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Summary

The concept of coherence as a measure of the l(t) A J (r )u(t - y)df + vt). (n a 1) (1. 1

linear relationship between two or more time series -. iNote that because of physical cuasality require.
to discusse*d. The definition of coherent* in terMs of 'aNtthtbcueopysalasliyrqr-th dcumpsed. The doeriton ofecralencity Dmax is menti a(y) is sere for all T less than sere. In facto it
gie complex oes power spectral density matrid t will be sera for all t loes than some positive time
liven and the relationship between pairwise and iitlti. which to the time it takes a signal to travel from the
pie coherence and channel signal to noise ratios is
discussed. A sample statistic for coherence is given source to a sensor.
while the details describing the performance which The true value of the coherence between time
can be obtained from this statistic are contained in series is generally an unknown quantity. In fact, any
i. separate report by these authorst  measure of the relationship between two or more time

series generally must be based on time traces of those
series. The functional relationship between the time

1. Introduction series and the measure or estimate of coherence is a

A problem of interest in many different disc. sample statistic for coherence. The assumption that
iplines is that of determining if there is a measurable any one infinite length sample of each series will be

enough to allow us to estimate the coherence exactlyrelationship (physical causality) between two or more ismdiplctyanaltmeersaeasu d

time series. In addition, one would often like to ob. is made implicitly, and all time series are assumed

tin a quantitative meaningful measure of the degree to be stationary and ergodic. Unfortunately, in

of that relationship. This paper describes one possi- practice, one is given only a finite amount of data
ble masreofsucharelationshi p , ecbes oe e- from each of the time series. In this case the sample

statistic is a random variable distributed about the

The most common measure of such a relation. "true magnitude-squared coherence" The density
function for the sample statistic in this report is given

ship is the parwis or multiple correlation coefficient, for a number of specific values of degrees of freedom
.he nature of the correlation offcint is well dou(M in reference .
mented and will not be discussed here other than to
note that it is not a function Of frequency and MAY be Based on these density functions. receiver
..ffected by linear transformations of either of the operation characteristic (ROCI curves have been de-
:;. e series, veloped. These curves define the probabilitv of

The coherence function (magnitude. squared detection versus probability of false .. arm for a
mutipleer coherence Juncto n ) ide ned as signal of a given true coherence. Curves of probabil-multiple or pairwiee coherence function) is defined tty of detection versus true coherence for fixed levels

a Lrequency-ec~ndent quantity that ranges between of probability of false alarm have ales ceen developed
&ero and one . This coherence function is serO if for many degrees of ifiedgm and number of sensors
the two or more ergodic time series are independent up to 10. These are all reported in detail by these
(uncorrelated. if Gaussian) and equal to one at any authors ;n reference I. The fundamentalquestion ofreuuenry wher refeere 1. Th fundaentr tauessoioiof
requency where there io a linear transformation. the relationsaip between input signai to noise levels

between the one or more input time series and the ad True coherence for the tw. channe: ano multi.
output or reference time series, channel csmes of Figure I is discussed in this paper.

The situation of interest is shown in Figure I For a general discussion of the concept of
where go ind'cates the noise contamcnting the signal coherence. the reader is directed to reference S.
u(i n th. it chan el. In general, each transmission For a detailed derivation of the distribution of the
-hdrel is composed of linear and nonlinear parts pairwiss anc multiple coherence statistic, the reader
iFtgure 2). The sum of the output of the nonlinear to referred to reference 7. The densities and derived
system (usually a small part of the total transmission), performance curves in. reference I are particularly
.n r.e.burement noise, and the background noise is difficult to obtain for low coherence and high values of

r_,"t.ed into the effective noise term rift) (Figure 3). N (number of samples of the time eeries, and based
on the authors keo led, are not available elsewhere

We are interested in detecting the presence of in the literature.

a common signal u(t) in two or more channels, The

.npu-?.r.6tpui re,.tonship indicated in Figure 1.3 can
e riten as
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Z. CtosesPower Spectral Density This is the mutual or peirwise coherence between
Matrit eand Wiletsi" Cnhoronct channels one de two.

