~A086 387

UNCLASSIFIED

WISCONSIN UNIV-MADISON MATHEMATICS RESEARCH C r/6 !0/!377

ENTER
ASYMPOTIC PROPERTIES OF SOLUTIONS OF NONLINEAR ABSTRACT VOLTERR==ETC (L)
MAY aso“ Poglo.EMENTI R € MACCAMY: U A NOHEL DAAG29=80-C~0041
MRC~TSR~2




M. Technical Summary Retort

ASYMPTOTTIC PROPERTTES ©F SOLUT
NONLINEAR ARSTRACT VOLTEREKA

Ph. Clément, R. C. Mac Camy, and

J. A. Nohel

Mathematics Research Center
University of Wisconsin—Madison

610 Walnut Street
Madison, Wisconsin 53706 "

AN

DTIC

May 1980 ELECTE
Q JUL 11 1980

(ruceived March 3, 1980) &7,

B

Approved for public release
Distribution unlimited

sponsored by

U. 5. Army Research Office National sclence Poundation
1, O. Box 12211 Washins oo, DLoO0 0 20550

rResearch Triangle Park

North Carolina 27709

DDC fie e,




UNIVERSITY OF WISCONSIN-MADISON
MATHEMATICS RESEARCH CENTER

ASYMPTOTIC PROPERTIES OF SOLUTIONS OF NONLINEAR ABSTRACT "' [.[!::7 EQUATINNE

*

’ *h *kx
Ph. Clement , R. C. Mac Camy , and J. A. Nohel

Technical Summary Report #2070
May 1980

ABSTRACT

We study the boundedness and asymptotic properties of solutions as t + o oI
the nonlinear Volterra equation

(v) u{t) + (b*Au)(t) 2 £(t) (0 € t < =),
where b : [0,®) + R is a given kernel, A 1is a maximal monotone (possibly multi-
valued) operator on a real Hilbert space H, * 1is the convolution, and

f: (0,) *H is a given function. The special case A = d¥ , where

£ : H>*> (~,+=] is a proper, convex, l.s.c. function is also considered. The

problem of existence and uniqueness of solutions has been studied previously. Two
principal types of results are derived; sufficient conditions are obtained on the
kernel b, the operator A, and the forcing term f such that either (1)
u€é€ Ll (0,o;H) and u * 0 as t » « strongly in H, or (ii) wu € L (0,x;H) an~?
u*>u_ as t * ° strongly in H, where u_ is the unique solution of an
appropriate limiting equation associated with (V). The results are established bv
obtaining a priori estimates by combining energy methods with frequency domain
techniques. The results are natural generalizations for the abstract equation (V)
of comparable known results for the scalar equation in which A is a real
function. Of several applications discussed the principal one is an analysis of the
asymptotic behaviour of solutions of the physically interesting problem of heat flow
in a material with memory.
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SIGNIFICANCE AND EXPLANATION

Consider nonlinear heat flow in a homogeneous bar of unit length of a
material with memory with the ends of the rod maintained at zero temperature
and with the history of temperature prescribed for time t < 0. For such
materials the internal energy and hea: flux are functionals (rather than
functions) of the temperature and of the gradient of temperature respectively.
Application of the law of balance of heat leads to a nonfinear Volterra
integrodifferential equation, together with appropriate boundary and initial
conditions, which model the physical problem. This initial boundary value
problem, which cannot be solved explicitly and which is difficult to analyse,
can be transformed by standard methods to the general equation (V) given in
the Abstract. The resulting kernel b can be expressed in terms of the
internal energy and heat flux relaxation functions. These are presumed to be
known for the physical problem. The operator A in (V) is a nonlinear
differential operator together with boundary conditions, and the forcing
term f in (V) depends on the given initial temperature distribution, the

given external heat supply, and the given history of temperature. 1% "
N <.
"7 " The purpose of this paper is to develop a general theory which gives

sufficient conditions in terms of the kernel b, the operator A, and the

forcing term f for the solution u of (V) to be bounded on 0<t <™ and.

which further assures that the solution u tends to a limit u, as.t -~ é}
under certain conditions Kuw = 0, under others 'ué is the unique solution of
an appropriate #limit equation? associated with (V). BAs one special case of
this theory we give a complete analysis of the boundedness and asymptotic
properties of the solution of the above heat flow problem, under physically

reasonable assumptions concerning the relaxation functions, the nonlinear

a
operator, the initial temperature distribution, and the external heat supply. (]
—
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d ASYMPTOTIC PROPERTIES OF SOLUTIONS OF NONLINEAR ABSTRACT VOLTERRA EQUATIONS

’

* i ehh
Ph., Clement , R. C. Mac Camy , and J. A. Nohel

’ 1. 1Introduction and Preliminaries. The purpose of this paper is to discuss the
boundedness and asymptotic behaviour as t * ® of solutions of the nonlinear Volterra
equation
(V) u(t) + (b*Au)(t) 2 f(t) (0 € £t < ™) ,

The setting for (V) is b : [0,®) + R is a given kernel, A 1is a (possibly multivalued)

maximal monotone operator on a real Hilbert space H, f : [0,2) * H is a given function,
t

and * denotes the convolution: (a*g)(t) = f al{t - t)g(t)dtr. The integral in (V) is
0

taken in the sense of Bochner.

The following general assumptions will be assumed throughout:

1
(Hy) b(t) = b_ + B(t), b(06) > 0, b_ > 0, B,B' ¢ L (0,®) ;
(Hm) A maximal monotone on H ;
(Ho) £(t) = £_+ F(t), Fe w '2(0,%H)), F' € L2(0, %), £ H ;
f = I I € loc ] ’ (e} L€ H
here ' = 4/dt, H is a real Hilbert space with scalar product (+,*) and norm |[¢],

and W denotes the usual Sobolev space. The special case of (Hm):

A = 3¢, where the function ¢: H + (-%,»] is convex,

| lower semicontinuous, and proper

»
l - will also play an important role in the theory. For definitions and standard results
|
]
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concerning maximal monotone operators and the snecial case of a subdifferential the reader
is referred to Brezis [3].

we shall first comment briefly on the existence and uniqueness of solutions of (V) for
which boundedness and asymptotic properties will be studied. A special case of a general

result of Crandall and Nohel [5; Thenrem 4] (see also Gripenbera [7]) is:

N
Froposition 1.1. If (H,) with R,B' ¢ L1 (0,°), (H ), {(H.) with F'¢ L. (0,®;H) are
— — b — loc m ! e— loc —_—

satisfied, and if B'e€ BVIOC[O,W), f(0) ¢ D(A), then (V) has a unigue generalized

solution u ¢ C([0,®); D(A)). 1If, in addition F'¢€ Bvloc([o,w);H) and f(0) € DAY,

1,2
then u ¢ wléc(lﬂ,“);ﬂ) and u is a strong solution of (V) on [0,®).
In the special case of a subdifferential Proposition 1.1 can be strengthened to (see
Crandall and Nohel [5, Section 4], alsc Londen [10]):

Proposition 1.2. Let b,f satisfy the assumptions of Proposition 1.1 and let (H.) holA.

If f(0)e D(v}, then (V) has a unique strong solution on ({0,*®) such that

feute 1l ([0,#);1); if £00) ¢ D(s), then w' L2

Lo c([O,“);H)-

Remark 1.3. For convenience of the reader we recall the notion of generalized solution

1 -1
(see [5]). Let A > 0 and let ATy (1 - Jx), JX = (I + )AA) be the Yosida

approximation of A. Noting that AA : H+ H 1is Lipschitz continuous (with Lipschitz

constant ), a simple contraction mapping argument shows that the approximating equation

i

* =
(VA) ux + b Akul f

has a unique strong solution uy on [0,T) for every T > 0, under the assumptions of

Propositions 1.1 or 1.2. Moreover, under these assumptions uy is also a strong solution

of the differentiated approximating equation

du
[ -2 . = [ =
(VA) F7e + h(O)Aqu + R AA“A F', u(0) f£(0) ,
on [0,T) for every T > 0, What is estabhlished in [5]) is that 1lim u, = u in

aat A

C{[0,T);H) exists, regardless of whether or not (V) has a strong solution, and this
function u solves (V) in a sense made precise in (5], For this reason this function u
is called a generalized solution of (V),

The theorems in Sections 2 and 3 are valid for hoth strona and qeneralized snlurinns

of (V); while the proofs are carried nat for strona selutions, they may he estahlished for




generalized solutions by first obtaining the estimates (independent of XA and t) from
the approximating equation (Vi) and then letting A + 0+.

There are two approaches for obtaining the a priori estimates needed for our
results. The more direct one is an energy method in which the estimates needed are
obtained directly from the equivalent differentiated form of (V):

(v*) % + b(0)Au + B'*Au 5 F' (0 < t < ») ,
u(0) = £(0). This method, discussed in Section 3 under the essential assumption (H.)

