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1. Introduction

i.i. An a generalizaticn of the Boudan-Fourier Theorem*
Sylvester found, in 1865, two theorems Eiving bounds for the

number of real roots of algebraic equations. Writing

(I.l) f (x) -a xn + &lx'l + ... + an , -

form for a convenient sequence of positive constants r,...
the expressionS

2TV() (xf~ ) rf- _(V" lJ( )fV*i)( ) (-l,2..n-i),

(1.2)

7 (x):f )2  ,

assuming that the rV satisfy the relations

',#+i r 2r, - - (V-,2.... n-2)

Por simplicity sake we write fv(x) for the V-th deriva-
tive of f (x) and leave out the notation of -e argument in

fV(x) and FV(.) if the areumont is X.
We put generally, for an x , VP(x ) for the number of

indices ..... n for which men f? ( X)fyJ(X. - -1 and
simaultaneously e n z o)FO(xo 1. Ve speak then of
variation permanence., VP, corresponding to such V.

Further we denote by PP(x) the number of indices V.I, ,n
for which scn E'O1 (x0 ,)f,(x0  an B ix)V 0  -1. In this
case we speak of nerrnnence rnnences, P, corresponding to

these values of V.
Then, denoting by N(ab) the number of roots of fr(x)

in the open interval (a,b), we can formulate both theorems of



I.9

Sylvester as saying that the expressions

(1.4) VP(a) - VP(b) - 1i(s,b)

(1. 5) PP(b) - PP(a) - (a,.b)

are non-negative and even.

We assumed in these formulations that none of the fy

and 7_4 vanish in a or b.

1.2. Sylvester's theorems are also historically of

particular interest, as the so-called Newton's Rule could

be deduced from them and in this way was for the first time

completely proved.

However, Sylvester carried out his proofs completely

only under special assumptions on non-existence of -ultiple

roots of the function fV, Pv* Thus, still in 1898 H. Weber [6]

wrote that in this case the question remmins open.

As a matter of fact, Sylvester (and later de Jonquibree

a Marchand 7)consieered as the main difficulty finding

the right interpretation of the zeros in the double sequences

f0(,) I ..... f (a)

(1.6)
o(,) , ( l(a) . ... ,P(a)

f a (b) , I (b) f ,(b)

(z.7) 7 ao(b) , l(b) ... 'n (b)

The problem was taken up and treated in a very detailed

way in N. Farhand's doctoral dissertation [7].
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It must be however said that the best results are

obtained if the rules describing the attribution of signs

to seros in the double sequences (1.6) differs from the

corresponding rules concerning (1.7). Namely, it is more

appropriate to consider the sequences of the signs of

f (%+o) , f 1(&0) .. , fO)

(1.8)

P (a+O) , 1(a+) .... F(+O)

f (b-o) fl(b-O) f n (b-0)

(z.9) P 0(b-0) , I (b-0) ... n (b-0)

However, even this rule still does not sufficiently

accou-t for the attribution of signs if some of the Fj vanish
identically end in this case an additional discussion becomes

necessary.

Thus, asking for convenient attribution of the sign.

at the points a, b themselves is practically asking the

wrong question.

1.3. We derive in this paper a generalization of Syl-
vester's theorems assuming that (v) (x), . 0,1,... ,n,-

are continuoue functions of x in the closed interval (a,b>.

which have only a finite number of zeros in <&,b>, end that

f does not become zero in the open interval J:-(&,b). Wen
assume further that each of the FP, formed accordingly to (1.2)

for a fixed choice of the ry, either identically vanishes in

(a,b> or has there only a finite number of zeros.

We use further the expressions Nm(a.b) and NI(x) of

which the first signifies the total number of zeros of f

in the open interval (a,b) and the second one the order of x

as zero of fm(x), which is of course usually -0.



Observe that for each x from (a,b) we can choose right-
handed and left-handed open neighbourhoods of x in which all

fv and FV have fixed signs, under the convention ) that the
identically vanishing P1 are assumed to be provided with the

plus sign.

Consider now for an m with C< m (n the double sequence

f f
(I.10)

P , F 1  , , P

We denote then with VP m(x+O) and VPm(x-O) the numbers of the

VP in (1.10) in sufficientlyr close right-handed an! left-handed

neighbourhoods of x. In the same wv we define the numbers of

PP in (I.i0), PP (x O) an~d PP (x-O).
We can now define, for a<x(b, the interval functions

(1.11) A&,b) - Vi (.O) - VP(b-O)

(1.12) A"Ca,b) :-PP (b-0) P P(I+C)

(1.13) A'(.) - VP (x-O) - V(x+C)

(1.14) AM(x) :- Pm(x O) - P (x-O)

with x S(a,b).

Then, the content of our Main Theorem in 8 is that. if

P (x) remains in J positive and fn has no seros in J. if u-n,

the differences

This convention is due to Genocchi 141 and do Jonquibre. (f].



A~ab) (~a~b~N~~b) p a,'~ -(,(a.b)-N (&,b)

are non-negative even numbers.

1.4. After two introductory lemmas in S2, we discuss in

3 the case when some of the IV vanish identically end in 14

the general case when & sequence of consecutive X, vanishes at

a point. In §5. which is not used in our further considerations,

we discuss the behaviour of Fv with Ixt-.c, under the assumption

that a or b become infinite. The proof of the Main Theorem-in

S8 is prepared by the discussions of go-called f Sajs and F pans

in §6 end J7. Finally, in 19, we give the explicit solution of

the problem of obtaininZ the siens of the ya nd Pat &a+0 and

at b-O from the values of these functions at a respectively b,

end ierive the yXoton inequality as well as some more general

inequalities concerning the numbers of all positive roots and

of all negative roots of fo.
0



2. Introductory lemmas

2.1. Lemma 1. The mos -generml set of _positive r sa+Ls-

fyin, the relations (1.3) can be g.iven by

(II.i) r"1 = r(l+(')) ('=0.l....n-l) , (l r O.

2.2. Proof. Fr3m (1.) follows

+ Iv ~ " r .v r . - ' V -1 L n41 . . .,- 2 ) .

so that r.-r__ 1is independent of i,

and therefore

rv r* r) + r (1+
rr a

We obtain then the first formula (II.1), and the second

formula follows from the positivity of r,...

We assume in the following rc-l.

2.3. Lemma 2. Assume

(11.2) f *0o , f- :"f SIio
f11-3. n+l '

Then, defining the F, JZ (1.2),

(zz.~~) f' '1 2
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n- 1nf

2.4. Proof. Differentiating (1.2) we obtain for *(n-i
F4 (2,-r_ )fjV+l _ .V-l.V-lfV+ 2

since f4 =fV+2. Multinlying with fV+l and using (1.2) for V
and for 1+1 we obtain further

fV+I-V fe2?V +Vft.l

and dividing by + ( . )"

For the p n. we obtain similarly, using (II.1),

f ?I (r ~ -i (i+tfl)fn~

and) dividing by fn' (11.4).

