. 4] that the mapping p from the complex
A

2- plane into the complex £-plane defined by

~ 2 .

PA(C) = _kASA(2Kx(€ + ih) /X))
.5 a conformal mapping of the region RA = {7z = X+in : =A/2 < X < A2, -h < n < 0}
onto the region D' = {£ =re™> : 0 <r <1, -1 <s < 7w}, which maps the boundary

portion T; = {z ¢ R, : & = X+i0, X € [-1/2,)/2)} onto the set (£ = et

-7 < s < w}. Let Py [=x/2,)x/2) » (-n,7] Dbe defined as follows:
pA(X) =s, for X e [-X/2,)/2)
if and only if s ¢ (-m,7] and
ﬁx(x+10) = e

Another, more convenient way of saying this is that for X ¢ [~A/2,)/2),

pl(x) = s if and only if s ¢ (-n/2,n/2] and

S . .
COs 5 + 1 s1in

YT

= —iki/ZSA(ZKA(X+ih)/A)

. (l+kA)SA(2KXX/A)+iCA(2KAX/A)dA(ZKAX/A)
= -1 > ’ (1.19)
l+k)sx(2KAX/A)

where ¢ and d) denote the even Jacobi elliptic functions cn(-,kx) and

dn(*,k ). (Algebraic identities and rules for differentiating the functions Cys
’

a and s and given in [5; page 384}. The expression (1.19) follows from the

relation (1.17) and [5; page 396, og. 3].) Let i) : D> Rx denote the inverse

BT e ©
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of §A, and let q, : (-m,7m} > [-}1/2,1/2) denote the inverse of p,. From

equation (1.19) it follows that

(1+kx)sx(2qux(s)/k)

2
1+kxsk(2KAq(s)/A)

which, upon differentiating with respect to s and using (1.19) along with the

identitites in [5; page 384] yields

(1.20)

5 .
1 . ZKA(1+kA) 1 kxsx(ZKAqA(S)/A) s
5 cos 5 = - X 3 cos 54 (s) .
1+kAsA(2KAqA(s)/X)
But, by the algebraic identities relating Syt Cy and dA there results that

2
2, 2.2 22
(1-k,8)) = cjd) + (1-k)7s)

and so (1.19) and (1.20) together yield the following expression for qA‘

2 1+k

2
1-k -1/2
aj(s) = =(A/4K, (1+k,)) [cos® S + X> sin? s) :
A A A

For convenience with notation we define the following expressions:

1+k

2
£, (s) = l[cos2 s l-k)‘ s:'m2 s] v
A T2 2 N !

for all s ¢ (-m,m), and

A= A/ZKx(l+kk) .

Recall from (1.18) that

A > 2h/n as XA > o

(1.21)

(1.22)

(1.23)

(1.24)
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Since the only zeros of dﬁx/dc occur at ¢ = -ih and *A/2 - ih

the real and imaginary parts of ix satisfy the Cauchy-Riemann conditions on

the boundary portion {e1t : =1 < t < n} of 3D'. Hence ’ }

3 N 9 - _ ,
ar(Imag qx) eis = - as(Real qA) eis = qk(s)
i

) Afx(s) ’ (1.25)

for all s ¢ (-m,m).
Before finishing this discussion of conformal mappings we note that, in

the limiting case when X =+ ©, a mapping which takes the region

3 R, = {X + in : X € (-»,®) -h < n < 0} conformally onto D', and the boundary
Q portion T = {X + i0 : X € (-»,»)} onto {els : =m < s < 7}, is given by

4 =)

3 . 2 .

2 p(z) = -tanh”(7w(g + ih)/4h)

q 2 .

% = -s_(m(g + ih)/4h)

¢

If the inverse of p 1is denoted by &, then it follows just as before that

; 3 ~ 3 ~
‘ —(Im . = - —(Real .

é : Br( ag Q) is as(Re a) is

I e e

P

‘ h s _ 2nh

$ =, sec 5 = f(s) . (1.26)
i If v : [-n,m] - R 1is continuous, odd, period.c, and v{(-) = 3, then
i
’ there exists a unique harmonic function u on the init disc D= : 5 - 1

which satisfies the Neumann boundary condition 3u/ir s " vis), s - (=-,"},
b ) e

and the normalization condition f u(els)ds = 0. It is easy to see that for
-

all s <« (=mw,7],

. n
u(els) = f G(s,t)v(t)dt
-n

-

where

-12-
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oo X X ;
G(s,t) = % z sin ksk51n kt '
. k=1
E 1 sin((s+t)/2)
3 T o2n n sin((s-t)/2) (1.27)
g for all (s,t) € (-w,nw)] x (-m,m], s # t, and u is zero on the real axis.
t
{ The next theorem concerns the change of variables which enables the con-
$
3 vergence result of section 2.3 to be deduced from the work of [1l].
j THEOREM 1.1. Let V : [~-)/2,)/2) » R be a continuous, odd function which
k' is positive on (0,1/2), and such that V(-A/2) = 0. Then putting v(s) = v
. 3
" -V(q,(s)), for all s e (-m,m], defines a continuous, odd function which is
1 1
; positive on (0,m), and v(m) = 0.
:E Moreover, if A 1is given by (1.23), then
i
k| m
' u(s) = Af G(s,t)v(B)f (B)dt (1.28)
- —r
f; for all s e [-w,n], if and only if ]
4
. u(s) = -U(q)\(s)) '
o
¢ where
] E Ix/z L s, (2K, (X+€) /A)
' u(x) = 5- 4n — v(e)de . (1.29)
! -A/2 2m sA(2KA(X €) /)
Furthermore there exists a function U harmonic on RA which is such that
U(X+i0) = U(x), for x e [-A/2,A/2) ,
39U
n = V(X), for x e [-A/2,)3/2) ,
M x+io0 ¢

and 0 =0 on BRA/{Imag ¢z = 0}.

Proof. It follows from (1.19) and from the formula for the elliptic function

of a sum that, under the change of variables

po—

-13-
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X = g,(s) and ¢ = qA(t), s,t ¢ (-m,m] ,

the kernel

1 SA(ZKA(X+E)/X)

2n R 5, (2K, (X=€) /%)

becomes
1 in sin((s+t) /2)
27 sin((s-t)/2)
Since qi(s) = —Afx(s) on (-m,7], the result from the first part of the

theorem is immediate.

