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AN ADAPTIVE CHOICE OF THE SCALE
PARAMETER FOR M-ESTIMATORS

Robert Michael Bell, Ph.D.
Stanford University, 1980

Let XysoeesX be a random sample from a distribution symmetric
about the unknown location parameter 6. A major class of robust esti-
mators of location is the class of M-estimators, each of which corre-
sponds to a function Y defined on the reals. To be scale equivariant,
these estimators require the use of a scale equivariant function of the
sample. Commonly, this scale parameter is chosen to be a constant
times the sample MAD (median absolute deviation from the median).

For a given function {y, the variance of the corresponding
M-estimator varies considerably with the value of the scale parameter.
It is therefore proposia that the value which minimizes an estimate of
the asymptotic variance of the M-estimator be used as the scaling
factor. This adaptive method of scaling is shown to be asymptotically
- optimal (under fairly general conditions), in the sense that the
resulting M-estimator has the smallest possible asymptotic variance
among all M-estimators based on Y. In particular, when the underlying
distribution is normal, the adaptive estimator based on any reasonable
y achieves full asymptotic efficiency, i.e., is asymptotically equiva-
lent to the sample mean.

The performance of the estimator for small samples is investi-
gated by Monte Carlo methéds for several choices of Y using the tri-
efficiency criteria. A slight modification of the above estimator
compares favorably with Tukey's bisqﬁare M-estimator for sample sizes

as small as 20.



ACKNOWLEDGMENTS

I am very grateful to my adviser, Vernon Johns, for his help
and encouragement from the birth of the first idea to the writing of
the last words. This thesis would not have been possible without his
able guidance. I also thank Rupert Miller and Paul Switzer for their
comments and criticisms.

I would like to acknowledge Thomas Cover and Persi Diaconis,
.Who have each profoundly influenced my perspective on statistical
research. The comments and encouragement of Delores Conway, Michael
Cohen, and Barry Eynon are also deeply appreciated.

Finally, I thank Wanda Miller for her expert typing job.

ii



TABLE OF CONTENTS

Chapter Page
1. Introduction . . .« « « + ¢ 4 4 4 e e e e e 1
2. Robust Estimators of Location . . . . . . . . . 2
3. Adaptive Estimators e e s e e e e e e e e 5
4. M-Estimators . . + '« '« o o + o o o + e o 9
5. The Scale Parameter e v e e e e e e e e e 13
6. Asymptotic Variance of M-Estimators . . . .+ . . . 14

7. Adaptive Choice of A . . .« .+ « + 4 « 4 e e 18

8. Modification of A* . . . . . . . . . . . . . 29

9. Asymptotic Optimality of A . . . . . . . .« . . 35

10. Monte Carlo Results e e e e e e e e e e e 52
11. Conclusions . .« =+« ¢ ¢« o o s o e o e o e . 59
Appendix

* ke
A, Program to Compute A and 6(1) e s e e e e e e 62

B. Technical Details of the Monte Carlo Study . . . . . 66

References e & e e s e 4 e e e e e e e e e e 71

iii



LIST OF TABLES

Page
TRIEFFICLENCY OF BASIC ADAPTIVE ONE-STEP
M-ESTIMATOR FOR p =3.0, c20=1,0,n=20 e e e e e e 53
Ak
RELATIVE EFFICIENCY OF 9(1) TO THE BISQUARE FOR VARIOUS
FUNCTIONS {3 c20=1.0 e e e e e e e e e e e 55
Ak
RELATIVE EFFICIENCY OF 9(1) TO THE BISQUARE FOR VARIOUS
VALUESOFczo;p=3.0............ 56
, A%
RELATIVE EFFICIENCY OF 9<1) TO THE BISQUARE FOR VARIOUS
LOWER BOUNDS ON 1/n I ¥'(A y,); p=3.0, c,q=1.0 . . . 57
ak
RELATIVE EFFICIENCY OF 9(1) TO THE BISQUARE FOR n=15 :
AND n=40; p=3.0 . .77 . .+« .+« .+ ¢ + + o+« .+ . 58

iv



10.

11.

