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ABSTRACT

We study the boundedness and asymptotic properties of solutions as t '

the nonlinear Volterra equation

(V) u(t) + (b*Au)(t) ) f(t) (0 4 t < )

where b : [0,-) + R is a given kernel, A is a maximal monotone (possibly multi-
valued) operator on a real Hilbert space H, * is the convolution, and
f (0,-) + H is a given function. The special case A = 3; , where

H + (- ,+] is a proper, convex, l.s.c. function is also considered. The
problem of existence and uniqueness of solutions has been studied previously. Two
principal types of results are derived; sufficient conditions are obtained on the
kernel b, the operator A, and the forcing term f such that eithek (i)
u C L (0,-;H) and u + 0 as t + - strongly in H, or (ii) u c L (0,-;H) an
u + u as t + strongly in H, where u w is the unique solution of an
appropriate limiting equation associated with (V). The results are established by
obtaining a priori estimates by combining energy methods with frequency domain
techniques. The results are natural generalizations for the abstract equation WV)
of comparable known results for the scalar equation in which A is a real
function. Of several applications discussed the principal one is an analysis of the
asymptotic behaviour of solutions of the physically interesting problem of heat flow
in a material with memory.
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SIGNIFICANCE AND EXPLANATION

Consider nonlinear heat flow in a homogeneous bar of unit length of a

material with memory with the ends of the rod maintained at zero temperature

and with the history of temperatuire prescribed for time t 4 0. For such

materials the internal energy and hea flux are functionals (rather than

functions) of the temperature and of the gradient of temperature respectively.

Application of the law of balance of heat leads to a nonlinear Volterra

integrodifferential equation, together with appropriate boundary and initial

conditions, which model the physical problem. This initial boundary value

problem, which cannot be solved explicitly and which is difficult to analyse,

can be transformed by standard methods to the general equation (V) given in

the Abstract. The resulting kernel b can be expressed in terms of the

internal energy and heat flux relaxation functions. These are presumed to be

known for the physical problem. The operator A in (V) is a nonlinear

differential operator together with boundary conditions, and the forcing

term f in (V) depends on the given initial temperature distribution, the

given external heat supply, and the given history of temperature.

.. The purpose of this paper is to develop a general theory which gives

sufficient conditions in terms of the kernel b, the operator A, and the

forcing term f for the solution u of (V) to be bounded on 0 < t < - and

which further assures that the solution u tends to a limit u as t +

under certain conditions u = 0, under others u is the unique solution of

an appropriate #limit equationt associated with (V). As one special case of

this theory we give a complete analysis of the boundedness and asymptotic

properties of the solution of the above heat flow problem, under physically

reasonable assumptions concerning the relaxation functions, the nonlinear

operator, the initial temperature distribution, and the external heat supply. o

DIS1RIBU1IflN/AAILARlMY COIE
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ASYMPTOTIC PROPERTIES OF SOLUTIONS OF NONLINEAR ABSTRACT VOLTERRA EQUATIONS

- * *. *

Ph. Clement , R. C. Mac Camy , and J. A. Nohel

1. Introduction and Preliminaries. The purpose of this paper is to discuss the

boundedness and asymptotic behaviour as t of solutions of the nonlinear Volterra

equation

(V) u(t) + (b*Au)(t) 9 f(t) (0 r t < ")

The setting for (V) is b : [0,-) + R is a given kernel, A is a (possibly multivalued)

maximal monotone operator on a real Hilbert space H, f : [0,-) H is a given function,
t

an, * denotes the convolution: (W*g)(t) = I e(t - T)g(T)dr. The integral in (V) is
0

taken in the sense of Bochner.

The following general assumptions will be assumed throughout:

(Hb) b(t) = b + B(t), b(O) > 0, b ) 0, B,B' e L (0,-)

(Hm ) A maximal monotone on H ;

1,2 [ ,; ) ' F L2( , ; ) f H ;
(Hf) f(t) = f + F(t), FE W ([0,;H)), F' f L (0,;H), f c H

lbc

here = d/dt, H is a real Hilbert space with scalar product (-,-) and norm I,

and W denotes the usual Sobolev space. The special case of (Hm):

A = 3P, where the function 0: H + (-,m] is convex,

lower semicontinuous, and proper

will also play an important role in the theory. For definitions and standard results
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concernino maximal monotone operators and the snecial case of a subdifferential the reader

is referred to Brezis 13'.

We shall first comment briefly on the existence and uniqueness of solutions of (V) for

which boundedness and asymptotic properties will be studied. A special case of a general

result of Crandall and Nohel [5; Theorem 4] (see also Gripenher f7[) Iis:

Proposition 1.1. If (Hb) with R,R' ( L lo(0,-), (Hm), (Hc) with F' L2 , a
loc m (f) wih1' L (c 'C! r

satisfied, and if 'f BV loc[0,-), f(0)( D (A), then (V) has a unioue generalized

solution u f C([0,-); D(A)). If, in addition F'C BV loc([0,);H) and f(O) ( NA),

then u C W 1([0,);H) and u is a strong solution of (V) on [0,-).
tnc

In the special case of a subdifferential Proposition 1.1 can be strengthened to (see

Crandall and Nohel [5, Section 4], also Londen [101):

Proposition 1.2. Let b,f satisfy the assumptions of Proposition 1.1 and let (H,) hold.

If f(0)c D(,:), then (V) has a unique strong solution on (0,-) such that

Vt u' c L
2  

((0,);H); if f(0) C D(;), then u' U L 
2  

((O,-);H).
boc I-0

Remark 1.3. For convenience of the reader we recall the notion of generalized solution

1 -1
(see [5]). Let A > 0 and let Al = (I - J J= (I + XA)I he the Yosida

approximation of A. Noting that A : H + H is Lipschitz continuous (with Lipschitz

constant -), a simple contraction mapping argument shows that the approximating enuation

(V X ux + b*A u = f

has a unique strong solution u, on [0,T) for every T > 0, under the assumotions of

Propositions 1.1 or 1.2. Moreover, under these assumptions uA is also a strong solution

of the differentiated approximating equation
duX

(Vi) h--u 
+ 

h(0)Axu + S'*Au, = F', u(0) = f(0)

on [0,T] for every T > 0. What is established in [5) is that lim+ u = u in

C([0,TI;H) exists, regardless of whether or not (V) has a strong solution, and this

function u solves (V) in a sense made precise in (5]. For this reason this function u

is called a generalized solution of (V).

The theorems in Sections 2 and 3 are valid for both strono and ocneralized solifina

of (V); while the proofs are carried nlt f,,r strong soluti,,ns, they may be estahlished for



generalized solutions by first obtaining the estimates (independent of X and t) from

the approximating equation (V') and then letting A 4 0

There are two approaches for obtaining the a priori estimates needed for our

results. The more direct one is an energy method in which the estimates needed are

obtained directly from the equivalent differentiated form of (V):

du
(V) -- + b(0)Au + B'*Au 9 F' (0 < t < 0)dt

u(O) = f(0). This method, discussed in Section 3 under the essential assumption (H,)

(A = 2), consists of taking the scalar product of (V) by any element v c 3 (u) anl

integrating over an arbitrary interval (0,T) to obtain the estimates under suitable

assumptions concerning b, , and f. This technique is an extension of a similar

approach which can be used to study evolution equations (take b 1 1 in (V)) in the case

A = 2. The crucial point is an appropriate condition on b (see the frequency domain

condition (F) in Lemma 2.2) and appropriate growth conditions on the function .: to

du 2
deduce f L 2(0,-;H). Our motivation for studying this approach is the physical problem

of heat flow in materials with memory to which these results are applied 4., be-tion 4, and

where b - > 0 in assumption (Hb).

The approach in the more general case of A satisfying (Hm) is different; there

du L2(
appears to be no direct way to establish 2 L (0,-;H) when A is not a

subdifferential. Instead (V) is transformed to a different equivalent form (equation

(2.1) below) using the resolvent kernel associated with B'. An energy technique

consisting of taking the scalar product of the transformed equation by u and by /r u

and integrating from 0 to T, T > 0 arbitrary, is used to deduce the estimates which

- 00 2
imply u, Vt u c L (0, ;H) ' L (0,0;H) under appropriate assumptions. This method is

explored in Section 2. An example of the equation (V) with A a maximal monotone operator

which is not a subdifferential and to which the theory of Section 2 can be applied, is also

discussed. Corollaries 2.4, 2.5, and Theorem 2.6 may be viewed as natural generalizations

to Hilbert space of results of Levin [81 and Londen (9] which describe the limiting

behaviour as t + of solutions of (V) in the scalar case in which the operator A is a

real function.

