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ABSTRACT

Although much research has been directed at dealing with outliers,

particularly for a Nj) ,q distribution, little work has been devoted to

'2-estimating a, when outliers may be present. This report describes a

comparison of some proposed estimators of a 2or the case of data which,

except for spurious observations, results from a N6, !&2) distribution.

All the estimators considered are nonadaptive and can accommodate up to

n/2 outliers from a sample of size n. Monte Carlo simulation was used

for the comparison of MSE, which was selected as a measure of performance.

Interval estimates based on several of the estimators are also considered.
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I. INTRODUCTION

Much research has been directed at dealing with outliers, particularly

in the case of data which, except for spurious observations, results from

a N(p, a 2) distribution. Major emphasis has been placed on techniques for

use when p is to be estimated while little research has been devoted to

estimating a . Primary research for the estimation of a when outliers

may be present has been done by Guttman and Smith (1971) and Johnson,

McGuire and Milliken (1978). This technical report describes the results

of a small scale comparison of some of their proposed variance estimators

and one additional estimator. Both point estimates and interval estimates

are considered.

I
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II. DEFINITION OF ESTIMATORS

The variance estimators proposed by Guttman and Smith (GS) were

developed for samples of observations hopefully all from a N(P, a 2)

distribution, but with at most one observation from a N(V + aa, a 2) or

N(p, (1 + b)a 2), b > 0. These estimators are adaptive in that the value

of a sample statistic determines the form of the estimator. Three different

adaptive estimators or rules were developed: A-Rule, W-Rule, and S-Rule.
2

Each rule essentially uses s , the usual variance estimator, with a modi-

fied data set or the original data set depending on whether or not there

is sufficient evidence to conclude that the suspect observation is an

outlier. When a modified data set is used, the A-Rule (Anscombe's method)

eliminates the suspected outlier, the W-Rule (Winsorization) replaces the

suspected outlier with the nearest retained observation and the S-Rule

(Semi-Winsorization) replaces the suspected outlier with the critical value

for the rule.

The estimators proposed by Johnson, McGuire and Milliken (JMZ4) are

also for samples from a N(p, a2) distribution, but with as many as 50% of

2
the observations arising from a N(j + ao, a ). Although JMM discussed

several forms for a variance estimator, only their estimator Vk will be

considered here. This estimator, like those of GS, was developed as a

modification of s2. Consider a sample x , x2...x, let

uij- Ix - x I for i < j -2, 3...n

and let u(1) >u "U - 1)12)
U(2) u(n(n 1/2
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be the ordered ui 's. Then 82 can be written as

2 n(n 1)/2 2
8 u W /n(n-1).1

Vk, which assumes k outliers in a sample of size n, modifies s 2 by

eliminating the k(n - k) largest u 's.

Thus,

n(n - 1)/2 2
v k - u, /[k(k- 1) + (n- k)(n - k- 1)].

k(n - k) + 1

Vk is not adaptive but rather requires the experimenter to specify the

suspected number of outliers (k).

Assuming the same framework as 3M (nonadaptive estimators for use

with samples where the outliers result from a N(V + aa, a 2) distribution),

the principles of the GS rules can be extended to accommodate samples

with up to 50% outliers. Here, as with the Vk estimator, the experimenter

would specify the number of suspected outliers.

Under the assumption that the outliers are from a normal distribution

with shifted mean, the suspected outliers must be either the largest or

smallest k observations. In practice the experimenter may know whether

the largest or smallest observations are suspect. However, it will be

assumed that in general this must be determined. Thus, one of two possible

groupings must be selected: the smallest k as outliers and the remaining

2n - k as M(ji, 0 ) or the largest k as outliers and the remaining n - k as

N( ). The ratio of the between-sum-of-squares to the within-sum-of-

squares (B/W), for identifying clusters from normal distributions with the

same variance but different means, can be used for this purpose. [See
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Engelman and Hartigan (1969).] This ratio is determined for each of the

two partitions, {k, n - k} and {n - k, k}. The grouping with the maximum

B/W represents the most likely clustering of samples from two normal

distributions.

The case with an even sample size where n/2 outliers are assumed

requires special consideration. Here there is only one possible grouping

{n/2, n/2} and thus the B/W approach for identifying the set of outliers

can not be applied. If there actually were n/2 outliers, then under the

assumption of equal variance for the two distributions it would not matter

which half of the sample was designated to be the outliers as either set

2
could be used to obtain an estimate of a . However, if the assumption of

n/2 outliers is incorrect, then the "mixed" half, that containing some

22
observations from a N(ji, a ) and some outliers, would have a larger sample

variance and would lead to an overestimation of a2 . Therefore, for this

special case the sample variances are calculated for each half of the data

set and that half with the larger sample variance is labeled as the set of

outliers.