LIST OF FIGURES

Page
Examples of Influence Curves of M-Estimators . . . . 11

Asymptotic Variance of Bisquare as a Function of A for
Several Densities . . . . . . . . . . . . . 16

Comparison of Asymptotic and Finite Sample Variances of
Bisquare as a Functionof A . . . . . . . . . . 17

Asymptotic Variance of Huber's Estimator as a Function
of A for Several Densities . . . . . . . . . . 19

Graphs of ﬁ(l) Versus A-MAD Using wbs for Random

Samples of Size 20 From the Normal Distribution . . . 22

Graphs of %(A) Versus A*MAD Using wbs for Random
Samples of Size 20 From the One Wild Normal e e e 23

Graphs of e(l) Versus A°MAD Using wbs fof Random
Samples of Size 20 From the Slash Distribution o e 24

Graphs of wP for p=1.5, 2.0, 3.0, © and of wbs e e . 28

Graphs of G(A) Versus A+MAD Using w3 0 for Random
Samples of Size 20 From the One Wild Normal o e e s 31

Graphs of 6'(A) and %'(A) + gn(k) Versus A*MAD Using
w3 0 for Random Samples of Size 20 From the One Wild
Normal . . . . + .+ + o ¢ v e 4 e e e e 32

Graphs of xwg 0(x) and -1.0 lel)3 0(x)2 B X



AN ADAPTIVE CHOICE OF THE SCALE
PARAMETER FOR M-ESTIMATORS

1. 1Introduction

Suppose that one observes a random sample X,,...,x from a
n

1
distribution symmetric about the unknown location parameter 0.

Except in a make-believe world, a desirable property for any estima-
tor of 0 is that of robustness. We list two qualitative definitions
of robustness of location estimators. The first is that an estimator
is robust if it possesses high efficiencies for a wide set of likely
distributions. The second requires that the estimator be highly
efficient for a particular model and yet resistant to a small amount
of contamination. The two concepts are generally compatible, and
they are both presented to give alternative motivations for
robustness. Certainly, many other definitions can also be given;
e.g., see Huber (1972).

A major class of robust estimators is the class of
M-estimators of location. In order to be scale equivariant, these
estimators require the use of a scale equivariant function of the
sample s(§). Commonly s(§) is a constant times the sample MAD
(median absolute deviation from the median). In this paper we pro-
pose using the value of the scale parameter which minimizes the esti-
mated asymptotic variance of the M-estimator. Under fairly gemeral
conditions this converges to the best possible value for the scale
parameter, resulting in the smallest possible asymptotic variance for

a fixed function P. In particular, full asymptotic efficiency is



attained for the normal distribution. In Section 10 we present small
sample (n=20) Monte Carlo results which compare a slight modifica-
tion of the above proposal with Tukey's bisquare using the trieffi-~
ciency criteria. Even for this sample size the adaptive estimator
compares favorably with the bisquare.

While the analysis in this paper is limited to estimation of
location, M-estimation may also be used on the more important problem
of multiple linear regression; e.g., see Andrews (1974). There
‘appears to be a straightforward extension of the methods described

here to the regression problem.

2. Robust Estimators of Location

The nonrobustness of the sample mean--and other least squares
procedures——is well documented. The mean has very low efficiency for
long~tailed distributions and gives far too much weight to gross
outliers; Robust alternatives to the mean are usually limited to
estimators which are location and scale equivariant. In accordance

with Berk (1967), an estimator T(x) is location and scale equivariant

if T(ag-kb%) = aT(E) + b, for all a > 0. We note that the term
invariant is also used by some authors for the above property.

The most commonly used nonadaptive estimators of location
fall into three categories:

(i) L-estimators. Linear combinations of order statistics. These

include trimmed means which in turn include the mean and median as

extremes.



(ii) M-estimators. Analogues of maximum likelihood estimators

A

(MLEs). The M-estimator 8 is a root of an equation of the form
A
Z?=l w[(xi-e)/s(x)] = 0, where Y is a skew-symmetric function.

(iii) R-estimators. Midpoints of symmetric confidence intervals

based on linear rank tests. The best known of these is the Hodges-
Lebmann (1963) estimator, which turns out to be the median of the
pairwise averages of the observations.

Examples of each of these types of estimators are contained
in the books by Andrews, et al. (1972) and Huber (1977). Johns
(1979) has introduced P-estimators, which are robust analogues of
Pitman estimators.

