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ABSTRACT "/i

It is shown that large amplitude solitary water-waves arise as the limit

of periodic waves whose wavelength increases indefinitely. This result is

obtained after a new version of the Nekrasov integral equation for periodic

waves has been derived. Its resemblance to the equation for solitary waves

[1] leads to this convergence result once the global existence proof for

solitary waves given in [1] has been taken into account.
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SIGNIFICANCE AND EXPLANATION

Now that large amplitude solitary waves have been proved to exist [1], it

is natural to consider whether periodic water-waves converge to solitary waves

as the wavelength increases indefinitely. Numerical evidence suggests that this

is the case, and the substance of this paper is to provide a proof of this

observation, and to elucidate the precise circumstances under which this claim

is valid. Previous results along these lines were proved under the assumption

that the amplitudes were small; no such assumption is necessary here.
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THE CONVERGENCE OF PERIODIC WAVES

TO SOLITARY WAVES IN THE LONG-WAVE LIMIT

J. F. Toland

INTRODUCTION

1.1. Introductory remarks

Under consideration are the steady two-dimensional waves which can arise as

the free surface of a heavy, ideal liquid acted on by gravity, and contained in

a channel of infinite extent with a horizontal bottom, in the absence of surface

tension effects. It is well known that both periodic waves [8], [10] and

solitary waves [] of large amplitude may occur in these circumstances. A pre-

cise account of the free boundary-value problem presented by this situation is

given in the next section, and various physical parameters describing the flows

are introduced. After some basic results about conformal mappings and Jacobi

elliptic functions have been recorded in section 1.3, the method of Nekrasov

[16] is used to reduce the existence questions for the free boundary-value

problems to a similar question for nonlinear integral equations. While the

solitary wave equation (1.47) is the familiar one (a precise account of which

is given in [1]), the equation for periodic waves (1.31) is new in the form given

here. It is, of course, equivalent to the usual integral equation for periodic

waves [8], [10], [20] but it has distinct advantages for our purposes. First of

all, the domain of the independent variable is [-r, ], and is independent of the

wavelength of the waves being considered. Moreover its kernel is

9nl(sin (s+t)/2)/(sin (s-t)/2)1 whose behaviour is well known. Most important

of all is its striking resemblance to the approximation used in [1; section 3.21

to prove the existence of large amplitude solitary waves (a point we shall return

to later). Throughout this section we emphasize the role which various physical

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024. This
research was supported in part by a fellowship from the United Kingdom Science
Research Council.



parameters play in these integral equation formulations. For example, in the

periodic case the wavelength and the mean depth are chosen a priori and appear

as constants in the equation, whereas the mean velocity, the flux and the flow

velocity at the crest depend on the solution of the equation being considered.

An account of all this is given in Theorems 1.5 and 1.6.

After a few remarks in section 2.1 about recent developments in the theory

of large amplitude periodic water-waves, section 2.2 is devoted to a summary and

sketch of the proof of the global bifurcation theorem of periodic waves of wave-

length X on a flow of mean depth h, where X and h are any given positive

real numbers. It is shown that there exists a connected set of such waves con-

taining waves of all amplitudes up to and including a wave of greatest height

(of wavelength A on a flow of mean depth h). This connected set contains a

wave whose maximum angle of inclination to the horizontal is B, for any

c (0, T/6). Moreover the phase speeds of all such periodic waves is bounded

away from zero and infinity. A comment on the relation between these results

and those of [81, [10] , is in order, and is to be found in section 2.1.

Finally, in section 2.3, the main result of this paper is proved, and is

roughly speaking the following: if h is fixed, then as A - the connected

sets of periodic waves of wavelength X on a flow of mean depth h, converge

in a certain sense to a connected set of solitary waves whose asymptotic heiqht

is h. This connected set enjoys all the properties of the connected set C

mentioned in [1; Theorem 3.9] , and the behaviour of the correspondinq waves is

described in [l; section 4]. The qlobal existence of solitary waves is already

known [1] ; what is new here is that periodic waves converqe to solitary waves

in the lonq wave limit. An easy corollary of our qeneral result in this direc-

tion is the followinq:
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COROLLARY 2.6. For each B, 0 < B < n/6, and h, A > 0 there exists on

a flow of mean depth h, a periodic, symmetric water-wave of wavelength X, the

free surface of which subtends an angle B with the horizontal at its steepest

point. If h is fixed, and X t - as n , then a subsequence of the

periodic-wave profiles converge uniformly on compact subsets of IR to the pro-

file of a steady solitary water-wave whose free surface subtends a maximum angle

of B with the horizontal, and whose asymptotic depth is h.

Such results as these may be regarded as global versions of the theorems of

Ter-Krikorov [18], [19] and Lavrentiev [12], who proved the existence of small-

amplitude solitary waves by proving the convergence of small-amplitude periodic

waves to solitary waves as their wavelength increases indefinitely. (See [3]

for a similar global treatment of a different problem.) It is worth noting that,

because the mathematical theory of large amplitude water-waves lacks any form of

global uniqueness result, we cannot claim that all solitary waves may be described

as the long-wave limit of a sequence of perilodic waves. The results of section

2.3 follow immediately by the methods of [1; section 31 once the similarity

between (1.31) and equation (3.12) of (1] has been noted. The analysis presented

here has the advantage that the linearization about the zero solution of (1.31)

is well understood because exact solutions can be found. It may be regardea as

a small step towards finding theoretical confirmation of the very striking

numerical results given in [4].

1.2. The water-wave problems

The question being considered is the existence problem for steady, two dimen-

sional waves on the surface of an ideal liquid acted on by gravity. In this

section two possible types of flow are considered.

(a) A symmetric, periodic flow of wavelength X whose mean depth is h.

If such a flow exists and if the free surface has a unique maximum per wavelength

-3-
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then a cross-section of the flow perpendicular to the wave crests may be identi-

fied with a region in the z-plane between the line y = 0 and a curve

{x+iH(x) : x c gR} . Here HX  R - (0, ) is a function of period which is

even and is decreasing on the interval (0,X/2) (see figure 1). One wavelength

of this flow then occupies the region SX bounded by the lines x = -X/2, y = 0

and the free surface rA = {x+ilAX(x) : x E (-X/2,X/2)}. Since the flow is

supposed to be incompressible and irrotational, there exists a complex potential

= + ip, which is related to the velocity (u(z),v(z)) of the flow at a

point z E SA by the expression

u(z) - iv(z) - =z ' = ( (.i)
dz xy y x

Since the flow is symmetric about x = 0, w must satisfy the relationship

dz = dI (-z) (1.2)
dz dz

whence

x (z )  X - (-z) ,(1.3)

and

p(z) = iP(-z) . (1.4)

In particular 'x  is zero on the imaginary axis and so, by periodicity,

'x (z) = -y (z) = 0 if Real z = +X/2 (1.5)

Let C = {z(t) : t c [0,1]} be any simple curve in SX joining two points

'A/2 + iy. Then

f u(z) + iv(z)dz = w(-X/2+iy) - w(X/2+iy)
C

= (-X/2+iy) - f(X/2+iy)

by (1.4),

-4-
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= -(IX/2) (-X/2)

by (1.5). Thus, for a given periodic flow,

1 f u(z) + iv(z)dz = -(p(A/2) - 4(-X/2))/A (1.6)
XC

is called the mean velocity and is denoted by -c. (If the flow is considered in

a frame of reference relative to which the mean velocity is zero, then c is the

phase speed of the wave.) Since the bottom (y = 0) and the free surface rl

are streamlines, the stream-function i must be constant on both, and without

loss of generality we may suppose that

(z) =0 if z E . (1.7)

Since h is the mean depth of the flow,

(z)= -Q, if Imag z = 0 , (1.8)

where

Q=ch (1.9)

(Note that for a given flow the mean depth is not to be confused with an integral

average of the height of the free surface. It is defined by (1.9) once the flux

Q of the flow is known. By definition 0 is the value of on the bottom

when Q has been normalized so that y = 0 on the free surface.) Finally,

since T is a free streamline, the pressure is a constant there, and Bernoulli's

qtheorem then implies that

1 IV (z)122-V? , + g Imag z constant 11.10)

for all z , F, where g is the acceleration due to qravity.

