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SUMMARY

PROBLEM

Extend the theory of computation error generation in digital filters. Specifically,
consider two’s-complement fixed-point multiplication for digitized Gaussian signal inputs.

RESULTS

Deterministic properties of round-off and chopping were examined for two’s-
complement fixed-point multiplication errors. It was shown that a regularity exists in the
structure of the errors as the multiplier input is stepped through a series of consecutive
values. The error structure is a function of coefficient value, number representation, and
word lengths. The error properties are categorized according to families of coefficient values
denoted by the parameter ». This parameter is the effective word length of the error. This
regular structure allowed the use of the Poisson Summation Formula in deriving error statis-
tics based on multiplier inputs obtained from quantized random variables.

A finite impulse response filter structure was used to define the individual error
statistics which are used in the calculation of the filter output variance and spectrum. The
error statistics which were derived are:

(1) error probabilities (univariate and bivariate),
(2) mean error,
(3) second moment of the error,

(4) the cross-correlation between a multiplier input and the error for the same or a
different multiplier,

(5) the autocorrelation of the error for one multiplier, and
(6) the cross-correlation between the errors for two multipliers.

The analytical form of each statistic was shown to consist of two parts, an asymptotic
part and a decreasing part. The asymptotic part, which is dependent on v, is well behaved
and finite for finite filter input mean. The asymptotic part was shown to be independent of
the quantizer input probability density function shape. The only asymptotic part which de-
pends on quantizer input statistics appears in the cross-correlation between a multiplier input
and the error for the same or a different multiplier. The quantizer input mean appears there.
The decreasing part is in the form of a summation which varies as a function of the input
standard deviation. It has the property that it decreases to zero in the limit as the input
standard deviation is increased. Specific forms of the decreasing part of the statistics were
given for Gaussian quantizer input probability density functions.

RECOMMENDATIONS

Examine the error statistics presented in this report relative to assumptions and engi-
neering guidelines used presently. Show where present guidelines are adequate and where
modifications are needed.

Rk N PAR LTS e ¢ B M MR aelew Ty W v - - -

il
gy
_t . ST



R

CONTENTS
1 INTRODUCTION . . . page 5
11 THE FILTER MODEL .. .6
I DETERMINISTIC ERROR PROPERTIES .. .11
v MULTIPLIER INPUT STATISTICS . .. 17
\Y ERROR STATISTICS . .. 24
Vi GAUSSIAN FORMS .. .38
VIl  DISCUSSION .. .42
VIII REFERENCES .. .49

APPENDIX A .. .51
GLOSSARY ...59




1. INTRODUCTION

The usual approach to the statistical analysis of the effects of two’s-complement
(TC) roundoff errors in digital filters makes use of the following argument. Since multipli-
cation errors are similar to analog signal quantization errors, the same statistical results are
assumed to hold. The multiplication error can be represented as a white noise which is zero-
mean, which is uniformly distributed over the magnitude of the least significant bit (1.s.b.)
after rounding, and which has zero cross-correlation with the multiplier input.

Chopping errors are also assumed uniformly distributed, but they have a non-zero
mean for the TC number representation [1]-[2].

Recent results (3] presented a more accurate model of the error generation process
that is valid for “‘large’ standard deviation of the multiplier input. Error statistics were
derived showing their dependence on number representation, coefficient value, chopping or
rounding scheme, and certain statistics of the multiplier input. Statistics for other than
large standard deviation were not obtained.

This report derives analytic expressions for pertinent statistics of TC multiplication
errors for the case of arbitrary standard deviation of the multiplier input. It starts first by
examining the form of the finite impulse response (FIR) filter and determining which statis-
tics of the error are important. Next, the deterministic TC error properties are derived. The
analog signal quantization process is discussed and certain useful formulas are presented
through use of the Poisson Summation Formula (hereafter abbreviated as PSF)(4]. The
desired error statistics are then derived, also through use of the PSF. Specific forms of the
statistics are presented for the case of a Gaussian quantizer input.
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II. THE FILTER MODEL

This section is presented as motivation for the choice of error statistics which are
subsequently derived in this paper.

A block diagram representation of an FIR filter is shown in Fig. 1 in the form of a
tapped delay line. The number of taps employed is equal to U and the time interval between
consecutive data samples is equal to T. The taps are weighted by the filter coefficient values
{ap;h=0,1,...,U-1 }. These are the quantized values which have been determined through

some design procedure. The filter input data are the stationary random sequence values
{x(iT);i =0,+1,+2, ... }. This sequence is obtained by sampling and quantization (with
roundoff) of the analog waveform X(t). The filter incorporates the multiplication error as
the error sequence {eh([i—h] T);i=0,£1,22, ... }. Theindexh=0,1, ..., U-I identifies

the tap the error sequence is associated with. As shown in [3], the error sequence values are
deterministically related to the corresponding multiplier input values. Hence, the time index
for the error sequence is written as shown to avoid confusion later on when evaluating the
error statistics associated with particular multiplier inputs. The filter output data are the
sequence values {y(iT);i =0, £1, £2, ... }. The number values associated with x, a, and y
are assumed exactly representable by binary words of lengths K, L and M bits, respectively.
A leading binary point is also assumed. These lengths are exclusive of sign bits. The input/
output relation for this filter is

y(iT) =b(T) + w(iT) (N
where

U-1

b(T) = Z ap x([i-h] T) (2)
h=0

U-1

w(iT) = Z ep(li-h1T) . 3)
h=0

The analysis presented in this paper does not depend only on the use of sampling
and quantization of an analog waveform. The filter input can come from the output of
another digital filter for example. It turns out that the statistical results can be written in
terms of the filter input alone or in terms of the quantizer input. The latter is more inter-
esting in that specific forms for the Gaussian case can then be applied to the analysis.

From [3], multiplier overflow occurs only for certain coefficient values and for a
small number of values of x, if at all, at one or the other end point of the range of x (i.e., at
or close to plus or minus 1.0, depending on the value of the coefficient). (Values of x and a
for which overflow occurs are defined in this paper.) The sums represented by b and w can
also result in filter overflow. In the analysis it will be assumed that the probability of occur-
rence of either kind of overflow is so small as to be negligible. Practically, this can be accom-
plished by reducing the variance of the input sequence or by increasing the input and output
word lengths K and M.
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Th= sequence {b(iT)} in (2) is the desired filter output. The sequence {w(iT)} repre-
sents additive noise which is deterministically related to the input sequence. However, the
usual statistical descriptions can be employed. These are the sequence mean, the variance,
and the power spectral density.

The mean of y(iT) is given by Hy = El[y(iT)] where E denotes expected value. It is
computed from (1) as

U-1 U-1
Ky =Hyx z ap + E ey - “)
h=0 h=0
The variance of y(iT) is given by 032, where
03=E[y21 "‘3 (%)
=0l +4, . (6)
The desired variance is given by 012) where
U-1 U-1
2= D D lagCylle-hIT | @)
g=0 h=0

The term A, represents the change imposed on the desired variance by the multiplication

errors. It can take on negative values and is given by the following expression:

U-1 U-1

Ag = Z Z lZanggeh([g-th)+Cegeh([g—h1T)1 . (8)
g=0 h=0

The autocovariance C  (+) and cross-covariances C (*)and C () are defined in terms
X X, Gh egeh

of their corresponding auto- and cross-correlations and mean values as follows:
Cyl) =Ry() -2, ©)
C )=R ) - , 10
"g‘h( ) xgeh( ) Pxte, (10)

Cegeh(°) = Regeh(') - “eg"eh . (] ])