Our further attention will be devoted almost exclusively to
M-estimators. The main reason for this is one given by Hampel
(1974), "Furthermore, the stress on M-estimates is not accidental;
neither L- nor R-estimates...allow a proper rejection of outliers,
i.e., a rejection based on the distance from the bulk of the data."
This property of M-estimators is closely related to the fact that
their influence curves (defined in Section 4) are essentially inde-
pendent of the true distribution function F. We note that this prop-
erty is shared by P-estimators. Another reason for preferring
M-estimators is that because of their close association to MLEs, they
can be generalized to a large number of models.

Just as there are many definitions of robustness, there are
many criteria for judging robust estimators. The finite sample

variances (or equivalently efficiencies) for various symmetric



distributions are often used. The use of the variance is justified
by the argument that symmetry implies unbiasedness and good estima-
tors tend to be approximately normally distributed except when based
on small samples from long-tailed distributions. Monte Carlo tech-
niques are usually>required to obtain these variances. The most
ambitious study of this kind is the Princeton Study by Andrews,

et al. (1972). Their study includes 65 estimators and 30 sampling
"situations" (distribution and sample size). Sample sizes ranged
from 5 to 40.

Except for the obvious choice of the normal, selecting from
among the many distributions is difficult. The results presented in
this paper are based on Tukey'é (1979) concept of triefficiency.
These are three diverse sampling situations for which a robust esti-
mator should do well. In each case a sample size of n = 20 is used.
The three situations are:

1. Standard normal.

2. One wild normal (1WN): 19 standard normals, and 1 N(O,100)
in each sample.

3. Slash: a standard normal random variable divided by an
independent uniform (0,1).

The asymptotic variance is often another useful tool.
Comparison of the asymptotic variances of similar estimators may give
a reasonable idea of their relative performances for even fairly
small sample sizes. Care must be taken since the rates of conver-

gence of the finite sample variance to the asymptotic variance may



.differ greatly for dissimilar estimators. For example, the conver-
gence for adaptive estimators, defined in the next section, will tend
to be slower than that for nonadaptive ones.

Another set of criteria based on resistance to contamination
are set forth by Huber (1977) and Hampel (1974). These include
breakdown point, maximum bias and variance as a function of the

amount of contamination, and gross error sensitivity.

3. Adaptive Estimators

The search for good robust estimators of location often
becomes an attempt to find estimators which are efficient for both
the normal distribution and longer tailed alternatives like the
slash. Unfortunately, tradeoffs must be made. The mean, which is
optimal for the normal, does terribly once there is even a moderate
amount of contaminafion. Simple estimators which do very well for
long-tailed distributions sacrifi;e too much efficiency for the
normal. Inevitably some compromise must be made between the extreme
objectives if we limit ourselves to the nonadaptive estimators
described in the last section.

The motivation for adaptive estimators is based on two facts.
First, if the approximate shape of the sampling distribution is
known, it is not too difficult to find an estimator which will do
well by most standards. ;%econd, considerable information about the
shape of the sampling distribution is contained in most samples of a

moderate size. Adaptive estimators try to use the information in the



sample to select an estimator which is appropriate for the distribu-
tion from which the sample came.

In general, adaptive estimators have the following form. A
set of estimators, finite or infinite, is chosen. At a minimum the
set would include an estimator designe& for short—tailedbdistribu-
tions and another for long-tailed ones. Other estimators might be
included to handle other sized tails and various degrees of
peakedness. Once the set of estimators is givén, one needs a choice
function which maps the set of possible order statistics into the set
of estimators. The objective of the choice function is to choose the
estimator which, in some sense, best suits the data.

A good survey article on adaptive estimators is that of Hogg
(1974). He proposes a very simple adaptive estimator which chooses
from a small number of trimmed means (including a mean of extreme
order statistics) based on the value of the Q statistic. The Q
statistic is a measure of tail weighé based on the outer order
statistics. Hogg also suggests that the degree of skewness of the
sample may be used to help choose the estimator. Other examples of
adaptive estimators are described in Andrews, et al. (1972, Sections
2B3 and 2E1).

