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FINITE ELEMENT MODELING OF THE
COUPLED THERMAL AND MOMENTUM
DIFFUSION EQUATIONS

INTRODUCTION

The behavior of solids under temperature changes has long been studied and a large number of
publications exist in both the fields of thermal and mechanical deformations. Developments in both of
these fields during the last two decades has produced a variety of solutions and techniques of direct

engineering application.

The basic theory for thermal effects on mechanical deformations has been well-established and
analytical methods of solution exist for the governing equations. However, the practical application of
analytical methods presents difficulties for bodies of complex geometries or bodies under complicated
boundary conditions and cannot be relied upon for the solution of any problems of practical importance.
Consequently, numerical analyses have been extensively studied and various approaches based on varia-
tional methods have been developed. Such methods and solutions can be found for a variety of appli-
cations. A variational principle for the equations of coupled thermoelasticity, introduced by Biot, and
applications to this variational formulation are given in [1], [2) and [3] Boley, in [4)-16], refers to solu-
tions of thermoelastic problems and a problem on thermoelastic wave propagation is solved by Dunn in
[19). The thermal stresses induced in a semi-infinite body due to suddenly applied step heat input are
discussed by Grimado in (14]. In addition, a variational formulation is given by Nickell and Sackman
in [15] for the coupled linear thermoelasticity and an application of this formulaton to a boundary value

problem can be found in [16).

The majority of the numerical analyses employ the finite element method because of its superior-

ity over finite-difference techniques. The finite element method has been well-established in recent
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G. A. KERAMIDAS

years and the basic formulation for this method is given under the name of stiffness and deflection
analysis. An introduction to the finite element method can be found in the texts by Desai and Abel
[11] and by Zienkiewicz [21], with applications 10 engineering related subjects. The method has also
been employed in solving thermomechanical problems and applications of the method are given in [17]
and [18]. In most of these studies. the effect of thermomechanical coupling is included in the formula-

tion with applications to various problems of practical interest.

Existing finite element solutions are bhased on formulations where the coupled equations are
treated as two separate equations with the coupling appearing explicitly in the thermal diffusion equa-
tion. As a result, existing solutions usually involve a time-consuming iterative process. A different
approach which uses finite -difference methods to treat the heat equation and finite elements for the
momentum equation was also suggested. Again, it requires a lengthy numerical iteration. Obviously, a
more appropriate formulation will be one which describes, by a single discrete element, both thermal
and mechanical deformations. This motivates the research reported in this study. Essentially, the pur-
pose of this study is to formulate both the problems of heat transfer and thermal deformation under a
unified formulation. In order to achieve this, a unified variational formulation is iniroduced for the
coupled thermal momentum diffusion equations. The key to this is the introduction of a new quantity
defined as heat displacement, which is equivalent to the mechanical displacement and has the units of
length. As a result of this definition, the change in temperature is treated as a thermal deformation and

it is equivalent to a mechanical deformation [22].

In the first chapter, the basic definitions are introduced and the coupled equations are written in a
form such that the equation of motion and the equation of equilibrium for heat transfer are of similar
form, with the coupling term appearing explicitly in the constitutive refations. Such formulations are
more appropriate since the behavior of a material is expressed through its constitutive relations and not
through the equation of motion or equilibrium. A variational equation is derived, based on the princi-

ple of virtual work in mechanics, which, with the use of generalized coordinates, leads 10 a unified
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equation for the general coupled case. Since this equation is expressed in terms of generalized coordi-
nates, which can represent both mechanical and heat displacements, it can also be used for deriving a
finite element formulation. This is done in the second chapter, where the basic finite element method
is used to derive two finite element models for solving initial/boundary value problems. The first
model is based on a linear approximation of the displacements and the second on a higher order
approximation. The matrix equation for the first model is expressed in terms of nodal displacements

and for the second model, in terms of nodal displacements and nodal deformation.

Each element model can be used:

a) for coupled diffusion problems,

b) for uncoupled ones by setting the thermomechanical coupling parameter equal to zero,

¢) for pure thermal diffusion problems by setting the mechanical displacements equal to zero, and

d) for either dynamic or quasi-static solutions by retaining or neglecting the inertia term, respec-

tively.

Numerical solutions of the matrix differential equations are obtained through a third-order backward
finite difference scheme. This implicit integration technique has been found to produce stable results

and its accuracy has been tested on a variety of problems.

The derived finite element formulation is used in the last chapter to solve an inital/boundary
value problem of transient thermomechanical behavior, when uniform heating is applied on the boun-
dary of a semi-infinite elastic medium. The results obtained are for both coupled and uncoupled cases

and are compared 10 existing analytical solutions for their accuracy. A comparison is also given

between the present and other numerical solutions.