The existence question for this type of periodic flow is first one of find-

irv{ the rc4ion S occupied by one wavelenqth of the flow, and then one of find-

inq $ and + such that a periodic flow of wavelenqth A and mean depth h

-6-



occupies S It must be shown that and satisfies all the conditions

(1.1) - (1.5), (1.7), (1.8) and (1.10) in S where Q is given by (1.9) and

c is given by (1.6).

(b) Solitary waves on a flow of asymptotic depth h. By a steady solitary

wave is meant a symmetric two-dimensional flow whose free surface is in the form

of a single symmetric wave of elevation, whose extent is infinite, and which is

asymptotic to a finite height at ±- (see Figure 2). The flow at ±- is

supposed to be approximately uniform horizontal flow from right to left in the

channel. The boundary-value problem posed by this situation is first to find the

flow domain S bounded by the line y = 0 and a curve r = {x+iH(x) : x E IR}

where the even function H is decreasing, and

lim 11(x) = h (1.11)I:I IxI

and then to find a complex potential w satisfying all the boundary conditions,

which in this case take the following form. The relationship between the complex

potential and the velocity field is given by (1.1), and since the flow is sym-

metrical (1.2) must also be satisfied. Since the flow is supposed approximately

uniform and horizontal at points of S far from the crest, there results that

lim u(z) - iv(z) = lim _z (z) = -c (1.12)lzl- I z I )Wd
zrS zCS

where -c is the asymptotic velocity of the steady flow. (In a frame of

reference relative to which t he asymptotic speed is zero, c is the phase speed

of the wave.) Since F and the bottom are both streamlines, we may suppose that

0 on F (1.13)

and

= -ch if Imag z = 0 (1.14)

-7-
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qc

h h

Y=-ch 0

Figure 2. The region occupied by a steady solitary wave, of asymptotic

velocity c (from right to left) and asymptotic height h.

The boundary condition (1.13) is a normalization, as before, and (1.14) follows

from (1.11) because the stream function is a constant on the bottom, and by

(1.12), lim 4y (z) - c. Finally, since F is a free streamline, Bernoulli's

lzl-
ZES

theorem requires that (1.10) must hold on F.

If, by analogy with the periodic case, the mean velocity of a solitary wave

X/2+iy
is calculated using the formula lim f (u(z)+iv(z))dz, for any y E (0,h),

X- -X/2+iy

then it follows from (1.12) that this value coincides with the asymptotic

velocity. Since the flux of the solitary wave is ch, it follows that the mean

depth, and the asymptotic depth coincide.

It is appropriate at this stage to mention one further parameter associated

with a flow, solitary or periodic. In either case q is used to denote the
C/

velocity of the steady flow at the crest of a wave.

As is well-known both the free boundary-value problems described above can

be reformulated as nonlinear integral equations [15], [16]. In section 1.4 this

: -8-



formulation is discussed in detail, but before we can do that we need to intro-

duce some conformal mappings. The approach of the next two sections is suggested

by the remarks in the appendix of [8].

1.3. Preliminary mapping theorems

A treatment of Jacobi's elliptic functions which is adequate for our purposes

is given in [5]. Throughout the section and in all of the sequel, h is an

arbitrary, but fixed, positive real number.

For k E (0,1), sn(',k) denotes the odd Jacobi elliptic function of modulus

k with primative periods 4K and 2iK' and simple poles with residues 1/k or

-1/k at points congruent to iK' or to 2K + iK' (mod 4K, 2iK') respectively.

The primative periods are given in terms of k by the formulae

11 1
K = a i - x 2  2 (1 - k2 x 2 ) 2 dx , (1.15)

0

and
1 1K'=1 -- 2 --2(11-

K' =f (l-x 2 ) 2(- (1-k 2)x 2 ) 2dx (1.16)
0

Clearly K and K' are monotone functions of k E (0,1), K IT and K'
2

as k 0, while K t - and K' + - as k + 1.
2

For any X > 0 let k be the modulus of the unique function sn(-,k

such that

K (1.17)
h K '

where K and K,' are defined in terms of k by (1.15), (1.16). Since h

is fixed, kV, KX and K,' are monotone functions of A and

2K1

A 4h

-9-



as ' k . For convenience with notation we will use s to denote the elliDtic

function sn(',k,) for all A , 0, and s- to denote the analytic function

tanh which is the pointwise limit of sA as A [5; page 414, ex. 1].

It is well known [5; page 414, ex. 41 that the mappinq p from the complex

p-plane into the complex i-plane defined by

2pA() = -k s (2Kl ( + ih)/A))

s a conformal mapping of the region RA = {X = X+iq : -X/2 < X < A/2, -h < n < 0}

isonto the region V' = {<= re :0 < r < 1, -Tr < s < 7r}, which maps the boundary

portion F' = { R € R = X+iO, X E [-X/2,X/2)} onto the set { = is

-7 < s < 7}. Let pl [-A/2,X/2) (-7,7] be defined as follows:

Px(X) = s, for X c [-X/2,X/2)

if and only if s E (-7,7] and

P(X+iO) 
= eis

Another, more convenient way of saying this is that for X c [-X/2,X/2),

p, (A) s if and only if s ( (-T/2,n/2] and

s s 112 s
cos - + i sin -ik 2s (2K (X+ih)/A)

2 2 A A X

A(A+k )S (2K1X/A)+icA(2KXX/A)dA(2KXX/X)j. .. .2 (1.19)

l+k s (2K X/A)

where cl and d denote the even Jacobi elliptic functions cn(.,k ) and

dn(,k ) . (Algebraic identities and rules for differentiating the functions cA,

d and s and given in [5; page 324]. The expression (1.19) follows from the

relation (1.17) and [5; page 396, . 3].) Let q ' * RA denote the inverse

-10-



of PV' and let q, (-7,T] [-A/2,X/2) denote the inverse of pA" From

equation (1.19) it follows that

Si.s (1+kX )s sX (2KqX (s)/A)
sin - = -

2 +ks 2 (2K q(s)/)

which, upon differentiating with respect to s and using (1.19) along with the

identitites in [5; page 384] yields

1 2KX(l+kX) fl-kXs (2Klq,(s)/X) s
COS cos = 2 §--- 2- - COS q' (s) (1.20)+ksX ( 2K % (s) /X)f

But, by the algebraic identities relating sA, c and d there results that

2
2 22 22(1-k s ) = c d + (1-k ) sA

and so (1.19) and (1.20) together yield the following expression for q.1

s (l-k 
2  

2 -1/2

q,(s) = -(A/ 4 K(1+k.))[LCOSs ,+ (1 -k2sin 2 S)- 1/2 (1.21)

For convenience with notation we define the following expressions:

1cos 2 s + _ sn2s]
; fl(S) = IC 2+ l+k- sn

+(1.22)

f(s) =-sec 2

for all s r (-1,r), and

A = A/2KX (+k ) (1.23)

Recall from (1.18) that

A -2h/7 as AX+w (1.24)

ii -11-
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Since the only zeros of dp,/dC occur at C - -ih and .A/2 - ih

the real and imaginary parts of Xl satisfy the Cauchy-Riemann conditions on
it

the boundary portion {e : -7 < t < 7} of aV'. Hence

-(Imag I (Real q=-q;(s)
ar l is = - is e e

= Afl (s) , (1.25)

for all s c (-r,ir).

