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LA ABSTRACT
We present results of Aubin-Cellina-Nohel dealing with the properties of
the differential inclusion

x' ¢ F(x), x(0) = x5

. . : n
when F 1is an upper semicontinuous map from a compact convex set K & IR to

the compact convex subsets of ®. We prove that the tangential condition
¥x <K, F(X)nT(x)#P

where TK(x) is the tangent cone to K at x implies

a) the existence of a stationary point x, ¢ K, i.e., a solution to the
inclusion 0 ¢ F(x) ,

b) the existence of a solution to the implicit finite difference scheme,
i.e., a sequence of elements X ¢ K satisfying

n+l 1 0

n
¥n>0, x - %"« F(x M ) , x = X,

SN0 ST

We recall that this tangential condition is necessary and sufficient for the

existence of trajectories x{(+) of the differential inclusion to satisfy :

x(t) ¢ K for all t > 0 .
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SIGNIFICANCE AND EXPLANATION ¢ ’\',‘J(
So called ¥differential inclusions?, in which the rate of change (g) of

the state variable x is restricted to lie in a specified set F(x) (and

not given exactly) arise naturally in economics, control theory and other

fields. As with differential equations, one is interested in the existence
L of stationary points. Here it is shown that if F is tangent to a compact
convex set (in a sense made precise), then the differential inclusion has a
stationary point within this set. Moreover, a discrete implicit difference
scheme which approximates the inclusion will also be solvable when the

tangency condition holds and the initial data is chosen from the set.
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STATIONARY POINTS AND FINITE-DIFFERENCE SCHLMES
FOR DIFFERENTIAL INCLUSIONS
Jean-Pierre Aubin

Introduction

We devote this paper to the study of conditions insuring the existence of statiunar:
points and approximation of viable trajectories by solutions to implicit finite-differcon
schemes.

Let K ¢ X be compact convex, F be a set-valued map from K to ¥ . We sa; tla“
a state x, ¢ K 1is stationary if 0 ¢ F(x,); in other words, the constant trajector:
t b x, is a solution to the differential inclusion x'(t) - F(x(t)).

We say that a solution x(¢) to the differential inclusion x'(t) - F(x(t)) is
viable if
(L) ¥vt>0, x(t)ecK.
We recall Haddad's theorem: If F is a bounded upper semicontinuous map with compact
convex values, a necessary and sufficient condition for the differential inclusion to
have viable trajectories is that the tangential condition
(2) ¥xe¢K, F(X)n TK(x) 79
holds true. Indeed, TK(x) < cf{ U A(K-x)) coincides with the Bouligand contingent

>0

cone DK(x) to K at x .

This condition means that for any state X ¢ K , one can find a velocity v = F(x)
that is tangent to K at x , and thus, that "pushes" the trajectory back into K .
Note that this tangential condition operates only at boundary points x . 3K , since
TK(x) =X when x ¢ Int K .

When K is convex compact, this tangential condition implies also that there exist

stationary points x, ¢ K.

Approximation theory of solutions of differential equations or inclusions uses finite

difference schemes. The simplest is the explicit finite difference scheme: Let k N

be fixed. If the state X K is inown, we take xn+1 ¢ K to be the solution to

Sponsbred by the United States Army under Contract Nos, DAAG29-75-C-0024 and
DAAG29-80-C~0041,

S N,




1
k(xn+l - <N - Fix) (or 77T ¢ 1+ kE) (™)) .
There is no reason why we can find xn+l in K . So, we are led to study the implicit
- . n . . n+l :
finite difference scheme: If x - K 1is know, find x . K , a solution to
T 1 1 -1
kM- RG™h e T - TheM)

The second important result is that when K is convex and compact, the tangential

condition implies that there exist solutions to the implicit finite difference scheme

that are viable, i.e., satisfying xn - K for all n . In other words, the tangential
condition implies that (1 - % F)_l leaves KX "invariant" (in the sense that ¥ x - K ,
(1 - % F)-l(x) 7 K # @) whereas 1 + kP does not have necessarily this property.

We can compare this result with the ones concerning the case where F = - , where

A 1is a maximal monotone map. We know that F = -A does satisfy the tangential condition

on K = D(A) (see Brézis [1]) and the resolvants (1 + %-A)-1 are well defined (single~

valued) maps (Minty's Theorem).

For proving these two results, we need the Brouwer fixed point theorem. Actually,
we shall not use it, but an equivalent theorem, called the Ky Fan inequality (See Ky Fan
(1] or Aubin [1] chapter 5, 6, p. 199-203). Although equivalent to the Brouwer fixed
point theorem, Ky Fan's inequality is much more easy to use. We shall not prove this
inequality in this paper.