— e e e oo e omee e e

¥
o
3
:

i e I




G. A KERAMIDAS

1. ANALYTICAL FORMULATION
1. Basic Equations and Definitions

Consider a medium subjected to external heating and assume a cartesian coordinate system
(x,,i = 1,2 3). It is assumed that the medium is initially at uniform temperature 7,, which will be
referred to as the reference temperature, and the state at this temperature as the reference state. It is

also assumed that initially the medium is free from: mechanical deformations.

The instantaneous absolute temperature is denoted by T and the difference T — 7, defines the

instantaneous 1clative temperature A8, which is a function of the coordinate x;, and the time +. Let

6= —— )

be defined as the temperature change per unit temperature T, or the instantaneous relative tempera-

ture per unit temperature. In the following it will be referred to as the temperature 6.

In the formulation of this study, when repeated indices in equations are present, the summation

convention is assumed. We now define a vector field H,(x,.t) as the heat displacement vector such that

dx;

In the above definition the temperature @ represents a thermal strain similar 10 mechanical strain.
Note that H, has the dimensions of displacement. Thus, there is a one-to-one correspondence between

heat displacement-mechanical displacement and temperature-strain.

The increment of entropy s, per unit volume, for the case of zero strain is given by

T~-T,
To

§=

and due to (1) the entropy is s = ¢ @, where c is the heat capacity per unit volume and related to the

heat capacity per unit mass c,, by ¢ = pc, with p as the mass density per unit volume.
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By introducing a quantity & as the heal stress, the entropy s is related to this stress by
o= Too - ToS (3)

Equation (3) can be considered as a constitutive relation in the same fashion as the stress-strain rela-

tion.

The temperature field @ satisfies the thermal diffusion equation

4)

Fy 80(x,,1) 90 (x;.t)
‘5;;'[k,-j (x,') ——l -

3x; or
wher k; is the thermal diffusion coefficient with the following symmetric property:

kj = k.
Using Eq. (2), Eq. (4) is expressed as follows
d 09 3 |3H:
ax; [""f ax,] “ox, [ a1
or

% _ 4

k"-'— ’
Y 9x; Y]

and, after substituting Eq. (3) in the last equation, yields

kU g_:" - CZTO

oH,

a7 (5)

or

8 _ . 8H,
ax, ¢ Tods

Using the same definitions for the temperature @ as were described above, and under the assump-

tion of small mechanica! displacements U, for every particle, the kinematic relations are given by

ej=3 (U, +U,) - Bu TolCpl™s, 6)

0=H, - lc By ey M
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G. A. KERAMIDAS

where ¢; are the components of the infinitesimal mechanical strain, which is equal to the difference
between the total strain and the thermal strain. Similarly, the thermal strain @ is equal to the difference
between the total heat strain and the strain induced by the mechanical deformation. The coefficients

C,x and B,; are the mechanical and thermal moduli, respectively, which are symmetric in the sense that

Ci/'kl = Ckl,;,- = anl = Ci;lk'
Bi/‘ i le'

For simple one-dimensional displacements in the x-direction, Egs. (6) and (7) can be written as

follows

. 98U, T,
“=%x  E Bo
0H, 1
b= 9x ¢ Bex @)

The constitutive relations for coupled thermal deformations can be expressed in terms of Eqgs. (6) and
(7) as

;= Cur g = Cy e — B, Ty9, 9)

G =cTP = cTH, - B,Tee;, 10)

where o ; are the components of the mechanical stress tensor and & is the heat stress. The above rela-

tions clearly demonstrate the similarity between the stresses o,and o.

The terms involving B,; in Egs. (6) to (10) represent thermomechanical coupling and for the
uncoupled case one usually eliminates the coupling effect in Eq. (7) but retains the thermal expansion
effect in Eq. (6), since the temperature variations due to mechanical deformations are negligibly small

in many cases. The temperature then is evaluated independently of the strain. The momentum equa-

tion is given by

ox, 12)

P i
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where p is the mass density per unit volume, A, the thermal resistivity, and ¢ the heat capacitance per

unit volume. Body forces and heat sources have been neglected from the above equations.

An important feature of Eqs. (11) and (12) is that the thermomechanical coupling term does not
appear explicitly in these equations, but only in the stress-strain relations, which is more appropriate
since the stress-strain relations are those which describe the material behavior. The equations of equili-
brium together with the kinematic relations and stress-strain relations will be used next to derive a vari-

ational formulation of these equations.
2. Variational Formulation

Choosing as unknown variables the mechanical displacement U, and the heat displacement H, to
describe a physical system, a fundamental variational principle is derived by applying the principle of

virtual work to the equilibrium equations.

