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Under the present grant for the past three years we have
; been investigating the propagation of electromagnetic signals in
1 optical fibers.

Our investigation has been quite fruitful, It has led to
interesting results regarding finite-bandwidth propagation in
multimode optical fibers, time-dependent propagation in multimode
1ightguides, modal dispersion in 1ightguides in the presence of
strong coupling, and temporal spreading of a pulse propagating
in a two-mode optical fiber.

Our results were circulated among the cognizant scientists
of the U. S. Army Research Office and then published as a series
of three papers in the Journal of the Optical Society of America
and one paper in the AGARD Conference Proceedings, London
Symposium, May, 1977.

In the following pages we have reproduced these four papers
which descrilie in detail the work we have done under the present

grant and constitute the body of our final report,
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Theory of time-dependent propagation in multimode lightguides*

Bruno Crosignani' and Charles H. Papas
California Institute of Technolop. Pasadena, California 91'125 .

Paolo Di Porto
Fondazione Ugo Bardoni, Istituto Superiore Poste ¢ Telecomunicazioni, Viale Furopa. Roma, Ialy
(Received 6 December 1976; revision received 22 July i977)

A coupled system of equations governing the propsgation of a signal in a statistical ensemble of multimode
optical fibers is presented. It describes, besides the usual average modal powers, the evolution of the
interference terms between the mode amplitudes and of the modal power fluctuations. Our procedure allows
us to treat the general nonstationary nonmonochromatic case of an arbitrary signal fed into the lightguide by
a source possessing a finite spectral bandwidth. The introduction of modal pswer tluctustions permits us to
establish a theorem connecting the value of the modal power, averaged over the fiber ensemble, with the
actual one concerning a single fiber. These two values coincide, in the polvch- ~at'~ cose, for large values
of the fiber length, thus providing the main result of the paper, that is the justification of the statistical
approach to the problem of propagation. Furthermore, the analysis of the interference terms presents
evidence for the difference between the propagation of an amplitude-modulated and a frequency-modulated

signal.

1. INTRODUCTION

Multimode optical fibers with large-diameter core are
particularly useful in connection with sources possessing
intermediate degrees of spatial coherence, such as light-
emitting diodes and laser diodes. These sources have a
finite bandwidth 8», and, accordingly, the problem of
propagation in the fiber cannot be simplified by assum-
ing a monochromatic input. Indeed, a theory which takes
into account the lack of monochromaticity (or the finite
coherence time 1,=1/58y) is necessary.

The description of the propagation of an electromag-
netic signal in a multimode lightguide in the presence of
mode coupling ig a statistical one, This is a consequence
of the fact that the guiding structure unavoidably pre-
sents some imperfections responsible for the coupling
among the modes, whose randomness, together with the
analytical complexity of the exact deterministic problem,
leads in a natural way to the statistical approach. It
consists of an introduction of an ensemble of macroscop~
ically similar fibers, which differ among themselves only
for the random behavior of the microscopic imperfec-
tions, and we consider the values of all the significant
quantities averaged over this ensemble.! In this frame,
the majn emphasis has been placed on the evaluation of
the average power carried by each propagating mode,
both in the case of 2 monochromatic® and of a poly-
chromatic signal, ?

However, it is hardly necessary to remark, as al-
ways when dealing with a statistical approach, about the
relevance of the fluctuations over the average value,
since only their (relative) smallness assures that the
average value of a given quantity can be safely assumed
as the actual one. The fluctuations have been evaluated,
only in the monochromatic case, ** with a rather disap-
pointing result, More precisly, it has been found that
the normalized mean-square value of the power carried

. by each mode approaches 2 for long-traveled distances,

80 that these is a 100% uncertainty on the actual value of
this quantity in a single fiber once the average value is
known,

The above discussion gives evidence to the necessity
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of refining the theory of propagation in a multimode opti- *
cal fiber in two ways. First, the existing treatment

only deals with the average power per mode, which is
connected with the square value of the corresponding
mode amplitude, while a more complete description al-
s0 requires the study of the evolution of the correlation
terms between different mode amplitudes, In the course
of the paper it will be shown that these are the only
terms influenced by a frequency modulation of the input
signal, an operation which, conversely, does not affect
the behavior of the power per mode. Second, one needs
a more complete investigation of the fluctuations, cap-
able of covering the nonmonochromatic case. In fact,

it will be proved that the finite bandwidth of the source
has the positive consequence ‘of reducing the magnitude

of the fluctuations so that, for long-traveled distances,
the average power per mode does coincide with the actual
value in a single fiber.

The mentioned results are obtained in the frame of a
general theory of nonstationary propagation, dealing with
a carrier possessing a finite bandwidth and modulated
in an arbitrary way, in which the complete description
of the propagation and of the associated fluctuations is
obtained in the form of a closed system of differential
equations connecting all the correlation terms between
mode amplitudes up to the fourth order. The present
treatment generalizes that of Marcuse, ! since it is ap-
plicable to the propagation of a polychromatic signal, a
case which substantially differs from that relative to the
monochromatic signal, as it is for example shown by the
drastic change in the behavior of the fluctuations, which
improves the predictability of the actual value of the
single-mode power in the case of finite bandwidth,

Il. PROPAGATION IN A SINGLE FIBER

The transverse part of a monochromatic electromag-
netic fleld of angular frequency w, propagating in the 2
direction along the axis of a (nearly) cylindrical dielec-
tric fiber, can be expressed?

B(r, z, =) R.(r, wcale, )
x expliwt - if (w)e], (1)
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where E_(r, w) i8 the transverse electric field vector of
the mth mode of the ideal cylindrical guiding structure,
8.(w) is its relative propagation constant, and the c,’'s
are suitable expansion coefficients. In writing Eq. (1),
we have assumed that the electric field can be expressed
in terms of the forward-traveling guided modes alone;
and we have allowed the expansion coefficients c,, to be
z dependent in order to take into account the departure
of the fiber shape from the ideal one to which the mode
configurations E, pertain. Here r=(x, y) indicates the
coordinates in a plane transverse to 2 and one needs to
consider only the transverse part of the electric field
E(r, z, t) and of the magnetic field

H(, 2, )= ) H.(¥, w)cplz, )

x expliwt - if,,(w)z] (2)

for the purpose of evaluating the power carried by the
field.

Equations (1) and (2) can be easily generalized to the
nonmonochromatic case. In particular, if, as it is
usually the case, the bandwidth Sw of the field fulfills
the relation

Sw/wp«<1, (3)

where w, is the central frequency, one can write
E(I‘, 2, t)=2 E.(l‘, wo) I dw calz, w)

x expliw? — iB,(w)z] 4)

and an analogous expression for H. The complex Poynt-
ing vector is given by*

8=4(ExH*),,, (5)

where  ),, indicates the averaging operation over the
fluctuations of the source. It is worth noting that the
electromagnetic field possesses, ingeneral, fast fluctua-
tions associated with the carrier (that is with the source)
and a slow variation associated with the superimposed
signal. The averaging operation indicated as { ), re-
fers to the statistical ensemble pertinent to the source,
Whenever the source is stationary, and the ergodic hy-
pothesis is justified, * the quantity P, in Eq. (6) repre-
sentsthe power averaged over a time of the order of 27/
8w and still retains the slow-time variation,

The power carried by the ficld through an arbitrary
fiber section z = const can be expressed

> >
p,-mJ' dxj dy8-e,, (6)
where o, 18 the unit vector in the z airection and “Re”
means “real part of.” Taking advantage of the orthogo-
nality relations between the guided modes'

[Cax [ dyeBute, wox s, wix2POL, @)

where P is a positive normalization constant and 8, is
Kronecker’s symbol, one obtains turnagh Eqs. (4)=(7),

P;=P ; Idw I dw' {calz, 0) 2z, @) e
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x exp{itw - w’} 1 = i Ba(w) = Bo(w)]z}= Y Pulz, 1),

(8)
where P,(z, ) is a positive quantity, as it is immediate-
ly verified by inspection, which can be interpreted as the - )
electromagnetic power carried by the mth mode, )

If mode coupling is absent, one has

cule, w)=c, (0, w)=-471; I dle™te*
L -
X j dx J dye,-E(r, 0, #)xH2(r, w)
. __l_ I.. dte-lul e‘uot F(t)
4P ).,

xJ' dx.j dye, G(r)xB(r, w,), 9)
having assumed, for the sake of simplicity, the electric
field at z=0 to be of the form

E(r, 0, t)= ' F($)G(r) . (10)

Taking advantage of Eq. (3), one can approximately
write

Bu(w) = Bulwy) + (w = wp)/ V, , (11)
with
o= [dB(w)/dw)nyy , (12)

and Eq. (8) yields
P,a# Z( F(t- V—‘m)'>"
T

Equation (13) expresses the fact that the modulation
imposed at z =0 travels in each mode with the mode
characteristic group velocity V,; in particular, that
frequency modulation, which atfects the phase of F(t),
is ineffective in influencing the total power carried
through a fiber section,

In order to satisfactorily treat the situation in which
mode coupling is present, one has to resort to an en-
semble-average approach. More precisely, one intro-
duces a statistical ensemble of macroscopically equiva-
lent fibers possessing microscopic random imperfections
and then considers the ensemble average, indicated by
the symbol {---), Accordingly, allthe significant quanti-
ties will be expressed by means of two statistically in-
dependent averaging operations, the first of which, in-
dicated by ( )., refers to the source, while the second,
indicated by angular brackets, is associated with the in-
troduction of the statistical fiber ensemble. Thus one
has, for example, the total average power carried
through a fiber section given by

(Py) = Z Pz, 1)

x

1> j dw j du’ ez, w)ck(z, W),
X exp{i(w = ')t = i[Aa(w) - Bu(w’)] 2} .

w I
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11l  STATISTICAL THEORY OF TIME-DEPENDENT |
PROPAGATION IN AN ENSEMBLE OF FIBERS

In order to study the space-time evolution of (P, (2, #)

in the fiber, one has to, according to Eq. (14), investi-
gate the behavior of the quantity ((c.(z, w)c¥(z, w'))w)-
The starting point is the set of equations describing the
deterministic evolution of the ¢,’s in a single fiber.
They read’

—-ﬂ—l——dc (z W)= E&J(Z, w, ‘l’o)c,(zv "") ’ m'—‘ly 2, cos
1

dz
(15)
where
A‘I(‘O W, “’0)=Kul(zr Uﬂ)

x exp {i[Bn(w) - B,(w)] 2}, (16)
the K,’s being suitable coupling coefficients obeying the )
relation

Kpy==-K§, . (17)

An equation completely analogous to Eq. (15) holds
obviously true for w’ and reads

deglts ') . 5 4 (e, ', widefe, ), meL2,... .
f]

dz
(18)
From Eqs. (15) and (18) one can immediately derive

]

the following set of equations: ‘
2 (et W1 esta, W)
= Z_: {An(z, w, wodctlz, W)z, w) (19)

+ A% (2, ', wy)c,(z, w) ez, W)}, m, j=1,2,....

