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Summary

il

The concept of coherence as & measure of the
linear relationship between two or more time seriss
18 discussed. The definition of coherence in tarms of
the complex cross powaer spectral density matrix is
given and the relationship between pairwise and multi.
ple coherence and chennel signal to noise ratios is
discussed. A sample statistic for coherence is given
while the detaile describing the performance which
can be obtained from this statistic are contained in
a separate report by these luthoﬂ‘.

1. Introduction

A problem of interest in many different disc-
1plines 18 that of determining U there s 2 measureble
relationship (physical causality) between two or more
time series, In addition, one would often like to ob-
tain & quentitative meaningful measure of the degree
of that relationship, This paper describes one possi-
ble measure of such a relationship, the coherence,

The most commorn measure of such a relation-
ship is the pairwise or multiple correlation coefficient.
The nature of the correlation coeflicient is well docu-
mented and will not be discuseed here other than to
note thdat 1t is nat & function of frequency «nd may be
affected by linear transformations of either of the
time series.

Tne coherence function (rnagnitude-squared
multiple or pairwise ccherence function) is defined as
a {reguency- f‘ff"“'“ quantity that ranges between
zero and one This coherence function 19 gero i
the two or more ergodic tirme esriea are independent
tuncorrelared, if Gaussian) and equal to one at any
irequency where there is a linear translormation
between the one 6r More inpul tarne series and the
output oF refersnce time series,

The situation of interest is shown in Figure )
where ¥, 1ndicates the noise contaminating the signal
u{:! in the i*" channel. In general, each transmission
charrel 18 composed of linear and nonlinear parts
{Figure 2), The sum of the output of the nonlinear
system (usually a small part of tne total transmisesion),
ine measurement noise, and the background roise is
¢ruuped 1nto the effective noise term vilt) (Figure 3),

We are inierested in detecting the presence of
a common aignal u(t} i two or more channels, The

input-cutput reiationsnip indicated 1n Figure 1.3 can
e writien as
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Note that because of physical causality require-
ments gir) ie sero for all p less than zero. In fact, it
will be sero for all ¢ less than some positive time
which is the time it takes a signal to travel from the
source to a sensor.

The true value of the coherence between time
sariss is generally an unknown quantity., In fact, any
measure of the relationshp between two or more time
seriss gensrally must be based on time traces of those
series., The functional relationship between the time
series and the measure or estimate of coherence is a
sample statistic for coherence. The assumption that
any one infinite length sample of sach series ‘will be
enough to allow us to estimate the coherence exactly
is made implicitly, and all time series are assumed
to be stationary and ergedic. Uniortunately, in
practice, one is given only 4 finite amount of data
i{rom each of the time series. Inthis cese the sample
statistic is a random variable distributed about the
‘trus Thagnitude-squared coherence” The density
function for the sample statistiC in this report is given
for & number of specific valuas of degrees of freedom
(N) and number of time series (M) in reference 1,

Based on these densty functions, receiver
operation characteristic (ROC) curves have been de-
veloped. These curves define the probability of
detection versus probability of faise «.arm for a
signsl of & given true coherence, Curves of probabil-
ity of detection versus true coherence {cr fixed levels
of probability of false alarm have alsc veen developed
{for many degrees of h‘!ed!m and number of sensors
up to 10. These are all reported in detail by these
suthore ir. Tejerence J. The fundamental question of
the relationanip between \nput signai to noise levels
and true coherence for the tw¢ thanne! anc malti.
channel cases of Figure | is discussed in this paper.

For a general discusaion of the concept of
coherence, the reader is directed to reference S,
For s deteiled derivation of the distribution of the
pairwise anc multiple coherence statistic, the reader
is referred to reference 7, The dersities and derived
performance curves in reference ! are particularly
difficult to obtain for low conherence and high values of
N (number of sampies of the tyme series), and based
on the authors krowledge are not aveilable elsewhere
in the literature.
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2, Cross-Power Spectral Density
Mairin and Multipie Cohearenca

Multiple Coherence ¢en e most sasily defined
in terms of the crosa spectral density matrix
Syxisl, where the elements of this matrix are defined

by

L]
50 ] sx"jw) . Syt (2.1

The crosspower spectral density matrix is of
course squivalent to the crosscorrelation matrix.
Either of these together with the means of the M
jointly gaussian stationary pr 8, X (t), X,(t)s ..
x_(t), completely specifies the joint distribution
fanction of these processes.

