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§ 1. Introduction

1.1. As a generalizaticn of the Boudan-Fourier Theorem’ i
Sylvester found, in 1865, two thecrems giving bounds for the
nunber of real roots of algebraic equations. Writing )

n n~1

(xr.1) i’o(x) =ax +ax teeo a8 = 1, ’

form for a convenient sequence of positive constants ro.... ’rn-l

the expressions

, ;
P'(x):-r't(V)(x)-r'_lf(v-l)(x)f("l)(x) {(¥=1,2,...,n-1), . J
(1.2)
l‘o(x):afo(x)2 y f’n(!)==1 '

assuming that <he ry satiafy the relations

{1.3) r =2ry -1, (¥=1,2,...,n-2) . ‘ {

v+l ¥-1

Por simplicity sake we write :"(x) for the ¥-4h deriva-
tive of fo(x) and leave out the notation of ° e argument in
; fv(x) and I-‘y(z) if the argument is x. )

de put generally, for an L VP(xo) for the number of |
indices =1,2,...,n for which sgn Ev~l(xq)f“(xoa = -1 and
v simultaneocusly =gn E"\‘_,(xo)}‘v(xo) = 1. We speak then of
varistion permanences, VP, corresponding to such V.

Further we donote by PP(x ) the number of indicee ¥sl,...,n

2 - K - .

for which sgn E‘-l(xo)‘v(xo] sgn [V-l(xo)l"(xo] 1. In this
case we speak of permanence vermanences, PP, correspending to
these values of V.

Then, denoting by No(a.b) the number of roota of fo(x)
in the open interval (a.b). we can formulate both theorems of




Sylioator as saying that the expressicns
(1.4) vE(a) - vE(b) - N (a,b) ,
(1.5) p2(v) - PP(a) - N (a,b) ,

are non-negative and even.
We assumed in these formulations that none of the fy

and Fv vanish in a or b.

1.2. Sylvester's theorexs are also historicelly of
prarticular interest, as the so-called Newton's Rule could
be deduced from them and in this way was for the first time
completely proved.

However, Sylvester carried out his proofs completely
only under special assumpticns on none-existence of multiple
roots of the function fy, Fy. Thus, still in 1898 H. Weber [6]
wrote that in this case the question remains open.

As a matter of fact, Sylvester {and later de Jonquidres
(5] and Marchana [7]) consiZered as the main difficulty finding
the right interpretation of the zeros in the doudble sequenceas

£.(a) , 2.(a) , ..., £ (&)
(1.6)
ro(ﬂ) ’ rl(.) y sev 9 rh(‘) *

2,(0) , £,(5) , ..., £ (b)

(z.7)
!o(b) . rl(b) v ese Fn(b) .

The problem was taken up and treated in a very detailed
vay in E. Marchand's doctoral diseertation [f].
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It must te however said that the best results are
obtained if the rules describting the attribution of signs

to zeros in the double sequences (I.6) Qiffers from the

corresponding rules concerning (I.7). Namely, it is more

appropriate to consider the sequences of the signs of

f°(a+o) . fl(s+0) v vee g fn(a+0)

(1.8) .
Fo(a+0) . Fl(a+0) s ees s Fn(a+0) '

ro(b-o) . fl(b-o) s eee s 2n(b-0)

(1.9)
ro(b-o) . rl(b-e) s vee rn(b-o) .

However, even this rule still does not sufficiently
account for the attribution of signs if some of the Fy vanish
identically and in this case an additional discussion becomes
necessary. '

Thus, asking for ;onvenient attribution of the signs
2t _the points a, b themselves is practically asking the

wrong question.

1.3. We derive in this paper a generalimation of Syl-
vester's theorems assuming *that fv(x)=f£v)(x). ¥=0,1,...,n,.
are continuous functions of x in the closed interval {a,b),
which have only a finite number of zeros in <h,b), and that
£ dces not become zero in the open interval J:=(a,b). Ve
assume further that each of the Fy, formed accordingly to (1.2)
for a fixed choice of the Ty either identicelly venishes in
{a,t) or has there only a finite number of szeros.

We use further the expressions Nm(n.b) and Nm(x) of
which the first signifies the total .number of geros of fm
in the open interval (a,b) and the second one the order of x

as zero of fm(x), wnich is of course usually =0.




Observe that for each x from (a,b) we can choose right-
handed and left-handed open neighbourhoods of x in which all
fv and PV have fixed eigns, under the convention *) that the
identically vanishing FV are assumed to be provided with the

plus sign.
Consider now for an m with C<{ mg&n the double sequence

(1.20)

We denote then with VPm(x+0) and VPm(x-O) the numbere of the
VP in (I.10) in sufficiently close right-handed ani left-handed
neighbourhoods of x. In the same wuy we define the numbers of
PP in (I.10), PP _(x+0) ard pe_(x-0).

Wa can now define, for a¢ x<b, the interval functions

(1.11) a'(a,5) 1= VE (as0) - ve,(6-0)
(1.12) 8 (a,b) := PP_(b-0) - re_(asc)
(1.13) A;(x) i= VE_(x-0) - VE_(x+0) ,
(1.14) A;(x) i= PP (x40) - PP_(x-0)

with x &{a,b).

Then, the content of our Main Theorem in §8 is that, if
!n(x) remini in J positive and fn has no seros in J, if m=n,
the differences

*)

This convention is due to Genocchi [4] and de Jongquidres [5].
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A;(-.b) - @o(a.b)-sn(a.b)) . A;(n.b) - (\'Q(a.b)-nn(a.b))

are non-negative even numbers.

l.4. After two introductory lemmas in §2. we discuss in
53 the case when some of the Ty venish identically and in §4
the general case vwhen a sequence cf consecutive Fh vanishes at
a point. In §5. which is not used in our further considerations,
we discuss the behavicur of E, with {x(-» o, under the assumption
that a or b become infinite. The proof of the lMain Theorem-in
§8 is prepared by the discussicns of so-called f gaps and F gaps
in §6 and §7. Finally, in §9, we give the explicit solution of
the problen of obdtaining the eizns of the fV and ?v at a+0 and
at b»=0 from the values of these functions at a respectively b,
and derive the Now4on inequality as well as some more general
inequalities concerning the numbers of all positive roots and

of ell negative rovots of fo.




§2.A Introductory lemmas ’ j

2.1. Lemma ). The most general set of vositive 5 setis- §

fying the relations (I. can be pgiven b i

(11.1) rg =z (1+a¥)  (¥=0,1,...,m1) , >, %>O.

2.2, ‘Proof. Frém (I.3) follows . N ;

r (v=1,...,n-2) ,

v+l

- Ty =Ty - rv_l

so that ::-v “Ty.1 is independent of ¥,

vy <t B '

and therefore

ooy L Eoa
° °
2 ’ We obtain then the first formula (II.1l), and the second

formula follows from the positivity of LARTRENL At

We assume in the following r°-1.

! 2.3. Lemma 2. Assume

(11.2) L Ty # 0 , £, =2 o O

Ihen, defining the Fy by (1.2),

(11.3) p -2 p +-:l'—r ~ (0&V&n-2) ,




rd

“n-1
(11.4) AN Tn- (1+xn) .

2.4, Proof. Differentiating (I.2) we obtain for y<n-1

Fy = (2r'-r'_l)g,f“l - rvclfv_lfwz

o y X . . 1.
since ‘V+1'tv+2' Multiplying "lth'fV*l and using (I.2) for y
and for Y+1 we obtain further

Tvafv = fyofy * Yy,
and dividing by f941 (11.3).
For the Fn-l we obtain similarly, using (II.l).

£ P = (2r

2 \
n n-1 n-l-rn-Z)fn-lfn = (1*u“'fn-l

and, dividing by f_, (II.4).




§ 3. ldentically vanishing Fy

3.1, We assume from now on throughout, that in (11.1),

-1
(111.1) ) oo > > -

Put for en integer p with 1€ p¢{ n-1, using (II.1),
o1 1

(111.2) AT 2 e R T
rp_l-rp ot

If now ©&%0, -;12(0, it followe

(111.3) ¥ <1-pg0 (x>0) .