The power spectral density of y(iT) is given by Sy(w) where

0

Sy(w) = z Ry (nT) exp(=jwnT) (12)

n:-oo

and Ry(nT) is the autocorrelation of y(iT). The autocorrelation in turn can be written as
Ry(nT) = Ry(nT) + AR(nT) (13)

where =0, +], £2, ... .
The desired autocorrelation is given by Rb(nT) where
U-1 U-1

Ry(nT) = Z z agapRy(lg+n~h]T) . (14)
g=0 h=0

The term AR(nT) represents the change in the desired autocorrelation and, hence, the spec-

trum. It is given by the following expression:
U-1 U-1

Ap(nT) = z Z [2anggeh([g+’7‘h]T)+Regeh([g+n‘h]T)] . (15)
g=0 h=0

Thus, the spectrum in turn can be written as
Sy(w) = Sp(w) + Ag(w) (16)

where

[ -]

Sp(w) = z Ry (nT) exp(=jwnT) )

‘n-_— -0
and

o0

Ag(w) = z AR(T) exp(=jeonT) . (18)

n=-00

The time delay argument [(g+n-h)T] comes about because the same data sequence
x(iT) is used as input to all multipliers. Let xg(iT) and xh(iT) be the inputs to multipliers
g and h. However,
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xgliT) = x(li=g] T) (19)

and

xp(iT) =x([i=hlT) . (20)
Then, for example,
Rxg"h(nT) = E[xg(iT)xh([i +191T)]
=R,([g+n-h]T) . 2N

Since the multiplication errors and multiplier outputs are deterministically related to the
inputs, it seems most natural to write the second order statistics, Rxgeh and Regeh’ in terms
of the time delays imposed on the input sequence x(iT). The approach to the derivation of
the equations to be used for these statistics depends on whether p = 1.0 or |p| < 1.0 for the
quantizer input sequences used.* When g = h in the time delay argument, p = 1.0 forp =0
and |p| < 1.0 fornp+#0. If g#h, then p = 1.0 for h—g =n and [p| < 1.0 for h-g # 5. Note
that when g = h only one coefficient value is involved. Then

R °)=R T 22
xgeh() xgeg(’? ) (22)
and
) = . 2
Regeh() Reg(nT) (23)
When g # h,
Ry en(*) = Ry ey 1+ n=hIT) (24)
and

Computationally, (24) is no different than (22) since only one coefficient value is involved.
However, (25) is not usually the same as (23) since two coefficient values are involved. If
the two coefficients are different, two different transformations from x to € exist. Then
(25) must be used. If the coefficients are equal, (23) may be used. Note that two separate.
equal coefficient values lead to the curious situation where the cross-correlation of both
error sequences is equal to the autocorrelation of either error sequence alone except for a
constant difference in the time delay argument.

* p = p._is defined in Section V.
X
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The statistics necessary for the evaluation of the covariances are then the following:
the filter input mean u,, the filter input autocorrelation R, (*), the mean multiplication

error p, the error autocorrelation R (+), the error cross-correlation R, t?h(-). and the cross-

correlation between error and multiplier input Ry eh(-). These are the quantities for which
analytical expressions will be presented. &
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III. DETERMINISTIC ERROR PROPERTIES

COMMENTS ON NOTATION

Multiplier word lengths are defined as follows: input x, K bits plus sign; coefficient a,
L bits plus sign; result of roundoff or chopping y, M bits plus sign; and N bits which are
eliminated through roundoff or chopping. The lengths K, L, M, and N are arbitrary constant
positive integers with the only restriction that K+L = M+N. The relationships among the
various word lengths are shown in the diagram in Fig. 2. The coefficient dependent parame-
ters » and 8 are also shown.

The following definitions will be used in this report. Let k be any positive or nega-

tive integer. Then [k],N is the set of non-negative integers such that 0 < [k] ON < (2N-])
where (k] oN is related to k through the equivalence relation

[k] N =k mod N, (26)
The indicator function IZN[k] has the property that

1for2N‘1<[k]2N<2N-1,

lzN[k] =
0 for0 < k] n<2N1-1 . 27)

NUMBER REPRESENTATION

Consider the number value b and its (M+N)-bit binary fixed-point machine represen-
tation b*. The machine representation is treated as a positive number and is defined as

M+N
i=0

The following relationships exist between b and b*. For non-negative numbers b = 0,
b*=b. 29
For negative numbers b <0,
b*=2+b. (30)

The binary number by is called the sign bit (i.e., bg = (1-sgn b)/2 for b # 0 and by =0 for
b =0).

I'l
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: Let b be written as
b=u2"M-N @31
where the integer u can take on the values
u=0,1,...,2MN_; (32)
for all non-negative numbers u = 0. and can take on the values

DMEN 5 (33)

u=—

for negative numbers u < 0. The remainder r is a non-negative number which is defined
through the following. Let

M
b* = Z b; 27 +r*2™M (34)
i=0
where i
r* =r 4
= O'bM+le+2 . bM+N (35) 7

- ‘“"4.‘ e

= NRM e
Let y* be the machine representation of the result of roundoff or chopping of b*. Then

bM+12—M for roundoff, P

M
y*= z b2l + (36) ]
i=0 O for chopping .

R ¢

Note that bM+l can be written as

bygey = Ln(2MNb2) (37)

The value y associated with y* can be written as

- o i 1 - S i

y=b+e (38)

¥ where € is the value of the roundoff or chopping error. The relation between y and y* is the
same as that between b and b* in (29)—(30). Thus, for non-negative numbersy = 0,

12
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y*=y
and for negative numbers y <0,

y*=2+y.

ROUNDOFF AND CHOPPING
The error can be calculated from (29)—(38) as

bM+12‘M for roundoff,
= —r*2‘M +
0 for chopping,

where

r*2~M = -M-N () N
and

by+12 M =2"M 1,N1u]
for

u=—2MtN _j01,... , oMN_

EFFECT OF MULTIPLICATION COEFFICIENT

Consider the product

b = xa
where
x=k27K
a=22‘L,
and
K+L=M+N.

13
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(42)

(43)

(44)

(45)

(46)

én

(48)
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The integer k can take on the values

k=-2K . 2K oK j . (49)

The intergers £ are similarly described. (Replace k by € and K by L in (49).) Then, from
an

u=ke. (50)
Consider values of £ of the form

g=g28 (51)
were ' is a constant odd number which can take on the values

¢ =t1,:3,..., 201 (52)

when8=0,1,..., L-1. Note that ' can take on the value £ = -1 when & = L. The values
of 2 of the form (51) thus span the set of all possible non-zero values of € as defined by (47).
The values of the error € in (41) can be evaluated through the substitution

u=ke28. (53)

Simplification of the error equations can be made through introduction of the parameter v
where v = N-§. Thus, for example, for non-negative numbers u (or k€' > 0),

2 M= " M-Niyer 28] n
= 27M-N2d k'] ,N-5 (54)
=M,
and
M- o-M NIk 20
="M Ly lke] . (55)

The same results are obtained for negative numbers u (or k?' < 0).

These equations are valid when no overflow occurs and also for the specified values
of v and 5. Overflow can occur for roundoff of positive humbers (k& > 0). It cannot occur
for roundoff of negative numbers (kf < 0) for TC. Overflow occurs when the unmodified
product b takes the form




xa=0.11... llrar3... 1. (56)
Thus, the values k that result in overflow are those that satisfy the inequality

ke > (M*I_N-1, (57)
The effect of overflow is not mirrored in the equations however. The interesting values of

v are given by the inequalities ] <» < N when L 3 N, and (N-L)<v < N when L <N,
Note that, when 8 = L, the coefficient value is equal to zero and no errors occur.

