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ABSTRACT

An algorithm for position determination using Loran-C trip-
lets and an implementation of the algorithm in the BASIC
language of the Commodore 2001 microcomputer are presented.
Modifications of the geodesic direct solution and reverse
solution algorithms of P. D. Thomas are also presented;
these modifications eliminate all of the special position-

ing and quadrant determination requirements of the original

algorithms.
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A. Introduction

Loran-C position determination programs for the Hewlett-
Packard HP-67 programmable calculator for use aboard U. S..

Navy patrol aircraft (P-3) have been prepared and are reported

elsewhere [Ref. 1]. During the development and testing of

the HP-67 programs the need for a high accuracy program for
cross checking purposes arose. The program presented here was
developed as a refinement of the HP-67 algorithm.

The basic methodology of this program is contained in
the formulas of Paul D. Thomas [Ref. 2] for the direct and
reverse problems of oblate spheroidal geodesy. The direct
problem is to determine the latitude and longitude of a point
P, when the latitude and longitude of a point P, as well as
the azimuth and distance of P, from P, are known. The
reverse (or inveree) problem is to determine the distance,

forward azimuth, and backward azimuth between two points, Py

£
i
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1

and Py, when the latitude and longitude of both Py and Py

are known. 1In both problems P,y and P, are on the surface of
a spheroid. Unfortunately, Thomas' algorithms contain several

restrictions and numerous subcases that are too awkward to be

programmed on the HP-67. For this reason portions of these
algorithms were rewritten so as to eliminate all of the original

restrictions and subcases. These modified algorithms for the

direct and reverse problems are presented here with notations

about the modifications made.
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B. Loran-C Fixing Algorithms

The principles of Loran lines of position (LOP's) and
fixing are adequately covered in Reference 3 and will not be
repeated here.

The basic Loran-C equation [Ref. 4) can be written as

T = [Tg + P(Tg)) - [Ty +P(TY 1+ [Ty +p(T)1+8 (1)
where
T is the "indicated time difference" in microseconds,
is the distance, in microseconds, from the master
to the receiver,
Tg is the distance, in microseconds, from the slave
to the receiver,
is the distance, in microseconds, between the
master and the slave,
§ is the assigned coding delay, in microseconds,
and p(T) is the secondary phase correction, in micro-
seconds, for a surface water path of length T.

The gquantity

At = [Tg+p(Tg)]l + &

B)
is a constant for each master/slave pair. The following
World Geodetic System 1972 (WGS 72) values have been adopted

for Loran-C navigation [Ref. 4]:

Vo = 299792458 meters/second is the velocity of
light in free space,
n = 1.000338 is the index of refraction of the

surface of the earth for standard atmosphere

and 100 kHz electromagnetic waves,
2
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a, = 6378135.000 meters is the equatorial radius
of the earth
and £ = 1/298.26 is the flattening factor (l-b/ae,
where b is the polar radius) of the earth.
- With these parameters the secondary phase correction for

an all seawater path has been taken to be of the form
P(T) = ay/T + a; + a,T (2)

where T is in microseconds and,

l. For T>537 usec:

ag = 129.04398,
a; = -0.40758,
and a, = 0.00064576438.

2. For T<537 usec:

ag = 2.7412979,
al = -0.011402,
and a, = 0.00032774624.

If one uses a spherical approximation to the earth's

surface (f = 0), then a spherical hyperbola can be represented

by the equation [Ref. 3, page 175]

cOos 2a - CoOs 2cC (3)
sin 2c cos w + r sin 2a

tan r = 2
where the origin of the coordinate system is at the prime
focus of the spherical hyperbola, 2c is the spherical arc

joining the foci, 2a is a constant for any one hyperbola,

and r and w» are the spherical coordinates of a point on the




hyperbola. If the base line of the coordinate system is the
arc joining the foci then w is the spherical polar angle from
the baseline to a point P on the spherical hyperbola and r is
spherical polar distance (or arc) from the prime focus to P.
Using the Loran system we take 7 = +1 if the prime focus is
at a master station and we take ; = -1 if the prime focus is
at a slave station.
If we take v = vy/n to be the velocity of 100kHz

electromagnetic radiation at the earth's surface then, for a i
spherical earth, we can relate the parameters in Equations 1

and 3 as follows:

2c = VTB/ae'

and 2a v(TS - TM)/ae‘

Using the spherical approximation for now, we see that 2c is

known for any Loran pair. The "indicated time delay" T is

measured by the receiver at point P, and to determine a hyper-

bolic line of position we must determine 2a, but Tg - Ty

cannot be computed from Equations 1 and 2. If a, were zero

in Equation 2, then it would be possible to determine Ts - TM ;ﬁ

uniquely. As a first approximation we use the following

parameters in Equation 2:

ag = 0, E
a; = -0.321, :
and a, = 0.000635. . p

These values have been obtained by setting ag = 0 and determining
4
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a and a, by linear regression of the T > 537 values over

the interval of 1000 < T < 8000. This approximation is quite
good (within 0.03 us) for distances up to 10,000 microseconds
where small changes in the LOP's can cause large position
errors. At short distances the error increases from 0.05 us at
1000 ys to 0.58 us at 10 us; although these errors are large for
small distances, the LOP's are not as sensitive to these

changes as they would be at large distances. These errors are
well within the 4 n.mi (24 ys) accuracy that was requested by
COMPATWINGSPAC. When this approximation is substituted into

Equation 1, we obtain
[Tg + a; + a,Tg] - [Ty + a; + aZTM] =T - At,

or

Tg = Ty = (T - At)/(1 + a,) (4)

and hence 2a = V(TS-TM)/ae is determined for use in the
spherical approximation.

Consider a Loran-C triplet with the master stations colocated.
Let El and &2 denote the azimuth angles of slave 1 (Sl) and
slave 2 (SZ)' respectively, measured from North toward the East
from the master stations (M) (see Figure 1). Further, let o
and r be the azimuth and spherical polar arc (distance) of the
receiver (R) from M. For this geometry, Equation 3 can be
written in the form

B.

tan r. = 1 » (5)
1 Ci cos (o - gi) + Ai




Figure 1.

[
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Geometry of a Loran Triplet and a Receiver.
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where
Ai = Ci sin 2ai,
= 2 2 !
Bi cos ai - COS8 ci' 1
and Ci = sin 2ci

for the ith Loran pair, i = 1,2. Since ry =ry = I,

between the two equations. The

we can eliminate tanr

resulting equation can be rewritten as

Ccos a + S sin o = K, (6)

where
= i - i 3

1f we define p > 0 and Y by the equations

(7N

. pcos y=C,
; and p sin v = S,
R then
T
; o = C2 + 52'
v . and vy = gatn (S,C). ]
) |
v
} * Here the function gatn(y,Xx) is the arctangent of y/x adjusted
] 3
E for the proper quadrant according to the signs of x and Y.
7
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A compact form of this function is

- Y
gatn(y,x) = tan 1 =3 + nt(x < 0?)
x + 10 t(x = 0?)
where t(z) =1 when 2z 1is true
and t(z) =0 when 2z is false.

When convenient we will use the notation gatn(y/x) inter-
changeably with gatn(y,x). Now we can substitute Eq.(7) into

Eq. (6) and solve for
_ -1
a =7y * cos “(R/p) (8) ﬁ

to obtain the azimuth angle a of the two points of inter-
section of the spherical hyperbolic LOP's. Finally we can
obtain a value for r by substituting each o into either b

Eq. (5). We find that

B.
i .
for i = 1 or 2.
C; cos (a-E;) + A :

r = gatn

To obtain the first solution, r and o are entered into

the "direct" solution algorithm; latitude ¢ and longitude A
i are the outputs.
The solution is improved using a two-variable Newton-

Raphson search for the zeroes of the functions

fi(¢,A) = fi = (dSi - dM)/ae - 2ai for i = 1,2,

where dM' dsl' and ds2 are the distances from R to M,

Sy and Sy respectively, and are computed using the

"jinverse" solution algorithm. The flow of the improvement

algorithm follows:

i
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5.
6.

(ax
7'

Input the latest approximation to the receiver latitude ¢
and longitude ).
Compute dM' dsl and dsz using the "inverse" solution

algorithm.