At this point, one can follow a procedure analogous to
that introduced in the monochromatic case (w= w’) (Ref.
4); that is, one formally integrates Eq. (19) and then
substitutes in the resulting expression for ci(z, «')c,(z,
w) the formal solution for the quantities c%(z, w’)c,(z,
w) and c,(z, w)ct (2, w'). After doing this, one can per-
form the double-averaging operation on the x-esulting
equations.

If the coupling process is stationary to order two in the
z direction, that is,

(Klu(z’ “’O)Kn(z ’ wo» = Fuln(l L z' I) [} (20)
and if
a‘m;(zy “)o» =0, (21)

by assuming that the mode-field amplitudes do not ap-
preciably vary over distances comparable with the typi-
cal correlation length D of the correlation function de-
fined in Eq. (20), one obtains

% Xorlz, w, w')= ;Z.: Xyr(z, 0, o) expli(Ba(w) - Blw)le} "; K y(2") Kp (0D
xexp{-i[8,(w) = B (w)] z'}d2" + X ,0(2, w, w') exp {i[Ba(w) - B,(w) + B(w") - B,(w")) 2}
X I. (K y(2" K3 (0)) exp{- [ B (w") = B,(w"]2"}d2" + X2, w, w")

x exp{i[8,(w’) - 8,(w") + Bulw) — A (w)] 2} I (K3, (2")K (0)) exp{~ i Ba(w) - Ba(w)] 2} d2’

+Xealz, w, ") exp{i[B(w') - B,(w")] 2} L (K7,(2") K2(0) exp {- i [B(w") - B,(w)) 2’ }d2’, (22)

where we have defined
Xop(2, w, @)= ((calz, w)ct(z, w))w); (23)

and the dependence on wq of the coupling coefficients
has been omitted.

It can now be observed that only nonoscillatory expo-
nential terms in z contribute appreciably to the right-
hand side of Eq. (22), since integrals over z of rapidly
oscillating terms can be neglected with respect to in-
tegrals of slowly varying functions (rotating-wave ap-
proximation).” More precisely, in order to benefit from
this approximation, one has to assume that the ¢,’s do
not undergo relevant variations over distances of the
kind [, (w) - A (w)]? and [Bu(w) - B,(«) - 2% ) = B, ()],
unless, respectively, m=kand m=j, r=s or m=s,
j=7. Under the same hypothesis, it follows that the
¢’ 8 do not vary over the distance (8, (w) - #,(w) + 8,(w")
=~ 8,(w)]", unless m=j, r=sor m=«c. i=» since

Ba(w) = B,(w) + 8,(w") = By(w") o B (w) = B, (w) + B,(w) = By(w) ,
(24)

1302 J. Opt. Soc. Am., Vol. 67, No. 10, October 1977

|

provided that the condition | w - w’l /w <1 is fulfilled
[see Eq. (3)). Equation (24) can be justified by observ-
ing that

Bulw) = By(w) + B (') - B,(w’)

= Ao (w) = B,(w)+ B,(w) - a.(w)+(—ﬂr- "7) W -w),
(25)
and that
(8, /dw - dB, /w)(w' = w)
W
(w) - Bj(w) + ﬂ,((l’) - B‘(W)I . (26)
Ww

Eq. (26) being always valid if the differences between
the inverses of the group velocities are of the same or-
der Jf the differences between the inverses of the phase
velocities,

By taking advantage of the rotating-wave approxima-.
tion, Eq. (22) yields

Crosignani et al. 1302
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£‘ Xorl2, @, U’)‘X.,(l, w, w') A ‘
X (; j’: (K.,(z')K,.(O» exp{- i[ﬁ,(@) - p.(w)] z'}dz'
2> J e o) exp - iR, () - B2 Ve’

+ f‘. S PRT () dz'), mer, {27)

1t is not difficult to show (see Appendix) that the co-
efficient of X,, on the right-hand side of Eq. (27) has a
nonpositive real part, so that Eq. (27) can be rewritten

4
dz )
with Reg,,20, whose solution is

X_,(z, w, “")=(C-(°v “’)c,(ov “"»-e-""‘ y m*7r

xur(zv Wy w')=-g,.,X..,(z, w, W') , m#r, (28)

?
(29)
where ¢, (0, w)zc.{z=0, w).

Equation (29) shows that the cross-correlation terms
in the mode-field amplitudes practically vanish after a
distance of the order 1/Reg,,; or that they remain iden-
tically zero if they possess this value at z =0 (excitation
by a spatially incoherent source).

For the diagonal terms m = 7, we obtain from Eq. (22),

zdx-u(zy w, w’ =‘~<I’ER hlll)xu(zy Wy w')

+ ;h., exp{i [Bn(w) - Bu(w")] 2

+i[B,(w') = Bw)) 2} X (2, w, W),

where (30)

= | Kafe) K2 O

x exp {i [B,(wq) = Bu(we)] z'}d2’ (31)

is a real non-negative quantity (see Appendix). In de-
riving Eq. (30) we have taken advantage of the fact that
the value of A, is not substantially modified by the sub-
stitution w - wy and ' ~ wy performed in writing Eq.
(31).

The set of Eqs. (30) describes in full generality the
evolution of the autocorrelation functions of the mode-
field amplitudes and allows in princinie the evaluation
of (P2, 1)) by means of Eq. (14). It is, however, more
convenient to deal directly with a set of equations con-
pecting the average powers (P,(z, 1)) carried by each
mode, By recalling the expression o1 «',\2, 1)) given by
Eq. (14), one obtains, with the help of Eq. (30),

.’% (Pulz, )=~ (; h..,) (Pulz, )

+ 2 hafPy(z, ) +P [(do [ du’i{Ba(w) - Bu(o)]
om J

x expli(w ~ w')t)exp{- i[8. (W) = By(w')] 2} Xnal(z, w, @’}
(32)
The last term on the right-hand side of Eq. (32) can

1303 1. Opt. Soc. Am., Vol. 67, No. 10, October 1977

e

P

be rewritten, with the help of Eq. (11),

1 9
- -V_-' 'aT (-P-(z; t» > (33)
80 that finally one has ')

2 (Pule, )+ 7‘_— o (Pules )

= ; hos[(Py(2, 1)) = (Palz, ], (34)

which constitutes the set of coupled equations describing
the propagation of a pulse in a multimode lightguide, At
this stage, distributed losses can be easily incorporated
by adding the term - 2a,(P,(z, 1)) on the right-hand side
of Eq. (34).

" The set of Eqs. (34), which describes the time-depen-
dent propagation of the average modal powers, is iden-
tical with the one worked out by previous authors. '™
The present derivation has the advantage of clearly
showing that the limits of validity of Eq. (34) rely on the
small-bandwidth assumption expressed by Eq, (3), as
well as on the hypothesis of slow variation of the field
amplitudes required also in the stationary case. !

1V. PROPAGATION OF A FREQUENCY-MODULATED
SIGNAL

The form of the set of Eqs. (34) implies that the aver-
age power (P,(z, #)) carried by each mode is not in-
fluenced by the frequéncy modulation of the input signal;
that is, that this kind of modulation cannot be transmitted
by the fiber, as long as one collects all the light coming
out from the whole fiber section. This circumstance is o
no longer true if one considers the power transmitted
through 2 smaller area ¢ of the section. In this case,
the orthogonality of the modes is no longer effective in
canceling the cross-correlation terms between dif-
ferent modes, and the expression of the power (P}) car-
ried through this area contains also nondiagonal contri-
butions, More precisely, one has, according to Eq.

(5),

(P =3 Re )IDIE S (35)
with

Tarlz, 1)= Jj dxdy E,(r, wo) X B (r, wo)- €,

x I dw Idc_.:' exp {ilw - o'}t
- '[Bﬂ(“’) - ﬁy(‘l”)]z}xmr(zv w, w’) . (36)

Recalling Eq. (29), one can rewrite the nondiagonal
contributions as

T ooz, )= exp(- ga,2) Jj dxdyE.(r, wo)xH}(r, wp)-e,
x Idu I dw’ explilw - ') t= i[B,(w) = B,(w")] 2} ‘
x(c-(on ‘A’)C"(op ""». y MEY,

Crosignani et al. 1303
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which shows that the T,,’s (m+ r) evolve as in the ab-"
sence of mode coupling, except for the fact that their
envelope undergoes an exponential decay with the fiber
length 2. In particular, if the source is spatially in-
coherent, then T,.(z, £)=0 (m=7), and (P9) is not in-
fluenced by the modulation of the signal. If, conversely,
the source possesses some degree of spatial coherence,
then the T,,’s (m# r) are sensibly different from zero
over a certain fiber length, and Eqs. (9)-(12) can be
recalled for determining their evolution, thus getting

To (2, t)ox e¥mrt <F(l -Tz-)l-" (t - Vi,»“ , mer,
(38)

If one assumes the exciting source to be a frequency-
modulated single-mode laser, then

F(ty=exp[ip(t)+ivf], . (39)

where ¢(¢) is a normally distributed random function

responsible for the laser linewidth, y is a real constant

proportional to the frequency-modulation rate, and
11/V,=-1/V,1z

Tur(z, t)x exp(- ga, z) exp (- ——t,__L)

xexp[iyz'(?l; - ‘71§)+2i7t(% - %)], m#r,
(40)
t,=1/84 being the coherence time of the source. Equa-
tion (40) shows that T,, goes to zero over the shortest
of the two distances 1/g,, and ¢,11/V, - 1/V,, the lat-
ter being the traveled length over which two modes m
and r started from z =0 at the same instant acquire

d—dz' (C.(Zy W)C: (l, w'».(c‘(z’ (U'")C‘: (Z, w" l)).'

a time delay larger than {,.* On the fiber length over
which the T,,’s (m# ») are still different from zero,
their time dependence, which is unaffected by mode
coupling, determines the time behavior of (P$), since
the diagonal terms T,., being proportional to (P.), do
not depend on time.

V. BEHAVIOR OF FLUCTUATIONS IN THE
NONSTATIONARY CASE

In order to deal with practical situations, in which a
single fiber is usually employed, it is desirable to eval-
uate the fluctuations of the relevant quantities around
their average values. In the monochromatic case, this
has been done''* by calculating for a lossless fiber the
asymptotic value (in z) of the normalized variance

(P = (P )P, . (41)

For large z, the resulting value is 1, which implies
a 100% uncertainty on the actual value of the mth mode
power in a single fiber. This rather disappointing situ-
ation drastically changes in the case of a stationary sig-
nal possessing a finite bandwidth dw, where it has been
shown that the asymptotic normalized variance tends to
vanish.® In this section, we study the evolution of the
fourth-order field-amplitude correlation functions rela-
tive to different modes and different frequencies, which
will allow us to generalize the result of Ref. 9 to non-
stationary situations.