(A = 3¢), consists of taking the scalar product of (V') by any element v € 3S(u) anAd
integrating over an arbitrary interval (0,T) to obtain the estimates under suitable
assumptions concerning b, v, and f. This technique is an extension of a similar
approach which can be used to study evolution equations (take b = 1 in (V)) in the case

A = 9. The crucial point is an appropriate condition on b (see the frequency domain
condition (F) in Lemma 2.2) and appropriate growth conditions on the function ¢ to
deduce gf € LZ(O,W;H). Our motivation for studying this approach is the physical problem
of heat flow in materials with memory to which these results are applied ‘.. se~tion 4, and
where b_ > 0 in assumption (Hb).

The approach in the more general case of A satisfying (Hm) is different; there
appears to be no direct way to establish g% € Lz(o,w;H) when A is not a
subdifferential. Instead (V') is transformed to a different equivalent form {equation
(2.1) below) using the resolvent kernel associated with B'. BAn energy technique
consisting of taking the scalar prnduct of the transformed equation by u and by 't u
and integrating from 0 to T, T > 0 arbitrary, is used to deduce the estimates which
imply wu, YVt u € Lm(O,w;H) n Lz(o,”;H) under appropriate assumptions. This method is
explored in Section 2. An example of the equation (V) with A a maximal monotone operator
which is not a subdifferential and to which the theory of Section 2 can be applied, is also
discussed. Corollaries 2.4, 2.5, and Theorem 2.6 may be viewed as natural generalizations
to Hilbert space of results of Levin [8] and Londen [9) which describe the limiting

behaviour as t + @ of solutions of (V) in the scalar case in which the operator A is a

real function.

-3-




While not directly related to the present study it should also be noted that
positivity of solutions of (V) and their asymptotic properties, have recently been stud:e
by different methods by Clément and Nohel (4], in the setting of A an m-accretive

operator on a real Banach space X.




2. Boundedness and Asymptotic Properties when A is Maximal Monotone. Let the genera.l

assumptions (Hb), (Hm), (Hf) be satisfied and let u be a solution of (V) on n,®m), I*

follows that (V) is equivalent to the Cauchy problem

(v") g% + b(0)Au + B'*Au 3 F°' (0 <t ¢=), u(0) = £(0) .

Let k be the resolvent kernel associated with B', defined to be the unique solution of

the linear Volterra equation

B'(t)
b(0)

(k) b(0)k(t) + (B'*k)(t) = = a.e. for 0 < t <> ;

by standard results assumption (Hb) implies that k € LIOC(O,w).

Regarding (V') as a "linear" equation for Au, the variation of constants formula for
Volterra equations [13] and an integration by parts shows that (V') (and hence also (V)) is

equivalent to the Cauchy problem

1 du d

(2.1 b(0) dt * at

(k*u) + Au 3 f1 (0 < t ¢<=»), u(0) = £(0) ,

where f1 : [(0,) * H is the function given by either

1 . -
(2.2) f,(t) = 510) F'(t) + f(0)k(t) + (k*F')(¢) (0 € £t ¢ »)
or
= __1 . 1 o«
(2.3) f1(t) = 50 Fr{t) + k(0)F(t) + (k'"*F)(t) (0 € t ¢ »)

We shall use an energy method based on taking the scalar product of (2.1} by u, and
also by Yt u, and obtain a priori estimates by integrating over an arbitrary interval
[0,T]. We will first state the general result for (2.1) and then interpret it for (V).

Theorem 2.1. Let u be a strong or generalized solution of the Cauchy problem (2.1) on

(0,»). Let T > 0 be given and let there exist constants €, n € R such that

T T
(2.4) if ve A, then [ (v,wat > e [ lulZat(ue p(a) ,
0 )
2 T 4 T
(2.5) for every w € L7(0,T;H) [ (w(t), 35 (k*w)(t)de 3 n [ lwlfat ,
0 0
(2.6) € +n>0.

(a) If £, € L2(0,=H), then u € L7(0,=:H) N L2(0,m;H);




- 1 - o - w0 2
(0 IF aiec ot k' 6 L (0,®) and ot f1 ¢ LT(0,%;H), then»t ue L (0,;H) Lo(N, oY,
1
) corlently,  fate)l o= O‘ﬂ? s t + ® and wu{t) * 0 strongly as t * «.
HRILES. ool stronaly as
: 1. . -
wo rarark +hat ne claim is made that the rate fu(t)} = 0\7?/ as t +* ® is optimal.
¥

The coercivity assumption (2.4) concernina the maximal monotone operator A is
watural for the problem in liaght of comparahle assumptions in evolution equations.
fosunmrtion (2.5) and the hypotheses concernina k, k' will be justified in Temmas 2.2,
243, helow. Two Aifferent classes of kernels b in (V) are considered, each of which lead
©: the e¢nevay inequality (2.5), the first with n = 0, the second with n > , and for

o - 1 : ; \
each 3¢ which vt k' ¢ L (0,). These lemmas, together with appropriate assumptions on the
“orcina functien f  in (V), permit an easy interpretation of Theorem 2.1 for solutions ~f¢
‘vY. This wi1ll be done in Corollaries 2.4 and 2.5 below. The proof of Lemma 2.2 appears
in 2ppendix 1. Lemma 2.3 is an extension of a result of Mac Caﬁy (12] which in its rresert

-
form was recently established by M. Tangredi [18].

Lemra 2,2, (a) Let b satisfy assumption (Hb) with b > 0, and let b satisfy the

frequency domain condition

(£ there exists 8 > 0 such that b_+ Inf [-n Im B(in)] * 3,
. ® néR
where B(in) = | exp(-int)B(t)dt. Then the resolvent kernel k of B' satisfies
o

1
k¢ L {n,»),
2 2 . 1
(ry 1f also B' € L (0,~), then k € L (0,»); if also B" € L (0,»), then
. 1
' o L {0,®).

1
assumptions of (a) are satisfied, B" € L (0,»), and B is a kernel of

positive type on [0,@), then for every T > 0 and for every w € L2(0.T)

T d
[ wit) == (x*w)(t)at > 0 .
o dt

- 1 . ~
"31) If the assumptions of (a) and (b) are satisfied, and Yt R' € L (0,=) > L“(0,»),

L 1 ~ 1 - 2 - 1
vt 3" o0 L {7,my, then Yt k € L (0,9) " L°(0,»), and Yt k' €1, (0,®).

— A g v— ~
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Lemma 2.3. Let b satisfy assumption (H,) with b

1
t L (0,®) (3 =0,1,2;: m=10,1,2)

(ii) B be stronglyv positive on [0,®) .

Let k be the resolvent kernel of B'. Then:

1
(a) k € C I0,») ;

(b)  k(t) = k_

(c) 1if also

@

w
F KO, x_=( Bran) >0, x
0

2
B,B', vVt B, Yt B' € L°(0,») one has

= 0, and let

3 1
B £t R €L (0,0 ,

(m)

1
€ L (0,») (m =20,1,2) ;

K, V€ K € L2(0,®) ;

(d) for every T > 0 and for every w ¢ LZ(O,T) there exists n > 0 such that

4 1
(e) if assumptions (i) hold for j,m=20,1,2,3, t B€¢ L (0,®), and assumptions (ii) hold,

T d
I owie T (krw)(t)de > n
0 t

one has /t k' € L1(0,m).

We shall

2.2 and 2.3.

Let

(2.7)

mention some examples of kernels b

+
B : [0,%) + R be positive, non

T 2
[ lwier|at ;
0

which satisfy the assumptions of Lemmas

increasing, and convex

and satisfy the smoothness and integrability assumptions in (Hb). Then B is a kernel of

positive type

Thus if b >

on {0,%) (see [14]), and

@
~nImB(in) = n f sinnt B(t)
0

0 is any constant, b(t) = bm + B(t)

condition (F) with & = b_, and (see Lemma 2.2(a))

a » 0 (n € R) .

satisfies the frequency domain

1
k € L (D,®)., If, in addition, B

satisfies the remaining smoothness and integrability assumptions of Lemma 2.2, all

- 1
conclusions of Lemma 2.2, and assumptions (2.5) with n = 0, and vt k' € L (0,®) of

Theorem 2.1 are satisfied.

Consider

(2.8)

again B in (2.7). In addition, ass

ume that

the measure dB' has a nonzero absolutely continuous part;

-7 -
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then (see [14, Corollary 2.2]), B is strongly positive on [0,2) (for exarriv.
k_(k) ' . )

B € C[0,®), (~-1) B (t) » 0, 0 <t <™, k=20,12, B'(t) Z 0). Thus if B =sac.-":

(2.7), (2.8), the integrability and smoothness assumptions of Lemma 2.3, and 1¢

b(t) = B(t) (b, = 0), then all conclusions of Lemma 2.3, assumptions (2.5) wit?

— 1 coes
and vt k' € L (0,0) of Theorem 2.1 are satisfied.

Next, consider
m
(2.9) B(t) = | Bje cos wit (B > 0, A 20, 4 ¢ R)

with strict inequalities holding for at least one 3 (if w_ =0, j = 1,...,m, ¥
satisfies both (2.7), (2.8)). This function B is strongly positive on [0,®) (=eee
[14])), since by direct calculation

, 1 1
B.A, | + ' (neR) .

A 7
1 32, w2 e’
J J J J

- 4
Re B(in) = 2
i

[ e |

Moreover, B satisfies all other assumptions of Lemma 2.3. Thus if b(t} = B(t)

(b, = 0), all conclusions of Lemma 2.3, assumptions (2.5) with n > ¢ and

— 1
Yt k' € L (0,%) of Theorem 2.1 are satisfied.