I
iI

II



3. Identically vanishing ?I

3.1. We assume from now on throughout, that in (Iz.l),

(III.1) a* > cc >
n-1

Put for en integer p with i4C4 n-l. using (II.1).

r *
(112) P +

rp_l-r p

1

If now a00, -I0, it follows

(II1.3) fS 4 1-p 0 (0(> 0)•

On the other hand, if EK0 it follows from (111.1) - < n-1

and therefore

(111.) W n-p (v> a( >n-1

In particular if V is an integer we have even

(I~.5) n-P l (0), 0o --- ).

3.2. Lemma 3. Assume (III.1) and (111.2). Assue f(x) •

real function of a real veiable x, which has, for an inteer p

with I p46n-l. continuous derivatives for &< xaCb up to the

order n and is such that the zeros of fp1 fp have no liimiting

points in J: (a,b), while fn remains 0 0 in J . Then in order

that an P, defined for fo:-f by (1.2) and (II.l),vanishes iden-

tically 9

rf2
(II.6) rf -r.fif 1 =F 10 r f fn-i

Ia



it is, if e9O, necessary and sufficient that either W=-.- =n-p+l,-- n
and for convenient real constants cot0 and u with a u b,

(1I.7) f co(x-u)
n - P + l  

, afu(b

or with an u(a and an arbitrar- real d,

f c(x-u) 9a C=const., =-I,

or for an u) b and an arbitrary real C,

(111.9) f (u-x) , ub , Oo=Onst.,.=- .

*If@=0, the necessary and sufficient condition for (111.6) is

(1.10) f .c eo e c0 o CAC=const.

r
3.3. Proof. Assume first a in (If.1) is q 0. Put 9:--P

then, by (111.2). P_

(I1I.1l) 1 I

Consider a point in J which is no zero of fp_ifp and consider

the greatest open interval, Jo, around this pointi lying in J,

which does not contain any zeros of f P-fp. The end points of

Jo can only be zeros of fp-1 fp or the points a, b. From (1.2)

for V-p and (111.6), dividing by r P 1 f P 1fp, we can write

ft
= - f

p-i p

Integrating in Jo we obtain, denoting by an integration constant,

0!

zI



Jo!

8lef -t. " llf-l -If IfV-2 l13  "-TIf,

Put

(111.12) sgn f- 1  sgn fP

Than we can write the last relation in the form

(111.13) (Sfp-l) = e- f , e = fS

and integrating, with an integration constant u,

and resolving with respect to bf- = jfp-I
|
, by (III.11),

(111.15) fP-1 = 4Ee%(l-3)(x-u]W  
4E eg(l-)sgn(x-u) I x-uI

where &e(l-S)sgn(x-u) is 0 0 in Jo. But 1-3 = 1- - has, by
r"-

(II.1), a fixed sign both if xzu and if x<u, end so have, by

(111. 14), L and .

3.4. It follows now for a convenient value of the constant

a , for u(a, (1I1.8) and, for u*b, (111.9), where in both cases

fp-l'f p 
' ' 'fn 

remain #0 in Jo. In particular, if u=a and fn re-

mains finite for xla, we must have i'n-p+l in (111.8). If u=b

and f remains finite for x4b, we have in (111.9) again a n-p+l.
n

Further, our interval Jo coincides in the cases of (111.8) and

(111.9) with the whole interval J, since uJ.

3.5. Consider now the case au<b. Since, by (111.14),

f has in J. at the most one zero we can replace our J by
P-1

I o
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one of the intervals (a~u) or (u~b). In this way we can apply

the argument of 3.4. to the corresponding interval (a,u) or

(u,b). We obtain one of the representations, wit. cnstazits c1 , 2

(1 1)f P- cl (xCu) x6J.. (u,b)

p-l '2

Dlifferentiating the corresponding formula (n-pel)-timee

we obtain

f c(x)- -c I 3 -c,net. in J

Since f n x) is assumed continuous in u this formula remains true up

to the point u and as we assumed that f nhas no zeros in j, it follows

(111.18) § .- 1

But since f has no zeros in .*, fn has at the most one
n 1-

zero in J and this is, as follows by differentiation from tht

corresponding formula (111.16) or (111.17), Just ui.

Now we can apply the above argaments to both intervals Ca,u)

and (u,b) and obtain both representations(III.16) and (111.17).

Since It is integer the formula (111.17) can be written as

f P1= (-1) c 2(%-u)

and it follows, differentiating 19times. (-I) c02 - C11 that is

(111.7) with co%= c V

3.6. Consider now the case QK=O where all rv have the value 1.

Here we obtain rrom (111.6) as above
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pi p
7;71 lf-31 l f g

c being an integration constant. Using (111.12) we obtain

and

fp-1 " 0 c , ()0

or finally (111.10), in the whole interval J. In particular it

followa that if P vanishes identically for O-0, then all F 'r 4
p p P1

F p+2,..,Fn.3 vanish id,3ntically. Lemma 3 is proved and we can

also formulate generally

Lemma 4. Under the conditions of lemma 3, if (111.2) holds

for an F lip n-l, then all Fp ,.., vanish identically.
p
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§4. Vanishing of the F1 at a point

4.1. The following discussions concern a generali-

zation of the lemma 2. While lemma 2 gives a linear repre-

.entation of the first d.rivative of through P. and F,

we consider nov higher derivatives Pv ,'t L 6n-V) of Fv . Here

our formulas are slightly different according as n-V or

=fn-V. Forg<n-V we will prove the formula

.. +,,--i + ... o

In this formula we assume that none of the functions f,.l' : + t

vanish for the corresponding x and the symbol T, (f, .... % t
signifies generally a product of non-negative powers of f ''"..

fIU, while the coefficients A,,Aare some polynomials in their

indicated arguments, f, ... f. 1

4.2. The formula (11.3) is & special case of (IV.l)

corresponding to t'I. Here is (f10+) f,)+l nd A1 VI - fy

Since (IV.l) is already proved for/A-l. we prove it

by induction, assuming that this formula is already proved

for a PLn-V-i and proving the corresponding formula fort l.

Indeed, differentiating (IV.I) we obtain

- I4
(Tv.2A Le I ftl

Introducing here P1F' the corresponding expressionI *'



from (1I.3) we obtain from the first right-hand term:

where the first torn already gives that is the first

term of (IV.l) for (p+l)-st derivat"tI4f FV , ema.sserted in (IV.I).

The secon term of the sum is already of the type corree-

ponding to the terms of the second right-hand expression (XV.I)

for 1L+l. rurther, the second right-hand term of (IV.2) is also

of the type corresponding to the second right-hand term of (IV.l)

for +l. The sane holds -further for the second right-hanad um

in (IV.2) since the derivative containalif

written out, in the numerator aXeo f

As to the last right-hand term of (IV.2). it becomes

end this consists again of the terms corresponding to (IV.l)

written for r+I. (IV.I) is prove4.

4.3. The formula corresponding to (IV.l) in the case

P=n-V is obtained, assuming that

fVl " " f n 0

and writinC out (IV.1) for rn-V-1:

Differentisting (IV.3) we have to use (II.3) &md (11.4).

Prom the first right-hand term of (IV.3) we obtain z." (11.4)

Ag + l-l "

f_,t n, ..