The starting point is the set of Egs. (19), which im-
mediately furnishes

= ; {Ans(z, W) ez, Wik (2, W'D ulclz, W”)ch(z, W'D y+ A2z, W')lcalz, wicT(z, W Dulclz, W )ch(z, WDy

+ A,z W) (calz, W)cE(z, W Dulcslz, ©'')ch(z, W Do+ Aty(2, ') calz, Wct(z, W Dalc,lz, )iz, W' Na}.

(42)

It is worthwhile to emphasize at this point that the source-average { ),, in Eq. (42) operates on mode-amplitude
pairs successively. In fact, the basic quantity measured by the detector in a single fiber is the modal power P, (z, t)
[see Eq. (8)], which contains the second-order average {c,(z, w)c%(z, w'))y, SO that the evolution of ensemble aver-
ages of the kind (P, (2, t)P,(z, t)) involves the fourth-order products {c,(z, w)c%(z, w')),,(ca(2z, @ )c*(z, W "))y In
turn, the evolution of (¢, (z, w)ch(z, «’)), is connected with nondiagonal second-order products of the type
{c,(z, w)c?(z, W)y, Which justifies the appearance of  ),( ),, in Eq. (42).

By taking r=m, s=nand w=w’, ' =w’'"”’, it is not difficult to obtain from Eq. (42), by means of a direct ex-
tension of the procedure outlines in Sec, I, the following set of equations:

7‘;‘; (ﬁn(zn w)P.(,z, "’"» S (zl: h..,)(i’.,(z, W)Pn(z’ "’"» + ; hul(ﬁl(ly “’)Pn(zp W"»

+ (((c: (2, @")culz, W' Nu(calz, WIch(2, W) ) exP{i[Balw) = Bualw) + By(w"") = By(w)] 2}(1 - &,,) J;- K (2" K (0))

xexp{=1[8,0") - Balw")]a'}e" ve.c) o ( T Cesle, wichle, Dmienles 57 ey 5D

% 6xp {1 [Bn(w) = Balw’") + 8,(w’) = £,(=w)] 2} 6 un J;. (K2 )K 7, (0)) exp{= i [B,(w'’) = Bulw'’)] 2'}d2’ +c. c) +Ng,
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where N,, represents same terms with the exchange
m—n, w—w'’', having defined

Bo(z, w)=(|calz, w})|" e . ' (44)

While the set of Eqs. (43) possesses a general validity
under the usual hypotheses justyfying the rotating-wave
approximatijon, it can be cast in a particularly simple
form if the relation

is fulfilled and if the field amplitudes do not appreciably
vary over a distance z:"'” given by [compare with Eq.
(40)]

20 = |1/ Va -1/ V)| 20/00 (46)

In fact, in this case, one can again take advantage of
the rotating-wave approximation on the right-hand side
of Eq. (43), which reduces to

L Baz WPz, )
= 2 kg [(By(2, 0IP,(2, W) = (B, (2, w)B,(z, "))
)

+ 2‘2 hog [(B (2, W")Boz, W) = Bylz, w")Bplz, wh].

(47)
From Eq. (47), in the case m=n and for values of z
large enough s0 its left-hand side vanishes, it is im-
mediate to deduce the following asymptotic equality:

By, WIPy(z, w''Ne+(Py(z, W )Pple, W),

=2(P(z, w)Pulz, '), (48)
where the subscript 2 stands for asymptotic. On the
other hand, energy conservation along the fiber requires
that

ZI.’,(:, W)= 2 B0, w) for every w, (49)

i ]

which in turn implies

Z @.(2, W)}-’.(l, w"))+‘;‘z‘z(ﬁl(’" w)}-’.(l, w'l))
[ mé
.3 LB te, o )Pale, W)

=Y B0, w );i,(o, W), (50)

a relation which asymptotically yields, with the help of
Eq. (48),

3 Palz, wiPalz, W), + NN = 14P, (2, 0)Palz, W),

=3 B0, w ; B0, v, (51)

where N is the total number of guided modes. Recalling
now the asymptotic equipartition condition, expressing
the fact that, in a lossless case, the power per mode is
the same in every mode for z sufficiently large,

(}-’,..(z, W)= Fl,- Z }3,(0, w) for every w, (52)
7
Eq. (51) can be rewritten
T (Bulz, w)Pol2, 9" Ve+ N(N - 1XPolz, w)Palz, '),

=N¥ P (2, WNe(Ppnlz, 'y, (53)
from which follows the relevant expression
(Pulz, 0)Pulz, ")), =(Pulz, WNe(Ppulz, w''P, . (54)

We now observe that the energy I,.(z) pertaining to the
mth mode

L= | " Pz, 01, (55)
can be expressed by means of Eqs. (8) and (44) as
L(z)=27P j Bo(z, w)dw . (56)

The normalized variance of the statistical quantity 7,
can be accordingly written

ﬂﬁ%ﬁ= ( [ dw [ aw"Pate, WIPatar 0"
- du [P oz, 0D (Pate, ")

x (}' dw J'dw"(f’.(z, w0 (P2, t«:")))-l . (57)

Since, for z> 2™#, most couples of frequencies in
the relevant integration domain fulfill Eq. (45), Eq. (54)
applies and, consequently, the normalized variance
tends asymptotically to vanish, that is

WU, - LoD/ U0 . (58)

This implies that no statistical uncertainty is present
in I, so that equipartition of the total energy among
the varjous modes takes place in the single fiber. As
a particular case of this general statement, the asrmp-
totic power P, has the same property in the stationary
vegime, as it has been shown elsewhere, * since in this
situation I, and P, are proportional.

The complete investigation of the behavior of fluctua-
tions in the nonstationary regime requires the analysis
of the quantities (PL(z, #)) and (P.(z, HP,(z, 1). To this
end, the system of Eqs. (42) has to be specified to the
case r=m, s=n, since

{ |

J

(Po(z, DP.(2, 1) = P? j' dw j dw' J' dw'’ j' duw’”" expli(w — w')t] exp {i(w’’ = w"' ")t - i[8a(w) — B (w")) 2

~ B ) = 50- " ]2} cale, w)et(z, o' Nalcale, 0")ct(z, 0" N . (59)

By means of the general procedure followed in this paper, it is possible to deduce a set of equations governing h
the evolution of ((c.(2, w)ch(z, w'),,c iz, w”’)c%(2, w''") ). In order to simplify the notation, let us define O

i o o= e s mewe
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!
E Yorlz, w, w')=explif,(w’)z ~iB.(w)z){calz, w)ct(z, @)y - (60)
57 The final form of the closed system of equations then reads
(‘ -d% (Yn(z, 0, W)Yz, @, 0""') = i[B(0") = Bul@) + By(w""") = Baw" (Y pul2, @, W) Vo2, ", "))
J
’ -[Z(hln "‘hlnﬂ(Yu-(zp w, w')Y,,,,(z, w”: w'"»"‘z: hkn(Yuun(z: w, “")Yn(zv w"» w”’» '
[ [}
|
‘ i
. , + 2 a2, ©, W)Y (2, @' 0" = (1= 0p) hnnl{ Vem(2, @, @)Y a2, 0", @™') 1
[ !
!
+ (¥ nlz, 0, @)Y, (2, ©”, u"'))]m,,_(z haa[(Y (2, @, @' VY (2, 0, 0" + (¥ (2, @, W)Y, (2, w", w"'))l) (61) ]
Aém N
d i
Tz Ymlz, 0, )Y pulz, 0", W'D =i[B(w") = Balw) + (") = B N (Ve (2, @, W)Y, (2, w*, ™) ;
_(Z By, + Z h._)(Y,,,(z, w, WY, (2, ', &N+ Z halY iz, w, W)Yz, W', 0"+ Z (Y, (2, w, W) 3
Ay Afm T htm
x Y'.(Z, w") w'"» "hur [(Yn(21 w, w')Ymn(zv (d”, w"'))+<Ymn(z’ w, w')Y,,(z, w"» w,"))] ’ m#r. (62) ;
}
{ ;
The set of Eqs. (81) and (62) represents, together with  one can write
the set of Eqs. (30), a fairly complete analytical descrip- 1 L2 L/2 .
tion of nonstationary propagation. In fact, while Eqs. |Fugl?= 7 f dz’ j dz K, (2)K2(2")
(30) concern the evolution of the average power per Liz kiz
mode, Eqs. (61) and (62) allow one to describe the fluc- xexpli(8, - Balz - 2)], (A2)
tuations arvund this quantity in terms of fourth~order ki
averages, One can observe that, in the general case, it :: t;';t,’t rememb:rti:g Eq. ():.nt)i’ a";d 410 g advantage of
is not possible to obtain a system of equations containing € linite range ol thé correlation tunction
only the quantities (P, P,), while this is possible in the Koy (2)Kmy(2")) = (K (2 = 2" )K2,(0)) (A3)
monochromatic stationary propagation.* This is rela-
ted to the essential role of the average over the source, one has
t which does not allow the nondiagonal terms (Y, («w, w') .
X Y m(w’’, @'*'})) to be rearranged as products (Y,.(«, Fmy= Lim | Fuyl®20. (A4)
w"')l’,,(w", wl».
Let us now consider Eqs. (27) and (28). Since the
V1. CONCLUSIONS quantity (K,,(z)K,.(0)) is a real even function of z, one
can write
We have derived a set of statistical coupled equations .
describing the time-dependent propagation of a finite- Reg. .=+ A5,
bandwidth carrier, which can be either amplitude or fre- Enr =2 Z‘:‘ Pni 3 :z;‘ "
quency modulated, placing into evidence the limits of e Li2 .
validity of the approach, which involve both the value of + 1 lim <|(l) j dz[K,.(2) ~ K, (2)] )20 .
the bandwidth and the variation of the mode-amplitude 2.« \I\L L/2
coefficients. In particular, the time evolution of a fre- (a3)
quency-modulated signal does not depend on mode cou-
f pling, thus possessing a behavior completely different
; from that of an amplitude-modulated sigaal.
*Research supported by the U, S, Army Research Office under
. We have set in a rigorous form a theorem describing Contract No. DAAG29~77-G=0130,
the smoothing of mode-power fluctuations over the fiber 'On leave of absence from Fondazione Ugo Bordoni, Roma,
1 ensemble, due to the finite bandwidth, so as to include Raly,
mode-energy fluctuations in ronstatiorarv situations, 'D. Marcuse, Theory of Dielectric Optical Waveguides (Aca~
1 demic, New York, 1974),
The general case of time-dependent propagation of S, D. Personick, “Iwo Derivations of the T{me-Dependent
fluctuations has been also conside.ed, and a closed sys- Coupled-Power Equations,” Bell Syst, Tech, J. 54, 47-52
tem of equations enabling to describe it has been de- (1975), .
rived. R, Steinberg, “Pulse Propagation in Multtmode Fibers with ]
Frequency-Dependent Coupling, ” [EEE Trang, Microwave -
APPENDIX Theory Tech. MTT-23, 121~122 (1875), ;
4B, Crosignani, B, Daino, and P, Di Porto, “Statistical Cou- :
If one defines pled Equations in Lossless Optical Fibers,” IEEE Trans.