Consider a variation 8 U, of the mechanical displacement U, with the corresponding variation 8¢,
given by Eq. (6) and a variation 8 H; of the heat displacement with the corresponding variation 8¢ given
by Eq. (7). These variations are assumed to be virtual displacements, and by multiplying Eq. (11) by

38U, and Eq. (12) by 8 H, , and integrating over a volume v of the medium, one obtains
J @U,~a,) sUav+ [ (@T\H, —5.)8H.dv =0 (13)
Employing the divergence theorem, the first term in Eq. (13) becomes
fv U - 0,8 Udv = fvp UsUdv ~ fv (o; 8U), jdv + fv o,08U),; dv
= fv”i]iauid"“ f,, o;ndUdB + fv o be,dv (14)

= fv pU,ﬁU,dV +fv U(/Ser/dv

- f, Fsud

where F, is the surface traction applied on the boundary surface B of volume v,
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Similarly, the second term of Eq. (13) yields

f @T B, -5 )8Hav = [ Ton,H, sHav - [ GoH), av
+f s6H). v as)

- fv 2T\ ;8 Hydv +fv cT P50 dv

+fv T8 ,08e,dv — fa ondH,dB

Hence, Eq. (13) becomes
J eUsvav+ f T) HpHav+ [ cTso av + f o ,e,dv
+ [ TB,08e,dv
~f, FoUaB + [ FndH,dB
or
J oUstav+ [ T fisHav + [ Cueubde,dv
+ [ cryes0av (16)

-f [r,.au, +En,-8H,-]dB

Now, if one considers an energy function which is expressed as the product of stress and strain

1 1 =
W= -ia,,e(, +~2-0'0 an
then the function satisifies
Iw
—— =g, and — =0 (18)
€ iy ]

where 8 is the total heat strain and equals H, .

<r iR

e ——————————————————es o]
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Alternatively, writing w in terms of strains

1 1
W= 7 (C,-jk,:ek, - Br’j TQO)GU + '5‘ CToo g+ %’BUCU]
- Leue e+ L o0 (19)
2 ikl €ij Sk 2 0
Sw = Cijkl e,jse“ + cT0069 (20)
A potential function is now defined as
V- -;- fv ‘C,,,‘, e; e+ cTooz] dv, @n

which for isothermal deformation (8 = 0) has the physical meaning of a strain energy function and for

zero strain it reduces to a thermal potential.

Variations of V give
8V~ Cue,Beudv+ f T80 dv. (22)
Hence, Eq. (16) takes the form
J, pUsUav+ [ ATon HjbH dv +38V = f, [Fsu 508, ) 8.

The second term of Eq (23) is related to dissipation of heat energy and can be expressed as a vari-

ationa! invariant 5 D, given by
8D = f c*Toh,H,8H,dv (24)
and Eq. (23) is written as
S pU,8U,dv +8D +8V = [, [r,au,+5n,sﬂ,]ds- 0 25)

Equation (25) may be viewed as the variational form of the coupled thermal-momentum diffusion

equations, with Q regarded as a generalized force.

o = e e

vy ——— Ty o
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3. Generalized Coordinates

Consider the mechanical and heat displacements represented by the following forms

U: = Ui(QIqu» Cee s qn»xi'!)
and i=1,23 (26)
H = H(q.q2 ..., q.x.0)
which are given functions of the space coordinate x;, of the time ¢ and of the parameters g, . These
parameters are unknown functions of time and will be considered as the generalized coordinates. The

variations of the fields U, and H, with respect to the generalized coordinates g, are given by

; oH, i=1,2,3
8U, = —8q,, 8H, = — 84, o
dg, g, @ J=Ln (21
The variation of the potential V is
av .
8V=—28q i=1,
34, q n (28)

and the generalized forces Q, have the form

f F oU, _ 98H
gl Fi a_q/‘*'o'”i‘éq—/ 8q,dB = Q8gq,

and

14 — OH
Q- fB F; ’a_q‘l"‘ +on; ‘5;%] dB 29)

Using the same procedure as in Lagrangian mechanics, the first term in Eq. (25) can be written in

terms of the kinetic energy function as follows

.. 1
S, oUisuav= [ ol F - g
i

From differential calculus one derives
.. U, dl. oU - d |9V,
U —==— U —| - - |—=
9q, [ Gq,' U dr laq, (30)

10
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and from Eq. (26) one derives

v, . Y
4 —

U=%e ¥* a1

Taking the partial derivative of the above with respect to g;, yields

Y
aq./ aq/ '
and with respect to g,
8y, _ 8, . 8U _ a [3U)
da  8g0a ¥ " dqar dr |da
Substituting Eqs (31) and (32) into Eq. (30) yields
. AU, 4 [. avU Y/
U w—=— U ——| -V 7
aqj d’ aql aq,

If the kinetic energy is expressed as
l . e
K= [ oUUa,
then combining Eqs. (30) - (34) one derives

. d (3K _ 3K
J olisua [d' l“’ 50

To simplify 8D, consider

oH, . oH,
H, = 3g, ¥ MY
and
ol _ oH,
9, 9aq,
Thus
8D = il')‘ 84,
TR

l 8¢q,.