An to the further right-hand terms in (IV.,), we have to

use for their derivatives only (ii.3) and obtain, as above, terms

corresponding to the second right-hand term in (IV.l) for rn-V.

Ailtogether we obtain

... >-n-,, ~

~44)n + 3(f ".f Y k.VVx(t...fn(Iv.4) n VX .3CV

(f V~l' "fn 0 0).

Observe that in (IV.4) the first right-hen term vanishes
for aC-1.

n

4.4. Lom__, 5. -eL~

(iV.5) Ocp(q<n

and for & real z

7p ,(-),p|+l(,)- ..... F Pq- W)-o, pp~a(l.( qo ,

(IV.6)
f p(W)...f q() O

Then

(Iv.7) F)(,) 0 0 -

(xv.8) f1~)() £(x)
(IV.8) P (zh ) -() F ( ) (p/V q-1h) ,

q
hq-V f'V(x)

(YV.9) Pq1(x~h) " q-1!f (X) z
( ) 

* O(hq"/P*1) (p~ljGV q-l;h#O, *).

4.5. Proof. As to the formula, (IV.7), observe that in this

case we have PL+V4q-1. Thence all F factors on the right in

(IV.i) venish in x and (IV.7) follows.

If we take now rq-1 in (It.I), then all F occurring on
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the right vanish by (IV.7) and the formula (IV.8) remains.

If we develop then P#(x*h) for P%4(q-1 in powers of h,

then, by (IV.7), all terms of this development containing hP

with e4q-v vanish and the term corresponding top-%- becomes,

by (IV.8). that indicated in (IV.9). Lemma 5 is proved.

4.6. While in lemma 5 we assumed qtn. we will nov

consider in the following lemma the case qn.

Lemma6. if under the hv etheses (IV.6) 0OpVq.a,

then the formula CIV.7) still Drsists.

(Iv.lo) Y, ( P ) - 0 (X)-V)

while (IV.8) and (IV.9) become

(IV.I) F-(n-V)(W ) . (14gn) Fn'W (p4V'&n-l)

(IV.12) FV(xh) -1(1 ) r (Z) + O(h-1+) (pAV4n-l)

In psurtioula, A OL-4. (17.10). (17.11) DAnd (1.12) become

(V1) F(p)X - 0

so that *-ch fV is & oolynomial of exact deAree V iid

(Iv.14) , 1 (z) U 0 (n .v p of- )

4.7. froof. (IV.lO) follows again from (IV.l) since IL+Vtn-q.

The formula (IV.1) follows immediately from (IV.4).

Purther, in the development of FP(x+h) we have to replace,

in virtue of (IV.4), Pn(x)Ul with l6n.



Assume now in particular g,.. Then, by (1 n.441F
in -const. and mince n-l()-O, Fnl(X) xeshes identically.

But then it follows from (ii1.1) in lemma 3 that

f-a c (x-u)2  ' c1

and each fv (x) is a polynomial of exact degree n-V. On the other
(n-V)hand, by (IV.lI), since F. (pfVi n-l) vanishes identically,

each of these FV is a polynomial of a degree (V. Further, diffeoren-

tiating (IV.4), it follows successively

(n-vl +) (n-V 2)(x) .. 0

end thence (IV.13). And (IV.14) follows immediately from (IV.13).

Lemma 6 is proved.

CI



At

B5. ehaviour of the Pq at infinit

5.1. In order to obtain estimate of the total number of

real roots of f , one can use some foroula containing m & im-

tion ,n the sign of Fv at infinity.

Ima 7. Assume for -O a x afond tgars a) >0 And p;

X) - . b + 0(zo' 1 ) (a p axl),

(v.1)

f(K) U- +ar!t bt- -p + o(xp111 (r=v-l'v.vl).

Zaii

(V.2) u 1- 0-1 n~)

Then, with 1xl.op:

(V.3)= FV • o(!2 ((14h mO...t0 ).

5.2. Proof. By (1.2) and (II.l) we hae, neglecting

the terms O(x",)•

-(At [V)[=t.O, xi (A+A yk ( Yr Q(v.tAIN

(V.3) follows immediately.

We see that PV remains positive for sufficiently large

Iz as long as l4%.mr0.



5.3. It remains now to ccrsider the case

(v.4) 4 K -.
m

In this discumsion the symbol of the type-L with a< C will be
1 G!

sometimes used. In this case 7-. has to be oonsidered as 0. We
will assume that f(x) for xn-'rs m)C,peq and real numbers 0 Clbee, is

t(x) - xO + bx
p 

+ cxq + O(x q - l ) (m)p)q, xpq. a

t m! = (" 4-P +k(q-
r -l) q!-,w-l., p ).

Put

(V.6) u:.:-M-V v:-p-v , w:-q-V

and observe that with our notations we alwa e have for integer *e'C:

Using (1.2) and (V.5) we obtain, since in our case

generally r . i-.m,

iv " o )CA fb + C ) C h o -)

and d*evelo;ping:

(V. 7) (V&4 .I4 -X"

..~*~,4i . 4 2.jPf- .r
-i



Here the constant terms are destroyed. The coefficient at xp -M is

bm!p! (72t. (v-1l)!(u +l)!

- (- !p (u-) (v-u)

or

bm!ip!
U!vl!(M-P)(p~l-m)

5.4. We see that in any case

(V.8)- -b ! (m-p)(m-p-l)z + O (xp
'-tl) (IxI|,4.

The formula (V.8) gives the complete information about

the sign of FV assuming that

(V.9) b*O. m pl, v~l*O that in fp+l.

In order to obtain & formula valid for v+I O, that is

V>p+l we need the decomposition of f into the eum

(V.10) (x) - P(x) + (x)

where 
P(x) - m 

+ bxp + ...,m p#O

is a polynomial, while G(x) can be written with aMO:

(V.11) G(X) A+ O(x--) (OI4).KI&
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We assuame further that for positive integers sfim:

(V.12) G(s) +_______ _______1=-

5.5. As >p+l*#1, we can use the notation

and obtain froni (1.2)-

[rnu, + 1  dM(AM+V-1) +

(uL) m 0 (-1~ dM +o(xV) 1JV

r )e~~ -4 dM4$+V-1)CM+'#) uV21
X~ L -l ! (l4W4t*V4 + 0(x j

_? 26 ! 2u + .~ 2d!m! (D+V-) u -I&..j - ( +

rn
1  ~ (-r1+ u, (ut >C

M~xu-A1) + (iiTFVj-lV

mv (-17~ dM2un!jJ.+%P-:) - u(u+1) - r+V-1) t&+'4)-±
4  

+ o

Thence, writinE

(V.14) Q 2un!C0+.e-1) - u~u+l) - 1V)Avi)

We have

U' L21I +OX -Vj-) ., + )



If in particular GNO, that is f is a polynomial,. we

can assume in (V.25)& arbitrary large so that the polynomial

'V identically vanishes for v p+l - as follows also inns-

diately from (1.2).