L/s

F .(—‘)m dz K, (2) expl<(8, - B.)z] (A1)
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Modal dispersion in Iightgdides in the présence of strong coupling

Bruno Crosignani® and Charles H. Papas
California Institute of Technology, Pasadena, California 91125

Paolo Di Porto .
Fondazione Ugo Bordoni, Istituto Superiore P! T., Viale Europa, Roma, Italy
(Received 31 January 1978) -

The effect of strong mode coupling on modal dispersion in optical fibers has been investigated. The
pulse dispersion turns out to be qualitatively different from the one relative to the weak-coupling
case, while it exhibits a drastic reduction as compared with that of the uncoupled case. The role of the
initial pulse length and of the source coherence time has been elucidated.

. INTRODUCTION

The role of mode coupling in the propagation of guided
modes in a multimode lightguide is well established. It can
be negative or positive, according whether the purpose is to
let the lower-order modes propagate without progressively
sharing their energy with the higher-order ones, or to reduce
the modal dispersion of an optical fiber. While the first
statement can be easily understood, the second one is not so
obvious and has to be proved analytically. In fact, the existing
theory!-? is based on a statistical approach and it describes the
propagation of the average power in the mth mode (Pn(z,t)),
where the averaging operation (..... ) is meant to be per-
formed over an ensemble of many macroscopically equivalent
lightguides differing among themseive: be.cuse of micro-
scopically random imperfections.

In this frame it can be shown that, unde: suitable assump-
tions on the coupling, the centers of mass of the wave packets
describing the (Pn(z,t))’s tend to travel with a common av-
erage velocity, while the pulse widths turn out to be propor-
tional to (a + bz)1/2, g and b being two pesitiva constants, and
2 the traveled distance. This fact is interpreted as a mecha-
nism of reduction of the modal dispersion in optical fibers,!:2

1568 J. Opt. Soc. Am., Vol. 88, No. 11, November 1978  0030-3941/78/6811-1586800.50  © 1978 Optical Society of America

since one would expect, should the modes travel indepen-
dently as they do in the ahsence of mode coupling, a distortion
proportional to the traveled distance z.

The main limitation of the statistical approach is connected
with the presence of fluctuations around the average value,
which, if too ample, do not allow the average result to be
confidently applied to the single fiber—with which one most
often deals in practical situations. It has been demonstrated?
that in the case in which the fiber is excited by a polychromatic
source there is a fiber length L = 1/T, (T, being the coherence
time of the source) such that the fluctuations of the energy per
mode I, (z,t):

Inzt) = f_ " Po(zt)dt o)

tend to vanish for z larger than L. However, this result does
not concern the behavior of Pn(2,¢) itself, but for the sta-
tionary case in which P (2,t) is time independent. Besides,
the statistical approach does not give a correct result for the
single fiber when one has to evaluate the cross-correlation
term between the field e, (r,z,t) and e, (r,2,t) pertaining to
the mth and nth mode, that is
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Tnm = (e..‘(r.z.t) . Q;(l‘,l,‘)).v, “(2)

where the symbol (..... )av indicates the averaging operation
over the fluctuations of the source exciting the lightguide. As
a matter of fact, it has been shown?® that (T,,, ) goes to zero
over a distance not larger than T |1/V, = 1/V,| -1 (V, and
V. being the nth and mth mode group-velocity), which is just
the distance over which it would go to zero in the absence of
mode coupling.* This obviously cannot be the case for the
single fiber, since the presence of a coupling certainly gives rise
to a correlation between the modes over a longer distance.

The previous considerations make clear that it would be
desirable to be able to find, at least for some simple workable
models, an analytic solution for the problem of propagation
in a deterministic case (that is without resorting to the sta-
tistical approach), in order to compare it with the above
mentioned results. This would also allow us to evaluate in
a correct way the T, 's, whose behavior may furnish a simple
way of gaining information on dispersion—and thus on mode
coupling.® In this paper, this program is carried out intro-
ducing the hypothesis of strong coupling, a case interesting
per se which cannot be investigated by means of the statistical
treatment which covers weak coupling, and considering a
simple model in which only two modes interact.

In the framework of our approach, strong coupling means
that the magnitude of the coupling constant K ;5 is much larger
than the difference |8; — 82| between the propagation con-
stants of the two unperturbed modes {see Eq. (24)]. Under
this assumption, we consider the situation of resonant cou-
pling, for which the characteristic spatial periodicity { of K2
if of the order of |8; = 82| ~, and that of slowly varying cou-
pling, for which ¢ 5> |8, — 85[~!. In both cases, propagation
is significantly affected by the fact that | K| is large (while,
as is well known, the fulfilment of the resonant condition is
essential in the weak-coupling regime?). Dispersion turns out
to be drastically reduced with respect to the case in which
coupling is absent, and its qualitative behavior differs from
what one would expect according to the statitistical method,
in that the pulse spreading turns out to be proportional to the
fiber length z instead that to z1/2,

The analysis of the propagation in the presence of strong
coupling, besides allowing us to complete the description of
the effects of mode coupling on modal dispersion, can be rel-
evant for the study of propagation in mode scramblers, which
are strongly-coupling fiber samples able to excite all guided
modes in a repeatable manner.$

il. DESCRIPTION OF PROPAGATION IN
LIGHTGUIDES

The transverse electromagnetic iield prupagating in a cy-
lindrical guiding structure can be expressed as the superpo-
sition of the fields pertaining to es+ h guided mode in the
form3?

E(rzt) = T en(r2t),
with
em(r.2,t) = En(r)on(2t), 4)
where the E,, (r)’s represent the modes of the ideal guiding
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structure (that is without mode cou;;ling) and the expansion
coefficients a,, (z,¢) are defined through the relation

am(z,t) = f_- em(2,w)eiwt~idmivizdy,, (5)

In Eq. (5), Bm(w) is the propagation constant of the mth
mode and the ¢, 's depend on z because of the presence of
mode coupling [otherwise one would have ¢, (z,w) = cm(0,w)].

It is possible to show® that as long as only forward traveling
modes are considered the transverse part of the magnetic field
obeys equations identical to Egs. (3) and (4), provided the
substitution E, =~ H,, is made. From the above consider-
ations it follows that, in order to evaluate second-order aver-
ages of the kind

G(ry,rat,ta2) = (E(ry,zt) - B (re,2,t2) Yavs (6)

or
Pr(zt) = -;-Re f dr (E(r,z,t) X H*(r,z,t))ov- €, (7)

(e, being a unit vector in the z direction), representing, re-
spectively, the mutual coherence function and the power
carried by the electtomagnetic field through a given area o of
a fiber section, it is sufficient to investigate the behavior of the
quantities

(am(z,t1)an(z,t2) )av 8)
or, equivalently, of
{em(z,w)en(z,w’))av. 9

According to Egs. (3), (4), and (7) and the mode orthogon-
ality, it turns out? that {an(2,t)a(z,t)),. is proportional to
the power P, (2,t) carried by the mth mode through the whole
fiber section, and that

P=(z,t) =3 Pn(z,t), (10)

while the nondiagonal terms {an(z.t)a,(z,t))., can be con-
nected with the degree of correlation between the various
propagating modes. In particular one has

Pe(zt) = %Re T T Fo (am(z.)a5(2,) ) oy
= Re Z (F:un/Fr.nm)Pm(znt)

1
+§Re2 T Foa(am(zt)an(z,t))gy, (11)

msn

with
Fon= f dr En(r) X Hy(r) - e, 12)

showing that the nondiagonal terms represent interference
contributions between the various modes, which are always
present whenever o is finite (otherwise they disappear due to
the orthogonality between different modes). Thus, the
analysis of P¢(z,t), as compared with P=(z,¢t), can furnish a
way of estimating the degree of correlation between the
propagating modes.

In the absence of mode coupling, one has ¢, (2,w) = ¢ (0,w),
which, together with the approximate relation

Bmiw) = fmlwg) + (w = wg)/Vm a3
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(which implies, as a necessary condition, the ratio between the
bandwidth éw of the propagating signal and the central fre-
quency wg to be much less than one), furnishes [see Eq. (5)]

am(2,t) = ap (0.t —2/Vy), (14)

where V,, = (dBn/dw);),, is the group velocity of the mth
mode. This amounts to saying that Pn,(z,t) propagates with
this velocity and that the nondiagonal terms

(am(z,t)a;(z,t))av
= (am (0.‘ - Z/Vm)a;(o.t - Z/Vn))lv (15)

vanish whenever the fiber length is such that they acquire a
time delay larger than the coherence time 7. = 2x/6w of the
source; that is,

|2/Vm —2/V,| 2 T.. (16)

IN. PROPAGATION IN THE PRESENCE OF MODE
COUPLING: NONRESONANT CASE

In order to have an analytically solvable model, we consider
a simple case in which only two modes 1 and 2 are interacting.
The evolution with z of the mode amplitudes ¢,(z,w) and
¢9(z,w) is described by the following set of equations®:

‘_1"1_(?“1.). = K 1g(z)eidWhigy(z,w), '

17
dea(z,w) un

dz

where A(w) = f1(w) — Ba2(w), K12(2) is a 2-dependent coupling
coefficient and the self-coupling coefficients K,(z), K22(2),
which would not give rise to any relevant effect, have been
omitted for the sake of simplicity. By means of the change
of dependent variables

= —K;2(2)€ -iA(w)zcl(z’w)’

ci(z,w) = by(z,w)eidw/2,

i (18)
ca(z,w) = by(z,w)e—idMe12/2,
one gets from Eq. (17),
% + I(Alz)bl = Klzbz
dz
(19)
db,

i i(A/2)bg = — Kby,

from which, by eliminating b,, one arrives at
bi — (K\o/K12)b) + [|Ki2|2 + 8%/4
- i(K12/2K15)3) by = 0, (20)

where the prime indicates differentiation with respect to z.
By performing the substitution