For the kernel B in (2.9) one has

2

n2n? + 22 - W?
)

2

2
-nIm B(in) = B g

. (n € RY .
13 02 ? and
j j

2

I ~a3

i + 4220
]

Thus b(t) = b+ B(t), where hn > 0 is any constant, satisfies the frequency dorai-

condition (F) of Lemma 2.2 if Aj > mj (j = 1,¢ee,m). Evidently, b is a kernel of

positive type on [0,®). Therefore, if b(t) = bw + B(t), b°° > 0, B defined v (2.7

Aj > c.a__| (3 = 1,.0.,m), all conclusions of Lemma 2.2 (but not of Lemma 2.3), assu~nti~--

- 1
(2.5) with n =0 and vt k'€ L (0,0) of Theorem 2.1 are satisfied.




Incidentally, if bn > 0 1is any constant, and if

-t
(2.10) B(t) = Be 7 sin Wit 20 w2 0)

13

with strict inegualities holding for at least one 3j, then the frecuency domain ceniiticn

(F) of Lemma 2.2 is satisfied with & = b_. However, such a kernel b is not of posit:ive

type.
Lemmas 2.2 combined with appropriate assumptions on A and f vield the follewing
easy interpretation of Theorem 2.1 for solutions of (V).

Corollary 2.4. Let assumptions (H,) with b_> 0, (H,) and (He) with f_  arbitrary be

satisfied., In addition, assume that b satisfies the hypotheses of Lemma 2.2, and that

3

- 2
Yt F' € L7(0,%;H). Let u be a strong Or generalized solution of (V) on (0,®), If the

— o
coercivity assumption (2.4) holds with € > 0, then u and Yt ueé¢ L (0,o;K) ™ L2(0,w;H)

and ult) » 0 strongly as t + =,

Indeed, define f1 by (2.2). By (Hf) and Lemma 2.2 (k € L1(O,w y " L2(0,m),
k' o L1(0,h)) one trivially has f1 € Lz(o,m;H). By Lemma 2.2 one also has
Vv ke L‘(O,m) o LZ(O,") and Yt k'€ L’(O,m). These together with the assumption
VEoE € Lz(o,m;n) used in (2.2) show thét ' £, € L%(0,%:H); the fact that

—_ 2 R
Yt (K*F') € L"(0,%;H) in (2.2) follows from the straightforward estimate

Tt 2 2 - .2
ot k(t - s)F'(s)ds|“at < 20kl e B
0 0 L (0,) LE(0,=:H)
+ 21% ku21 i b2 (vr > 0) .
L (0,%) L (0,®:H)

By lemma 2.2 aagain, (2.5) holds with n =0, Thus if ¢ > 0 in (2.4), the result of
Corollary 2.4 follows by applyina Theorem 2.1,
Lemma 2.3 combined with appropriate assumptions on ! ard f vield a different

interpretation of Theorem 2.1 for solutionsg of (V).




Cerolilare J.7. ler assumptions (H¥) with hm = 0, (Hp) and (Hf) with fw =0 bﬁ

satisfied,  In addietinn, assume thar PRlt) = B(t) satisfies the assumptions of Lemra 2.3,
. - e 2

andt *har ¥ _ v  alen satisfies ¢, vt f, vt f'c¢ LT(0,®;H). Let u he a strong

generaiized solution of (V) on [0D,®), 1€ the operator A satisfiers the coercivity

assumption (2.4) with ¢ » 0 ({(or even & = -1, where 1 > 7 is the constant 17 lerra

— @ o
2.34), ther u and Yt u ¢ L (0,%:H) L7(N,®=;H), and uf(t) *+ N stronaly as ¢ > &,
Tte procof of Corollary 2.5 is similar te that of Cornllary 2.4, except that "1 must

now be defined by (2.3), and Lemra 2.3 is used in place »f Lemma 2,2, Note also thar the

4iditional assumptions concernina f, Yt f are essential.

The 1mportant case bm =0 in (H,), b i PR satisfvina the assnrptions »f
art ¢ & 0 ar (M) is not covered by Corollary 2.%. 1In this situation Theores 2,1 = o
be molified o tie following manner.

Theorem 2.6, ot the assumptions (Hh) (b_ =0}, “lm)' \'Hf) with f arbitrary, a0 i the

acssurmptions of Iomma 2.3 be satisfied. In addition, assume that F, Yt v,

o 2
ve f' ¢ LU (D,® MY, Let u be a strong or generalized solution of (V) on [N,@), et

u_ ke the unigue solution of the limit equation corresponding to (V):

(v u_o+ (; R(t)dt)Au > f .
-] o @

[+ the operator A satisfy the coercivity condition:

if v € Au and v_ ¢ Aum and T > 0, then

ERY @
T T 2
RN . ;otvit) = v, ult) - u )dt 2 e [ lult) = u_|"a
© o ©
0 0
for some ¢ 2 0 (¢ > =n is sufficient; see lemma 2,3d) .
— o« 2
Tren ouo=- U and vt (u - um) € L (0,°;H) ° L (0,»:H); consequently u{t) = u_ srronqu
. @ A4 1 s} L [ w0
- - = ) hd -
anot and fute) - u) e/ as ¢
tarary 2.7, “ince h I R satisfies the hvpnthesis of Lemma 2.3, T is stronaly posisive on
o
L,y and *herefare ; R(t)3A* > P, Since tre operator A 1€ MmMaxirPu~ monatoans orn 3 b
n
N

4




lim:it +«uation (VL\ Fas a unime selutien o oa-v ¢ H; 1= particular, 1€
Py

£ =0, u_ =17 and 1n this case Theoter . e iuces to Tors Llare 2,0
Torollaries 2.4, 2.% and Theorer 2.¢ rooecher fare the natural agereralization to

Hilbei* space of correspondina scalar resu.cs for (V) due to Levir [#° 3-d ILorden Q7

Procf of Thenrer 2.1, (a) Take the s~alar prniu~t »f€ 10,1, smmpiey’ons oo

Je .

1 Au 2]
(2.12) i i A A AR foe AuY
bre) ot t 1
with = armt irrearate from 0 to T, We cbrarn using (2.4, (2,85,
> . .
! ¥ - > 1 2,
Rree Pttt e e e e fute)! "de < ST [ECO)ET + (51(t),u!g)‘§t .
0
Since e 2 . 171, w;HY, one obtains by standard estimates
et .
uyte I (= ' CERTRIN

(P} Next rav.. rre ynner oroduct of (2.12) with tu and inteqra*e from 0 to T.

S A
Integratirgy  frult), ;% (t))dt by parts and using assumption (2.4) we obtain
" -
. T T
55%;7 hter 2« . tlulty, S: (k*u)(t))at + e [ tlu(t)lzdt
(2.13) 0 - 0
T T
o [ juterZat ¢ [ (tf () ,u(t))at
2b(0) ! ’ 1 :
0 0
Now
T a T 5 T
[ ttuco), o (krud(tnat = Joktortlult)|Sat + [ (t ult), (k' *u)(t))de
0 0 0
T > T _ _
= [ xOtlu(t)%dt + [ (Yt ult), (k"% u)(t))at
0 0
T _ t _ _
+{ euey, [ k't - /L - YTyult)dr)de
0 0
T _ d _
=] Ut ute), o= (k% u)(e))ae
0
N T t
+ [ Orae), [ ke - DG - /Dulniandr = 1+ 3
0 0
* -11-
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) By assumption (2,5}
S 4 - -‘ 2
1=, Yroult), —— (k*t ui(e)de 2 n | tluft)[T4r .
it
0 n
we next estimate J as follows; noting that
VE - /T < Ve - T (0« 1<),
one has
T t
’ - 4 — i .
bat = 1) (Yt ule), [ O k'(t - 1)(vt - yTiulre it
> 0 0
T 1/2 ot
<[ e ute ] [ YT bkt - thludnytar de
' 0 0

= 1
Since u € Lz(n,m; H) by part (a), Yt k' € L (0,®) we obtain

’I’ w0
se \1/2 -
! IMERIRY tlu(t)lzdt) 2 yan I ekt o tae .
0 L7(0,%;H) O
Thus
T d .T 2
tlule), - (k*u)(t))dt > n | tlu(t)l de
.14) 0 0
T
L - fuk e k' ([ tlucer1?ae 12
| L7 (0,%;:H) L (0,®) 0
"sing (2.14) in (2.13) we obtain the final a priori estimate
T
T 2 : 2 1 2
st a7 o+ (n+e) o tlu(e)|Tat < hall
2h(0 :
) A 25000 72 0 iy
- T 24172 -
+orun We Kkt Uootlutey1fae) e ave £ ak .
LU0, H) L (0,°) 0 L7(0,®:B)  L7(N,e;H)

—

T € L2(0,N;HV,

2
Rince n + ¢ > N,y L (N,®;H) by part (a), and by assumptic: 1

- 1 - o o)
Y+ ¥' ¢ 1. (0,®), the conclusions vt ue€ L (C,o;H) ° L7(0,=;u) follow in a standar.?

manner. This completes the proof.

e = v oo ~—vy =




Proof of Theorem 2.6. The proof will be reduced tc that of Theorem 2.1 by the

©
-1 A
following steps. First by Lemma 2.3 f B{t)dt = k°° > 0. Therefore, the limit eaquat:ior
0

(V) can be written in the form

ku_ + Au_ 3 k_f_,

® @ ] L

which is the same as

14 d
+ ooz (k*ul ) 4 oAu s k f 4 (k(E) =k du .