Having determined which group of k observations to consider as the

outliers, the extensions for two of the GS rules are straightforward. Ak

corresponding to the A-Rule eliminates the k suspected outliers and calculates

2
s based on the remaining n - k observations. W corresponding to the

W-Rule replaces the k suspected outliers with the closest retained observa-

2
tion and calculates s using the modified sample of n observations. Because

a critical value has not been specified, an extension to the S-Rule is not

so easily defined. Due to the preliminary nature of this study, no attempt

was made to define S
k
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2
An additional estimator for a considered in this study is the pooled

sample variance for the group of k assumed outliers and the group of the

remaining n - k observations. This estimator will bg denoted by Pk"

rk

PI
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III.* MONTE CARLO COMPARISONS.

A Monte Carlo simulation was conducted as a means f or comparing the

different nonadaptive variance estimators, which require that the

number of outliers must be specified. In addition to evaluating the

estimators using the correct number of outliers, the simulation, which was

set up to parallel that done by JMM, looks at the performance of the

estimators in several cases where the number of outliers is specified

incorrectly.

The factors considered in the simulation were:

n - the sample size

k I- the number of actual outliers

a - the bias in the mean (in units of a)

k - the assumed number of outliers

and N - the number of random samples simulated.

Given a sample size (n), an actual number of outliers (k 1) and a bias (a),

N random samples were generated with n - k observations from the N(O, 1)
1

and k observations from the N(a, 1). For each sample the values of A I Wk1k k

P kand V kwere determined for all k included in the study. Based on these

simulated values an estimate of the expected value and MSE for each estimator

was obtained. The results of this simulation can be easily transformed to

22

N( 0 + aa, 02)

Due to the exploratory nature of this study not all the cases included

in the 3)1K paper were considered. Only sample sizes of ten and twenty-five

-6-



were used, and for each of these only a subset of the JMH cases were

completed. The cases included in the study are outlined in Figure 1.

The number of random samples generated for each case was the same as

that used by J4M (10,000/n). This number of samples provides reasonable

confidence limits for the estimates in an acceptable amount of computer

time.
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Samples With n = 10 Observations:

kI = 1, 2, 3, 5

a = 3.0, 6.0, 9.0

k = 1, 2, 3, 5

Samples with n - 25 Observations:

k = 0, 1, 2, 3, 5, 7, 10, 121

a = 3.0, 9.0

k = 12

k is the number of actual outliers,

a is the bias in the mean ( in units of 0),

and k is the assumed number of outliers.

Figure 1: Simulation Cases Completed

-8-

& ,



IV. RESULTS OF THE SIMLATION

The expected values and mean square errors obtained from the

simulation are presented in Figures 2 to 5. The estimated maximum

standard error (in percentage) observed for each estimate is included

to provide an indication of the accuracy of the simulation. As a check

on the simulation procedure the values for Vk and s
2 were calculated and

are presented in the tables. These values are in accordance with those

presented by JMM.

For some cases it is also possible to check the expected values of

the A, W and P estimators obtained from the simulation. When the bias is

large (e.g., 9.0), it is reasonable to assume that the simulated outliers

are larger than the N(O, 1) observations. Thus, the ordered observations

can be split into two groups, the largest k making up a random sample
1

from N(9, 1) and the smallest n - k Imaking up a random sample from N(O, 1).

The tabulated values of the moments of the order statistics for samples

from the normal distribution [Sarhan and Greenberg (1962)] can then be

used to obtain the expected values of the Ak, Wk and Pk estimators.

Unfortunately, the moments needed to calculate the MSE for these estimators

have not been tabulated. The results of the analytical check for samples

of ten observations containing one outlier with bias of 9.0 are presented

in Figure 6.

The MSE was used to compare the performance of the estimators. From

Figures 2 to 4 it can be seen that Vk is the best estimator when the number

of outliers is underestimated. When the number of outliers is overestimated

-9-
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and the bias is small (a - 3.0), P k has the smallest HSE. Hovever, for

larger bias (a - 6.0 or a - 9.) P k breaks down. As can be seen from

Figures 3, 4 and 5 no single estimator is unconditionally superior when

the bias is large and the number of outliers is overestimated.

Despite the breakdown of P kwith large biases, its exceptional per-

formance with a small bias suggests that a modification of the estimator

should be considered. A simplistic form of an adaptive rule to replace

P kwas defined and briefly evaluated. This modified pooled estimator is

kk

k Ak otherwise

where a 2 is the sample variance of the k suspected outliers

2

The MSE of this modified estimator is bounded by that of P kand Ak

This estimator was evaluated for sample sizes of 25 assuming twelve

outliers and ct - .05. The performance of P 12 and MP 12 is presented in

Figure 7. It can be seen that the MP k rule does not do as well as Pkin

the case of a small bias; however, it does much better than P k with large

biases. Thus, even a very simple adaptive rule can greatly improve an

estimate. This suggests that adaptive rules should be further investigated,

particularly rules which would not require specification of the number of

outliers.