Because v 1is continuous and odd on (-7,7) and v(®) = 0, it follows

Sbdiais
SISO, <544 34

that there exists a function u, harmonic on D and such that

r

] 3u i

3 32l ir = M (B)v(E) }-

! e 1

¢ ;

3 and !
G(elt) = u(t) ’

e sak MM b

for all t ¢ (-m,n]. Therefore if U is defined by

u(z) = -a(ﬁx(::)) ,

TR 0 A —— v .

for all ¢ « RX' then, because of (1.25), the conclusion of the theorem holds. i
q.e.d. ;
LEMMA 1.2. For all X,e ¢ [-A/2,%/2] x [-A\/2,)/2], X # €, i
1, (2 E0EE A § wLeann (2KTh) (o 2TRX, L 2nke
2 s 2K, (x=e) /M) | T W ) ) )
A A k=1
é Proof. This follows by a simple calculation from the expansion for

3 sn(u,k) [7; page 9212(20)1}:

it

¢n sn{u,k)

k
in %? + 4n sin %% -4 Z %——g_f sin2 %%?
k=1 1+qg

-TK' /K
e / .

g =




THEOREM 1.3. The solutions of the linear characteristic value problem

u(s) =

wlE

v
[ csivrE (ruterat
-7

[+

consists precisely of the set of characteristic values {Q%F& coth(z%gh)}k_l
2mka, (s))

with corresponding set of eigenfunctions sin 3 kel In particular, the

smallest characteristic value is 9%1 coth(g;ha -+ % as A > =,

Proof. From Lemma 1.2 it follows that the set of characteristic values

of the operator defined by the right-hand-side of (1.29) comprise the set

27k 27kh,
X coth( 0

)}

K=1" and the corresponding eigenvectors are {sin(zka/X)}z_l.

The result is then an immediate consequence of Theorem 1.1, and the fact that

A~> 2h/m as A > = (see (1.24)).
q.e.d.

1.4. On integral equations for water-waves

The nurpose of this section is to show the equivalence of two nonlinear
integral equations, each of which is a formulation of the periodic water-wave
problem when the mean depth and the wavelength are given. Theorem 1.4 is a
statement of this equivalence, while in Theorem 1.5 a precise description of the
wave which corresponds to a solution of equation (1.31) is given. Theorem 1.6,
which is taken without proof from [1l], is a statement of the corresponding result
for solitary waves.

Let h be fixed, as in the previous section, and let X be any positive
real number.

THEOREM 1.4(a). If 0 : [-Ax/2,2/2) » R is continuous, odd, and

0« O0(X) < n/2 on (0,A/2), and if for all s ¢ [-m,7]

8(s) = ‘G(qA(S)) ' (1.30)

-15-
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then ¢ : [-w,n] » R 1is continuous, odd, and 0 < 6(s) < 1/2 on [0,7].

Moreover, for some u > 0, 6 satisfies the equation

1 ("1, |sin((s+t)/2) Fy(e)sin 0t)
o) =z [ Tl Tk at (1.31)
-1 intis =+ f f. (w)sin 6{(w)dw
" A
0
for all s e [-m,n], if and only if @ satisfies the equation
1 A/2 sA(2Kx(X+£)/A) sin 0(c)
o =g/ T WTGroToTn L de (1.32)
~2/2 sy teky X Au + [ sin O(w)aw
0

for all X e [-A/2,\/2]. Here M is given by (1.23).

(b) If © is as in (a) and satisfies (1.32) then there exists a harmonic

function on Rx which coincides with © on the boundary portion Fi, and

which is zero on BRA\Fi. If © is used to denote this harmonic function on

R then

A’

90 1 sin O(x)
- . = (1.33)
an|x+i0 3 e-+ fxsin O (w)daw

0

for all X + 10 € Ti.

Froof. This result is immediate from Theorem 1.1 and equation (1.25).

g.e.d.

In order to use the methods of [l] to prove that connected sets of periodic
waves converge to solitary waves in the long~wave limit it is necessary to be
explicit about the waves to which solutions of (1.31) correspond.

THEOREM 1.5. Suppose that 0 is an odd, continuous function on [-7,T]

with 0 < 6(s) <m on (0,m) and 6(m) = O, which satisfies the integral equa-

tion (1.31) on ([-m,m] for some u > 0. Then 6 is analytic on (-7,7) and

satisfies 0 < 6(s) < n/2 on (0,n). Moreover there exists a solution of the

'
Il
1
i




periodic water-wave problem of period X on a flow of mean depth h. The mean

velocity of the flow is given by

3
m £, (t)cos 6(t) "2

°=/3\ 3 1.t 1/
0 {=+ [TF (w)sin 8(w)dw}
§ . 0 A

dat

.34
3 L4 (l )

i from which the flux @ and the velocity at the crest q. may be calculated as

Q follows:
j
! Q =ch (1.35)
‘3 and
% 1/3
3 q = (32 . (1.36)
1 ¢ H
The free surface FA is then given by {(x.HA(x)) : X e (=)\/2,)/2) ,
where
3 <;2A2)1/3 o L (x) £,(t)sin 6(t)
H, (x) - H,(0) = - dt (1.37)
] 4 4 39 &+ [P (wsin 68 (wyaw /3
and
. (ézAz /3 fs £,(t)cos B(t)
: a(s) = -f=——- at . (1.38)
. 39 o &+ [*f (wsin 8(wan /3
. u 0 A

Proof. The method of proof of Theorem 2.2 (ii), (iii) applies to any

S

solution of (1.31), and not just to those in (. Hence the analyticity of 8
and the a priori bound of =n/2 for © follow immediately.

Let 0O be the function which is harmonic in RA mentioned in Theorem

1.4(b), and let T denote the unigue function which is harmonic in Rx and

conjugate to 0O (that is, T - i0 is analytic in Rk) such that
A/2

[ exp(T(x - iyax = 1 . (1.39)
-1/2

> |
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By Lewy's theorem [13] T - ip 1is an analytic function on ﬁxl and we can

use it to define an analytic function m on R by putting

g
m(g) = [  exp(T(c) - id(g'yragr . (1.40)
-ih
If m(;l) = m(;z) for Ll, C2 ¢ RA’ then
CZ
f exp(T(z"))cos G(z*)dz' =0 ,
%1
which is false (unless Cl = cz) since, by the maximum principle, Iél < w/2

in R, - Since m'(z) # 0 in R,/ it follows that m maps R, conformally

p

onto a region SA in the z-plane, and is invertable. The function T is
even in X since O is odd in X, and, because O = 0 on aRA\Ti, it

follows that SA is the region bounded by the line y = 0, x = *1/2 and the

curve FX = ﬁ(Fi). It is clear that, for some function H,,

r,= {x + iH,(x) : x € (-}/2,,/2)} and H!(x) = -tan o Tix + iH, (x))) -

Since m 1is invertible, a complex potential w = ¢ + iy can be defined

on SA by putting

$(z) + iv(z) = w(z) = cm ~(z2) (1.41)

where ¢ is given by (1.34). It remains to show that for this choice of ¢,

vy and ¢, all of the boundary conditions (1.1) - (1.10} are satisfied in S>.