-3-



While not directly related to the present study it should also be noted that

positivity of solutions of (V) and their asymptotic properties, have recently been stud',-

by different methods by Clement and Nohel (4), in the setting of A an m-accretive

operator on a real Banach space X.

-4-
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2. Boundedness and Asymptotic Properties when A is Maximal Monotone. Let the qerera.

assumptions (Hb), (Hm), (Hf) be satisfied and let u be a solution of (V) on "

follows that (V) is equivalent to the Cauchy problem

(V') -u + b(O)Au + BI*Au a F' (0 < t < -), u(O) = f(O)
dt

Let k be the resolvent kernel associated with B', defined to be the unique solution of

the linear Volterra equation

(k) b(O)k(t) + (B'*k)(t) = -B a.e. for 0 < t <
b(O)

by standard results assumption (Hb) implies that k E L
1
(0,-).loci,

•

Regarding (V') as a "linear" equation for Au, the variation of constants formula for

Volterra equations [13] and an integration by parts shows that V') (and hence also (V)) is

equivalent to the Cauchy problem

1 du +d
(2.1) b(O) d+ dt (k'u) + Au . f (0 < t < ), u(O) = f(0)(21)b(0) at a-t 1

where f, : [0',) , H is the function given by either

(2.2) fT
(
t) = F'(t) + f(O)k(t) + (k*F')(t) (0 < t < w)

bCO)

or

(2.3) fl(t) =b-- F'(t) + k(O)f(t) + (k'*f)(t) (0 < t < )(2.3) f I CO)

We shall use an energy method based on taking the scalar product of (2.1) by u, ana

also by Vt u, and obtain a priori estimates by integrating over an arbitrary interval

[0,T). We will first state the general result for (2.1) and then interpret it for V).

Theorem 2.1. Let u be a strong or generalized solution of the Cauchy problem (2.1) on

(0,-). Let T > 0 be given and let there exist constants c, n 6 R such that

T T

(2.4) if v f Au, then f (v,u)dt ) c f u!
2

dt(u f D(A))
0 0

T T
2 T d 2

(2.5) for every w e L (0,T;H) J (w(t), (k*w)(t)dt a J 1w) dt
0 0

(2.6) C+ n>0.

(a) If f, f L2(0,-;H), then u f L(O,w;H) n L2(0,";H);

-5-
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_______ t, and It f C L (1, ;H) , then ,t u L (0,o;H) L(

s, :,T,,nti\ luft) I - as t * and u(t) - 0 stronoly as t

ItSre-an- that no -Liai- is i-ade that the rate lult)) = C as t j s ?i-l

,oercavity assunption (2.4) concernina the maximal monotone operator A is

orural for the problem in liaht of comparable assumptions in evolution ecnations.

;-!sumntinn (2.5) and the hypotheses concernina k, k' will be justified in 7emmas 2.2,

... ,e w. Two different classes of kernels b in (V) are considered, each of whlin 1ei

t the ene cny inequality (2.5), the first with n = 0, the second with n ) 0, and for

-ach >f which It k' c L (0,w). These lemmas, together with appropriate assumptlons on the

*-orcino function f in (V), permit an easy interpretation of Theorem 2.1 for solutions -

'-. Thi, will he done in Corollaries 2.4 and 2.5 below. The proof of Lemma 2.2 arpears

in Arpenlix 1. Lema 2.3 is an extension of a result of Mac Carny [12] which in it er -c

form was recently established by M. Tangredi [18].

Lem a 2.2. (a) Let b satisfy assumption (Hb) with b > 0, and let h satisfy the

freouenc- domain condition

(F) there exists 6 > 0 such that b + Inf [-n Im B(i)] ; 5,

where B(in,) = j exp(-int)B(t)dt. Then the resolvent kernel k of B' satisfies

k L (,,-).

It) If also B' 6 L 2(0,-), then k f L 2(0,-); if also B" C L (0,-), then

' (0,").

:f 
1
te assumptions of (a) are satisfied, B" C L (0,-), and P is a kernel of

1- i- type on [O), then for every T > 0 and for every w E L
2
(0,T)

T d
w(t) - (k*w)(t)dt ) 0

0 dt

rh ] f the assumptions of (a) and (h) are satisfied, and Vt P' c L (0,-
)  

L L0,w),

1- 1 2 1
' ">' L(C',"1, then 't k ( , L) (0,-), and Vt k' f lI(0,-).

-6F
-w -I



Lemma 2.3. Let b satisfy assumption (Hh) with b = 0, and let

t fr ) 1 3 1
(: t R L (0,') (j = 0,1,2; m 

=  
0,1,2) , t B E L ( 0,)

(ii) B 1e stronqlv positive on 10,-)

Let k be the resolvent kernel of B'. Then:

(a) k C 0,o)

(b) k(t) = k + K(t), k = (J B(t)dt)
- I  

> 0 , K
(M )  

C L (0,0) (m = 0,1,2)

0
(c) if also B,B', Vt B, /V B' f L2(0,- ) 

one has K, Vt K C L 2(0,-)

(d) for every T > 0 and for every w e L
2
(0,T) there exists n > 0 such that

T T
d

w (t) d (k*w)(t)dt r J.W 2 lwt dt
dt0 0

4 1
(e) if assumptions (i) hold for j,m = 0,1,2,3, t B f L (0,0), and assumptions (ii) hold,

one has /t k' E L (0,).

We shall mention some examples of kernelt b which satisfy the assumptions of Lemmas

2.2 and 2.3.

Let

(2.7) B [0,0) + R be positive, nonincreasing, and convex

and satisfy the smoothness and integrability assumptions in (Hb). Then B is a kernel of

positive type on [0,-) (see [14]), and

-nlImB(i) = n f sinnt B(t)dt ) 0 (n f R)
0

Thus if b. > 0 is any constant, b(t) = b + B(t) satisfies the frequency domain

condition (F) with 6 = b, and (see Lemma 2.2(a)) k f L (0,00). If, in addition, F

satisfies the remaining smoothness and integrability assumptions of Lemma 2.2, all

conclusions of Lemma 2.2, and assumptions (2.5) with n = 0, and Vt k' f L (0,-) of

Theorem 2.1 are satisfied.

Consider aqain B in (2.7). In addition, assume that

(2.8) the measure dB' has a nonzero absolutely continuous part;

-7-
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then (see [14, Corollary 2.2]), B is strongly positive on [0,-
)  

(for exa7r,,.

B e C[0,), (-1)k B (k)(t) ) 0, 0 < t < -, k = 0,1,2, B'(t) 9 0). Tus if ? Sat

(2.7), (2.8), the integrability and smoothness assumptions of Lemma 2.3, and i

b(t) B B(t) (b = 0), then all conclusions of Lemma 2.3, assumptions (2.5) wit'

and Vt kI f L (0,") of Theorem 2.1 are satisfied.

Next, consider

m -X.t

(2.9) B(t) = B.e 3 cos Wt (B 0, 1 0, - R)
j=1 3 ]

with strict inequalities holding for at least one ] (if . 0, = 1........I

satisfies both (2.7), (2.8)). This function B is strongly positive on 0,( 1ee

[14]), since by direct calculation

m
1e 1 (rE R)

2i=1 2 + ( 2 A + + 2.) '

Moreover, B satisfies all other assumptions of Lemma 2.3. Thus if b(t) = B(t)

(b = 0), all conclusions of Lemma 2.3, assumptions (2.5) with n > 0 and

Vt k' f L (0,- ) of Theorem 2.1 are satisfied.

For the kernel B in (2.q) one has

22 2 2

mn ~ B~in) + -R)-r lm 8( i ) = .j 2 2 - n 2 ) 2 + H)
i=1 (X2. + w*) 4 2*

2

3 1 3

Thus b(t) = b + P(t), where h. > 0 is any constant, satisfies the frecuencv o:o;-3 -

condition (F) of Lemma 2.? if A i >W (j = 1. in). Evidently, b is a kernel of

positive type on [0,"). Therefore, if b(t) = b + B(t), b ) 0, B defined !-%-

X W. (j = 1.,), all conclusions of Lemma 2.2 (but not of Lemma 2.31, a-: -
3 I

- 1
(2.,) with n = 0 an4 Vt 1' L (0,w) of Theorem 2.1 are satisfied.