Before finishing this discussion of conformal mappings we note that, in

the limiting case when X , a mapping which takes the region

R = {X + in : X e (- , ) -h < n < 0} conformally onto D', and the boundary

Cis

portion F = {X + iO X E (-oo)} onto le : -7 < s < 7}, is given by

p) = -tanh 2 (T(i + ih)/4h)

= -s2(T(C + ih)/4h)

If the inverse of p is denoted by q, then it follows just as before that

i a(Imag q-(Real q) i
e e

h s 2h
sec - = - f(s) (1.26)

If v [-T,] - IR is continuous, odd, period.c, and v(-) = ), then

there exists a unique harmonic function u on the init disc 9 = 1

which satisfies the Neumann boundary condition 3u"rl is= v(s), s
7e

and the normalization condition f u(eis)ds = 0. It is easy to see that for
-T

all s (-TT]

u(ei ) = f G(s,t)v(t)dt

where

-12-



G(s,t) =1 sin ks sin kt
iik k

1 knsin((s+t)/2) (1.27)
2 Tir isin((s-t)/2)1

for all (s,t) E (-7,7r] X(-rT] s i t' and u is zero on the real axis.

The next theorem concerns the change of variables which enables the con-

vergence result of section 2.3 to be deduced from the work of [1].

THEOREM 1.1. Let V :[-X/2,X/2) -~ ]R be a continuous, odd function which

is positive on (0,A/2), and such that V(-X/2) = 0. Then putting v(s)=

-Vq s),for all s E (irjdefines a continuous, odd function which is

positive on (0,ir), and v(7T) =0.

Moreover, if A is given by (1.23) , then

TT

u(s) = AJ 7 G(s,t)v(t)f X(t)dt (1.28)

for all s E [-rr],if and only if

u(s) = -tJ(q X(s))

where

X/2 1 s X (2K X(_+___/X

U(x) = k-9n V(E)de .(1.29)

-A/2X X

Furthermore there exists a function Ci harmonic on R Xwhich is such that

tJ(X+i0) =U(X), for x E [-X/2,X/2)

a6 O V(X) for x E -/2X2

and U=0 on 3R /{Imag =0}.

Proof. It follows from (1.19) and from the formula for the elliptic functionl

of a sum that, under the change of variables

13-



= q,(s) and E = (t), s,t C (-7riT]

the kernel

1 s ( 2 KA (X+c)/X)

2 T s\ (2KX (X-E)/:)

becomes

1 kn sin((s+t)/2)
2 T sin((s-t)/2)

Since q(s) = -Af (s) on (-rr,rl], the result from the first part of the

theorem is immediate.

Because v is continuous and odd on (-7,7] and v(7) = 0, it follows

that there exists a function u, harmonic on D and such that

lit =Af (t)v(t)it Xi

and

u(eit) = u(t)

for all t c (-ir,rr]. Therefore if U is defined by

j() = ,

for all C E RX, then, because of (1.25), the conclusion of the theorem holds.

q.e.d.

LEM4A 1.2. For all Xc c [-X/2,X/2] x [-X/2,X/2], X c,

1 s A (2K X (X+2)/)M 1 2k(k) (2cX in
2Zn s-2K(XE)/) - k- tanh( )sin )sin(-2 T X ( 2 X ( X E T k = l

Proof. This follows by a simple calculation from the expansion for

sn(u,k) 7; page 912(20)1:

Sn sn(u,k) = 2.n 2K + Zn sin lu- 4 1 q s in 2 kU
712K kk1q k 2Kk1l l+q

where q =e-qK'/K

q.e.d.
ii -14-



THEOREM 1.3. The solutions of the linear characteristic value problem

7T

u(s) = f f G(s,t)f (t)u(t)dt

consists precisely of the set of characteristic values { - coth(-)}c
s a k=l

with corresponding set of eigenfunctions in 2ik %(S) " In particular, the

6AiT 2ih 6
*: smallest characteristic value is --- coth(I) - as X - .

Proof. From Lemma 1.2 it follows that the set of characteristic values

of the operator defined by the right-hand-side of (1.29) comprise the set

. - coth( )} , and the corresponding eigenvectors are fsin(27kX/X)}k=1AA k=1l~l

The result is then an immediate consequence of Theorem 1.1, and the fact that

A - 2h/7 as X - (see (1.24)).

q.e.d.

1.4. On integral equations for water-waves

The -urpose of this section is to show the equivalence of two nonlinear

integral equations, each of which is a formulation of the periodic water-wave

problem when the mean depth and the wavelength are given. Theorem 1.4 is a

statement of this equivalence, while in Theorem 1.5 a precise description of the

wave which corresponds to a solution of equation (1.31) is given. Theorem 1.6,

which is taken without proof from [1], is a statement of the corresponding result

for solitary waves.

Let h be fixed, as in the previous section, and let X be any positive

real number.

THEOREM 1.4(a). If 0 : [-A/2,A/2) - P is continuous, odd, and

0 (X) < 7/2 on (O,X/2), and if for all s c [-iT71]

6(s) =-O(q (s)) ,(1.30)

-15-I ___________________________ ____________________



then f-7,7 - PR is continuous, odd, and 0 < e(s) < r/2 on 10,r].

Moreover, for some p > 0, 6 satisfies the equation

sin((s+t)/2) fl (t)sin 0(t)

6(s) 6 f_1 n sin((s-t)/2) + t (w)sin dt (1.31)

for all s E (-T,1], if and only if 0 satisfies the equation

0 W/2 1 nA( 2KX(X+E)/) sin 0(c) dc (1.32)

-X/2 X A/ + 0sin (w)dw
0

for all X e [-X/2,X/2]. Here A is given by (1.23).

(b) If 0 is as in (a) and satisfies (1.32) then there exists a harmonic

function on R x which coincides with 0 on the boundary portion r, and

which is zero on 3RX\r . If 0 is used to denote this harmonic function on

R,, then

a®1  1 sin 0(x)
DE)~i si 3 A) (1.33)3nX+iO -3 A + fXsin 0(w)dw

0

for all X + iO e F.

Proof. This result is immediate from Theorem 1.1 and equation (1.25).

q.e.d.

In order to use the methods of [li to prove that connected sets of periodic

waves converge to solitary waves in the long-wave limit it is necessary to be

explicit about the waves to which solutions of (1.31) correspond.

THEOREM 1.5. Suppose that 6 is an odd, continuous function on [-1,7]

with 0 < 6(s) < 7 on (0,Tr) and e(7) = o, which satisfies the integral equa-

tion (1.31) on [-7,Tir] for some > 0. Then 6 is analytic on (-r,*T) and

satisfies 0 < 6(s) < 7/2 on (0,7). Moreover there exists a solution of the

-16-



periodic water-wave problem of period X on a flow of mean depth h. The mean

velocity of the flow is given by

3
f (t) cos (t) 2

c = 13g A l3dt) (1.34)
0 4 + ff (w) sin O(w)dw}i/

from which the flux Q and the velocity at the crest qc may be calculated as

follows:

Q = ch (1.35)

and
1/3

qc = (3) (1.36)

The free surface rA is then given by {(x,H(x)) : x E (-X/2,X/2)

where

HW -H(0) 22 I / 3 fal(x) ft sin 6(t)
H(x) - H(O) = (c~)23g ( + f wtf ) s i n O(w)dw)i/3 at (1.37)

0

and

2A2 I / 3  s f t)cos e(t)
cz(s) = - dt (1.38)

Prof.gThe0 ( )+ ftf(w sin (w) dw)l/ 3

Proof. The method of proof of Theorem 2.2 (ii), (iii) applies to any

solution of (1.31), and not just to those in C. Hence the analyticity of e
and the a priori bound of 7/2 for 6 follow immediately.

Let 0 be the function which is harmonic in R mentioned in Theorem

1.4(b), and let T denote the unique function which is harmonic in R and

conjugate to 0 (that is, T - i6 is analytic in R ) such that

1f exp(T(X - ih)dX = 1 (1.39)
-X/2

-17-
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By Lewy's theorem [13] T - i0 is an analytic function on R , and we can

use it to define an analytic function m on R by putting

¢A

M = f exp(T(C') - ib(C'))d4' (1.40)
-ih

If m(4l) = m(4 ) for ¢i' C2 R,' then

2

f exp(T(4'))cos 0(4')d4' = 0

which is false (unless = 
) since, by the maximum principle, 7o < 7/2

in R Since M'(C) 0 in R,, it follows that m maps RA conformally

onto a region S in the z-plane, and is invertable. The function T is

even in X since 6 is odd in X, and, because 0 = 0 on R \F, it

follows that S is the region bounded by the line y = 0, x = ±X/2 and the
A

curve M r(F'). It is clear that, for some function HA,

r {x + iH (x) : x E (-A/2,A/2)} and HI(x) = -tan 0(m-(x + iHX(x))).