When assuming twelve outliers with large bias in a sample of twenty-five

observations, the MSE values (Figure 5) display some peculiar results which

warrant explanation. Specifically, there is an unexpected jump in the MSE

-15-



P12 MP12

a k 1E MSE E 1451

3.0 0 .368 .414 .333 .462

1 .599 .210 .429 .371

2 .768 .129 .470 .341

3 .890 .093 .500 .327

5 1.033 .086 .559 .294

7 1.047 .080 .629 .245

10 .908 .061 .745 .156

12 .842 .071 .806 .095

9.0 0 .352 .434 .316 .484

1 3.108 4.864 .411 .467

2 5.178 18.243 .420 .375

3 6.804 34.509 .430 .370

5 8.574 58.465 .479 .320

7 8.402 55.746 .545 .264

10 4.891 15.486 .686 .194

12 1.020 .082 .984 .097

Maximum Estimated

Standard Error 1.9Z 7.4Z 4.2Z 6.7%

Figure 7: Estimated Expected Values and Mean Square Errors
For Sample Size n -12 and k -12
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of the A estimator for the case of one actual outlier and an unexpected

jump in the MSE of the V estimator for the case of twelve actual outliers.

The problem with the A estimator is a result of the method used to identify

the set of outliers. When there is actually only one outlier but twelve

outliers are assumed the B/W ratio for the two groupings 112, 131 and

{13, 121 are very close in value; thus the wrong set of twelve observations

is sometimes designated as the outliers. When the bias in the outliers is

large and the wrong set of observations (i.e., the set containing the outlier)
2

is used, the A estimator overestimates a leading to a large MSE. Once again

this points out the need for adaptive rules which do not require the specifi-

cation of the number of outliers.

The large MSE for the W 12estimator when twelve outliers with a large

bias are present is not a result of incorrectly identifying the outliers

but rather it is an inherent property of the estimator. In this case the

B/W ratio method correctly selects the set of twelve outliers and the W

estimator is applied to the sample of thirteen observations from a N(O, 1).

Depending on whether the bias is positive or negative, the largest or

smallest ordered observation (x (1)or x W) is weighted heavily by the W

estimator. The heavy weighting of this extreme observation can lead to

overestimation of a 2and consequently a large MSE. Based on these results

the W estimator appears to be inappropriate when outliers make up a large

proportion of the sample.



V. USING THE NONADAPTIVE ESTIM4ATORS

Due to the bias of the estimator, Vk , and the difficulty of specify-

ing the number of outliers, 3MM suggested that V should be used in
k

conjunction with an estimator V k*. V k* is simply V kmodified to be unbiased

in the case of no outliers. That is, Vk* V kvkwhr k-Ek/2)gie

no outliers.

When the number of outliers is overestimated, V underestimates a2
k

whereas V k* overestimates a . 3MM suggested that when outliers are suspected,

2
(VL , V L*) should be used as an interval estimate for a ,where L is an upper

bound for the number of outliers in the sample. If the experimenter has no

estimate for L, 3MM propose using n/2.

It can be seen from Figures 2 through 5 that when the number of outliers

2
is overestimated, Ak and W also underestimate a . Thus, the intervals

k

(AL A L*) and (W ,W L*) could also serve as interval estimates for a2 . These

interval estimates were evaluated for a sample size of ten with five assumed

outliers and for a sample size of twenty-five with twelve assumed outliers.

The expected values of V kv A k and W kin the null case, which are needed to

calculate V 5* A 5* W 5 * V12*, A12* and W12*, were obtained by Monte Carlo

simulation. These values are 0.141, 0.224, 0.176, 0.141, 0.300 and 0.256,

respectively. The interval estimates are presented in Figures 8 and 9. A

comparison of interval lengths reveals that for two or more actual outliers,

the A intervals put the tightest bounds on a 2, followed by the W and then the

V intervals.
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VI. CONCLUSIONS

This Monte Carlo investigation has shown that the performance of

the nonadaptive estimators greatly depends on the assumed number of

outliers in relation to the true number. This points out the need for

adaptive procedures which could be applied without requiring the experi-

menter to estimate the number of outliers.

When nonadaptive estimators are to be used, an interval estimation

procedure may prove useful. This Monte Carlo study has indicated that

interval estimates based on Ak or Wk tend to be superior (i.e., produce

tighter bounds) to the Vk interval estimate suggested by JMM.
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