-P-
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Incidentally, if b. > 0 is an constant, and if

m -A t
(2.10) B(t) B.e I sin Lo.t (A. ; 0, W. > 0)

i=1

with' strict inequalities holding for at least one j, then the freauency domain ccnit:r-

(F) of Lemma 2.2 is satisfied with 6 = b-. However, such a kernel b is not of posit--'e

type.

Lemmas 2.2 combined with appropriate assumptions on A and f yield the foll-win

easy interpretation of Theorem 2.1 for solutions of (V).

Corollary 2.4. Let assumptions (Hb) with b > 0, (Hm) and (Hf) with f arbitrary be

satisfied. In addition, assume that b satisfies the hypotheses of Lemma 2.2, and that

- 2,t F' f L (0,-;H). Let u be a strong or generalized solution of (V) on [0,"). If the

oercivity assumption (2.4) holds with E > 0, then u and Vt u f L'(0,;H) ' L (0,-;H)

and u(t) , 0 strongly as t + -.

Indeed, define f1  by (2.2). By (Hf) and Lemma 2.2 (k c L (0," ) L 2(0,),

1 2
k' L (0,-)) one trivially has fl f L (0,-;H). By Lemma 2.2 one also has

k 1 1.(0,") L 2(0,") and Vt k' E L (0,"). These toqether with the assumption
,t F' L2(0,;H) used in (2.2) show that Vt f, f L

2
(0,-;H); the fact that

2,'t (k*F') c L2(0,-;H) in (2.2) follows from the straightforward estimate

T t
t, ] k(t - s)F'(s)dsl dt r 2(kl

2  
0t F'11

2

0 L (2

+ 2lv't kU2  
UF'

2  
(VT > 0)

L (0,") L2(0,";H) (r>0

By Lemma 2.2 aaain, (2.5) holds with 11 = 0. Thus if t > 0 in (2.4), the result of

Corollary 2.4 follows by applyino Theorem 2.1.

Lemma 2.3 combined with appropriate assumptions on I arl f yield a different

interpretation of Theorem 2.1 for solutions of (V.

WrI
,, - . . .



S Lot assun'ptions (IIQ wit' 0, (HI,) and (P.,) with~ f.~ be

:;t~fe. i dtis arsun' tI-at kft r Pit) satisfies t 'e assun'tlons P Lemlja 2.3,

a a- 'I' also atisfien I, 't f , 't f'( L (0,-;H). Let n he a srn

:,o-rl ize i solution of W)I nn [0,-). !f the operator A satisfies t" coerc-ivity

assumption (2.4) with t. 0 (or even t L wh~ere 1 t is thel constart in Ler7

3 hy and Vt u t. 2O~I) I>.;I an)! ult) + rl strnoa , an

Tle proef of rorollary 2.5 is si-ilar to that (if Coolr .4, oseert th!a* U

now h, iefi ned by (2.3), and Len'ana 2.3 is use)l in place -if re-a2.. ne aotat-

oiititi-ial assumptions coneernina f, vlt f are *-ssential.

'71 ianportant case b = 0 in (till), 1, 3 P sit isfyin, the lq-!'etiony! of

as' I ir I~ is not covered by Corollary .v In th-is Fituatin 7ho,- '

be n'h~ie. ~r t:oe followinn manner.

Tore'2.' ' the assumptions (fib) (b- 0), (1m'Ifif) With f- arb-itrary.v

annrntiyy f :.''a2.3 be satisfied. In addition, assumne that F, Vt I-,

- 2~t f 1. (0 , -;H le t i i he a strong or generalized solution of W5) on VI,., 1->

U be the unique solution of thy? limit equation correspondinu to (V)

1'1u- + I P~t)dit)Au.)f

Inthe operator A satisfy the coercivity condition:

if v C Au and v_ c Au_ and TI > 0, then

T T

.1; V(t) - vw, UMt - um(dt , E: j u(t) - U.1 t
0 0

for some C > (EI > -n is sufficient; see I!en'n'a 2.3)

en'l u- and Vt fuit u.) L (O,-;Il( L 2(0,-;P.); conseonentlv u) + u. rtron'al,

A* J n ult) - ul n,7= as t

T-arl, 2.'. inrCV h -- P' satisfieq the hvpotbre'Sin of 1,mnMa ?.I, I' is sI,-~l

"0 i~ V her-forp Pit) dt- n. -ince theP operator A is flax: n'- mlonot", it
n



!I'n uar inn (V as a uniolle snlv. jon ., a 1; in art icul ar,Ir

u. ', an.) in this case 7hen,.n t,~ 7or. :: - 2ur

i'ornllaries 2.4, 2.5 an-I Theorp- 2 .- ~~ fn, t e ratoiral iro-:a:n to

Hi:hbi- sprace of ccrresvorli no so., ar i-es'_5 f, w V iqe t'. L-o,:r 3-1 i :-rlor

Proofo nf ert, 2.1. a I Tal-e t', r-,i'atr-i- -t o' I:. I I, : ' -. .

(2. 12)(% ,) . . t
Sfrt C It I. I

wit, a 1 7r :- tIra. fr -'r P t, 7. We I I n i-. ns-, .4. (2.'

01 i)I 1 If 0) (Yt oit I ii .

S in'- I ,-'H) one obt a ins by standardl t-stxrnates

(b) Nox t -It, 1-rr 7rolii,- of (2.12) wjth, to andi inteqrae from 0 to T.

Ti
Intearat,r. ,:t, l- (t)),t by parts and using assumption (2.4) we obtain

72 T d T 2
2flu (t.) I t(UMt, (k'u)(t)dt + E: tlo(t)I dt

(2.13) 0bP dt

T T
2O( lultl idt + (tt (t),u(t))(dt

2b o) 0 1
Now

f tlult). 1 (k*u)(t))dt jrk(0 )tlu(tfl 2 
dt+ It u(t),(k'-u)(t))dt

0 dt 0d 0

00

T t

+ ~ ~ d (Vt u(t), lt-)(kV t Vo)((t)d(dt
0 0

T tT
+ jr(Vt ult), jk'(t -T)(Vt -VT)(TrTt I +t

0

Vrd



Ry assumption (2.f)

d - 2
I (Vt u(t), (k*Yt u) (t)dt ;P n tclu t)i it

0 n

We next estimate J as follows; notinq that

one has

t

IJI = I (Vt u(t), 1 k'(t -t )('t - , -uT>

0 0

T tT t1/2 ru(t) if I k'(t T TIIU 
- ,  

4t

0 0

2 1
Since u r L (0,-; H) by part (a), vt k' c L (0,-) we obtain

J1 'T 2 1 ,1 l ull

J < tju(t)j dt uj 2 Vtlk' (t) Idt

n L (0,-;H) 0

Thus

T Td2

t(u(t), - (k*u)(t))dt > nf tlu(t)I it
(". 14) 0 o

T

lull 2 I1 t k ll 1 (f t u(t) 2 t 1/2
L (0,-;li) L (0,-) 0

sino (2.14) in (2.13) we obtain the final a priori estimate

u(t( I * (s + c) tlu(t)I2 dt lull
21(0) 2b(0 I;)) 2

T

11 lu1 2 l(Vt k, 1 f tlu(t)12 dt)l/
2
+ qVt f 11 lull

1. (0,-;H) L (0,-) 0 L (0,';H) LL(2, oc(

2 r 2(O

.jnc r + E: 5 n, 1cC L (n,-;H) by part (a), and by assumptic. C- L 2 H

v VI' L I(,w), the conclusions Vt u C Lw(0,w;H) L (0,-;H) follow in a stanlarl

manner. This completes the proof.

-- - " -



Proof of Theorem 2.6. The proof will be reduced to that of Theorem 2.1 by the

following steps. First by Lemma 2.3 B(t)dt = k
-  

> 0. Therefore, the limit equatinr

0

(VL) can be written in the form

ku + Au. 3 k f,

which is the same as

1 d d
(2.15) b(0) dt t ( ) + Au k f + (k(t) - k)u.