Since m is invertible, a complex potential + = - i can be defined

on S by putting

f(z) + i,(z) = w(z) cm-1(z) (1.41)

where c is given by (1.34). It remains to show that for this choice of ¢,

Sand c, all of the boundary conditions (1.1) - (1.10) are satisfied in S A

The velocity field (uv) generated in S by the complex potential w- is

given by

dw
u(Z) - v(z) = -I

= -c exp(-T(m (z)))(cos O(m (z)) + i sin O(m (z))) , (1.42)

-1-
whence - Wm(z)) is the angle which the negative velocity vector makes with
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the x-axis, and c exp(-fifi (z))) is the speed of the flow at Z E S.

Moreover, the mean velocity along the bottom is

A/2 -
yf -c exp(-T(m (z)))dz
-A/2

A /2

f -c C -c(1.43)

Let T [-X/2,X/2] 3R P denote the restriction of Tto r;. Then,

since 0 =0 on DRA\r;, it follows, by Cauchy's Theorem and (1.39), that

X/2 X/2

f exp(T(X))cos O(X)dX f exp(T(X -ih))dX X (1.44)
-A/2 -A/2

However, from (1.33) and the Cauchy-Riemann equations,

1X
T(X) =T(O) - - kn(l + (P/A)f sin 0(w)dw) (1.45)

3.0

for all X E[-A/2,X/2]. Substituting this expression for T into (1.44) gives

1fA/2 CsO
exp(-T(0)) = o ()dX

XA/2 (1 + (-/A)fXsin 0)(w)dw) 1 1

0

17T Af (tWcos 6(t)

f 3 dt
+ ( P f i ff (w)sin e(w)dw) 1/3

(3gA 1/3(1.46)
uc

by (1.34), whence

33 3g Ac
q = c exp(-3T(0)) P

~- u m -19-



It is clear that S and the flow generated by the choice of velocity

potential given in (1.41) satisfies (1.1) - (1.5), and that the mean velocity

of the flow is -c, where c is calculated from (1.34). Since m (z) = -ih

--1
for z on the bottom of SA, and m (z) is real on F', it follows that

-ch on the bottom and p 0 on the top. Thus (1.7) - (1.9) are satisfied.

Provided that the free surface condition given by (1.10) can be verified, it has

been shown that solutions of the integral equation (1.31) correspond to solutions

of the free boundary-value problem for waves of wavelength A on a flow of mean

depth h, the mean velocity being given by (1.34). Now, for all X € [-X/2,X/2],

d- [2 c exp(-2T(X)) + g Imag m(X +iO)]
d)( 2

2

= -c exp(-2T(X))T'(X) - g exp(T(X))sin O(X)

= exp(T(X)){-c 2 exp(-3T(X)T'(X) - g sin 0(X)}

=0

by (1.45), (1.46). Hence, since exp(-T(m -(z))) is the speed of the flow at

any point z E SI' the boundary condition (1.10) is satisfied on rI.

Finally, to calculate the wave profile we proceed as follows. At a point

x + iy E , the free surface is given by

y=HI(x) ,

and H'(x) = -tan O(m (x + iH (x))). Hence

x
i W- H (0) f Hw)dw

0

&- (x)

- -f tan 0(X)cos 0(X)exp(T(X))dX
0

-20-



1/3 --1
- 1 P 2 \ a Ws i n O W(d /

= 3gAI f /3d
0 (1 + (0/A) f 'sin 0(w)dw)1/d

0

where ot (-X/2,A/2) - JR is given by

cz(X) = Real rn(X +iO)

2 1/3 X-- ,A f C1/3x' ×
0 (1 + (W/A) sin ®(w)dw)I/3

0

Hence

2e / Cx) f (t) sin e(t)
H(x)- H )0 ( + ff (w) sin (w) dw)i 3 dt

P 0

where

-- 1a x) = ( o q x) = pA(x-lx))

and so

PCICos 0 (X')
a*.s) =a q() (S)1/ = ~ s (1+ cs (' dX'

0 (i + ()fX sin 0(w)dw)l/3

0

A2c2 \i/3 s f t) cos 0(t)

=-\ 3q f for1/ d0 C f ftf (sin e(w)dw)/ dt

This completes the proof of the theorem.

a.e.d.

THEOREM 1.6. Suppose that 6 is an odd, continuous function on [-7,7)

with 0 < 0(s) < 1/2 on (0,r) and e(7) = o, which satisfies the integral

equation

1 1 sin((s+t)/2) f(t)sin e(t)
-6s f - n -()/ dt ,(.7

Tr Tr . ,s-t,,2, i_+ ft f(w) sin e(w)dw

-21-



1 t
for all s [--T where and f(t) = I sec - for t -

2 2 -

Then Of L (-7T,), ) is analytic on (-' ,) and 0 < O(s) < ,/2 on (0,7).

Moreover, if h and c are an' .,ositivu real numbers which satisfy

(- + f(w)sin 'j(w)dw) = 1i 2
Tc 0

then there exists a steady solitary wave flow whose mean velocity and asymntotic

height (see section 1.2) are -c and h respectively. The velocity a of-- -c -

the flow at the wave crest may be calculated from the expression

3
Ta
c

6ghc o

Mo.reover the solitary wave profile .' is given by { (x,H(x)) x .1R where

1/3 -1
h(36cN L x) f(t) sin 0(t)

H(x) - H(0) - 36 - (i ft)sin (w) dt (1.48)
3 !r q2h) (1 + ftf(w)sin e(w)dw) 1 /3

0

and

.., A,/3 S f(t) cos_0(t)

a(s) - I It (1.49)3 \ ghI "o (0 + ff N sin ()d) 1/3

Proof. While this theorem is formally the limiting case of Theorem 1.5

as , ', it needs a separate proof. This may be done by modifyinq the method

of proof of Theorem 1.5, using the mapping p from R onto V introduced

in section 1.3. The function I- is then required to be in L(..., ), odd,

positive on (0,-) , and to satisfy

1 f 1 9n tanh(IT(X+E)/4h) sin . dE

6 _ n tanh(R(x-Ej)/4h) L- (w) dw

an .--juation which may be obtained from equation (1.47) by puttinq

-22-
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s t t
- nSec + tan) and c = kn(sec -- + tan -), s,t (-T, 7). An alterna-

2 2' 2 2

tive proof is to be found in [1; Theorems 1.1, 4.1 and 4.3]. (The function 0 in

[1; Theorem 1.1] differs from that which arises in the method suggested by the

proof of Theorem 1.5 by a change of sign.)

For the sake of giving a complete description of Nekrasov's integral equa-

tions we include, in the Appendix, the equation for periodic waves on a flow

which is infinitely deep. The derivation there is slightly different from

those al::ndy in the literature, and emphasizes the dependence of the flow

parameters on a given solution of the equation. It is shown how this equation

can be written in an alternative form which involves the conjugate operator

from the L 2-theory of Fourier series. While a similar formulation might be

adopted for the periodic problem on a flow of finite depth (see [101), we avoid

this approach because the normalization requirement ([10]; p. 1002, (1.19))

means that when the depth is finite the conjugate operator is nonlinear. In

any case (1.31) and (1.32) are preferred, since the dependence of the integrand

on e and 0 is given explicitly.

-23-
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2. THE GLOBAL THEORY

2.1. Background

The first proof of the existence of large amplitude, periodic water-waves

is due to Krasovskii [10], and is based on an application of the monotone

minorant theorem [9] to a particular version of Nekrasov's integral ec-uation.