Multiple coherence can be most easily deftined In the three-chennel case it is easily seen
In terms of the cross spectral density matrix (writing S w) s £ ) that
M 1Wj.. where the elements of this matrix are defined

S (W) t S M Si( ) 331SZI I S *3 S 1
.IS.'s I Z1SzzS! 2.e2R.(SiS 3 . 2.)

i~~~ Ir:Z3 ZZ 3~ 33. 111

The crosepower spectral density matrix is of
course equivalent to the erosscorrelation matrix.
Either of these together with the means of the M Using the fact that pairwise coherence is defined
Jointly gaussian stationary processes, a (t), ii (t)..., by equation 2. 5 we can write
XM(t). completely specifies the joint dtsaributlon
function of these processes. a rt Iyl. 3  ZRe(SZSZ3 S3i)/(Sl IS2aS33l

Given M finite length time traces. there are 2 v,3 3,, 1'
well known techniques for obtaining ,sampie estimates" 3
of the cross- and autopower spectral elements. These
estimates are used to obtain sample estimates for the . 2 ,e
multiple coherence between the various time series. I-LZ + "yl*31 2 ".(7 12 7 23Y 3d'

The sample estimate for the crois-power I .- Z; 3-I1]
spectral density matrix is a function of the basic data
xI(t). x(t).. .z x(t) over some finite time record. It Ndte'that if the croospower spectral density ofdoes not requir -lnowledge o n ftec~atr deta ftecosoe pcrldniyo
idoes nofth tranmision of any of the character. channels two and throe is zero (S 03 =). the coherenceistics at the transmission channels or of the signal-to. between the2 two c3nn'ls is aer' and the mltiple
noise ratios of tho received signals. The meaning of

multiple coherence wiU be discussed in terms of these coherence of channel one, given two and three is,

quantities in later sections in an attempt to illuminate
the subject. Here, however, we will define multiple 2
coherence simply in terms of the crosepower spectra [ & liZ. 31Zj 11 e 1y 1  *. 1 (Z
censity matrix and its elements.

The multiple coherence between x i.(t) and 3. Pair;wise Coherence and

X. .(, .... , t).... x(t) sdefined bySignal-to-ose Ratios
lieference 5) M+t)-by.

SJ5.(.)lji.(. l xi I t and x (t ) are generated as indicated
.. ,....-~ .... -- I / [S ]O. (Z,2) t Figure equation 1. 1 can be written in the

i ( frequency doraus by Fourier transform as

.niero e gw is the jth diagonal element of the inverse
a; L.he 5x W1|. The multiple coherence of the Jth X I(Wlac (&41U( € . I (W) (3.1)

sensor with respect to the other sensors represents
the proportion of the variance (power) of sensor j that X (W)=G 2()U(W(+V(W). (3.21

can be explained by a linear combination of tug remain.
tnt sensors in a minimum mean square sense . Again assuming the noise terms V and V are inde-

pendent. the cross. aid autopower spectril densities
by reducing this definition to the simple two. can be written as

channsl case we can write

__ (2 ) 1F, ) S 2 2 (slef G2(-s) 
2

Suls)*S, 2 'uw) (3.4)

-- SII(W) "IS 2(1 ( "Si(")S (u)"(Z 3) jS1 2 (W)
2

. 0 1(sd(
2 

02(41) ) 
2

S (6,2. (3. 5)

so that

S "! t4.sSse)[( , ( )WS() 1S z(,t) z]. (Z. 4)

