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INTRODUCTION

This report presents the mathematical development of coupled equations
whose solutions are expected to give the variation in pressure along the
axis of tip vortices commonly generated by lifting surfaces (hydrofoils,
propeller blades, etc.). This work was motivated by the long-observed
lack of agreement of cavitation inception speeds measured with models in
water tunnels and those determined at ship scale. Generally, the model
prediction is highly non-conservative, yielding cavitation inception speeds

which are roughly twice those observed during prototype operation.

This lack of scaling of tip vortex inception speed is countered
through the use of empirical correction formulae which are based on the
1954 work of McCormick! who resorted to a semi-empirical digest of data which
was ultimately published in 19622. Somewhat more recent (1961) theoretical
work is that of M.G. Hall® who developed a theory stemming from fundamentals
which shows quite good correlationwith pressure distributions in delta wing

tip vortices in air.

A highly significant outcome of Hall's analysis is the large contribu-
tion to the pressure reduction along the vortex axis arising from the in-
duced axial velocity component. McCormick's empiricism does not include
this component. However, significant differences between Hall's theory
and measurements remain. The current analysis is directed at overcoming a
deficiency of Hall's theory which employed an outer solution in which the
velocity and pressure are only functions of the angular variable and inde-
pendent of the radial coordinate. As the solution must tend to uniform
flow for large radial distances, it is not possible to reconcile Hall's

assumption. Hence, the need for a more general formulation seems apparent.

The theoretical model developed herein regards the flow as viscous
everywhere in contrast to many previous studies which assume at the outset
that the flow is potential except for a viscous core region. Inner and
outer flow regimes are encountered giving rise to a matching procedure
along a conical surface having a very small apex angle. The swirling motion
is generated by an input transverse velocity which is obtainable from the
solution for the flow about the lifting surface of interest. The resulting
coupled equations are complicated, requiring extensive computational efforts

to produce numerical results.




This study was supported by Contract NOOO14-78-C-0114 under the
Naval Sea Systems Command General Hydromechanics Research Program, tech-
nically administered by the David Taylor Naval Ship Research and Develop-
ment Center, Bethesda, Maryland. Davidson Laboratory designation was
Project 040.

1. Statement of Problem

We assume that there exists a conical vortex of extremely small apex
angle whose vertex is at 0 and whose axis of symmetry is along the z-direction,
which is also the direction of a uniform stream at infinity. We take cylin-

drical coordinates (r,0,z) and the complete velocity field will be
ur + vo + (W+w)z (1.1)

W being the uniform stream at infinity. The flow is axially symmetric and,
on the basis of '"Oseen's approximation'', the equations of motion and con-

tinuity will be taken in the following form:

du _vZ _ _13p 2, .
W 3z r p ar + \’(V u F'z’) > (l.Z)
v v
W = v(v2v - P2 B (1.3)
W =-12p 2
W 'Y = 0 32 + “(V W) ’ ('.‘0)
) ) _
= (ru) + 2= (rw) =0, (1.5)
wherg
2 2
222,20 4,12
v s 9z * or + roor (1.6)

is the Laplacian and v is the kinematic viscosity.

Let n be the vorticity about the 6 direction, so that

du w
"3z ar . (.7

If we eliminate the pressure p between (1.2) and (1.4), we obtain
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_3_2- -?;vv = \,(Vzn - n) (l 8)
3z r 'z Z :

From (1.5) we can introduce the stream functlon ¥ such that

=3 ,w.-%g (1.9)

and, from (1.7), we have

- -1
m=d,*¥ . -7V (1.10)
If, in place of |}, we use the function ¥ defined by
v =ry (1.11)
then
n=v2v~;“~'z (1.12)

We note now that Equation (1.3) is a p.d.e. for v, Equation (1.8) connects
n and v, Equation (1.12) connects the function ¥ (and, therefore, the
stream function y¥) with n, and the problem consists in solving these equa-

tions successively.

We are assuming that there is no vorticity in the oncoming stream

A

Wz and in solving (1.8) we shall impose the condition
n=0 , z=0 (1.13)

and we shall solve for n in z > 0. Likewise, in solving (1.12) for v,

we shall impose the condition
Yy=0 , z=0 (1.14)

and we shall solve for ¥ in z > 0. The conditions which will be imposed
upon v will be discussed later, but we envisage that the vortex is driven
by an imposed transverse inflow which is known along a generator of the

cone r = z tan 9 .
o
2. Immer and Outer Solutions for the Transverse Veloeity v

It is convenient to introduce the parameter k defined by

W
2k = 5 (2.1)




and (1.3) can then be written in the form

2y - Yo oo 3V
Vév 7 2k 22 0 (2.2)
If we write
-3
v ==s (2.3)

then, using (1.6)

adx %% 1 a%x 1 ax ., 3% _

azZar ar3 rarZ  rZar azdr
that is

3 (82x ., 3%x .1 ax 3x

e + _—— - -} =

ar {azz arZ * r ar 2k 9z 0
and we take X to satisfy the equation

a2x , 32 Pax _ ., 8% _

STttt kie =0 (2.4)
If we write

¥ = &% (2.5)
then ¢ will satisfy the p.d.e.