(2.15) ETET at Y ac

t‘ext, subtracting (2.15) from (2,1) gives
1

d d
— — - — * - - a
R (2.16) B(0) at {(u u, ) + 3t k*(u u,) + Au Au_ 3 F,(t) (0 < t < =),

where by an elementary calculation
1

(2.17) F‘(t) = 50y F'(t) + k(0)F(t) + K(t)f_+ (k'*F)}(t) - u K(t) .
Lemma 2.3 and the assumptions concerning F clearly imply that Fy satisfies the same

} assumptions as f1 in Theorem 2.1, The method of proof of Theorem 2.1 applied to (2.18),
(2.17), where the coercivity assumption (2.11) is used in place of (2.4), now yields the
needed a priori estimates for u - u_  and Yt (u - u )}, and completes the proof.
Example 2.8. We give an example of a maximum monotone operator A in (V) which is not a
subdifferential, and for which the theory developed in this section is applicable. Let

' R C Rn be a bounded open set with smooth boundary 9§l, Let H be the rilbert space

' LZ(Q). Let B be a maximum monotone graph with 0 € B(0) and with primitive 3 (i.e.

B = 3j). Let A, be the operator defined by

' (A = {u:ue BN B, 8w e LX)},

A u

1 =Au + B(u) (u e D(A1)) .

It is clear that A1 is maximum monotone on H since A1 = 3;1, where ;1 : H + (==,

is the proper, convex, l.s.c. function given by
1 2 . . 1 X 1
5[ [Vul“dx + [ 3(widx if u e Ho(2) and 3(w) € L ()
;l(u) = Q2 1

+ otherwise .

~13-
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1 .
Define L(u) = b, %L (b, ¢ R, u ¢ Ho(ﬂ). By the divergence theorem L(u) is monotone
- x i
1=1 i
and (u,L{u)) =  uL(u)dx = 0. Finally, following Pazy [17, Ex. 3.5] define
&
A= A1 + L .
2
By a perturbation theorem of Crandall and Pazy (6], A is maximum monotone on H = L (),

and by an easy calculation using Green's theorem ard the Poincare inequality there exists a

constant € > 0 such that

2
" ubudx + f ug(u)dx 2 f |Vu|2dx > elul™, .

i

(RAu,u) = (A1u,u) = -
9} Y] 1% Lo ()

Thus A satisfies the coercivity assumption (2.4) for every T > 0.

-14 -
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3. Boundedness and Asymptotic Properties When A = a°. Let the general assumptions (Hb),

satisfied and let u be a strona or generalized solution of (V) on [0,=}.

In this section we shall obtain different bhoundedness and asymptotic results for the case

A = &0, and when b >0 in (H,). These results, motivated by the physical probhlem

discussed in Sectior 4, are deduced from a priori estimates which are obtained directly
from the wuuivalent Cauchy problem.

d
e 2L b(0)Au + B * AU 3P (0 <t <), ul0) = £(0) .

At

Theorem 3.1, Let the general assumptions (Hb) with b_ > 0, (H.), (Hf) be satisfied and

let u he a strong or generalized solution of (V) on [0,®). If the kernel b satisfies

the frejue domain condition (F) of Lemma 2.2 and if

13.1) Inf (z) > == ,
z€H

ther
(3.2) Sup  o{ul(t)) < = ;

0<t<®
iﬁ v ¢ 3tu), then

2
(3.3) V €L (0,%;H) ,
du 2
(3.4) 3t € L (0,»;H) ,
and
(3.5) u is strongly uniformly continuous on [0,o)} .
If also lim ¢ (u) = +», then
[u'¢w

(3.6) Sup fju(t)] < = ,

124 244
and
(3.7) lim s(ult)) = y¢_ = Inf ¢(z) exists .

t > zEH
Moreover, if the inclusion d+¥{w) 3 0 implies w = 0, then
(3.9 ult) — 0 (weakly) as t *+ = .
The freaquency domain condition (F) is satisfied by several classes of kernels b with
Y > N as was seen in Section 2 (see examples of b = b°° + B with B given by (2.7),

o

{2.4), (2,10)). Thus Theorem 3.1 generalizes a recent result of S. O, Londen [10,

Carnllary 2! and a result of V. Rarbu [1, Theorem 2].

.15~




The assumptions concerning ¢ in Theorem 3.1 are not sufficient to obtain stron:
convergence of ul(t) to zero as t * ®, For this result one needs the coercivity
condition (2.4) with ¢ > 0. If (2.4) is satisfied with ve Jds(u) it is a staniar?
result (see Brezis [3]) that the inclusion 3,(w) 2 0 has w = 0 as the only solution,
and that 0 € D(3¢). Then the definition of the subdifferential [3] implies that

¥ (u) 2 v (0) (ue H) ,
and therefore assumption {(3.1) of Theorem 3.1 holds. This motivates the following results
which complement Corollary 2.4 for the case A = 3¢. Note that in Theorem 3.2 below onlvy
the frequency domain condition (F), but not the assumption that B is a kernel of posit:ive
type (see Lemma 2.2), is needed. Also note that here the assumption on F 1is less

restrictive.

Theorem 3.2. Let the general assumptions (Hb) with b°° > 0, (H;), (Hf) be satisfied, an?

let u be a strong or generalized solution of (V) on [0,®). Let b satisfy the

frequency domain condition (F), and for v € 3¢(u) let the coercivity condition (2.4) with

€ >0 be satisfied. Then conclusions (3.2)=(3.5) of Theorem 3.1 hold, and

2
u € L (0,%;H), which implies that wu(t) + 0 strongly as t * =,

Remark 3.3, If b(t) = bw > 0 in (V), a case not excluded in Theorems 3.1 and 3.2, the
above theorem and its proof yield a simple boundedness and asymptotic behaviour result for

the evolution equation

du
FT b, dv¥(ul 3 g, u(0) = Uy
- 1
where g = F'; compare Brezis {3, Theorem 3.11] where g € L (0,®;H).

Remark 3.4. If the coercivity condition (2.4) with € > 0 and A = 3v is replaced hy tie

more general condition: for every T > 0 there exists € > 0 such that

T T
{2.4") if v ev(u), then [ (v(t),u{t) - z)dat >

Q 0

2
Ju(t) - z|“at

for some 2z € H, then it is easy to show that the inclusion Jd¢(w) 2 0 has w = =z as &~

only solution, and that

-16=-
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Y(u) 2 £(2) (u € H) .

Then the method of proof of Thecrem 3.2 easily yields that wu(t) + z strongly as t * «,

Remark 3.5. In Theorem 3.1 and 3.2 the assumption b_ > 0 in (Hy) is crucial; if b =0

the frequency domain condition (F) cannot be satisfied (see examples (2.7}, (2.9), (2.10)0
for anv 8 > 0. On the other hand, in these theorems f_ in (Hg) is arbitrary and the

case ‘=0 is not ruled out, provided b, > 0. 1If bm =0 in (Hb), one can, of course,

o

still ap»ly Corollary 2.5 if f_= 0, and Theorem 2.6 if f_# 0, with A = 3:.

Proof of Theorem 3.1. (a) Let 0 < T < = be arbitrary; take the scalar product of

(V') with v € 3s(u) and integrate over (0,T]. Using g; slu(t)) = (v(e), g% {t)) a.e.
(see Brezis [3]) one obtains

T 2 T
(3.9) SOu(T)) + b(o) [ fult)lTat + QB.IV;T] = [ (F'(t),v(t))dt + £(£(0)) ,

0 0

where
T
QB,[v;T] = [ (v(t),B'*v(t))dt .
0

We next apply a frequency domain method (see Nohel and Sliea [14]}) to Qg Define
vT(t) = v(t)x[0,T] and its Pourier transform
=-in

ve(n) = [ e

g0

t
vT(t)dt .
Fxtend B' evenly to (-2,0) by B'(-t) = B'(t) (0 < t ¢ »), In the followina

calculation use is made of the hypothesis B' € L1(0,”), the Parseval and convolution

theorems:

-17-
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T 1 T T
0, (viT) = I (vt ,BUrv(t))dt = 30 tvter, [oBte - Tivitianide

0 0 0
1 ® ® 1 ® o~ 2 = {
=5/ (tv(or, ] Rt - v tmdnde = = 0 v (] Bt (man . 1

-0 - -0

{
Since B' 1is even, B'(n) = 2Re B'(in) (n ¢ R),s where ¢ denotes the Laplace ‘

1
transform. The assumptions B,B' ¢ L (0,*) and the familiar formula

R'(in) = in B(in) - B(0) yield Re B'(in) = -nIm B(in) - B(0). Therefore,
i
. 2 2 -
Q. [viT] = = L lvp(m 17 (-nIm B(in) - B(O)]dn . |
|
T 2 1% 2 !
Substituting this result into (3.9) and using | |v(t)|“at = = K lvT(v)I dn, as well as
[4] -0
b(0) - B(O) = ba, the frequency domain condition (F), and Parseval's theorem again,
1
yields
T P T
(3.10)  v(u(T)) + 8 [ lv(t)|at < [¢(eoN ] + [ [(F'(t),v(t))|dt (0 < T ¢=) .
4} 0

The assumption F' € LZ(O,W), Cauchy-Schwartz and an elementary inequality aive the
estimate

T oo

(3.11) ¥ (u(T)) + % |v(t)|2dt < Je(£(0Y) ] + %3 ! |F'(L}l2dt <® {0 <T <®) , ‘

o~

o
.