5.6. We have to consider now only the cases with
p-m-l. Here we have V4m=p+eV . The formula (V.7)
becomes in this case

.+ b2t-1! "M1) I m '.-'7"' x  J

* r-5i~ui) \m'(-1 2 (-i](~)} .u"

+ . . E U_ (x (.IL),(U+lI)x + 2 -C2

Here the terms with and are cancelled out and it remains

ul 0-. (0-'L): P c"- . (,wCl+-u)x,< '=+ o(,< '' ,,

5.7. This becomes, if q-m-C-2, since then the terms

with x q - m and x q - m-  can be neglected,

(V.17) iv- M-L.xu nI21D $ieo(.)) I

and we see in particular that in the cases of (V.17) P. remains

positive with Ita-I.W.



i..f we consider now tyre case q-m-
2
, the two first

terms in (V.16) csrn be ta~cen 
together and we obtain, 

as w=~u-2,

(m-2) ()b2m~l1>2cm) 2m - + O(m-v

so that, as long as #A M with IXI14oe,

(v1 ~agn s gn (b 2(._,)_2.m)



S6. The f gaps

6.1. We call for 04 p< q4n+l n+l, m>,l, a sequence of

consecutive integers from 04,...

an f &a2 &t x if, for an X with a4x b,.

(VI.2) f p(x) f (X) ..... f (x) 0

and, for p)0, fP-1(x)#O and, for qC w, fq(x)*O. If in par-i-

cular p-0 we call g open to the left and if q-m+l, g is open to

the right. If p O, g will be called closed to the left and if

Q 4m, g is closed to the right. If pO >0 and q6 m, e will be

called closed. Purther, if for g one the functions

p +1."'' q-1

vanishes in the whole interval (a,b), g will be called singular.

otherwise reMular. It follows from the lemmas 3 and 4 that for

a sin.ular closed f gap (VI.l):

(VI.3) F =f 2 -> 0 o I ... * F 0
P-l p p -

We consider now for our g the double sequence

f 1  p pl . . . f q-1 q
(VI.4)

p_ 1  p p+l q-1

where however the first column f ia

last column fl is to be left cutP if q-m+l.

Paa
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6.2. If g is open to the right it follows from (VI.2)

that q-l=m and in particular

f q) ( x) >

But the, by definition of F_,

F _(x) =-r _f _(x)f () > 0
Fq-l - q-2 fq-2 (Xfq ()

and thence f (x)*o, f q2(x)#C, so that p=m=q-1. We see that here

f (x) has x as a simnle zero and in particular, since m is as-

sumed positive, p is positive. Thence, if g is open to the left

it is then closed to the right.

We denote by A'(g) the number of VP in (VI.4) lost if we

go from x-O to x+0, and by A"(g) the number of PP in (VI.4) won

in going from x-0 to x+0.

6.3. The behaviour of i P+ 1. ...,F .1 is described in the

Lemma 8. Assume t,,e £ jap (VI.I). Then in our hypotheses

we have, if q-p)2,

(VI:5) F = F = . . . F , 0 , Fq >0 (q m)(. ) p p4.1q- q

Assuming a< x< b, we can write with sufficiently smail hi

for not identically vanishing iy , denoting generally by I n

exoression depending on h#0 and tending to 0 with Li-*O:

(vI.6) FV(x+h) = f 2  h2  I

q (q-.V)!(q-V+111

further, if qi, for p>0, &<x~b.
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hq-p-l
(VI.7) Fp (.x+h) - (fp-l f q ) , (p) O;q4 m)

and for p=O, q-m, a<x'b.

2q
(VI.8) Fo(x+h) _ 2 qE, (PO qCm)

In the case C= -, the relation (VI.6) can be replaced with
n

FvI.9) £ 0 (vffp.1,... . n-l=), n.(VI.9) a0mn

Finally we have aenerally with thl.O, for q4 m,

hq -V
(vI.1o) f9 (x+h) - Th(q)C,(fq+ ) (V-p,p+l.... q;q m)

The formulas (VI.6)-(VI.lO) remain true for x&a with h4O and

x=b with h4O.

6.4. Proof. Developping fV(x+h), Vq, in powers of h, it

follows from (VI.2), as fn(Y) is assumed continuous, for P.VCq

fy(x+h) 3 (fq ) (=p.p+l ...... q-l)

But this holds also for V=q, if qA m, and (VI.10) is proved.
In order to prove (VI.6) introduce into (1.2) the expres-

sions (VI.lO) forV, 4-i and V+l. Observe that the symbol t in

different parts of the following relation does not necessarily

designate the same quantity. We obtain

Fvf +Ih\ (f Z)(f +)

2(Y ' lrV .C V- e(

(f .F) I+' - -V-

q I..l,2!q-V

f2 + F- f 2 (l+q+ S)

q- -(1.q-V+ ) (q-vfollj(q-V+
and (VI.6) follows.



6.5. As to the P (x+h) we aust distinguish the cases p> 0p

and peO. In the case p7.0 we obtain from (VI.IO) and (1.2) for

V=p and V-p+I, since q rn,

P
2
(q

-
p) 2 - h ,q-p-2

But it is q-p-l2(q-p) and fP f Q$C. Thence, on the right

remains only

-r hq-P-( f
P3 (q-p-i)! n-1 q*

and (VI.7) is proved.

Por p-O in (1.2) we have only the first term, rf0 , to con-

eider. Introducing (VI.1O) for V p and using rj1l, (VI.8) follows.

Pinally, ifa=. the relations (VI.9) follow immediately

from (IV.14).

6.6. Lemma 9. AsLeume the f ak (VI.l) non-sing lgr and open

to the left. Then the F# in (VI.5) have in the immediate nei h-

bourhood of x the sic lu te, nr, i f m (e is closed to the rinht),

Furthar, the double .evuencp

f~y C1 y I f (y

(Vx.12) FI 4

.!in:-I- v.e h7,ve

(V1(.y) -,) - : ( (q(r

0



6.7. Proof. In any case l+ qAO, since otherwise we had-1

q'n, '=- and then, by (VI.9). g were sincular. The relation

(VI.II) follows, if q-p=ql, for V=C,...,q-I I from (VI.6),

while F =r f2 (q<n) or F =1 (qwn). For q-l that is if x is a
q q q

simple zero of f (y), the relation (VI.II) for 04 V4I follows
from F (y ~ ~2  2 .o )r of(y),rm (Y)Kr f (y ) , Fl rlf, >O.

As to the formula (VI.13), it follows from (VI.IO) that
tne sequence fo(y), fl(y),. , f (y) presents at x-O (h<C)0 1 q
q variations and at x O (h>O) q perm nences.

On the other hand, since f Qf 1x)=O and f q(x)*O, q is

exactly the multiplicity, N0o(X), of x as zero of fo(x). The

formula (VI.13) is proved.

The meanine of the lemma 9 which we have proved, is ob-

viously that if we go through a sero of f, with the multiplicity

q?,!, the correeponding double sequence (VI.12) loses q VP and

wins q Pi . As to the values of the F. and fV at a O and b-O,

those of the ?I are given by (VI.ll). For the values of the fy.

V q, we obtain from (VI.lO):

(VI.14) sgn fV(a+o) = -aY f (a) , s f f1(b-o) = (lV .q q.

6.8. in the csme of a non-singular closed f Lsp (VI.l) the

situation is completely different.