Given M finite length time traces, there are
well known techniques for obtaining ‘‘sampls sstimates*
of the cross- and autop al el t Theae
estimates are used to obtawn sample estimates for the
multiple coherence between the various time series.

es 8P

The sample estimate for the cross-power
spectral density matrix is & function of the basic data
x {t), % _{t),...x_ _(t) over some finite time record. It
does not rcquir&now)odge of any of the character-
istics of the transmission channels or of the signsl.to.
noise ratiocs of the received signals, The maeaning of
multiple coherence will be diecussed in terms of these
quantities in later sections in an attempt to illumi
the subject, Here, however, we will define maultiple
coherence simply in terms of the crosspower spectral
censity matrix and its elements,

The multiple coherence between x_{t) and
ao(t), w0t . x, (), = (t),...x_ (t) ie"defined by.
u:'chnzncc ) 31 n M

[%er, 20 0,300, N 2e 101y [sjj(w)s"'(w)]. 2 2)

wnere S”(u) is the jth diagonal element of the inverse
af the Snlm. The multiple coherence of the jth

sensor with respect to the other senaors represents
the proportion of the variance (power) of sensor § that
can be explained by a linear combination of remain.
int sensors in a minimum mean square sense”,

By reducing this definition to the simple two-
channel case we can write

Spatw)-S,,(w)
1
Sy @IS - |slz("'f .

s Wi (2. 3)
zX

XX .
-5l Z(U)Sl 1 (w)
so that

1! , 2
ST (W )eS, (W18, (WIS, (w) - |S @ |T) (2.4

This gives

2 12 LT
171;2“‘”! o AN P IR

(2. 8)

This {s the mutual or pairwise cohcrence between
channale one and twa,

1n the three-channel case it 10 cssily seen
{writing su(u) as Su) that
S48, (245,15, 2-2R (5,8, .5..)
331521 | 532055, 1 -2R 15,545y,

7
8,1522533°51, | Sasl

1.2, 5l % 2.6

Using the fact that psirwise coherence is defined
by equation 2.5 we can write

2, 1,zf ’l’x,f -2R (5, 75,355, /(5,,5,,55,!

1- I"z. 3'2

[hi2.s] @n

R 2
=0y a7 4y 5] - 2 Rty 5%,
; )
0= ;5 19

Ndte that if the crosspower spectral density of
channels two and three ig zero (S,.=0), the coherence
between thess two channels is 476 and the multiple
coherence of channel one, given two and three {s,

22 2 :
[%:2,3] *,2] 47, sl @8

3. .Pairwise Coherence and
Signal-to- Noise Ratios

U x (t) and x_(t) are gensrated as indicated
in Figure 3, equatiofi 1, 1 can be written in the
{requency domaiwn by Fourier transform as

xl(m.cx (mU(w,\ovl(w) 3.1

XZ(U)=GZ(U)U(ND+VZ(¢)- 3.2

Again assuming the noise terms V, and V, are inde-
pendent, the croes- afid autopower’ lpecuil deneities
can be written a»

2
s”(u)- G!(u) su(whsvlle (3.3)
2
szz(um Gz(u) su(uhsvz{u) 3. 4
2 2 2 2
lsnu-n[ 2 G (0" G,ytw) °S (W), (3.%)
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Noting that IG!(U)lz S“lﬂ) and IGz(U)lz S“(hl are
the cutput eignal power spectrs at the recelver in
' slhannsle vis and iwe, we wiile thie uisghiludes
agquared coherence as
12 |2 2
2 16,(w!® l6 tu!®s

ly
1.2 [Ic,mlz 5,045, (@] [ Iy s“tmsvzn]
(3.6)

. Defining the signal-to-noise powar in the jth channel
as

le,afs (v
S/N), = — _u
y S

3.7

we cab write

2 (SIN)’ (SIK)z

byl » be(®)] [+(8)]

Certain g a) etat t ing this
pairwise magnitude-squared coherence, or just "co-
herence, " can now be mades.