Compute Ty = dM/v and Tgi = dsi/v for i = 1,2.

Compute Tgi = Ty = (T-At)i - p(TSi) + P(Ty) and

2a; = v(Tsi-TM)/ae for i = 1,2,

i
Compute fi(¢,x) = (dsi'du)/ae - 2ai for i =1,2.

Compute

H;  E5 (0 + 80N = £5(6,1)

9¢ Ad

and

Ky _Ei(r 482 ) - £509 N gor § = 1,2.

N AX

= Ap = 10'4 radians is used in the BASIC program.)

Replace ¢ by
af2 afl
¢ - 1T f2 —_— J
I 3

and replace X by
af2 afl
Yo ad

afl 8f2 Bfl 8f2
3 A ax ad

Repeat from Step 1 until ¢ and ) are stationary.

where

Jd

9
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C. The Direct Solution Algorithm

This direct solution algorithm is a modification of the
second order in flattening (f) algorithm given by Thomas
[Ref. 2, pp. 7-8]. Thomas' notation has been followed as
closely as possible for ease of comparison of the algorithms.
The gatn function is defined in the previous section. West
longitudes and South latitudes are negative. We are given the
point Py (¢;,1;) on the spheroid, where ¢ys A are the geodetic
latitude and longitude (geographic coordinates); the forward
azimuth a9 and distance S to a second point P2(¢2,A2); and
from these we are to find the geographic coordinates ¢2,12 and
the back azimuth Any e The given quantities are ¢1, xl, %12
and S. No assumptions about the relative location of Py and P,

are required. The modified direet solution algorithm is:
6, = tan'l[(l-f) tan ¢,], M = cos 8§, sin ay g
N = cos 61 cos ay,, €1 = fM, ¢, = f(l-Mz)/4,
D=(l-cy)(l=-cy=-cyM, P=c,ll+ (1/2)c,MI/D,
o; = gatn(N, sin 61), d = S/(aeD),
u = 2(01—d), W= 1-2P cos u, V = cos (u+d),
X = c22 sin d cos 4 (2V2-1), Y = 2PVW sin 4,

Ao=d+x—Y,Zo=201—A0'

ay, = gatn[-M, ~{(N cos Ao - sin 8, sin Ag)] .,

10
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K = (1-£) [M? + (N cos Ao - sin 6, sin 20212,

tan"1[(sin 6, cos Ac + N sin Ac)/K] ,

©
N
N

qatn{sin Ac sin a;,0CO8 01 cos Ao - 8in 61 sin Ac cos “12) ’

an

=
]

cl(l-cz)Ao - clc2 sin Ac cos Lo,

AX = An - H, AZ = Al + AX

In addition to the introduction of the gatn function for
proper quadrant determination the following changes have been

made to the original algorithm:

1. 60 is no longer computed from the equation M = cos 8o
Since Pl is no longer required to be westerly of Pz,
%2 is no longer required to lie in the interval

o, 180°]. Consequently M, which was originally

required to be positive, can be negative. With this

change 90 was no longer properly determined from

COT rde e -,

M = cos 60.

2. With the elimination of 90 the determination of

e R

o, from the equation cos o, = cos el/sin 90 became

impossible. The following figure shows the spherical

i
: v
H Z triangle involving 0, and 9.
1
% 90046
fa
q’» 90"-90
;7 R ? 01 Y
k 0 11
f .

T




Using the "4-parts formula" [Ref. S5, pg. 12] we can

determine % directly from the equation

o, = gatn(cos 61 co8 Q4,, sin 91)

The original equation for ¢2,

tan ¢, = -(sin 8; cos Ac + N sin A0) sin 2,/ (1-£)M

becomes indeterminate when a,, = 0° or 180° since
both M and sin 951 become zero simultaneously.

From the equation for @,, one can determine that
sin @y = -M/[M2 + (N cos A0 - sin 91 sin Ao)2]1/2.