Assumption (3.1) used in (3.11) yields conclusions (3.2), (3.3) and (3.6).

Returning to (V') and using B’ € L1(0,°), v € L2(O,m;H), F' € LZ(O,m;H) gives

conclusion (3.4). Combining (3.3), (3.4) with gz Cclult)) = (v(t), g% (t)) vyields ‘

1 . . .
%Z v(u{t)) € L (0,2), and this together with assumption (3.1) implies that 1lim v(u(t))
tre |
exists. To establish all of (3.7) we use the definition of subdifferential: for every

v € 30 (u) and for every we€ H c(u(t)) € ¢(w) + (v(t),u(t) - w), 0 < t < », Since

P

!
]




w i .
U L o(C,®;H) and v ¢ L7(0,o;H) there exists a sevuence {t } * ® as n + © such that
n
(vltn\,u(t ) = w) + 0 as n + =; this preves (3.7), and from it easily (3.8), To rrove
n n B

(3.5) take T < t and nse (3.4) and Cauchv-Schwartz obtainina:

t o
. du —

3 2
lute) - ult)] < | 'EE (sylds & vt - v '1_: (s)'zr‘.s)1/
T 0
< Kt -7 (0 1 ¢t ¢y,

This completes the proof of Theorem 3.1.

Proof of Theorem 3.2. As remarked in the paraaraph precedina Theorem 1.2 the

coercivity condition (2.4) implies that

Inf Jz) 2 20) > —=

2zt H
so that assumption (3.1) is satisfied. Thus conclusions (3.2)-(3.5) fnllow immediately
from Theorem 3.1. 1In view of (3.5) the conclusion wul{t) *+ 0 strongly as ¢t + o follows
once it is shown that u ¢t Lz(O,Q;H). Rut using assumption (2.4) with © > 0 and

v ¢ Lz(ﬁ,m;H) for v ¢ &-(u) (proved in (3.3)) one has

T \ T T T
' 2 ( I 2 1 o
€ ) Jutt))Tar < 7 (vit),ut))de € = Jult)]Tar « gL et T
0 0 oo e
Thus
e 7 2 17 2
=, Jule)fTat € — | fv(er{Tdr < ® (0 < T <™y,
2 n 2c

Since ¢ > 0, this completes the proof of Theorem 1.2.

We close this sectinn hy aivina twn tvpical examnles nf speratore S.oarisina ar
heat flow, and satisfyina the assumptions of the threory devel el abess The flpat 1e 1-
one spare dimension, the arcond an srveral epace lirensiconc,
q
)
e
— - -11
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Example 3.6. Let H = L2(0,1) be the real Hilbert space of saquare inteagrarle fomee-i.
on (0,1). Let ¢ : R+ R satisfy the assumptions
1 s
(o) g € C (R), a(0) =0, 0'(g) 2> Py 2 0 (5 ¢ R) ,

+
for some po > 0, Define W : R * R by

r

. Po >
Wlr) =, o(g)de (2 = r) (r € R) ,

0
and define ¢ : H + (-=,+®] by
[ 1
[ w& (x)lax if ye Hl(0,1)
{ dx 0
0
{ 4o otherwise .

Then it is readily verified that ¢ is convex, l.s.c. and proper on H, and

d dy .
= 9y = - —_—
Ay #ly) ™ akdx) with
L 1 [s] rdyy 2
D(3v) = {y € H(0,1) & o= o(;i) e L°(0, 1)} .
1 .
Let y € H0(0,1); then from the definition of y and the Poincare inequality one has
p, 1 p 1
0 d 2 0 2 2
ctyy > = [ 1 ()1%x > — 7 [ lytx)%ax > 0 .
2 0 dx 2 o

Thus ¥ satisifes assumptions (3.1) and lim ¢(y) = ® of Theorem 3.1. Moreover
|y|+w

! d dv
(y,39(y)) = = [ y(x) ™= 0(5; (x))ax ,
0

1 -
and an integration by parts, vy € H0(0,1) and the Poincare inequality give

1 1

1
. - X Ay Tdx » o 2 2 2
(y,8¢(y)) | ax (x)a(dx (x) )dx Py |dx (x)1%ax » PyT 6 ly(x)17ax .

Thus Ay = 3 (y) satisfies the conercivity assumption (2.4) for every 0 < T < ® with
2
€ = poﬂ > 0. Therefore, this operator A satisfies the assumptions of Theorers 3.1

3.2.

-20 -
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Example 3.7. Let @ be a bounded domain in R (for heat flow n =2 or

3)  wien

+ . . .
smooth boundary [. Let A : R + R be a given smooth function satisfving the assumrtion

: A(0) > 0, there exists p; > 0 such that M) > p, and

(x)
1 EXT(E) + A(E) > Py (E€e R) .

+
Define A : R+ R by

¥ Po 2
My = [ gxgres (> 5 ) (r € R) .
0

Let H =L (§&) and define

[ MIVabyax if u e H(S)
¢(u) = { Q

{ 4= otherwise .

Then it is readily verified that ¥: H* (-, 4] jg convex, l.s.c., and proper on H and

Au = 3¢(u) = =Ve(A(|Vu])Vu)
with
1 2
D(3¢) = {u € H () : V= (A(1VuDIVu) e LW}

-

Clearly < (u) 2 0 (u € H) and by the Poincare inequality ¢{u) + = as Jul

+ @
;

thus < satisfies assumptions Theorem 3.1. Using integration by parts and the Poincare

inequality one also has
(Au,u) > kp Iu[2 ,
0 H
where k > 0 is the constant in the Poincare inequality. Thus Au = 3¢(u)

the coercivity assumption (2.4) in Theorem 3.2 with ¢ = kpo > 0.

~21-
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«. Nonlinear Heat Flow ir a Material with Memorv. Consider nenlirear hear flow in a

homooeneous bar of unit lenoth of material with memory with tre terrerature u = uit,x'
maintained at zero at x = 0 and x = 1. ¥We shall assurme that the “iectarv ~fF e
prescrited for ¢t < 0 and 0 < x € 1, The equation =atisfied +- wooir osuch a raterial e
Jerived from the assuptions that the interval energy < and the heat flux -+ are
functinnals (rather than functions) of u and of the aradient ~f © respectivelv.
Fccordina to the theorv developed by Coleman, Gurtin, ¥noll, Pirvin, Mac Tamy and Noerciase
{ser e.q. Mac Camy [11}, [12] and Nunziato [15') for heat flow 1n raterials of fadira

remoryv type the functionals ¢ and «a are taken respectivelv as:

t
(a.1 €lt,x) = bult,x) + | Rt = shuls,x)ds (€ 2 1, 0 < x < 1),
! 0
ot
(3.) alt,x) = -cnc(ux(t,x)) + 0yt - s)c(ux(s,x))is (vt » 7, " <« x < 1Y,
n

In writing the functionals € and g we have assurmed without loss of aenerality that the
history of the temperature u is prescribed as zero for ¢t <  (1f this is not the case
and if the history of u is sufficiently smooth for t < 0 and M < x < 1, this has the
effect of altering the forcina term h in equation (4.3) helow - and consequently also

G in (4.5) below - by additional known forcina terms). 1In (4.1), (4.2) hn > 0, <, > 0
are given constants, £,y : [0,»2) + R are given sufficiently smooth functions (called thre
internal energy and heat flux relaxation functions respectively). In the phvsical
literature R, Y are usually assumed to be decaying exponentials with positive
coefficients. As we shall see the theory developed here permits a much greater aenerality,
and we shall reauire for physical reasons that ¢£(0) » 0, Y(0) > 0, that ¢ and

1
Y L (0,=), that

t t
by + ; E(tyar> o, c = Joy(myar > 0 (0 <t < @),
n n
=22~




as well as that the conditions

(PW) b+ Fe (i) >~ (~ ¢ 7Y,
o
x
() e, - dthdr >0,
O
- oo
where pli-) = 2{t)exp(-int)dt, are satisfied. The ahove assumptions will be motivated
0
presently. Remark 4.10 below shows that the physically reasonable assumptions
t t
bj + : Bli)dt > 0 and cn - ; y{t}dt > 0 (N s t < @) are not essential for the theary
0 ’ 0
developed here to apply. The real function g : R > R in (4.2) will bhe assumel tn satisfy
the assumptions (gJ) of Example 3.6. It should be noted that the case of(r) = r gives rise

to the linear model derived in Nunziato [151, and that (4.2) is one reasonable
aeneralization of the heat flux for nonlinear heat flow in one space dimension.