The velocity field (u,v) generated in SA by the complex potential - is

given by

dw

u(z) - ivi(z) dz

—c exp(-T (1 12))) (cos O T(z)) + i sin 0m Y(z))) ,  (1.42)

- o.=1 . . . . .
whence -%(m ~(2)) is the angle which the negative velocity vector makes with

-18-

= VT a-,dvmﬁ:'ﬂtm-zv,.'fr"m . I3




BALE L e

o = - Manthiil” -

A oA A o e e e e ek

Ll i S 4

RS purtcril g

the x-axis, and ¢ exp(-f(h-l(z))) is the speed of the flow at 2z ¢ SA’

Moreover, the mean velocity along the bottom is 14

22 o
/ ~c exp(-T(m ~(2)))dz
-A/2

>

As2

= % ] ~cdt=- . (1.43)
-)/2

Let T : [-A/2,A/2] > R denote the restriction of T to Fi. Then,

since © = 0 on BRA\FX’ it follows, by Cauchy's Theorem and (1.39), that

A/2 A/2 -
{ exp (T(X))cos 000 AX = [ exp(T(X - ih))dX = A . (1.44)
-\/2 =\/2
However, from (1.33) and the Cauchy-Riemann equations,
1 X .
T(X) = T(0) ~ 3 n(l + (u/N) [ sin 0(w)dw) (1.45)

0

for all X ¢ [-A/2,)/2]. Substituting this expression for T into (1.44) gives

A/2
exp(-T(0)) = + == 0(X) 3 &
=3/2 (1 + (u/M) ["sin 0(w)dw)
0
) 1 T Afx(t)cos 8(t) At
A -1 {1 + yu ftfx(w)sin e(w)dw)l/3
0
1/3
= (33%) , (1.46)
uc

by (1.34), whence 3

g = exp(-31(0)) = 3%%9 . i




- WP

It is clear that SA and the flow generated by the choice of velocity

potential given in (1.41) satisfies (1.1) ~ (1.5), and that the mean velocity

. , 1 ,
of the flow is -c, where ¢ 1is calculated from (1.34). Since m ~(z) = -ih

,» and ﬁ-l(z) is real on Fi, it follows that

p = -ch on the bottom and Y = 0 on the top. Thus (1.7) - (1.9) are satisfied.

for 2z on the bottom of S

Provided that the free surface condition given by (1.10) can be verified, it has
been shown that solutions of the integral equation (1.31) correspond to solutions
of the free boundary-value problem for waves of wavelength X on a flow of mean

depth h, the mean velocity being given by (1.34). Now, for all X € [-A/2,r/2],

1 2 ~ .
X [2 c” exp(~2T(X)) + g Imag m(X +i0)]

= —c? exp(=2T(X))T' (X) - g exp(T(X))sin 0(X)
= exp(T(X)){-c2 exp{=3T(X)T'({X) - g sin Q@(X)}
=0

by (1.45), (1.46). Hence, since exp(-T(m—l(z))) is the speed of the flow at

any point 2z ¢ SA’ the boundary condition (1.10) is satisfied on Fx.
Finally, to calculate the wave profile we proceed as follows. At a point

X+ iy ¢ FX, the free surface is given by

y = H)‘(X) ’

and Hi(x) = -tan O(ﬁ_l(x + iHA(x))). Hence
X
Hy (x) = H,(0) = [ H}(w)dw
Q0
&-l(x)

L}
i
—

tan O(x)cos O(x)exp(T(x))dx

-20~-
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S N1/3 -1
- -<%EE> fa " sin 9(x) dr

394 0 (1 + /[ sin owan 3
0

where a : (=\/2,A/2) » R is given by

Real m(X +1i0)

1/3
= GEL{> IX cos O(x*) X'
39h o 1+ (uwh [ sin owam 3

a(X)

0
Hence
«2c2j5/3 ja_l(x) £, ()sin 6(t)
H, (x) = H (0} = =-{—— dt
4 4 39 0 &+ [T (wsin 8 (waw /3
u A
0
where
ot = @ e g The = p TN
and so
5 1/3 qA(s)
~ uc cos Q(X")
a(s) =a o q,(s) = ——;> f 1 dx’
A <39A 0 (1 + (%ojx sin 0(w)aw) >3
0
/ 2 2\3 s £, (t)cos B(t)
_ _IAc A
= "\ 39 It 1/3 4t
\ 0 (=+ ["f (w)sin 6(w)dw)
U A
0
This completes the proof of the theorem.
ag.e.d.
THEOREM 1.6. Suppose that 6 1is an odd, continuous function on [-7,T7]

with 0 < 6(s) < 7n/2 on (0,7} and 6(wm) = 0, which satisfies the integral

equation
N
1 1 sin((s+t) /2) f(t)sin 6(t) -
e = — -—_— e
() =% {ﬂ n Mlsin(sm /2|t a (et
= 4+ f f(w)sin 6(w)dw
u
0
_21_
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for all s <« [(-7,7} where . - J and f(t) = % sec % for t ¢ (-m,m).
Then of + L (=7,%), % 1is analytic on (-7,7) and 0 < 8(s) < n/2 on (0,m).

Moreover, if h and ¢ are any j.ositive real numbers which satisfy

bgh (l + f f(w)sin Y(w)dw) = 1 ,
2 L
kifes 0

then there exists a steady solitary wave flow whose mean velocity and asymptotic

height (see section 1.2) are -c and h respectively. The velocity a. of

the flow at the wave crest may be calculated from the expression

g 3
G 1
6ghc p
Moreover the solitary wave profile T is given by ({(x,H(x)) : x ¢ R} where
\1/3 -1
/ 2 P ‘
3
H(x) - H(0) = - 31225 e sl g (1.48)
\"“gh ) (= + [T£(wsin 8(w)dw)
Y
and
S V4
ags) = - Bi et Liticos ole) Ty at - (1.49)
\\n gh/ 0 (- + [T£(w)sin 8 (w)aw)

0

Proof. While this theorem is formally the limiting case of Theorem 1.5
as A —~ », it needs a separate proof. This may be done by modifying the method
of proof of Theorem 1.5, using the mapping p from R_ onto D' introduced
in section 1.3. The function @ is then required to be in Ll(—m,m), odd,

positive on (0,*), and to satisfy

S(x) = é I 1 ; tanh(m(x+€)/4h) sin . {g) de

1 ltanh(m(x-<)/4h) 2h '

£,
- f sin o (w)dw

%)

an cquation which may be obtained from cquation (1.47) by putting

-22~-




s t t
+ tan 5), and ¢ = in(sec 5 + tan 5), s,t ¢ (-m,7m). An alterna-

to| U

VT oansec
tive proof is to be found in {1; Theorems 1.1, 4.1 and 4.3). (The function 0 in
[1; Theorem 1.1} differs from that which arises in the method sugoested by the
proof of Theorem 1.5 by a change of sign.)

For the sake of giving a cowplete description of Nekrasov's integral equa-
tions we include, in the Appendix, the equation for periodic waves on a flow
which is infinitely deep. The derivation there is slightly different from
those alroady in the literature, and emphasizes the dependence of the flow
parameters on a given solution of the eguation. It is shown how this equation
can be written in an alternative form which involves the conjugate operator

from the Lz—theory of Fourier series. While a similar formulation might be

adopted for the periodic problem on a flow of finite depth (see [10]), we avoid
this approach because the normalization requirement ([10]; p. 1002, (1.19))
means that when the depth is finite the conjugate operator is nonlinear. In
any case (1.31) and (1.32) are preferred, since the dependence of the integrand

on 6 and O is given explicitly.