3D

32)

(33

(34)

@33)




G. A. KERAMIDAS

where

. 9H
a—_D = 2T\, H, a—_L dv,
9q, v T

with D given by
D=1 f T AHan
Substituting Egs. (28), (29), (35) and (36) in Eq. (25) one obtains

d [3K) _ 8k , 4D 3V
[ 5] - 52

A N 8q, = 8¢,
9q; dq, ¢, ‘ 0dq

(36)

a7

(38)

The system of Egs. (38) represents the Lagrangian representation of the governing equations. They

constitute a system of »n differential equations corresponding to the generalized coordinates

q.(), i=1, n

Consider now a special case where the displacements are approximated by a linear combination of

the generalized coordinates

U,‘(Xj.’) = qk(’) /}‘,(X,) ’.[ = |,2,3

"I,'(Xj.’) = pk(’) /“,(x,) k=1,n

When Egs. (39) are differentiated with respect to time and space variables, they yield

U= qufis:
Hi = P8
U ,=ali.;:
H ;= &,

Then the strains e,, and 8 are given by

1
ei/ - 3 qk (fkl j + fk;.:)

i

6= Pe8uii — T €,

12

(38)

(39)

(40)

41)

(42)

PSP
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The potential energy ¥ can be expressed as

1 1
V=3 viaa = viae + 5 view, (43)

where
i
VJI = fv 3
Vi = fv Ty Ukis + Siii) Bimmav,

3
Vi = cTq f , 8kii 8-

: | (44)
{1 Similarly, the dissipation and kinetic energy functions are

T
Cijnt + “cﬁ l3ul3kll Uiy + 1) Uimn + inm) dv. (44)

1

D= 0, P
2 dubib
1 ..
K= ‘2’ myqx4: (45)
where
dy = fv 2Ty N ;88 dv.
My =~ fv p Sty dv. (46)
The corresponding Lagrangian equations are then given by
m,d; + viq; — vip, = FF,
ij=1,n
dr/i’/' + v,’,p, - Vzuql = FQ, (47)

where FF, and FQ, are the mechanical and thermal forces corresponding to the generalized coordinates

¢, and p, respectively, and given by

FF, = fg oS, dB, FQ = IB ang,;dB. (48)

Eqgs. (47) represent a system of 2 differential equations for the unknown field parameters g, and p,
which describe the mechanical and heat displacement fields. The solution of this system then gives the

thermal and mechanical deformations.

Note that the thermomechanical coupling is included in the coefficient v2. For the uncoupled

case, the term v2g, is neglected and the second equation may be solved independently without the
knowledge of ¢,.
3

13
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I1. FINITE ELEMENT FORMULATION

The formulation in this study includes two kinds of one dimensiona) finite element models: a) a
linear element (LE), with the minimum number of degrees of freedom, and b) a higher-order element
with four degrees of freedom, two for each nodal point, which will be referred to as the cubic element
(CE). The disadvantage of the linear element is that the value of strain throughout the element
depends only on time. To achieve good results, one has to use a large number of elements, particularly

for problems which involve transient behavior and discontinuities.

It should be pointed out that existing finite element analyses are usually based on the approxima-
tion of displacements. For pure thermal diffusion problems the temperature may be treated as a gen-
eralized displacement to apply finite element approximations. However, when other types of behavior
are involved, such as mechanical deformations, similar treatments fail to yield a compatible formula-
tion. This is the main reason that the present formulation is given in terms of the heat displacement

field.

1. The Linear Element Analysis

The displacement fields U, and H, are approximated by

Ux,n) = a (1) + a,(x

and
HOot) = b,(1) + by(1)x (49)
The conditions at the two nodal points are

atx=0U=U, H=H,
atx= [ U=U, H=H,

14
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where (U,,U,) and (H\,H,) are the nodal displacements. Applying the above conditions in Eq. (49)

one obtains
U=U + (Uy- u.)-’,£

H=H + (H,-H.)§

or, in an alternate form

u-ln-—il u,+§u2
H-l1-§ H.+—7H, (50)

One can identify the shape functions f;, g; and the generalized coordinates ¢; and p; as

= u= ll" L;l gn=/Su= ’7;

= U, q= Uy (51)
p=H, p=H,.