On the other hand, if X€0 it follows from (III.1) --i'-(n—l
end therefore

(111.4) & >n-p (0>°‘>n—:§:-)-
In particular if ¥ is an integer we have even
(111.5) | S Ynprl (0> 00> =2h),
3.2. Lemna 3. Asgume (III.1) and (IIT.2). Assume £(x) a

real function of a real veriable x, which has, for an integer p
with 1 § pén-1, continuous derivatives for a<x<b up to the

order n and_is such that the zeros of fp-lfp have no limiting
points in J:={a,b), while f, Zremaine # O in J . Then in order

that an Pp, defined for foznf b, I, d (II.1 ,vanishes iden-
ticallz’

2

r £° . e
(111.6) Py T Tpifpafpn = F, 20, 1<5¢n

a b AR AR e R A b T N g T o
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it is, if «#0, necessary and sufficient that either u=~%, C=n-p+l,
and for convenient real constants c°v=0 and u with a¢u<cb,

)n-p+l

(rzr.7) - 4 =c°(x-u r 8udd ;

p=1

or with an ufa and an arbdbitrary real @, -

& -
(111.8) t = co(x-u) , ua , c =const., c{:—i.

p~1

or for an uPdb and an arbitrary real O,

(4 -1
(111.9) fp-l = co(u-x) » udb , o =const., K==,

1£ =0, the necessary and sufficient conditicn for (III.6) is

(III.lO) b4 nceex , cocfo . coAc=conet. .

T

3.3. Proof. Assume first « in {II.1) is # ©. Put 8:-1_—1’—;

then, by (II1.2)}, Pl
1
(1x1.11) N = T'—S .

Consider a point in J which is no zero of fx;-lfp and consider

the greatest open interval, Jo' around this point,lying in J,

1
J _ can only be zeros of fp_lf or the points a, b. From (I.2)

which does not contain any zeroca of fp_ fp. The end poix;nta of

Q

for V=p and (III1.6), dividing by rp—lfp-lfp' we can write
1] 1]
g 22 - o
f T ‘
p-1 P

Integrating in Jo we obtain, denoting by x an integration constant,




P YL

)

sk, | = el - {. |:M|3I = oYt | .

Put
(111.12) &:= sgn £.1 s €:= 8gn g -

Then we can write the last reletion in the form

(8__)

(111.13) (81‘19__1)s =eler; les = %3 -155

-

and integrating, with an integration constant u,

(I11.14) (6 )3 L g8e¥(x-u)

1-g “p-i

and resolving with respect to sfp-l = |fp_1l , by (111.11),

[\ 4 (L 4
(111.15) fp-l = {ﬁsex(l—S)(x-uﬂ = 5[5838(1-8)3311(::—\11 ‘x-u‘«,

where ﬁe‘(l-g)sgn(x-u) is 90 in Jor But 1-§ = 1‘;:;"-‘ kas, by
(o]

(II.1), a fixed sign both if x>u and if x<u, and so have, by

(I11.14), & and &.

3.4. It follows now for a convenient value of the constant

e+ for uga, (III.8) and, for uPb, (III.9), where in both cases

fp-l'fp"" 'fn remain 30 in Jo. In particular, if u=a and £ re-

(RN

maine finite for xéa, we must have € yn-p+l in (III.8). If u=b
and f remaine finite for x4b, we have in (II1.9) again o 3 n-p+l.

2
A
i
4
%

Further, our interval ‘Jo coincides in the cases of (III.8) and
{III.9) with the whole interval J, since ufJ.

3.5. Consider now the case < uf b. Since, by (III.14).

fp 2 has in Jo at the most one zero we can replace our J° by
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one of the intervals {a,u) or (u,b). In this way we can apply
the arzument of 3.4. to the corresponding interval (a,u) or

(u,b). We obtain one of the repregentations, with constants ql.c2

, - .
(111.16) : £ = ¢, (x-u) x€J = (u,b}) , 5

(111.17) £

cz(u-xF xeJ = (a,u) . - i

Differentiating the corresponding formula (n-p+l)-timee
we obtain
S-n+p-1

fn(x) = thx-ul + ey=const. inJ, .

Since fn(x) is assumed continuocus in u this formula remains true up

€0 the point u and as we assumed that fn has no zeros in J, it follows
(111.18) ¥ = n-p+l .

But since fn has no zeros in ., tn-l has at the most one
zero in J and this is, as follows bty differentiation from the
corresponding formula (III.16) or {1II.17), just u.

Now we can apply the above arguments to both intervals (a,u)
and {u,b) and obtain both representations (III.16) and (III.17).

Since @ is integer the formula {(III.17) can be written as

N L 4
fp—l = (—l) cz(x-u)

(1
and it follows, differentiating & times, (-1) ¢, = ¢ that is

2 1’
(III.?) with Co'= C1°

3.6. Consider now the case ®=0 where all Ty have the value 1.

Here we obtain from (III.6) as above




"~

AL

f 1] f L] .
p-1 P
?-;l— = Tp- . lg lfp_ll = 18 'fpl - lg (-1 »

¢ being an integration constant. Using (IIX.12) we obtain

(8 )

-S?P;?-g &S

p-

£ l=8ce““ , €0 ,

P~

or finally (IIT.10), in the whole interval J. In particular it

follows that if Z!.-‘p vanishes identically for &=0, then all Pp’Fp+1'

Fp+2,... 'Fn-l vanish id>ntically. Lemma 3 is proved and we can

also formulate generally

Lemma 4. Under the conditions of lemma 3, if !III.22 holds
for an Fp, 1€ p€n-1, then all Fp"“'Pn-l vanish identically.

R L T LR P
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§4. Vanishing of the I"’ at & point

4.1, The following discussions concern a generali-
zation of the lemma 2. While lemma 2 gives a linear repre-

sentation of the first derivative of ! through P and FV+1'

we consider now higher derivatives F‘P) ,L‘ n-y) of PV . Here

our formulas are slightly different according ae,.l(n-v or

’Asn—\). Por,;(n—v we will prove the formula

(1v.1) F.:rn' &E’ﬂ T(g % A}‘“‘ wv) )?w’m\

?“'l a1 rl\ Ruy
(pen=v-4; 00 fueo).

In this formula we assume that none of the functions f seee, L
v+l 1+,4
"1,....-'* )
signifies generally a product of non-negative powers of f‘*l....,

f" , while the coefficients AP"‘ are some polynomials in their

indicated arguments,

vanish for the corresponding x and the symbol ] (£

f‘ reoo ,f‘+r+1.

4.2. The formula (II.3) is a epecial case of (Iv.1)
ver) 1= Ty, and Ay = £y
Since (IV.1) is already proved for ,L-l. we prove it

corresponding to p=l. Here isM(e

by induction, assuming that this formuls is already proved
for a P<“°"1 and proving the corresponding formula for 'l+1.
Indeed, differentiating (IV.1l) we obtain

fon
A
G —
Wharyfypl

Introducing here for F"*F the corresponding expression

. \
e S (; ‘i p ﬁ\ﬁm—»*ﬁ_\l

(1v.2)
Ar’ﬂ( F)Q' .

e




from (II.B) we cbtain from the first right-hand term:

_L.f.ﬁp._ *‘ &v'yz ‘
tnp« F"f‘“‘ ¢ "'rf FM" |

' where the first term already gives -LF* , that is the first
term of (IV.1) for ('ul)—et derivativé s Fy, as asserted in (IV.1).
The sacond term of the sum is already of the type corres-
A ponding to the terms of the second right-hand expression (1v.1)
for 'L#l. Further, the second right-hand term of (1v.2) ie also
of the type corresponding to the second right-hand term of (1v.1)

i e e Y

for p+l. The same holds further Zor <the sgecond rxg"*-bm" sun

in (IV.2) since the dcrzvntin\ i — \ cont.ine, if :
ey by

written out,in the numerator aleo f N

) Va2’
As to the last rizht hn.nd term of (IV.2), it becomes

A ﬁ_ !
A ‘“ﬁs ¥ ) :
. “WN)‘ ‘)*W‘\ X~ pm * b !

and this consists again of the terms corrseponding to (IV.1)

written for '.u-l. (Iv.1) is proved. ,

4.3, The formula corresponding to (IV.1l) in the case i
F'n-\’ is obtained, assuming that

and writing out (IV.1) for r.-n-v-l:

(zv.3) Fy e *" “jt A (¢ . . £\F
. 4""” ““mr'v ) Rev MY RV )“

Differentiating (IV.3) we have to use (II.3) and (II.4).
From the first right-hand term of (IV.3) we obtain tr (II.4)

1, |
=L (1+qn)?_ + (—“f“)}‘ 1

e - -
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As to the further right-hand terms in (IV.3), we have to
use for their derivatives only (II.}) and obtain, as abtove, terme
corresponding to the second right-hand term in (IV.l) for r-n-v.
Alltogether we obtain
b 4 n-1

n-v) ¥ 1

F, .T(n lean)P, + i(—-——-,fwl“_”fn > An_”x(z,.....fn)rx
(1v.4) n=V

(’v+1' O o) .