320 320 1 20 2a _

sttty tke=0
or

(v2 - k2)¢ =0 (2.6)

The functions v and ¢ will be related as follows:
v = ekz 20 (2.7)

We can now build up solutions for ¢ using the method of separation of

variables. 1f we look for a solution for ¢ of the form

o = e "F(r) (2.8)
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then

d2f 1 df | 2 L2yf -
FZrrart (- kf =0

There are two cases to discuss according as m 5 k.

Case 1 m > k: Inner Solution

In this case, the acceptable solution of (2.9) which is finite at

r=20is

f(r) = J_{r/mZ-i7} (2.10)

and thus we can build up a general solution for ¢ of the form

¢i(r,z) = - f u(m)e-szo{rv’m2 - kZ}dm (2.11)

m=k
where u(m) is an arbitrary function of m.
Case 2 0 <m < k: Outer solution

In this case, we use the solution of

2f

[« %

+ %.2;.- (k2 -m2)f = 0 (2.12)

y

which tends to zero as r -+ <, namely
f(r) = Ko{r»’k2 -m2} (2.13)

We can now build up the general solution for ¢ in the form

k
o (r,z) = - [ vi(me™ Ko{rsz - mZ}dm (2.14)

m=0

The formulae for v now follow from (2.7) and, using Jé(W) = - J](¢),

Ké(w) = - Kl(w), we obtain
vi(r,2) = Z [ u(mvmZTRe e ™ J, {rv/mZ =« }dm (2.15)
m=k

\"
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k
ve(r,z) = ekz f v(m)VkZ ~m2 e ™M Kl{rv'k2 - mZ}dm (2.16)
m=0
(s
In (2.15) and (2.16), u(m) and v(m) are arbitrary functions of the parameter m.
The functions u{m) and v{(m) in (2.15) and (2.16) will be determined as
follows. Let T be the cone of semi-vertical angle eo with its vortex at
0 and its axis along the positive z-axis; then on I we can write (
z=Rcoseo , r=R sind (2.17)
where R measures distance from 0. |
0 We shall assume that the transverse §
velocity is prescribed as a function
of R on the cone I', that is
v=V (R) on T (2.18) q
(] 3

From (2.15), we then have

(-
| w(m)vmZ -k e-mR cosbo JI{R sinGOsz-kz}dn = Vo(R)e-kR cosbo
m=k

i (2.19)
} This is an integral equation for the unknown function u{m). It will be
! noted that if we write
m = k cosh® (2.20)
and
i A(8) = k2sinh26 u(kcoshe) (2.21)

. then the integral equation for A(8) takes the form

’ oo
: [ Alo) &7} €058 0500 y {uR sinhe sing ) = V_(R)e™R <% (3.22)
' o]

In a similar way, the integral equation for v(m) will be

k
[ vim)/kZ-mZ e MR cosdo K {R sing /kZ -mZ}dm = V_(R)e kR cos0
i l ’ ° (2.23)

1f we write




-
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B(8) = k?sin28 v(k cose) (2.25)

then the integral equation for B(5) will be

/2 _ -

/] B(s8) e kR cos6 cosé, Kl{kR sind sineo}de = VO(R)e kR cos6, (2.26)
o

It is clear that, when we proceed to calculate vi(r,z) and ve(r,z) in the
above way, these two solutions will be continuous on the cone 6 = 0 ;
however, the normal derivatives avilan and ave/an will be discontinuous on

0 = eo. The sketch below defines the role of the driving transverse velocity

produced by the lifting surface along the generator of the matching cone from
the leading edge to downstream infinity.

Conical Vortex
(Exaggerated Vertex Angle 260)

\\éo
[N

S
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S
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—_ e - - . _
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. Produced by Lifting Surface
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Sectional View
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3. The Solutions for the Vorticity n and the Stveam Function

We can write {1.8) in the form

20 o D _ o0 _ 2
ven ¥z 2k 3z vr vvz
If in (3.1) we write
_ Kz du
=e 3r
we obtain
] _ L2 - .2 -kz
Y {azz ta toTo k4a} o€ w .