TC ERROR PROPERTIES

In the following sections, the integer form e of the error will be used. It is defined
through (41)~«(51) as the following:

e=e2M¥Y

w ll"[ k®'] for roundoff,

=-[k€'],, +

0 for chopping . (58)
The following error properties become evident.

PROPERTY 1: Consider values of k of the form k = k' + p2¥ where the integers k' and p
are confined to the ranges

0<k'<? 5N
and

2Krcp <K (60)
For constant coefficient a and associated factors €’ and v, all values of k
with the same constant k' map onto the same value of the error e. Further-
more, the mapping from k' to e is one-to-one with the mapping specified

by (58).

In much of the following analysis. this property finds use whenever the resulting
relation

e(k’) = ek’ +p2¥) (61)

is employed. It is easily seen that the range of error values e which can occur are given as




e v

-l e ov-l (62)

for roundoft, and

P41 €ex<0 (63)
for chopping.

PROPERTY 2: Consider the two coefficient values a, > 0 and a_ < 0 where a, = -a_.

Also let ev(k) describe the mapping from k to e for ay constant

where ¥ = + or —. Then e (k) = ¢_(-k) for any integer kE(—o°, ). In
particular, e_(k') = e (2¥-k") fork' = 1,2, ..., e,
and e_(k") = e (k") fork’ = 0.

For constant coefficient value, a sequence of error values results when the multiplier
input is stepped sequentially through the valuesk =...,-1,0, 1,... . This property states
that the resulting sequence of error values for a, is the mirror image (reflected around k =0)
of the sequence that results fora_= —-a,.

A graphical example of the mappings from the multiplier input to the error is shown
in Fig. 3 for positive coefficient values and roundoff. The patterns are grouped in columns
according to the parameter » where v = 1, 2, 3, 4 as shown. Only one pattern results for
v 1, two forv = 2, four for v = 3, etc. Not all patterns for » = 4 are shown. Other features
ot the patterns that result are illustrated here. First, each possible error value is mapped onto

by a set of multiplier input values which differ by 2¥. Second, v describes the class of coef-
ficient values that result in the same number of possible error values (and the same error
model tor large standard deviation of the multiplier input as shown in [{3]). Third, the
mapping from the multiplier input to the error value is dependent on the value of the coeffi-
cient for a given ». And fourth, for some word length combinations, the same mapping can
oceur for two different coefficient values for a given v.

The patterns that occur for chopping are the same as for roundoff for each coefficient
value. The differences lie in a shift both in the horizontal (multiplier input variable) and
vertical (multiplication error) direction. Thus, the same comments hold regarding the v
class, number of error values, reflection and other properties.

16




et bR

ot o

IV. MULTIPLIER INPUT STATISTICS

In this section the analog signal quantization process is reviewed. Relevant quantizer
output (hence filter input) statistics are presented ending with the Gaussian case. Statistics
are the filter input mean and the input auto- and cross-correlation for zero and non-zero
time lag. Use of the PSF is demonstrated and the notation applied to the rest of the paper is
discussed.

UNIVARIATE CHARACTERISTICS

Let x be a discrete random variable (r.v.) which is obtained from a continuously dis-
tributed r.v. X by quantization with roundoff. That is, let x = kq where the integer k is

chosen such that q(k-12) <X < q(k+'%)and q = 2K the quantization step size. The A/D
converter used has an output word length of K bits plus sign with TC number representation.
This restricts the values of the A/D converter output to correspond to the range denoted by

k27K where k = -2K. -ZK +1,..., 2K_1. Inthe following, it is mathematically convenient
to assume x (and hence k) is not bounded. In order to practically realize this assumption,
the A/D converter input can be made small enough in most cases so that the effect of quan-
tizer overflow on the derived statistics is negligible.

In the following it is assumed that X is statistically stationary and has a probability
density function (p.d.f.) fi(i') associated with it. This p.d.f. is also assumed to be continu-

ous everywhere on the real line. The probabilities of occurrence of each k are written as
P, (k) and are defined as

q(k+72)
P, (k) =/ fi(i)di (64)
q(k-%)
fork=0,%1,+2, ... . The dependence on K is assumed understood.

Associated with the p.d.f. fi—(i) is the characteristic function Qg{w) defined by the
Fourier transform

Qx(w) =/ fz(§) exp(jw)dE . (65)

The special case that will be used is that of the Gaussian p.d.f. fz(i) where

)
exp [-(—";'5)-} (66)

17




with characteristic function given by

2.2
Qy(w)=expl-02“" +jpwl .

given by

Qu(w) = / P, (§) exp(jw§)dE

=sinc(w/2mMQx(w/q)

where sinc(x) = sin(7x)/nx.

|
: Note that [4]
t

lic@)] _ =isfa

and
2 0| =-L Ry -
el B A L
MEAN MULTIPLIER INPUT

The mean multiplier input g, can be obtained as follows:
uy = Elx]
= 2KE(k]

=q Z kP, (k) .
k=~oc0

(67)

The expression P, (k) is well-behaved for any real k. Its Fourier transform Q,(w) is

(68)

(69)

(70)

(1)

Since the function kP, (k) is well behaved for any real k, the PSF can be employed on (71)
to yield




My = -iq Z {(%Qx(w)}

w=27ms
§=—oo (72)
=Hy + iy
where, from (69),
Hy = (73)
and
o0
_138
e=-in 2 S oz - (74)
§=—0c0
s¥0

Note that, aside from stationarity and continuity assumptions, no special form of f;(?() is

assumed at this point. The Gaussian form of {u, is obtained through substitution of (67)
into (74). The result is

o0
_NS
' =% z( D exp{—Z(ns)z(o/q)z}sin(21rsy/q) . (75)

NOTATION AND ASSUMPTIONS

There are some features of Hx and {u, which are present in subsequent equations
where the arrow notation is used. As can be seen from (75) the function iy is dependent

on two parameters, u and g, each in relation to the quantization step size q. The function
can be made to approach arbitrarily close to zero through a suitable increase in the parame-
ter ¢ for any constant value of u.

Mathematical limits of My can be taken in either one of two ways. The first way is

to increase ¢ and keep u constant. The second way is to increase ¢ and keep the ratio o/u
constant. The first limit has the distinction that IIX is a constant. For the second limit 71’,(

increases as ¢. It will be assumed that the horizontal arrow denotes a variable which is either
constant or depends in a well-behaved manner on u and/or o for a finite u and o. The
vertical arrow denotes a variable which tends to zero as o increases regardless of the assump-
tions about u.

As with the mean quantizer output, subsequent cases will occur where a progression
is made from a statistic expressed as an expected value to the asymptotic (=) and decreasing
(4) terms. It will be assumed without comment that the functions involved are well-behaved
and that the PSF was used to arrive at the final results.
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_'. MULTIPLIER INPUT SECOND MOMENT

The second moment of the multiplier input is R,(0). It is the autocorrelation func-
tion for zero time lag. It can be obtained as follows:

: R,(0) = E{x?]

1 =2-2K g2
‘ =q2 Z k2P, (k) (76)
ol
2
§ -a? D dd—zox(w)]
] g=—oo | 4W w=2ns
! =R, (0) + IR (0)

where, from (70)

R,(0) = Rg(0) +q%/12

; a7
’ =02 +p? +q%/12,

and, for the Gaussian case

i 2
IR (0)=2q2 2, (-1)® +2(0/q)? } cos(2msp/q)

; x g ‘2(1rs)i J (78)
§ s=1
i +{,,ls(n/q)}sin(2ws(y/q)) exp(-2(rs)%(a/a)?) .
: §
§
A’ BIVARIATE CHARACTERISTICS

By analogy with (64), the joint probability of occurrence of a pair of multiplier
inputs (kj -k9) is written as lex 2(k1 ;k9) which can be specified in the same way as the set

of probabilities { Py(k)}. Let the multiplier input r.v.’s x| and x, be obtained from the
joint r.v.’s ‘il and X, by quantization with roundoff. Assume X; and X, are stationary and
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;;
;
!
{
'

have a joint-p.d.f. filiz(il ,X5) that is continuous everywhere in the interval

—o0 < X},Xy <oo. Further assume X} and X are correlated with normalized correlation

coefficient p=Cy 3 (° )/(0102) where {p| <1 and ¢} =0y and g5 = 0;2. Thus

xlx7 1

aky +3 raty+d

PX:"z(kl’k2{=[ / fz, %, K1 X)X 4%, (19)
at; -9 Jaky-d)

forkl,kz =0,+1,+2,....