2. THE GLOBAL THEORY

g 2.1. Background
| The first proof of the existence of large amplitude, periodic water-waves
is due to Krasovskii [10}, and is based on an application of the monotone
minorant theorem [9] to a particular version of Nekrasov's integral equation.
Among his results on the existence of periodic water-waves in a channel with a 1
wave-like bottom is included the special case when the bottom is flat. In this

case the conclusion is that, for each positive h and X, and for each

3 € (0,71/6), there exists a wave of wavelength XA, on a flow whose mean depth

is h, which is such that the maximum angle of inclination of the free surface

tc the horizontal is 3 and the mean velocity of all such waves is bounded

away from zero and infinity. Though this result is highly suggestive it does

not amount to a glcbal bifurcation theorem since neither the guestion of bifur-
cation, nor the question cf the existence of a connected set of solutions is

considered. The first result of this kind is due to Keady and Norbury [8], who )

g

regard Nekrassov's integral equation as an example in the general theory of
global bifurcation [6], (7], [22]. Their result is the following: if L and

Q are fixed, positive real numbers, then there exists a connected set of

periodic water-waves which bifurcates from the set of horizontal, uniform flows,

C - ——— i R

and cach of which is of flux O, and eich of which has wavelength 2L with

respect to the velocity potential. This set contains a wave whose velccity at
L o 1/3
the crest is q. for any value of 9. in the interval (0,(%r tanh(j?ﬁ) ) .

Since the mathematical theory of steady water-waves still lacks any global

e ¥ e 110 o i <o

uniqueness result, it is not possible to assert that the solutions obtained by
rasovskii's method are included in the connected set which Keady and Norbury
obtain. (In principle, Krasovskii's method may yield solutions lving off the

bifurcating set, is such exist.) Nevertheless it can be shown [21] (independentl::

it >k 5 e

-24-
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of the work of Krasovskii), that this bifurcating set contains waves with
maximum angle of inclination to the horizontal B8, for all values of £ in
the interval (0,m/6). 1Indeed, it has been shown by McLeod [14] that this
connected set of water waves contains a wave whose maximum angle of inclination
to the horizontal is B, for all B € (0,7/6 + €) for some € > 0.

In the next section we shall summarize the global bifurcation theory for

periodic water-waves of spatial wavelength X on a flow of mean depth h.

Because of our declared intention to deduce from these results the correspond- :
ing theorems for solitary waves on a flow of mean depth h, we state theorems
about the periodic problem in terms of the integral equation (1.31) rather than

the equivalent equation (1.32).

2.2. The bifurcation of periodic waves of wavelength A on a flow of mean

depth h

Throughout this section we consider waves of wavelength A on a flow of
fixed mean depth h. Accordingly, we are interested in solutions (u,8) of
(1.31) with ¥ > 0 and 0 < 9(s) < 1/2 on (0,m). Since all solutions of

(1.31) are odd, it suffices instead to consider the eigenvalue problem

n fx(t)sin 8 (t)
[ 6ts, )= dt (2.1) 3
0 =+ ["f (w)sin 6 (w)dw ﬂ
U o * -

8(s) =

win

where the kernel G is defined in (1.27). Let CO[O,n] denote the Banach
space of continuous functions on ([0,7] which vanish at 0 and =, and let
KO denote the closed, reproducing cone of non-negative functions in CO[O,ﬂ].
For any [a,b] < [0,7], C[a,b] denotes the usual Banach space of continuous
functions on [a,b], with the supremum norm. Since G is non-negative almost

everywhere on [0,w] x [0,71] and is the kernel of a compact, linear Hammerstein

_25_




operator on CO[O,W], it follows that this linear operator leaves KO in~

} variant. The linearization of (2.1) about 6 = 0 is given by

.,
s(s) = 2 [ G(s,00f, (DB(DAL (2.2)
A .

and from Lemma 1.3 it follows that the characteristic value with smallest

. vyl .
absolute value is 6.7 “coth(2nh/)) { 6/1 as A > «, the corresponding
eigenvector being sin(2ﬂqx(s)/k). Before the global bifurcation may be stated,

on further observation is necessary.

LEMMA 2.1. Let u > 0, and let 6 ¢ KO be such that, for all s ¢ [O,7],

5 0 f)(t)sin(Je(t))
8(s) = 3 [ 6(s,t) T " at , (2.3)
0 =+ [Tf (w)sin(J8(w))dw
9 b
where

Jx = (sgn x)min{|x|,n}, for all x ¢ R
f Then (i) 0 < 6(s) <7 on (0,m), and '
(13) 1 > 6Amd lcoth(2mh/h) . f
* Proof. The proof of this result is an easy consequence of the maximum :
TEOOL 1

principle, and is proved by the method used to establish [1l; Theorem 3.3(a), (¢)].

g lio modifications are required.

q.e.d.
The next result is a summary of the global existence theory for solutions
of equation (1.31). Throughout the discussion, the mean depth is fixed. Let

= (u,%) - (0,») x KO : (u,8) satisfies (1.31) and 6 # 0} ¢ {(UA’O)} where

L7

= 6 leotn(2mh) . ;

e

THEOREM 2.2. ([8], [10], (131, {14], {21]) Let CA denote the maximal . ;

connected subset of 31 in R > CO[O,n] which contains (UA'O)' Then

Ry
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(1) C\ is closed and unbounded;

(ii) if (u,0) « CA\{qu,O)}, then u > p

, and 0 <8(s) <mn/2 on

(0,m, whence {p : (n,8) ¢ CA} = [uA,m).

(iii) ® 1is a real analytic function on [O,7].

(iv) For each A, 8 > 0, there exists a constant BA s such that
’

8(s) > BA 5 sin s (2.4)

if w> o+ 6, and (b,8) C,-

(v) If (u,0) € CA’ then the mean velocity of the wave, c¢(u,8), is

given by the formula (1.34). For each A > 0, there exists a closed interval

(ax'bx] c (0,m) such that

{C(UIe) : (Ure) € CA} c [aA’bA] ’

and

U [a,,b,] = (0,M]
A>0 ATTA

for some M > 0.

Let the velocity of the corresponding flow at the wave crest, calculated

from (1.36), be denoted by qc(u,e), (u,8) € CA'

(vi) If {(pn,en)} <C, and u - as n->«, then q (u.8) >0,

and there exists a subsequence {6 } of {8} such that € +> 8 uni-
n(k) — nn ——— “n(k) -_—

formly on [8,m] for each &§ > 0, where 0 is a non-trivial solution of the

equation

, T £,(t)sin 8 (¢)
8(s) = 3 [ Gisit) — at . (2.5)
0 i £, (Wsin 6 (w)dw

0

Furthermore 1lim 6(s) = a > 0 and the following dichotomy holds: either
s»0+

lim 8(s) = n/6, or
50+




lim 6(s) < m/6 < lim 0(s)
s>0+ s>0+

F The periodic wave corresponding to a solution of (2.5) has a stagnation point at i

E: its crest (i.e. gq_ = 0). ;
; —_— c

1 (vii) Let ((u ,86 )} < C, be such that p ~ ®». Since (p ,8 ) satisfies
== n’n N " ¥y = n''n ===

*
equation (1.31), for each n, it follows that the function Sn defined on

[O,unn}
; .
3 6 (x) =6 (x/u)
n n n

1 satisfies the equation

um .
" 5, D fx(y/un)51n en(y)
;| en(x) = g j G(X/Unl}’/un) % *
‘ 0 1+ f £, (w/u_)sin 8 (w)dw
! A n n

dy

E for all x ¢ [O,unn].