1 LI
b] = 61 exp (E f (Ku/K]g) dz), (21)
one finally obtains ,
61+ [IK1a|2 + A%/4 — i(K5/2K12)A
+ (K12/2K 13y ~ (K12/2K12)%)61 = 0. (22)
Let us now assume K;5(z) to be a slowly varying function
of z. This means that there is no Fourier component of the

coupling process that would provide coupling in the sense of
first-order perturbation theory. However, this fact does not
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preclude an effective coupling, with a consequent influence
on dispersion, for |K 2| large enough, as the following deri-
vation will make clear. The last three terms inside the square
bracket in Eq. (22) can be neglected, as compared with | K 3|2
+ A?/4, provided that the condition ! » [1/A] is fulfilled,
being a characteristic oscillation length of Ky5(z). The re-
sulting equation can be easily solved in the WKB approxi-
mation, under the usual adiabatic hypothesis

d
== (Kl + a7/497)

« 1. 23
|K12]2 + A%/4 23)

In particular, in the strong-coupling regime,
|K12|2>> A2 (24)

and by assuming, for the sake of simplicity and without loss
of validity of the main conclusions of our derivation, K, to
be independent from Z, one obtains

ay(z,t) = [ dw expi—i[Bi(w) + B2(w)] 2/2 + iwt]
X [A exp(i| K9]z + iA22/8] K 2|)
+ B exp(—i|K12|z — iA22/8|K)a|)), (25)

ag(z,t) = i exp(—i¢) § dw expl=i[81(w) + B2(w)]2/2 + iwt}
X |A expli|K 2|z + iA22/8]K 1))
~ Bexp(—i|Ki2|z ~ iA%/8|K)2|)), (26)
with
A = (%)[c1(0,w) — iei®cy(0,w)]. (27)
B = (Yp)]e1(0,w) + ieivcy(0,w)],

and exp(i¢) = K,5/|K2|. Assuming ¢,(0,w) and c2(0,w) to
possess the same w dependence, the problem is reduced to the
investigation of the quantities

Jo(z,t) = § dw ¢, (0,w) expi— i[B1(w) + B2lw))2/2}

X expliwt + {|Ky2|z + iA2w)2/8|Ko|], (28)
and
Jp(2,t) = f dw ¢1(0,w) expl=i[B1(w) + By(w)]2/2}

X explivt — i{Ky2lz — iA%w)2/8|K12]], (29)

which is obtained from J; by means of the substitution | K|
— =K.

By taking advantage of Eq. (13), one can write
A(w) = Awg) + (w — wg)/V), (30)

where
1/VE) = 1/Vy = 1/V,, (31)
which, once introduced in Eq. (29), yields
Ip(z,t) = eV  dw e (,w)e~iv? 2 eivlt — 2/5,)  (32)
with

V= = [B1(wo) + B2(wo)]2/2 + woz/2VH) = |K o)2
- A2(wp)2/8| K 12| + Alwolwoz/4V )| K gl
. - w§z/8VEPIK o]  (33)

and
72 = 2 BV(-12|K ]|, (34)
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having introduced the new velocities V(*) and 0}, defined by
the relations

1/VH) = 1/V +1/V,, (35 .

1/05 = 1/2VH) + A(wo)/ 4V Kig| ~ wo/4V1?| Kol (36)

An analogous expression holds for J,(z,t) once the substi-
tution | K2} — —|K 2| is performed, which in particular de-
fines another velocity

1/0, = 1/2V = Alwg)/4VYK 5] + wo/4V =¥ K|,
&¥))

We have now to consider the quantities J,J7, JpJ3, and

- Jqd}, and to average them over the fluctuations of the source

(which, for a stationary source, is equivalent to taking the time
average over an interval of the order of the coherence time 7', ).
In fact, their linear combinations furnish the significant
quantities {|a1(z,t)|2)qv, {|@2(2,¢)|2) oy and (a1(z,t)a3(z,t)) g
Thus, according to Eq. (32), one has to evaluate the quanti-
ty

(€1(0,0)c1(0,w’)) gy (38)

This can be done by assuming the electric field atz = 0 to
possess a temporal behavior of the kind

elwt F(£)S(t), (39)

_J

13.

where F(t) is a rapidly varying function accounting for the
source bandwidth while S(¢) represents the (usually) much
slower amplitude modulation of the carrier. By assuming

S(t) « exp(~t2/T?) 40) -
and

(F(t')F*(t"))av = exp [~(t’ = t")¥/T?], 41)

where the subscripts p and ¢ stand, respectively, for pulse and
coherence, one has (see Appendix)

{c1(0w)c;(0,w)) oy
« exp(=Q2T}/4 ~ Q'2TY/4 + QU'TH2), (42)
where
T} = T2T: + TH/(2T2 + T?) (43)
and
T3 =T3/(2T2+ T?), (44)

with @ = w ~ wgand @’ = ' — wg. In particular, the mono-
chromatic and the stationary cases are respectively recovered
by letting T, and T, become infinitely large.

By taking advantage of Eq. (42), one can write

(W2, 3(2,t)) ey = § dw § do’ exp [~w2(ir2 + Ti/4) — 'U=it2 + T}/4)] .
X exp {wlits + wo(TE ~ TH/2] + '[=ity + wolTF = TH/2 + wT3/2]} exp[—w§(7; — TDH/2], (45)

with ty = ¢t = 2/0,. After performing the two integrals over
w and o', Eq. (45) furnishes

(Jod3)av = (1/T)expl~(t — 2/v4)?/T?) {46)

where
T = (T3/2 + 8r4/TH12, 47
1up = 1/2V) + Alwol/4V )| K q), (48)
with
T} =T}~ T} =TT (2T:+ T, (49)

Ti=Ti+ T3~ QTS+ TITH/QTE+TH.  (50)

An analogous expression holds true for (JoJ3) 4y, which
reads

(Jad)ay = (1/T) exp[~(t = 2/3,)2/T?}, (51)
where .
1/vs = 1/2V) = Awo)/4V )| K ). (62)

One can observe that the group-velocities v, and v, could
have been also directly obtained by taking, respectively, the
derivative with respect to w (evrliated at o = wg) of the
propagation constants of the fits¢ and second terms contrib-
uting to a, [Eq. (25)) or a; [Eq. (26)).

The term (J4J})ov cannot be expressed in the form of a
wave packet propagating with a definite velocity, and will be
i later on.

i M, s BB ae B ]

r

The expression of (J/oJ; ) ey and (Jy3) av, 88 given by Egs.
(46) and (51), shows that the signal inside the fiber evolves in
two distinct pulses, traveling with two slightly different ve-
locities v, and vp. Besides, the temporal width of each pulse
increases with z, so that one has to take into account two dif-
ferent sources of dispersion. In practice, this second kind of
dispersion can be neglected for the values of z such that [see
Eq. 47)]

T%z)/T3 < To/4 = Tp/4. (53)

The other contribution can be put in a quantitative form
by introducing the time delay Ty between the centers of mass
of the two pulses at a distance z; that is,

Ta(z) = 2(1/vp ~ 1/vs) = Alwp)2/2VNK g},  (54)

It is immediate to see that this kind of dispersion is domi-
nant—the distance between the centers of mass of the two
pulses increasing more rapidly than their widths. In fact, it
follows from Eqs. (34) and (54) that

TaT3/ri= 4V ) Alwo) T
= 4woT3V ) A(wo)/wo = 4weT3, (55)

having taken into account the circumstance that the difference
between the inverse of group and phase velocities, V(=) and
wo/Alwy), are of the same order.? Observing that Ty is of the
order of the coherence time, the ratio between Ty and +2/T,
turns out to be wo/dw » 1.

o il aA Sl Shaligridisaiac akiar kil -~
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Returning now to the problem of evaluating the influence
of the term (JoJ})a it may be noted that its importance
tends to become negligible for distances such that

Td (z) > Tpo

after which the two pulses do not overlap anymore.

IV. PROPAGATION IN THE PRESENCE OF
MODE COUPLING: RESONANT CASE

‘The resonant case corresponds to a sinusoidally modulated

(56)

. coupling constant
Kizlz) = 2K cos(xz), (57)
; with
§
x = Alwo), (58)
: | the (resonance) frequency wy having been assumed to coincide
l : with the central frequency of the exciting source. By intro-
ducing Eq. (57) into Egs. (17) one obtains
_dcl‘:z,w) = Ke—ixz+idlwlicy(z w),
4 ? (59)
L(Z,w_) = -K‘eixz-i.&(u)zcl(z,w)'
dz

having neglected in the right-hand side of Eqgs. (59) the terms
containing the rapidly oscillating factors expii{A(wg) + x]z}
with respect to the slowly varying terms containing
expj+i[A(wy) — x)z}, whenever | K| « |x + A(w)|. By using
this approximation, it is possible to write

Kig = K e—$3lw0)z, (60)
One can now use the procedure of Sec. II1, thus obtaining

( 4

ay(z,t) = exp (L;wo)z_) Sdw

X exp(—i B_____1(w) ; 200 z+ iwt)

1A%(w)z _ iA(wo)Aw)z

X [A exp (ilKlz +

8|K| 4|K|
iA%wo)z ikl _ iA%w)z
+_8|K| )+Bexp( i|K|z —8|K|
iA(w)A(w)z _ iANwo)z
a|K| 8IK| )
, . 1A{wp)z
ag(z,t) -zexp(-ub+——2 ) Jdw
_ B + B
X exp( i 2 z+ wt)
ey . 1A W)Z i8(wo)dlw)2 iAz(wo_E
X [‘ exp (ilK|z + 8IK| 31K 81K|
. id%w)z  iA(wolAlw)z _ iA%wg)z
B""( iKlz = =GK] 4IKj 8IK| )]
(62)
° with
@ A = (%)e1(0w) = iei*ca(0w)], (63)
B = (){c1(0) + ie%cs(0.0)],
1660  J.Opt. Soc. Am., Vol. 88, No. 11, November 1978
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where exp(i®) = K/|K]|. -

The expressions of a;(z,t) and a,(z,t) show that the main
properties of propagation can be deduced following the deri-
vation of Sec. II1. In the present resonant case, the group-
velocities v, and v, of both contributions to a, (and a,)
coincide, since

L-i(ﬁ,(u’)i-ﬂz(w) A%(w) A(wo)A(w))
Ugp dw 2 8|K| 4|K| wswo
1/1 1
“2(v*v,)

so that the signal appears in the form of a single pulse
undergoing a temporal broadening T given by Eq. (47), which
for large z reduces to

2 1 z
T=grl=___Z
Ty 82 VEP|K Ty

In other words, the two distinct pulses of the nonresonant
situation overlap, so that the only cause of dispersion is given
by their common broadening.