Lemma 10. Assume a non-sincular f gap (VZ.I) closed from

both sides, so that qT+l 2. Thn, going throueh x from the

left tm thp right, the number of the VP in the double sequence

f Pl(Y) fP(Y) fp( •y) fQ(Y)

FP 1 (Y) Fp(y) F. (Y) . . . P )

is decreased and the n=mber of the PP increased, both times by

non-negative even numbers, #2X (g), 2K"(C),

(vZ.16) )= K'())0 , a"( ) - 2X"(g)'*O



6.9. Proof . ConsiCer first the case q-p), 2. Put agn f =,
sgn f ff=:A. Using (VI.lO), the sequence of the sigs of the

f af in ['II.15) can be given by

f f f - . . . f f

(I-.. -2 pl p p-I

.ere, as in the following, the upper signs belong to x-C and

the lower to x+O, while a siern +1 or -1 belongs both to x-O

and xO. But obviously the variations and permanences of signs

do not oh ine, it we multiplL, all elements of (VI.17) by&

AS to the sijns o-! the F in (VI.l5), they are given

in virtue of (VI.5), (VI.6) andVl.7) by

Fq q-,.2. q-2 2P +l Fp rP-1(-1 .1E :- ',1 -

Observe that the sign of F is in ony case +1, whether q-n

(b- definiticn) or q< n. We have therefore to study the number

of VP and P in the following table

q q-1 q-2 P.1l p p-
1

F q -1 F q- . . . 7 P~l F p 7 P- 1

1 1... *1 p p

Table 2.



6.10. We have to 2istinguish fcr casee according; as k=*i

orr%=-l and rgO(mod.2) .r rA2mod.2).ALlInce at the tale 1

allows imneiately to verifj in tll cases the results given ir.

the following table 2, where we denote in the last colu.n the

lost VP with minus sign and the won Pi with plus Pign. AnJ- all

these numbers are indeed even and ?0.

r VP---- 0 VP -r VP

1 PP--4(r-1) P +(r-2) PP

rzO

(r-l) V? * 1 V? -(r-2) VP

0 PP r PP +r PP

(r-i) VP--- 0 VP -(r-1) VP

0 PP-- r-1) P? +(r-l) PP

rll

r V2--- 1 VP -(r-l) VP

1 PP- r PP +(r-l) pP

Table 2

6.11. Consider now the case q-p-l. Then in (VI.2) fp 0,

fP-ifp l#O. Put 9=sgn f pvl,'=fen fp-l pl Then

F r 2 )C,? - f f
P1 P-l - p p- 1 p- 1 

p...

P1 = r fl2+ l)U (p+l<n) Pn - f 
2 (p+l-n)

F _l(X.O)3.0 . F (X±O) o0 B an F --

Thence the signs in the corresponding double sequence are:
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fp l(y) fp(y) fp+l(y)

(vI.19)
i. - "fl +2

F (Y) P (y) p (7)
p-i. p p+2.

Forrt=l we have here obviously neither VP nor PP. For

qfl=-I we have at x-O 1 PP, 1 VP, which become for x+0 1 VP,

1 PP. We see that in both cases the numbers of VP and PP remain

unchanged. Lemma 10 is proved.

Observe that the tables (VI.17), (VI.18) and (VI.19) can

also be used for x=a end x=b. For x=a we obtain the values at

a+0 and for x-b the values at b-O.

6.12. We consider now a non-singular f gap, g, (VI.!),

open to the right. By what has been said in section 5.2., we

have p=m=q-1 end x is a simple zero of fo, Nm(x)=l. Since fm

vanishes at x, we hav cecrtainly m<n.

From the definitions it follows

F_ rmIf I , Fm -r f f 0.

Denoting the sign of fM+l at x by £ it follows that n fm-

.-. Cn the other hand, the sign of f changes at x from -S
m

to 9. We have therefore the following signs, going from x-O

to X+O:

fr-i f f
M1m a+1

(VI.20) 
S

+i +1 +1

S_>o F >F O
rn-1 rn,+l
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We see that for cur eap C. ! P-2, C V2 at x-O go over in 0 PP

and 1 VF at x+0, that is by our definitions of A'(g), S"(g).

(VI.21) 4.(g) ((g) = -1 - -N(x)

Lemma 11. If g is a non-singul r f (I.I), oen to

the right, we have (VI.?!).

6.13. We consider now a singular Rap, a. Then=:l. By

(1II.6) in lerri-ia 3 and by lemmra 4, we have then, replacinp

there p with p+l, for a c#0:

(VI.22) q-n , P p+1,...upn-go. f Pyo(_ -, fp (y)c(n-p)(y-x '

Assume first p=O. Then, by lemma 6, fe(Y) is a polynomial

of degree n with a zero at x of multiplicity n,

f (y) _ c( x)n

But then our eap g at x extends from 1 to n-i and A'(s) and

&"(i) are correepcniingly A'(x) and &"(x) in (1.13) and (1.14).

Further, it Wollows imediately that

'V .23) sgn fy)(x-C) = (-I)n-Ven c , agn fV(x+C) - g c ',v Cn).

Now, the sequence of the fV has at x+C exactly n erir-

nences and at :=-C exactly n variations. Since the elements of

the second row in (1.10) are positive both at x-O Pnd x+C and

x is the only zero of the fl, we obtain

(vI.2_4 ) 4.(ab) = '(a,b) = '(a) - A"(s) = .



6.14. Assume now po!. Then we have fp1 (x)#O, by lemma 3.

Put agn c - S, egn (fPI (x)) . 6. 'e have then identically

PCy) rc2(y-x)2(
-
P) - rp c(nP)'-x)nP-1 (,).

(VI.25) Fp(Y) - -L,,-x)n-p-i -y-X)" x)

for a certain positive q and therefore

(VI.26) Ben F (x-O) - (-:)n-Pe , gn Fp (x+0) - -

6.15. We have to consider the VP and PP in the double

sequence

f f f . .. f f

p-i o+1 n-i n
(VI.27)

p 1  F ... F Pp-i p p+l n-I n

at x-O and x+C, assuming first a(x <b. From (VI.22) it follows

that the signs of fp,...,f are given by

(VI.28) gn f (x-O)-(-i)V & , Ben f_ (x O)- (V-3 ..... n-p).