*
Moreover, as n -+ . {en} converges uniformly on compact subsets of (0,x)

*
to a function 6 which satisfies the boundary-layer equation

*
% sin 6 (y)

*
1+ 2 [Ysin 6" (w)aw
2%

oo

* 2 1
8 (x) = 3 {) o in

R T

Xty
x-y

dy .

R RN

*
Since sup 8 (x) > n/6, it follows that there exists an € > 0 such that,
xe (0,»)

> 1/6 + €. Hence for each

for all n suffici !
s iciently large, Ien'CO[O,ﬂ] >

B ¢« [0,m/6 + €] there exists a periodic water wave of any specified mean

depth and wavelength, the free surface of which subtends a maximum angle to

the horizontal of B8,
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Proof. (i) The proof of this is a simple application of [6; Theorem 2]
to equation (2.3), once the a priori bound of Lemma 2.1 has been noted (see
[8; Lemma 4.1] for a similar treatment of equation (3.2)).

(ii) That u > Y follows after multiplying equation (2.1) by the
eigenfunction of the linear equation (2.2), which corresponds to the character-
istic value Hyr and integrating over (0,m).

A slight modification of [1; Theorem 3.3(d)] yields that 8(s) < 7/2 on

(0,m). 1In this case the crucial observation is that the function P defined

on D' by putting

P(C) = = 3 exp(-25(0)) - Y(2)

is a super-harmonic function on D' which attains its minimum at every point
. it - .
of the boundary portion {e : t e (-m,mw) . Here p and Y are defined as

follows. If (u,0) € CA’ then suppose that

[ov]
6 ~ 2 a_  sin ks

’
k=1 k
and put
t
1
o(t) = -+ anE + [ £ (wsin 6(waw)
3 u 0 P\
1T
for te [-m,m]. If a_ = Er'f p(t)dt, it follows that
-m
o(re’®) = aj + ) akrkelkt
k=1
r ¢ [0,1), t € (-1,m) defines an analytic function on D'. Then put
p(z) = Real &(g) ,
and

4

1 " oA - A A

Y(Z) = Imag 37 i exp (6(£)) g} (£)dL
0

-20~
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for ¢ ¢ D' where iA is the inverse of the conformal mapping Py intro-

duced in section 1.2 (and prime denotes differentiation).
(iii) That 6 1is analytic on [0,w] 1is a consequence of Lewy's
theorem [13].
(iv) If this result is false, then for some ¢ > 0 and for each

n there exists {(u ,9 ) ¢ C. n [p. + 8,») x K, and s_ ¢ (0,7) such that
n n A 0 n

A

en(s) < n_l sin S, Now for each closed interval [a,b] ¢ (0,7), there

exists &([a,b]l]) > 0 such that if t ¢ [a,b],
G{(s,t) > § sin s

for all s < [0,n] (see [1; Theorem 2.5(f)]). Hence for each [a,b] < (0,n)

i‘ -1 5 T £,(t)sin 8 _(t)
4 n = osins >0 (s) =3 [ cts .t) 5 - at
X 0 — + f f.o(w)sin 6 (w)dw

“n 0 A n

fx(t)sin On(t)

b
{Zﬁ dt sin s .
3 n

i, T

a —L-+ ftf (w)sin 6 (w)dw
un 0 A n

Since [a,b] 1is chosen arbitrarily in (0,w), there results that

£f.(t)sin 6 _(t)
A n

+ 0

L4 (Y (wsin 6_(waw
u A n
n 0

almost everywhere in [0,7n]. From the a priori bound established in (ii), it

follows that
B () > 0
n

almost everywhere in [(0,n]. However, an integration of (2.1) over (0,m)

after multiplication by sin s yields that ;

[ 4
.

o —
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m m fx(t)sin Gn(t)sin t
f en(s)sin sds f
0 0

1 T dt
- + f f.(w)sin 0_(w)dw
"n 0 A n

[Te_(t)sin t at
1 0
23 1 m
= + [£,(w)sin 8_(w)dw
un 0 A n

whence {un} 1s bounded, since en + 0 almost everywhere. Because G is

the kernel of a compact linear operator on CO[O,N], and because {un} is
bounded, it follows that Bn converges to 0 in CO[O,n]. But CA is closed,
from which there follows the contradiction that the sequence {un} = [ul + 8,)

converges to K, .

(v) If (u,0) € CA’ A > 0, then by (1.23) and (1.34) there results that

1 b fx(t)cos 6(t) -3/2

2
c{u,8) < const. K, A f dt
0 (%—+ [%¢, () sin 8 (w)aw) 173

A

0

Hence, for any M > 0, the set {c(u,8) : (u,0) € CA’ X e (0,M]} is bounded

above, or else there exists a sequence (un,en) € CA , An € (0,M] such that

. fA (t)cos Gn(t)

I n
1 t .
0 (E—-+ f fA (w) sin en(w)dw)
n 0 n

as n - », In the latter case it follows that Gn + m/2 almost everywhere on
[0,7}, and this contradicts the fact that (un,en) satisfies (2.1) for each
n and for some )n < {O0,M]. Hence the set {c(u,0) : (u,8) ¢ CA' X e (0,M]})
is bounded above. In order to show that an upper bound may be found which is
independent of M we proceed as before by seeking a contradiction. 1If the

result is false, then c(un,en) + » for some sequence {(un,en)}, where
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(un,en) € CA and Xn -+ o, However, a slight modification of the proof of
n
Theorem 2.3 (iv) yields that there must therefore exist a subsequence

; {(un(k)'en(k))} such that "(l/un(k)'en(k)) > (a,8) ¢ [0,%) x L,(0,m, and
égh . 1/2 _
“Uhy ) {ZPe + [ £(t)sin 6(0)aL) } /2 ¢ [/gh, M'], where M' is

3 0
ﬁ an absolute constant. This is a contradiction.

) Finally, to show that, for fixed 1, the set f{c(u,8) : (1,0 ¢ C,} is

b bounded below by a positive constant it suffices to observe that

: L -173,  T3/2
: c(u,8) > const. ([ (= + [ £ (w)sin 8(w)) at)
A — M A
# 0 0
|
; > const. (by (iv))
A
f where both constants are independent of (u,8) ¢ CA' To complete the proof, we
i observe that c(uA,O) = {%% tanh(zga)}l/2 >0 as A = O.
|
1
(vi) Since c¢(u ,9 ) c [a,,b,], and since a, > 0O it follows
n n ATTA A

ﬁ from (1.36) that qc(un,en) > 0 as n > «®. The asymptotic behaviour of {Gn}
as n - o 1is established by a slight modification of the arguments in (1;
section 5], using (iv) to obtain the appropriate estimatés. The behaviour of

the limiting function 6 may be analyzed by precisely the method used to

-y .

establish (1; Theorem 5.2(d) - (g)].
{vii) This is the main result of [14] reformulated in terms of

the equation (3.1). The proof for equation (3.1) is identical (with certain

? obvious modifications), and there is no need to repeat it here. (Since
CA is a connected set in R x Co[O,n] which contains (UA'O) and a point
(L,8) with sup 0(s) > T+ e, it is immediate that for each B8 ¢ [0,%-+ €] j
se [0, ] ;
there exists an element (p,8) € CA with sup 8(s) = B.) \ E
se [0, ] i

This completes the proof of the theorem.

qg.e.d.
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2.3. On the convergence of periodic waves to solitary waves in the long-wave

Throughout this section the mean depth h is fixed. The purpose here is
to show the sense in which the sets CA of periodic water-waves converge to a
set (' of solitary waves as the wavelength increases indefinitely. Recall
from section 1.2, that each set CA contains exactly one point corresponding

to a uniform horizontal flow of depth h, and that this point (“A’O) is the

point at which periodic waves of wavelength A and mean depth h bifurcate.