The next question that arises is whether all trajectories of the differential inclu-

sion x'(t) - F(x(t)), x(0) = x_ « K are viable: In this case, one says that K is in-

0
variant by F . We show that this is the case when F satisfies the strong tangential
condition
(3) ¥xe¢ K, Flx)c TK(x)

Now, we note that if two set-valued maps Fl and Fz satisfy the tangential condi-
tion (or the strong one), then "lFl + aze (al,mz > 0) has the same property. Therefore,
if the differential inclusions x'(t) - Fi(x(t)) (i=1,2) have viable trajectories) (and

hence, stationary trajectories), so does the differential inclusion

x'(t) = alFl(X(t)) + aze(x(t)) .
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We also consider the stability problem: If F satisfies the tangential condition, do
the set-valued maps G ‘"close to F" also satisfy the tangential conditions? The
answer is roughly this: If K has a nonempty interior, if F satisfies
(4) ¥ x < K, F(x) c Int TK(X) ,
(and is upper semicontinuous with compact values), then any set-valued map G satisfying
(5) ¥ x < K, G(X) cF(x) + aB for some o > 0
satisfies also the strong tangential condition: Therefore, if G 1is upper semicontinuous
with compact convex values, G has also stationary points and leaves K invariant.

We continue with an application to control problems. Let U be a set of controls.
A feedback control u is a continuous map associating to every state x ¢ K of the
system a suitable control wu{x) ¢ U . Let themap f from K x U to X describe the
dynamics of the system. We want to find feedback controls u such that the trajectories
of the differential equation
() x'({t) = £{x(t), ulx(t))) , x(0) = Xq
are viable. We solve this problem when f is affine with respect to the controls and
satisfy other suitable conditions.

We also consider m convex lower semicontinuous convex functions Vj defined on K.
and a convex lower semicontinuous convex function W defined on X. We shall prove that if

¥xeK, T3verFx)n TK(x) such that

max DV, (x) (V) + W(Vv) # 8,
j=1,...,m J

then there exists solutions {xn}n to the implicit finite difference scheme that satisfy
¥ iel,...m v, "ty - v, o s wea™ o) <o,

when W(v) = livil , such solutions converge to a stationary point x, of F when n -» = .

-3=
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Qutline

Statement of the main theorem and applications
Ky Fan's inequality

Proof of existence of stationary points
Invariant subsets

Stability under perturbations

Feedback controls yielding viable trajectories

Lyapunov functions for implicit finite difference schemes.
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l. statement of the main theorem and applications

wWhen K 1is a closed convex subset of X , the tangent cone TK(x) S o ( Wy

to K at x 1is convex: It is the set of elements v < X satisfying the condition
d_ (x+hv)
h

lim inf
h -» 0+

since TK(x) coincides with the contingent cone DK(x) [See Theorem 1.1 of Aubin [3]).}
Let us recall Haddad's theorem (see Haddad [1]) which holds true even when K is not
convex provided that TK(x) is replaced by the contingent cone).
Theorem (Haddad)

Let K be a compact convex subset and F be a proper upper semicontinuous marn
with compact convex images from K to X . Assume that
(1) ¥ x ¢ K, F(x)n TK(x) 2 .

Then for all xo ¢ K , there exist solutions x(°*) ¢ ((0,»;X) to the differential

inclusion
(2) x'(t) - Fx(t)), x(0) = X
such that x(t) ¢ K for all t > 0. L]

We also recall that if X is finite dimensional and if there exists a viable
trajectory for each initial state X, € K , then the tangential condition (1) is
necessary. It is remarkable that it is actually sufficient for the existence of
stationary points as well as solutions to the implicit finite difference scheme.
Theorem 1

Let K ¢ X be compact convex and F be an upper hemicontinuous set-valued
map from K into X with nonempty closed convex images. We posit the following
tangential condition:

(1) ¥xe¢kK, F(x)n'rx(x)#;a.
Then

a) There exists a stationary point x, ¢ K .

b) ¥Vke N,V L K , there exists a sequence of elements x" ¢ K such

that x0 = x. and

0
(3) vneN, ki - ™) c ™) . .

_5-
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_Remark. Statement b) is equivalent to
. 1
(4) ¥ y ¢ K , there exists x <« K such that x-y « Py Fi{x)
or, also, to
1 -1 .
(5) ¥y « K, (1= E'F) (y) " K#g.
Remark. Sum of two maps satisfying the tangential condition.
We single out a simple remark, although quite important, due to the convexity of the

tangent cone. If two set-valued maps Fy and F satisfy the tangential condition, so

2

does the set-valued map llFl + 12F2 when “1'“2 >0.

Corollary 1
Let K ¢ X be convex compact and Fi (i=1,2) be upper hemicontinuous maps from K

to X with compact convex values. If

(6) ¥ i=1,2, ¥ x ¢ K, Fi(x) o TK(x) £90 ,

then the differential inclusions

(7) x' ¢ Fi(x) (i=1,2) and x' ¢ alFl(x) + aze(x)

have both stationary points and viable solutionz to the implicit Zinite difference scheme, ®
It is interesting to compare this situation with the case of maximal monotone maps:

The sum of two maximal monotone maps is not necessarily maximal monotone.

Remark. An approximation theorem.