An adaptive estimator of particular interest is due to
Jaeckel (1971). His estimator is an u—triﬁged mean where QO E[ao,al]
is chosen adaptively. His method is to usé the value of a which min-
imizes the estimated asymptotic variance of the trimmed mean as &

function of 0. As n + «, the trimming proportion converges in



probability to the optimal trimming proportion in the given range,
and thus the asymptotic variance of Jaeckel's estimator is the same
as if the optimal trimming proportion were known. He also outlines
how this method may be used to choose from among more complex fami-
lies of L-estimators which are indexed by two or more parameters.
Using the estimated variance to choose from a finite set of estima-
tors is also discussed by Switzer (1970).

A more ambitious class of adaptive estimators was introduced
by Stein (1956) who argued that estimators could be constructed which
would be fully efficient in terms of asymptotic variance for all sym-
metric densities with finite Fisher information. His argument was
that as n » ©, the density and its derivative can be estimated suffi-
ciently well from the data to produce an estimator with variance
approaching the Cramer-Rao lower bound. Several authors have pre-
sented estimators with this property. R-estimators were used by
Van Eeden (1970) and Beran (1974), while Stone (1975) presented an
estimator based on M-estimators. Sequences of L-estimators with
efficiencies converging to one have been given by Takeuchi (1971),
Johns (1974), and Sacks (1975). Beran (1977) has shown that a mini-
mum Hellinger distance estimator is also fully efficient.

While adaptive estimators are generally designed to have
excellent large sample properties, careful consideration must be
given to their small sample behavior. Estimators which try to
gather too much information from the data will tend to "overadapt."

In that case a very wrong inference about the true distribution may



be taken from some samples resulting in a very bad estimate. Thus-
the amount of adaptation must be carefully pegged to the sample
size--with more complex procedures being reserved for larger samples.

For small sample sizes on the order of n = 20, for which only
simple adaptive estimators are practical, they have tended to do no
better than good nonadaptive estimators. As n increases, the adap-
tive estimators improve relative to nonadaptive ones. Thus some
improvement could be expected for moderate sized samples using some
of the fairly simple adaptive estimators. Less can be said about the
performance of fully efficient estimators for small and moderate
sized samples. The theoretical results for these estimators promise
nothing about their performance for finite n, even if n is very
large. However, simple estimators from the sequences of Takeuchi and
Johns performed well in the Princeton study. Encouraging results are
also obtained for n = 40 by Stone (1975).

In this paper we present an adaptive M-estimator for which
the function Y is fixed and the scale parameter s(f) is chosen in the
same way as Jaeckel's trimming proportion. This adaptation is simple
in the sense that only one parameter is chosen adaptively. In fact,
no more parameters than usual are involved in the estimator, since
s(f) always depends on the data. Even so, adaptively choosing the
scale parameter can lead to substantial improvement. This idea was
mentioned as Proposal 3 of Huber (1964), but there appears to have

been no previous attempt to pursue it.



4. M-Estimators

M-estimators of location were introduced in 1964 by Peter
Huber as analogues of maximum likelihood estimators. For a given
function p the M-estimator 8 is defined as the value of © which mini-
mizes Z?=l p[(xi-—G)/s(f)]. The sample scale parameter s(g) is nec-
essary to make @,scale equivariant. Discussion of its importance is
postponed until Section 5. It is typically more convenient to define

A

6 as the solution to

n
(4.1) Iy

where Y = p', even though (4.1) may have multiple roots when p is not
convex. If (4.1) does have multiple roots, theém care must be taken
to find the correct root. Obviously 8 is not changed if Y is multi-
plied by a constant.

The iﬁfluence curve is a powerful tool in the analysis of
robust estimation. Suppose that an estimator T is a functional of
the empirical distribution function. The influence curve of T evalu-
ated at the distribution F is the function

(4.2) IC, p (®) = sl:igl %[T((l—e)F+e 8 -1(P]

where 6X is the distribution function of a mass point at x.