Using (VI.26) for the signs of F (Y) and observing that
p 2  2

the sign of F'(y) at x!O is that of f- that in t. -i, we

obtain, putting r:-n-p, the table of values of the f,(y) end

FV(yr) in (VI.27) for xIO:

6f (y) p-l p pel ... n-i n

X-0 (_,)r  (_,)r- 1  ..
(vI.29) x+O £ 1 1 ... 1 1

P,(y) 1 E.-l) *-L 1 ... ,_ 1



6.16. In the table (VI.29) let first 6-l. Then, if r in

even, we have in the lamt line of cur table first r+l permanen-

cea for x-C and thence 1 PP and r VP, while for x+O we have two

variations and r-l per..nences. Therefore only the last r columne

must be taken into account snd wo obtain for x+C exaintly r-l PF

and 0 VP. For an odd r, wc have for x±O in the last line of our

t-ble again two variations nd r-1 permanence. s-nd we obtain for

x-C exactly r-l VP and 0 PT nnd for xeC r-1 Pr nd 0 VP. The re-

sult is Civen in

rio r VP, 1 PP - VW , C r-l) PP
CVI.3C) F_ l

(l Cr-l ' V?, C ?P--ob.C VP, (r-1) FP

If we assure now =-1, the results can be given in

rIC (r-l) VF. C PP -. 1 VP, r PP

(7:.'l) E--l
ral r "', iP -p F - VP, r I?

lnee-, for an even -, we have n he !:ta lne of fV1.29' for

x-C nnly r-i perms-nencee tP which correspond r-1 variatione of

:-e f,) Z). Fnr x+C w " - c.-- pe.manrerc .s t,-.. last -ire -f

q'. 
n 

to which correspond I variation arn4 r per-..ne Cn

the other hatnd, for an odd r, we ?.%ve in the last line of 'VI.29.

poeitive values throughout, while the sequence o" the fV'y) has

for x-O 1 permanence and r v,..iatiur., whi-ch become at x#C 1

variation and r pernanencee.

But now it follows from the tables (VI.3C) and fV:.I)

t-'at in all cas.e the numb-r of V. lost is even and % C as well

as the number of PF won.
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6.17. W(e have now proved the

Lemma 12. If g is a singul.ar f Pao at x, a<x C b. open

to the left, we have (VI.2.) with min, while, if g is a closed

singular f ", again with a(xCb, we have

(VI.32) m n I V'(g) - 2K'O , 0 "g 2K 0X

with integers K' and K".

Cbserve that at a+C, if x is -a, the second formulas in

(VI.23) and (VI.2) remain valid, while, for x=b, the values of

the ccrresponding ?V(y) and fj(y) at b-C are obtained from the
first formulas in (VI.2s) and ('11.26).

Ci



S7. The P gaps

7.1. Ar. F at x in a double sequence

f P_1(y) fp (Y) fp~l(zr) ... f Q1 (Y) f Q(Y)
(vii.1)

FP-l(.V) FP(y) FP.1Cy) ... FQ _I(V) PQ(Y)

G .: I, P+.1...,Q-), is defined if

(vII.2) P .? P+l Q... l=0 I F P-lFQf0 R:=Q-F *1

(vIi.3) fP-1 fP...f _1fQ # 0

If one of the FV (y=P I,P+2,...,Q-l) vanishes identically,

the F gap, G, Is called sinular. Then %-n and fP-i is given

by (111.7), replacing p with P.

If the general sequence

fo(y) f l".) • . nl(Y) f n(y)
(vII.4)

Fo(Y) r 1(y) . . . Fn-l(y) Fn(y)

is cut at the index m, where Vy(y) remains positive in J, then

obviously the F Cap, G, defined by (VII.l) and (VII.2), is

either completely contained in (1.10) or completely contained

in the part of (VII.4) with the indices )m.

We denote by A'(G) the number of VP in (VII.l) lost if we

go from x-0 to x+0, and by 4"(G) the number of PP von in going

from x-0 to x+0.

Assume first that G is non-sinaular. PFrom F Q- 0 (3--...,R)

it follows

fQ_+fQ__
> 0 (=1,2,.....a).

Q-9+lQ-2-



Thence, if we put

fQ-i
(VII.5) egri F jSgn fQ a, gn -- i 8, gF

Qf Q n,-FQ,=1

we can write for the sequence fQfq- ''fP-f f-:

(VII.6) agni = 8f(=O

As to the sgn 1'Q (tO) (S:i... R) we have from (IV.9)

hQ-V &-rQ + O(h Q- V+ ) (h*O;h-00)

and therefore, replacing V with Q-V and using (VII.5) and (VII.6)

(vII.7) gn F Q _,(. o ) - ,( ,1,... R).

We can now write for the sequences of egn PF (xi'o) in the case

of even R

¢= 0 1 2 .. - R R+l

(vII.C) XQV' x+O FS 1; ( 'l

and in the case of odd R

V = 0 1 2 . . R-I R+I

(VII.9) _Q.V ,

The line (VII.6) gives the signs of fQ-V in (VII.l) at x,

while the signs of the FQ_ (x.tO) are given in (VII.8) and (VII.9).



7.2. From (VII.6) it follows that for S=1 we have in the

first line of (VII.l) only permanences, so that (VII1.) has no

VP at xtO and we have only to count the permanences in (VII.8)

and (VII.9) to obtain the numbers of PP at x-O and at x+O.

On the other hand, for &=-I, the sequence (VI.6) contains

only variation of signs, so that in this case we have no PP,

while the =umbers of the VP are obtained again counting the per-

manences in (VII.8) and (VII.9).

Further, replacing 6 by -8, both lines in (VII.8) and

similarly in (VII.9) are interchunged, so that, going from 8=1

to E=-I, we have only to interchange x-O and x+O and to replace

the PP with the VP.

-7.3. The numbers of the permanences in (VII.8) and (VII.9)

are obviously independent of 0, so that for the counts of the
permanences we can take 0=1. We obtain then for 6=1 the numbers

of the PP on in passing from x-C to x+O from the following

table, where, as in the following, 5 signifies congruence mod.2,

RP11

Il -o.Rl 0 -. R+l
(vII.lo) 6 1 , 9PP

We see that this number is R for even R and RtI for odd R, thence

in both cases even and 70. If we replace I by -t, we have only to

interchange in each couple, a-.b, a and b; thus we obtain in this

case the table of the VP lost:

RIO RAI

f1 R+l-I R I-0(VII.II) th,= I VP

Thence, in this case, the number of the lost VP is either R or

R1I, both times even and ;0.



7.4. Finally, if we have a sinmular F gap, G, extending
-i.

from P to n-i, then i=- and, by (II1.7),
n

(VII.12) fF(Y) = c2(y-u)'"p

Since, by (VII.3), xfu, the corresponding fV from f to fn-I do

not change their signs if we go through x from x-0 to x+O, we

see that the corresponding A'(G)="(G)=O, that is to say that the

contributions of a singular F gap to 6'(x) and " 'x) vanish for x.

7.5. We have now proved the

Lemma 13. Assume that in the double sequence (VII.I) we

have (VII.2) and (VII.3) at x and no FV in (VII.2) vanishes

identically. Then, using the notations (VII.5). the signs of

the fV in (VII.3) are given by (VII.6), where sgn fP-1 is o. r

W according as R is odl or even. Further, the signs of FQ_

at x!O are obtained foP even R from (VII.8) and for odd R from
(vII.2).

Further, for6=l the number of the PP in (VII.i) won in

passing from x-O to xC is obtained from (VII.10) and is even

and non-negative, while there are no VP involved. For S=-l the

number of the lost VP is even and )O and is given by the table

(V!I.11) obtained from (VII.lo) interchanging xO and x-O. Here

there are no PP involved.

On the other hand, if the F gap defined by CVII.I) and

(ViI.3), is singular and (VII.12) holds, there are no contri-
buitionc of this get- to A "a) and "Cx).