Associated with the p.d.f. filiz(il ,34‘2) is the characteristic function Q;I'i 2(w 1>%2)

defined by the Fourier transform

Qilgz(w],wz) =/‘_°° /_oo filyz('él,iz)exl’(jwl‘il +jwopky)dE dE, . (80)
The Gaussian case will be used here also where ozl = oiz =g and “Yl = “iz =u. Thus
fz, %, %1%p) = —2;— times 81)
2o 1-p

- e (&) -0)2 = 20X =)y ) + Rg=p0)?]

exp
202(1—p )

with characteristic function given by

Qy

2
xl?c'z(""l""2) = exp‘ -—%—(w% + 2pw1w2 + w%) +im(w) + ws) ] . (82)

The function lex2(kl,k2) is well-behe_lved for any pair of real values (kl Kky). Its

Fourier transform Qxlxz(“’ 1-w>7) is given by

Qx],(z(wl,wz)=/_°o /_oo Xl‘z(h £r)exp(jw & + jwofy)dE dEy 3)

= smc(w1/21r)smc(w2/21r)Qx|x (w)/q.w5/q) .




Note that [4)

d .
wl,wQ—O
and
0wy = - 5 Rz 7,©) - " (85)
dwldw? X1X2 W2 q2
wl,w2=0

MULTIPLIER INPUT AUTOCORRELATION/CROSS-CORRELATION

The multiplier input autocorrelation function for non-zero time lag {nT;n # 0} is

R, (nT). It can be written equivalently as Rxlx7(0) which is the cross-correlation function
for two quantizers with equal quantile step size :; and zero time lag. The function presented
here is valid only when |p| < 1. If p = 1, the autocorrelation function is equal to the second

' moment (76). Thus,

Rxlxz(O) = E[XIXZ]

K
=272" E[Kk k)

o0 o0
) z z
k1=_co k2=_oo

oo oo
w5 3

=-q d(ﬂJldw’) Qxlxz(w]swz) _ (86)

Sl="°° =00 w1—21rsl

(.02=21152

Xle(O) + inlx2( )
where, from (85)
X]Xz(o) RX]Xz(O)

= po2 + 42 87)




and, for the Gaussian case

= q2
IRy (0= 2
1= 52=
o0 o0
25
2n 171 $7=1
o0

E E (--1)sl+s2 2,202 2
) exp {—2(o/q) n2(s5=2p8(S +s‘)}cos{21r(s - )y/q]
Py 515, 1 1327°2 1732

S1tS
-1
(_.S)ITZ— exp( ~20/@)?a (s} + 20515, +S%)} COS{21r(s 1152 )u/q}

+ 4p02 z (1% exp {—Z(O/q)z(ws)z} cos {21rsy/q}

s=1

o0

+-127 uq z %‘-ﬁ exp{ -2(a/q)3(ms)? } sin { 21rsu/q] .

s=1
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V. ERROR STATISTICS

The equations ot the error statistics are derived in this section. The asymptotic and
decreasing terms are separated and identified. The asymptotic terms are found to be inde-
pendent of the p.d.f. shape. The decreasing terms are left general in that they contain the
forms Qx and Qxx‘ This section is intended to show the derivations and results with a
minimum of explanation or discussion. Gaussian forms of the decreasing terms are presented

in the next section. Properties of the asymptotic terms are then discussed in the subsequent
section.

If the reader is concerned primarily with using the equations for Gaussian quantizer
inputs, he should use only the asymptotic terms from this section and the decreasing forms
from the next section.

PROBABILITIES

Consider the case of a single multiplier with multiplication coefficient a, associated
parameter v, and word lengths K, L, M, N fixed with K+L = M+N. By Property 1, the values

of k which map onto a particular value of the error e are given by the equation k = k'+p2¥
where the relation between k' and e is given by (58). In line with the relaxation of restric-
tions in the previous section, it will be assumed k (and hence p) is not bounded. The proba-
bility of occurrence of each e, PE(e) = Pe(e; a,v), can be written in terms of the probability

of occurrence of each k, Px(k) which maps onto it. The factors a, v and the word lengths
K. L. M. and N all condition the values computed of P_(e) for any given p.d.f. f3(X). This
dependence is assumed understood in the following. Thus,

P (e) = z Py(k'+p2”) (89)

p=—co

o0

=27 z Qy(wg) exp(=jk'wy)

s:—OO

_ =g
=P, + 1P (e)

where
—>
4

PE—Z . (90)
o0

lPe(e)=2"V z Qx(ws) eXP(-jk'wS) . 91)
s=—00
s#0




and
wg = 2ms/2V . 92)

The probabilities can also be derived for joint r.v.’s. Let aj and a; be the constant

coefficients of two separate multipliers with K, L, M and N the same for both. This results
in two values of v, v and v, which are not necessarily equal.

Consider the sets of integers kl = k'l+p12VI and ky = k'2+p22V2 where k'] ,k'z,ul P2.P]
and p, are integers with properties as discussed above. These values of k| and k5 map onto
a pair of integers ey and e, with values determined by k' and k:q_ respectively by (58). The
probability of occurrence of each pair of errors (e,€,) is written as
Pe]e (el,ez) = Pelez(el £25a],89,01,V9). This probability can be written in terms of the
probability of occurrence Px1x2(k 1 ,k2) of each pair (kl ,k2) which maps onto it. Thus

[> ] (o]

' v ' )
Pe ey(e1€2) = Z 2 Px;x, K11P)2 LKy +py2 D)

o [> -]

—V) -1 .
_ 72 Z z Qs 5. times

Sl=_oo S')=—°°

eXp(—jk'lwsl—jk’zwsz) (93)
—9
'Pelez + ‘LPelez(el’eZ)
where
P P )
N , (94)
o o0
g S 3 -
J Elez(el’ez)— = L —mQXIX2(wSI.w52) times
$1= 82=
(s1,89)# (0,0)
exp(_—jk']wsl—jk'waZ) 9%5)
and
= Yi =
wg, =2msi/2 ! for i=1.2. (96)




MEAN ERROR

Through (89) the mean error u, can be expressed as
#e = Ele]

= 2"M-v E(e) 97)

= 2—M—v z e Pe(e)

)
-
= He t e
where
7, =2 M-2v ze
e

2=M=v-1 (41 TCR (Two’s-Complement Roundoff) (98)

2=M=1(>-V_1) for TCC (Two’s-Complement Chopping)
and i

b =2"M- z e IP.(e) . (99)
€

The sum (98) is evaluated through use of (62) and (63). For convenience the limits on e are
not shown because they depend on whether roundoff or chopping is used.