(65)

V. INFLUENCE OF MODE COUPLING ON
DISPERSION

One can compare the results of the previous sections with
the one obtained in the frame of the statistical-coupled power
theory, according to which the temporal width of the pulse T,
is proportional to the square root of z, that is!®

T, = (ﬁz)llz/vt-)hllz' (66)

where

b= dr (KulDKi0)eiseon, (67)
the angular brackets indicating the averaging operation over
an ensemble of many macroscopically similar fibers. Equa-
tions (54), (65), and (66) show that the results of the weak- and
strong-coupling cases are qualitatively different. In partic-
ular, the deterministic approach brings under consideration
the role of the coherence time T, of the exciting source and
of the pulse duration T,,. It provides a dispersion which ex-
hibits the same linear z dependence of the uncoupled case, for
which the width T, of the signal carried by the two uncoupled

modes is given by!?
| T, = 2/V), (68)
but which is quantitatively very different. In fact, one has,
Tal/Ty = Awo)/2|K 12| « 1 (69)
and
T/Tu & Ta/Ty = Alwg)/2|K 2| «< 1, (70)

where the first inequality in Eq. (70) follows from Eq. (55), in
agreement with the intuitive statement that the presence of
astrong coupling must considerably reduce dispersion, in both
resonant and nonresonant situations.

We wish to stress again the fact that the present deter-
ministic method deals with a case in which the ¢, 's consid-
erably vary, in the nonresonant case, over a distance of the
order 1/A(wp) (strong coupling), while the opposite hypothesis
is introduced in order to deal with the statistical approach.3
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Actually, the strong-coupling hypothesis has as a consequence
that the powers per mode Py(z,t) and P;(z,t) possess the same
temporal evolution. Accordingly, two initially correlated
modes travel without acquiring any mutual time delay, so that
{a;(z,t)a3(z,t))4v does not vanish after the distance defined
by Eq. (16), which implies that the transverse spatial corre-
lation between them is preserved over a very long traveled
path.

VI. CONCLUSIONS

We have treated the propagation of a pulse of given initial
duration, injected into the fiber by a source with definite
temporal coherence properties, by adopting a simple model
in which only two modes are considered. This has been per-
formed under the assumption of strong coupling, by means
of a deterministic approach, which is able to cover both the
resonant and far-from-resonance cases.

Strong coupling is effective in both resonant and nonreso-
nant conditions and affects qualitatively and quantitatively
the behavior of dispersion. Far from resonance, dispersion
is associated with the breaking up of the initial signal into two
distinct pulses proceeding with different velocities, such that
the corresponding mutual delay exceeds the temporal
broadening of the single pulse. Conversely, this broadening
turns out to be the only sburce of dispersion in the resonant
case, where the signal travels as a single pulse.

In both cases, dispersion is drastically reduced with respect
to the uncoupled situation, and the main qualitative difference
with respect to the weak-coupling regime consists in the linear
dependence of pulse dispersion on the traveled length.
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APPENDIX
According to Eqs. (5) and (39), one has

1(0,0) « f_ " dtre-ieUS(t)F(t’) e, (A1)

it Cnartoma Sial S8 An L1 Memsanhon L0200
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so that
(€00)i0Nu = [ drr [ drr SEIsHe)
e O D, (D

where @ = o — wpand ' = o’ —wy. After introducing the time
Fourier-transform S(f) of the slowly-varying amplitude S(t),
one can take advantage of the stationariety of the rapidly-
varying part F(t)

(F(t')F*(t"))qv = G(t' = "), (A3)
thus being able to rewrite Eq. (A2) in the form

(€1(0,0)c3(0,0) ey = _f_ ~df

x f_ " drS(NS( + @ ~ Q)G (r)e=it~Nr. (Ad)

By recalling that, according to Eqs. (40) and (41), one
has

8(f) = exp(~f2T2/4) (A5)
and
J’_ " dr exp[~i(Q - )7] G(7) « exp[—(Q - f)2T?/4),
(A6)

it is possible to perform the integration in Eq. (A4), thus ob-
taining Eq. (42).
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Temporal spreading of a pulse propagating in a two-mode optical
fiber

Bruno Crosignani® and Charles H. Papas
California Institute of Technology, Pasadena, California 91125

Paolo Di Porto
Fondazione Ugo Bordoni, Istituto Superiore P. T., Viale Europa, Roma, Italy
(Received 4 January 1979; revised 9 June 1979)

The dependence of the temporal width of the impulse response on the length z of a two-mode
optical fiber is examined. This quantity, which is proportional to z in the absence of mode coupling
and to z''? in the presence of weak random coupling among the guided modes, possesses a different
dependence in the case of a deterministic resonant-coupling model, appropriate for describing a
rather general class of actual situations. The relevant role played by the coherence time of the signal

is demonstrated.

INTRODUCTION ‘

The influence on modal dispersion of coupling among the
guided modes of a multimode optical fiber has been examined
by many authors! since a possible reduction of the pulse
spreading due to this mechanism was first predicted.2 The
analysis of electromagnetic propagation in a fiber in the
presence of mode coupling is usually accomplished in the
frame of a statistical theory which deals with quantities such
as the powers P, of the individual modes averaged over a
suitable ensemble of similar fibers.? This approach allows
one to investigate the electromagnetic propegation by means
of a set of differential coupled equations describing the evo-
lution of the averaged quantities (P, ), which, under certain
hypotheses, can be cast in an exactly solvable form.* One of
the main resuits of this theory cuncerns modal dispersion.
More precisely, it turns out that the width of the impulse re-
sponse exhibits, for a large traveled distance 2, a square-
root-type dependence on z, while the width depends linearly
on 2 in the uncoupled case.® This result implies that for long
traveled distances mode coupling reduces dispersion. Re-
duction of dispersion due to mode coupling has actually been
observed.®

The statistical approach, which has some intrinsic limita-
tions due to its very nature,’ is suitable for dealing with
weak-coupling situations such as those arising from the
presence of many small unpredictat!. ‘a,pe-fections in the
fiber structure.® However, there are tibers in which mode
coupling takes place in such a way that they cannot be con-
sidered as typical samples of the ensemble to which the sta-

tistical theory applies. This occurs, in particular, in con-
nection with spatially quasiperiodic imperfections giving rise
to a resonant coupling of the various modes. In this paper,
we wish to examine electromagnetic propagation in a two-
mode optical fiber possessing this kind of coupling, our main
aim being the investigation of the dependence of pulse
spreading on length traveled. This spreading turns out to
exhibit a behavior that is different from the square-root-type
dependence predicted by statistical theory.

The two-mode optical fiber, beyond furnishing the simplest
model for treating mode coupling, is interesting per se due to
the recent developments of single-mode optical waveguides
in which two effective modes with orthogonal polarization are
present. %10

1. PROPAGATION IN THE PRESENCE OF
RESONANT COUPLING WITH CONSTANT
AMPLITUDE

The propagation of a finite-bandwidth field
E(rz2t) = El(r) fcl(z'w)eiut-iﬁl(ﬂ):dw

+ Es(r) fc:(z,w)eiul—ih(uh dw

= E,(r)o;(z,t) + Ez(r)ﬂz(l,t) (1)
in & lossless fiber supporting two guided coupled modes is
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governed by the system of equations3’

. 9 o 1(2,0) = Kuglz)eibhco(z,w)

dz

4 2)
— ca(2,w) = —Kjy(z)e—idwie (z2,0),

dz

which describes the evolution of the mode amplitudes ¢;(z,w).
We have indicated with r and z the transverse and longitu-
dinal coordinates, with A(w) = B8,(w) = B2(w) the difference
between the propagation constants of the two unperturbed
modes E;(r) and Ex(r), and with K,2(2) the coupling coeffi-
cient, which is related to the departure of the fiber structure
from the ideal configuration.

If we assume K2(2) to be of the form
K12(z) = 2K cos(xz), (3
with
x = Alwo), )

wp representing a frequency within the spectral width dw of
the signal, the set of Eqs. (2) becomes

icl(z’w) = KeilA(u)+A(00“102(z,w)

dz
+Kei|A(w)—A(wo)l:cZ(z‘w)’ (5)

sdd: Cz(z,w) = — %o —ila(w)-A(wo)lzp ](Z,U )

- K#e-ila(w)+ A(wo)llcl(z.w),

By taking advantage of the rotating wave approximation
which, whenever |K| <« |A(w)|, allows us to neglect the rap-
idly oscillating terms of the kind exp{+i[A(w) + A(wp)]z} that
average out to zero over the distance of propagation, the set
of Eqgs. (5) reduces to

%c,(z,w) = Keivlwizey(z,w),
(6)

f; colz,w) = =Koe=ivc,(z,w),

with v(w) = A(w) — A(we). The set of Eqs. (6) can be easily
solved and the resulting expressions for ¢,(z,w) and co(z,w)
inserted into Eq. (1), thus giving!!

a1(z,t) = exp(—iA(wo)z/2)
+o
X J:- expl=i[B1(w) + B2w)]2/2 + iwt]

X {A expli| K|z + i(w — wo)22/8|K|52)
+ B exp[~i|K|z ~ i(w — «y)2/8|K|6%idw (7)

and
8x(z,t) = i exp[—id + iA(wo)z/2]

X f_ :' xpl—=i[B1(w) + Baw))2/2 + iwt)

X |A expli] K|z + i(w — wo)?2/8|K|02]
= B exp|—i|K|z - i(w = w0)%2/8|K|6%}ldw. (8)

1607  J.Opt. Soe. Am., Vol. 89, No. 11, November 1979

Here,
A = (1/2){c1(0,w) — iei®c(0,w)], ©)
B = (1/2)[c1(0,w) + iei®c,(0,w)],
where exp(i¢) = K/|K| and
l/ﬁ = 1/V| - 1/V2, (10)

V! = (dB;/dw), ., indicating the inverse of the group velocity
of the ith unperturbed mode. Furthermore, we have as-
sumed

bw « |K|5 (11)
and
A(w) = Alwe) + (w — wy)/5, (12)

dw being the source bandwidth.

The electromagnetic powers Py(z,t) and Pa(z,t) carried by
modes 1 and 2, whose behavior determines the pulse shape,
are proportional to {|a,(z,t)]2)av and (|as(z,t)|2} v, where the
symbol ( ), indicates the averaging operation over the
fluctuations of the source exciting the fiber. In order to de-
termine (|a;(2,t){2),y and (]a2(z,t)|2),,, it is necessary to
evaluate the quantities (¢,(0,w)c1(0,6")) av, (€2(0,5)c5(0,0) ) av,
and (c1(0,w)c2(0,w’))4v as functions of the source bandwidth
and pulse duration. By assuming a pulse of Gaussian shape
and width T}, injected into the fiber by a source possessing a
ccherence time T, = 2x/dw, one has!!