In other words, on a flow of depth h, periodic waves of wavelength A bifur-

cate from the horizontal flow when the mean velocity of the flow is

2
{(qA/Zﬂ)tanh(th/A)ﬂ/ . Moreover the value of UA converges to 6/m, as
A >

Let U be any bounded, open set in IR x CO[O,w] such that (6/7,0) ¢ U

.

Then, for all A sufficiently large, C. n 3U # ¢. The next result is the main

A

result of this paper.

THEOREM 2.3. Suppose {An} < R, and An ¢+ ® as n > ®, and suppose

that CA nJu # ¢ for each n. If {(un,en)} c (0,°) % KO is a sequence
n
such that (u .8 ) € Ck n 83U for each n, then the sequence {(Un'en)} is
n

relatively compact in [6/1,») X KO. If {(u

)} is a subseguence

n(k)'en(k)
of {(u_,0 )} such that
or n'Vn such that

(un(k)len(k)) (u,8) e [6/7,») X KO ’
then (1) w > &/n, 8 # 0, and (u,08) € 3U;
(11) (u,®) 1is a solution of the equation for solitary waves (1.47).
(iii) The sequence {f (5] } converges in L_(0,7) to f£f6, as
—— A n(k) —_— 1 - —
n (k)
Kk )
(iv) EE» c(“n(k)'en(k)) is calculated using xn(k) instead of iﬂ

expressioen (1.34), then
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M) (k) SN

m
+ [ £(t)sin 8(tyar) /2
0

T

i - (1,M']

for some absolute constant M'.

(v) For each k, the free surface may be denoted by {(x,Hk(x))

S(- S2,) /2 > sends X .
X ( Nk (k) ) where Hk depends on n(k)'“n(k) and en(k)
according to the formulae (1.37), (1.38). As Kk -+ «,
‘ H (X)) - H (0) > H(x) - H(O)
uniformly on compact intervals, where {(x,H(x)) : x ¢ R} is the profile of

' the solitary wave corresponding to the sclution (u,8) of (1.47). The

function H may be calculated from (u,€) by the formulae (1.48), (1.49).

A yroof of this theorem may be obtained by modifying the arguments of
l; Theorem 3.8]. The following lemmas facilitate this procedure.

LEMMA 2.4. For any non-negative, bounded function u on [0,7], whose

sipjort nas full measure, and for any a > O,

f.(t)u(t) £ (t)u(t)
: 2 :
o+ [TE (wuwde o+ [ f (wulw)dw
A V
0 0
£ - . -3, and f), fv are defined by the expression (1.22).

Prroof. Since fk(t) - fv(t) for all t {0,n}, when X > v, it will

suffice to show that
t t

£, (t) {)fu(w)u(w)dw > £ (1) {)fk(w)u(w)dw

for all t [(,7]. In other words it will suffice to show that

Pt <P 3.1 dirion R s e




t

0 < fo (£,(0)F (w) = £ (£)F, (w))ulw)dw
, i
t TEE) £ (W)
= fo ENOE W Ty - ey ) pwaw
‘\ \Y) \Y)

However, a simple calculation yields that fx/fv is increasing on (0,7),

and the proof is complete.

g.e.d.
LEMMA 2.5. For each X > 0, let 9, denote the function defined on [0,7] 1
3
by putting
fx(s) + s e [0,m-1/)]
gA(S) =9 (2.7)
k_O , otherwise
Then there exists a unique solution (Yx’wx) of
2 m
v(s) = =L [ 6(s,t)g (D)w(t)dt
3 A
0
with (y,y) < [0,=) x KO' and leCO[O,n] = 1. Moreover Y, v 6/1 as X > ©.
Proof. The proof is similar to that of {1l; Theorem 3.2]. Existence and

uniqueness follow immediately from the general theory of uo—positive linear

operators, and that + 6/1 follows by exactly the same argument as is used

15N

to show that Yn y 6/1 in [1; Theorem 3.2].

proof of Theorem 2.3. Because of the obvious similarity between the pro-

blem here, and that of proving [l; Theorem 3.9], we shall limit ourselves to
giving an outline of the proof. The letters (A'), (B'), (C') etc. when used

below refer to those points of the proof of [l; Theorem 3.9] so labelled.
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Since {(un,en)} c 33U ¢ R x CO[O,n] is a bounded sequence, there exists

a subsequence {(un(k)'en(k))} and a corresponding seguence {>n(k): < R,
such that
un(k) > U in TR , (2.5 (4a)
en(k) -~ 8 weakly in LZ(O,n) ’ (2.5 1hy
sin en(k) -~ 0 weakly in L2(O,ﬂ) , (2.m3) ()
and
An(k) in R (2.8) (4}
as k > ®, We shall show that the conclusions (i) - (v) of the theorem hold

for this subsequence. For the sake of having a convenient notation, we shall

henceforth use {un}, {Gn}, {An} to denote the subsequence for which (2.8)

holds.
(i), (ii), (iii) An obvious adaptation of (A') - (D') vyields that

-8 and sin 6 - sin 8 in L_(0,m), as n + ®; that 6 =~ 6 in
n n 2 n

c{0,8) for each 6 ¢ (0,m); and that (u,0) € [7/6,®) X KO is a solution of

(1.47). The next step is to prove that if 6 = 0, then u =

3 |on

Now for each n,

fk (t)sin Bn(t)

2 T n
6 (s) = Ef Gls,t) 7 - at ;
0 = + f f. o (w)sin 8 (w)dw .
u py n :
n 0 n ;
£ (t)sin 8 _(t)
2 m )\1 n .
>5[ 6t 7 . at
0 - + fX (w)sin en(w)dw
Un 0 £

for all n - !, by Lemma 2.4 and the fact that \n t oo,

-36-




gAQ(t)51n Bn(t)

5 T
>3 [ G(s,t) T . . at
0 — + £, (w)sin 8 (w)dw

u A n

o 9

where 9, is defined by (2.7). Therefore

) jc(s t)gX (£)6_(t)dt
8 (s} > % A n ’
n ] + f (w)sin 6 (w)dw

2 n

for all s . [0,n] where

sin 0 (s)
A = inf —n_
n.k sc[0,m1-1/2,) b,(s)