Theorem 1 provides actually an approximation theorem of solutions to differential
inclusions.
Theorem 2

We posit the assumptions of Theorem 1 and we assume that F is bounded. Let xk(')
be the piecewise-linear function defined on each interval [n/k, (n+l)/k] by

n + (tk-n)(xn+1 - xn)

(8) xk(t) =X
that interpolates a solution to the implicit finite difference scheme (3). Then a sub-

sequence converges uniformly over every compact interval to a viable trajectory of the

differential inclusion. ™

-6
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Proof.

It follows from the Convergence Theorem. See Aubin-Cellina [l) for instance. We

know that
i) for all t » o0, xk(t) - co(K), which is compact
ii} for all t > 0 , Hxi(t)“ < sup sup livll = ¢ < 4o,

x-k v F(x)

For any t = [n/k,(n+l/k], we can write

(x, (£),%) (£)) = ™ ) - k™ S (e - ek ,0)
Since {xn}n is a solution to the implicit finite difference scheme, (xnd,k(xn+1 - x")
< graph(F) so that
iii) for all t >0, (x (£),x7(t)) « graph(r) + %(a < foty .

Hence the assumptions of the Convergence Theorem are satisfied and our theorem ensues.

Remark. Relaxation of the compactness assumption

We can replace the compactness assumption on K by a "coerciveness assumption"” on
F . For instance, we can prove the following result. We denote by
G(F(x),p) = supllp,v )| v ¢ F(x))}
the support function to F(x).

Theorem 3
Let K c IR' be a closed convex subset and F:K » K@ be an upper hemicontinuous
set-valued map with closed convex values satisfying the "coerciveness assumption":
(9) lim o(F(x),x) <~ 0,
Il xll +e0
xeK
We posit the tangential condition
(10) ¥xcK, Fi(x)n TK(x) £0 .

Then there exists a stationary point x, - K of F . If we posit the strunger coercive-

ness assumption

(11) lim  JELI)
Il 1D
x<K

then, for all L K , there exists a viable trajectory of the implicit finite difference

scheme.

-7-
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Proof.

It consists in showing that we can replace K by the compact subset ¥ as

(for a large enough), which is a convex compact subset of KP . Indeed, therc exisg<:
¢ » 0 such that ¢ < -lim o(F(x),x); consequently there exists a % so large that
1l %l o0
X< K

ll«ll > a implies that of(F(x),x) < 0 . We take the number a large enough so that

K ¢

a Int B # @ . Therefore, Proposition 4.1 of Aubin (4] implies that F(x) Tas(x)
and Theorem 5.1 of Aubin [4] that T (x) = T (x) » T _(x). So the tangential condi-
— KnaB K aB
tion implies that
¥x e KnaB , F(x) n TKmaB(X) #0 .

It suffices to apply Theorem 1.

For proving the second part of the theorem, we replace F by the map G defined

+ 1 . s : .

by G(x) = - F(x) + y-x , which satisfies the coerciveness assumption (9) whenever ¥

k

satisfies the stronger coerciveness assumption (l11). Then we can associate to any 1y : X
a solution x € K to the inclusion 0 ¢ G(x), i.e., to the inclusion k(x=y) < F(x)
[ ]
Remark., Monotone trajectories of implicit schemes.
Let K c X be a nonempty subset. We consider a preorder "x > y" on K , charac-
terized by the set-valued map defined by
P(x) = {yek|y>x}
This set-valued map satisfies
¥xe K, xeP(x) (reflexivity)
¥xe¢K, ¥yeP(x), Ply) c P(x) (transitivity).
If P is a set-valued map satisfying these properties, the associated preorder is defined
by y > x if and only if y ¢ P(x). Let F be a set-valued map from K into X .
Theorem 4
Let K ¢ X be a nonempty compact convex subset, F be an upper hemicontinuous set-
valued map from K to X with closed convex values. Let P:K + K be a set-valued map
with closed convex values that is reflexive and transitive. We posit the following

condition

8=




{12) ¥Xx-< K, Fi{x) T x)(x) £ @ .

P(
Then,
a) For any Xg € K, there exists a stationary point x, of 7 such that x, _ X
b) For all k ¢ N, there exists a sequence of states %" - K which is a solutisn
to the implicit scheme
. n n-1 n 0 : :
( ¥n>1, i) k{x -x 7) < F(x) where x =x_  is given.
an | . aa
| ii) x > x
Proof.

We use Theorem 1 with K = P(xo) < X . 1Indeed, for any vy - F(x.), we have

: s S . e ded: X
P(y) < P(xo) and thus, Tp(y)(y) Since F{y) xp(y)()) # ¢ , we deduce

(y) # ¢ for all y ¢ P(xo). Hence it ensues that

< Tpxy) ¥
that Fly) r TP(XO)
a) there exists x, ¢ P(xo) such that 0 : F(x,),

b) there exists xl < P(xo) such that k(x1 - xO) < P(xl).