Using this equation to eliminate sin % in the equation
for tan ¢2 allows the M in the numerator and denominator
to cancel thus eliminating the indeterminancy in the

equation for ¢2.

with these changes the restrictions that P1 be West of Pz,
and that if P, and P, both have negative latitude the symmetric
positive latitude problem be solved, have been eliminated.
Also eliminated are rules for the determination of the quadrants

of %4y and An,

1 D. The Reverse (Inverse) Solution Algorithm

This reverse solution algorithm is a modification of the

second order in flattening (f) algorithm given by Thomas [Ref. 2,

pp. 8-10]. Thomas' notation has been followed as closely as . ’
possible for ease of comparison of the algorithms. The gatn

function is defined in Section B. West longitudes (A) and




South latitudes (¢) are negative. We are given the points
Py(9;02) s Py(¢,,2,) on the spheroid and are to find the
distance S between the points and the forward and back azimuths,
oy and 01 Given quantities are $10 Ays 05 and Aye No
assumptions about the relative location of Py and P, are

required. The modified reverse solution algorithm is:
6, = tan"l[(1-f) tan 4,1, i = 1,2,

B, = (8,+0,)/2, A8 = (8,-81)/2, A = Ay = Ay,

2 2 2

2 - - ai =
em—cos em sin Aem—cos elcos 62

AN = A)A/2, H=cos Aem-sin

2

L = 8in Aem + H sin2

Axm = sinz(d/Z),

1-L = cosz(d/Z), d = cos'l(l-ZL).

2 em cos2 Aem/(l-L), V = 2 sin

2 2

U = 2 sin A8, cos em/L,

U+V, Y=U-V, T=4d/sind, D = 4T°,

E
[ ]

E=2cosd, A=DE, B=2, C =T - (A~E)/2

n, = X (A+CX) , n, = Y (B+EY), ng = DXY,

6,4 = £(TX-Y)/4, S,d = £2(n;-n,+n;)/64,

S = ae(T-61d+62d) sin d, F = 2Y - E(4-Xx)

R L R

%
S

M = 32T - (20T-A)X - (B+4)Y,

G = £T/2 + £2M/64, Q= -(FG tan A))/4,

13




{Ax + Q)/2,

>
of
[ ]

t, = gatn(-sin Aem cos M‘x'n’ cos @ sin A)m'),

t, = qatn(cos 4§, cos A)\n" sin % sin A),n'),

%2

tr vt %yt -

The only changes made to the original algorithm are the
computation of t, and t, and the determination of %, and %1y
as the sum and difference of t and ty. Minor though these
changes may seem, they have eliminated the requirement that
P, is West of P, and they have eliminated four cases for the
quadrant determination of %2 and %o Quadrant determination
is still required, but it is implemented with the gatn
function; the gatn function is available on the better handheld

calculators in the form of the rectangular-to-polar function.

E. Program Accuracy

Several programs were written for the Commodore 2001
computer. One program implemented only the direct and reverse
solution algorithms presented in the previous two sections.
Initially these algorithms were validated against the long
line computations with the Clarke 1866 spheroid model presented
in Reference 2., Later the reverse solution algorithm was
compared with the WGS 72 data for 40 Loran-C pairs contained in
Reference 4 (data for the 9930 stations were not included).

In these comparisons the algorithm error for the baseline
distances was 0.16 meters high for the 7980W pair and 0.15
meters low for the 7980Y pair. For the remaining stations

all of the baseline errors were high, but the largest error

14
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was only 0.08 meters. It should be mentioned that the Micro-
soft BASIC for the Commodore 2001 carries 10 digits of floating
point internally, but will display only a maximum of nine
digits; the baselines reported in Reference 4 are printed to
the nearest 0.0001 meters. The computed one way baseline time
plus secondary phase correction was also computed and compared
to the 40 Loran-C pairs data. In three cases the algorithm
was high by 0.01 us, in three cases the algorithm was low by
0.01 us, and there was no error in the remaining cases,

Another program was used to generate the indicated time
delay between Loran-C pairs and test positions for a receiver.
Combining the time delay for Loran-C pairs into allowable ]
triplets enabled the position fixing program in the Appendix
to be evaluated. Typical results are presented in Table I.
In all cases the Commodore 2001, running at BASIC interpreter

speed required 8 seconds from entry of the time delay input to

the display of the first pair of solutions. The improvement
algorithm will improve only one user selected solution. Each
iteration requires 14.4 seconds, and each improvement is dis-
played so that the user can monitor the improvement process.
Usually the solution has stabilized after two iterations, but
occasionally a third iteration is generated. In Table I the worst
fix took six iterations for the triplet comprised of pairs 9930W
and 9930X where the radial position error is 0.91 n.mi. 1In fair-
ness to the algorithm it should be noted that the three stations
are 776 n.mi, 2130 n.mi, and 2514 n.mi from the receiver and

are all within 6° of azimuth as viewed from the receiver.