Observe that in (IV.4) the firet right-hand term vanishes

for d-:%.
4.4. Lemmg 5. Assums

(1v.s) c<¢p<qaln

and for s resl x

P (x)aF_ (x)= ... =F _,(x)=0., 2 (x)F (x)s0 ,
(zv.6)
fp(x)...rq(z);o .
Zhen

(IV.'I) r#F)(X) - 0 (P‘V‘ Q‘13rﬁotlo"' vQ"'l) [

£,(x)
(1v.8) 79V (z) --(-,-f: 3 7 (x) (r€VE€a1) ,
q-¥ fy(x)
(1v.9) Py(x+h) = ﬁ:;;-!,—:mrq(x) + 0o(n¥7*) (pgy ¢ q-1:np0,ke0).

4.5. Proof. As to the formula (IV.7), obeerve that in this

case we have 'uv £q-1. Thence all F factors on the right in
(Iv.1) vanish in x and (IV.7) follows.
If we take now r-q-v in (IV.1), then all Fy, occurring on




the right vanish by {(IV.7) and the formuls (IV.8) remsins.

If we develop then !"(:fh) for vV £ q-i in powers of h,
then, by (IV.7), all terms of this development containing N o
with F(q-v vanish and the term corresponding tor-q-l becomes,
by (1V.8), that indicated in (IV.9). Lemms 5 is proved.

4.6. While in lemma 5 we assuzed q<n, we will now

consider in the following lemma the case q=n.

¢theses (IV.6) O<p Cqm,
then the formula ]IV.ZI still persists,

(1v.10) -rf""(:) =0 (pen-w) ,
yhile (IV.8) end (IV.9) become

£,(x)
(1v.11) r&""')(x) --;!;!;T(lﬁln) r (x) (p€V €n-1) ,

. (1v.12)  #y(xen) --’f:—::j-!(lun) r (x) + o(x™ ") (p&v€n-1) .
t In partiouler, 42 #=2>, (IV.20), {IV.31) snd (IV.12) become
(v.13)  2Px) =0 (pRoindvEn-lies)
[ g0 that eash fy ie & pelvnosial of exact degres v sad
(1v.14) B (x) 80 (a>vypie=l) .

4.7. Proog. (IV.10) follows again from (1v.1) since prvcn=q.

The formula (IV.11) follows immediately from (IV.4).

Further, in the development of P’(xﬂ:) we have to replace,
in virtue of (IV.4), l"n(x)ll with l+¢n.

- . A A WENY mredia b ohes




Assume now in particular .ca%. Then, by (1I.4), rn-l

is =const. and eince Fn_l(x)-o. Fn_l(x) vanishes identiecally.
But then it follows from (III.4) in lemma 3 that '

Eg lcl(x-u)z , ¢, ¢0

n=2 1

and each f'(x) ie a polynomial of exact degree n-y. On the other
hand, by (IV.11), since Fén-') (p€ v & n-1) vanishes identically,
each of these FV is a polynomial of a degree <V. Further, differen-
tiating (IV.4), it follows successively

r'(“"’l)(x) = rs""*z)(x) = . ..%= 0

and thence (IV.13). and (IV.14) follows immediately from (IV.13).
Lemna 6 is proved.




‘5. Behaviour of the r' at infinity

5.1. In order to obtain sstimate of the total number of

real roots of fo' one can use some formulas containing inforwe-
tion <n the sign of Fy at infinity.

Leams F. Assume for -es ¢ x <o ARd integers m> 0 gnd p:

4:) - x® ¢ bxP + 0(:’“1) (> p, ixiem),
(v.1)

tr(x) - ﬁ)—,x"“ + bG{ﬁT'p-' + o(xP P (lx-v-1.v JWel),
2t
(v.2) u = @-y (myv).

Then, with ixieg:
l2 1
(v.3) 7, e 2pllim) 2 L (P ((een00ve u),

5.2, Progf. By (I.2) and (II.1) we have, neglecting
the terms O(xf™):

. v
%‘1_- um)[{-j» O(xl”")] - (Arty '“)[xu_':“;-,’ O“M)—J[\Ev' ow*ﬂ -

- m'.a ) M!:. G .
e ((mv)kwn - (Arelv-«) u) + 0 a -T‘—}‘WL Olxt™),

(Vv.3) follows immediately.

We see that P, remains positive for sufficiently large
ix} as long as l+m>0.




5.3. It remains row to ccrsider the cuse
1
(v.q) X - - =.

In this discussion the symbol cf the type % with 8¢ C will be

f sometimes used. In this case :.L—, has to be considered as 0. We

will assume that f£(x) for in<2g2rs m>»C,p,q and real numbers ¢ Cyd,c, is

f'(x) o x® ¢ bxP + exd o O(xq-l) (a>pYq, ixlewm,
{v.5)

CORE i R = R R

L" Put
(v.6) ussm-y visp-y wisqey
and observe that with our notations we always have for integer s3(:

'
(i")(‘ - t'-:\-_?“)(".s (s én).
Ueing (1.2) and (V.5) we obtain, since in our case

generally r' - 1- Jri'

o By B v
mFy = u.[-;:t +b X sc.mx"+ C(« )]-
: ~ e[S x40 b R o ™ O™ JEXS S Ol

and develorping:

mFy, me m‘.z! ™ q 'm'.g'_ Q 2 Lpw)
o= —w _u?’-’ﬁbu"\r'.* ' c'u'.w'.i‘ﬂbm X =

(v.1) =~ 0 belm! xf ™ A A \
' M”[:auﬂu-m*bf'"“ f ((w)'.&a-n!' ) e

i

4 eqim: tq""( . ! \ ol XMF“‘]? 0‘)(‘1“ )

et (A

ts-niluet

.




Here the constant texrms are destroyed. The cocefficient at ¥ is

2u - ‘ u+l ) .
bm!p!(“,v, - (—H—Hl a-1)! - (vl t(uen)t) "

Bt (su(vt)ontui)v(ro) = BB (aw)(werew)

or -

p!
ul(vel)!

(z=-p)(p+1-m) .
5.4, We see that in any case

(v.8) I3t = cerpBryr(nep) (mep-2)2"" + 0(="T"T) (1xieed.

The formula (V. a) gives the complete information about

the sign of I-" assuming that
(v.9) b0, mypp+l, v+1)0 that is yEp+l.

In order to obtain a formula valid for v+1€0, that ie

y>p+1,we need the decomposition of £ into the sum
(v.10) #(x) = P(x) + a(x) |
where
P(x) - =™ + bxP + ....m)F)O
is a polynomial, while G{x) can be written with apgo:

(v.11) alx) = L+ 0(x™2) (1xlwce).
' ad




BT Sy
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We assume further that for positive integers e&m:

(e) s dp(pt1) (ues-1) 1
(V.12) G = (-1) v + O(W—).
5.5. As ¥Y)»p+1» 1, we can use the notation
{v.13) M smplpe)ee (uay-2)

and obtain from (I.2):

wfy = u[—:-:x“ + (-1)' -——(&—1—-26”!;,‘-1 + o(x-f‘-'q‘ﬂz -
- (u+1) ﬁﬁxml - (-lyx—:.’?;:-,* O(x‘F-')J x

1 -4 ’ -
> |- () e lae) | oy 2{] :

X
mRy = u |25 <20, (o) 2atmllervd) *"-l)x“-t"ﬂ - (wed)
mid x2%

U
sttt - o) ey + Ll ?"’),Z—‘,m} o(x"IV),

E;}% = (-1)’ il"" 2um!{uev-2) - ulusl) - (r+9-1)(r;¢v9—x—17 + OKF:F’T) .
Trence, writing
(v.14) Q 1= 2uxn!(r\+v-l) ~ ulu+l) - ('uy)('“y-l)'

vwe have

{(v.15) R, = (-1) %“-f-c-‘-x""?"'l“ + 0(x™ 2Py (myy 3 pe1).