By repeating the latter argument, we prove the existence of a solution to the implicit

scheme (13), []

-9~
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2. Ky Fan's ineguality

Instead of using the Brouwer fixed point theorem, which states that any continuous
map from a compact convex subset of D{] to itself has a fixed point, we shall use an
equivalent statement, Ky Fan's inequality, equivalent but still much more powerful.
Theorem 1

Let K be a convex compact subset and J:K x K » F be a function satisfying

1) ¥y . K, xes(x,v) is lower semicontinuous
t
/- .
(1) i ii) ¥x . K, ve«olx,y) is concave
|
{iii) ¥y K, sAy.y) 0.

Then there exists x K such that
(2) ¥y . kK, :(;,y) < 0. b
Proof.

a) Ky Fan's inequality implies Brouwer's fixed point theorem: Let K be a
convex compact subset of K" and f be a continuous map from K to K . Hence the
function  defined by «{x,y) = (f(x) - x, vy - x) satisfies Assumption (1) of
Theorem l: Hence there exists x - X such that g(;,y) ~ 0 for all y « K and, in
particular, such that [I£(x) - x)i = ¢ (X, £(x)) < 0 . Therefore X is a fixed point
of f .

b) Brouwer's fixed point theorem implies Ky Fan's inequality: See for instance,
Aubin [1], Chapter 5, 36, p. 199-203 for a proof. For more sophisticated results,

see Aubin [2], Chapter 7, 51 and Chapter 13, 52 . a

-10-




3. rroof of existence of stationary joints,

Theorem 1.1 follows obviously from the following theorem.
Theorem 1
Let K X be compact convex and T be an upper hemicontinuous map from K to X

with closcd convex images. We posit the following tangential condition

(1) ¥ x - K, F(x) TK(x)¢¢.
Then
a) there exists a stationary point x, . K of F
b) vy - K, 13 x . K such that X - Y - F(§) . L

c . -1 .
The second condition amounts to saying that (1 - F) I K is a proper set-valued map

from K to K (with nonempty images).
Proof.

a) The second conclusion follows from the first: Since the set-valued map G
defined by G(X) = F(x) + y - x 1is the sum of the two maps F and y-1 that satisfy
the tangential condition, then G satisfies it and consequently, has a stationary point
% that is a solution to the inclusion x - y F(x) .

b) We denote by o(F(x),q) = sup {(qg,v ) the support function of the closed con-

v F(x)
vex subset F{(x) .

For proving the existence of a stationary point, we assume the contrary: ¥ x < K ;

0 § F(x) and we derive a contradiction. Since the subsets F(x) are closed and convex,

the separation theorem implies that:

*

(3) ¥x¢: K, @ pe¢ X such that o(F(x),-p) < O .
We set
(4) by = {x « K| o(F(x),-P) < 0}.

So, the statement that no stationary point exists takes the form
(5) K= U A .
c) Since F is upper hemicontinuous, the subsets AP are open. Hence the compact

. Let {a,}, be a continuous

subset K can be covered by n open subsets A
P i‘i=1,...,n

. R
i
partition of unity associated to this covering .

-11-




d) We introduce the function ¢ defined on K » K by
n
(6) elx,y) = -7 a (x)Cp, x-y).
L i i
i=1
It is continuous with respect to x , affine with respect to y and satisfies

¢ly,y) =0 for all y . K.

-

So the assumptions of the Ky Fan inequality hold and, consequently, there cxist:

X, + K such that

(7) ¥y ecK, ¢x,y) = (-p,%x, -y) <0

n
where we set p, = ) a, (x,)p,
NSCTRN § i
i=1
In other words, p, belongs to NK(X*)' The tangential condition (1) implies the
existence of v ¢ F(x,) n T, (x,). Hence, since NK(x) = Tx(x)_ ’
(8) a(Flx,), =P} > (=-F,v? >0.
e) The latter inequality is impossible: Let I be the set of indices i such thrat
n
ai(x*) >0 . It is nonempty since Z ai(x*) =1. If ie¢1I, then x, < . ang thus,
i=1 i

c(F(x*).-F&) < 0 . Therefore:

o(F(x,),-p,) = o(F(x,),= ] a, (x,)p)
ieI

< z ai(x*)c(F(x*),-pi) (by the convexity of support functions).

iel .
We have proved that o(F(x,),-p,) < 0 , which is the contradiction we were looking for.
.
Remark

We used only the weaker tangential condition
(9) ¥xe¢eK, ¥pc NK(x) , ofF(x),=P) > 0

Remark that condition (9) is equivalent to the tangential condition (1) when the
images F(x) are convex compact: If F(x) n TK(x) =@ , then 0 4 F(x) = TK(x), which
is a closed convex set. The separation theorem implies the existence of p - X* such

that

g(F(x),=p) + sup (=p,=v ) < -¢ < 0.

veTK(x) '
Hence o(TK(x).p) is bounded above and thus, is equal to 0 and p « TK(x)_ = NK(x).
This is a contradiction of condition (l). . .

-12~
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Remark. The Kakutani fixed point theorem.

We deduce from Theorem 1 the Kakutani fixed point theorem.

Theorem 2. Kakutani

Let K be a compact convex subset and G be an upper semicontinuous map from ¥

to K with compact convex images. Then there exists a fixed point x, - K of G.