The mapping from k' to e is one-to-one. Hence, the error can be written as a function
of k'; namely e = e(k’). Also, a summation over all possible values of ¢ is equivalent to a sum-
mation over all possible values of k. Thus, through (91) the term ‘i, can be written as

lﬂe=2"M_V z ek") Z 27 Qy(wy) exp(—jk'ws)
e §=—
s#0
o0
=My QywDy
§=—"
s#0 (100)

(contd)
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[~}

= 2-M-2p+1 z Re{Qx(ws)DS}

s=1
where
2V
D= z e(k')exp(—jk'ws) .
k'=0

The quantity Dy is evaluated in the Appendix and is given as

)
2¥=1 for s=0 mod 2
D = 3 sy EXP((sEn a)jw \) -1 .
(-1)2 cos(eagn) -1 otherwise
for TCR, and
2=1(1-2%) for s = 0 mod 2¥
D = .
1 exp((sgn a)jwg\)-1 )
2v otherwise
cos(ws)\)—l

(101)

(102)

(103)

for TCC. Note that Dy can be a complex quantity and that it is a function of the parameter A

which satisfies the relation

1=|2'|\ mod 2¥

where ¢ is in turn related to the value of the coefficient a through (47)-(52).

R(0)

(104)

The second moment of the multiplication error for one multiplier is denoted by

R,(0). Thus

R(0) = E[¢2]

= 2—2M—2V E[e2]

= 7=2M-2 z e2 P (e)
[

(105)
(-ontd)




=R (0) + IR0

where

—ﬁe(o)=2'—2M-—3V z 82
e

-2M
L]

M
_2"6—‘2 ~3:27V 4272

and

IR =272 ) o2 1p o)

€

o0
= —2M-2v Z e2(k") 2 pand Qylwg) expt~ik wy)

e S:-m

s¥0

= 9=2M-3v+] z Re {Qx(ws)Fs}-

s=1

The quantity FS defined by
F= Z e2(k') exp (~jk'wg)
e
is evaluated in the Appendix and is given by

L 53, 5.0
12(2 +22%) for

2
.-s

W otherwise,

for TCR, and

s = 0 mod 2

for TCR

for TCC

(106)

(107)

(108)

(109)




-6'-(2-23" ~32%+2%) for  s=0mod 2
(110)

229~ [exp((sgn a)jwgh)-11 +2¥

l-cos(ws?\) otherwise

for TCC. 1t can be complex and is dependent on the coefficient value through the parame-
ter A defined by (104) which is the same relation as used for Dy.

Ry forp=1.0

The joint moment of a r.v. x and the corresponding error € for the same multiplier

is denoted by Rxe where

and

Rx€=E[xe]
___qz—M-—V E[kel (111)
Elke] = z k e(k) Py (k)
k=—o°
o  2V_|
S DD (KdY) ek p2) Pk Hp2Y)
p=—°° k':o
V- L
= z e(k") z (k'+p2¥) P, (k'+p2") (1)
k':o p=—oo
2¥-1 o0
=D ) Y | o] ey
k'=0 §=— et
. d
=27 {— (w)} D
S;—W dw X w=wS )
o0
=9V -2y 4
27" uDg/q ~j2 Z {dex(m)}w:‘~> D .
§=—00 S

s#0




The third step in (112) is possible since e(k’) = e(k’+p2¥) and since the mapping from k' to e
is one-to-one. The last step is obtained through use of (69). Thus,

—~>

Rye = Rye t 1Ry (113)

where

-

= ,7~M=2
Rye = 12 ¥ Dy

p2M=r-1" ¢ TCR

= (114)
w2~M=-1(122%)  for TCC,
and
00
IR, = —jq2 M- 2 {adz;Qx(w)} Dy, (115)
=0 wW=wg
s¥0

Note that this is the same joint moment as for the r.v. x; associated with multiplier a; and
the error €, associated with multiplier a) when p = 1.0. In this case it is necessary to make
the assignments » = v, and s = s so that wg = 21rs2/2V2.

Rxlezf°'|p|<l'0 4

Let x| be the input for the multiplier with coefficient a) and € be the error for the

multiplier with coefficient a5. Furthermore, let |[p] < 1. The joint moment of the r.v.’s x,
and € is denoted by Rx] € where

oaasindi

Rx‘€2 = E[xlezl

M-
; =q2  2E[kje;] (116)

and
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Elkjep] = 25 :E kieatkg) Py x (kp:ky)
kl_—oo k2=—oo

8

o0

5 3 S wasmd s
kpeatkatpy® )Py y kpkatpy© )
kl=-oo p2=—oo k'2=0

2"2_
14

_ 2
= 2 ek 22 kP ki) (a17)
k2=0 kl=—00p2=—oo

"2

> @22 times
Ky=0

. d
Z =) ld_“’l Qxlx2(w1,w2)‘ exp(-jk'2w52)
s] -0 =

s w i =21TS]
2 w2=w52

Dy
w1=21rsl 2

oo o0
iy 2 :S 22 d

w2=w52

g | "-'2-”2 z Z [%IQxlxz(“’l"‘Q)] Dsz

S =00 52=—oo w1=21rsl
f‘ : (51 $2) #(0,0) w2=w52
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where
42y
D52 = e?_(k'2) exp(—jk'2w52) . (118)
k§=0
Thus
=R 19
Rxjes = Rxjen ¥ ¥Rxpe, (19
where
- —M—2V7
Ry ) = H2 -{DS?_}Sz:o (120)
-M-vy-1
u2 for TCR
= ~M=pr-1 Yr (121
u2 < (1=2 =) for TCC,
and

[ ] [ ]
D)
inlez = -jq2

Sl:—oo s,)=-oo

(51.52) #(0.0) W)=y,

-

d
EQxlxa(“’l*‘*’?_)l D, . (122)
= w]=21rsl -

The joint moment of the r.v. x and the error ¢ for the same multiplier when |p| < 1.0 is
obtained by simply letting a| = a5 in the above.

Let €] and € be the multiplication errors for the multipliers with coefficients aj and
a,, respectively. Also, let p = 1.0 and v) = v,. The joint moment of the r.v.’s €] and €4 is

denoted by R where

€1€;
R€l€2=E[€l€2]
—IM=pq~
=2 T2 e ey (123)
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The number of distinct states of the pair (¢ .£7) is determined, in this case, by v, since

vy 2v>. The probability of occurrence of each state is the probability of occurrence of e

alone. Also, since p = 1.0, the error value e, is uniquely determined by the error value e.

Thus,
~2M-v -y
=9 - 1772 '
Rele?_—: Z elez(kl(el))Pel(e])
€1
=R€|€:+l’R€|62

where, from (89)

- _ 1—2M—2V1-V2 ,
Rejer =2 e eatkijley)

€1
R

-2M=-2v,-v

=2 172 z C](k’l)ez(k’])
ka=0
and
~2M=2p 1~vat
lRele?_:: ™2 Z elez(k'l(el))times

€

(=}
z Re {Qx(wsl)exp(—jk'l(el)wsl)}
S]=l

M1y
-2M-2v | -v>+]

=7

z e)(k'Pertk’))  times
k']=0

oo
Z Re {Qx(wslyexp(—jk'lwsl )} .
Sl=|

(124)

(125)

(126)
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Example plots ofel versus e appear in [6]. Unfortunately, attempts at arriving at more

suitable closed torms for KG]E‘) and J'R'Elé" have been unsuccessful except for the special

case €y = €5 already derived. (For €y = €5, see the equation for R.(0).) This is the reason

for reverting to sums which are more easily computed using the index k'l instead of e.