The only non-vanishing strain component is
e = -',-(u,-u,). (52)

and the stress components are then expressed as

o,;=Cyey — pijroo-

If an isotropic elastic material is considered, shear stresses are zero and the axial stress com-

ponents are

on=N+ule, -BTPH

-ﬂTolL;—Tohe”—’OI (53)

on=oy;=- ﬁTo['ﬁ')';'-; en— ol-
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The kinematic relation gives

54
9= l,l(ﬁz- H) - /%(uz— u.)l. (34)
The matrix coefficients from Eqs. (44) and (45) can be evaluated and the results are
T,
vi= A+ 2+ ﬁc Olau;
vlzl = B Toau'
V?; = cTya,. (55)
('To
d:/ = T b,,
m, = Pb,,.
1 -1] 4 2 1 4
where a, = -1 17 and b, = 12| 5 Then the governing equations for calculating the nodal
displacements are
. BT,
pbuU/+ A 2u 4+ c a:/U/—BTOGNH;" FF,,
(56)
(.‘To .
T bl.l Hl + CTOGU H/ - Broau U/ = FQ,.
with
FF,= ABTyo n 57
and

FQ, = AcT#,n,

where o, is equal to o, for the nodal point 1. For the particular case of uncoupled thermoelasticity,
the temperature variation due to coupling is very small and the 87ya, U, term in the second equation

may be neglected.

16
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2. The Cubic Element Analysis

Assume the following approximations for the displacement fields

U=ag+ ax + ayx?®+ ayx?’,

(58}
H = by + bix + byx* + byx>,
then
e= %’-- a; + 2a,x + 3a;x?
and (59)
0= %i—” - lcpe = b+ 2byx + 3byx? — lcpe

The conditions at the two nodal points are

atx=0:U=U, e=e, H-Hlandﬂ-a,—%ﬁe,

atx=[ U=U, e=e,, H-Hzand9=02——l-ﬁez

where (U,,U,) and (H,,H,) are the nodal displacements and (e,.e,), (8,,6,) are the nodal mechanical
and thermal strains. The coefficients a; and b, are identified as

ap= Uy a;=e¢),

ay= = 5 ey + 2e)1 = 3(U,= U],

gy = % ley + e = 2(Uy~ U], (60)

bo=H,, b =8,
by= - % (6, + 201 = 3(H,— H)),

by = —l‘;[(o,+o|)1 ~ 2(Hy— H)).

l Hence, the displacement and strain components have the form

U= fuU + frer + fi3Us + fue
e=g U +g2e,+813Us + guey, (61
H=fyH + [0, + fi3H: + 1,8,

6=guH + f18,+guH + /18, - '::Bt’-

17
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One may identify the shape functions f, as

3x? 2 3x2 2
Su= 1—‘1—2‘+‘-lrl. fo="7p ~ "
! X3 xt X
f|2=X“T’+“I“{.f|4"I+,2v
and g,; is given by
. == ————aj.”
gll ax

The generalized coordinates g; and p, can be identified as

gi=Uy g=¢€, q3= Uy, qs= ey,
p=H. py=06y py=H,; ps=190,

The expression for v, d,, and m, can be written as

T
vi=1+20) + B . Ola,,-, v2i=BTya,, v}

¢Ty
—b,. m, = pb,.

=
"
where a,; and b, are given by

36 31 -36

4] 34 -3

4% =301 1-36 31 36
3t - =31

and

156 221 54

A | 220 4 1y

b= 20| s4 131 156
~131 =32 =2

18

(62)
= CTOGU'
(64)
3
-2
-3 (65)
41
-13
=37
-2 (66)
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The governing equations in terms of the generalized coordinates are

T
O+ 2u) + d Ola,,q, — BToa,p, = FF,

pbij.q.[ + ¢
(67
_2 bi/'p'[ + C’Toa,,P, - ﬁTOa:/ql = FQ:
with the generalized forces FF, and FQ, given by
FF, = ABTgor,n, i=13,
(68)

FQ, = AcT#.n, i=1,3,

and
FF2= FF4‘= FQ2= FQ‘* 0.

The differential Eqs. (67) constitutes a system of eight equations for the nodal displacements and nodal

strains.

3. The Overall Problem and Boundary Conditions

In the previous sections, the equations for the basic linear and cubic element models were
derived. Consider now a one-dimensional case with the medium modeled by either of the element
models. Since the heat and mechanical displacements are compatible, the connection of the elements
follows the rules and the assembly process analogous to the one used in the matrix analysis of struc-
tures. The most commonly used assembling method is the direct stiffness method, according to which
the overall stiffness matrix results from the stiffness matrices of the individual elements by simple addi-

tion at the nodal points.