If in particular G0, that ie f is a polynomial, we
can assume in (V.ls)r arbitrary large sc¢ that tke polynomial
?v jdentically vanishes for y »p+l - a8 follows also imme-~
diately from (1.2). )

5.6, We have to consider now only the cases with
p=m~l. Here we have YLu=p+,V¢p. The formula (V.7)

becomes in this case

2
nfy m? L omt(md)t 1,2 (m-1)031 wlq! q-of _
x - “[E'z"* atoum1)t x T BT R R 2Tt

2 2 r
L o(m~1)tm! b{m-1)im! 1, b(m~2)2
- W*”!Zu-l}:(uuh P\ T ez e )% T e2) !l ot

Q—m—l) .

1 1 -
* "“*"""’((u+17!(u-17z*(u-1):(u+153)"q m] + olx

Here the terms with -’]—;-.a.nd %;a.re cancelled out and it remains

m-1)! x pre

5.7. This becomes, if g-m { -2, since then the terms

with x3°® ana x3°%°1 can ve neglected,

2.2 oy '
(v.27) », -%&-‘&%ﬁxz’” 2 2(1»«0(-})) (€ m-2, ygpan-1),

and we pee in particular that in the ceses of (V.17) F‘ remains
positive with Ixi-eew.

. vy

D S b WA et e

(v.16) -{—-‘—"-‘—)— %-Eg:%%é~—:;.# r&%(u~w)(l+w—u)xq'30 O(xq'm'l)(%P'M;

T A A e Rl I i S 22w

[P—




terms

5.8. If we consider now the case q=m=-2, the two first

in (V.lé) can be taxen together and we obtain, as w=u~2,

{v.18)

mivu- 15>

¥, = (m-2)!(m-l)!(bZ(m_l)_zcm)xZnth-z . Oﬁnzmﬁzv-j)(“l"“‘")‘\"‘ﬂi

v

m .
so that, as long as 5= + - with |xlwo2,

(v.19)

sgn Fy = sen (bz(m-1)~2cm) .




s
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§6. Trhe £ gaps

6.1. We call for O¢ p<¢aé¢m+l §€n+l, my 1, a sequence of
congecutive integers from 0,1,...,m,

(vi.1) ¢ = {},p+1,...,q—%]

an f gep at x if, for an x with agxg£ b,

(vi.2) fp(x) = £p+l(x) = vy = fq_l(x) = 0
and, for pYaq, fp_l(x)#O and, for g€ m, fq(x)#O. If in par=i-

cular p=0 we cell g gpen to the left and if q=m+l, g is open to
the right. If p%0, g will be called glosed to the left and if

a€m, g is closed to the xight. If 5>0 and q§ m, g will be
called closed., Further,

if for g one the functions

Fp'Pp+l' cen 'Fq—l

vanishes in the whole interval (a,b), g will be called singular,

othervwise regular. It follows from the lemmas 3 and 4 thet for
a gingular closed f gap (VI.1):

2
(v1.3) Fp_l = fp_lf)o , rp ... Fo,%0, amn

We consider now for our g the double sequence

(v1.a)

where however the first column ;::: is lef¢ out fcr p=0 and the

lust column ;‘ is to be left cut if qamsl.
%

24 1
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o imake e
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6.2. If g is open to the right it follows from (VI.2)

that g-1=m and in particular
fq_l(x) =0 , F ,{x)>0 .

But the, by definition of Pq-l’

P {x) = -»

-1 £ (X (x)>0

q-2"
and thence fq(x)#o, fq_z(x)#C, 30 that p=m=q-'l. We see that here
fp(x) has x as @ simnle zero and in particular, since m is as-

sumed positive, p is positive. Thence, if g is open to the left

i+ ig then closed *c the right.

We denote by 4'(g) the number of VP in (VI.4) lpst if we
go from x-0 to x+0, and by A”{g) the number of PP in (VI.4) won

in going from x-0 vto *x+0.
6.3. The behaviour of F RPN is described in the
p+l q-1l

Lemma B. Aesume *Le f gap (VI.1). Then in our otheses

we have, if q-p% 2,

(vi.s) Fo=F 4= «-+ =F 4 =0,F>0 (agm) ,

Assuming a< x< b, we can write with sufficiently small Ihi
for not identically vanishing Fv , denoting generally by € an
exoreseion depending on h#0 and tending to O with Inl-0:

2 n2(a-v)
(VI.6) Fy(x+n) = £ T;:VTTT;:;:ETT(l*dQ*S) (¥y=p+1,...,a-23q9-p2 2);

further, if q&m, for p>0, a{x<b,




) - a-p~1 .
(vi.7)  F (x+n) = _rp-l(fp-lfq+e)-L—(q—p-l)! (p>0;a€m)

and for p=0, q€m, a{x¢b,
h2

(vi.s) Fo(x+h)=:!—:'(fi*€) (p0iagm) ,

In the case e(=%, the relation (VI.6) can be replaced with
(vi.9) Fv(x) £0 (v=p+l,...,n-1;«=-—!1‘) , m=n .
Finally we have generally with Ihlw0, for q&mn,

q-v
(v1.10) 2y(x+h) =-<-2—_;)—,(fq+&) (V=p,p+l,...,q;q&m) .

The formulas (VI.6)-(VI.10) remain true for x=a with h40 and
x=b with h¢0.

6.4. Proof. Developping fv(xo-h). ¥<q, in powers of h, it
follows from (VI.2), as fn(y) is assumed continuous, for pgy<a

a-v
n
2y(x+h) = To)T (fq+£) (v=p.p+l,...,q9-1) .

But thie holde aleo for V=q, if q€ 2, and (VI.10) ie proved.

In order to prove (VI.6) introduce into (I.2) the expres-
sions (VI.10) forv, V-1 and ¥+1. Observe that the symbol & in
different perts of the following relation does not necessarily

designate the seme quantity. We obtain
2
£ +8 (£ +E)(£ +E)
Fy(x+h) _ —_— =\ qQ q -
hzgq-vg "“Qq-x!)) Ty-1 (a-v+1) 1 (g-v-1)!
2 1+oV 1+oly-ok
(’q""')((q_v,!z B (Fv-l)z(q-vu)!) B

f2(1+uq+s)

f2+€
e [ aeved) - 0o« e

and (VI.6) follows.




2*

6.5. As to the ?p(:nh) we must distinpguish the cases pd 0
and p=0. In the came p» O we obtain from {VI.10) and (I.2) for

v=p and Y=p+l, since g€ m,

w2la-r) , . pa-p-1
Pp(x+h) = rpqu+g) - I‘D_l(fp_l*-gl(quf)m .

But it is g-p-1¢ 2{g-p) and £

qu;o. Thence, on the right

remains only

»n1-p-1

oot Taop) 1 Fpaafyt®

and {V1.7) is proved.
For p=0 in (I.2) we have only the first term, rofi, +o con~
sider., Introducing {VI.10) for ¥ =p and using r =1, (Vi.8) follows.
Finally, if 4=, the relations (VI.9) follow immediately
from (IV.14).

6.€. Lemma 9. Assume the £ gap (VI.1l) non-singular and open

e i

4o the left. Thern the Fy im (VI, have in the immediate neigh-~

bourhood of x the gigr plus, and ¢ is €™ (g is_closed to the rirht),

(vi.21) Fp(x+C)P0 (Vg ciagx<p) , Fy(x~C)>0 (V¢ ajadxgh).

Furtkar, the doudle sequence

z (¥) £, (v) e fq(y)
(vi.12)
F (¥ P (v) . e Fq(y)

rae g YP and O PF at x-C and 1 2P and O VP at x+(, Correspon-

ate— 1 —————

dincl:s we have

{(v1.13) a'(:) = ag) = i (x) (agnm) .

%
t
z
!
|




6.7. Proof. In any cuse l+uq#0, since otherwise we had
qQ=n, °(=:-,-11 and then, by (VI.9), g were singular. The relation
{Vvi.11) follows, if q-p=q %1, for ¥=C,...,q-13% 1 freca (VI.6),
while Fqsrqfi gq< n) or I-‘“-l {q=n). For q=1, that is if x is a
simple zero of fo(y)', +he relation (VI.11) for 0€¢ V€1 follows
from Fo(y)lrofi(y), F1=rlfi >0.