15




Table I
Receiver Location: 52°N, 35%
Station Computed Station Computed
Pair Delay Pair Delay
7970W 32845.12 7930W 16673.77
7970X 18889.03 7930X 30899.81
9930w 16067.09 79302 49369.30
9930X 28012.61
_ First Improved No.
Triad Solution Solution Iter.
7970W/7970X 52000'14"N, 2000'00“ 14N,
349591 34" 34°59'59" ,66W 2
9930W/9930X 51 56'13"N, 51°59'45'.25N,
35%21'23"w 35°01'25".37w 6
7930w/ 7930X 52o 00'01"N, 51° 9'59" ,69N,
35200'01"w 35200'00".02w 2
7930W/79302 52°oo'01"n, 52°oo'oo" 03N,
35200'01"w 35200'00".07W 2
7930X/79302 520 00'01"N, 52o 00'00".00N,
35 00'01"w 349591597 96w 2
7930X/7970W 52 00'04"N, 52000 ‘00" .01N,
34 59'57"wW 34° 59'59" ,96W 2
79302/9930X 51° 59'52“N, 51 59'59" . 60N
34°59'26"w 34°59'58" . 27w 2

16
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APPENDIX. BASIC Program Listing

This appendix contains the listing of the BASIC position
fixing program for the Commodore 2001. A number of the . ]
cursor control and formatting symbols on the listing require
explanation. These symbols are given below by line number at

first occurrence.

130 Reverse field 'heart' means 'clear the screen'

130 Reverse field 'Q' means 'move cursor down'

250 Reverse field 'R' means 'turn on field reverse’

250 Reverse field '_' means 'turn off field reverse'

250 Use of the field reverse symbols highlights the 'Y' in :
'YES' and the 'N' in 'NO' to prompt the user to type a
'Y' or 'N' on the keyboard. Similar highlighting is
used on lines 390, 790, 800 and 810 )

740 CHRS(34) generates the double quote symbol to designate
'seconds of arc'

740 The symbol between the double quotes which are between

10,

N$(1l) and N$(2) is used to designate , the 'degrees

of arc' symbol

910 The first symbol following the double quote means 'move
cursor up', and the next symbols each mean ‘move cursor

right'

The DATA statements on lines 50001 through 50044 contain
the pertinent parameters for each Loran-C pair. The fields

contain:

18




3.
4.
5.
6.

T T——— Gl e e r—— wm—j

The Loran-C station pair designator.

At, the sum of the coding delay plus one way base-
line time, including the secondary phase correction
for an all seawater path, in microseconds. |
The master station latitude.

The master station longitude.

The slave station latitude.

The slave station longitude.

Negative longitudes are West longitudes. The latitudes and

longitudes appear to be in decimal form, but the actual format

is DDD.MMSSFF where

DDD
MM
Ss

and FF

designates degrees,
designates minutes,
designates seconds,

designates hundredths of seconds.

19
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DATH 23588

(it iy

T ':]:l fea s .