:ext, subtracting (2.15) from (2.1) gives

(2.16) (_ ( - u. d k*(u - u-) + Au - Au F1 (t) (0 < t <(2.6) b(0) dt (u -I)+ -u

where by an elementary calculation

(2.17) F (t) = - F'(t) + k(0)F(t) + K(t)f. + (k'*F)(t) - u K(t)
1 b(O)

Lemma 2.3 and the assumptions concerning F clearly imply that F1  satisfies the same

assumptions as fl in Theorem 2.1. The method of proof of Theorem 2.1 applied to (2.16),

(2.17), where the coercivity assumption (2.11) is used in place of (2.4), now yields the

needed a priori estimates for u - u and /t (u - u), and completes the proof.

Example 2.8. We give an example of a maximum monotone operator A in (V) which is not a

subdifferential, and for which the theory developed in this section is applicable. Let

C R
n 

be a bounded open set with smooth boundary M. Let H be the P'ilbert space

2
L (il). Let 8 be a maximum monotone graph with 0 f 8(0) and with primitive j (i.e.

= j). Let A1  be the operator defined by

0 2 2
D(A) = {u : u C H n H (Sl), B(u) f L2 ())

A1u = -Au + 8(u) (u c D(A )) .

It is clear that Al is maximum monotone on H since A, = 241, where 1 H (

is the proper, convex, l.s.c. function given by

) IVuj2dx + j(u)dx if u C H1(0) and j(u) f Ll(,)

(u otherwise 0

-13-



n lu (beR

Define L(u) = b (bi e R, u e H (Z). By the divergence theorem L(u) is monotone
1=1 i

and (u,L(u)) = uL(u)dx = 0. Finally, following Pazy [17, Ex. 3.51 define

A = A, + L

BY a perturbation theorem of Crandall and Pazy [61, A is maximum monotone on H = L 2 )

and by an easy calculation using Green's theorem and the Poincare inequality there exists a

constant E > 0 such that

(Au,u) = (A u,u) = - uAudx +! uB(u)dx > fvol 2 d ;kCU 29
(2 £2 2 L (2)

Thus A satisfies the )ercivity assumption (2.4) for every T > 0.

-14-



3. Boun,.edness and Asymptotic Properties When A = v.. Let the qeneral assumptions (Hb),

N), (i1) hy satisfied and let u he a strono or qeneralized solution of (V) on [0,-).

In this section we shall obtain different houndedness and asymptotic results for the case

A 
=

, and when b 0 in ). These results, motivated by the physical problem

discussed in Section 4, are deduced from a --tori estimates which are obtained directly

fr,lr the o ,ivalent Cauchy problem.

du
V b(0)Au + 1' * Au F' (0 < t < -), u(0) = f(0)

Theorem 3.1. Let the general assumptions (Hb) with b > 0, (H,), (Hf) be satisfied and

let u be a strono or generalized solution of (V) on [0,-). If the kernel b satisfies

the freuency domain condition (F) of Lemma 2.2 and if

13.1) Inf <(z) > -
ZEH

then

(3.2) Sup :(u(t
1
) <

04t<-

if V f J"Iu), then

2
(3.3) V E L (0,-;H)

du 2
(3.4) dt L (0,O;H)

and

(3.5) u is strongly uniformly continuous on [0,-)

If also lim (u) = + , then

(3.r) Sup lu(t)I <

and

(3.7) lim ,(u(t)) = = Inf (z) exists
t- zC H

Moreover, if the inclusion Dr(w) ; 0 implies w = 0, then

u(t) - 0 (weakly) as t +

Tt frenuency domain condition (F) is satisfied by several classes of kernels b with

> 0 as was seen in Section 2 (see examples of b = b + B with B given by (2.7),

2.), (2.10)). Thus Theorem 3.1 generalizes a recent result of S. 0. Londen [10,

Corollary 21 and a result of V. Parbu [1, Theorem 21.

-15-



The assumptions concerning ; in Theorem 3.1 are not sufficient to obtain s'<

convergence of u(t) to zero as t 
+ 

-. For this result one needs the coerclv:ty

condition (2.4) with E > 0. If (2.4) is satisfied with v c 3.(u) it is a star:.arI

result (see Brezis [31) that the inclusion 3;(w) 3 0 has w = 0 as the only solutio.,

and that 0 f D(l4). Then the definition of the subdifferential f3) implies that

;(u) (0) (u E H) ,

and therefore assumption (3.1) of Theorem 3.1 holds. This motivates the following result

which complement Corollary 2.4 for the case A = 3,. Note that in Theorem 3.2 below onr.

the frequency domain condition (F), but not the assumption that B is a kernel of posit:.-:

type (see Lemma 2.2), is needed. Also note that here the assumption on F is less

restrictive.

Theorem 3.2. Let the general assumptions (Hb) with b > 0, (H), (Hf) be satisfied, an!

let u be a strong or generalized solution of (V) on [0,-). Let b satisfy the

frequency domain condition (F), and for v e 3,(u) let the coercivity condition (2.4) wit

c > 0 be satisfied. Then conclusions (3.2)-(3.5) of Theorem 3.1 hold, and

2
u c L (0,-;H), which implies that u(t) - 0 strongly as t .

Remark 3.3. If b(t) I b > 0 in (V), a case not excluded in Theorems 3.1 and 3.2, th-

above theorem and its proof yield a simple boundedness and asymptotic behaviour result for

the evolution equation

dudu + b a;(u) s g, u(0) = u0
dt

where g 
= 

F'; compare Brezis (3, Theorem 3.11] where g f L (0,-;1).

Remark 3.4. If the coercivity condition (2.4) with e > 0 and A = 3; is replaced by

more general condition: for every T > 0 there exists E > 0 such that

T T

(2.4') if v e 7(u), then f (v(t),u(t) - z)dt > Ju(t) - zdt
0 0

for some z E H, then it is easy to show that the inclusion 3,(w) s 0 has w z

only solution, and that

-16-



;(u) ;(z) (u f H)

Then the method of proof of Theorem 3.2 easily yields that u(t) * z strongly as t .

Remark 3.5. In Theorem 3.1 anO 3.2 the assumption b . > 0 in (Hb) is crucial; if h = P

the frequency domain condition (F) cannot be satisfied (see examples (2.7), (2.%), (2.10))

for any 6 ) 0. On the other hand, in these theorems f. in (Hf) is arbitrary and the

case = 0 is not ruled out, provided b - > 0. If b = 0 in (Hb), one can, of course,

still ar-ly Corollary 2.5 if f = 0, and Theorem 2.6 if f * 0, with A = a4.

Proof of Theorem 3.1. (a) Let 0 < T < - be arbitrary; take the scalar product of

d du
(V') with v c 3,(u) and integrate over [0,T]. Using - ;(u(t)) = (v(t), d (t)) a.e.

dt dt

(see Brezis [31) one obtains

T T

(3.0) ;(u(T)) + b(0) J v(t)l 2dt + QB' [v;T] = f (F'(t),v(t))dt + .(f(O))

0 0

where

T
QB [v;T] = f (v(t),B'*v(t))dt

0

We next apply a frequency domain method (see Nohel and P2rea [14)) to Q. Define

VT(t) v(t)X[O,T] and its Fourier transform

V(n) f e- int vT(t)dt .

T T

Fxtend B' evenly to (- ,0) by B'(-t) - B'(t) (0 & t < ). In the followina

calculation use is made of the hypothesis B' 6 L (0,0), the Parseval and convolution

theorems:

-17-



T T TQF1 ~~ [VT vtB*~ ) (v(t), rB'(t -T)V(T)dT)dtQ ([v;T] =0 r (v~t),B'*v(t))dt = - 0

, 0

(VT(t), P, (t - .)VT(T)dT)dt L IVT(n)12 F'(r)dn
2 T T 4 T

Since B' is even, B'(n) = 2Re B'(i,) (I n R),, where denotes the Laplace

transform. The assumptions B,B' c L (0,) and the familiar formula

P'(in) = in B(in) - B(0) yield Re B'(i) = -rim B(i) - B(0). Therefore,

1 ~

QB.[V;T] = IVT(n)I-nlIm B(i) - B(0)]dn
T 2 1 T()2d a

Substituting this result into (3.9) and usinq f Iv(t)j2dt = Iv Cr)) dr, as well as
0 27 T

b(0) - B(0) = b_, the frequency domain condition (F), and Parseval's theorem aaain,

yields

2 T
(3.10) (u(T)) + 6 f Iv(t)I 2dt < I¢(f(0))I + i (F'(t),v(t))Idt (0 1 T < )0 0

The assumption F' f L
2 
(0,-), Cauchy-Schwartz and an elementary inequality oive the

estimate

T 1
(3.11) ;(u(T)) + T Iv(t)1

2
dt 4 1;(f(0))1 + - IF'(L I2dt < - (0 < T <0,)

2 vtf 260 0

Assumption (3.1) used in (3.11) yields conclusions (3.2), (3.3) and (3.6).