As to the formula (VI.13), it followa from (VI.10) that
tre sesguence fo(y), fl(y), ee. , £ {y) presents at x-0 (h<¢C)
q variations and et x+0 (h»0) g permanences.

On the other hand, sirce fq_lfx)=0 and £ (x)#0, q is
exactly the multiolicity, No(x). of x as zero of fo(x). The
formula (VI.13) is proved. .

The meaning of the lemma 9 which we have proved, is ob-
viously that if we go through a zero of £, with the multiplicity
qpLl, the correeponding doudble sequence (VI.12) loses q VP and

wing q PP. As to the values of the Fv and fv at a+0 and b-0O,
those of the Fy are given by (VI.11). Por the values of the .
V¢ a, we obtain from (VI.10):

(vI.24) sgn fv(a+0) = san fq(s) , sgn f'(b-o) = (<1)VV ogn tq(b)-

€.8. In the case of a non-singular closed £ gap (VI.1) the
situation is completely different.

Lemma 10. Assume a non-singular f gap (VI.1) closed from

both sides, so that qP» »+192. Then, going through x from the

left to *he right, the number of the VP in the double mequence

(v) fp(y) r (y) .. fq(y)

fp-:l. p*l

(vi.15)

Foav) Fy) -“p*l(y) l"q(y)

is decreased and the number of the PP increased, both times by

non-negative even numvers, 2&'(g), 2Kk"(g),

(VI.16) Alr) = 2k'(g)»0 , a"(g) = 2k" ()P0 .

= e ——————

w‘wn A e A A o1 o e




6.9. Proof. Consicer first thae case q-p¥ 2. Put sgn fa =8,
8gn £ _f =M. Using (VI.10), the sequence of the aigns of the

p~1"4
fe_v in {¥1.15) can be given by
»
£ £ 1 2 -2 IR ) 1
(vi.i7)

§ 38 § ... GUTE QU RS

Eere, as in the following, the upper signs belong to x-C and
the lower to x+0, while a sign +1 or -1 belongs hoth to x-0
and x+0., But obviously the variations and permanences of signs
do not change, if we multiply all elements of (VI.17) by &

48 %o the signs of the Fq_ in {vI1.15), they are given
in virtue o? (VI.5), (VI.6) and (vr.ﬂ by

P+l P Pv-l
{v1.18) o1
1 1 i ... 1 niEzn)"™ 1

Crserve that thz eign of Fil is in any case +1, whether q=n
(b:.' definiticn) or q€n. we have therefore to study the number

of ¥YP and PF in the followirng table

" St T ¢ £9 i G m
’ £ . e . £
qQ -1 tq—2 P+l fp !P‘l

U SO S T e

Fa Fa-1 Fa-2 Tt Fos Fp Fpe1
+1 +1 1 e +1 -v\(n)”‘l +1
Table 1
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6.10. We rave to Jdistinguieh cur casee according us m=+1
orm=-1 and r80(mod.2) ¢r rBi{zod.2).A ilance at the tatle 1
allows imnedia%tely to verif; :n all cases the results given in
the following tatle 2, vhere we Jenote in the lust colurn the
lost VP with minus sign and the won Pr with nlus eign. Anz all

these numbers are indeed ever and 20.

r VP ety O ve -r \'s4
m=1
1 PP ~p(r-1) PP +(r-2) PP
r.o S e em of e e EmE e e e e e G e e e me W e o
(r-1) VP —p 1 VP ~(r-2) vp
n=-1
o] PP cep PP +r PP
(r-1) VPe——sp 0 VP -(r-1) vP
n-1
0 PP—pr-1) P2 +(r-1) PP
]’"1 - em o el e W e e e e o e e o w o Sm e e -y
r VPeepl VP ~(r-1) VP
-
1 PP ew——pr PP +(r-1) PP
Table 2

6.11. Consider now the case g-p=l. Then in (V1.2) rpso.
) » Put &a M= . T
-p_lAp’lfO. Put §=sgn fpvl M\ =asen fp-lfp‘rl hen

2
Fp-l = rp-lfp-l,o , Fp -rp-lfp-lfp«rl ,

22

2
Fpol = rp*l‘p-d,o (p+2<¢n) , Pn = .fn (p+l=n) ,

4 4 = - .
F .i(xto)>o0, F ,(x20)>0 , sen P/ mn

Trhence the eigns in tha corresponding double sequence are:

Sa———"

e e S - it A P B . A B a2

AR n




£, 1) £ (v) 2 )
&n -8-+§ §
(vi.19)
+1 -m +L
I-‘p_l(y) Fp(y) _ I-‘pd(:r)

ForN=1 we have here obviously neither V? nor PP. For
mM=-1 we have at x-0 1 PP, 1 VP, which become for x+0 1 VF,
1l PP. We see that in both cases the numbers of VP and PP remain
unchanged. Lemma 10 is proved.

Observe that the tatles (VI.17), (VI.18) and (VI.19) can
also be used for x=a and x=b. For x=a we obtain the values at

a+0 and for x=b the values at b-0.

6.12. We consider now a non-singular £ gap, g, (VI.1l), 3
open %o the right. By what has been said in section 5.2., we 3

have p=m=q-1 and x is a simple zero of f , Nm(x)=l. Since L
vanishes at x, we have ccrtainly m=< n.

From the definitions it follows

2
F =< .f %0 ,F =-

m-1 m=-1"71 >0 .

rm-lfm-lfnnl

Denoting the sign of f . at x by § it follows that sgn f

1 m-l
=-§. Cn the other hand, the sign of £ chenges at x from -8

to §. We heve therefore the follewing signse, going from x-C

to x+C:
fm-l fm fm+1
- -§-+§ §
(v1.20) §
+]: +1l +1
rm-l,’o %u"o rm#].) °
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We see that for cur gay g, 2 22, C V2 at x-0 go over in O PP

and 1 VP at x+0, thet is bty our de®initions of A'(g), a"(&g).
(vi.21) A'(s) = A"(g) = -1 = -Nm(x) .

Lemma 13. If g is a non-ginguler £ gap, !‘!I.l!. open to
the ricght, we have {(VI.21).

6.13. Ve consider now a singular gap, g. Then«:%. By .
{II1.6) in lemma 3 and by lemma 4, we have then, replacing %

there p with p+l, for a c¢§0:

i
- 4
(vi,22) q=n , P, % 8T, 80, fp(y)-e(y-x)n L fp’l(y)sc(n-p)(y-xrr.

Assume first p=0. Then, by lemma 6, fo(y) is a polynomial

of degree n with a zero at x of multiplicity n,

t (y) = cly-x) .

i

L]
R ATt Lt k¥ g s Ninah

But then our gap g at X extenis from 1 to n~l and 4'(g) and
A (g) are correepcniingly A'(x) and A"(x) in (I.13) and (I.24).

PTG

S e o o

Further, it follows immediately that

Sk

. {(vr.2%) sgn f’(x-c) = sgn ¢ , sgn fv(x+C) = 8zn ¢ (vy<n).

3 Now, the sequence of the £y hes &t x+0 exactly n rerma-

nences and at x-C exactly n variations. Since the elements of

+he second row ir (I.lO) are rositive both at x-0 end x+4C and

x is the only zero of the f', we obtain

J (vi.24) A'(a,p) = &(a,r) = &'(g) = A'(g} =n .




6.14. Assume now pyl. Then we have fp_l(x)#o, by lemms 3.
Put sgn c = §, egn (Sfp_l(x)) = &. 'ie have then identically

Pl (y),

2, 2{n-p) ‘
P (y) = 7 e (y-x) - v _yc(n-p){y-x) p-1

(vi.25) Fp(y) . —gWy-x)" Pt CQy-x)n'p) (y—ex) ,

for a certain positive X 2rd therefore

(v1.26) egn F _(x-0) = (-2)""PE , ean Fp(**°) - -t.

6.15. vWe have to consider <he VP and PP in the double

sequence

(vz.27)

at x-0 and x+C, assuming first a¢x ¢b. From (VI.22) it follows

that the signs of :'p.... 'fn arec given by

(vi.28) sgn fn_v(x-O)-:(-l)VS , ®gn :n_v(x*o)-s (¥=1,...,n-p).