1 2
If h = h(t,x) e L C(O,W;L (0,1)) represents the external heat supply added to tre

lo
rod for t 2 0 and 0 < x < 1, and if ul{0,x} = uO(x), f ¢ x < 1, 1is the given initial
temperature distribution, the law of balance of heat (Lt = =-div g + h) shows that in one

space dimension the temperature u satisfies the initial-boundary value problem

[bnu + g*u) = cno(ux)x - Y'o(ux)x + h (0 ¢t <=, 0<x < 1)

a
@ wr
[ad

(4.3} !
vooul0,x) = uo(x) (0 < x< 1), u(t,0) = u(t,1) = 0 (¢t 2 0) ,
where subscripts dennte differentiation with respect to x. Note that in an ordinary
material 2 =y = 0, and (4.3) becomes the nonlinear diffusion equation in one space
dimension.
The next task is to transform (4.3) to the equivalent form (V) which will be used for

the analysis. Define

t
(4.4) ~{t) = ¢y = y(1)dar (0§t « =),
n
t
(4.5) ale,x) = hﬂ“O(X) + ) hti,x)dt (N vt < ®, N ¢ x < 1),

0

-23-




Noting that

o = - (y* (e,x) ,
57 (Crofu ) )(e,%) = c ofu (£,x)) = (Y*o(u ) )it

and integratina (4.3) usina the initial condition, and (4.%) vields the equivaler= '"-lec:

equation {to (4.3)):

(4.6) Lou(t,x) + (R*u)(t,x) = (C*o(ux)x)(t,x) + G(t,x) (0 <t <=, 6 < x < 1,
where u satisfies the boundary conditions wu(t,0) = u(t,1) = 0 (t 2 0). Lettina

A = 3y be the nonlinear operator defined in Example 3.6 under assurptions (2} , <re
equation {(4.6) has the abstract form

(\'1) bou + B*u + C*Au = G (0 € t ¢ w) ,
where ¢ : H + (=~»,®] jis the specific proper, convex, l.s.c. function defined in Exarrle
3.6 on H = L2(0,1). To transform (v1) to the equivalent form (V) define o : [C,») » R
to be the unique solution of the linear Volterra equation (called resolvent kernel of ¢£):

t
(p) bOD(t) + (B*0)(t) = - E{rl (0 € t < =) .

0

1
It is standard that if ho >0 and B € Lloc[o,m), equation (p) has a unique solution
1
p € Lloc(o,w). Applying the variation of constants formula for Volterra equations [13]

(byy + B*y = a <==> y = &+ p*q)
0 bo

finally yields that (V1) is eauivalent to (V) with the definitions

{b) b(t) = Cét) + (p*C) (1) (0%t ¢ )
0
‘f) o) = HE e oue e, (5t <y .
0

B S

Similar considerations show that for heat flow in a bounded homoaeneous body . of
isotropic material with memory in R2 or R3 with a smooth boundary [, ttre
temperature u will also satisfy the ahstract Volterra eaquation (V) withk the kernel t

and forcina term f aiven exactlv as above, but with the nonlinear ecrerater » = 3.

\
defined as in Fxample 3.7 with H = L™ (§).
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We next comment on the significance of the assumptions concernin-~ 2, Y as well as
(PW) and (Y). Since the relaxation functions B8 and Y are generally taken as decayir=
exponentials with positive coefficients in the physical literature, it is certainly

1
reasonable to assume that B8,y € L (0,®) and that B8(0) > 0, Y{(0) > 0. We next motivate

t

the assumption that bO + ; R{T)dT > 0 (0 € ¢t ¢ ®), A similar reasoning motivates
t 0

o T ; Y(1)dtr > 0 (0 &« t < ®), Consider the internal energy & defined by (4.1) and

’ ]

suppose that the temperature u is maintained at zern up to time tg, and at a state

51(x) >0 (0 <x < 1) for t > to. One would then expect the internal eneray to bhe

rositive for t > ter If the function £ 1is positive for t 72 0 ¢this is automaticaily

t
the case. However 1f not, the assumption bo +« [ B{1)dt >0 (0 < t < =) is natural in
0
view of the fact that in this situation
_ t
E(t,x) = u (x)(by + ! osmaen (g € £ <) .
‘o

1
Since £ € L (0,) equation (4.1) shows that ¢ is bounded whenever u is
©

bounded. The assumption (PW) implies that bo + gtt)dt > 0 (take n = 0); ¢thus if

P
J
_ 0
u(x,t) tends to an equilibrium state ul(x) >0 as ¢t + «, (4.7) implies that the
corresponding limitina internal eneray E(x) > 0 as is to be expected. For physical
reasons it is also to be expected that if € is bounded the temperature should be

bounded. BApplying .“e variations of constants formula to (4.1) yields

ult,x) =5(—;‘-’9~ + (p*e)(t,x) 0ctem, 0¢x<1),
4]

where p is the resolvent kernel of B defined by eguation (p). Thus to Fave u bounded
1
whenever € is bounded it is sufficient to require that p € L (0,»), PRut by the Palev-~-
X X 1 1
Wiener theorem [16] applied to equation (p), B €L (0,0) implies that p € L (0,®) if

and only if

hn + B(z) *+ 0 for Re z » 0 ,

The condition (PW) now results from takina the real part of this expression, notina that




for physical reasons one wants rh + ¢{(C) > ¢, ani arcuinag as 1n trhe rrcof of lemma 1.0,

To motivate assumption (y) suppose that  ul(t,x) * ulx) as t + @ and that

5 - , ) au- ;
M uixY > 0, implyina that 9 ans > M, One tren expects that the limiting heat flux
“ix) in ecuation (4.2) is strictly neagative, if the process bheinc meodelled rerresents
"forward" heat flow: conditicrn (Y) insures that this is the case.

In order to apply the theorv of Section 3 to the Volterra eauation (V) with the
kxernel bh ard forcing function f defined by eguations (b) and (f) respectively, we rust
impose some additional technical assumptions on the functions &£, Y, UO(X)' and b in
order that the assumptions of Theorems 3.1 and 3.2 are satisfied. Our main result is
Theorem 4.7 below.

First, concerning the kernel b defined by (b) we have the followina simple result

which insures that b satisfies assumption (Hb); its elementary proof is omitted.

1
Lemma 4.1. Let b0 > 0, € >0, B, Y, tB, ty € L (0,®), and let assumptions (PW)

and (y) be satisfied. Define

r
- s}
C0 J y(t)dat

(4.7) b = SR B ’

© o

by */ Blt)at
0

clt
(4.8) B(t) = (t) + (p*C)(t) - b_,
b @
0
t
~here Cl(t) = €y f Y{t)dr, and o is the resolvent of f wuniquely defined by
0
equatior (p). Then b_> 0 and B,B' € L1(0,”), and b(t) = b+ B(t) satisfies (Hb)
o o
with b(0) = S— > 0, R{(O) = ;; - b°n > 0.

The next elementary result agives sufficient conditions in order that the forcina
function f in (V) defined by eguation (f) satisfies assumption (Hf).
2 1 1 2
Lemma 4.2. Let H = L°(0,1) and v, € Hn(0,1). Let B € L (0,®) "L(0,%) and let

assumption (PW) be satisfied. Finally, assume that

“2f=

i




) LTI SR R T [ R

Then tre functiorn ¢ : 0,@) x (0 1) » Y, R S MR RS L, T, Wwere te *te
. 1,2 1
resclvent of , satisfies ¢ ¢ ﬁl’ (et ant 00, x) - w e b 7,11, Morenver,
O —_—
fle,x) = fm’x\ +« Fie,x) (" vt <=, N ¢ x < 1,
where
« . @
(4.9) £ (x) = (bpup(x) A “(t,x)dr)f;— AR L
n n n
] o
Gt .
F(t,x) = ——(I—X) FORGI(E,x) = fIx) = = o T R(T,x) M
) \
Q 0oe
(4.10) '
t w @ @
= oetems) [ on(rp0atds - [ oprnat(h a0 ¢ 1 R
0 s t 0
aF 2 . Pa e X 1 1 2
and =— ¢ L7 (0,»;H), If in addition tf ¢ L {(0,») and th ¢ L (0,%;H}, then F ¢ L7 (N, o;H),

1
Sketch of Proof of Lemma 4.2. The assumptions £ ¢ L (0,®) and (PW), toaether with

the Paley-Wiener theorem {16}, applied to the resolvent equation (p) imply that
1 . L2 1 .
& ¢ L (0,°). But then the assumption £ ¢ L (0,®} and the fact that ¢ L (0,®) imply
2
that also p ¢ L7(0,») from the resolvent equation. These facts combined with the

definition of f in (f) and assumption (h) yield the formulae (4.9) for f_ and (4.10)

T

1oc(o,w;n). From formula (4.10) one easily

for F given in the statement as well as f ¢

proves that

(4.11) id (t,x) =

* w® .
Pre hit,x) + bouo(x)a(t) + (p*h)(t,x) (0 < t <>, 0 < x < 1) ;

1
Pq

then sF ¢ Lz(o,w;n) follows from h ¢ Lz(n,m;H) and p ¢ L1(0,m) L2(0,m). Finally,

g

{PW) and tf ¢ L1(0,m), together with p ¢ L1(0,w) imply that tp ¢ L‘(O,w) from the
resolvent equation. This, together with the assumption th ¢ L‘(O,wl and routine
estimates applied to the formula (4.10) yield F ¢ Lz(n,w;"). Tris completes the proof.