Proof.

We set F(x) G(x) = x c K=1xc¢ TK(x). Hence F(+) 1is an upper hemicontinuocus

map from K to X that satisfies the tangential condition (1), By Theorem 1, it is

a stationary point x, ¢ K, which is a fixed point of G .

Actually, the same proof implies the following statement., We say that G is inward
if
(10) ¥ x ¢ K, G(x)Cx+TK(x).

. Theorem 3. Browder-Ky Fan

Let G be an upper hemicontinuous map from a compact convex subset K < X to the
closed convex subsets of X , If G is inward, then it has a fixed point X, ¢ kK. ®
We also mention the following result.
We say that G is outward if
(11) ¥xeK, G(x)cx-~ TK(x) .

Theorem 4. Ky Fan ~ Rogalski

Let G be an upper hemicontinuous map from a compact convex subset K © X to the

- g

closed convex subsets of X . If G is outward, then

a) it has a fixed point x, ¢ K

e

2

b) Kc G(K). (i.e., for all y € K, 3 x ¢ K such that y ¢ G(x).) .

Proof. It follows from Theorem 1 applied to the map F defined on K by FI(x) Z x - GIx).

s N L

{
[ ]

Remark

' It is not more difficult to solve a slightly more general theorem. Let X and Y

i
&

be two Hilbert spaces (or, more generally, Hausdorff locally convex vector spaces).

-13-




Theorem
We introduce
i) K, a compact convex subset of X ,

ii) F, an upper hemicontinuous map from K to Y with closed convex

|
i
|
|
L

(12) values,
iii) A:x -~ [(X,Y), a continuous map associating with each x ¢« K a
continuous linear operator from X to Y .
i We posit the tangential condition.
(13) ¥x <K, F(x)n cL(A(x)TK(x)) @

holds, then

a) ‘there exists a stationary point x, ¢ K of F: 0 ¢ Fix,)

b) ¥y e K, there exists x ¢ K satisfying
AR (x = y) € F(x) . .
Note that the second statement allows the construction of a solution to the implicit finite
difference scheme:
A (7 - xn_l) e F(xM); x0 = X4 -
It also amounts to saying that the set~valued map x » (x - A(x)-lF(x)) nK from K to K
has nonempty values.
When A ¢ L(X,Y) does not depend on x , the second statement can be stated as

follows.

Whenever there exists a solution Xy in K to the linear equation y = A x

(14)4 then there exists also a solution x in KX to the perturbed inclusion

0 '

Yy € Alx) + F(x) .
Proof.
a) The second statement follows from the first applied to the map G defined by

i G(x) = F(x) + A(x)(y - x) .

b) The proof of the first statement is the same as the proof of Theorem 1, where
the function ¢ defined by (6) is replaced by the function ¢ defined by

n
(15) elx,y) = - J a; (x) ( Pys AlX)(x - y) > . .
i=]

-]ld-




4., Invariant subsets

Let .. - X be a nonempty open subset and F be a set-valued map from . into X .
Definition 1

We shall say that a subset K - & is "invariant" by F if for all Xy K , all
the trajectories of the differential inclusion x'(t) . F(x(t)), x(0) = xO , remain in
K. .

When K is a closed convex subset, we give a sufficient condition for invariance.

We recall that Tk denotes the projector of best approximation to K .

Proposition 1

Let us assume that a set-valued map F satisfies the "strong external tangential

condition”

(1) ¥xc., ¥YvreF{x), {(x- ?K(x),v Y <0,

Then K is invariant by F . -
Proof.

Let us assume that the statement is false: There exists an absolutely continuous
function x(+) satisfying x'(t) . F(x{(t})) a.e., =x(0) = Xy K and, for some tl . 10,T1,
x(t)) § K.

2
Let us consider the function ¢t b dK(x(t)).

it is differentiable and it is easy to show that Vdi(x) = 2(x - vK(x)). Since

x(*) 1is absolutely continuous, we deduce that for almost all t ¢ (0,T],

a .2 2
i * dK(x(t)) = (VdK(x(t)), x'(t) > = 2 (x(t) - wK(x(t)),x'(t)) .
i If x(t) ¢ K , we obtain that éd? df((x(t)) =0 . If x{t) { K, we deduce from the strong
1 external tangential condition that é% di(x(t)) < 0 since x'(t) « Fx(t)).

Hence

(x(1)}dt < 0 .

t
2 2 1 o4 2
0 < d (x(t)) - d (x(0)) = £ e

We have obtained a contradiction. []




As a corollary, we obtain the following result on invariant subsets:
Theorem 1

Let K be a closed convex subset of n¥1 and F:K -~ B" be an upper semi-
continuous set-valued map with compact convex images. If F(K) 1is relatively compact

and if the "strong tangential condition"

(2) ¥ x: K, F(x)c TK(x) B
then, for any xo ¢ K, there exists a solution x(¢) to the problem
g i) ¥vt>0, x(t)ecK {and  x(0) = x,)
(3)
ii) ¥ a.a. t >0, x'(t) ¢ Fix(t))
and K is invariant by F . L
Proof.