. (3.0)

The coherence is bounded betw sero and

0= h'ulz s1. 3.9)

1f the noise-to-signal power goes to infinity in
either channel, the coherence will go to zero. This
will happen if the signal power in that channe! fades
to zero. Aleo, the noise-to-signal power ratio in
both channels must go to zero for the coherence to go
to one.

An interesting and informative interpretation
of the coherence between these two channels can be
made in the following manner. Assume one of the
channels :8 noise {ree (S'Z(U) 2 0). This channel

then Yecomes the input signal. The coherence be-
tweer. cmannels one and two is now given by

2 lopafs e  smy s

. 17’ LI = L q
i L2 G, wills wres 1IN S 0N

1
{3.10)

This magnitude-squared coherence is the fraction of
the power of the output x, {t) which comes from the
f signal input passed through a linear system.

Since the transmitted s1gnal is generally not
availsble, it is useful to Jook at this physical inter-
q pretation of coherence from a different point of view,
! Let us simply take signal x,(t) as our basic signal and
' calculate the coherence between x,{t) and our piven
i s:gnal x,(t). From equation 2.7, our definition, this
?‘ will be the same result as if we took signal x,(t) as
i our "given" signal, Thus U(W) in equation 3.2 is re-

olaced by Xz(h‘):

" g e T

) . (3.11)

12!

M _iw) is the effective linear transfer function be-
tween output xzm and output xl(t). V.‘z(t) is the

xl(w\ s le(u)xz(u) +V

TR e v .

lala

effective noise on the transmission channel. It must
ha noted that 11 z(U) is na long aarily a 1
syotemy, Nnw O‘w roherenre hotweeon rhannsla ane
and two con be writien as in equation 3. 10:

1, s,

lvhzwnz . [ (3. 12)

luu(u)!zszzw) +s"u(u)]

This twoechannel magnitude-squared coherence is
the ratio of the power at output x, (t), which is caused
by the ‘“‘input :2(3), “ sranomitted over the effective
linear transmiseion channel [H ,(w)] to the tota)
power in output x, . Couucngoa of this effective
linear trnm-nluil channel allows this physical in-
terpretation of the coherence to be sasily carried
over %0 multiple coherence.

4. Multiple Coherence and
Signal-te-Noise Ratios

In the case of M channels, a relationship between the
input signal-to-noies ratics and the multiple cohare
ence, similar to the one in the last section for two
channels, can be derived. The output power spectral
density can again be written in terme of this input
signal) spectral density, the unknown channel transfer
functions, and the effective channel noise as

s, s lowits (@ +s () PRY)

! 2 2 2
I, i « Iyl by s w? 15 w2

It should be noted that |G (l-!)‘z S (W) is the signal
power density in the output of the® ith channel and

S i(m) is the noise power spectral density in the
chinnel. The general power spectral density func-
tion can then be writien as

. T
s::“‘” = s“(w) G (W)G ' (w) + D(w), (4.3

where
D(w) is a diagonal matrix with elements Svi(u).
and
T
G (w)s= [cx(u) G,lw)... cMw)] . (4. 4)
The inverse nquiud.to e'nleulnc the multiple coher-

ence from equation 2.2 can now be calculated by
using the following matrix inversion lemma:
.l - - .’ -
[Jux'x"] s aloa i rexTaT X" xTatt
(4.5)

Using this letnma, the inverse of the spectral
density matrix can be written (assumung all required
inverses exiot) as

s;:(-») . T

.s“mn"(u) c'w)[us“(uct(wm"(u)(:'(uﬂ"

.cTw) D lw) . .6
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The structure of this inverse csn be seen more
clrarly by nating that

» 8
IG(w)1*8 (w)
T -] L4 § u
$,(¥)G (w)D” (W) G w)-z T, 4.7
. j.l

This term is the sumn of all output signal-to-noise
power ratios. Therafore, if, as in the two-channel
case, we define

s, = lol®s w/s @ .8

the inverese of the bracketed term in equation 4.6 can
be written as

r T e I M
lns (@) G *(W)D” ()G (u)] s/ uz (S/N) |te. 9)
u )
§=1
With this, the ith diagonal element of s:m) 1o
given by -
M
Hz.lsm)" - 5/,
tH 1 =1
5 W) - v (4.10)
vi
1e Z(sm)j