Returning to (V') and using R' f LI(0,0), v e L2 (0,-;H), F' f L2(0,";C) gives
d du

conclusion (3.4). Combining (3.3), (3.4) with c(u(t)) = (v(t), -,u (t)) yields

dt ;(u(t)) f L (0,-), and this together with assumption (3.1) implies that lim ;(u(t))dt-

exists. To establish all of (3.7) we use the definition of subdifferential: for every

v C 3.'(u) and for every wE H z(u(t)) 4 ;(w) + (v(t),u(t) - w), 0 4 t <00. Since



U f"I ) a-' V t 12(n ,;H) therep exists a se-uence it } as n such tt'at

(v(t 1,u(t ) - w) * r as n - w; this pr-veF (3.7), and from it easily (3.A). To rove
n n

(3.5) take T < t and IRP 13.4) and CaUch%'-Cwartz ohtaininu:

t du

IUlt) - 0I(T)' du s d, 2 ,'
t dt (s) ds Vt - I- (s- i ds~0

This completes the proof of Theorem 3.1,

Proof of Theorem I.2. As remarked in the paraararh rere ino Thenrem I.? the

coercivity condition (2.4) implies that

Inf .7(z) > :(n) > - ,

z( H

so that assumption (3.1) is satisfied. Thus conclusions (3.2)-(3.r) follow immediately

from Theorem 3.1. In view of (3.5) the conclusion u(t) * 0 stronly as * follows

once it is shown that u L 2(0,;11). But usinq assumption (2.4) with > 0 an'

v ( L 2((),;H) for v (u) (proved in (3.3)) one has

T T T
2t) 2dt 2 1(v(t),u(t))dt i - v(t it

oo

Thus

T

W t)12 dt Iv(t) d t < (r < T <
2 n2c

Since L > n, this completes the proof of Theorem 3.2.

We close this section hv oivinn two tvrira
. 
exarl-c of - rrat--r- Irivirno Ir

heat flow, and satisfyino the ass mrtlons of the, t'eoiy Fr vl '-
, 
!ir-t

one qP m the mr'ooi in -'eral rrace i



Example 3.6. Let H L L
2

(0, 1) be the real Hilbert space of square irnteora!7le

on (0,1). Let a0 R - R satisfy the assumptions

C)a f C CR), oCO) = 0, &F(C) > p 0 > 0 R)

for some p 0 > 0. Define W ;R~ R by

W(r) = ( )C (>!- r 2) (r f R)

and define H -C,+) by

f(y 1 = (X) dx if y f H 1(0, 1

+- otherwise

Then it is readily verified that is convex, l.s.c. and proper on H, and

Ay = 2;(y) L- 0 y) with
dx dx

D~a,;) = lyC H 1(01) d a 'y'fL2( 1)}

Let y f H 0(0,1); then from the definition of : and the Poincare inequality one has

P4()>!0 j 1~ 1_2 (12~ dx > ! 2 f1 Iy~x)I 2dx > 0
20 dx2 0

Thus ;satisifes assumptions (3.1) and lim ;(y) = of Theorem 3.1. Moreover

(yd
2
CY)) =-fy(x) 2 o(2- (x))dx

0 x x

and an integration by parts, y fH 1(0,1) and the Poincare inequality give

warX (x ))dx )-p I X (x)1 Idx > OT2 rlx)2d
*dx ~ dx (CA p0  dx p yxCd

Thus Ay - 3,;y) satisfies the cnercivity assumption (2.4) for every 0 <T < wt

2
E p0 )ol 0. Therefore, this operator A satisfies the assumptions of Thenrer's 3.1 ar

3.2.
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Example 3.7. Let 0 be a bounded domain in Rn (for heat flow n = 2 or 3) with

smooth boundary r. Let X : R
+ 

I R be a given smooth function satisfyina the assumnt1in

X(0) > 0, there exists p 0 > 0 such that X( ) ) p0  and

+ )p) P0  (6 E R)

+
Define A: R R by

r P

A(r) r 0()dt L- r
2 )  

(r c R)

0 
2

Let H = L (z) and define

( f A(IVul)dx if u (P)
¢(u) f2 0

( +- otherwise

Then it is readily verified that 4 : H * (-®,+ ] is convex, l.s.c., and proper on H and

Au = a¢(u) = -V-(X(IVul)Vu)

with

D(3,) = {u f H (Q) : V.((IVuI)Vu) c L2 ()}.

Clearly 4(u) ) 0 (u E H) and by the Poincare inemuality :(u) + as lul ;

thus - satisfies assumptions Theorem 3.1. Using integration by parts and the Poincare

inenuality one also has

(Au,u)> kP0Ul 2

where k > 0 is the constant in the Poincare inequality. Thus Au = 3(u) also satisfies

the coercivity assumption (2.4) in Theorem 3.2 with c kp 0 > 0.

-21-
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4. Nonlinear Heat Flow in a Material with Memory. Consider nonli-ear heat flw '.r. a

homoceneous bar of unit lenath of material with memory with the temrerature ii u(t,x'

maintained at zero at x = 0 and x = 1. We shall assume that the rtnr- i, ,

prescried for t < 0 and 0 < x < 1. The ecuation satlsfie, )- 1: r -u: a ra

lerived from the assuptions that the interval eneray t an) t', "eat fsi:x are

functionals (rather than functions) of u and of the oradient r, i restpect i.lv.

Pccor ro tc the theory developed by Coleman, Curtin, Knoll, Pi rl "c i r -.a an' '::-7i a-

I C.-,. mac Cany [11', [121 and Nunziato [15i) for heat flow in -aterials of fajir,

memory type the functionals a and n are taken respectivelv as:

t
(4.1) C(t,x) = h 0 u(t,x) + Q(t - s)U(S,X)' (t 0 , C s 1)<

0

t
(4.2) cn(t,x) = -cO0(u )t,x)) + -y(t - s)0(u (t,x() s X i , < X < 1)

In writinq the functionals C and a we have assumed without l,'S of nenerality that the

history of the temperature u is prescribed as zero for t ( (if this is not the case

and if the history of u is sufficiently smooth for t < 0 and P < x < 1, this has the

effect of alterina the forcina term h in equation (4.3) below - and conseouentlv also

( in (4.5) below - by additional known forcino terms). In (4.1), (4.2) h > (, co > 0

are aiven constants, f,y [0,-
) 

* R are aiven sufficiently smooth functions (called the

internal enerqy and heat flux relaxation functions respectively). In the physical

literature e, y are usually assumed to be decayinq exponentials with positive

coefficients. As we shall see the theory developed here permits a much oreater cenerality,

and we shall reouire for physical reasons that (0) > 0, *Y(0) > 0, that 0 and

I L (0,-), that

t t
br + f(TIdT> 0, c o - y(T)dT > 0 (0 (t' <)

-22-
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S W.!l as t at t- (n it ions

0 d, > 0

0where i*) . t)exp(-it),dt, are satisfied. The above assumptions will he moti-vatei

jresentlv. Remark 4.10 below shows that the physically reasonable assumptions

t
h, + (T )di > r and c0 - O(r)di > 0 (0 t < -) are not essential for the theory

0 0
,eveleped here to apply. The real function a : R - R in (4.2) will be assume( to satisfy

the assumptions (o) of Example 3.6. It should be noted that the case 0(r) 7 r qives rise

to the linear model derived in Nunziato (151, and that (4.2) is one reasonable

aeneralization of the heat flux for nonlinear heat flow in one space dimension.

If h = h(t,x) tL (0,-;L (0,1)) represents the external heat supply added to the
Inc

rod for t ' 0 and 0 < x < 1, and if u(O,x) = uo x), 0 < x < 7, is the olven initial

temperature distribution, the law of balance of heat (Lt = -div a + h) shows that in one
t

space dimension the temperature u satisfies the initial-boundary value problem

3 - nu + i*u] = c (Ux x - 'o(Ux + h (0 < t < -, 0 < x < 1)
(4.31 t + = xx xx

u(O,x) = u0(x) (0 < x < 1), u(t,) = u(t,1) - 0 (t 0)

where subscripts denote differentiation with respect to x. Note that in an oriinary

mateiial 1, 0 , and (4.31 becomes the nonlinear diffusion equation in one space

dimension.