(€1(0,0)¢ (0,0 ey = (€100, w0} (0,6)ay
X exp(=Q2T}/4 — Q2T#/4 + QU TE/2) = F(Q,2°), (13)
where
Ti=THT:+ TH/(2T: + T?) 4
and
T3= T4/(2Ti+ T, (15)
withQ = w - wpand @' = ' - w,

With the help of Eqgs. (7), (8), and (13) we can write, after
assuming for the sake of simplicity that ¢,(0,w) = ¢3(0,w),

(lar(z,t)|?)av = J::' a0 ff:dﬂ’e‘(ﬂ"""

X Hz QU .KFQ,Q), (16)
where
Hz,0,2,K) = (1/2](1 + sing)e @ -TrXz)

+(1- 3in¢)eim"-ﬂ’)v’(t)
+ i cospe~%1Kl: e—i M+ Yry)

— i cospei|K|z i@+ aria)] a7
and
72(2) = 2/8| K02, 18)

" thesame expression being valid for (|az(2,t)|2) 4y but for the .

substitution cos¢ — —cos¢. »
By performing the double integral appearing in Eq. (16),
one finally obtains
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4x{c1(0,wo)c (0,w0)) ov
Ts(T} + 1674(z)/ T2

4 Ial_a(z,t)lz).v =

expl—2t"?/[T + 1674z )/T3)} £

«

4 cosd{c1(0,we)c1(0,wo) ) ay

IT3T? — 1674(2)]2 + 64T{r4(2)}1/4

X exp(—2t"2(T4T3 + 16 T3r42) A T3TS ~ 1674(2)]2 + 64Tir4(2)))
X 8in(2°2[4T4r2(z) + 6478(2)|/A[T3TS — 1674(2)]2 + 64T{r4(2)] + 2(K |z + ¢¥/2), (19)

where
t'=¢t—2/V, (20)
with
1/V = (1/Vy + 1/V)/2, 1)
t3= T} — T} = T2T}/(2T2 + T?), (22)
Ti=T}+ T3=T3, (23)
and
¥ = arg[T3T3 — 1674(2) — 8iTi72(2)]. (24)

The significant result contained in Eq. (19) is that the
powers Py(z2,t) and Py(2,t) exhibit the same space-time evo-
lution, traveling with a bulk velocity V and undergoing a
broadening which, for z sufficiently large (z > Z, Z being de-
fined through the relation 72(z) = TpT3/4), is proportional
to the traveled length itself.

Actually, it is the first term on the right-hand side of Eq.
(19) that plays the leading role for what concerns broadening,
since T3 < T} [see Egs. (22) and (23)]. In practice, T << T,
sothat Ty = T.//2 « Tp. Accordingly, the temporal width
Tp(2) of the pulse can be evaluated as

Tp(z) = 2/(2|K|62T )2 forz >z, (25)
so that the pulse temporal width behaves linearly with z, as
in the absence of mode coupling.

The width T5(2) can be easily shown to be much smaller
than T = 2/5 relative to the noncoupling case, that is, to the
difference between the group delays of the two unperturbed
modes. As a matter of fact, one has

Tp(2) = (T/IV2)w/27 | K|D), (26)

so that, according to Eq. (11), Tp(2) « T. This fact confirms
the positive role played by coupling in reducing dispersion.
Thus, the influence of mode coupling on pulse broadening is
only of a quantitative nature in our deterministic model, while,
in the framework of the statistice! thecry, mode coupling re-
sults in a z dependence of the pulse width of the square-root
type. This latter kind of dependence can be accounted for
in an intuitive way by taking advantage of the Central Limit
Theorem in connection with the random “jumps” of each
photon from one mode to the other.'? @} I no random process
occurs in our model.

We wish to conclude this section by noting the refevance of
the coherence time T'. of the source [provided by Eq. (11) is

. verified] in determining the pulse spreading in our case, while

T, (or, equivalently, the source bandwidth) does not influence
the pulse shape according tn the conci-:-iens of the statistical
approach.? This is directly relaiec w the basic hypothesis
underlying the statistical theory, according to which the field
amplitudes do not vary apprecizbly over the small distance
after which the mode-coupling random imperfections decor-
relate, leading to a system of coupled equations involving only

ovember 1979

'the mode powers (P, ).3 On the contrary, coherence effects
are preserved in our situation due to the periodicity of the
coupling coefficient, a fact that does not allow consideration
of our fiber as a typical sample of the statistical ensemble.

fl. INFLUENCE OF VARIATIONS OF COUPLING
AMPLITUDE AND PERIODICITY

A more general coupling model can be obtained by letting
the amplitude K and the periodicity x of K;2(z) to assume
different constant values K; and x; over different fiber regions
(possessing, in general, different lengths L;). In order to
preserve the resonance condition, we assume the existence of
frequencies w; lying inside the bandwidth éw such that

Xi = B1(w;) = Balw;). 27)

From an analytical point of view, the problem of pulse
propagation in this structure can be easily solved by observing
that, due to the form of Eq. (16), the quantity

H(L,,Q,9/K,)F(Q,9) (28)

furnishes the “boundary condition” for deriving the solution
in the second region, which reads

(Ial(z't)Iz).\!-ﬁ*‘.dQ ﬁ*'dﬂleilﬂ-frh
X H(z2,9,9:K2)H(L,,Q,Q K )F(Q,Q°), (29)

for0 €£zo S Lsandz = L, + z;, More in general, one has
(ase D= | *Can {7 dareia-mx
X H(zmQ,Q’;Kn)H(Lu-l,Q,Q';Kn—l)

X H(Lp~2,9,9Q:Kn-2) X + -« H(L{,Q,0;K;,)F(Q,2), (30)
for0<z,<sLpandz=L,+Lo+-c-+Lpy+2,

The right-hand side of Eq. (30) is the sum of a number of
terms of the kind

+» +o
f dQ f d<Y’ expliaQ? + ibQ’2)

X expli(R = Q)¢ - 2/VIF(Q,Q’), (31)
where a and b are linear combinations of the quantities r2(L,),
12(Ly), .. ., 7¥z,) with coefficients +1 and ~1 in all possible
combinations. By recalling Eq. (13), the double integral ap-
pearing in Eq. (31) can be explicitly evaluated. The most
relevant contributions to (|a1(2,t))2),v come from the terms
for which

a= ~de k{rdALy) + rly) +---+7¥2,)), (32) —
which evolve in the form of a pulse moving with a velocity V
and possessing a temporal width T, (2} = Tp(Ly + Lo+ -
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+ La-y + 2,) given by . -
Tol2) .
- L|/|KlliL2/|K2l +...4+ Ln-l/|Kn—|' + Zn/|K,|| .
V20T,

(33)

Equation (33) generalizes Eq. (25) but assures a linear de-
pendence of T5(z) on the traveled length only inside each
single fiber region with a given value of |K|.

M. CONCLUSIONS

We have investigated the broadening of a pulse propagating
in a two-mode fiber, made up of a number of regions in each
of which a spatially periodic resonant coupling with constant
amplitude is present. This kind of optical waveguide does not
belong to the statistical ensemble considered in the random-
coupling theory, so that electromagnetic propagation cannot
be treated by means of coupled-power- equations, and the
mode-amplitude evolution has to be explicitly investigated.
As a consequence, the temporal broadening of the pulse turns
out to be related to the source coherence time, while it does
not exhibit the dependence on the square root of the fiber
fength predicted by the statistical approach.
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SUMMARY %

The propagation in a multimode ontical fiber of a finite-bandwidth ovotical carrier
modulated by a nonstationary signal is investigated. The fluctuations of the field due to
random mode-couvnling are considered and the set of couvled enuations deseribing their evo_
lution is derived. In particular, this allows us to investigate the pronagation of a fre_
quency-modulated signal and to obtain a general theorem concerning the asymototic behavior
of mode-power fluctuations.

1. INTRODUCTION

The provagation of a stationary monochromatic carrier in a multimode optical fiber
in the presence of mode-coupling has been extensively studied by Marcuse (1), in the fra_
me of a statistical approach based on the introduction of an ensemble of similar fibers
slightly differing from a common ideal structure for the presence of random imperfections.
The procedure allows one to write two closed eystems of differential coupnled enuations for
the single-mode powers averaged over the ensemble of fibers ¢ P and for the correlati_
ons PP > (1),(2). The extension to the nonatl.tionnryrm-mgchromatic case has been
accompl -ﬁcd, for what concerns the average powers { P > +» on an intuitive basis by Mar_
cuse (1) and by means of more rigorous treatments by Personick (3) and Steinberg (4).

We generalize the statistical approach to furnish the evolution of the quantities

<e.(s.w)c;(z.w') > and < q(z.wie;(z.w') cr(z,(.)')e;(z.w") >, where the c_'s

are the slowly varying mode-amplitudes and the bar denotes the averaging operation over
the source fluctuations. The imowledge of these quantities allows us in turn to describe
the behaviour of the field and of its fluctuations in the general situation in which a fi_
nite-bendwidth carrier is amovlitude or frequency-modulated.

An other significant result concerns the asymptotic behavior of the single-mode po_
wer fluctuations, which tend to vanish as a conseauence of the finite carrier-bandwidth,

80 that, in the lossless case, power equipartition among modes takes place not only on the
average, but over each fiber of the ensemble (5).

2. DESCRIPTION OP FLECTRONACNETIC PROPAGATION IN A PIBER

The transverse part of the electric and magnetic fields excited in a fiber by means

of a finite-bandwidth source can be approximately written in terms of the forward traveling
guided modes E_, H_ ss (1)

fwt - 1 Pn(a)):

Ezr,s,t) = Z_ ;_(;,wo) e (z) e dw (1M

1wt - 1 P_(a))z

B(r,s,t) = Z B (r,w)) g o (2, 0) e aw |, (2)
a2 .