In order to apply Theorems 3.1 and 3.2 tn the physical prohlem of heat flow it remains
to verify tht the assumptions (H ) and the coercivity assumptinns are saticfied, As we

have seen in FExample 3.6 1n the case of one space dimensinn (or Example 3.7 in the case of




two or three space dimensions), assumptions (¢) (or (i) in the multidimensional case -
that the function ¢ of Example 3.6 (or Example 3.7} convex, l.s.c., proper ancd satisfiec

Sly) 2 0, J(y) » = as |yl + », Inf v(y) = 0, and the inclusion 2 (w) 3 P ‘ras w =

yeH

as the only solution; thus the assumptions concerning v in Theorem 3.1 are satisfied.
Moreover A = o satisfies the coercivity assumption (2.4) of Theorem 3.2 for every

T > 0.

It remains to show that the frequency domain assumption (f) of Lemma 2.2 can bhe

satisfied for physically reasonable classes of relaxation functions £, Y. 1In this

direction we have:

Lemma 4.3. Let bO’ Sy B, Y satisfy the assumptions of Lemma 4.1. Define the kernel

b in (V) by equation (b). Then the frequency domain assumption (F) of Lemma 2.2 is

equivalent to the condition: there exists & > 0 such that

(c0 - Rewr(in))(b0 + Ref(in)) - Imy(in)ImE(in)
(4.12) Inf = 5 > 8.
(neR) lbo + Biny |

Proof of Lemma 4.3. Define the constant b“ > 0 by (4.7) and the function ® by

(4.8) {see Lemma 4.1). Taking the Laplace transform of B one computes

- i % ° Y(ir)
B(in)=~;[ = - b (ne RY .
b+ £(in)
0
Thus
- Sy - Y(in)
b_ - n Im B(in) = Re(—~——p—) (nemr ,
by + B(in)

from which the condition (4.12) is an immediate consequence.
Using Lemma 4.3 one can construct a large number of examples of functions ! and v
such that assumption (F) is satisfied. In particular one has the followina physically

important special cases. Note that in Corollaries 4.4 and 4.6 below the physical

VPR




conditions by + | A(T)AT > 0 (0 &t <), ¢, - ! ytr.at >0 (0D ¢t < ®) are bott
0 0

satisfied (although they are not explicitly needed in the theory), because the functions

£ and Yy are positive, and assumption (y) is assumed to hold. For a different example
in which (Y} is satisfied but the above physical conditions need not hold see Remark 4.10
below.

Corollary 4.4. Let bo > 0, SN >0 and B, v, tB, ty € L1(0,°). Also assume that £ and

Y are positive, nonincreasing and convex on ([0,®), and that the as...,*“ion (Y) is

satisfied. Then assumption (F) is satisfied if either for a fixed bo > 0 the constant

c. >0 1is chosen sufficiently large, or if for a fixed c, > 0 the constant b > 0 1is

0 0 —_— 0

sufficiently large.

Remark 4.5. (i) If £ =7y = 0 (the standard heat flow problem) (F) is satisfied for any
b

choice of b_ > 0, ¢. > 0 with § = —2.
0 0 q

(ii) If B = 0 and y satisfies the assumptions of Corollary 4.4, (F) is satisfied

co =/ Y(tiae
for any choice of b > 0, ¢, > 0 with § = —————E———————-.
0 0 b0

(iii) I1f y = 0 and B satisfies the assumptions of Corollary 4.4, (F) is satisfied

for any choice of bo > 0, S > 0.

Sketch of Proof of Corollary 4.4. The proof will make use of Lemma 4.3; we establish

(4.12). Since B8,y € L1(0,m) and are positive, nonincreasing and convex, Re £(in) and
Re Y(in) are nonnegative. The function
- a~ L] L
Imy(in)ImB(in) = [ y(t)ein ntdt [ B(t)sin ntdt (n € R
0 0
is even, continuous, zero when n = 0, nonnegative, and has limit zero as n + o
(Riemann-Lebesgue lemma). The denominator in (4.12) satisfies

L3

+ B < 262 + 3/ Biran)’ (ne R .
0

2
< <
0 b lbo

Moreover,

-




+ Ref(17) > b, > D (r € R,

¢

(so trat (PW) is satisfie’d), and

e, = Fev(ir) > ¢, - [ y(t)ar > o0 (n ¢ R) .
Therefore, the existence of [ > 0 sguch that (4.12) holds is estahlished “or choices of
bo and Cq 4as asserted. This completes the proof.

Another physically important case for the heat flow problem is the following special

case of Lemma 4.3 and Corollary 4.4.

Corollary 4.6. Let

' n -Bkt

© B(t) = . be (0 €t ¢=) ,

. k=1 K

(4.13) i
m -y, t
= k
yi{t) = c e (0 € t < =)

k=1

with bk > 0,8 »0, c_ 20, Yk 2 0 and strict inequalities hold for at least one pair

k k
moe
. - V2
bk’ Bk and one pair Cyr Yk' Let bo > 0, 4 > 0, and o ki1 Yk > 0. Then the
frequency domain condition (F) is satisfied if
m c n b m c
k S k ¥
(4.14) bn(co - )‘ Y_J > Y r\ \L -B—J[ } r) .
k=1 'k k=1 "k k=1 'k

The proof of Corollary 4.6 is a consequence of showing that there exists a ¢ > 0
such that (4.12) holds. The inequality (4.14) follows by using elementary calculus to find

the infimum over n € R of the expression in (4.12):

b
. ™ STy i(b + RV 2 " S o, " v
\ =L TS )= oL PN J
O eyt e n? 0wl g2 . g2 k=1 2 o r? kw1 g2 4 o2
K X k
n b 2 n b 2 :
o k] %
RIS T SO N P I L
x = +
Bk n Ek n
-30- :
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5
Yo claim is made that the constant <+ in (4.13) is optimal.

4

We row cortine Lemmas 4.1-4.3, and Corollaries 4.4 and 4.% with the abstract theory to
establish the followina result for the physical heat flow problem (4.3) in a one-
dimensional material withk memorv. To see that a more aeneral result {(not necessarilv
physical) with £ and Y oscillatory can hold we refer to Remark 4.10 below.
1 2

Theorer 4.7. Let bo >0, ¢, >0, let B, Y, tB, ty € L (0,2} and let ¢ ¢ L (0,®).

0

Assume that 2 and Yy are positive, nondecreasing, convex, and that

o

() ¢, - I yterar > 0 .
0

Assume that ¢ : R + R satisfies assumptions (o) of Example 3.6, that the initial

1
temperature wu, € HO(0,1), and that the external heat supply h € L1(0,”;H) 0 Lz(ﬂ,“;H),

where H = LZ(O,I). Then the heat flow problem (4.3) has a unique strong solution u on

Ju 2
{0,») x (0,1) such that 3t € LIOC(D,W;H)- Moreover, if either for a fixed bo > 0, the

constant ¢, > 0 is sufficiently large, or for a fixed ¢, > 0, the constant b > 0 is

n 0 —_— 0

sufficiently large, then the solution u has the properties:

u e L7(0,@1) 0 1L(0,%0:m), g{ e L2(0,@;1) ,

and 1lim u(t) = 0 strongly in H.

[

Remark 4.8. For heat flow in more than one space dimension let { be a bounded body in
R2 or R3 with smooth boundary [I. Then the temperature u satisfies an equation of the
form (4.3) with the operator -o(u ) replaced by =V+(A[Vul)Vu); the boundary condition
is u(t,x) =0 (0 &« ¢t <», x € '), and the initial condition is u(0,x) = uo(x)

(x € ) If H is the Hilbert space Lz(Q), if the function XA : R + R+ satisfies
assumptions (A) of Example 3.7, if uo(x) € H;(Q), and he L1(O,G;H) [l Lz(O,N:H), then
the results of Theorem 4.7 holds, provided the constants b0 > 0, %, > 0 and the

relaxation functions £ and Y satisfy the assumptions stated in Theorem 4.7.
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Remark 4.9. Let

n_ -Bkt

B(t) = bke (0 € t < =)
k=1
m -th

Y(t) = c e (0 € ¢t ¢ =),
k=1

where bk 20,8 20, ¢c 20,y 20 and strict inequalities hold for at least one pa:ir

k k k
nocy
bk' 5k and one pair ¢ , Y, . Let b0 >0, o > 0, and S ki1 ;; > 0. Let o, u,,

satisfy the assumptions of Theorem 4.7. Then by Corollary 4.6 all conclusions of Trecre~
4.7 if the inequality (4.14) is satisfied.