We associate to F its extension G : R -+ R defined by G(x) = F(-K(x)), which

is upper semicontinuous with compact convex images, such that c(nfU = F(K) is compact.
Hence there exist solutions to the differential inclusion x'(t) ¢ G(x(t)) = F('K(x(t));

x(0) = x (See Aubin-Cellina [l1).) But G satisfies the strong external tangential

0 *
condition. Hence K is invariant by G thanks to the above proposition. Since
G(x) = F(x) for all x ¢ K, K is also invariant by F and the viable solutions to

the differential inclusion for G are the viable solutions to the differential inclusion

for F . []




5. Stability under perturbations

We assume now that X = BJI and that K 1is a compact convex subset whose interior
is not empty. Hence we know that the graph of the set-valued map y + Int TK(y) is
open (See Proposition 3.1 of Aubin (4}.).

We prove now the following stability result:

Proposition 1

Let F be an upper semicontinuous compact valued map from K to ¥ satisfring the
"strong internal tangential condition®:

(1) ¥ x € K, F(x) c Int TK(X)

Then there exists o > 0 such that any set-valued map G "close" to F in the sense

that

(2) ¥ x ¢ K, G(x)cF(X) + aB

satisfies also the strong internal tangential condition. L)
Proof.

Since the graph of 1Int TK(~) is open, since the subsets F{y) are compact and

since F 1is u.s.c., we can associate with any neighborhood N{(y) of y on 1, 0

such that, for all x ¢ N(y), we obtain

i c

. i) Fly) + 3ay B TK(x)

ii) F(x) < F(y) + uy B.

The compact set K can be covered by n neighborhoods N(yi). lLet a = min A, > 0

We deduce that

(4) ¥XxXeK, F(x) +2aB ¢ Tx(x).

Hence, if G(x) c F(x) + aB for all x ¢ K , we deduce that G(x) + aB ¢ TK(x) for

all x ¢ K. [
This yields a very important property of stability:

Theorem 1

Let K c nP be a compact convex subset with nonempty interior and F be an upper

semicontinuous map from K to mn with convex compact values, Assume that it satisfies

the strong internal tangential condition




(5) ¥ x <K, F(x)ciInt TK(x).

Then there exists o > 0 such that, every upper semicontinuous map from K to IR
with compact convex values satisfying
(6) ¥x <K, G(x)cF(x) +aB

has stationary points in K and leaves K invariant. s




6. reedback controls vielding viable trajectories.

Let us consider a control problem

S x'(t) = f£{x(t),u(t))
(L l
{ ii) x(0) = X,
where x(t) - K is the state of a dynamical system at time t and where uf(t) - U is

a control, which has to be chosen.

A "feedback control"” is, by definition, a continuous (single-valued) map u from

K to U . They are also called "closed loop" controls. 1If a feedback control is chosen,

then the state evolves according to the differential equation
(1) % (8) = £(x(t), ulx(t)))

(2)

1 ii) x(0) = Ry K .

The problem arises whether there exist feedback controls yielding a viable trajectory.
Theorem 1

Let us assume that K < n{‘ and U are both compact convex subsets and that
f: K x U » nfl is a continuous map that is affine with respect to the controls u .
We assume that there exists y > 0 such that

¥xcK, ¥y« 3{1, Iyl <y, 3 u«:U satisfying
(3)
f{x,v) -y ¢ TK(x) .

Then there exists a feefback control u ¢ (C(K,U) that yields viable trajectories as well
as stationary trajectories x, (solution of f(x,,u(x,}) = 0). L]
Proof.

We have to prove the existence of a feedback control wu ¢ C(K,U) such that

(4) ¥x <K, flx,ux)) e TK(X) .

Indeed, Theorems 1.l and 4.1 imply that the differential equation (2) has viable as well

as stationary trajectories. Let us set

(s) co) = {u < U | £xu) ¢ T} .




We note that assumption (3) implies that the subsets C(x) are nonempty (take

They are obviously compact and convex. (We recall that y =~ Tx(y)

uous) .

s

tion

is lower semiz

Hence the set-valued map C 1is lower semicontinuous. (See Aubin-Cellirna

ince K is compact, Michael's theorem implies the existence of a continuous s=el. -

u of C , which is a feedback control we are looking for.

-y

ontin

tyvy

)

et

 BrTe——— ewiaes

y




7. Lyapunov functions for implicit finite difference schemes.

We consider now n functions Vj and we shall prove the existence of tra-ectories
of the implicit finite difference scheme that satisfy inequalities of the form

¥ 3=l,...,m, ¥n >0, v‘j Ly - \'j(xn) . wixttt

- xn) -0
Theoxem 1.