Among his results on the existence of periodic water-waves in a channel with a

wave-like bottom is included the special case when the bottom is flat. In this

case the conclusion is that, for each positive h and X, and for each

E (0,7/6), there exists a wave of wavelength X, on a flow whose mean depth

is h, which is such that the maximum angle of inclination of the free surface

to the horizontal is 3 and the mean velocity of all such waves is bounded

away from zero and infinity. Though this result is highly suggestive it does

not amount to a global bifurcation theorem since neither the question of bifur-

cation, nor the question cf the existence of a connected set of solutions is

considered. The first result of this kind is due to Keady and Norbury [8], who

regard Nekrassov's integral equation as an example in the general theory of

global bifurcation [6], [7], [22]. Their result is the following: if L and

Q are fixed, positive real numbers, then there exists a connected set of

Leriodic water-waves which bifurcates from the set of horizontal, uniform flows,

and each of which is of flux Q, and eich of which has wavelength 2L with

respect to the velo-ity potential. This set contains a wave whose velocity at
gL 1/3

the crest is q for any value of q in the interval (0, (- tanh(L-2))

Since the mathematical theory of steady water-waves still lacks any global

uniqueness result, it is not possible to assert that the solutions obtained by

Vrasovskii's method are included in the connected set which Keady and Norbury

obtain. (In principle, Krasovskii's method may yield solutions lying off the

bifurcating set, is such exist.) Nevertheless it can be shown [21] (independentl:

-24-
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of the work of Krasovskii), that this bifurcating set contains waves with

maximum angle of inclination to the horizontal B, for all values of B in

the interval (O,7/6). Indeed, it has been shown by McLeod [14] that this

connected set of water waves contains a wave whose maximum angle of inclination

to the horizontal is B, for all B E (0,7/6 + E) for some e > 0.

In the next section we shall summarize the global bifurcation theory for

periodic water-waves of spatial wavelength X on a flow of mean depth h.

Because of our declared intention to deduce from these results the correspond-

ing theorems for solitary waves on a flow of mean depth h, we state theorems

about the periodic problem in terms of the integral equation (1.31) rather than

the equivalent equation (1.32).

2.2. The bifurcation of periodic waves of wavelength X on a flow of mean

depth h

Throughout this section we consider waves of wavelength A on a flow of

fixed mean depth h. Accordingly, we are interested in solutions (P,8) of

(1.31) with P > 0 and 0 < 6(s) < n/2 on (0,7). Since all solutions of

(1.31) are odd, it suffices instead to consider the eigenvalue problem

2 IT fX(t)sin 8(t)
8(s) = f G(st) dt (2.1)

0 1 + ftfX(w) sin 8(w)dw

0

where the kernel G is defined in (1.27). Let C [0,7] denote the Banach

space of continuous functions on [0,7] which vanish at 0 and 7, and let

K0 denote the closed, reproducing cone of non-negative functions in C0 10,,].

For any [a,b] c [0,1], C[a,b] denotes the usual Banach space of continuous

functions on [a,b], with the supremum norm. Since G is non-negative almost

everywhere on [0,71] x [0,] and is the kernel of a compact, linear Hammerstein

-25-
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operator on C0 (0,,j, it follows that this linear operator leaves K0  in-

variant. The linearization of (2.1) about 0 = 0 is given by

6(s) = - f G(s,t)f (t)O(t)dt , (2.2)
0

and from Lemma 1.3 it follows that the characteristic value with smallest

absolute value is 6.'6T- coth(2ih/) 4 6/ as A - , the corresponding

eigenvector being sin(27qX(s)/X). Before the global bifurcation may be stated,

* on further observation is necessary.

LEU.IA 2.1. Let ,. 0, and let 6 < K be such that, for all s E [0,7],0

f ,f (t) sin(J86(t))

a(s) = 2 f G(s,t) A dt , (2.3)
0 1 + ftf (w)sin(JO(w))dw

0

where

Jx = (sgn x)min{lxIrlT, for all x c F.

Then (i) 0 < 6(s) < 7 on (0,7), and

(ii) P > 6AMA coth(2Trh/A).

Proof. The proof of this result is an easy consequence of the maximum

principle, and is proved by the method used to establish [1; Theorem 3.3(a), (c)].

"o modifications are required.

q.e.d.

The next result is a summary of the global existence theory for solutions

of erjuation (1.31). Throughout the discussion, the mean depth is fixed. Let

S = (;,) (0,') x K0  : (u,O) satisfies (1.31) and e $ 01 {( ',0)1 where

= £7'-icoth(27Th/).

THEOREIM 2.2. ([8], [101, [13], [14] , [211) Let C denote the maximal

-ornnected subset of S. in FR x C [0, T] which contains (PA 0 ). Then
--0
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(i) C INis closed and unbounded;

(ii) if (Li,e) ,C A\{(jj 0)), then w' > a, nd 0 < 6(s) < 7T/2 on

(0,r) ,whence {p :(01,0) r A =[J~~

(iii) 6 is a real analytic function on [0,rr].

(iv) For each A, 6 > 0, there exists a constant a such that

0(s) > XA6 sin s (2.4)

if 0, > VA+ 6, ani Cv,0) E CA

(V) If (0j,0) E CA, then the mean velocity of the wave, c~p,O), is

given by the formula (1.34). For each A > 0, there exists a closed interval

(aA,bA c (0,7) such that

{c~l,e) : (p.,e) E C }c [a,,b

and

U [aAb]= (0,M]

X> 0

for some M > 0.

Let the velocity of the corresponding flow a t the wave crest, calculated

from (1.36), be denoted by, q iNi, e) , 01~, 0) E Cx

(vi) if {(Ip ,)}c C, and p - - as n - ,then q (0 e 0,
__ n n An cnn

and there exists a subsequence {8 I of {0 }such that e -6 uni-
n(k) - n n(k)

formly on [6,ifl for each 6 > 0, where 0 is a non-trivial solution of the

equation

2 7T f INtWsin e(t)
0(s) f -JG(s,t) dt .(2.5)30 f tf Min O(w)dw

Furthermore lim O(s) =a > 0 and the following dichotomy holds: either

Jim 0(s) =T116, or

-27-L



lim O(s) < n/6 < lim 0(s)
s-0+ s-0+

The periodic wave corresponding to a solution of (2.5) has a stagnation point at

its crest (i.e. q= 0).

(vii) Let L(p ,O )} c C be such that Wn -* " Since (p ,6n) satisfies

equation (1.31), for each n, it follows that the function 6 defined on

[0,w n I
8 0(x) =0e (x/p nn n n

satisfies the equation

1 T f (y/pn)sin 0 (y)
0 (x) = 2; G(X/pn y/ ) n n dy

fXf (w/pn) sin 0 (w) dw
n n

0

for all x 6 [0,W T].

Moreover, as n . {6 } converges uniformly on compact subsets of (0,-)n

* to a function 6 whirh satisfies the boundary-layer equation

* 2 f 1 9 -I+y 2 sin (y)

3 0 T n 1 fysin 6 (w)dw

0

Since sup 0 (x) > /6, it follows that there exists an c > 0 such that,
xE (0,)

for all n sufficiently large, 6n0C0[0,7] > , /6 + E. Hence for each

c [0,n/6 + £] there exists a periodic water wave of any specified mean

depth and wavelength, the free surface of which subtends a maximum angle to

the horizontal of .

-28-



Proof. (i) The proof of this is a simple application of [6; Theorem 2]

to equation (2.3), once the a priori bound of Lemma 2.1 has been noted (see

[8; Lemma 4.1] for a similar treatment of equation (3.2)).

(ii) That P > P follows after multiplying equation (2.1) by the

eigenfunction of the linear equation (2.2), which corresponds to the character-

istic value p,, and integrating over (0,rr).