Thus we can take a to satisfy the equation

(v2 - k2)a = f(r,z)
where

flr,z) = -

<IN

r
J 1 e kz via,z) avlo,2z) do
° ) 3z

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

We can always add to o an arbitrary function of z, say 2(z), but this will

leave n unchanged and thus we can take A(z) = 0. The principal requirement

upon n is that it should tend to zero at infinity and thus we can look for

the solution for a which satisfies (3.4) and which tends to zero at in-

finity. The solution of this problem is obtained in the Appendix and is

given by

© o 25 e-kR
kﬂu(ro’zo) = - f ] ] 7 f(r,z)r dr dz d¢
z=-® r=0 ¢=0

where

RZ = r2 4+ r2 - 2rr cos¢ + (z-z )2
o ) )

It follows from (3.2) that the function n is given by

kzo 3 © w 2T e-kR
lnrn(ro,zo) = -e 3?;-]; {) é 7 f(r,z)r dr d¢ dz

We can simplify the r.h.s. of (3.8) as follows; we write

(3.6)

(3.7)

(3.8)

O



[ 55
]
oO~—38

2'"e
f R f(r,z)r dr d¢ (3.9)
o

3 W g KR
"":—" = I f F(ﬁ ) f(l",Z) r dr d¢
o oo o
@2 . -kR (r0 -r cosé)
= f sﬁ-(E —————E——-——-~rf(r,z)dr d¢
o o
w 21 kR {cos¢(r cosp -r) +r sin2¢}
_TT 4 e : o
= f J IR (R ) R rf(r,z)dr d¢
o o
© 21 -kR
=] ] & G ) (rcosh S+ LT v f(r,2)dr do
o o
Hence
o -kR . -kR
24 3.& sing 3 (e
Y / f {-cos¢ ( ) + =¥ (R )} r f(r,2)dr d¢ (3.10)
o o 0O
We can now integrate by parts the terms on the r.h.s. of (3.10) to give
2J 27 e-kR‘m © 27 e'kR 3
-a—= [Ir coso f(r,2) ¢ 1do¢+[ [cos R 37 (rf(r,z)}dr d¢
0 o o o
o KR on w 2 e'kR
+ [ [sin¢ f(r,z) %- ] r-f f R f(r, z) (sun¢)dr dé
o ¢=o o o

Since there is no contribution from the square bracket terms, we have

3J o 27 e-kR 3
5 [ [ coss 0 {3?(rf) - fldr d¢
o oo
® m 3f(r z) rdrdd
=[ | coso g ——-3—;— (3.11)
o o
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It then follows from (3.11) and (3.8) that

® o 27
bun(r _,2) = -e %o [ [ ] e kR cos¢ -?i(—r-Lzlrdrdzdcb
°° -» 0 0 R ar

and we can now substitute for 3f/3r using (3.5), namely

of _ _ 2 o k2 v(r,z) avgra,zz!

ar vr

so that we have

kzo © o 27 e-kz-kR av(r,z)
2nvn(r_,z ) =e ° [ [ ] cos¢ v(r,z) ==
= 0 O

(3.12)

(3.13)

drdzd¢ (3.14)

and we note that the formula (3.14) relates n directly with the transverse

velocity v.

We consider next the formula for the stream function in terms of n,

namely the equation (1.12). 1f in (1.12) we write

- 98
Y=oy
we obtain
2 (g_+ 8 _+281=n(rz)
ar zz rr ror ’
so that
28 = F(r,2)
where
r
F(r,z) = [ n(o,z)do
o)

The solution for 8 which vanishes at infinity is given by

o o 27
‘mB(ro,zo) -- 117 F(r,z) rdr d¢dz
- 0 0

R

where R is defined in (3.7). It follows from (3.19) and (3.15) that

10

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

o

A
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a - -] 2-" ' i
br¥(r ,z ) = - 5 [ {f 7 Fr,z)r drdo dz (3.20) |
O =© 0 O i
| 3
If we consider
w 27 j
=/ / F(r,z)rdrd¢ (3.21) ’
o o0
'
we have
o 27
9l 3 .1
s—=[ | 5= F(r,2)rdrds
o o o o
4
; o 21 (r cos¢ - ro)
{ = f =3 F(r,z)rdrd¢
! o o
] . 2
j ' w 21 cosé(r -r cos) -r sine
={ = RT 2 F(r,z)rdrd¢
o o
at o 27 31
' 2L = [ [lecosp () + =X @) Flri2) rdrag (3.22)
o o o
t
i We integrate by parts the two portions of the integral (3.22) and we obtain
i
) . 2 r=o w 271
1 _ cos¢ cos¢ 9 ‘
== == Fr,2)]  do +f [ 25 (e Flr,z) M de
o o) r=o oo
, © 2n © 27
'y + f [S'n¢ .r F(r,2)] dr- [ [ F R i (sing)dr d¢
‘ o ¢=0 (oI o}
i
3
3
; i | Provided F(r,z) tends to zero at r - =, which will be satisified in the
: ‘ present case, there is no contribution from the square brackets; hence
f E ' we obtain
i .
‘! oo 27"
i 2. [ ] 258 (2(cF) - Fldrd¢ {
! )} R or
: oo
: ’
| - zf" r cosg AF(r.z) 4 g (3.23)
- R or ¢ )
oo
3 "
i
; )
|