R6162 forjp|<1.0
Let €} and € be the multiplication errors for the multipliers with coefficient values

ay and a,. respectively. Also, let |p| <1 as for Rx]eq' The joint moment of the r.v.’s €
and e~ is R6162 where
R = E[6|€2]

€|€ﬂ

2M-v,-
Vl V: E[e]ezl

=2M-v-v> z
- z €1€2 Pe e, (€1€2)
e ©

=)

tJ

=Rejey *HRe e, (127)

where, from (93)

=2M-2p, =2
IM-2vy -2,
R(:.IEz 2 z z e|62

+

M- —ps=2 for TCR
B (128)
“IM—p ~p=2
2 17027 2P0 for TeC 1
4
and !
M-y~ -
lRflf:=2 e 2 Z "le:‘PeIeZ‘ere:M (129)
e| €y
i
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Through (95) the term ¢R6167 can be written as

—2M-vy—» , L
¢R€]€2= 2 172 z z e](kl)ez(kz) times

el €

o0 o0
“Vi1=~V> " oy s
z z 2 l - Qxlxz(wslawsz) exP(‘Jklwsl_szwsw)
Sl:—oo 52=—°° =

(1.52)#(0,0) (130)

E;
:f
f

oo oo
=2(M+p,+v
= 2 ( 1 2) 2 z Qxlx‘)(wsl,w52) DSIDS‘) .

(51:59)%(0,0) i

The autocorrelation of the error for one multiplier can be obtained from R_(0) for p = 1.0 and
(130) for |p| < 1.0 by letting a; = as.

VARIANCES AND COVARIANCES

The variance of the multiplication error C¢(0) is defined as

, 2
Cl0) = R(0) -

-
=C(0) +{C D) (131
r where, from (97) and (105), I1
|
- _—> -2 B
Ce(0)=R(0) - ke (132)

| I
12 -

for TCR and TCC, and

.
1Cel0) = 4R (0) = 2u butg - 4u2 . (133)




The function €y (€ is the covariance of the multiplier input X1 (for the multiplier
with coefticient ay) with the error €, (for the multiplier with coefficient a5). Similarly. the
function C,  is the covariance ot a multiplier input with the corresponding error. Both can

be detined as the following (dropping the subscripts in the first case for brevity):

Cxe ™ Ry —HyMe
= Cye + 40y (134
where. from (72),(97). (113)and (119),
Cyo ™ Rye —Byke (135)
=0
tor TCR and 1CC. and
PO T VR e =i = g pe = by by (136)

The covariance €, 165
cient a) with the multiplication error €5 (for the multiplier with coefficient a5) and

lpl < 1.0 is detined as

of the multiplication error € (for the multiplier with coeffi-

(ﬂele:: Relez'“el“e: (137)
_=
_(€|€3+icel€:
where, from (97yand (127)
— = -
Cele?_' Relez"“el“ez (138)
=0
for TCR and TCC, and
. B - —-
VCeyeq ™ WRe ey~ He ey = He tite, = bHe e,y - (139)

N
When p = 1.0, the asymptotic portion Celeq is generally not equal to zero. However, the

decreasing portion {C has the same form as (139).

€1€2




vy . g~ -
{ The following comments regard the asymptotic correlation coetticient (ACC) pf]“ i
defined tor p = 1.0 as -

-

6161

- . \ 1/2 40
Peyen /{(el(m(ez(m} : (140)
(A similar form of the ACC was examined by Girard [6] and Parker and Girard {7]. They
assumed a zero-mean error which is not the case for TCR.) First consider the case when

vy = vy =v. Foragiven v the ACC values vary from a maximum of 1.0 to values which can
become quite small but which are non-zero. Table | shows the computed ACC values which
result when v = 5 and tor two coefficient values Q'I. Note that the same ACC values result
tor both cases but they are permuted with respect to the values of Q':. This permutation
property appears to be a general one for all odd values of Q'l. Also given in the table are the
computed mean and standard deviation of these ACC values which are therefore the same
for all odd values Q'l. Table 2 shows the computed mean and standard deviation of the ACC
values as a function of v for v up to 10. The decrease in the standard deviation value as v

increases results from the introduction of more ACC values which are closer to zero.
The next case to consider is when V| > vy, Table 3 shows some example ACC values

which illustrate the similarities and difterences resulting from the different coefticient values.
The common behavior is tor the ACC values to start at some initial value (for vy =5 in this
case ), then eventually decrease by a fuctor approaching 2.0 for each integer increase in vy

The difterences in the ACC values can be scen in the four cases which are shown. The cases
were chosen according to the signs ot the ACC values for vy = S and vy = 0. respectively.

Four possibilities (++, +-, - + and - - ) are represented here. For v{ > 6. no polarity changes

are indicated and the decrease in absolute value of the ACC by factors close to 2.0 takes
OVer.




VL. GAUSSIAN FORMS

In this section, Gaussian tforms of the decreasing terms of the error statistics are
written out. They were obtained by substituting the Gaussian forms ot Q, and Q (from
(68) and (83)) into the decreasing terms defined in the last section. In the interest of a
simplified presentation, a shorthand notation is employed with the following definitions:

A = ~(a/q)")2

B =u/q

] (-1)% for TCR

v 1 for TCC
I for TCR

H = (14
1-2Y for TCC

Vo= 1/tcostwh) - 1)

W = sinc(ws/ln)

wg = 2ms/2V

Subscripts are used with G, H, V. W and Wy whenever more than one coefficient is involved

in the formula of the statistic. These have the form

S .

(-1) ! for TCR
Gl =

| for TCC

| for TCR

1-2 ! for TCC
vV = l/(cos(wsi)\i)—l)
W, = blnc(wsi/?_n)

= 9 /-»Vi

(JJS ¢ Si -

fori = 1.2. There is a special term W) used for in]h for [p| < 1.0. In this case

w] =21rs]
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It is assumed that the coetficients have fixed values. Thus, whenever the parameter k'
appears, a specific transformation from k' to e is implied according to (58). The parameter A
is the coefticient related value obtained from (104).

PROBABILITIES
o0
1P le) = 2 z Wexp(AwS:)cos(wslB-k'l) (143
s=1
o0 (=]
= al"’l'"?. Z w A 2 ’ z N 2 '
lPelez(el,cZ)-- Wy exp( wsl)cos(wsl[B-kllH W, exp(Aw ) costw, [B-k51)
s1=1 $2=1 i i
o0 o0
5
+ z z W W, [exp[A(w;l +2p wg, s, +ws;:)]COS(wS|IB—k'I] +w, [B-kA])
sp=1 s5=1 - -
2 2 ) '
+exp[A(wsl-lpwslws,+ws'ﬂ)] coa(wsllB—kll ""s»lB'kl" . (144)
MEAN ERROR
TCR and TCC
oo
ue = M-y 2 G VW exp(Aw':t) [cos(ws[B + A sgnal) -cos(wsBl] . (145)
s=1
s#0 mod 2¥
R (0)
TCR
o0
=M S s 2.
¢R€lO)——- 2 (-1 VW exp(Aws)aosthB) . (146)
s=1
s¥0 mod 27
TCC

oo

-2M- N 2 -
IR (0) = -272M-2v+] z VWexp(Aw;)[z"'l cos(wg[B+ A sgnal )+ (1 -2¥ I)COs(wsB)] 4
s=1
s%0 mod 2V




Rxe forp=1.0
TCR and TCC

w0 oo

“K-M- N . KM=, 2. .
IR, =2 K-M-v 2 L%exp(Awsz)cos(ws/l)sm(usB)+2 K-M VZ exp(Aw?) times

s
s=1 s=1

s=0 mod ¥ s#0 mod 2

w (ZAws - —l-)+ w—l cos{wy/2)
s

o, vG [sintwslB + Asgnal) —sin(wSBb}

+ GBVW{ cos(w !B + X sgnal) -cos(wsB)}

Rxle‘z for ipl < 1.0

TCR and TCC

oo

(148)