A slight modification of [1; Theorem 3.3(d)] yields that O(s) < 7/2 on

(0,7). In this case the crucial observation is that the function P defined

on D' by putting

P(C exp(-2 ()) - Y(C)
2

is a super-harmonic function on D' which attains its minimum at every point

of the boundary portion {eit : t E (-7,7f) Here p and Y are defined as

follows. If (P,6) E CV then suppose that

A'O

a k sin ks
k=l

and put
t

P(t) = - 1 Ln(- + e f sin 8(w)dw)
3 0 s0

for tE [-7,r]. If ao f p (t)dt, it follows that
o 2Tr -l

it k iktW(re i )= ao + L akrk e
k=l

r c [0,1), t E (-i,r) defines an analytic function on D'. Then put

l)= Real w(O)

and

Y(M) = Imag 1 exp(w(C))qX
0
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for E D ' where is the inverse of the conformal mapping pl intro-

duced in section 1.2 (and prime denotes differentiation).

(iii) That 6 is analytic on [0,1] is a consequence of Lewy's

theorem [13].

(iv) If this result is false, then for some 6 > 0 and for each

n there exists ( nn) C A n [C A + 6,) x Ko, and Sn E (0,7) such that

-i
6 (s) < n sin s . Now for each closed interval [a,b] c (0,7), there
n n

exists 6([a,b]) > 0 such that if t c [a,b],

G(s,t) > 6 sin s

for all s E [0,7] (see [1; Theorem 2.5(f)]). Hence for each ta,b] c (0,7)

-l sns 6 2fljt) sin e (t)

n sin s > e (s) = 7 G(s ,t) n dtn -n n 3 n i_ /f 6w i (w)dw
n' + ftf Mn s0n M

b f (tlsin. 0n W

26 X n
(>ti- t dt sin s

a - + ftff(w) sin 0 (w)dw
An

n 0

Since [a,b] is chosen arbitrarily in (0,7), there results that

f (Wsin 0 W~d
f(t) sin 0n(t)

1+ ftfl Aw sin@ (wMdw

n 0n

almost everywhere in [O,u]. From the a priori bound established in (ii), it

follows that

6 Ct) - 0

n

almost everywhere in [0,7]. However, an integration of (2.1) over (0,)

after multiplication by sin s yields that

-30-



7sd 7T fX(t) sin 6 (t) sin t

0 s3 1 tf()j n (w dt
0 n 3 01 + jf (w)sin 6 (w)dw

~n

n 0

0 en(t)sin t dt
1 0

fow3 c aic + ftTf sin } (w)+dw
n 0

whence {W n is bounded, since 6 n 0 almost everywhere. Because G is

the kernel of a compact linear operator on C 0[0,7], and because 1P n) is

bounded, it follows that 0 converges to 0 in C 0[OW]. But Ct is closed,

from which there follows the contradiction that the sequence 1p n} + 6

converges to p X"

(v) If (0,6) E CX, X > 0, then by (1.23) and (1.34) there results that

Ifo 13/2
I2 T f,(t) cos e(t)

c(p,a) < const. KAI
2 

{7 + ft)cs 6(t) dt

0

Hence, for any M > 0, the set {c(p,e) : (p,6) E CA , A E (0,M]I is bounded

above, or else there exists a sequence (P n' e n CA I A E (0,M] such that
n

TT f (t)cos 6 (t)

f 1 A n / d
S + ftf (w)sin n(w)dw)I/3 dt - 0

n 0 n

as n - '. In the latter case it follows that 6 n 7/2 almost everywhere onn

[0,7I, and this contradicts the fact that (Pn, n) satisfies (2.1) for each

n and for some n (0,M]. Hence the set {c(p,6) (11,e) C CX, A E (0,M])
n

is bounded above. In order to show that an upper bound may be found which is

independent of M we proceed as before by seeking a contradiction. If the

result is false, then c( n ,6 ) for some sequence {(fn , en)}, where

-31-
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(n '0n ) E C and A n . However, a slight modification of the proof of
n

Theorem 2.3 (iv) yields that there must therefore exist a subsequence

{( n(k), n(k))} such that ( 1ii(k),n(k)) - (a,@) c [0,-) x Lo(0,r), and

c(ii n ,) an ( ) §3h ctn Wtn 1112 M'] wh r 1 i

n() n(k) I (a + f f(t) sin [(t)dt)} gh, ' ' i
0

an absolute constant. This is a contradiction.

Finally, to show that, for fixed A, the set {c(p,e) : (p,e) C } is

bounded below by a positive constant it suffices to observe that

t 1/3d-3/2
c(Pe)> const.(f0 + e f sin e(w)) dt)

0 0

> const. (by (iv))

where both constants are independent of (p,6) E C To complete the proof, we

observe that c(,0) = A+tanh(Z7)  0 as A 0.

(vi) Since c(ln ,8n) c [aX,bA], and since aA > 0 it follows

from (1.36) that qc (pnn) e 0 as n - . The asymptotic behaviour of {en

as n is established by a slight modification of the arguments in fl;

section 5], using (iv) to obtain the appropriate estimates. The behaviour of

the limiting function 6 may be analyzed by precisely the method used to

establish fl; Theorem 5.2(d) - (g)].

(vii) This is the main result of [14] reformulated in terms of

the equation (3.1). The proof for equation (3.1) is identical (with certain

obvious modifications), and there is no need to repeat it here. (Since

C is a connected set in R x C 0[0,T1] which contains (Ij,0) and a point

7T T
(N,O) with sup O(s) > - + E, it is immediate that for each c c [0,- + ci]

SE [ 0 , 7

there exists an element (IJ,e) E: C with sup 8(s) = 8.)
sE [0,Tr]

This completes the proof of the theorem.

q.e.d.
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2.3. On the convergence of periodic waves to solitary waves in the long-wave

limit

Throughout this section the mean depth h is fixed. The purpose here is

to show the sense in which the sets C of periodic water-waves converge to a

set C' of solitary waves as the wavelength increases indefinitely. Recall

from section 1.2, that each set C contains exactly one point corresponding

to a uniform horizontal flow of depth h, and that this point (1j,0O) is the

point at which periodic waves of wavelength A and mean depth h bifurcate.

In other words, on a flow of depth h, periodic waves of wavelength X bifur-

cate from the horizontal flow when the mean velocity of the flow is

{(gA/27T)tanh(27rh/A) 9 /2 . Moreover the value of p converges to 6/7, as

Let U be any bounded, open set in JR x C 0[0,7] such that (6/n,0) c U.

Then, for all A sufficiently large, C n DU 4. The next result is the main

rcsult of this paper.

THEOREM 2.3. Suppose {A } c IR , and A n t as n - -, and supposenl n -

that C An DU for each n. If (pe )} c (0,) x K0  is a sequence
n

such that (n ' e) E C n 9U for each n, then the sequence {(in'en)) is
n nn

relatively compact in [6/w,-) x K0. If {(nk,en )} is a subsequence
0' 1 f~ln(k) n(k)

of {Ui ( 0 )1 such that
- n n

(Pn(k)' ' n(k ) - (P, ) E [6/7,-) x K0  , (2.6)

then (i) w > 6/7T, e # 0, and (p,O) E aU;

(ii) (W,O) is a solution of the equation for solitary waves (1.47).

(iii) The sequence {fXn(k 0n (k ) } converges in L1 (0,1) to fO, as

(iv) If c(nk0k) is calculated using A instead of in
- n(k)' n(k) n(k)intaofA n

,xprssirn (1.34), then
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fc + f f(t)sin 6(t)dt) 1l/2
n k) ' n (k) 0

for some absolute constant MI.

(v) For each k, the free surface may be denoted by {(x,l1k(x))
k

X (- ) '2,n /2) where Hk depends on ~) and 6n(k) n(k) kn(k) ' n(k) - n(k)

according to the formulae (1.37), (1.38). As k

H k(x) - Hk (0) - H(x) - H(O)

uniformly on compact intervals, where {(x,H(x)) : x E FR} is the profile of

the solitary wave corresponding to the solution ( ,e) of (1.47). The

function H may be calculated from (ii,e) by the formulae (1.48), (1.49).

A 1:roof of this theorem may be obtained by modifying the arguments of

L; T:eorem 3.81. The following lemmas facilitate this procedure.