Let K ¢ X be compact convex, F be an upper hemicontinuous map from X ¢to X
with closed convex values, Let Vj(j:l,...,m) and W be lower semicontinuous convex
functions; we assume that the functions Vj are continuous at a same point of K .
We posit the following assumption,
¥ x ¢ K, I v eFEX) N TK(x) satisfying
(1)

¥ j=1l,...,m , va(x) (v) + Wwiv) <0 .
Then, for any xO ¢ K , there exists a solution {xn}n>0 of the implicit finite

difference scheme

(2) k(xn+1 - xn) € F(xn+l), xn+l € K, xO = %,
satisfying
(3 max (v, ) < voa™) s e o) o .

j=1l,...,m ] J
Proof. For simplicity, we take k = 1.

we have to prove that
*
(4) ¥$pPpeX , (p,x—xo) < a(F(x),p)
and that,
* *

(5) ¥ j=1l,,..,m, ¥geX , Vj(x) + (q,x-xo Y =W (q) S_Vj(xo)

* *
since W(x-xo) = sup{ {q,x=x_? ~ W (q) | q ¢ X},

0

Let us set

(6) Ap = {x e K | o(F(x),-P) + (p,x-xo Yy < 0}

and

7 J { Yo }

(7 8, = {x e x| vj(x) - vj(xo) + {qx—x, ) - W (@) >0} .

Let us assume that the conclusion is false: We can express that by saying that |

1

m R !

(8) Kc U_ A o U u_ al |

pex” P =1 qext 9

-2]l=




- n

Since F is upper hemicontinuous and since the functions Vj are lower semicontinuous,

. 3 ; ;
the subsets “p and . are open, Hence the compact subset K can be covered by a

el

family of - subsets L and mj subsets - (3=1,...,n). Let us consider a contin-

Fi
titi ity -ia,’, AR : : iated to this
uous partition of unity al izl ..., ak k=1,...,mj J=1,e..,n associate o this
covering of K .,
We introduce the function ¢ defined on K » K by
. n . .
@ sy == T a0 Gy ) v T TR ad 0 (v, 0=, )+ Cagaxey )0
i=1 j=1 k=1 2 ]
The functions x » v(x,y) are lower semicontinuous, vy + v(x,y) are concave and

¢(y,y) = 0 for all y ¢ K. So the assumptions of the Ky Fan inequality are satisfied

(See Theorem 2.1).

Then there exists x, ¢ K such that
(9) ¥yeK, ¢(x,y)<0.
m,
3 T3 T3
Let us set X = | ai(x*), Ay= 3 3, q,=0 if 3, =0 and
k=1 j=1
m, .
1 ? f 3 J 1 i
q, = ) a;(x,)q if A, >0, p,=0 if 4, =1 and p, = 75— a (x,)p,
Ap j=1 k=1 k k * -2, ;o1 * *Hi
if A, <1

n o
Inequalities (9) mean that x, minimizes over K the function x & X Ai Vj(x) +
5=1 i
(@, = (L -2,)p,,Xx) . sSince the functions Vj are continuous at a same point x - K,

we deduce that
m .
(10) 0c (1=2)p, + g, + L A3 Vx4 N (x)
j=1
We now use assumption (l): There exists v, ¢ F(x,) n TK(X*) such that
va(x*)(v,) + W(v,) <0 for all j=1,...,n. Then by taking the duality product of (10)
with v, , we obtain, byrecalling that DVj(x,)(v*) = sup( {(q,v, Y] g« avj(x,)) '
0 <l =200 =p,v,? +2, (q,,v,) =W
(11) *
< {1 = 2)o(Pix,),=-p,) + 2, W (q,) .

We are able now to derive a contradiction of (9) by showing that

v(x,,xo) > 0.

-

Mg e ai-sn




Indeed, if ai(x*) -2, then X, I.. and < SiieXe TOX, ) '(?(x*),-fi) and if
‘ 3 4 "1 4 * 3
0 n .4 -3 ' . - { ~- - v ) e fee- i N
ak(x*) - ¢, then x, - ”Jj and ,j(x*) 'j(xi) + \ﬁk,x* X! w (“k)' Thanks to
- *
the convexity of the functions - (r(x,),*) and W (¢), we obtain
' *
:(x',xo) Sl o= ) (Ex) v+ W ()
(since at least one of the numbers ai(x*) or ai(x*) is strictly positive). Hence
(11) implies that ;(x*,xo) -0 . .
Example
The main example is when W(v) = {vil. We obtain in this case the followlng example:

Theorem (Aubin-Siegel)
Let K - X be compact convex, F be an upper hemicontinuous map from K to X
with closed values. Let Vj(j=l,...,m) be m continuous convex functions that are con-

tinuous at a same point of K and bounded below. Assume that

(12) VX K, Fl) T () ¢ (-?1 W)+ B #¢ .