=1

Using this and substituting equation 4.10 into equation
2.2, we find

] I
.2, 001,141, M

=1-1/ s @) stw)

]
(sm)i( g(sm)’ - /N

t 3 M 1
[1 o(s/m‘] 1. Y s, -(sm)iJ
j=l

{¢.11)

Several special cases are of interest.

First consider the situation in which the
signal-to-noise ratios in all channels are the same:

(SIN)‘ s (SIN)J. = (S/N) ., (4. 12)

This gives the cohsrence of channel i with respect
to the other M-l channels as

' "2

Vil 2o, del, 140, .0 M

2
18 /N)° IM<1)
fTT BT 1+ (M1)57N)] (4.3

Note that for M equsl to two as in section 3 the
coharence ta given by
£
Iy ql= loy, b« —S200 .10
) [1+ (S/N)]2

However, if M becomes very large. the coherence
goes to

S/N
"m.z,...t-x.m....u‘z neemy e (4.15)

The forma! requirement for this to be valid is for the
signal-to-noise ratio and numbder of channele to
satisfy the following inequality:

(M=-1)(S/N)>> ] , (4. 16)

Howeves, based on data from ssction 3, equation
4.15 ie identical to the coherence of two channels
when ons has an infinite signal-to-noise ratic and the
other hat a signal-to-noise ratio (at frequency w) of
(S/N). 1In this sense, a large enough number of
weak channels [signal-to-noise ratio of (S/N)] is
aquivalent to the sum of one noise-{ree channel and
one weak channsl,

The second special case for equation ¢. 11 is
when the ith channel has & very large signal-to-noise
ratio. Laetting (S/N), become large in equation 4. 11
and keeping all other signal-to-noise ratios equal to
(S/N) we find that

it ws e ie, 01, ...MF

o _{M-1) (S/N (1
IS/N),—*= T+ iM-1) S/N)) ° *

Note that for low signal-to-noise ratios, i.e.,
(M-1) {S/N) €< | (4.18)

the coherence goes up linearly with the number of
channels each is considered to have the same

signal-to-noise ratic as all others, i.e., (S/N). As
M becomes larger or as

M(S/N)>> 1, (4.19)

this coherence goes to one as it would in the case of
two noise-{ree channels. :

Next coneider the case where one channel other
than the ith channel has a very high signal-to-noise
ratio relative to the others:

M
s, >> Y sm)

il

5 - (S/N)‘ - (SIN)k . (4.20)
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Under these conditions, equation 4. 1) {s approxi~
wately given by

(SINY (SIN),

2
7. -
LS T n.m....u' TN (TN {4.21)

or
2 2
Pt 2ecotet ot oo ~ P, («.22)

8 if all other channels were not used. If (S/N) is
approximately equal to {S/N), , this means that sl}
weaker channels could ¥e mhuud and only the two-
channel coherance betwean the two stronger channele
could be used, Also coasider the case when all
channels including the ith have s much lower signal-
to-noise ratio than the kth channal, {.e..

(SIN), »~ (SIN)‘ «(S/N)alli¢ k (4. 23)
Then, while the coherence of the ith channel given the

others is provided by equation 4. 21, the cohsrence
of the kth channel given the others is

” '2 (M-) )(SIN).‘(SIN)
l :11,2... ka1, ke, ... M .[TﬂSIN)k)I“(M-”(S/N))'
(4. 24)

Giving for this case

Pacts e ket kel oM |2
. IN-1V14(5/N I’i'l 2 fel,iel Mlz
TIotM-INS/N) 11, 200000001, 000,00, .
4. 2%)

For the case of weak signale 1n the other channels
tfrom ecuation 4. 22):