~K-M-p 2 . .
lR"IE.’_ =2 2 z G2W2 exp(Aw;z) [ZAVZ,M)S2 sm(w52[B+7\2 sgnazl)—sm{wSzB)}

s+=1

v
s3#0mod 2~
+BV, {cos(wsllB +Xs sgna> ) - COS(“JS:B)}]
o0

2 =)
H, Z exp(AwT) sintwB)
2 P

+ 7—K-M—V:

Sl=|

o0 -]
-K~-M-] s bl Al
+2 v2 z z (-1 ! G exp {A(w] + 2pwq w52 + w;:)} times
s|=l s:=l

_’V-\
svF0mod 2 -

WaVa

[sin(Blwl +ws’] +wg Ay sgnas) -sin(Blw| +wg, | )]

oo oo
22 M NN Gy exp At - 2 i)
2 2 €xp (wl _pw|w52+w51)} times
Slzl 52=| -

2 #0 mod 2u3

WLV,

-
- -

[sin(B[wI '“’sal - wg, Ay sgnaj) - sin(Blw, ""sa] )]
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ol i

Re e, forp =10

TCR and TCC and Vi =y

21y o
“2M-2)-p,+1 )

¢R5162=2 2 ey(k) ey(ky) zWlexp(Awsl)cos(wsl[B-k’l]). (150

k’l=0 Sl=1
Re e, for 1ol < 1.0
TCR and TCC
o0
Re .= 0y S G vyw 2,1, .
+ €€y H, G VW, exp(AwS])[cos(mSl[B + sgndl])—cos(wslB)]

sl=l
N
5‘1*-0 mod 2
oo
~2M-v | -p>-1
+2 1792 H' z szzwz exp(AwSZ’)[cos(ws’[B + 7\2 sgnu:l )~ cos(th)]
$+=1 - - -

v
s>#0 mod 2 2

o0 o0
=2M-p vyl 2 2 ;
+2 - G|G2V|V2 W1w2 exp {A(ws"] + Ipwslwsﬁ + ws“ﬂ) }nmes
S|=l 52=| - -

s)£0mod 2"1 -

7N
52$0mod3" (15

S2] +wsl)\| sgnay)

[cos(Blws + wS’] +wsl Ay sgnay + wg, Ay sgnas) -cos(B[ws]+w

1

- cos(Blewg, + w521 + wg, Ay sgnay) + cos(Blosg + “’Szl )]

o0 o0
-ZM-VI-V')—l bl hl .
+2 - GlGZVIVZ W|W3 exp A(ws"l-.’.pwslwsﬂ*rws“‘)} times
s1=1 s9=1 - -
s £0mod 2°}
sH#0 mod v2

[cos(B[ms -wSZ] +wsl A | sgna) '“s:": sgnaz)-cos(Blmsl -wSZI + wsl A sgnay)

-cos(Blc..)Sl -w52l -w52)\2 s \2)+cos(B[wSl —w52l )]

#i

41




VII. DISCUSSION

It is appropriate at this point to compare the results derived in this report with the
error models presently used in digital filter design. Obviously, simplification of the derived
equations are not possible when o/q is small enough so that the decreasing form of each
statistic cannot be ignored. For the purpose of this discussion, o/q will be assumed large
enough so that the decreasing forms are negligible.

Assume a filter structure where the coefficient values are fixed. Associated with each
coefficient value is the parameter v which is the effective word length of the associated

multiplication error. The errors can take on each of 2% discrete values which are uniformly
distributed. The probability of occurrence of each value is (almost) equal to 27V, The mean i

— .
error, W, 18

=M-v-1 ¢ TCR
Be = (152) :
2>-M-1>-v_1) for TCC .

o

-
The error variance, CG(O), is

s
‘ »=~2M

I = = =2
C(0) 3 (1=-27=%) . (153)

RPN

———

An idealized continuous uniformly distributed error €, is often used in filter design. This
error has the following properties: ;

0 for TCR :

He, = (154)
—2~M-1 ¢or TCC, ;
and }Z
,=2M
Cec(0)= 12 (155)

Note that, in comparing (154) with (152) and (155) with (153), the idealized continuous

model can only be assumed if » is large enough. Thus, for example, if the word lengths K. L,
M and N are equal, the coefficient values *1/2 (or » = |) would yield the most difference :
between the discrete and continuous model. The difference becomes less for coefficient ;
values of +1/4 and +3/4 (or v = 2), and so on for larger values of v. ‘

e s s g g i

—
Other results are the following. The covariance C, is zero in agreement with the

continuous model. This means the multiplier input is uncorrelated with the error. The error
covariances are:

=
CE(O) forn=0
—>
CenT) = (156)
0 forn+#0
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and

-

N C6162 forp=1.0
C6162= (157)

0 forp|<1.0 .

These latter results imply that these contributions to the FIR filter variance and output
spectrum are white noise in nature.

The consequences of small values of a/q on the statistics will be explored in a sub-
sequent report. Particular attention will be paid to those ranges of values of a/q over which
the asymptotic model can be assumed.




zelez ¢ =1 ¢y =3

1.0000 1 3
0.3548 3,11 1,9
0.2023 5,13 7,15
0.1202 7,23 5,21
0.0616 9,25 11,27
-0.0674 15 13
0.2493 17 19
-0.0205 19,27 17,25
-0.1730 21,29 23,31
-0.8182 31 29

N ’

A g

Values of ¢, which result
in the indicated values

f‘}
o Perey

NOTES:

1. V1=V2=5

et

2. Mean ol'f;e €5 =0.0909 '

Standard deviation = 0.3566 il

. -
Table 1. Examples of pele2 for TCR.




v Mean of ;‘3162 Standard Deviation
E 1 1.0 0.0
) 2 0.6 0.4 ;
3 0.33333 0.4762 '}
4 0.17647 04216 L
s 0.09091 0.3566
6 0.04615 0.2737 :
7 0.02326 0.2052
8 0.01167 0.1497
9 0.00585 0.1086
10 0.00293 0.0777

Table 2. Computed mean and standard deviation of/_;ele,, for
TCR as a function of v| =vy =v. -

¥ =17 g =3 ¢, =19 2 =15 J

g (+) (+-) ¢+ --) |

5 0.249267 0.354839 -0.020528 -0.067449

6 0.124588 -0.104067 0.083547 -0.127519

7 0.062288 -0.052029 0.041770 -0.063754

8 0.031143 -0.026014 0.020884 -0.031876

9 0.015572 -0.013007 0.010442 -0.015938
10 0.007786 -0.006503 0.005221 -0.007969

NOTE: vy = S, 922 =1

Table 3. Examples of the behavior of 36162 for TCR whenv| = v,.

g
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Figure 2. Relationships among the various word lengths.
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APPENDIX A

Evaluation of Dy proceeds as follows. Consider the TCC case first where a > 0. Then

by using (58) in (101),

eS|
D, = z e k) exp(—jk'ws)
k'=0
o
=— z (k'¢'] exp(—jk’wy) (A-1)
k'=0
for ws=27rs/2V wheres =0.+1.+2. .. ., and 2 is the coefficient dependent value which is

derived from the vatue of a through (47), (51). Let the variable § be defined by relation
B=k'¢ mod 2¥ (A-2)
which. since €' is an odd positive integer, implies the relation
k' =pA mod 2¥ (A-3)
where the odd constant integer A€[0,2%) is the unique inverse of £ which satisfies the relation

1 =¢Amod 2Y . (A-4)

Since the relationship between k' and § is one-to-one,

RS

Dy=- D Bexpi-jeg(BN] 27)
=0

ﬂV_I

== Bexp-iwgh) . (A-5)
£=0

Whenever s = 0 mod 2Y this form simplifies to

ALY
D= S 8
$=0

=w-l-2) | (A6)




This form can be evaluated tor other values of s by writing it as

-
- J o d o
60
2V
_ 1 d e )
oy > ewiiwdn ] (A7)
6=0

The summation is over a power series in exp(=jw A) which is easily evaluated. By then

taking the derivative, the result is

D =l exp(jws)\)—l
s~ cos(w M)-1

t2

(A-8)

fors # 0 mod 2%.
The computation of D, for a < 0 muakes use of the relationship of e (k) to e_(k) as

called out in Property 2. Thus. for a_ where a_ = —a .,
A
Dya_) = e_(k"y expi=jk’w,)

k'=0

R
=0 - expQ) + z e+(2V—k') exp(—jk'ws)

k'=1

Rl

e (k") exp(k’wy)
k'=0

*
= DS(a+) (A-9)

where * denotes complex conjugate. As a result, the complete expression of Dy for the TCC

case, which takesinto account the sign of the coefficient value, is written as

=1(1-2%)  for s=0mod 2’
D = (A-10)
i exp((sgn a)jwgN)-1

o Lo
< cos(wgA)~1

. otherwise .