Essentially IC (x) measures the expected change in T(Fn) from add-

T,F

ing a small amount of mass to F at the point x. Hampel (1974) pro-

vides an excellent discussion of the relationships between an



estimator’'s robustness properties and its influence curve.
In general, the influence curve depends on T and F through a

complex relationship. For the M-estimator 6 given by (4.1) however,

lp[x—E)]
(4.3) 165 o () = x(F)
? 13 t_e

Jw [S(F)]dF(t)

is proportional to P at any distribution function F. This fact makes

the analysis of M-estimators (and P-estimators, which have a similar
expression for ICT F(x)) using the influence curve easier than the
H

analysis of L- or R-estimators. Since IC§’F(x) is so closely related
to the function Y, Y is often referred to as the influence curve of
é. Furthermore, the shape of Y can be chosen to give 8 desirable
properties., |

The influence curves of six M-estimators are shown in
Figure 1. The mean is not robust since its influence curve is
unbounded. While the median has a bounded influence curve, it is
inefficient at the normal distribution because of the large jump at
zero. For an estimator to have good efficiency at the normal, its
influence curve should be approximately linear near zero. Huber's Y
combines the best features of the mean and median. Hampel's
"redescending'" ¥ reflects his argument that extreme observations
should have very little or no influence. Two other smoothed redes-

cending Y functions are Andrew's sine and Tukey's bisquare. Huber's

P is likely to be a good choice if one is interested in the normal

10



Figure 1

Examples of Influence Curves of M-Estimators

Mean Median
J ]
Huber Hampel
|
d 3
Andrews' Sine Tukey's Bisquare
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with only a small amount of contamination. A redescending Y is
better if one is also worried about the possibility of very heavy
tails.
At this point we list some assumptions which it will be con-

venient to make about any subsequent functions Y.

(Al) ¢ is skew symmetric; i.e., P(~x) = -P(x).

(A2) P(x) > 0 for all x > 0.

(A3) Y(x) is continuous and piecewise differentiable.

(A4) y'(0)

(A5) ¢"(0)

(A6) YP"'(0) < 0.

1.

0.

The sine and bisquare satisfy all the assumptions; but Huber's and
Hampel's Y's fail A6, an assumption which is convenient when the
scale is chosen adaptively. Assumption A4 is possible since P may be
multiplied by a constant without changing §. We list A5 separately
even though it is implied by Al and A6.

Solving (4.1) usually requires an iterative procedure which,
of course, must be stopped after a finite number of steps. For the
location problem, one or two iterations from a good starting point is

» often adequate. The one step M-estimator (or ml—estimator) with

starting point M0 is
n x,-—M0
s@ IV
A i=1 o
(4.4) 61y = Mg+ ———T— — .
R i OJ
i=1 s(x)

The usual starting point is the median.

12



5. The Scale Parameter

The scale parameter, the function of the data required to
make 6 scale equivariant, must satisfy s(a§4-b£) = a ~s(§), for a > 0.
While usually given little attention in previous studies of
M-estimators, the scale parameter is key to the performance of the
estimator. Simply stated, when s(g) is small, (xi-g)/s(§) is more
likely to be on the wings of  where little or no'weight is given the
observations. The result is a very outlier resistant estimator. When
s(f) is large, (xi'—é)/S(E) tends to fall on the approximately linear
part of § where the observations receive nearly equal weights. Most

commonly, s(x) is a constant times the median absolute deviation from

the median (MAD) given by

(5.1) MAD = median {lxi-med(§)]} .

In this case the constant multiplying the MAD must compromise between
the objectives for light and heavy tails. The same compromise is nec-
essary for MLE type scale parameters solving Z?=l Y[(Xi"é)/s(f)] = 0.
As S(f) + o, the estimate g(g) converges to the sample mean.
Because the' mean is optimal for the normal, it is convenient to have
it as a finite point in the set of estimators. This is accomplished

by letting
(5.2) k(g) = 1/s(§) ,

so that 8 converges to the mean as A(x) - 0. We will refer to A as

the scale factor. For doing analysis, the resulting parameterization

appears to be more natural. The equations defining 0 and é(l) become

13



n ”~
(5.3) z w[K(xi-e)] =0
i=1
and
N ZYa(x, -M)]
(5.4) 6. .=n i 0

+ |
W "0 TAT VIR, -]

for A = A(x) > 0. 1In each case, the limit as A + 0 is x. The esti-

mators are equivariant if and only if A(ax+bl) = A(x)/a, for a > 0.