Now multiplying this inequality by 9, wA , whose existence is guaranteed by
Id

A

Lemma 2.5, and integrating gives

™
Ja, (t)wxi(t)en(t)dt

i
Q
Y f 6 (s)y, (s)g, (s)ds > A
ot e e net} Loy [T€, (w)sin 6_(w)aw
kun 0 "¢ .
Thus

1 it

=+ [ £ (w)sin 8_(w)dw > A /¥ ’

Mo 0 Xﬁ n n,% AZ
w for all n ~ ¢. If Gn * D in L?(O,W) as n -+ «, then since A

as n - o for each fixed &, there results that

i 1w = lim Vu_ >y, 0
) n-~— "\
k n->o A

n,{

for each £. Since YA v+ 6/v, as ¢ 4 », it follows that u < &/«

L

(1:,8) 1is a solution of (l.47)\and so, by [1; Theorem 3.7}, u 3_6/n

shown that if (un.Gn) + (u,0) '@n R x L2(O,ﬂ), then p = 6/7

\\-37-
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From this observation, the method of (F') vields that fA en converges
n

to fg in Ll(O,ﬂ), and then the method of (G') may be used to prove that

Gn + 8 1in COlO,n]. This completes the proof of (i), (ii), (iii).

(iv) By (1.23) and (1.34)

Yoy -
2v3ag Kxn(l+k\ ) /7 fkn(t)cos ﬁn(t) \ -3/2
clu ,8) = ————F———— | 7 j at|
non “n \n 0 t}— + ftf‘ (w)sin 0 (w)dw)l/3 /
: ) A n
n 0 n
From (1.24) it follows that
2V3g K, (1+k, )
n n_ /35 n (2.1¢
X on 2.10)
n
as n > », Now for any o = (0,7),
£, (t)cos 9 (t)
A n
2 L dt
"o o (24 (% (wsin 8 (waw /3
U 4 X n
0 n
, fa fxn(t)cos Bn(t)
= = dt +
o (2w [T wsin 8 (waw 3
u A n
n 0 n
f. (t)cos 6 (t)

5 jﬂ Xn n

< dt . 2.1

A (L4 tf (w)sin 6_(w)dw) />

u n
0 n

For any ¢ » 0, choose a(eg) > 0 such that, for all n sufficiently large

|cos en(t) - ll - ¢ for all t « [a(e),7]. This can be done since en > 8
s Kr uniformly on [0,7]. Moreover «{c) can be chosen so that
O
13 1 1/3
N j £, sin o aw 7 - (e [ faosin owaw 7] < e
Un 0 n M n
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for all t ¢ [a(g),7], and for all n sufficiently large. From (2.11)
follows that

f, (t)cos B (t)
n

2 T )\n
lim — j’ dt
A
noe *n 0 (2= + [P (wysin 8 (w)dw) />
U A n
n 0 n
- f)\n(t)cos en(t)
= lim = | at
n*>>® n a(g) (L + ftf (w)sin 6 dw)l/3
u A n
n 0 n
p , . f)\n(t) (l-¢)
> Lim 5= f T . 173 9t
n* ‘n afe) (— + f f. (w)sin & (w)dw)
u A n
n 0 n
9 m fAn(t)
< lim 5= f T . 173 9t
\ ™ n a(e) (a- + f f(w)sin 6(w)dw) -c
0
However, by (1.24) and (1.25),
T b
lim = [ £ (t)at = lim = [ £, (tydt = -
A A p\ X 2h
n»® n of{c) n n n 0 'n
and
b
lim (- + / £, (wsin en(w)dw)l/3
n>o  n 0 n

m
= (%+ f f(w)sin 9(W)dw)l/3
0

Ccollecting (2.10) - (2.14), we find that

3/2

/3.,

— 3/2 b
n¥Y3g 2h 1 . 1
—-n () ((“ + f f(w)sin O(w)dw)

0

7 lim c(un,On)

n o«
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+ =3 dlindaiinbii

I ¢ ik

3/2 _ n 1/2
< mBg 2n TN -2 [ £(w)sin 6 (w)dw) ,
— 2h n H 0
and since € 1is arbitrary
f"— m
lim c(u ,0 ) =/931‘- (Ll' + | £(wysin 8(wan /% .

n e 0

That this last quantity lies in an interval [1,M'] has been established in

[1; Theorem 3.9].

(v) An analogous calculation to that just given yields (v).

g.e.d.

COROLLARY 2.6. The statement of this corollary is given in section 1l.1.

Proof. By Theorem 2.2, there exists (un,en) € CA such that
n

lelc o, - B, for any B8 ¢ [0,7/6). The result will follow by the method
O ’

used in the proof of Theorem 2.3, once it is established that the sequence

{un} is bounded. However

£, (t)sin 6 (t)
n

2 " >‘n
6,(s) =3[ cls,t) 3 . at
0 — + f fx (w) sin en(w)dw
un 0 n
, . fxm(t)s1n Sn(t)
>3 [ 6(s,t) T Y at
0 — + ["£. (w)sin §_(w)dw
un 0 Am n

if n >m, by Lemma 2.4. Without loss of generality suppose that M,
Then, as in the proof of Theorem 2.2(iv) it can be shown that there exists
£ » 0 such that en(s) > B8 sin s, for all s e [0,7]. But this estimate is
enough to guarantee (by a routine adaptation of the methods of ([1]) that a

subsequence { } of {Bn} converges in C[6,n] for each § > 0 to a

en(k)

solution 6 of the equation
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f(t)sin 6(t)

0(s) dt . i

f(w)sin 6(w)dw :

"
win

m
[ G(s,t)
0

0

However, we know from [l; Theorem 5.2] that for such a function 8,

lim 6(s) > n/6. This contradicts the fact that le

s>0+ n‘Colo’"]

Finally, we have the following result. Let S = {(u,8) ¢ (0,») x KO
(u,9) solves (1.47) and 6 # O}. For all (u,8) € S, the product f£8 « Ll(O,T)
([1; Theorem 4.1]). Let S' = {(u,0) ¢ § : (u,8,f6) is the limit, as » -+ =,

in R % Co[O,ﬂ] x Ll(O,n) of a sequence (UA’eA’fAeA) where (ux,ex) e S

N

THEOREM 2.7. If (' is the maximal connected subset of S* which con-

P

tains (6/m,0), then (' is closed, unbouﬁded, and has all the properties

attributed to C in [1l; Theorem 3.9]. Clearly C' c C.

Proof. This is immediate, since it has been shown that the boundary 35U
of every bounded, open set U c R X CO{O,ﬂ} which contains (6/7,0), con- ;

tains a point of C'. Since the set S' is obviously a closed subset of S,

and it has the property that bounded subsets of it are relatively compact,

[1; Theorem 3.8], the result is immediate from {l; Theorem A6).