Using (VI.26) for the signs cf Fp(y) and observing that
the sign of Fp_l(.Y) at x20 is that of !i-l. that ‘is £2-1, we
obtain, putting r:=n-p, the table of values of the fy(y) and
Fy(y) in (VI.27) for x20:

§1,(¥) p-1 P p*l ... nl n

cmm e e e e - e w e E e e e e e Ee e e ——

x-0 € (-1)F (-1)Tr ... 4 1

(vr.29) .o , 1

B (v)




6.16. In the table (VI.29) let first £=1. Then, if r is
even, we have in the laat line ¢f cur table first r+l permanen-
ces for x-C and thence 1 P? and r VP, while for x+C we kave two
veriations and r-l1 sermanences. Trerefcre only the last r columns
nust be taken into accoint and we ot<ain for x+({ exastly r-1 Pr
and O V¥, Tor an odd r, wc have for x$0 in the last line of our
*atle again two variations and r-. permanencer and we cotbtain for
x=-C exactly r-1 VP and C P2 and Zfor x+C r-) PP wnd O VP. The re-

sult is given ir

r&0 * VP, 1 PP e—egp O VP, (¥-1) PP
(vi.3¢c) §g=1
S M (r-1) VP, C PP «ummpp C VP, (r-1) 7P .

If we assure now §=-2, the results can be given in

rRC {(r-1) Vf, C PP «—espp 1l VP, r P?
(rz.71)  €a-1
ri r 7’, 1 rP emep i VP, r P7

"

ndeei, for an ever >, we have in 4he last line of (VI 29 fcr
x=-C mAmly r-1 permenences %c which correspond r-1 varicticone o?
tia fv(y). For x+( we haw?2 cnl; permarerccs - :-~° lasat lire ¢f
{11.77} to which rorrespond 1 variantion ard r permumenszes. Cn
the other hund, for an odd r, we hLave in the last line of '71,29’
positive values throughout, while the sequence o% the tv'y) has
for x-0 1 permanence and r variatiors, wnick become at x¢0 1
variation and r permanences.

But now it follows from the tables (VI.3C) and (VvI.%1)

t¥Yat in all cames the number of V. loet is even and 3 C as well

as the number of FP?P won,

¥
;
i
;
!

JUC




6.17. We have now proved the

Lemme 12. If g is a singular ¥ gap at x, a<x<¢b, open
to the left, we have (VI.24) with m=n, while, if g is & closed

singular f gap, again with a<¢x<¢b, we have

(vi.32) , &fg) =220 , a"(g) = 2k"3 0

with integers K' and K".

Chserve that 2t a+C, i? x ie =a, the second formulas in
(v1I.23) and (VI.26) remmin valid, while, for x=b, the values of
the ccrresponding Fy(y) and fv(y) a~ b-0 are ottained from tke
first formulas in (VI.23) and (VI.26).




§7. The F gaps

7.1. Arn F gap at x in a double sequence

N CONNE M C AN SN €2 BENPR
(vir.1)
Fo (¥) Foly) Fp v ...

P+l
G := {%,P+1,...,Q-%}, is defined if

(vig.2) F

(v11.3) £ .

202(¥)

For(¥)

PﬂFP+1='°'=FQ-l=° R FP-IPQ"O s R:=Q-P o1 ,

fQ(y)

FQ(Y) ’

If one of the Fv (V=P+1,P+2,....Q-1) vanishes identically,

the F gap, G, is called gingular. Then H=:% and

by (III.7), replacing p with P.

If the general sequence

e (v) £y .. 2 ()

n-1
(viz.a)

Fly) =G ... P ()

fpa1

£,.(y)

F (v)

is given

is cut at the index m, where F“(y) remains positive in J, then

obvicusly the F gap, G, defined by (VII.1) and (VIi.2), is

either completely contained in (1.10) or completely contained

in the part of (VII.4) with the indices d>m.

We denote by A'(G) the rumber of VP in (VII.1l) lost if we

go from x-0 to x+0, and by A"(G) the number of PP won in going

from x-0 to x+0,

Assume first that G ie non-singular. Prom Fq_s- 0 (3-1....,R)
it follows

’q-3+1’q-,-1

>0 (g=1,2,...,R).

:
1
!
!



Thence, if we put

2
(VII.5) = ean Py = P, sen £, = § eem —?—.;—l =8, een Fy_Fo =7,

we can write for the seguence fq'fq-l" .o ’fP'fP-l:

(v11.6) sen £, o = {8 (¥=0,...,R+1).

As to the sgn Fq_s(x!O) (3=1,..-,R) we have from (IV.9)

Q-v

h 1) Q~-¥+1 .
rv(mh) = W-—'-fqr‘q + 0(n ) (h#0;he0)
and therefore, replacing y with Q-¥ and using (vII.5) and (VII.6)V

(viz.7) sen Py, (x20) = p(zn"s“ (¥=0,2,...,R).

We zan now write for the sequences of sgn FQ._v(x!O) in the case

of even R

v = © 1 2 ... E-1 R R#

x~0 | B -pB P e —FS P P
Q-v’ x+0 | B RS p - - RS B pM

(viz.e) P

and in the case of odd R

v = (o] 2 2 R-1 R R+
o | -8B ... @ -ps M
=0 | p pS B p P8 PN

The line (VII.6) gives the signe of £, . in (VII.1) at x,
while the signs of the F. (x%0) are given in (VII.8) and (VII.9).

(viz.9) T .

Q-v
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7.2. From (VII.6) it follows that for &=1 we have in the
first line of (VII.1l) only permanences, 8o that (VII.1) has no
VP at xt0 and we have only to count the permanences in (VII.8)
and (VII.9) to obtain the numbers of PP at x-0 and at x+0.

On the other hand, for §=-1, the sequence (VII.6) contains
only variation of eigns, so that in this case we have no PF,
while the mumbers of the VP are obteined again counting the per-
manences in (VII.8) and (VII.9).

Further, replacing & by -&, both linees in (VII.8) anrd
similarly in (VII.9) are interckLanged, so that, going from §=1
to §=~1, we have only to interchange x-0 and x+0 and to replace
the PP with the VP.

-7.3. The numbers of the permanencea in (VII.&) and (VII.9)
are obviously independent of p, so that for the counts of the
permanences we can take ﬁ=1. We obtain then for §=1 the numbers
of thé PP von in passing from x-C to x+0 from the following

table, where, as in the following, & signifies congruence mod.2,

R=D P&l
1 { 1—sRa O <# R+l

(viz.i0) 8=1 ,m= PP
-1 | 0o—»R 1— R

We see that this number is R for even R and Rl for odd R, thence
in both cases even and 0. If we replace § by ~§, we have only to
interchange in each couple, a-¢b, a and b; thus we obtain in this

cage the table of the VP lost:

RB0O R&1
1 |R+l=el R+1 -0
(viI.i1) § =-1 ,'\\= VP
-1 R -0 R ~» 1)

Thence, in this case, the number of the loast VP is either R or
R$1, both times even and 20.

i
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7.4. Finally, if we have a gingular F gap, G, extending
from P to n-l, then u=:% and, by (II1I.7),

(viI.12) 2.(y) = c2(.v~u)n'P .

Since, by (VII.3), xfu, the correspording fy from £ to £ . do

not change their signs if we go through x from x-0 to x+(, we
see that the corresponding §'(G)=4"(3)=0, that is to say that the

contributions of a singular ¥ gap to A'(x) and A"{x} vanish for xfu.

T.5. We have now provaed the

Lemma 13. Assume that in the double sequence (VII.1) we

rave (VII.2) and (VII.3) 2t x and no Fy in (VI1.2) vanishes

identically. Then, using the notations [VII.S5), the cigns cf
the £y in (VII.3) are given by (VII.6), where sgn fpy is yox

68 acceording ns B i odd or even. Egrther, the signs of FQ-V
(VII.8) and for odd R from

at xX0 are obtained fo® even R from

(viz.?).