. 2 2
'y, . M-1)1+8/N) 1y
M1, 2,...% l.\ul....Ml v k|

(4. 26)
Further simplify equation 4. 26 to the special case of
(M-I)S/N) €<, (4.27)

we have

, 2 2
,7i:l,2....k—1.ll‘l,...Ml~(M-2)l-y“k! (4. 28)
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The coherence between the strong signal and the
woaker ones gons up linsarly with the number of
woabur rhonnsie, Thie tevne that (e I8 gues ki
the M multiple cohsrence values will be the one in
which the Jargest signal-to-noise ratio channel is
used as the reference, which is a9 expected,

5. A Sample Sttistic for
Multiple Coherence

The true multiple coharence of & set of time
series is a function of the underlying etatistice of
these processes. The etatistics are gensrally
unknowa and must be { d from ple realiza.
tions of the pr The ¢ of the bastc
satistics can then be used to provide estimates of
dhe multiple coherence of the M underlying stochastic
processes,

The method of obtsining estimates for true
multiple eohouu’ ? 3 sto lows. Using well docu«
mented techaiques™ ™ "* 7' ", obtain sample estimates
for sach slemant of the crosspower spectral density
matrix. From thess sample estimates

n - - ]

Sn(ﬂ) Su(ﬂ) oo Sm(u)

szl(u) su(w) szulw)
.’g""" . . . 5.1

-

LSMX(”) szlw) v S_MMl“‘)

one calculates the sample sstimate for multiple co-
herence in the following manner

Piroz,.ooien tet M 2ereass st @il 5.2)

where s“m, is the ith diagona] element of the im_mru
of the M -by-M sample spectral density matrix Su(u).

Details of how to form such estimates are discussed
a: length in the litersture. Since these estimates are
random variables there has been considerable study of
their distributior. The distributions of these cross-
and aptopower spectral estimates are known in closed
form',

'
1
i
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The closed-form expression for the multiples
chesen. = etatlerie i suattaine? A, 1 Vhie peprsevnte

L Tabgu wi valuus of the mulliple-coherence test
stetistic and the relative probabdility of its being in s
particular band. All values are of course bounded by
zero and ons, The density function is conditioned on
the total number of different time records, or dif.
ferent stochastic processes, available (p). It is also
cond:tioned on the ber of independ samples
available {rom each of the time records (N). Thus
the density function of the sample estimate for coher-
ence given the true coherence is given by

P__yinelyld

poll 02} . N p-2., _ N-p
* Tie- 1T (N-pe1) \! b P 20en

2
2F L Nep-Ley o)
oxyat
P _ty/N.pJylre0 y>10ry<o. (5.3

I

1n equation S, 3, zrl( } is the hypergeometric

function.

This expression for the density function of
multiple coherence 1 both expensive to calculate and
generally numerically ill conditioned. Thus to eval-
uate the density numerically, additional manipulations
are required, GCreat difficulty can be encountered in
attemnpting to use computer library expressions for
the hypergeometric function,

For low values of N and p we use 2 transforme.
aton given in reference 12:

i, Np-ti 1y .
, .1.2 2
T AN T B S T F L N LY

For the cases of interest, (p-1-N) is a negative
integer so that a finite series cxpanesion for this latter
hypergecmetric function {s available:

21, .\'.p-l'.}‘ylzy)
1-1-2N"§"(-N+p-1)f (IAeyy

d
s(-ly'n
J'o -l I
» )j §

(5. 53

where

(p-l)J s (per-1)(pe 1)t = (pa)e2)(pei=3). . .(p-1) (5. 6)

(-qu-l)J 8 («Nepel ) eNep) .. («Nope2ej). (5.7)

'aing these expressions for the hypergeometric
;an€tion we can write {or y between 2ero and one:

i 70 3 it

N
2. TNt
F .(V/N.p.lyi "?c(r e e

L4

Np MRV nepn? 2

A=t T

LT
NN LT

Other expressions for this density valid to large values
of N and specific ranges of trus coharence | and y
are described in reference 1. There curves of prob-
ability of detection versus probability of fales alarm
are presented as are curves of probability of detec.

. tion versus true coherence for fixed values of prob-

ability of false alarm,
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Figure 2. Linear an8 nonlinear paris of 2 wngle channel.
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