.,_
A

20

£ 46, 432720,

SRR IOUN S

SOE1 DATH 49984, 15972.23. 16, 4443395, -169, 363126, 20. 14491¢€. -155. 530970
8062 DATA 43936Y., 34253, 132, 16, 444595, -1 €3, 302128, 2. 234177, ~-1758. 172020
SE8a2 DATA 592364, ”1J1.85.4u 422720, -067, 553771, 41, 151193, -869, 533909
SHR04 DRTA S92 UT-ES?SS. 2,46, 482720, 067 . 5595771, 46. 463218, -@53. 182816
SA0aS DATH 929@K. 12343 DUJJI.STSS?H-—I_:.dﬁﬂﬂ’4'44-ﬁ629849-131-151965
=808 DATA S294Y ;UPQ..dh-Al.S AETS, -122.220224.47.834799, -113.443953
50007 DATA ! B_.4 SE6, 6-.|1.5.5u?5, 122.228224.50, 362972, -127. 212935
50062 DATH A, 1SRES, B2, 59, 891727, -045, 182747, €4, 542653, -823. 552175
Sa002 DARTH R.:.umi.TT-JH SRITET . 045, 182747, 62, 1759638, —887 , 04267 1
coa1ie DATH 221 2. 28,50, 031 T 2T, 045, {82747 46, 463218, -a53. 182816
So011 DATA 4. 13804, 45,62, 124281, -142. 432190, 57 ., 262021 ., -152. 221122
Sost2 DARTH 2260114 E2, 194251 . 142, 45835138, 55,. 262885, -131. 151965
Saa1z DATAH A, 2885, 64 R2. ITRAEES, 007 . 04271 . 54, 432980, +648, 1 73633
Saa14 DRTA %.1-u4n.1n.h_.1.qwnv -AAT . BI2ET] L 68, 330615, +91 4, 274708
o815 DARTH 3 i ~B3R7. 842671 4, S42655, -823.552175
SER1s DATA -BB..H4”v1.. 545261, ~882, 435869
SOl DATHA -825. 18023 .wu 4333682, -896. 434360
Sem1s DATA -A35, 14 26, 215581, -637. S00069
SaEls DATA -85, 180236, 27 . 815349, -8586, 8653252
S0828 DATH -@55, 1009320, 34, 8346084, -077.544€76
SER21 DATA f" Alc, 4265935, 35, 212888, 012.212996
3022 DATH Tk B1&, 428528, 449, 9az@qq- 27.528152
SEOR2E IRTH LEF X881, A16.4208536.42.033542, 863.121598
Saazd4 DATA & 11. 18754, -a&87 ., 231214, 28, 53337 4 -8235. 1689348
SEa2s IATA G 18754, -0E7. 221214, 42, 425860, 876, 4923386
SaoZe DRTA 74, 18754, -027,. 291214, 43, ?64984.-u°4. 3184’
S0627 DARTAR 3 1. 24504, -A77. 844876, 27 815842, 080, 865352
SOEzZs IRTH EE . 24804, -877.S446TE L 8. JES213. C;g.13°816
Saaze DATA . H34584, -077.. 5494675, 41, 151133, -869, 983963
Zoaza DATH o Ve 1584, -877. 9446?6.-5.518?54.—8 37.221214
SRzl DATAH o, BEEZ, —112, 435637, 47, 834752, -112, 443953
=2Q@zl DATHR a, B 112,49 T ARS8, -122. 294453
SOz DRTAR M, 8¢ 2. 4RSEET. 350121515, -114,421743
= AT 3 1, 4] : -

867, 853771

S - &.41.151133, -862.5839a%
SOEES DATA -0 L34, 024684, -877 . 544676
ZOR2T DETH : -@7 86, 39.5218754, -G87. 2321214
Sanzt DRTH 2 o | W . 24.17877 + 153.5851S

SReES DATH S b5 T 2290 4h.44gTBu, 143. 4383906
S LATA 23 3 EBE 229G L 26, 362499, 128.085621
=q TARTA 2 B 1 Q290 ,09,324566, 138.895523
Soad4s DATH a2 . ; 45331 . ﬁ_.4“4qﬁu-+1“3 185231
=H0as DATA 3 o3 45931.65. 144012, ~166. 55144?
S0 DARTA = 13, 5201 . STV 262821 . -152.22112
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Coverage of Loran-C Systems

Station
4990
5930
5990
7930
7960
7970
7980
7990
8970
9930
9940
9960
9970

9990

Location
Central Pacific
East Coast, Canada
West Coast, Canada
North Atlantic
Gulf of Alaska
Norwegian Sea
Southeast U.S.A;
Mediterranean Sea
Great Lakes

East Coast, U.S.A.
West éoast, U.S.A.
Northeast U.S.A.
Northwest Pacific

North Pacific
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