R-2124

1t now follows from (3.20) and (3.23) that

by (r z)=_??2“l§f_(_r_,_z_) dr d¢ d (3.24)
o’% -wooR a7 cosé rdr dé az 3.

and since, from (3.18), we have

) (3.25)

! we obtain fipally

2n

‘ lm‘i/(ro,zo) =- [ [ %n(r,z)cow rdrd¢dz , (3.26)

a formula relating the vorticity function n(r,z) and the stream function

) Y= ry.
4. Properties of the Stream Function ¢ and a Formula for the Axial Flow
Along Vortex Axis

We note from the definition of R in (3.7) that

lim R = /r¢ + iz-zo)—f (4.1)

! r >0
o

and, 'since this limiting value is independent of ¢, it follows from (3.26) that

lim ¥(r ,z ) =0
r o o' ‘o (4.2)

Since w(ro.zo) =r ‘l’(ro,zo), we have

‘ lim xp(ro,zo) =0 (4.3)

r 2o
0

We consider next the function a‘Ylaro. From (3.26), we obtain

B‘I'(ro,zo) o ® 2n 5
by ———— = - [ 1] 3 (g) n(r,z)cos¢ rdrdsdz (b.b)
) ~®> 0 0 O
-
If we take
12

v

e TR SR . "SR




o ws

|1=[
o}

then
3l ®
5=/
(o] 0o

O 8 o8

]
038

It
0%8

We can now integrate by parts the two portions of the integral in

(4.6) to give

3l 2w

| [-rn
aro °

o

(o}

and, since there is no contribution from the square brackets, we have

ol

—L
or
1)

1l
o“—38

n
0O“— 38

+f[nsin¢cos¢-%] dr-ff%a
o o

R-2124

N

"

!

nlr,z)cos¢ rdr dé

o]~

r o
/ T -R- n(r,z)cosé rdr d¢
o ‘o

2n r cos$ - r

R3
o

© q cos¢ rdr d¢

- - -
21 cos¢(r rocos¢) r sin“e
R3

ncos¢ rdr d¢
o

2w

I {-cos¢ -—( ) sing -.()%-(%)} n cosé rdr d¢

r

f {- cos%

I (—) + sin¢ cosé a¢(ﬁ')} n(r,z) rdrd¢

cosZ¢ . ]
r=o

© 21 2
do + [ [ SEL 2 (rn) drag
[o I o]

N

fn3a

3 (siné cos¢)dr do

27 2
[ =% é% (rn) - R (cos2¢ - sin2¢) }dr do

(o]

2

f %{cos%(r + n) - n{cos?¢ - sin2¢)}dr d¢
o]

13

(4.5)

(4.6)
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2%

!

‘% {r cos?¢ %% + n sin‘¢ldr d¢ (4.7)

[
o—¢8

It now follows from (4.4) and (4.7) that

av(ro,zo)

® o 2y
bn ——5-',-;—' - _{D(f’ !) T‘"(r cos?¢ -:—:,‘-'P n sin2¢ldr dz d¢ (4.8)

this result being valid for all o and z,.

We can deduce from (4.8) the limiting value of awlaro as r 0; using
(4.1), we have

W (r ,z) ® o 27 2 . 2
bx lim a: o _ . [ r_cos®¢ an/3r+ nsin ¢drdzd¢
r o o ~®= 0 O /rZ+ (z-z )2
o o
Hence
av(r ,z) ® o
br Vim O 9 uo.y [ I_r_an_/a_r_'*_n_dr dz (4.9)

ar
>0 - 2+ (z-z )2
o o ) (z °

Using (4.2), we also have the result

v(r ,z ) ¥(r ,z)
Vim a‘: = lim —22 (4.10)
ro-+o o] ro-m [o)
so that from (4.9) we deduce that
v(r ,z) v¥(r_,z) > ®
1im { o O + 0o 0 }=-_‘_ J I 8/8r!rn)dr‘dz (‘..l‘)
ar r 2
ro™° o o ~» 0 VrZ + iz-zosz