We can therefore write, denoting by K', K" non-negative

integera, in all cases,

(VII.13) 0'(G) = 2K'(G)) , A"(G) 2K"(G)?O



S8. Main Theorem

8.1. We are going to prove the

Main Theorem. Assume in a closed interval 7:=<a,b)

function f(x)f o(x) continuous in J with its n derivatives.

f(0 )C(x) at f (x) (V o,....n)0 V

which have in J a finite number of zeros. Aesume further that

fn has no zeros ir the oeen inte-.-al J:-(a,b). Define the expres-

sions FV(x) by (1.2) wher. the pnoitive rV (V=i .... n-i) re

riven by (II.1), and assume thrat those of the Fa which do not

vanish identically have only a finite number of zeros in J.

Using the notations of the introduction and particularly

of the section 1.3., assign to thcse F. which vanish identically,

the sign plus.

Then we have, if Fro(x)>0 throughout J, the two relations

(VItI.i) Dmla,b) A'(a,b) -(N(a,b)-N,(a,bj 2K. 0

(VIII.2) D"(a,b) := A"(a,b) - (N(ab)-N (a,b) = 0,

where K' and K" are inteners.
m- m

8.2. Proof. Denote all points of J in which either an fV

or a non-identically vanishing rV (W=0,i,...,m) vanishes by

(v x( 2  < xk. Xk (b

Then, if we consider D;(ay) and D"(a,y) for a<y<b,

these functions can only vary their values if y goes through



'4

one of the points xl,X2,... ,x, and we have therefore

k

(VIII. D'(a,b)- (xx)-N o(Y )+N (x.t

l" (a,b) - OO=N x)+ x

The assertion of the theorem will be proved if we show that. y

going through any of the points x2, D(a,y) and D"(a,y) can

only increase by non-negative even numbers.

Taking now one of the points x and denoting it by x we

have to show that the expressions

D'(x) : VPm(x-O) - VP (x+O) - No(x) + N (x)

(VIII.5)

fl"(x) PP,(x+0) - PP(x-0) - N0 (x) + N (x)

are even and non-negative.

8.3. We consider the ordered set of all f gaps in the

sequence of indices, tC,I ..... m3

(VIII.6) g,-,t "r (t C+...%,1 Y=.'t),

where generally a%'p (--l1....t-l) and F4> 0 (,- .... t).
If there exists a singular f gap it will be the last one, t"

We delete from the sequence to,..) all gC in (VIII.6). Then

for the remaining indices all f4 are #0.

For each t--,..., the expressions VI .- VP , PP%-PP 1

are A'(S ), respectively A"(S).

Consider further the ordered set of all F gaps in to,.....m~

where Qw(Pc1 (r=I,.. . ,s-l). Since each F. is 10 it is clear



that all Gr lie between the ainale s9, while for the indices from

(VzuI.8) tol.. .'M3 - X- r

no f., end Pvanish.

Por each Vi ethe expressions VP, -lVP%,. PPQ*VP 1

are &'(CW). respectively 6"(0W).

Thence the values of A;xx m x)In (VIII. 4) are respec-

tively the sums of the values corresponding to g,, end GW.

where we can replace A everywhere both with A' end with,&".

8.4. Observe that the term Iq 0(x) in (VIZZX.4) is only 00

if for zxxthe corresponding gap g1 is en f Cap open to the left

(singular or non-singular). Then, by (VI.i3) end (VI.21), if

e does not include the index m, that is, if ql( M,

(VIII.lO) 4'g 1 ) - W(g:) - q1.

On the other hand, q 1-1 is certainly <m,. for q 1 -lam would

sienify that el is open to the right, contrary to what has been

said in 6.2. Thence we can write, both for A' and ,

Am~ NGa Is N(x%)

(vIIl) ~(g N~~ + (g )+N(xxJ 6 [+~~ ~AGW)

where A can be replaced both with 6' end4.i

Here the tern in the first brackets is either -0 or even,

in virtue of lemma 10 cr lemma 12. As to the sums in the third

brackets, they are even and non-negative, in virtue of (VI.16).



8.5. It remains to consider the second bracket term in

(V11.11), that is. assuming that t)62,

(VIII.12) *NM(r)

Denote the N m(a,b) zeros of f Min J by up,

(VIIi.13) &< 1U 2 f. . .<uN<b , N :- Xm(a,b)

Observe that for an'y xt with Nm(x)=O the expression

(VIII.12) is, by lemma 10 and lemma 12, even, since if e is

singular, it follows from fm(xr)#O that m=n and lemma 12 cem

be used. We have therefore only to consider (VIII.12), if xX
is one of the uy in (VIII.13). Further, we can assume m(n,

since f has no zeros in J. We can therefore apply the lemma

11 and it follows from (VI.21) that the expression (VIII.12) is -0.

Our Main Theorem is proved.

8.6. In the case that one of the Frp V<m, identically vani-

shes we have seen in lemma 12 that man, so that the last g, Cc is

at {pt,p,+l, ... n-l]

The corresponding f f , ... ,f vanish only in one point
P*Vt ,p tl+ n-1

u with aCu<b. And the corresponding A( t) occurs only in the

terms of (VIII.4) for x ou. But we have seen that then both

&(et ) and &"(gt) are even and non-negative. Further, since m-n,
NM(u)-0. We see that the formulas (VIII.l) and (VIII.2) of our

Kain Theorem remaio true if all fo beginning with fp are diare-

sarded, that is, if we take m-pI-l and replace X (u)tby 0. If we

then denote by p the first index for which Fp identically vanishes,

we have p,=p-1, m=p-2. And this conclusion holds whother L

positive or not. We can therefore formulate the



First Complement to the Main Theorem. If some FV identi-

cally vanish and F is the first identically vanishing Fp, then

(vIIi.1) and (vI7.2) hold for m=p-2, renlacin NM(a.b) with 0,

independently of F being nositive or not.U

Observe that if F remains throughout positive, the rela-m

tions in the First Complement are weaker than the original formu-

lation of the Main Theorem, and this particularly so, since then

Nm(a,b) is easy to obtain, as the number of zeros of an equation

of the type

o(x-u) 0 02

for some values of the constants c1 and c2 . On the other hand,

if F does not remain positive throughout J, the formulation ofm

our First Complement can be considered as an essential improve-

ment of the Main Theorem.

8.7. The expressions &'Cab), A(,b), No(ab) and N (a,b)

in (VIII.1) and (VIII.2) are meunt as interval functions defined

for the open intervals (a,b). However, it follows from the proof

of the Main Theorem that the above relations remain true if b-C

is replaced with b+, assumina that f0(x) satisfies the corres-

ponding conditione in (b-O,b+O) and Fm does not vanish there.

Similarly a+C can be replaced with a-0 if the corresponding con-

ditions still holds in (a-C,a C). ''e can therefore formulate the

Second Comnlement to the l4ain Theorem. The following

inequalities hold:

(VII1.14) No(a,b) - N,(a,b) 4 A(sb)

(VIII.15) N0(a,b) - Nm(a,b) A A;(&,b)



where c can be throuehout -a+O or thrcughout -a-0, and eimilixly

b can be throughout -b+O or throughout =b-0, assumine that the

conditions imposed upon fo(x) hold in (a-0,a+O) respectively in

(b-O,b+O). In all cases the differences between the right-handed

and the left-handed exnressions in (VIII.14) and in (VIII.I5)

are even.