For the elements introduced in this analysis, the matrix equation for the element can be put in

the form

19
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) 0 o0 .
Pl O {4l | Ty {?/]
0o o |7 0 =5 »

BTy
i+ 2#) + . ]a,, BT() W [ l [FQ,} 69)
_ﬂ T()all Oall

+

Then the assembled matrix equation has the following schematic form

< [t b - o)

where the square matrices [4,] are derived through the direct stiffness method. The vectors {¢} and

lA] o [45) [4,]

tall
: (4] [4,)

{,,) 0 [A2]

{p) represent nodal degrees of freedom and the force vectors {FF} and {FQ} have zero components at
the connecting nodal points and are non-zero on the boundary. The solution of the above matrix equa-
tion gives the nodal displacements. Then the distribution of siresses can be evaluated by the stress-

displacement relations and the kinematic relations.

The formulation of the overall problem is not complete unless boundary conditions are taken into
consideration. The procedure is identical to the one in traditional matrix structural analysis, where par-

titioning of the equations eliminates the singularity of the matrix coefficients.

20
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HI1. APPLICATION OF THE FINITE ELEMENT FORMULATION
TO THE COUPLED DIFFUSION PROBLEM

1. Problem Formulation

In applying the derived finite-element formulation, the problem of the linear elastic half-space
subjected to a time dependent temperature change on its traction-free boundary plane, is considered.
The initial boundary value problem assuming a sudden heating of the boundary plane is known as
Danilovskaya's problem and an extension of this problem is given by Sternberg and Chakravorty in

Ref. [20].

The specific notations and descriptions of the problem are depicted in Fig. 1. Let (x,,z) be the
Cartesian coordinate system and consider an elastic medium occupying the half-space x = 0, with the
boundary plane at x = 0 assumed to be free of traction at all times. For uniform boundary heating, it
can be assumed that the medium is restricted to a uniaxial motion and hence

U, = Uxt),
)

For the displacements in Eq. (71), the Cartesian components of shear stress vanish identically and the

stress-strain relations for a linear material are given by

o=\ +2u)e, —B(T - Tp),

(72)
o, =0, = ke, — B(T = Ty,

where (a,,0,,0.) are the components of normal stress, A, u are the material constants, 8 is the ther-

mai modulus and T(x.r) is the time dependent temperature field and Ty = T(x,0).

If the body forces are absent, then the momentum equation reduces to

oo, 02u,

—_— -

ox —5—’2'—. 3)

21
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in which p denotes the constant mass density, and the temperature field is governed by the thermal

diffusion equation

T T
'—a—’~=K—a—x—z (14)

where k = k/c is the thermal diffusivity. The initial condition for the temperature is

T(x,0) =T, (75)

while the uniform ramp heating yields the boundary conditions

T~Ty=0 for t 0

T~ Ty= 7'0- (T) = Ty for 0< 1 € 1g (16)
=Ty~ Ty for ¢t 2 15

where f, represents the time required for the temperature to reach a constant value T,

If the medium is initially at rest, then the initial conditions for the displacement are

U,(x,0) =0, %TU’-'* (x,0) =0, an
while the stress boundary condition is
o, (0.)=0, t >0 (78)
To satisfy the regularity requirements, one also has
(T(x1) = Tp), Ulx1), o,(x0), o,(x)—0, as x — o (79)

At this stage it is expedient to relate the dimensionless variables to the physical ones as follows:

- S L
K X
a, alA + 2u) U,
- Ix ARt (80)
=B -1y VT B T«
o, a ToHI
- -———'\————' H- —_—-'_"
727 BT, - Ty (T, = To)
_ T-T
. o _gTo

0| T|"'To- T]"To’
where k = k/c, al= (A + 2u)/p and B = a(3A + 2u), with a being the thermal coefficient of linear

expansion. H is the dimensionless heat displacement in the present formulation,
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Egs. (73) and (74) can be written as

90, W
W o @

and

The initial conditions are

UE.0) = QL;f-'—@-=5(§.0)-O (82)

and the boundary conditions are

Type 1. Sudden heating of the boundary
0(0,7) =0 forall 7,

- 0 <0

Type 2. Ramp-heating of the boundary

o(0,7) =0 forall 7,

_ 0 <0
0(0,7)=17/7y 071 (84)
1 TS T

Applying the finite-element formulation developed in the previous chapters, the equations for the

two element models can be written in the following dimensionless forms given below

Linear element (LE) model:

ol | o @) Jr| (1+8) [a,] ~la/1f 1\ 1) (FF) (85)

N s [t ow -6wi
ortolf {tin] |lo) 1) () —8la) lq)| UH) {FO)

23
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FO, = (FQ)/Ac(T, — Tg)). The two constant matrices la,] and [b] are given by

1 -1
[q,] = l_l l] and (4] = % ; (86)
Cubic element (CE) mode):

(0) (0}

[[b‘.] IOII {¢) () 101] {é)
o1 1] §, ;5 fol t&1] |,

(6) (6)

+

{v) {FF)
(148) [a.} — la.)] | e} {0)
-8lal  lal] | = 420w 7o)

{6} {0}

+ 14w

(87)
Here the parameter & is defined as the thermomechanical coupling parameter, given by
BT,
8 e+ 2u)’ 88)
and the matrices [a.]} and [5.] are given by
36 36 3Yw Yw
[a.) = ~36 36 -3w -=-3/w]|.
¢ w =3w 4w —1/wi
w =3w ~1l/w? 4dw?
(89)

156 54 2w ~1¥
[b]- 54 156 13/W —22/
= ayw 1yw gwt ~3w|
—13w =2Yw -3/ 4w

The assembly of the above equations for the overall problem and their modifications due to the boun-

dary conditions was coded in the computer program.