Using the stream function V¥ and the results (1.9), (1.11), we have the
genzral formula for the velocity component w(ro,zo) in the z-direction,
aW(ro.zo) ) W(ro,zo)

92 r
o o

(4.12)

w(ro,zo) = -

From (4.11) and (4.12), we obtain the result

14




pn e weme veeer ot L e

R-2124

3/3r{rn)drdz (k.13)

w0,z ) = lim wirz) =3 [T
o ro':owroo 'f_!.£

rl+(z-2 )2
o

We note from (h.13) that w(O,zo) vanishes as z *+ - We can obtain an
alternative formula for w(O.zo) if we use integration by parts in (4.13).
This gives

w(Oz)-—;-] [—M)——-] dz-%—]f rna—a- ! }drdz
-o 17+ (2.2 )7 r=0 -® 0 7+ (z-2_)?
o °

Hence

® o 2

W(O,ZO) '_;_ I f r QLZ)d:dz (holh)
~= 0 {r2+ (z-zo)”}3/2

and this result makes it clear that w(O,zo) '\aA/z°3 when z, is large.

By making use of (3.14) and (4.14), we can express w(O.zo) in terms

of the transverse velocity v. With a slight change of notation, we have

;o w ro"’n(ro,zo)drodzo
w(0,6) =5 - ~373
z === r_=o {fo +(Z°'€) }
so that
kzo

o o ro2 e “dr dz ® @21 -kz-kR av(r.z)

brv w(0,£) = J 3/ [ ] =g cosév(r,z} -——-——drd¢» dz
z === r =0 {r 2+ (2 -£)*}""" == 0 o

and by interchanging orders of integration, we can write this in the form

2n

bwy w(0,€) = | f e-kzcosw(r,z) _v_(_rz,_z_)_ (r,z,0,£)drdzd¢  (4.15)
im0 o

o~ 8

where kzo-kR
»\.( ) T }' ro e drodz° (
wlr,z,$,£) = H “-'6)
M0 = 2 - 2 3,2
z, ro=o Rir, +(zo £)2}

In (4.16) R is defined by (3.7), namely

2 = 2 2 - - 2
R r2+r, 2r r cos¢ + (2 zo) . 4.7

15
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5. The Determination of the Pregsure Function

It is easily shown that the equations (1.2) and (1.4) can be written

in the form

-1l 3p_yBu_v"_v.3

o ar W 3z r r 9z (rn) ' (5.1)
-1 3p_ 8w, v3

p 3z W z T (rn) . (5.2)

Elimination of p between (5.1) and (5.2) gives rise tothe vorticity equation

(1.8); accordingly the right hand side of the equation

ve
- -I-dp = - (91’- dr+-P- dz) = {w -2 (rn)}dr+{w Y2 (rn)}dz
o] r r ar
(5.3)
is necessarily a perfect differential and, in theory, we should be able

to determine p from the line integral

du _ v2 d
- g = { Wa2-¥ -2 az(rn)}dr + {w =+ 2 ==(rn))dz (5.4)

As an alternative approach, we note that (5.1) and (5.2) can be written

in the form

- %3{_’- =W —(ru) -v2 -y 53; (rn) (5.5)
-Eg.s=wsaz-(rw) +\)a—a|;- (rn) (5.6)

Differentiating (5.5) w.r.t. r, (5.6) w.r.t. z and adding, we obtain

-._._ =y 3 2 _. - v
{ )+r—§} ”az{ (ru) + (rw)} v =
and, using (1.5), this becomes
r 3%p . 1 ap . 3%, _ , 3v
AR e v
or
o, a2, v
o VP YV iy (5.7)

16
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A particular solution for p of (5.7) is given by

2n

P*(ro’zo)’_ f% [ 2/r v(r,2) 3v(r,2)/3z rdr dz d¢ (5.8)

2m-® r=g o /r7+r°‘ - 2rr cos¢ + (z-z )¢
If we write °

*
p=p +P (5.9)
then P will be a harmonic function, i.e., satisfying

v2p = 0 (5.9) :

— 1
H

The pressure function p is continuous throughout the space occupied by the
liquid, but at the surface of the cone 8 =6° (see Section 2) there will be

a discontinuity in 3p/3n where n is the normal to the surface of the cone.