The next task is to transform (4.3) to the equivalent form (V) which will be used for

the analysis. Define

t
(4.4) c ct) = c( - Y dI (n t ,

t

(4.r) )
7
t,x) bio(x5 " h( ,x)dI (0 n t , t < x < 1 .

0

-23-



Noting that

T- (C* (u x) )(t'x) = c 0 (ux(tx))x - (Y*C(Ux)x)(t'x '

and intearatina (4.3) usina the initial condition, and (4.5) yields the eouvae-

eauation (to (4.3)):

(4.6) 10u(t,x) + ( *u)(t,x) = (C*O(u ) )(t,x) + G(t,x) (0 < t < , C < x < 1
0~ x

were u satisfies the boundary conditions u(t,0) = u(t,1) - 0 (t ) 0). Lettinr

A 
= 5- be the nonlinear operator defined in Example 3.6 under assu=ptions (( , t

enuation (4.6) has the abstract form

hou + a*u + C*Au = G (0 ( t < )

where is: H * (-,) is the specific proper, convex, l.s.c. function defined in Exar-r2=

3.6 on H L 2(0,1). To transform (V1) to the equivalent form (V) define p : re,-) -R

to he the unique solution of the linear Volterra equation (called resolvent kernel of :
(t)

(P) b P(t) + (8*p)(t) = - 6 (0 4 t < )
0 b0

It is standard that if 1 > 0 and a f L [0,-), equation (p) has a unique solution
0 Lo c

p c L (0,-). Applying the variation of constants formula for Volterra eauations [13:
100

-+ p-g)
(b0Y + y <==> y = b0

0 b 0
finally yields that (V1 ) is eouivalent to (V) with the definitions

(W) b(t) = C(t) + (p*C)(t) (0 t < o)b0

G(t,')
f(t ) = -- + (p*G )(t , ) )' ( t < 0 )b

0

Similar considerations show that for heat flow in a bounded homoaeneous bdv nf

isotropic material with memory in R
2 

or R
3 

with a smooth boundary F, the

temperature u will also satisfy the abstract Volterra eauation (V vit the kernel

and forcina term f aiven exactly as above, but with the nonlinear rneratnr A =

defined as in Fxample 3.7 witb H L (14.
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We next comment on the significance of the assumptions concernln- 3, Y as well ac

(PW) and (y). Since the relaxation functions a and y are generally taken as decayi--

exponentials with positive coefficients in the physical literature, it is certainly

reasonable to assume that e,y f L (0,-) and that 8(0) > 0, Y(0) > 0. We next motivate
t

the assumption that b0 + F(T)dT > 0 (0 f t < -). A similar reasonina motivates

t 0

c y ()(dT > 0 (0 • t < -). Consider the internal energy e defined by (4.1) andc0 o

suppose that the temperature u is maintained at zero up to time to  and at a state

U (x) > 0 (0 < x < 1) for t ) t0 • One would then expect the internal enermy to be

nositive for t > t . If the function E is positive for t ) 0 this is automatically
t

the case. However if not, the assumption b 0 + J B(T)dT > 0 (0 r t < -) is natural in
0

view of the fact that in this situation

t

E(t,x) = u(x)(b +• a (T)dr) (t < t < ')
1 0 0

to

Since f L (0,-) equation (4.1) shows that E is bounded whenever u is

bounded. The assumption (PW) implies that h0 + f 6(t)dt > 0 (take n = 0); thus if
0

u(x,t) tends to an equilibrium state u(x) > 0 as t + -, (4.1) implies that the

corresponding limitina internal energy t(x) > 0 as is to be expected. For physical

reasons it is also to be expected that if e is bounded the temperature should be

bounded. Applyinq "e variations of constants formula to (4.1) yields

u(t,x) = (t x) (p*E)(t,x) (0 ; t < , 0 < x <)

where p is the resolvent kernel of 6 defined by enuation (p). Thus to hive u houndeo

whenever c is bounded it is sufficient to renuire that p c L (0,-). Put by the Palev-

Wiener theorem (16) applied to equation (p), L L L0,w) implies that P c L (0,o) if

and only if

b) + f(z) * 0 for Re z ; 0

The condition (PW) now results from takino the real part of this expression, notina that
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1r phvsical reasns one wants 17 ) > an! arouino as in tre nrcof of Lemma 2_

To motivate assumption ( ) slirose that u(t,x) * u(x) as s * an! "at,

Ax > 0, implyino that dx, 
>

. One then exrects that the limitino heat flux

.(x) in enuation (4.2) is strictly neqative, if the process heino modelled represents

"forward" heat flow; condition (,) insures that this is the case.

In order to apply the theory of Section 3 to the Volterra eouation (V) with t Ke

kernel b and forcino function f defined by eouations (b) and (f) respectivey, we must

impose some additional technical assumptions on the functions E, , u 0(x), and h in

order that the assumptions of Theorems 3.1 and 3.2 are satisfied. Our main result is

Theorem 4.7 below.

First, concerning the kernel b defined by (b) we have the followino simple result

which insures that b satisfies assumption (Hb); its elementary proof is omitted.

Lemma 4.1. Let b0 > 0, c0 > 0, a, Y, to, ty C L (0,-), and let assumptions (PW)

and (') be satisfied. Define

c o - : y(t)dt
0

(4.7) b -

b0 + j (t)dt

0

(4.8) B(t) = b--- + pC(t) - b,

t
w'ere C(t) = co - f y(T)'T, an, is the resolvent of 6 uniquely defined by

0equation (p). Then b > 0 and B,B' f L I1(0,-), and bt) 
=
b + P(t) satisfies (ib )

with WlO) - > 0, N(O) =- - b > 0.
b 0  h0 0

The next elementary result aives sufficient conditions in order that the forcina

function f in (V) defined by equation (f) satisfies assumption (Hf).

Lemma 4.2. Let H 
= 
L2(0,1) and u0 f H (0,1). Let E L 1I(0,-) "L 2(0,-) and let

assumption (PW) be satisfied. Finally, assume that

-2--
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TIen the funrction f , tl , 'f'''e:R~
1 1

resolvent of "tisfies f l , f -

f~t,x) f 'x) - F:.x) f' t 1'

where

(4. f (x) = (17u, Cx) 1 , C ,x)d, -- -

G(t,x) 1F~~C= - + (),CC)(t,x) - f Cx) - - - , CT,x)C:

(4.10)

t

s t-S hirX)drde V (T 17oiu (X) +

n t

IF L211

and t (0,_;,). If in addition tP ( LI(0,-) and th L (0,-;H), then F I L (),.; J!

Sketch of Proof of Lemma 4.2. The assumptions L 1 (0,-) and (PW), tooether with

the Paley-wiener theorem [1A(, app]ied to the resolvent equation (P) imply that

P L (0,-). But then the assumption ( L 2(0,-) and the fact that ; * L 10,-) imply

2
that also o ( L (0,-) from the resolvent equation. These facts combined with the

definition of f in f) and assumption (h) yield the formulae (4.q) for f and (4.10)

1,2
for F given in the statement as well as f ( W 1,(0,-;1;). From formula (4.10) one easily

proves that

IF 1
(4.11) - (t,x) h(t,x) + b 0 u 0 (X)P(t) + (*h)(t,x) (0 r t < w, 0 < x < 1);

--F 2 2L1
I

then L 2(0,_;,,) follows from h ( L (, ;) and p c L (O,-) L 2(0,-). Finally,
1L11

(PW) and tC c L (0,-), together with P ( L (0,-) imply that to ( L (0,-) from the

resolvent equation. This, together with the assumption th , L1(0,-) and routine

estimates applied to the formula (4.10) yield F c 1, 2(0,-; ). This completer the proof.

In order to apply Theorems 3.1 and 3.2 to the physical problm of heat flow it remains

to verify tht the assumptions (H,) and th coercivity assumptios are satisfie. As we

have seen in Fxample 3.6 in the case of one space dimension (or Fxamvl1 3.7 in the case of



two or three space dimensions), assumptions (a) (or (X) in the multidimensional cac ..

that the function of Example 3.6 (or Example 3.7) convex, l.s.c., proper and satisfi-

.(y) ) 0, ;(y) * as lyl ®, Inf -:(y) = 0, and the inclusion ;'(w) ' 'as
yCH

as the only solution; thus the assumptions concerning : in Theorem 3.1 are satisfied.