.E1MMA 2.4. For any non-negative, bounded function u on [0,1], whose

i: ort has full measure, and for any a > 0,

f, (t) u(t) f (t)u(t)

+ jtf (w) u(w)d -x + ftf V(w) u(w)dw
0 0

f , and f , f are defined by the expression (1.22).

1'r of. Since f, (t) f (t) for all t [0,n] , when > > v, it will
A - V

suffice to show that

t t
f ft) f f (w)u(w)dw > f (t) f f,(w)u(w)dw

0 0

fr all t f 1] . In other wordu it- will suffice to show that
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t
0 < f (f (t)f (w) - f (t)fA(w))u(w)dw

t0/f 
(t) f (w)

f f (t)f (w) () fw)u(w)dw

However, a simple calculation yields that f ,!f,0 is increasing on (,r),

and the proof is complete.

q.e.d.

LEMA 2.5. For each X > 0, let 9 , denote the function defined on [0,n]

by putting

f((S)), s C [0,i-l/](

g X(S) = (2.7)

"0 , otherwise

Then there exists a unique solution (y ,y ) of

(s) = 2 G(s,t)g (t), (t)dt ,
0

with (., ) [0,-) x K 0, a nd J JC 0 [0,7T) = 1. Moreo-ver Y) 6/TT as I

Proof. The proof is similar to that of [i; Theorem 3.2]. Existence and

uniqueness follow immediately from the general theory of u0 -positive linear

operators, and that y X 6/7 follows by exactly the same argument as is used

to show that y 1 6/7 in [1; Theorem 3.2].

o.e.d.

Proof of Theorem 2.3. Because of the obvious similarity between the pro-

blem here, and that of proving [1; Theorem 3.9], we shall limit ourselves to

giving an outline of the proof. The letters (A'), (B'), (C') etc. when used

below refer to those points of the proof of [1; Theorem 3.9] so labelled.
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Since ( pi ,0 en c 3U c JR x C0 [ 0,1 is a bounded sequence, thore exict :

subsequence {(P k)8(k)1 and a correspondinq seuence ~nk

such that

Wn(k) W in I

0 -~k) 0 weakly in L 2(0,) TO(.%

sin 0 - a weakly in L (0,11) ,(2.)

n(k)2

and

Ain JR (2.)(d

as k - .We shall show that the conclusions (i) -(v) of the theorem hold

for this subsequence. For the sake of having a convenient notation, we shall

henceforth use {p},{ ,{ to denote the subsequence for which (2.8)
n n n

V holds.

(i), (ii), (iii) An obvious adaptation of (A') -(D') yields that

0 n- 0 and sin 0 -~ sin 6 in L 2(0,71), as n - ; that e e+ in

C[(0,6] for each 6 E (0,71); and that Cvi,O) E [7T/6,-) x K is a solution of
0

6
(1.47) . The next step is to prove that if 0 = 0, then, P

Now for each n,

(s) f T G~~t) f X n sin 0 n(t) d

n0 +. ftf (w)FiLn e (w)dw
n On

f (t)sin 0 Ct)
11 n
f G(s,t) dt
30 1 -+ ftf~ (wsin 0 (w)dw

n 0 ~

for all n .,by Lemma 2.4 and the fact that n
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deie fy Tr G (st ()sn dt

3 0 + Gfs tf (w)sin 6 (w)dw
n n

where gX is deie y(2.7). Therefore

23 f G(s,t) g W n t dt

6 (s) ' 2A 0 Q2l
3_ 1 J-- ft (w) sin 6 (w)dw

1Wn 0 A. n

for all s , i[0,7b] where

sin 0 (s)

A inf 
nnsin 6 (s)

n, sc -l/A 0 n(s)

Now multiplying this inequality by gl , whose existence is guaranteed by

Lemma 2.5, and integrating gives
7TIfg (t)7 l(t)6 n(t) dt

IT f A W A (ten td

f D n(s) (s) (s)ds .A .0 .

S z n, (wlsin 6 (w)dw

Ljn 0 k. n )

Thus

+ f (w) sin 0 (w)dw > A /
n 0 n - n,Z A

for all n 6. It 1 0 in L (0,r7) as n - -, then since A Z 1
- n * n, £

as n - c for each fixed Q, there results that

-i

l/V = lim I/ n > Y

for each Z. Since -y 4 6/1, as 2 t , it follows that p < 6/7 But

(t,O) is a solution of (l.47)\and so, by [l; Theorem 3.7], p >_ 6/T We have

shown that if ( n (p,0) 'in IR x L2(Oi) , then p = 6/7.
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From this observation, the method of (F') yields that f 6 converges

to fe in L(O, ) , and then the method of ((;') may be used to prove that

6 n e in C0 tO it. T'his completes the Jproof of (i) , (ii) , (iii).n ')

(iv) By (1.23) and (1.34)

2,7q K, (l+k ) X f n ( co -3/2f A ntc s t

C(C) a ) = n -- (I dtj
n n 1 1/3

n k n 0 (- + f (w) sin (w)dwd)
1: A nn (0 n

From (1.24) it follows that

2 3g KA (l+k A
n V 39 -nS n-3 ~(2.10)
A 2h

n

as n - c. Now for any a (0,7),

f (t)cos e (t)
2Af n

n0( - L + (tf (w)sin e (w)dw)
1/3 dt

n 0 n n

f (t)cos 6 (t)aAn

(T- i- + dt +
n + f (w)sin 8 (w)dw)

n 0 xn n

f (t)cos e (t)

nAT- f (1__ tf i 1/3 dt(2.11)

n (A - + ftf (w)sin 0 (w)dw)
n 0 n n

For any E > 0, choose a(E) > 0 such that, for all n sufficiently large

icos 6 n(t) - 11 - for all t , [WO(T) ]. This can be done since 6n - 6

K uniformly on [0,71. Moreover o(c) can be chosen so that0

t 7

+ f f (w)sin 0 (w)dw) 1/3 - (I+ f f(w)sin e(w)dw) 1/31 < E
n 0 n n

- 38-
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for all t 6 [a (E),1T, and for all n sufficiently large. From (2.11) it

follows that

f (t)cos 6 (t)
TTnlim i2 f 1/3 dt

n-+ n 0 + ftf (w)sin 6 (w)dw)
n 0 n

2 T (t)cos n (t)n

im 12_'3 dt
n-*o n x(E) (ii + tf (w) sin 6 dw)'

n 0 nn

fl (t) (l-E)
Slim 12_ 7T n ()10dt

T 1 A /

n n a) (- + f (w) sin 8 (w)dw)l/3
11n 0 xnn

]If (t)

< 1 im /3 dt (2.12)
n- n ( +

0

However, by (1.24) and (1.25),

2 T2 7
lim f f (t)dt = lim - f (t) dt = (2.13)
n- n a(E) n n x n n

and

lim (1- + f f (w)sin 0 (w)dw)1/3

n-+
°  

n 0 n

1/
(1 + f f(w) sin 0(w)dw)1/3 (2.14)
W 0

Collecting (P.IM - (2.14), we find that

- 3/2 1

TW3g (2h 3 / 1(/3 3/

2h g [ ( + f f(w)sin O(w)dw)I- ]
2h 11 0

lir c(W , )

n n n

-39-



< /g 2)33/2 /21 1/2

-2h (-E) (I + f f(w) sin O(w)dw)
2hi 0

and since E is arbitrary

lim c(W , ) = h (1 + f f(w)sin Q(w)dw) 1/2
n n 71 0n

That this last quantity lies in an interval [1,M'] has been established in

[1; Theorem 3.91.

(v) An analogous calculation to that just given yields (v).

q.e.d.

COROLLARY 2.6. The statement of this corollary is given in section 1.1.