\‘4\ Accordingly, in order to deter-
. //////A¥ \ mine P, we must consider an in-
o § o L‘& .\._._ ner solution __F’_i valid in o<e<e°
“\\\\\ | 1 and also an outer solution Ee
T\ ! valid in 8 <6 <m, with
o
P, =P, at o=0, |, (5.11)
o, P,
" on =a#0 at 6=60 . (5.12)

This pattern of behavior of P can be achieved by distributing pressure
sources over the cone 6 = 60. The function o entering into (5.12) will be
determined from the discontinuity in 3v/3n at 0 = ao. v being the transverse
velocity. Thus, the determination of p using (5.7) will lead eventually

to an integral equation for the unknown pressure source distribution on @ =eo.

If we are interested solely in the pressure distribution along the
vortex axis r°:=0, z°:>0. it is possible to avoid the solution of an in-
tegral equation by returning to (5.3). If we take ro =0 and dr°=0 in

(5.3), we obtain

awl(r ,z ) an(r _,2) nlr _,z)
! o'%o o'"o o'"0
-.‘.).dp: {w_..a_z__.+\, ( = + T )} dzo (5.13)
o o o r =o
o
17
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Thus p(O,zo) will be given by
z
p(0,z) »p o on(r ,z) n(r.z)
0 LI o’“o oo
——*5 =Ww0,z) 4y [ gy = dz, (5.14)
® o o r,=o

In order to determine the integrand of the integral in (5.14), we return

to Eq. (3.8) from which we obtain

N

T -kR

%0 032 3 e -
f I3 f(r,z)rdrd¢dz , (5.15)
o

(-]
on LMy - o __
'"’(ar tr) = e Z§_r7'+ )I

o o Yo e

O~~~ 8

f(r,z) being defined in (3.5). From the Appendix, we see that if

© ® 2 e-kR
lomb(ro,zo) = —f f f Y f(r,z) rdrd¢dz (5.16)
- 0 o
then
3%¢ 1 3% 329 2, _
ar 2Vt T ar v 27 ke = f(ro’zo) (5.17)
o o o o

If we apply this result to the right-hand side of (5.15), we obtain

an . n kzo 52 o o 27 e-kR kzo
b (ﬁ—"‘?—) =+e (3—2-7 - k2) I f R f(r,z)rdrd¢ dz + hme f(ro,zo)
o o o - 0 O
(5.18)
It is permissible to make fo ™ 0 in the result (5.18) and, if we make
use of the definition of f(r,z) in (3.5), we obtain
- -
\ . kzo )2 © © 2m . k/r2+(z zosz
1‘,,(3.'_3_”_) =e (7-k) [ ] | f(r,z)rdrdédz
o ° o “©® 0 o Vl'z + (z-z ;2
r =o o
o
Vv arer e vy
kzo 32 ”Nekl""(zzo)
= 2me (3;1z-k2) f f f(r,z)rdrdz (5.19)
o oo FTT?
o
Thus (5.14) can be written in the form
p(0,2) », %o kz, 42 © o e-k T (z-z,)
- .____p +.;.—w w(0,z )+f\) j e {(_"_73:" -k2) [ f f(r,z)r drdz}dzo
o -® 0 Vre+(z-2z
(5.20)
18
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and w(O,zo) is given by (4.14) or (4.15). Since we have

20 kz kz

£ o ,d% 2 o ,da
I e (m -k a)dzo = e (E- - ka) ,
b [ (¢}

provided a(zo) and a'(zo) tend to zero at infinity, it follows from {(5.20)
that

Vo iy e 4
p(O,zo) b l kz -kvré+(z z,
- - ww(o,zo) tzve dz -k)[ j f(r,z)rdrdz
o -
o Vri+(z 2052 (5.21)
We have

- -
w . kit +(z zoiz -k/r2+(z-z )2

re f(r,z)dr = ~ 2 {e ° }f(r,z)dr

1
o /rZ+(z-z )2 ko dr
o

O~ 8

]

r=o0

1
= -7 le

-kv’rz+(z-z°52 f(r z)m ? e-k ré+(z-z j af (r, 2) 4
’ or
o

x1—

and, using the definition of f(r,z) in (3.5), we see that the square bracket

makes no contribution and thus we have

-k/rZ+ (z-2_ )2 o kT (z-2 )2
re o _ 1 ° 5f(r,z)
f f(r,2z)dr = T{f e ——L—ar dr (5.22)
o o

)T

From (3.5), we have

af(arr!z) - . %% e %% y(r,2) .Z’L(g';;zl. , (5.23)

hence (5.21) can be written in the form

p(0,z) »p kz ® o -kVrZ+(z- -z )2
IR - ML e o d | 1 oKz BV(r,z)
- + = —Nw(O.zo) e (dz k)_J; £ = e v(r,z) 55— drdz

(5.24)