Remark. Clearly the result of [14], quoted in Theorem 2.2(vii) for
periodic waves holds also for solitary waves corresponding to (' or (, if

fA is replaced by f in the boundary-layer equation.
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APPENDIX

Periodic flows of infinite depth

THEOREM. Suppose that & is an odd, continuous function on [-7,T7])

with 0 < 8(s) < on [0,7], which satisfies the integral equation

1 1 Isin((s+t)/2) sin 8(t)
6(s) = = [ = in|= - atc . (A1)
6 . il sin((s-t)/2) % + ftsin 6 (w) dw
0

Then 6 is analytic on [-7,m] and 0 < 08(s) < /2 on [0,7]. Moreover if

2 and h are positive real numbers such that

P
P\ [T cos 6 (t)
\ T2 “wl T= 173 9t (A2)
\ch - (a-+ f sin 6(w)dw)

0

then there exists a periodic wave of wavelength A on a flow of infinite depth.

The velocity of the flow at infinite depth is then ¢, and its velocity at the

crest is given by

1/3

= (ig_)\'c_) ’

qc 2Ty

. A .
The free surface may be parametrized by (x,H (x)), where

) N (xz 23 o) %-sin B(t)
H (x) - ' (0) =-1 25 at (A3)
2 1 t 1l . 1/3
\3qn 0 (— + j = sin 0 (w)dw)
2 0 2
and
1
/A2c2 s E-cos 0(t)
afs) = -! - % T, o e(w))l/3 dt . (A4)
\3gm oM Ozs

Proof. The proof that f is analytic and bounded by 7/2 follows

exactly as in Theorem 2.2.
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As before, there exists a harmonic function 6 on the unit disc such

that 6(s) = 5(els) for all s ¢ (-m,m], and

g e =+ f sin 6(w)dw
~ u 0

Using the expansion of G given in (1.27), it follows from (Al) that for

{ all s ¢ (-m,ml,

dt

8(s) = %‘f {l z sin ks sin kt} sin 0(t)

1 k %—+ ftsin 6 (w)dw

: 0]

& From this and Fubini's theorem there results that the Fourier series for 6

- is
i
i P
1 ] a, sin ks (A6)
3 k=1
5? ; where
1
: ; a, = - L cos kt Qn(i + ftsin B(w)dw) dt . (A7)
k 3w U
; -7 0
o ;
S
é It follows that putting j
4
| - 5 k
; T(g) + i8(6) = ] af (a8) 1
‘ k=1
E
§ defines an analytic function on the unit disc, and 1
H
i < i 1.1 S
T(e’®) + 16(e™%) = a, - 3 An(:+ [ sin 8(w)dw) + i6(s) (A9)
0
T t ;
1 1 1 .
for all s ¢ [-w,m], where a_ = —— = n(= + f sin 6 (w)dw)dt.
0 27 - 3 u 0
, Let ¢ and )\ be positive real numbers chosen so that (A2) holds. Then

= = . A )
an analytic function T = i@ can be defined on R = {x + in : =A/2 < x < A/2,

n - 0t by putting g
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T(g) - i6(g) = tlexp(-2mig/X)) + ib(exp(-2m1iL/)))

Hence Of{(x + 10) = -0(-2mx/Xx) and so

30 _ 27 - sin B(=2mx/A) ;
9y o= =D — 3
anjx+io 31 i 2mX/ A in 8 (w) dw :

Yo
- % e 0(x) _ (A10) A

— fxsin O(w)dw
27y 0

Since |8] <m/2 on [-m,m] it follows by the maximum principle that [@] < 7/2 §
in RA.

Now define an analytic function m on RA by putting

m(g) = jc exp(T(z') - i6(g'))dg’
0
Since O(+A/2 + in) = 0 for all n <0, and since |T(z) - i8(g)| » 0 as
lgl > o, [ € RA, it follows that m is a conformal mapping from RA onto
an infinite region in the z-plane of the form SA = {X + iy : -A/2 < x < )\/2,
y < Hk(x)}, and Hk.bﬂ = -tan @(ﬁ_l(x + in(x))). Since m is invertable,
we can define a complex potential o = $ + i& on SA by putting

wiz) = ¢ ﬁ-l(z) .

where ¢ was chosen when A was chosen so that (A2) holds. Then for 2z ¢ SA’

u(z) - iv(z) = - gg

= - ¢ exp(~T(m 1(z))) (cos B(m L(z)) + i sin B(m L(2)))

and it follows that ¢ exp(-f(m_l(z))) is the speed of the flow and

~-1 : . . .
-0{m (2)) 1is the angle which the negative velocity vector makes with the

-44-




k. 2L A

x-axis, at a point 2z ¢ SA Moreover

From the definition of

¢ = 0 on the free surface FA

- iv(z)» -c as

u(z)
it follows that § + -® as |z

= { (x,i{\ (x))

+ ®, 2 € S), and

X e (-A/2,0/2)}.

Finally to show that the free surface condition is satisfied we proceed

as follows. By (A8), (A9) and Cauchy's formula there results that
w it it , . it
B _ 1 exp(t({e” )+ible 7))ie
1 = exp(0) = 21 f it dt
-m e
exp(ao) T cos 6 (t)
= — dt ,

2m
0

and so, by our choice of A and c,

- (% + ftsin e(w)dw)l

/3

1/3
21rc2
exp(ao) = f;;x— . (All)
Hence
. 2 s
is, _ 1 2mc _ 1 1 .
T{e ") = 3 Qntsgi—) 3 Qn(u + {)51n 8 (w)dw) ,
and so
2 X
coe 10y = Lgo2met 112 X
TO# 30) = S an(5-0) = S+ 5 {)51n 0 (w) aw) (A12)
Therefore
d c2 = ~
a;(?r exp(-2T((+i0)) + g Imag m(X+i0)}
21 c% exp(=2T(X+i0))sin 0(x) . -
-5 3¢ XL~ g exp(T(X+i0)) sin 0(X+i0)

+ 2% Xsin o(w)dw
u A
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IO e

2
~ A
exp(T(x+iO)){2§%—-¥¥L; sin O(X) = g sin O(x) 1t
o 2ne”

To complete the proof of the theorem we must verify that (A3), (A4) give the
wave profile. This is a routine calculation based on the method used in the

proof of Theorem 1.3.

g.e.d.

Though the proof of this last theorem is in many respects similar to that
of Theorem 1.3, we have included it in order to obtain the following corollary.

We need the notion of a conjugate function which is defined as follows. 1If

e e}

u is an Lz—function whose Fourier series 1is aO + Z (ak cos ks + bk sin ks),
k=1

then the function conjugate to u is denoted by Cu and is the L2-function

whose Fourier series is z (ak sin ks - bk cos ks) [2].
k=1

COROLLARY. If 6 satisfies (Al) for some u > 0, then 6 satisfies the

equation

1 sin((s+t)/2) _ .
{ T 0| STn((s-t) 72y | S¥P(-3CO(E) sin o(t)dt

Proof. By (A6) - (A8)

-3ce(t) = 3i(erh)

t

= 3a_ - ﬂn(l + f sin 6(w)dw) ,
0 u 0

whence by (All)
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2
exp(-3C0 (1)) = 2% ! ) .

ELNE N ftsin 8 (w) dw
S

Substituting .5 last expression into (Al) gives the required result.

g.e.d.
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