Moreover A 
=  

satisfies the coercivity assumption (2.4) of Theorem 3.2 for ever.

T > 0.

It remains to show that the frequency domain assumption (F) of LerL'a 2.2 car l

satisfied for physically reasonable classes of relaxation functions , Y. In this

direction we have:

Lemma 4.3. Let b0 , co, a, Y satisfy the assumptions of Lemma 4.1. Define the kernel

b in (V) by equation (b). Then the frequency domain assumption (F) of Lemma 2.2 is

equivalent to the condition: there exists 6 > 0 such that

(c - Pey(in))(b + Rea(ir)) - Imy(in)Imd(it)
(4.12) Inf * 2

(nR) )b0  + (In)(
2

Proof of Lemma 4.3. Define the constant b > 0 by (4.7) and the function P by

(4.8) (see Lemma 4.1). Taking the Laplace transform of B one computes

c - Y(ir)
B(in)=--( -b (n E R)

b0 + 6(in)

Thus

) c0 -(in)

b - n Im ;(i) =Rec . (n f R)
b0 + B(in)

from which the condition (4.12) is an immediate consequence.

Usina Lemma 4.3 one can construct a large number of examples of functions ? an,

such that assumption (F) is satisfied. In particular one has the following physically

important special cases. Note that in Corollaries 4.4 and 4.6 below the physical

-- - ..--. _ .... .
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t t
conditions h0 + 0 (T)dT > 0 (0 - t < C 0 - y(TT > n (0 - t < -) are hot-

satisfied (although they are not explicitly needed in the theory), because the functions

E and 'f are positive, and assumption (y) is assumed to hold. For a different example

in which (y) is satisfied but the above physical conditions need not hold see Remark 4.10

below.

Corollary 4.4. Let b) > 0, c0 > 0 and 0, y, tP, ty f L (0,-). Also assume that S and

y are positive, nonincreasing and convex on [0,-), and that the as .,tion (y) is

satisfied. Then assumption (F) is satisfied if either for a fixed b0 > 0 the constant

c 0 > 0 is chosen sufficiently large, or if for a fixed c0 > 0 the constant b0 > 0 is

sufficiently large.

Remark 4.5. (i) If e = y E 0 (the standard heat flow problem) (F) is satisfied for any

choice of b > 0, c > 0 with 6 =-,.
0 0 0

(ii) If 6 0 and Y satisfies the assumptions of Corollary 4.4, (F) is satisfied

co - f Y(t)dt

for any choice of b > 0, c > 0 with 6 = 0
0 0 b0

(iii) If y 5 0 and S satisfies the assumptions of Corollary 4.4, (F) is satisfied

for any choice of b0 > 0, c0 > 0.

Sketch of Proof of Corollary 4.4. The proof will make use of Lemma 4.3; we establish

(4.12). Since a,Y C L (0,
-
) and are positive, nonincreasing and convex, Re F(in) and

Re y(in) are nonnegative. The function

Imy(in)ImB(in) = f y(t)sin ntdt f 8(t)sin ntdt (n C R)

0 0

is even, continuous, zero when n = 0, nonnegative, and has limit zero as n * a

(Riemann-Lebesgue lemma). The denominator in (4.12) satisfies

2 +. 2 2 a~~t2o < bo  0(in)I 4 2b + 3( B(t)dt) (n R)

Moreover,

-2'-



*re9'(i") b> 0 fR)

(so that (Py) as sati3 ed), an!

t (tt 5 0 R)

Th!erefore, the existence of [ such that (4.12) holds is established 'or choices of

h0  and c0  as asserted. This completes the proof.

Another physically important case for the heat flow problem is the fnllowinq special

case of Lemma 4.3 and Corollary 4.4.

Corollary 4.F. Let

n

k(t) = 1 bke (0 4 t <

(4.13)

m -yt
Ck

e  
(0 t <)

k=1

with bk ) 0, ak > 0, ck > 0, Yk 
) 

0 and strict inequalities hold for at least one pair

m C
bk, 6 k  and one pair ck' Yk" Let b0 > 0, co > 0, and c0  > 0. Then the

k=1 kc
frequency domain condition (F) is satisfied if

m c_ >k.5 n bk  m ck
(4.14) b0 z I > -

k=1 k k=1 I k=' kc

The proof of Corollary 4.6 is a consequence of showing that there exists a 6 > 0

such that (4.12) holds. The inequality (4.14) follows by using elementary calculus to find

the infimum over n C R of the expression in (4.12):

m yn bS c1  n hm Cky), I Ik~ I, m bn
c - -- 2-(b° + I--c 2. ____'02 , T1~L 2 ) 2 2')' 2 2)

I1 Yk + n k11 + k +r k-1 F +2

n b 2 n b k" 2

2 2 L , + r20o* k , Bk + n k. I

~ffi



5

claim is paOle that the constant - in (4.14) is optimal.

we now corbine Lemnias 4.1-4.3, and Corollaries 4.4 and 4.5 with the abstract theory to

establish the followino result for the physical heat flow problem (4.3) in a one-

dimensional material with memory. To see that a more aeneral result (not necessarilv

physical) with - and y oscillatory can hold we refer to Remark 4.10 below.

Theorem 4.
7
. Let b0 > 0, c0 > 0, let , Y, t , ty f L1(0,-) and let eL (0,-).

Assume that d and y are positive, nondecreasing, convex, and that

(y) c o - f '(t)dt > 0
0

Assume that a : R R satisfies assumptions (0) of Example 3.6, that the initial

temperature u0 f H 1(0,1), and that the external heat supply h E L (0,-;H) > L2 (0,;H),
0

where H = L
2
(0,1). Then the heat flow problem (4.3) has a unique strong solution u on

3u L2
10,-) X (0,1) such that -L c L 2(,O;H). Moreover, if either for a fixed b > 0, the

at loc - 0

constant c0 > 0 is sufficiently large, or for a fixed c0 > 0, the constant b0 > 0 is

sufficiently large, then the solution u has the properties:

2du 2
u f L (0,o;H) ' L 2(0,o;H), f L 2(0,-;H)

and lim u(t) = 0 strongly in H.

Remark 4.8. For heat flow in more than one space dimension let il be a bounded body in

R
2  

or R
3 

with smooth boundary r. Then the temperature u satisfies an eauation of the

form (4.3) with the operator -0(ux) x  replaced by -V.(XIVul)Vu); the boundary condition

is u(t,x) = 0 (0 ' t < -, x E F), and the initial condition is u(0,x) = u0 (x)

L2( +

(x E ). If H is the Hilbert space L (ri, if the function X : R I R satisfies

assumptions (M) of Example 3.7, if u0 (x) f H(Q), and h C L (0,-;H) n L 2(0,;H), then

the results of Theorem 4.7 holds, provided the constants b0 > 0, c 0 > 0 and the

relaxation functions f and y satisfy the assumptions stated in Theorem 4.7.
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Remark 4.9. Let

n -k tb(t k be (0 4 t < ®
k=1

S -Y kt

Y(t) = e ke (0 t <)
k=1

where b > 0, k > 0, c > 0, Yk 0 and strict inecualities hold for at least oie ;,alrk k k
m cck

bk' k and one pair Ck' Yk" Let b > 0, c > 0, and c 0 -
> 

0. Let :, tl,b bk k '0 0 0 -k 1'
satisfy the assumptions of Theorem 4.7. Then by Corollary 4.6 all conclusions of There7

4.7 if the inequality (4.14) is satisfied.