Where r and 3 are the transverse and longitudinal coordinates, (W) represents the pro_ —
Pagation constant of the mth mode at the (angular) freauency () , and the realiastic rels_
tion between the bandwidth 5w and the central frequency W o Of the &' 11

Sw/wo << 9 (3)
allows one to evaluate the mode configurations

AR




dence of the slowly-varying mode amplitudes c_ is associated with the departure of the fi_

ber structure from the ideal one to which the configurations E , H pertain. The eleotro_

magnetic nower carried through an arbitrary oortion of area & of any given fiber section

2 = const. can be expressed in terms of the complex Poynting vector S (6) . .
S = % E x H* ’ (4)

where the bar indicates the averaging overation over the avu.ce fluctuations, as

P'-Rejgg.g ar . (s)

Here "Re" means "real part of” and ¢ 1is the unit vector in the positive z-direc_
tion. By means of Ens.(1),(2) and (4), Eq.(%) yields

ot =) ) A (50 (6)
m r

where
- 1w - w')t-t[(!m(w)-(sr(w'ﬂz
AL =1z B (r, )xHME, 0 )ee, |d0|dw cplzwler(z, ).
(g m

The total vower P_ carried by the field is obtained by integrating e .S in Ea.(5)
over the whole plane 2z = const. . This operation furnishes, with the help-gf the ortho_
gonality relation between the modes (1)

+ 00 + 00
ax gdy sz‘gm(zv wo)x%(zf u)o) =2 Psm ’ . (8)

-0 ~0°
where P is a positive normalization constant and S nm iz the usual Kronecker symbol,

Pt(z.t) = Z P (z,t) . . (9)

where

-t - 1B < B

Pm(z.t) = P dejd W' e en(" w)c;‘qu (10)

can be interoreted as the vower carried by the mth mode. It is worthwhile to note that
the interference terms between the various modes disavpear in the expression of the to_
tal vower Py» while they are present in that of P& .

3. STATISTICAL DESCRIPTION OP PROPAGATION

The random nature of the impnerfections unavoidably present in a real fiber suggests

some statistical procedure as the most natural way for describing the ovrovagation in opti_

cal fibera. This is accomvlished by introducing an ensemble of similar fibvers, each of
which differs from a common ideal model for the vresence of random imperfections, and to
evaluate the average of the significant ouantities, e.g. P®, P and Pm' over this ensem_

ble, which in turn is enuivalent to conaider < c“(z.w\c;(z, W')Y> as the basic nuantity.

In order to test the relevance of this apovroach for what concerns oractical situa_
tions, in which a single fiber is usually emnloyed, one has to investigate the statisti_
cal fluctuations around the average values. This leads to consider higher order averages

of the kind <L (z,W)ei(z, W") en(z,w"se;_(z.w‘"\7,< e;z,w)e;(z,l‘)" e (z,w0"Ves(z,0" ) >.

One starts from the system of enuations descridbing the evolution of the cm'e in the
single fiver, which reads (1) )

dcm(s.w)
is = Z; A“(z.w) e, (z,0) ' | | (1)




1[.@"(6)) - {$k(w)J z

A (2,0) = K (2) e , ) (12)

the K 's being suitable coupling coefficients, vanishing in the case of an ideal fiber.
By us%g En.(11) one can easily derive the following equations

:—z[e';(z. w'e (z,w) ]- ; {Ank(z.w) ex(z,w')e, (z,4)

+ A;k(z. W) cn(z,w)c"‘(z,w'7 } ’

-:-;r_cm(z.w\c;(z. w'y e (z, w")e;‘(z,w"')],

; {Amk(z.ﬁo) c;(z,w')ck(z.w) cn(z,w")c;(z,wﬁ

+ A;_k(z,w') cm(z. D)ci(z. w*) cp(z,w"\c;(z,wﬂ

Apk(z,w") c;(z,l«)"')ck(z.u)") cm(z,w)c;(z.u)')

A;k(z,w"') cb(z.u}")c“:(z,ﬁ)'") cm(z,w\c;_(z,a)‘\ } (14)

which have to be averaged over the fiber ensemble. The resulting esuations can be but in
the form of closed systems under the homOgeneity assumption

< Km(z) > =0 , (1%)

<K (2K (z2-3)>= Ponrp () 7| Yy |, (16)

vrovided that the couvling is small enough that the c_'s do not signifs cantly vary over
the correlation length of the statistical variables K:n In thie way one obtains (see also
Ref.(7) ), as a first sigmificant result,

:—z< cn(z.w\c;(z. W) > a - gm_<cm(z,w\c;_(z,w') > ymidr (17)

AR CT A O R R AR I crs L I

- (2gmr + r") < em(z,w)c;(z. [AR] em(z,w")c;_(z,w"') > ,mfr

with

+ 00
S-r'Zk S<Kmk(7)xh(o)> e
o
<x - Py - Blw 13
’g S“h‘}"’i,m/ S - P °]}d7

]
v Do

+ j < x_(})x;r(o)> a}
and -&0 /2

for * % %::»jo\ (1/:')*} /[ Kom(2) - Krr("]vdz] 2>
=L/2

LBy - Byl oo)];d7

The real vart of &yp C&N De shown to be a vositive quantity (7), so that

N, S e g s

£yt




———

-“rg

<o (5, Doz, 0" ) > = 5 [0,W)e3(0,0 ) o v AT, (21) 24.

and

w'ﬁ;(z.w") D=

-2 2 -f =
e.(o,k) Ye;(o,w') e‘(o.w“Yc;(O,w“') e “ur nr ,afr, (22)

< c-ﬁ.ld Yc;_(n. Q') cu(z.

vanish for z large enough ( or are identically zero if they are such at z=0).
'rhe lowest-order equations, concerning single-mode powers, read (see also Refs.(3)
and (4) )

<ﬂs,u)c'ﬁ.u)>--(é hy )< e (z,@)ealz,w') >

W)= ) (W")-P (D)
+ ; hmket[p'( Pate’ ’F’k Pk ] :< e (zwlex(z,w’) > (23)
kzAm

with * 00

1B (0, - B (w)]3

- (<x (7)x~ (0)> e 7 ’ (24)

*at, 88

L

- 00
which constitutes a closed set of equations.
The higher-order terms, concerning mode-power fluctuations and mode-mode correln

tions, cannot be considered separately since they form together a closed set of equationa,
which reads

RN

< maley(z, 00 o (s, 0 es(z,0™ =

[ o) 1< 3T Vg5, 0 o ATz, >

By (0)- Bol@®)- By (w)e B (W0
’Z—h:[h Patn-put o i ]Zcume,;(z.w-) e (% @ ez, @ >

e I T Wy vowe

(W)= B (W)= B (W) (W™
’Z ‘[F’ W= B0~ o i ]<cﬁww)c-(z, W™ e (z, wlex(z, w*) >

k
1L Ba(@)- Bl wm+ B (0™- B (w)]=

- P

-(1- Sm)hm[ < e (z,0lex(z, w") c (z, Wexr(z, W™ >

IR (WM-B (WP (W)-R (W] 2
+e F" p" {An ($n ]< e (z w)c'(z W) e?z, "\c;(z,wﬁ >]

" (W)-p, (W) (W™-B (w™
tsm{%i[hmkgt[Fﬂ Fk "(ak ,ﬁm ol ]zck(z'w)c;(z’ o' cn(z' U')cﬁTz,N"'))

1 (W)= B (W™ (W)= p (0"
. [Pm Pul ™ By ]: eglz, Wick(z, 0 ") ¢ (2, wMegle, w ""'7>]}(25’

+h mk

and

L < le@elz, @) e lz, WM e(z, @ > =

-(ZJ hkl' 2 hn) £ ;._(zn “)C;Gpwﬁ crﬁ,wﬁc;ﬁ.wq> _
kar kpdm
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25.

n)_ [] 1 v)_ n)
42 hrkei[ﬁr(u Fr(w )*Pk(w . ka ]<z c-(z.l.))e;(z.w'—f ck(z;U'Yc;(z,wﬂ>
ki
*g h ‘i[ﬁn(l«))-F.(w"'hﬁk(w“')- XPNE
mk
kyfm

<c lz,wlex(z, w') e (z,w")epl(z, I} >
t[R(w)-Blwm+ B (W")-B _(w)]z
e F" F‘ (3" ﬂr ]<cr(z.w)c;(z.w'7 e (z, 0™ Vexlz, W™ >

- hmr

- ) e ")
- hu,i[P"(“ F’(w ‘/sm(w ﬁm(w _]<z em(z,w)c;(z.w ') erTz.w ")c;(zm>,u{r.

(26)

4. SOME APPLICATIONS

The set of equations governing the behavior of the average mode~power < Pm(z,t) > :
can be easily obtained by taking advantage of Ens.(10) and (23), thus getting (3),(4),(7) ‘

%—;<Pﬂ(z.t)> + %m g—t-<?n(z.t)>-z LI E?k‘“’b - <Pm<"”>] ' (27 j
where 5 -1 |
d
]
Vo -(m)w o (28)
("

is the group velocity of the mth mode. On the other hand, Eqs.(6),(7) and (10) allow one
to write ,

<P%lz, ) > '25 < B(z,8)> +3 ZM‘Z_ <AS > (29)

where the ¢ Prfz,t) > vosseas the same svace-time dependence as the < P (z,t) > . Sin_
ce & frequency modulation of the signal does not affect the £ P_> 's, the dependence on
this modulation of < P%(z,t)>> 18 contained in the £ Ar>‘s,'whtch vanish when consi_
dering the power transmitted through the whole section of"?he fiber. Prom Eqs.(7) and (17)
it followa that (7)

c ~&ar®
<A (z,t) > e Bt - s/V )2t - 2/V) ,adr, (30)
where
-1t
2(t) = E(z=0,t) ¢ ° . (31)

Equation (30) shows that mode-coupling affects the propagation of a frequency-mo_
dulated signal in an ensemble of fibers only for the yresence of a snatial damping factor
characteristic of each couple of modes. More precisely, if one excites at the fiber in_
put only two modes m and r, all interference terms tut < AS > vanish throughout the f£i_
ber (see Bn.(17)), while tne surviving term propagates as L the absence of coupling tut
for the smatial attenuation.

The set of Ens.(21) and the set of Eqs.(25) and (26) allow one in principle to de_
ternine the nuantities < P _(z,t)> , < P (z2,t) > and <P (£,t)P (2,t) > , and thus the
fluctuations whose mmitmﬂ furnishes a &riterton for tho'uppltcﬂbinty of the statisti_
cal theory to & single fiber.While the general solution of Eqs.(25) and (26) is & formida_
ble task, an important particular result can be obtained. If one introduces the energy
I.( s) pertatning to the mtr mode

> oo

I-(:) -S P.(n,t)dt = ZRPI c'(z.w)o;(z.éﬂ aw ’ (32)

“o®
1t can de shown (7), by means of Ens.(25), that, under the condition
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o

-1, .
s>>(%--:,—)‘% ymédn, (33)
o n

and provided that z exceeds the equipartition distance beyond which ¢ I-> s <1 >,
the following relation holds n

<!i> -(In>2

5 << 1 |, (34)
< 1'27

which implies that the statistical uncertainty of the auantity I_(z) over the fiber en_
semble is negligible, so that mode-energy equipartition takes pl!ce over each fiber. This
last consideration holds true in the absence of losses or, more in general, {f losses are
not effective over the characteristic length after which En.(34) is verified.
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