24
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In the case of the (LE) model, after solving for the displacements, the temperature for the i th
element can be obtained from the relation

0, = w[l-ll+| - Hl] - 5W[U,+| - Ut']' (90)

and the stresses for the i th nodal point,

o, =wlUy,—U)-»s, (C2))
gy =voy — (1 — W),
For the (CE) model, the solution of the equations will directly give the nodal displacements and
strains, and thus the temperature and strain distributions are obtained directly from the solution of the
matrix equation. Egs. (85) through (91) can be applied to the coupled and uncoupled cases by simply
setling 8 = 0 or 8 = 0, respectively. These equations can be used for solving the problem stated pre-

viously in this section.

2. Numerical Results

A numerical solution of Egs. (85) and (87) for the finite-element analyses is obtained by using a
third order, backward finite-difference scheme. A closed form analytical solution is given in Ref. [20]
for the uncoupled equations and it will be used here to represent the exact solution. An analytical solu-
tion of the coupled case is given by Nickell and Sackman in Ref. [16], for the ramp-heating type of the

boundary condition.

For the finite-element solution the total number of elements used, was TNE = 30 for the (LE)
model and TNE = 20 for the (CE) one. The temperature boundary condition is characterized by the

parameter 7y as follows:

Type 1. Sudden heating, 7o = 0

v.an

- =
WA
[ =Yl

§0.1) = {9
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Type 2. Ramp-heating, 7o = 1.0

e w— e

0 T<0
000, 7)={r/7o 0K <10 (v.2.2)
1 T2 10

Two values of the coupling parameter were used, § = 0 for the uncoupled case and § = 1 for the

iy e e v

coupled one. The time step sizes used for solving the matrix differential equations were Dr = 0.005

for the (LE) and Dr = 0.01 for the (CE). For evaluating the lateral stress o,, the value of v = 1/3 E

was used for Poisson’s ratio.

The results obtained are illustrated in Figs. (1) through (12) for both element models and they

P

are compared to the exact solution. For the case of rqg = 0, 5 = 1, numerical data for the exact solu-

e

tion were not available, thus only the results from the present formulation are given. Figs. 1 to 4 dep-

R A

ict the temperature, mechanical displacement and siresses as a function of time a1 £ = 1.0 and for 7y =
0. The results for the temperature, Fig. 1, show a very good agreement with the exact solution for
both element models. For the displacement, Fig. 2, the (CE) model gives less error than the (LE),

with very small instability around the point of discontinuity. For the stresses, Figs. 3 and 4, again the

Eop o s Seaiey wa

results for the (CE) are better than those of the (LE). The instability around the discontinuity point r
= 1.0, is due partly to the numerical scheme and partly to the small number of elements between ¢ =

0 and € = 1.0. This instability can be corrected by refining the mesh around the point of discontinuity.

The results for 7o = 1.0, are ilfustrated in Figs. § to 8. The temperature as a function of time at
& = 1.0, is given in Fig. §, the displacement in Fig. 6, and the normal and lateral stresses in Figs. 7 and

8, respectively. As one can see from these figures, the results obtained through the CE solution show

excellent agreement with the exact solution even around the discontinuity point. For the (LE) solu-
tion, the results for the displacement and stresses show an error which is due 1o the numerical approxi-
mation and can be corrected by refining the mesh around the point ¢ = 1.0. In order to show the pro-

pagation of discontinuities in the half-space, the temperature is plotted in Fig. 9, the displacement in

26
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Figure 3 — Displacement distribution at £ = 1. as a function of time. with 74 = 0.0, dynamic solution
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Figure 4 — Normal stress distribution at € = 1. as a function of time. with 75 = 0.0. dynamit solution
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o0.12t o e LE, TNE = 30, NE =6
o e CE, TNE =

-

0.08

0.04 |

Figure 8 — Normal siress distribution at ¢ = 1, as a function of lime, wilh rg = 1 0, dynamic solution
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Fig. 10, and the normal stress in Fig. 11 as a function of the space coordinates, for 7o = 0.25 and 7+ =
1.0, + = 2.0. These figures show how the thermal induced wave propagates into half-space. As one
can see from these figures, the (CE) gives excellent agreement with the exact solution, and the LE

gives satisfactory results but with a small instability around the discontinuity points. '
SUMMARY AND CONCLUSIONS

A unified formulation for the coupled thermal-momentum diffusion equations was introduced in

this report and, based on this formulation, two finite element models were developed for the purpose of

solving problems on thermal and mechanical deformations.