Then, for any Xy K , there exists g—solution {xn}n of the implicit finite dif-
ference scheme satisfying
(13) ¥nsl,.om, w020, v =t - vj(x“) s o™ Co

Such trajectories converge to a stationary point of F . .
Proof.

since vl = cB(v) is the support function of the unit ball, and since va(x)(v) 2

o(ij(x),v) is the support function of \vj(x), then assumption (1) of Theorem 1 can be
written in the form (12). Hence there exists a sequence of elements XX satisfying
(13). The sequences of real numbers Vj(xn) are decreasing and bounded below: Thus
they converge to real numbers Vj. By summing up inequalities (13) from n=p to n=g-1,
we find that

q-1 n

<5 M o v e - v ).
T n=p - J J

[P

since the right-hand side of this inequality converges to vj - vj =0 when p and q

n
go to =, we deduce that the sequence of elements x - K is a Cauchy sequence. Hence

. n+1 n n+
it converges to some x, - K . Since x -x - Flx 1) and since the graph of F is
closed, we deduce that O - F(x,). Hence x, is a stationary point of F . .
-23=




3
&

References

J.-P. Aubin [l1] Applied Abstract Analysis. Wiley-Interscience (1977).

[2] Mathematical Methods of Economic and Game Theory. Nortih-Hollarnd-

Elsevier (1979).

[3] Contingent derivatives of set-valued maps and existence of sclution:s
to nonlinear inclusions and differential inclusions. MREC Tech
Report #2044 (1979).

[4] Derivatives and codifferentials of maps with closed convex grarh
and convex operators. MRC Tech. Report #2011 (1979).

J.-P. Aubin & A, Cellina - Differential inclusions. (to appear).

J.=-P. Aubin, A. Cellina and J. Nohel. Monotone trajectories of multivalued drnamical

systems., Annali di Matematica Pure et Applicda. 115 (1977) 99-117.

H. Brézis., Opérateurs maximaux monotones. North-Holland.

Ky Fan. A minimax inequality and applications. 1In Inequalities (vol. III).
Ed., Shishia - Academic press (1973).
G. Haddad. Tangential ccnditions for existence theorems for differential inclusions
and functional differential inclusions with memory. Cahiers Math.

Décision #7916 (1979).

JpPa/db

-24~

Ry




SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered}

REPORT DOCUMENTATION PAGE BEF%%%DC[gLS‘IgEggg‘\!gNFSORM
1. REPORYT NUMBER 12. GOVT ACCESSION NO. ;7 -
2063 - g1 77,/ ‘
AD-A0 %63 81\ /QL:_AV‘./QJ
—-—wﬂlﬂ) e s s 25 ) -!’:’ TYPE OF REP?’\& PERIOD CCVERED
(é |_STATIONARY ROINTS AND EINITE-DIFFERENCE SCHEMES Bummary Fepost.; m d: Specific
,,‘FOR _DIFFERENTIAL INCLUSTONS =~ [T = =T1o
- = T 6. PERFORMING ORG. REPORY NUMBER

- / 4 '
b Jean-—Plerreleubln . ”5/ DAAGZ9—T.5-C-0024 . {
—/ DANG29-8f—C-p041 ~

9. PERFORMING ORGANIZATION NAME AND ADDRESS JECT, TASK

- ~o—

Mathematics Research Center, University of AREA & WORK UNIT NUMBERS
610 Walnut Street Wisconsin | 1 -~ applied analysis
3 ‘ Madison, Wisconsin 53706 P
j 1. CONTROLLING OFFICE NAME AND ADDRESS Y12, BERGRIuwmw—
j U. S. Army Research Office | l Apr”SyI
] P.O. Box 12211 EEmT e
i Research Triangle Park, North Carolina 27709 24
} 14. MONITORING “GENCY NAME & ADDRESS(if different from Controlling Office) 15. SECURITY CLASS. (of this report)
UNCLASSIFIED
15a. DECLASSIFICATION DOWNGRADING
SCHEDULE

16. DISTR BUTION STATEMENT (of this Report) " | =l

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, if different from Report)

|4 mMRC 718K -9

e ———
18. SUPPLEMENTARY NOTES \

19. KEY WORDS (Continue on reverse side if necessary and identify by block number)

Differential inclusions, stationary points, fixed points, invariant sets,
implicit finite difference schemes

X 221200 A

) 20. ABSTRACT (Continue on reverss side If necessary and identity by block number)

| We present results of Aubin-Cellina-Nohel dealing with the properties of the
; differential inclusion x' € F(x), x(0) = Xo when F is an upper semicon-
; tinuous map from a compact convex set K ¢ IR to the compact convex subsets of
I IR" . We prove that the tangential condition ¥ x ¢ K, F(x) n Tx(x) # @ where
1 Tx(x) is the tangent cone to K at x implies a) the existence of a sta-
tionary point x, ¢ K, i.e., a solution to the inclusion O ¢ F(x), Db) the
existence of a solution to the implicit finite difference scheme, i.e., a se-
quence of elements Xp € K satisfying ¥ n;o, xn+l o xn ¢ F(xD+l), x0 = XQ .

DD 557", 1473  zoimion oF 1 nov e8 18 ossoLETE UNCLASSIFIED (continued)
SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

v T S ——— S — o—

sy s




Abstract (continued)

We recall that this tangential condition is necessary and sufficient for the
existence of trajectories x(-) of the differential inclusion to satisfy
x{t) ¢ K for all t >0 .

|
*
.
i
i