Further, for§=1 the number of the PP in (VII.1l) won in

pessing from x-0 to x+C is ob%ained from (ViI.1C) and is even
Fabadchadad e LRI, _—

and non-negative, while there are no VP involved. For §=~1 the

number of the lost VP ig even z2nd 3C and is giver by the tatle

(vI1.11) obizined from {VII.10) interchanging x+2 and x-0. Here

there are no PP involved. )
On the other kand, if the F gap defined by (VII.1l) and

(VII.3), is singcular and (VII.12) holds, there are no contri=

Sutions of this gur to A'{x) arnd A"(x).

We can therefore write, denoting by K', X" non-negative

integers, in all cases,
pretebdihnd = Akl

(vi1.13) Aa'(6) = 2x'(c) »o , &a"(6) = 2k"(G) 0 .




§8. Maein Theorem

8.1. We ere going to prove the

Main Theorem. Assume in a closed interval s:=<a,bd a

function f(x)lfo(x) continuocus in J with its n derivatives,

tx) sig(x)  (Weo01,.m) |

which have in J a_finite number of zerog. Assume further that

fn has no zeros ixm the oven intex-ral J:-(a,b). Define the expres-

sions FV(X) by (I.2) where <re sositive ry (V=1,...,n-1) gre

given by !II.lz, and assume thnt +those of the FV which do not

vanish identically have or
Using the notations of the introduction and particularly

of the section 1.5., agsign %o thcse FV which vanish identically,

the sign plus.
Then we have, if Fm(x)>0 thr.oughout J, tke two relations

a firite number of zexos in J.

(viIr.1) Dl;l(a’b) = A;(s,b) - (No(&'b)°Nm(&'b)) = ZK;:)O-
(viIr.z) Di(a,®) = Ar(a,b) - (No(a.b)-nm(n.b)) = 2k" 30,

where K' and X" are integers.
—_— "m == "m

8.2. Proof. Denote all points of J in which either an fy
or a non-identically vanishing Fy (v=0,1,...,m) vanishes by

(viri.s) akx <¢x, ¢ .+ - Cx ,<¢x, <D .

Then, 3if we consider D';(a.y) and D;'l(a.y) for a<y<h,

these functions can only vary their values if y gces through




one of the points x ,x2,... ,xk, and we have therefore

1

k
D:(a,v) = ;@;(x,g)-wo(xg)mm(xa)) ,

D2(a,b) = i@;(x“)-}lo(xx)ﬂvm(xx)) :
Nx4

The assertion of the theorem will be proved if we show that, y

(viIiI.s)

going through any of the points Xogr Dl;(a.y) and D;(a.,y) can
only increase by non-negative even numbers.
Qaking now one of the points x5 and denoting it by x we

have *o show that the expressions

D;(x) im vrm(x-o) - vrm(x+o) - No(x) + Nm(x) .
(vizz.s)
D;(x) = PPm(x+0) - PPm(x-O) - No(x) + Nm(x)A

are even and non-negative.
8.3, We consider the ordecred set of all f gaps in the
sequence of indices, {C,l,...,m};

(viri.e) Byreee18ys Op = {%t,pc+l,...,q¥-i} (1=l,...3t),
where generally q'l" Prs1 €=1,...,t-1) and F_ >0 (¥=1,...,%).
If there exists a singular £ gap it will be the last one, gt.
We delete from the sequence {0,...,m} all g in (VIII.6). Then
for the remaining indices all fy are #0.
For each U=1,...,t the expressions vrp.-l-qu," PP%-P?D;-J-
are A'(Bt)' respectively A"(ge).
Congider further the ordered set of all F gape in {O,...,m}a 1

(vi11.7) GireeesG,, G = {é,,a,+1.....qv-i] (6=1,...,e),

where Qu<Pg . (¢=1,...,8-1). Since each FQ(’

is 20 it is clear




&e.

that all Gg lie batween the single gc, while for the indices from

t
(virz.e) - {0,1.....m} - égc - gc,«

no fv and P‘v vanish. )
For each ¥s=l,...,s the expressions VP -VP, , FP_ -PP
R-1 Q¢ Q¢ -1
are 4'(Gy), respectively A"(Gy).
Thence the values of An'l(xg). 4;(:,9 in (VIII.4) are respec-

tively the sumea of the values corresponding to ‘t and G,

-
(vi11.9) A (xy) = Alee) Alcy)
 (xx g w ¢ A

where we can replace O everywhere both with A' and with A".

8.4. Observe that the term No(x:g) in (VIII.4) ie only #0
if for X=Xy the corresponding gap gl is an £ gap open to the left
(singular or non-singular). Then, by (VI..13) and (VvI.21), it 8,
. does not include the index m, that is, if ql( m,

\ = " = ) .
(virz.1io)} a'(e) a(e,) q = N (xy
On the other hand, ql-l is certainly <m, for ql-lzm would
aignify that gl is open to the right, contrary to what has been
said in 6.2. Thence we can write, both for Al; and Ax';:'
Am(xa) - No(x:) + Nm(x") =

- - B
[A(gl)-No(xxﬂ ' [A(gtmm(x,,ﬂ . gmc» Satoe]

where A can be replaced both with &' end A".

Here the term in the first brackete is either =0 or even,

4 (vizr.i1)

G PRl e,

in virtue of lemma 10 cor lemma 12. As to the sums in the third

brackets, they are even and non-negative, in virtue of (VI.16).




8.5, It remains to consider the second bracket term in
(VIII.11), that is, assuming that t3»2,

(viri.iz) Ale,) ¢ N _(x) -
Denote the Nm(a.b) zeros of £ in J by uy,
(virr.is) acuy, Cu, ¢ . .Cuy<b , N =N (a,b) .

Oveserve that for any xg with Nm(x:z):O the expression
(VIZI.12) ie, by lemma 10 and lemma 12, even, since if &g, is
singular, it followe from fm(xx)fo that m=n and lemma 12 cen
be used. We have therefore only to consider (VIII.12), if X
is one of the uy in (VIII.13). Further, we can assure m<Cn,
since fh has no zeros in J. Ve can therefore apply the lemma
11 and it follows from (VI.21 ) that the expression (VIII,12) is =0.

Our Main Theorem is proved.

8.6. In the case that one of the Fyo Vem, identically vani-

shes we have seen in lemma 12 trhat m=n, so that tke last Egr &, is

‘t - {pt’ptﬂ"""n'l] .

The corresponding fv: E 4 vanish only in one point

pt, Dt*l' con 'fn—l
u with a€ucb. And the corresponding A(gt) oceurs only in the
terms of (VIII.4) for xy=u. But we have seen that then both

A'(gt) and A"(gt) are even and non-negative, Further, since m=n,
Nm(u)-o. We see that the formulas {(VIII.1) end {VIII.2) of our
Main Theorem remsin “rue if all f“ teginning with fp are disre-
garded, that is, if we take mspt-l and replace Nn(u)tby 0. If we
then denote by p the fiprst index for which Fp identically vanishes,

we have pt-p-l, m=p~2, And this conclusion holds whether ?m is

positive or not. We can therefore formulate the




Firat Complement to the Main Theorem. If some Fv identi-
] cally vanish and Fp is the first identically vaniehing Fy, then

(Vi11.1) and (VIII.2) hold for m=p-2, replacing N (a,b) with O,
0 independently of Fm being nositive or not.

Observe that if Fm remains throughout positive, the rela-
tions in the First Complement are weaker than the origimal forau-
lation of the Main Theorem, and this perticularly so, since then

e

Nm(a,b) is easy to obtain, as the number of zeros of an equation

of the %ype
t

cl(x-u) = 02
for some values of the constants ey and °2' On the other hand,

if Fm does not remain positive throughout J, the formulation of

our First Complement can be considered as an essential improve-~
ment of the Main Theorenm.

8.7. The expressions Ag(a,b), Aﬁ(s.b). No(a.b) and ﬂm(a.b)
in (VIII.1) end (VIII.2) are meunt as interval functions defined
for the gpen intervals {(a,b). Bowever, it follows from the proof
of the Main Theorem that the above relations remain true if b®-C

is replaced with b+0, assuning that fo(x) satiesfies the corres~-

ponding conditione in (b-O,b+0) and Fm does not vanish there.
Similarly a+C can be replaced with a-0 if the corresponding con-

ditions 8till holds in {a-C,a+C). Ye can therefore formulate the

Second Complement to the liain Theorem. The following

inequalities hold:

(virr.ia) N (a,b) - N (a,b) € Al(s,b) .