The parameter X is then determined from (A-4) whereby [€'] is used in those cases where
a<<0.
This complex conjugate relationship holds for Dy in the TCR cuse and b in the TCR

and TCC cases. Hence. although the bulk of the remaining derivations are carried out for
a > 0, the final results in each case will be stated so as to include the eftect of the sign of
the coefticient value.

Evaluation of Ds for the TCR case tollows the same procedure as for the TCC case.

Substitution of (58) into (101) tor 4 > 0 results in the following form:

Dg =Dy + 2Dy (A-11) "
where i
o)
1Dg == Z (k'¢" + hlad | W cxp(—jk'ws) (A-12)
k'=0 ’
and
Al |
»D =21 exp (<ik’cw,) ~
k'=0
22v-l fors =0 mod 2%
= (A-13)
0 otherwise .

For the evaluation of | Dy let the variable § be defined as

B =K +2""ymod 2¥ (A-14)
which, since €' is a constant odd integer. implies the relation
K' = @\ +2Y"1)y mod 2v (A-15)

where the odd constant integer X is the unique inverse of €' which satisfies the same relation
(A-4) as for the TCC case. With this change in notation

o
1D =~ z B exp (—ij[B)\+2V'l]w) (A-10)
3=0 - (contd)
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" .
- ———

o~ rgs i ea sk

‘)V_l

= z Bexp(—joglBA +2771)
=0

‘)V__]

=D D Bexp (i
=0

which is exactly the same form as Dy in the TCC case except for the factor (~1)°. Thus, for

TCR. and taking into account the sign of the coefticient value,

=l fors =0 mod 2V
(A-17)

1) -l exp((sgn u)jwsk)—l

cos((os?\)—l , otherwise

fors =0,21,+2, ... .
Evaluation of FS proceeds as follows. Consider the TCC case first where a > 0. Then

by using (58) in (108)

V-1
F, = e2(k') expt—jk'wy)
k'=0 (A-18)
RIS
= { -(k'€'] w} : exp (-jk'wy)
k'=0 B
for cog = 27s/2Y where s =0.+1.+2, . ... and € is derived from the value of a through (47).

(51). Let the variables § and X be defined by the relations (A-2)-(A-4) as for Dg. Then

LY
Fo= O Bexp (—ij[B?\]w)
$=0 i
2V
= z B exp(=jwagBA) (A-19)

B




Whenever s = 0 mod 2Y this form simplifies to

(223 3.2 4 00y (A-20)

This torm can be evaluated for other values of s by writing it as

5 [ 2¥-1
. 1 - .
Fy=-— L—l—g z exp(=jwyBA) (A-21)
wg dAa- 6=0

and evaluating the second derivative of the power series in exp(~jw A). The result is written
for TCC as

- 2= expjoog M) =11 427 .
s 1-cos(w ) (A-22)

for s # 0 mod 2¥. The complete expression which takes into account the sign of the coeffi-
cient value is written as

%(:-33"- 322 49 for s =0 mod 2V
F,= (A-23)
2201 fexp ((sgn a)jw M) =1] +27
I—cos(w.N) , otherwise
S

fors =0.+1.£2, ... .
Substitution of (58) into (108) for a > O results in the following form for TCR:

Fg= |Fg+ oFs+ 3F (A-24)
where
R
1F = z {—[k'Q' + 201 ZV}Z exp (~jk'wy) (A-25)

k'=0




where
W]
SFg=- z Wk'e + 201 w exp(=jk‘w,) . (A-20)
k’=0
and
RN | s
3F = Z "1 exp(=ik'wy) (A-27)
k'=0
23')_2 for s = 0 mod 2V
4] . otherwise .

Let the variable 8 be defined by the relation (A-14) as for Dg. Then

2V~

F, = BZO 8 e (e lor + 21 )

2V

=1 Y BRexn(iwgBh) (A-28)
6=

which is exactly the same form as Fg in the TCC case except for the factor (=1)S. Thus

(22 3.2 1 W) for s =0mod 2¥

(Fg = (A-29)
s 22~ exp(ogh) 11 +27
b 1~cos(wgN)

.otherwise .

The factor 2Fs can be written from (A-12) as

22~1(1-2%) for s = 0 mod 2¥
= (A'3O)
exp(jwsh)—l

, otherwise .
cos(wgA)-1

(_l)S 22V—1
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The final result is

i'—,{:3v+:-2"} for s = 0 mod 2”
F, = (A-31)
. M d
-1 —_— otherwise

l-cos(ws?\) ’

tors =0,21,£2 ... . Note that this form is real and. hence, there is no need to take into
account the sign of the coefticient value.
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GLOSSARY

ACRONYMS

ACC Asymptotic correlation coefficient
A/D  Analog-to-digital

FIR  Finite impulse response

PSF  Poisson summation formula

TC Two’s-complement

TCC Two’s-complement chopping

TCR Two’s-complement roundoff
ABBREVIATIONS

ls.b. Least significant bit

p.d.f. Probability density function

r.v. Random variable
SYMBOLS
Auto- and cross-covariances
Denotes expectation or expected value
I Indicator function
K Multiplier input word length in bits
L Multiplication coefficient word length in bits
M Multiplier output word length in bits (result of roundoff or chopping)
N Number of bits discarded in the roundoff or chopping operation
(K,L M do not include sign bit. See Fig.2.)
P Probability
Q Characteristic function or Fourier Transform of a continuous
function
R Auto- and cross-correlation
Power spectral density
T Time interval between consecutive data samples

Equation
(8)
(5)
Q7N

(64)
(65)

(9)
(12)
n




b

[

Number of FIR filter taps

Multiplication coetficient value

Desired or ideal filter output sequence

Integer form of the multiplication error €

V-1

Integer torm of the tilter input sequence x

Integer torm of the coefticient a

Quantization step size

Remuainder

Integer torm ot the desired tilter output sequence b
Additive noise contribution to filter output sequence y
Filter or multiplier input data sequence

Filter ce multiplier output datu sequence

Analog wavetorm used tor quantizer input

Denotes machine representation (e .g.. b*): also, complex conjugate

Change in a statistic imposed by the multiplication errors

Number of consecutive zeroes in the Ls.b. positions in the TC
representiation of the coetticient value

Multiplication error sequence

Coefficient related odd integer

Mean value

Effective word length in bits of the multiplication error
Correlation coetficient (Jp] < 1.0)

Standard deviation: with no subscript o denotes ¢ X

Radian frequency

(4)

(2)

(58)
(12)
(46)
(47)
(64)
(35)
(31
(1

(2)

(1)

(28)
(A-9)

(6)
(51)