Proof of Theorem 4.7. Under the assumptions of the theorem the heat flow protle~

(4.3) is equivalent to the abstract Volterra equation (V) with the kernel b giver bri
equations (b), (p), and (4.4), the forcing term given by equations (f), (p), and (4.5), an!
the operator A = 3¢ when ¢ : H + (-»,®] is the proper, convex, l.s.c. function defines
in Example 3.6 (or Example 3.7 in more than one space dimension). To establish the
existence and uniqueness of a strong solution of (V) (equivalent to (4.3)), we apply
Proposition 1.2. Lemma 4.2 shows that the assumptions of Proposition 1.2 concernina ¢

are satisfied with f£(0,x) = uo(x) € H;(0,1) = D{¢) (see Example 3.6). Example 3.6 alsn
shows that (H¢) is satisfied. Lemma 4.1 shows that assumptions (Hb) are satisfied. Thus
to apply Proposition 1.2 we must still verify that BR' ¢ Bvloc[o'w)' From (4.8) and (4.4}

we compute

(4.15) rr(e) = - Y8 L o o) - (v (e (0t <w) ,
b0 0

Since B is monotone by hypothesis, the resolvent equation (p) and a standard argument
(see e.g. Bellman and Cooke ({2]) show that ¢ 1is monotone. Finally, since Y is
monotone, it follows that B' € BV[0,®). Thus Proposition 1.2 yields the existence and
uniquenass of a strona solution u of (V) on [0,®) such that u' ¢ Lioc!“'m:q)'

We shall next apply Theorem 3.1. Concerning the kernel b Lemma 4.1 shows that

assumptions (Hh) are satisfied with b°° > 0. Moreover, Corollary 4.4 shows that h
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satisfies the frequency domain condition (F) if by and ¢, are chosen as in the statermans
of Theorem 4.7.
Example 3.6 (or 3.7 in the case of more than one dimension) shows that assumptions
(7)Y, v(y) 20 (ye H), lim ¢(y) = += hold, and that the inclusion 3:s(w) 2 N has
fy|+e
w = 0 as the only solution. Lemma 4.2 shows that assumptions (Hf) are satisfied.
There ore, by Theorem 3.1 the solution u has the properties:
du 2 . .
sup J(u(t)) < =, sup Ju(t)] < =, € L°(0,%), ult) is uniformly
(A L4 O0St¢=
continuous on [0,%®).
lim v(u(t)) = 0, and u(t) — 0 as t + = .

t o

Example 3.6 also shows that under assumption (o) the coercivity assumption (2.4} is
2
satisfied for every T > 0 with ¢ = Py > 0 (or another positive constant in the case
of two space dimensions - see Example 3.7). Therefore, by Theorem 3.2 one also has

2
ue L (0,2;H) and u(t) + 0 as t + * strongly in H. This completes the proof.

Remark 4.10. Suppose

B(t) = b.e ! cosit (b1,s1 >0, 0 € t < =)

y(t)

n
0
[

coswt (c1,Y1 >0, 0 € t ¢ =) ,

and assume that b0 > 0, c0 > 0., Also suppose that © and h satisfy the assumptions of

Theorem 4.7. Although the assumptions concerning B8, Y in Theorem 4.7 are not satisfied,

one still has by Lemma 4.1 that assumptions (Hb) hold with bw > 0 provided

(y) c, -

Moreover, B' € BVIOCIO'”) from (4.15), and the existence and uniacueness of a strona
solution of (V) (equivalent to (4.3)) such that u' € L;,C(n,m:w) follows from Proposition

1.2. Thus to obtain all of the conclusions of Theorem 4.7 +e need only verify that the
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T T T
A
W) T (k) (t)de = k(0) ) wi(e)dt « [ wle)(k'Aw)(e)dt
0 0
T, 1 T T
= k(0) ; wi(t)dt + 5 Jowit) [okt(t - Tiw(t)dtat
0 0 0
© ™
= k(o) [ wierat + = [ w (t) [ k'(t - )w_(1)drdr .
‘o T 2. T - T
- «© .
Letting wT(n) = j elntww(t)dt, (n ¢ R), the Parseval and convolution theorems aive
-0 -
B 4 k(0) " 2 1,7 - 2:
: [ - k0) L . 20
: wit) o= (k*w)(t)dt o 4 lw,r(n)l an + oo o IuT(n)l k'(n)dn .

But k'(n) = 2Re k'(in), where " 1is the Laplace transform, and

Re k'(in) = Re[ink(in) - k(0)]. Therefore,

T ©

. d . _1 N 2 o,
6 wit) 3r (k*w) (t)dt P !wT(n)l Re(ink(in)]ldr .

Now an easy calculation from equation (k) yields

. re Al
Re{ink(in)] = Re s—m— = e B >
b(in) . y - r,
(Re B(ir))” + Im Blir) - —,
, -
= - n_Pe Bt 2 P} fwo. ¢ y ¢ =}

'Z(Pe P'i'))z + (Ir Bljr)- - b¢)2

where the last inequality follows fror +tre assurption that B 4% a bernel of pocitive 2 ype
on (0,») (which is ermuivalent tn Fe Efi-) » . "14, Trr, 2. rneve vhav 4 e ampeeihble

to bound Relirkl(ir), away fror zerc, ever 1f k  31n strongly [t iue on e




Appendix 1

Proof of Lemma 2.2: (a) Consider the resolvent equation (k) of B', Since

1
B' ¢ L‘(O,W) Paley-Wiener theorem [16] yields that % € L (0,®) if and only if

P(z) = b(0) + ;3'(2) = b, + 2B(2) # 0 (Re z 2 0) .
With z = x + iy
Re P(z) = b+ x Re ;(z) ~y Im ;(z) {(x > 0)
Im P(z) = x Im ;(z) + v Re é(z) (x 2 0) .
Since P(z) 1s analytic in Re z > 0 and continuous in Re z # 0, Re P(z) and Im

P(2) are harmonic for x 2 0. Hence by the maximum principle for harmonic functions,
P{z) #+ 0 €for x 2 0 if either Re P(iy) = h°° -y Im R{iy), or 1Im P(iy) =y Re B{iy)
are di1fferent from zero for =-® ¢ y < ®, But by the frequency domain condition (F)
1
Re 2l1y) > 0 for -= <y <*®, and thus k ¢ 1 (0,=),
. 1 L2 1
(b) Since B' ¢ L {(0,®) L (0,») and k € L (0,®), one has

— 2 . )

B' * k= k * B' ¢ L (0,»), and the result k ¢ L (0,%) follows by 1nspection of equation

1
(k)s If also B" ¢ L (0,»), then B' ¢ C[0,®) (so that |R'(0)! < ) and we may

differentiate (k) to obtain

R"(t)
h(0)

b(O)k'(t) + B'(0)k(t) + (B"*k)(t) = - n < v ¢ =,
1
and clearly %' ¢ L (0,»),
1
(c) 1If, as is the case here k' ¢ L (0,®), the energy inequality in (¢) is derived

by the following simple arqument (see the method of {14, Theorem 1!). Extend k' evenly

for ¢t < 0, and let

" otherwise .

Then
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frequency domain assumption (F) holds in order to apply Theorers 3.1 and 3.1, By jem~y
it suffices to find sufficient conditions on the constants bh., c,, ry, 91, C Sy g
so that (4.12) holds. An elementary, but tedious calculatior shows that { > [ such <-a-
. . 2 2 .2 2
(4.12) holds exists in the case 1, Yoe e Iy rrovided assumption (v) above ‘el ig,
and provided bﬂ > 0 is chosen sufficiently larae.
While no claim is made here that thre abnee functi~ne ¢ arndt v  rerresent ghvsicallw

plausible relaxation functions, 1% is =f sorme i1rwer. s+ crat the theorv car still he

applied. 1In this connection 1% may als” be rnced =rar -ere thre function

t =P -t [ -,
’ 11 1 y B
Cle) = ¢cq =, YT =, - —=—— ' - e ccs.t - 73 S e sinst .
[} ’ AR S .
(i PR

In a genuinely physical probler as mctivate? above cne woull need tc require
c{t) >0 (C < ¢t < =®), as well as assurptior (vi. UYowever, in the aprlication of the

theory the physical requirement C(t) > T (7 < = ¢ =% is not use? ard indeed, for

example,
- — A -
- Y10 R 1
c = = ~ =
.3 = ¢, - - ~ e
e e S e
1 . Al M
K
S
could be nevative, evern thouck (¥ = o - ———— ~ [ holis,
PP —
<
.
o
- R —— -~ 4—“




(d) Multiply equation (k) by vt:

_Jemlt)

B(0) (0 € £ ¢ »)

BlOIE k(t) + 7/t (B'*k)(t) =

An elementary calculation involving Yt(B'*k) shows that Yt k satisfies

- t
Yt B'(t) T - /Tyr'(e - .
50 6 (Yt - YT)B'(t - T)k(1)dr

t
b0Vt k(t) + [ B'{t ~ 1)/T k({1)dt = -
0

(0 € t < =) .

Since vt - Y71 <Vt -1 for 0< 1T < t, and since also vt B' € L’(O,w) by assumption
and k € L’(O,w) by (a), the integral on the right side of the last equation defines a
Zunction in L1(0,“). Then vt k € L1(0,w) by the argument of part (a). The additional
assumptions and elementary estimates also yield vt k € L2(0,w).

Finally, differentiating the eguation (k) as in part (b), multiplying the resultina
equation by Yt, and using elementary estimates yields vt k' e L1(0,w). This completes

the proof of Lemma 2.2.

o
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