This gives - S-2-2( S ,

~~~~ 11z1(st WS = lle)22(teW)



Noting that Ilf~l'.) s~fW and I10,4.)1 2 Sul 44 are effective noise on the transmission channiel. It must

Il a'l toa l power spectra at the resoiver In he notoil that .(4t no loge nacaariiy a cau..al
*YV00111*.s I~"f& t nl.r.nr. ltatw... Plittnee ,,".

a.. t4. w it 1.9 ~Stij~4S nd two c&6n be written as in equation 3. 10t

12 to 11(44!2 102O! S(&R2 12~(.D1 2 (3. 1)
It 1.2 [IN 1 0) IZ (+Sys W

This two-chamal inagaitade-.quared coherence is
the ratio of the power at totput X I(t), which is caused

Defining the signal-to-noise power In the Jit channel by the "input 3.Y%). 1 transmitted over the effective
as linear transmission channel (H (at)) to the total

IJa (a4le S (m4 power in outPut x . ConsidraM2 o of this effetive
(SIN)j a 141 (3.7) linear tr.nsisiLo chaaml allw. this physical i.

Vj terpretation of the coherence to be easily carried

we can write over to multiple coherence.

1V. 2 1 (.6 4. Multiple Caoer**c and

Is +(IN I +in the case of hi channels, a relationship between the
Certain general statet cocrISg this input signal-to-noise ratio$ and the multiple Caote.

pairwioe magnitude -squared coherence. or just Ilco- once. sirmilar to the one in the last section for two
herence. 1 can now be made. channels, can be derived. Tits output power spectral

density can again be written in terms of this input
The coherence is bounded between tero and signal spectral density, the unknown channel transfer

one: functions, and the effective channel noise as

0 171 7z 2 1 . a S14)IIi(4d)1 Sul.d) + iw 14.1)

If the noise -to-signal power goes to infinity in
either channel, the coherence will go to zero. This Is W Jr * ejr a)1 S (.'.0j (.2
will happen if the signal power in that channel fades i I0411 Ia(1)2 42
to zero. Also, the noise-to-signal power ratio in2
both channels must go to zero for the coherence to go It should be noted that 10 (W.)IZ S u(4.) is the signal
to one. power density in the output of the ith channel and

S 1(w I is the noise power spectral density in the
An interesting and informative interpretation c~lnnel. The general power s'pectra. density func-

of the coherence between these two channels can be tion can then be written as
made in the following manner. Assume one of the 0 T
channels to noise free (53Z(W) It 0). This channel Sic(W.) - S (4.) G (W) 0 (a)1) + D(W.) * (4.3)

then becomes the input signal. The coherence be. where
:weer c-.arnels one aed two is now given by

2 Iq q1 (41 2 e ul) (SIN) I S D(W) is a diagonal matrix with *eements Sv().
.,(IN) . fnd

IG (W12 l(S/) SW I T
I u I0 (W.). - I0(W) G (W.) ... Chifwl) . (4.4)

(3.10) . V
Thismagitue~sqare coerene I th fratio of The inverse required t.o calculate the multiple coher-

ofi m nthdeoutput hiech comte frao the ence from equation 2. 2 can now be calcxeated by
the power ofte upt t) whc oe rmte using the following matrix inversion lemma:
signal input passed through a linear system. -

- .1 5 I T1 T -I
Since the transmitted signal is generally not [A+ XX7 A. -A X IXA X X A.

available, it is useful to look at this physical Inter-(4)
prenation of coherence from a different point of view.Usnthslmateivreofhepcrl

.et us simply takie signal 9 2 ft) as our basic signal and density matrix can be written (assuming all required
c;.Iculste the coherence between x,(tt and our given
stgnal x it). From equation 2. 7, Itur definition, this ivre xs)a
wil~l be Ik*same result as if we took signal it (t) as S, (W , W

our gliven" signal. Thus U(4.) In equation 3A is rTo.r ' . a'-
pl~aced by X (w.): -Su(94D (4.3 (41 +lS (4.(4.1()D- I41 41

X W H 1 2 (W.)X2 (W) 17 elZ*12 ( . (3.11) G T (W.) D, I(W) .(4.61l

us1 #)t the effective linesr transfer function be-
rue output x2(t) and output x1 (t). V41 2 (t) is the



The structure of thainverse a be fees mere Noe that for M equal to twe an in sectioni I the
clearly lay ntoting thst 80haregee Is given by

S TWG~'WD (ia)GO(ihle 05: 1 (4.7) *yi I2 11 4(MIN)? 44. 14)

However. it M 'becomes very largo. the coherence
This term is the *%nn of anl output signal.to.nolse geec to
power raties. Therefore. it. as La the two.chne
case. we define ", 2. ... '-. +...M1 M S

(SIN ) 1  10 1(W )12  51 (M ) / I (W I (4. ) rl2 . .ili l . . -* S 4.15

the inverse of the bracketed term La equation 4.6 cn The formal requirement for the to be valid is for the