The introduction of a new quantity, defined as heat displacement, is the basis for a unified presen-
tation of the governing equations with one-to-one correspondence between thermal and mechanical
quantities. This presentation is used to develop a successful displacement formulation for the finite ele-
ment analysis. The resulting matrix differential equations for the finite element models are given in
terms of nodal displacements and/or strains. Due to the nature of this formulation, boundary condi-

tions, given in terms of temperature, strain, mechanical displacement and/or heat flow, can be easily

handied.

In the present formulation a thermal force was also introduced, for which one should point out its
significance as a boundary force. The regularity condition for Danilovskaya's problem requires that
90— 0 as £ — oo, Since the last nodal point in the finite element approximation of the half-space
represents infinity one should impose the above condition at this point, and then the thermal force is
zero due to zero temperature. This assumption is not the correct one since the temperature at the last
nodal point will increase as the thermal wave propagates and the time r increases. If we consider the
last nodal point as a boundary point and the thermal force as a boundary force which is equal to the
temperature at that point, then the conditions of the boundary point are properly adjusted. The impor-

tance of this thermal force is shown in Fig. 12 , where the temperature is given as a function of ¢ for
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Figure 10 ~ Temperature distribution as a function £. dynamic solution with 7o = 0.25.
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Figure 11 — Displacement distribution as a funcuon &. dynamic solution with
To = 0.25. as a function of time. with rg = 0.0, dynamic solution
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Figure 12 — Normal siress distribution as a function §. dynamic solution with ro = 0.25.
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the three different times 7 and for o = 0.0. The results iliustrated show how the finite element solu-
tion behaves by neglecting or retaining the thermal forces. When the thermal force is neglected the
solution is lower than the exact solution for § >3 and as 7 increases, but this is not true if the thermal

force is retained in the formulation.

A solution of the matrix differential equations can be obtained by any standard integration tech-

nique. Here a third order backward finite-difference scheme was adopted for the solution,

The two finite elements developed in the present study were used successfully to model the pro-
pagation of thermally induced waves in a semi-infinite medium, with prescribed conditions for the
stress and temperature on the boundary plane. For the temperature, the boundary conditions are of
two types; one is sudden heating and the other is ramp heating is the boundary plane. Results obtained
by the present finite element analysis are for the cases both of coupled and uncoupled behavior. These
are compared to existing analytical solutions. The cubic element model gives an excellent representa-
tion of the exact solution and the linear element also gives satisfactory results within acceptable limits

of accuracy.

A comparison of the present solution with existing numerical solutions of similar problems is
appropriate in order to evaluate the efficiency of the present formulation. Two of the numerical solu-
tions which solve the same thermoelastic problem are given by Nickell and Sackman in [16] and by

Oden (17].

The solution given by Nickell and Sackman is based on the Ritz method and their results give
satisfactory agreement with the exact solution. In order for the authors to achieve a stable solution,
with small error, they used a very fine mesh for the characteristic length L, (TNE = 47, NE = 20),
and a time step of 0.005-0.01. The computing time for such solutions was about five minutes. The
present solution, with a less fine mesh, produces results of similar accuracy and with less computing
time required to solve the same problem. For example, the linear element model solution with TNE =

30 requires about 70 seconds and the cubic one with TNE = 20, requires about 100 seconds. Thus,

n
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the present solution is more efficient for the same degree of accuracy. Another advantage of the
present formulation over the one given by Nickell and Sackman is that it can be used for any geometric

configuration and with any kind of boundary condition.

The second solution, given by Oden, is based on the finite element method. In reference [17],
Oden gives results only for the temperature and displacement. For some of his results, Oden used up to
TNE = 48 with NE = 10 in order to achieve a satisfactory solution. Comparing the two solutions it is
apparent that the one proposed here requires a smaller number of elements for the same accuracy as
Oden’s. Oden also mentions that his results for the temperature are lower than the exact solution for
£ > 3 and as the time 7 increases, and he suggests an increase of the characteristic length L in order to
obiain improved results. This kind of correction becomes unnecessary to this formulation since this is

corrected by the thermal force of the last nodal point as was shown in Figure 12.

x In conclusion, the unified form of the present formulation should be emphasized, as well as its
efficiency on handling various types of boundary conditions. The superiority of the cubic element
model over the linear type should be also noted. Both element models can be used for solving
diffusion problems and the choice between them depends on the particular needs of a problem. An
extension of this formulation to other problems or to two dimensions is a next step in applying the

finite element model.
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