The result (5.24) is valid along the vortex axis ro = 0 z > 0. A general
equation for the pressure p can be derived from (5.4) as follows. We write
(5.4) in the form

19
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SR A w2y 204 Dz
(o) c 9z r ar
- du _ Ay vE _ + 2% 3n ,
= £ {\rl(-a—; al')dr dr - v dr +W( +33 dz) +v(ar + r)dz}
Hence
- -E =Ww(r,z) + f {wndr - = dr -v?—n- dr +v a" n)dz} (5.25)

It is convenient now to write n = ekz a/3r as in (3.2), where the

function a satisfies (3.4). We then have

P kz 3a vZ,o o, 3 (okz 3 kz,3 .1y 3a
- ww(r,z)+{ {W e o dr - -r-—dr v ( a'_)dr +ve (ar+r) or dz}

and since, by the definition (2.1), W= 2kv, this becomes

_P. kz da v, kz 2% | 3a kz 3 1) 3a
o =Ww(r,2z) +£{2kv e a7 dr - dr-v e (azar+k ar)dr +ve (ar+r) =
_ kz,3%a , 1 3a k 32¢ _ , da v2
=Ww(r,z) +£{ve (-a—rz- - al,)dz (azar k ar)dr — dr} (5.26)

The function a(r,z) satisfies the differential equation (3.4), namely

3% , 1 3a , 3%a _,2 _
STtrTa Y5z k2a = f(r,z) (5.27)

and we replace the coefficient of dz in (5.26) using (5.27) to give

- E Ww(r,z) + [ {ekz[f(r z) ~a— + k%z]dz-vekz aar(az ka)dr -~ dr}
¢ (5.28)
We have
d kz 3o _ _ k2 3% _ .y
3z {e (3; ka) =e (SZT ka)

Hence

20
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- kz Y-
o WW(",Z)"'{{\)e f(r,z)dz rdr Va3

kz 30

=ww(r,z)+f {vesz(r,z)dz-%zdr-vd[e (E-ka)]}
c

2
=Ww(r,z) -vekz (%g—-ka) + f{vekz f(r,z)dr -T\f- dr}
c

We now introduce a function y(r,z) having the property

kz _ oY
e f(r,z) = ¥

3 r kz da _ ~
—le (-3? ka)]dz ‘ve

kz @8 ,3a
ar(E;? ka)dr}

(5.29)

(5.30)

where f is defined in (3.5). |If we differentiate (5.30) with respect to

r, we obtain

ekz af _ 321 .
ar srdz

replacing 3af/ar from (5.23), we have

B4y | _2 1 (g lrz)
vr : o2

.Y-Z
r

9
5;'( )

and we take

y . .1 ¥
or v r

If we use (5.30) and (5.31) in (5.29), we obtain

-k -vekZ (22 3y CAA
5 Ww(r,z) -ve (az ka)-+fv(az dz + or dr)

giving

kz(gg

32 - k(!) + \)Y(T,Z)

- -E—= Co +Ww(r,z) - ve

(5.31)

(5.32)

where C° is a constant and the function y(r,z) will be given by the line

integral

21
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2
vir,2) = [ ("% (r,2) dz - 1% ar) (5.33)
[

If we choose the initial point of the curve C to be at infinity

so that
P(r,2z) P
v(r,z) = f {ekZ f(r,2)dz - %-%7 dr} (5.34)

then the functions w, ekz(az-ka) and Y will tend to zero at infinity and
the constant Co will be given by

C, = P /P (5.35)

It will be noted that, when the pressure along the vortex axis is deter-
mined from the general formula (5.32), we have r = 0 and dr = 0 in (5.34)
and, since f = Oonr =0, it follows that y(r,z) = 0; the formula (5.32)
then gives the result (5.24). The result (5.24) is the only simple formula
for the pressure; in all other cases it is necessary to determine the func-
tion y(r,z) defined in (5.34). When we substitute in (5.32) for the func-
tion a{r,z) defined in (3.6), we obtain the following general formula for

the pressure

Po™P ve 3 oo e-kR
S =Ww(ro,zo)+-‘Tﬂ- (-a—;—-k) f ff'{{ f(r,z)rdrdzds +vy(r,z)
z=-© 0 ©
(5.36)
22




———

R-2124

SUMMARY

We summarize the many results presented in the previous sections
by pointing out the numerical work required in order to have an under-
standing of the physics underlying the mathematics. The same numerical
results can also, of course, be used to make comparisons with pressure

measurements and also to yield predictions with regard to cavitation in-

ception.