Proof of Theorem 4.7. Under the assumptions of the theorem the heat flow prohle-

(4.3) is equivalent to the abstract Volterra equation (V) with the kernel b qiven !.-

equations (b), (p), and (4.4), the forcing term given by equations (f), (W), and (4.5), an!

the operator A = D,; when : H + (-w,w] is the proper, convex, l.s.c. function defir-.

in Example 3.6 (or Example 3.7 in more than one space dimension). To establish the

existence and uniqueness of a strong solution of (V) (equivalent to (4.3)), we apply

Proposition 1.2. Lemma 4.2 shows that the assumptions of Proposition 1.2 concernino f

are satisfied with f(0,x) = u (x) c H (0,1) = D(,;) (see Example 3.6). Example 3.6 als,
0 0

shows that (H ) is satisfied. Lemma 4.1 shows that assumptions (Hb) are satisfied. Thus

to apply Proposition 1.2 we must still verify that B' f BV oc[0,-). From (4.9) and (4.4

we compute

(4.15) P'(t) bo- + c P(t) - (Y*P)(t) (0 4 t <
b 00

Since 8 is monotone by hypothesis, the resolvent equation (p) and a standard aroument

(see e.g. Bellman and Cooke (2]) show that p is monotone. Finally, since ' is

monotone, it follows that B' e BV[O,"). Thus Proposition 1.2 yields the existence and

uniquennes of a strona solution u of (V) on [0,-) such that u' f L 2o
1 c

We shall next apply Theorem 3.1. Concerning the kernel b Lemma 4.1 shows that

assumptions (Hb) are satisfied with b > 0. Moreover, Corollary 4.4 shows that h
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satisfies the frequency domain condition (F) if b0  and co  are chosen as in the state-nn-

of Theorem 4.7.

Example 3.6 (or 3.7 in the case of more than one dimension) shows that assumptions

'(y) ) 0 (y e H), lim ;(y) = + hold, and that the inclusion 3.(w) f n has
(yI -

w = 0 as the only solution. Lemma 4.2 shows that assumptions (Hf) are satisfied.

There-ore, by Theorem 3.1 the solution u has the properties:

du 2

sup .(u(t)) < -, sup Iu(t)I < -, . L 2(0,-), u(t) is uniformly
0t<0dt<t

continuous on [0,-).

lim ;(u(t)) = 0, and u(t) --- 0 as t +
t..

Example 3.6 also shows that under assumption (0) the coercivity assumption (2.4) is

satisfied for every T > 0 with c = p0 2 > 0 (or another positive constant in the case

of two space dimensions - see Example 3.7), Therefore, by Theorem 3.2 one also has

2
u ( L (0,-;H) and u(t) * 0 as t * strongly in H. This completes the proof.

Remark 4.10. Suppose

-8 t
8(t) = b1e cosxt (bi,81 >0, 0 t <)

-Y1 1

y(t)= cle coswt (Cl,yI >0 , 0 t <)

and assume that b0 > 0, c0 > 0. Also suppose that 0 and h satisfy the assumptions of

Theorem 4.7. Although the assumptions concerning 8, y in Theorem 4.7 are not satisfied,

one still has by Lemma 4.1 that assumptions (Hb) hold with b > 0 provided

Y 1 + w

Moreover, 8' f BV loc0,-) from (4.15), and the existence and unioueness of a strona

solution of (V) (equivalent to (4.3)) such that u' L (0,-o4) follows from Propsition
I-c

1.2. Thus to obtain all of the conclusions of Theorem 4.7 e need only verify that t1-

-33-
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T T 2* A w2
w(t) . (k*w)(t)dt = k(O) w (t)dt + w(t)(k'*w)(t)dtdi o o

00

T2 T Tw() 2it 1,
W) w (t)dt + w(t) k'(t - T)W(Tld-dt

0 0 0

k() 
2(t)dt + 2 wT(t) k'(t - T)W (T)dTdt
TF 2- TT

intLetting w T(n) = e w(t)dt, (r c R), the Parseval and convolution theorems aive

d k(0) 2 1 r)-
w(t) (k*w)(t)dt = T- lW(n) 2 do + 4 1w_ I"k'(n)dr

But k'(n) = 2Re k'(in), where is the Laplace transform, and

Re k'(in) = Retirk(in) - k(0)]. Therefore,

T 
20

T d 1 r -

w(t) - (k*w)(t)dt = - I (n)I2 Relink(in)ldr
0 dT

Now an easy calculation from equation (k) yields

1 Re B(ir)
Refik(in)] = Re - 2

b(in) 2 ; 2

(Re B~ir.))
2

+ "In B(ir)

r 2Re ;ti-)

2 2 + I, 2
(R R pe) 4( Ir' )'j

(2 Re Pfi,))
2  

I € ' " - p )

where the last ineauality follows fror the assu'irrtion t-at !T i: a ,.rn(,.! ,f r-,, ''', T,-

on 10,-) (which is Puivalent to Pe F-I" - '. '14, '7.r'. : .', +a , ' , .

to bound Re:irk(ir ) away fror zero, eover if P i 'rr1a ' ,' h ',- ,,. ,



Appendix 1

Proof of Leuma 2.2: (a) Consider the resolvent equation (k) of B'. Since

B' L (o,, ) Paley-Wiener theorem [161 yields that k f L (o,
-
) if and only if

P(z) = b(O) + B'(z) = b + zB(z) ; 0 (Re z . 0)

With z x + iv

re P(z) 
= 

b + x Re B(z) - y Im B(z) (x 0)

IM P(z) = x Im P(z) + y Re B(z) (x) 0)

Since P(z) is analytic in Re z > 0 and continuous in Re z - 0, Re Pfz) and in

P(z) are harmonic for x ) 0. Hence by the maximum principle for harmonic functions,

P(,) t 2 for x if either Re Y I ), Or IM P(iy) = y Re B(iy)

are ifferent from zero for - < y < -. But by the frequency domain condition (F)

Be ,'ly) > 0 for -- < y < , and thus k C L (0,-).

(b) Since B' ( L (0,-) L (0,-) and k 1 1 (0,-), one has

B' * k 
= 

k * B' ( L 2(0,-), and the result k c L 2(0,) follows by inspection of equation

(k), If also B" c L (0,-), then B' c C10,) (so that IB'(0)! < ') and we may

differentiate (k) to obtain

B")(t)
b(0)k'(t) + B'(0)k(t) + (B"k)(t) -(fn w t < ')

and clearly 10 C LI(0,0).

(r) If, as is the case here k' ( L1 (n,), the enerqy inequality in (c) is derived

by the following simple arqument (see the method of 114, Theorem 11). Extend k' evenly

for t < 0, and let

w(t) if t t ff T]
wT(t) =

2 otherwise

Then

-35-
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frequency domain assumption (F) holls in order to apply Teorerms 3.1 a'i 3.. Pv T-

it suffices to find sufficient conditions on the constants b, c-, hI" ', K

so that (4.12) holds. An elementary, but tPlious calculation shows that > C S""'

2 2 2
(4.12) holds exists in the case 2I > - I -, ' roviel assuortion (-) above 'cl

and provided b0 > 0 is chosen sufficientlv :arqe.

While no claim is made here that tle a t ar " rerresent i'.sica:v

plausible relaxation functions, it is f sn r. -r,- -mat the theory car still he

applied. In this connection it "ay asr te -t -ere the fur'nr.on

t tlI --It I

C(t) = co- , y)d = C. - - , - e ccs-. . e s1-t.

I -,

In a genuinely physical problem as mctivated above one woull need to reouire

C(t) > 0 (0 t < -), as well as assurction (-!. However, in the asnlication of the

theory the physical requirerent C(t) > C ( t < ' is not used and indeed, fcr

example,

4 4 '

Coould be necative, even tlouo ' = - -

2I



(d) Multiply equation (k) by Vt:

b(O)Vt k(t) + Vt (B'*k)(t) b() (0 4 t <

An elementary calculation involving Vt(B*k) shows that Vt k satisfies

t t
O) k(t) + E(t - k()dT Vt B'(t) f (Vt - VT)B'(t -T)k()dT

b()t )Vr () - b(O)
0 0

(0 ( t < o-)

Since Vt - VT r t T- for 0 4 T 4 t, and since also Vt B' f L (0,-) by assumption

and k F L (0,-) by (a), the integral on the right side of the last equation defines a

.unction in L (0,-). Then Vt k f L (0,-) by the argument of part (a). The additional

assumptions and elementary estim&t-s also yield Vt k f L (0,).

Finally, differentiating the equation (k) as in part (b), multiplying the resultino

equation by rt, and using elementary estimates yields Vt k' f L (0,-). This completes

the proof of Lemma 2.2.
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I, Id u u as t -- " stronqly in H, where u is the unique solution of

an ap.)ropriate limiting equation associated with (V) . The results are established

by .)btaining a priori estimates by combininq energy methods with frequency domain

techniques. The results are natural generalizations for the abstract ecuation (VI

of comparable known results for the scalar equation in which A is a real functin.

of several applications discussed the principal one is an analysis of the asym: tc,

behaviour of solutions of the physically interesting problem of heat flow in a

material with memory.
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