8.8. A glance at the argument in the 16,§7 and 58 shows

that, if mftn-2,we only used our assumptions about the fy and

FV for V=O,1,...,m,mel. We can therefore formulate the

Third Complement to the Main Theorem. For mf n-2 the

assumptions of the Main Theorem need only be verified for

14 net.

- - - -- - - - - . . . . .. . .



§ 9. Newton' s Rule

9.1. In numerical applications the signs of the fv and Iv
at a+O and b-O are usually not directly given, but must be ob-

tained from the values of these functions at a and b. To do this

we have to identify in the formulae of the 6 and 17. x with a

respectively b. This implies that the Taylor developments at a

and b are one-sided.

fv(a*O) and F:(a+0)

9.2. We use the notations of 6.1. and 7.1.

W.e consider en f gap, g:=,p+l.....q-'J and assume first

that g is non-ainfular. If a is ogen to the left, we have from

(1X.1) 7V(a+C) > 0 (V 4 q)

(IX.2) sgn fV(a+O) - 8n fq(S) (w q)

in virtue of (VX.14).

If g is closed, then, by (VI.17), (VI.18) and (VI.19), putting

(za.B) 6 f: s (a) , I:-egn f P-1 (&)f (a)

(IX.4) sgn f (a 0) - L (v-o.... ,r)
q-V

(:1.5) en rq (a+O) - 1 (V=l,. .,r-l) agn Fp(a+C) - -Tt(r)I).

If g is oyen to the richt, then q-p-l and, by (VI.20),

(1x.6) sgn f p(a+o) =gn f P+l(a)

p iL



If now g is singular, then, by (111.8), replacing there

P-1 with p. f (y)=c(y-a), pjO, and here g)n-p, as fn(y) re-
p 

n

mains finite with y4a. Thence

(IX.7) agn f.(a 0) - agn c (V-p,p+l.....n)

where c is the highest coefficient of fp(y). As to the (), we

have by the formula (V1.26), where p-i has to be replaced with p.

(zx.e) F (9+o) a C (p<v<n) , sgn 0 (a+o) . (pc).

On the other hand, if we hav on (p=O) G

it follows from (VII.7):

(IX.9) ,r Q.V(& 0 R),

where

(x.lo) , = e,- ag f (a.)f (a)

(fl(b-) n F ((b-)

9.3. Consider a non-sinntul.ar f Cap, g:w [P.pi..,l]

If g is open to the left, we have from (VI.1) and (V.14)

(IX.l1) FV(b-O) > 0 (Vq)

(11.12) ball fV(b-O) - (..)'-Vsgn f q(b) ( q)

If r is closed, then, by (71.17). (VI.18) and (VI.19),

putting



(1Z. 13) £ sen f q(b) agnv f (b) f (b)

(11..14) B5Mfl fq~ (b-0) =(.) 8  (y-o.... ,r)

(IX.i5) agn F' C-fb-0).l (vgi .rP , (bcvi?) (),

If g is open to the right, qain+!, then q-=,and, by

(IX.16) sgn fm(b-C) - -sen f ,(b)

If now g is sinxalar, then, by (111.9), replacinc there

P-1 with p, f p(y)=-(6y) W p*C, and here W n-p, L;.s fCy) re-

mains finite with y~b. Thonce

(IX.17) en f +V(b-c) - (-l)Vgr c (I)-o,..n-p)

As to the r v(y), wc have again by (VI.26), ( (b0 1 (P.0)
CIX.ls) F I(b-) ac 0 p<v~n) , sM,n p 1b-o)

Finally, in the came of an F *nn G:- P~l.... it

follows from (VIl.7) (

(IX.19) agn P Q' (b-C) -~gV (~,. R

where

(17.2C) gar.g F Q(b) , : sn f Q1(b)f t (b)



9.4. Denote by Vm(x) the number of variations in the

sequence . M and by P (x) the number of permanence. in

this sequence. Here, if some of the Fy involved vanish, x has

to be roplaced by xtO or x-O. Then we h-ve obviously

(IX.21) CFM X) + PP M ) - P,(X)

for x-xtO. On the other hand, it follows from (VIII.14). for

a-atO, b=btO,

(IX.22) N,(a,b) - NX(a,b) 4 VP,(&) - VP(b)

under corresponding conditione in a and b.

In this relation, we are going to let b tend to d. Denote

by v (xtC) the number of the variations in the sequence f. f
m0 M

at xtO and by pm(xtC) the number of permanences in this sequence.

Assume

(IX.23) V 0

a condition, which is satisfied for any polynomial f (x) of
0

degree +m. Then it follows

(IX.24) vP(oe) - 0

In these relations w have of course to aRsume the con-

ditions imposed upon f,(x) satisfied in an interval (av).

Replacing in (IX.22) a by x and lettinc b go to o, we cbtain

(IX.25) No(Xe) - N (x,&) 4 VPm(X)

since the minuend on the right in (IX.22) vanishes by (IX.2d).

In the formula (IX.25) we can put either x=x+C or x=x-O ap~uming

our conditions to hold in the corresponding interval between x and o.



9.5. On the other har.d, if we want to let a tend to -

we start from the formula (VIII.15) written for a and x.

(IX.26) Mo(a,x) - N (a,x) % PP m() - PP (a)

Assume the conditions imposed upon f,(x) to hold in the whole

interval between -a* and x=xtO. Assume further that for our fo(x):

(Ix.27) P(- ) = 0

a condition certainly satisfied for any polynomial of degree % m.

Then it follows obviously

':X.28) PP C-) 0 0

If we let now a go to -0, we obtain from (IX.26)

( 9.) '1(-a0'x) - N (-00 X) .4r X

Now assume that the corditions imposed upon fo(x) hold along the

whole interval (-40,00) and pu
t 

into (IX.25) and (IX.29) the same

x=x+O or x=x-O. Then, adding (I.25) and (IX.29), we have, in

virtue of (1,1.21)

tIX.30 No (- C 0) - m (-4, W) < p (itO)

9.6. We specinlice now these formulae for the case that

-,(x) is a polynomial of exact d.-Cgree n.
0

Denote by K the number of non-real seros of fo(x) and by
0

Kmt
1
- orrepc dne- number fo.r f Cx). Then, obviouly



) n - K. N(-ao,ao) n -m -Km in

No(-C0,0) - N(-Go 0O) = M- (K o - )

On the other hand, obviously for x=x+O or x=x-C,

P(x) + v(x) = m , V (x) M - P (x)

since the Fj vanishing identically are attributed the sign plus.

Introducing this into (IX.30), we obtain

(IX.31l) K - m '? Vm(xto)

for any polynomial of exact degree n, assuming that Fm(x) remains

always positive.

This condition is by definition always satisfied for m=n.

It follows therefore

(Ix.32) K° ) V(xtO) (-0Cx < O

and in particular for x=+O:

CIX.33) X > (o

Newton's Rule, gllthough Newton does not mention the possibi-

lity of identically vanishine F.(x).
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