The first step is to solve the two integral equations for A(6) and
B(6) as presented in Equations (2.22) and (2.26). In order to be in a
position to solve these equations, it is necessary to specify the function
VO(R) as well as the angle 60. These two inputs must come from an outside
source, presumably from the solution of the inviscid 1ifting surface theory
near the wing tip. Nevertheless, the schemata for solving the equations
can be specified numerically even without any specific inputs available.
Once A(8) and B(8) have been determined, the velocity v(r,z) can be cal-

culated using Equations (2.15) and (2.16)

The axial flow along the vortex axis can then be evaluated from
Equation (4.15), while the pressure along the vortex axis is determined
from Equation (5.24), and the pressure elsewhere is determined from Equa-

tion (5.36).

it would be ot some interest to determine the circumstances under
which the pressure is minimum along the vortex axis, for it is the minimum
pressure that controls cavitation inception. If the minimum pressure can
be shown to lie along the axis, then the relatively simple Equation (5.24)

would control cavitation inception rather than the more complicated Equa-
tion (5.36).

23
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APPENDIX

The solution of the p.d.e. (V2-k?)Y =f(z,y,z), with f(x,y,z) given and

with the condition ¥ =0 at infinity, V2 being the three-dimensional Laplacian.
The function ¥(x,y,z) satisfies

(v2-k2)y = f(x,y,2) (1)

where V2 = —-z-az + 1?2.4. —2-32 and ¥ + 0 at infinity.
3X Yy oz

Introduce a Green's Function G with with properties

2.2 = .
(v2-k%)G = 0 at all points except (xoyozo) (2)
=1 22 (yex )2 R Y
G = x near (xoyozo), R2= (x xo) + (y yo) + (2 zo) (3)
G > 0 at infinity (%)

We use the identity
24 - 472 - 9 _ 43X 3¢ _ 4 X
I{I(xv $ - 9V2x)dt Isj(x = ¢an)d5+fof (X 55 - ¢30da ,  (5)

n being the outward normal,
i.e., drawn away from the volume

T. We identify

X =¥ , $® =G

outward normal from 7

3
L}

and from (1) and (2), we have,

Q
"

sphere radius center (x y z )
oo within T

¥v2G - GV2Yy

XV2¢ ~ ¢V

¥(v2 - k2)G - G(v2 - k2)y
= - Gf

Thus the identity (5) becomes

{! (v 3 - 6 Ryas + ff (v 25 - 6 Pyao = - [ffof dr (6)
o} T

4 hia M A Y L o2 sl s




For the integral over o, we have, using (3),

36 Y _ _ , 36 Y
LA T T T
3, 1 3Y¥
"R AW
Y 1w
"R YR
Hence
. 3G Y . vy 1 3Y
lim [f (¢ - S 3~r-‘-)dc = lim [f (Ez-+-€-ﬁ e2dw = lm‘l’(xoyozo) (7)
€40 O e>0

From (6) and (7) we have
3G vy
bre(x v z,) + {! (¥ o+ - 6 =)dS = -f{f Gf dt

With appropriate safequards upon the behavior of ¥ and G at infinity, the
integral over S will tend to zero as S moves off to infinity giving the

result

hnw(xo,yo,zo) = fff Gf dt . (8)
T

In order to determine G, we change the origin to (xoyozo) by writing
x=x +X,y=y +Y,z=2 +1 (9)
Then Eq. (2) becomes

G +G6G +6G._-k6=0 10
XX YY 22 k (10)

If we look for the spherically symmetric solution of Eq. (10), then G
will satisfy

326 . 2 36 _ ,2n _
W‘PRBR kéG = 0 (”)

where R2 = X2 + Y2 4+ 22, If, in (11), we write

=9-
G =% (12)
it follows that g satisfies

A-2

you

Ci.
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N

9
]

so that

-k¥g=0 (13)

.

g{R) = AekR + Be-kR

Since we require G >~ Q0 as R + =, we choose A = 0 and then, to satisfy the

condition (3), we choose B = 1; hence

e-kR
G =E (“0)

Accordingly, we can write (8) in the form

, -kR
§ _ hﬂW(xoyozo) -[{] %- f dt

g or
‘ exp{-kv{x-x_)<+(y-y )¢+(z-z )*}
hn?(xoyozo) ) 2_ f(x,y,z)dxdydz

T '/(x-xo)2 + (y-y°)7r+ (2-2052 (15)

In problems with axial symmetry where x = r cos6é, y = r sing, X, = rocoseo,

Yo = rosineo, we can write the solution for ¥ in the form

i t 4o o 211’e‘kR
by (r 2 ) = - [ [ flr,z) rdrdzd¢ (16)
| 2=-© 0 0
' where
RZ =r2 +r2 - 2rr°cos(e-eo) + (z-2 )2 a7)

-
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