be writen assignal-to-noise ratio and number of channels to

satiofy the following Lasquality:
r S()T 1a)D 41)O*ais 1/[I kq (SM~]4 -)h: 1) (SIN) 2121 1 (4.16)

I+S MG(W)' ()G WT / + (SN 1.9) However. oae n dais from section 3. equation
Wih hi, heit dagna eemn -1fC 4.1IS is Identical to the coherence of two channels
Withthi, te ih dageal lemnt f S(i) is when one has an infinite signal-to-noise ratio sad the

given by other has a signal-to-noise ratio (at frequency W)a of
M IS/N). In this &oes. a large enough number of
- J weak channels [signal-to-noise ratio of (SIN)] is

I + 13114/) J (SIN) I equivalent to the swn of on* noise-free channel and
S i M,,1 W M 0 The second special case for equation 4. 11lis

14 X(SIN) when the ith channel has a very large Signal-to-noiseI = ratio. Letting (S IN)1 become large in equation 4. 11
and keeping all other signal-to-noise ratios equal to
(S/N) we find that

Using this and substituting equation 4. 10 into equation
2. Z. we find 

M

aa I I 1/ S (W) S (iW (SI/N).- IT ( 'S/Nlr

(S/4)1 [ (SINli - (SN Note that for low signial-to-noise ratios. i.et.,

a ~ SIN)~ (4111(M-1) (S/N) cc 1 (4.18)

1(I N)4 lj + JSI) ( N the coherence goes up linearly with the number of1 J channels each is considered to have the same
signal-to-noise ratio as all others, i.e..* (SIN). As

*Several special cases are of interest. M becomes larger or as

First consider the situation in which the M(SIN) 313' 1 (4. 19)
signal-to-noiee ratios in aUl channels are the same-

this coherence goes to one as It would in the case of
(SIN) 5(S/N I a (S/NI (4. 12) two noise-free channels.

This gives the coherence of channel I withi respect Next consider the case where one channel other
to the otl.er Mt-1 channels as than the ith channel has a very high signal-to-noise

v2 ratio relative to the others:

fMI(SIN) 13- LfSIN1  (S/N)1  (S/N~lh. (4.20)

TI-S1145/N I + (M- 1)(SNM7 (4.13) .

44
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L'nder these Conditions. equation 4. 11 io approxi- The coherence between the strong signal and the
mat-y movon by weaker ones. goes. top. Iiparlv witi, th.. nismior nf

~ (SINIDSI~4Ithe hi multiple cOherence v lugs will be teoei

I.a %I M) I IIisN which the largest signal-bo-noise ratio channel is
11(/)ijl+(SI

4)~ (4.23 used as the reference. which to as expected.

17.1 . -. .. M 1 Iyk I'~ . (4. 22) S. A Sample Statistic for
.s it all other Channels were not used. If (StI) t ismultiple Ceherence
approximately equal to ISJN) , W~te means that all The true multiple coherence of a set of Sume
weaker channels Gaul# Ve QNelectod and only the two. aeisi a function of the underlying statistics of
channel cohies %*1ween the two Stronger chiamnel ats prcse.Tesiitc r eeal

coul be sed.Ale.coniderthe ase hen ll and most be estimated from sample realia.
channels including the ith have a much lower signal- tion of the processes. The estimates of the basic
to-noise ratio than the kili channel. i~e..*tatites a" then be Used to provide estimates of

(S/K)k 100 (SIN) a (SIN) all I t (4.) the nultple Coherence of the hi underlying stochastic
i Proeseses.

Then. while the coherence of the ith channel, given tb The method of obtaining estimates for true

other@ is provided by equation 4. 21. the coherence mutpechrn j s olw.Lsnwl ou
of the kth channel given the others is mooted techniques I' . obtain sample estimates

low each slenrant of the croepower spectral density
matrix. Freom these sample estimates

(4. 241

Giving for this case S2 W f) .. Sz

*1 I ..... k./ 1. k+ 1. . . . lxxl..M

14.251)

For the cast of eask stgnals t the other channels Ml M2 lM W

tfrorr. equation 4. 221:

one calculatest the sample estimate for multiple co-
2 .2 herence in the following manner

Fur'ie sipliy euaton . 2 tothespeialcas of where S toi i the ith diagonal element of the inverse
Furter impifyequaion4. 6 t thespeialcas of of the Mi -by-M sample spectral density matrix S ME(w).

' SN Ic1. (4. Z? etslls of how to form such estimates are discussed
*~~~~~& I.I3SN 27 lngth in the literature. Since these estirrates are

random variables there has beeni considerable study of
their distribution. The distributions of these cross-

a haveand aytopower spectral stimate are known in closed
'I 2 form'.

k:,2..k1 kI.M(.6
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