(VIII.1s) Ho(a.b) - Nm(a.b) £ A;(u.b) .
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where a gan be throughout =a+0 or_ throughout =e-0, and gimilarly
b can be throughout =b+0 or throughout =b-0, assuming that the
conditions imposed upon fo(x) hold in (a-0,a+0) resgectivelx‘ in
(b-o,b+0). In all cases the differences between the right-handed
and the left-handed expressions in (VIII.14) and in SVIII.IEI
are even.

8.8. A glance at the argument in the §6,§7 and §8 showa
that, if m¢n-2,ve only used our assumptions about the fV and

P' for v=0,1,...,m,m+l. We can therefore formulate the

Third Complement to_the Main Theorem. For m€ n-2 the

assumptions of the Main Theorem need only be verified for
V€ n+l.
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§9. Nawton'a Rule

9.1. In numericel applications the signs of the fv and FV
at a+0 and -0 are usually not directly given, but must be ob-
tained from the values of these functions at a and b. To do this
we have to identify in the formulas of the §6 and §7, x with a

regpectively b. This implies that the Taylor developmentes at a
and b are one-gided.

£y(a+0) a.nd_l’_‘v(afo)

9.2. We use the ncotations of 6.1. and T.1.
We consider an f gap, gs:{?,p*l..,..q-l and assume first

that g is pon-singular. If g ie gpen to the left, we have from
(vi.ni)

(1x.1) Fylavc) > 0 (v&a)
(1x.2) sgn fy(eno) = egn fq(s) (v£aq)

in virtue of (vi.14).
If g is closed, then, by (VI.17), (VI.18) and (VI.19), putting

(1%.3) §:=2gn £ (a) , Mi=egn e (a)f (a) :

(1x.4) sgn £ (a+0) = §  (¥=0,...,r) ,

(1X.5) sgn ’q-y(“°) =1 (¥=1,...,7-1) , egn F (a4C) = -m (r>1).
If ¢ is open to the right, then q-p=l and, by (VI,20),

(1x.6) sgn fp(a+0) = sgn ¢

p¢1(a) °




——p

If now g is singular, then, by (III.8), replacing there
pP-1 with p, fp(:;)-c(;/-a)‘, » 30, and hrere g)n-p, as fn(y) re-
mains finite with yéa. Thence

(1x.7) sgn f'(a»O) =8gnc (V¥=p,p+l,...,n) ,
where ¢ is the higheat coefficient of fp(y). As to the Fv(y). we
kave by the formula (VI.26), where p-1 has to be replaced with p,

1 (p=0)
(1x.8) rv(.op) 80 (p<v¢n) , egn rp(a*o) =

-aen(cfp_l(-.) ) (p2c).

On the other hand, if we have an F gap, G::{?,...,Q—l],
it followe from (VII.7):

(IX-9) sgn FQ_v(B"'o) = Psv (V"l.--. ,R) ’
vhere
(1x.10) Pn sgn FQ(a) . &:i= agn fQ_l(c-)!Q(a) .

EIEb-C) and Fv(b-o)

9.3. Consider & non-sinpular £ gap, x:t{P.p'ﬁl----.Q'l}-
It g ie open to_the left, we have from (VI.11) end (VI.14)

(1x.11) "~ Fylv-0) > o (vga) .
(1x.12) ‘ sgn xv(b—o) - (-1)¥Veen fq(b) (v € Q) .

If ¢ is closed, then, by (7I.17), (vI.18) and (VI.19),
putting




(1x.13) 8§:= sgn tq(b) » M\ = men :p_l(b)fq(b) :

(1x.14) san £ (b-0) = (-1’8 (y=0.....r) .,

(1%.15) sgn F_ (b-0)=1 (¥=1,...,7-1) , sgn P _(b-0)=(-1)"q (r21).

If g is gpen to the right, q=n+l, them q-p=l, and, by
(vI.20),
(1x.16) egn fm(b-c) = -sgn £ _(b) .

n+l

If now g is singular, then, by (III.9), replacing there
. . \ 4
p-1 with p, fp(y)=’7(b-y) » P3C, and here ®2n-p, us fn(-'f) re-

mains finite with y¢t. Thence
(1x.17) sgn fpw(b-C') = (-2Vegm ¢ (¥=0,...,n-p) .

As to the Pv(y), we have again by (VvI.26),

) +1 (paO)
{14.18) ¥ (v-0) ® 0 (p¢v¢n) , &m Pp(b-o) .
(-l)n-psen(cfp_-,(b)) {25C)

Finally, ir the case of an F gnp, G:-%’,P+l....,:-l}, it
follows from (VII.'T)

(1x.19) agn Fq;'(b—o) - P(-S)" (¥=1,...,R) ,
whrere

(1%.2¢) P:a sgn FQ(b) y $i=s8m fq-l(b)fq(b) .




9.4. Denote by Vm(x) tne numter of variationa in the

sequence Fo,...,Pm and by Pm(x) the number of permanences in
this sequence. Here, if some of the FV involved vanisk, x has
to be roplaced ty x+C or x-0. Then we have obviously

(1x.21) Vrm(x)*PPm(x) = ’m(") '

for x=x%0. On the other hand, it follows from (VIII.14), for
a=at0, bxb20,

(1x.22) N (a,) -~ ¥ (a,0) € VP (&) - VP (%)

undexr corresponding conditions in a and b.

In this relation, we are going to let b tend to . Denote

by vm(xto) the number of the variations in the sequence fo,....fm

at x®0 and by pm(xtC) the number of permanences in this sequence.

Assume
(1x.23) "m(") = 0 ,

a condition, whick is satisfied for any polynomial fo(x) of
degree ) m. Then it follows

(1x.24) " VE_(00) = 0 .

In these relations wa have of course to amsume the con-
ditions imposed upon fo(x) satisfied in an interval {a,00).
Replacing in (1X.22) a by x and letting b go to oo, we cbtain

(1x.25). N (z,0) - "m("'”) € ve (x) ,

since the minuend on the right in (1Z.22) vanishes by (IX.24).

In the formule (IX.25) we can put either x=x+0 or x=x-0 assuming

our conditions to hol? in the corresponding interval between x and os.




T w ey

T T LT ——y v e

9.5. On the other hand, if we want to let a tend to ~ go,
we start from the formula (VIII.15) written for a and x,

(1x.26) No(a,x) - Nm(a.,x) € PPm(x) - PPm(a) .

Assume the conditions imposed upon fo(x) to hold in the whole

interval betwean -go and x=x$0. Assume further that for our fo(x):

(1x.27) p (-e0) = 0 ,

a condition certainly satisfied for any polynomial of degree p m.

Then it followe obviously
{1X.28) rrm(-n) = 0 .

If we let now a go to -o09, we obtain from (IX.26)
(1x.29) N (-00,x) - N {-00,x) & PP (x) .

o n m

Now assume that the ¢crditions imposed upon fo(x) hold along the
wrole interval (-o00,00) and put into (IX.25) and (IX.29) ke same
x=x+0 or x=x-O. Then, adding {IX.25) and (IX.29), we have, in
virtue of (IX.21)
(1x.30) N (-00,%) - N (-e0,0) £ P _(xfc) .

9.6. We speciclize now these formulas for the case that

———————
Denote by l(o the number of non-real zeros of fo(x) and by

f'o(x,\ is a polynomial of exact d-pree n. -

X the correspcnding numter for :‘“(x). Then, obviocusly




N(-0,0) =n-XK . Nm(-n.m)sn-m-xm

N (-0,0) - ¥ (-e,0) = m- (k -K) .

On the other hand, obvicusly fer x=x+0 or x=x-0,
Pm(z) + Vm(x) =m , Vm(X) = m - Pm(X) '

since the FV venishing identically are attributed the si;n plus.

Introducing this into (IX.30), we obtein

C +
(1x.31) K, - ¥k » v (xfo) ,

for any polynomial of exact degree n, assuming that Fm(x) remains
always positive.
This condition is by definition always eatisfied for m=n.

It follows therefore
(1x.32) K Vv(xto) (-e0<¢x<Co0) .

o

and ir particular for x=+0:

(1x.33) : kK, 2 Vv(+0) ,

Newton's Rule, allthough Newton does not mention +the possibi-

lity of identically vanishing Fv(x).
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