Proof. By Theorem 2.2, there exists (p ,ne ) E C such that
n

leiC0[ ] = B, for any $ E [0,7r/6). The result will follow by the method

used in the proof of Theorem 2.3, once it is established that the sequence

{I } is bounded. However
n

nff (t)sin 8 (t)

2 n
> s f 7- G(s,t) 1 dt
30+ ftf (w)sin e (w)dw

X. n

n 0 n

f0 (t) sin (t)
X n2 ~ m d

) -- +J ftf (w) sin en(w)dw
sn 0 m

if n > m, by Lemma 2.4. Without loss of generality suppose that n -

Then, as in the proof of Theorem 2.2(iv) it can be shown that there exists

>0 such that S (s) > 8 sin s, for all s E [0,T]. But this estimate is
n

enouqh to guarantee (by a routine adaptation of the methods of [1]) that a

subsequence {0n k) Of {Sn } converges in C[6,n] for each > 0 to a

solution 0 of the equation
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2) Gf(t) sin 8(t)6(s) = f G(s,t). dt

0 ftf(w) sin 8(w)dw

0

However, we know from [1; Theorem 5.21 that for such a function 8,

lim 6(s) > Tr/6. This contradicts the fact that a C0[0,T] = 6"
s0+ 0

a.e.d.

Finally, we have the following result. Let S = {(i,8) (0,-) x K0

(W,8) solves (1.47) and 8 0}. For all (,8) c S, the product fe L (0,7)

([l; Theorem 4.1]). Let S' = {(P,8) E S : (P,8,fe) is the limit, as -,

in I C [0,Tr] x L (0,ir) of a sequence (j.,,fAOe) where (,) e

THEOREM 2.7. If C' is the maximal connected subset of S' which con-

tains (6/Tr,O), then C' is closed, unbounded, and has all the properties

attributed to C in [1; Theorem 3.9]. Clearly C' c C.

Proof. This is immediate, since it has been shown that the boundary 3U

of every bounded, open set U c JR x C (O,) which contains (6/n,O), con-

tains a point of C'. Since the set S' is obviously a closed subset of S,

and it has the property that bounded subsets of it are relatively compact,

[1; Theorem 3.8], the result is immediate from fl; Theorem A6].

q.e.d.

Remark. Clearly the result of [14], quoted in Theorem 2.2(vii) for

periodic waves holds also for solitary waves corresponding to C' or C, if

f is replaced by f in the boundary-layer equation.
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APPENDIX

Periodic flows of infinite depth

THEOREM. Suppose that &i is an odd, continuous f unction on [TI

with 0 <~ 6(s) < .ion [0,nj], which satisfies the integral eqluation

e(s) = i- Qn sin((s+t)/2) +sin 6(t) dt (Al)6--1T1 sin ((s-t) /2) 1 j1+ ti eCw)dw

Then 0 is analytic on [-7r,71 and 0 < 0(s) < 7/2 on [0,71]. Moreover if

and h are positive real numbers such that

2)1/ 7Tr CosO 6 t) dt ,(A2)

T\TC/ 2r~ - 7 + ft.i e(w)dw) 1/3

0

then there exists a periodic wave of wavelength X on a flow of infinite depth.

The velocity of the flow at infinite depth is then c, and its velocity at the

crest is given by

q =(3gc )1/3

The free surface may be parametrized by (x,H ( x)), where

/3 a- (x sin e(t)

H (x) - H (0) + t 1 1/3 dt (A3)

' 3q' 2 0 2+ft sin 0(w)dw)1/

and

2 2) cos 0(t)

ai) \3g7T 2)0 (- + f - sin O(w))1/dt(4

2w 02

Proof. The proof that 0I is analytic and bounded by Ti/2 follows

exactly as in Theorem 2.2.
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As before, there exists a harmonic function 0 on the unit disc such

that e(s) = 6(e i s ) for all s E (-rr, 7], and

is 1 sin (s) (A5)

rj eis 3 1 + fesin 0(w)dw
1 0

Using the expansion of G given in (1.27), it follows from (Al) that for

all s c (-7,7]

1(s) = T j i sin ks sin kt} sin e(t) dt
-ir f k ts
-T k=l - + f sin O(w)dw

0

Frort, this and Fubini's theorem there results that the Fourier series for 0

is

)I ak sin ks (A6)
k=i1

where

ak cos kt n + ftsin 0(w)dw)dt (A7)
S- I 0

It follows that putting

T(?) + ia() = ak (A8)
~k=l

defines an analytic function on the unit disc, and

(e(e ) = a 0 - £n(! + f sin 0(w)dw) + iO(s) (A9)

ITt

for all s E [-Tr,Tr], where a - f IT £n( 1 + f sin 0(w)dw)dt.
-71 

0

Let c and A be positive real numbers chosen so that (A2) holds. Then

an analytic function T _i, can be defined on R= {x + in -X/2 < x </2,

S0; by putting
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fl ) -id(C) =i(exp(-2ri /X)) + i6(exp(-2iiC/ ,))

Hence ®(X + iO) =-6(-27X/X) and so

301 _ 2ir - sin e(-2iIX/A)
n x+iO 3X 1 + f-2 X/Ain (wd

0

1 sin OW)(AO

3A

in R

Now define an analytic function m on R by putting

;(C) =f exp(f( ')-
0

Since 0(±X/2 + in) =0 for all n < 0, and since l()-i( j+0 as

I ~ - ~ E R ,it follows that m is a conformal mapping from R onto

an infinite region in the z-plane of the form S = {X + iy -X/2 < x < X/2,

y < HX (x)), and H X (x) = -tan E)(E- (x + iH XW)). Since ~ is invertable,

we can define a complex potential = + i4 on S Xby putting

W(Z) =c mn (Z)

where c was chosen when A was chosen so that (A2) holds. Then for z C X

u(Z) - iv(z) = w_
dz

-exp (-T(m- (Z)))(Cos (m(z) ) + i sin 6 (m (z))

and it follows that c exp(-T(m (z))) is the speed of the flow and

-- 44
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x-axis, at a point Z E S .Moreover u(z) -i v(z) -~-c as Iz -t w z 'S

From the definition of to it follows that ip- ~ as Izi j~ z E S ,and

4=0 on the free surface r 1 (xdiY(X)) X Eg -/,X2j

Finally to show that the free surface condition is satisfied we proceed

as follows. By (A8), (A9) and Cauchy's formula there results that

7ri it it it

I exp(0) = I*~- f x(~ +ee )i dt
21i-Tr e i

exp(a ) ii
0 Cose(t)

-~~~ 2r - (~ ()dw)l'/yd

0

and so, by our choice of X and c,

exp(a 0 3g (All)

Hence

(e ~ ~ is 1J(2r .~ sin e(w)dw)

and so = ~ ~ ~ (i (~w

)(X- iO) = +nf-sin- - ~n()+(A12)

Therefore

a-X 2 xp(-2 (<iO ) gImag rn(X+i0)l

2ir 2 0x(2(~O)i (X) -

0

S. -45-



23

exp((X+iO 2c 2 3 sin OM(X - q sin 0{x)X 2C 3X 22 c"

=0

To complete the proof of the theorem we must verify that (A3), (A4) give the

wave profile. This is a routine calculation based on the method used in the

proof of Theorem 1.3.

q.e.d.

Though the proof of this last theorem is in many respects similar to that

of Theorem 1.3, we have included it in order to obtain the following corollary.

We need the notion of a conjugate function which is defined as follows. If

u is an L 2-function whose Fourier series is a 0 + ) (a k cos ks + bk sin ks),
k=l

then the function conjugate to u is denoted by Cu and is the L 2-function

whose Fourier series is [ (ak sin ks - b cos ks) [2].
k=l

COROLLARY. If 8 satisfies (Al) for some 'i > 0, then 0 satisfies the

equation

0(s) = f n sin((s+t)/2) exp(-3CO(t)sin 0(t)dt
6 TrI sin( (s-t) /2)-TT

where v -3g2

Proof. By (A6) - (A8)

it

-3C0(t) = 3T(e i )

1

= 3a - Zn( 1 + f sin 0(w)dw)
0 00

whence by (All)
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2w

exp(-3Ce(t)) 2Ic 3gA 1 +tsi n  (w)dw )

0

Substitutinq js last expression into (Al) gives the required result.

q.e.d.

-
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