6. Asymptotic Variance of M-Estimators
Under fairly mild regularity conditions on the true
distribution, most robust estimators of location have a limiting

normal distribution of the form

(6.1) /a (TG - 8) - N(0,v(T,P) .

The variance of the limiting distribution, V(T,F), is called the

_1
asymptotic variance of T. Suppose that A(x) = A + Op(n é) as n >
then for a given function {y the asymptotic variance of the

~

M-estimator O is

E YA (X-6)]1°
A E v A(x-0)112

(6.2) V(A5 ¥,F) =

~

The asymptotic variance of the one~-step M-estimator G(l) is also

V(A ,F).
In Section 5 we gave a heuristic argument to suggest that for

fixed Y, small values of A are good for short tailed distributions

14



while larger values of A are best for long tailed ones. Figure 2
shows the asymptotic variance of the bisquare as a function of A for
seven symmetric densities. The densities have been scaled to have
the same MAD, and the variances are normalized by dividing by the
Cramer-Rao lower bound, [f(f'(x)z/f(x))dx]~l. For all except the
most peaked densities (Laplace and Cauchy), there exists some A such
that the variance is 1.04 or less; the minimum for the Cauchy is
1.14. However, the points where the minima are achieved are well
dispersed. For the normal the minimum occurs at A = 0, and as the
weight of the tails increase the optimal value of X does also. If a
compromise value of A is chosen, then at least 5 to 10 percent effi-
ciency must be sacrificed for both the normal and the slash. We note
that for each F, V(A; Y,F) -+ ® ag A » o, This is because the
bisquare redescends to zero allowing only a fraction of the data to
be used. As A + », this fraction converges to zero.

Figure 3 compares asymptotic and finite sample (n=20) vari-
ances for three distributions. The contaminated normal for which the
asymptotic variances are given in Figures 2 and 3 is 95% N(0,1) and
5% N(0,100). The finite sample variance is for the one wild normal—-—
19 points N(0,1) and 1 point N(0,100). Except for the normal distri-
bution, the Cramer-Rao lower bound is generally not attainable for
finite sample sizes. TFor the slash, the sample size 20 variances are
up to 15 percent higher than the corresponding asymptotic variances.
Even so, the shapes of the curves are similar, illustrating that

comparable sacrifices must be made in choosing a single value of A.

15



Figure 2

V(A) Asymptotic Variance of Bisquare as a
CRLB Function of )\ for Several Densities
2
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Figure 3

V() Comparison of Asymptotic and Finite Sample
Variances of Bisquare as a Function of A
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Because of the sharp peak in the Laplace density, the
bisquare does very poorly for all values of A. Someone wishing to do
well for the Laplace would probably choose a function Y which is
monotone. Figure 4 shows the asymptotic variance of Huber's estima-
tor as a function of A for the same densities as in Figure 2. TFor
Huber's ¥, 8 converges to the sample median as A + ®, Thus 6 becomes
efficient for the Laplace as A + ©, This improvement comes at the
expense of increased optimal variances for the contaminated normal

(1.11) and slash (1.12).

7. Adaptive Choice of )\

The graphs in the previous section show that for a given
function Y, the chéice of A makes a considerable difference in the
variance of the M-estimator. If we could always use A equal.to or
nearly equal to the value which minimizes V(A) = V(A; ¥,F), say XO,
the resulting estimator would do exceptionally well. This suggests
trying to estimate AO from the data. The simplest idea is to esti-
mate the function V(A) by a function %(K) depending on the data and
use the value of A which minimizes %(A), in either (5.3) or (5.4).
We denote this value of )\ by A*(E), or just X*, and the resulting

ra)

. * Ak
estimators by 6§ and 9

(1) " Although we shall find it necessary to
make a minor modification in this definition of A*, the flavor will
remain the same.

This procedure is promising for two reasons. First, under

%
most conditions of interest A will converge to AO as n > ©, and the

18



Figure 4

Asymptotic Variance of Huber's Estimator
as a Function of A for Several Densities
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asymptotic variance of the adaptive estimator will be V(AO), (see
Theorems 2-7 in Section 9). If ¢y is the bisquare, then the asympto-
tic efficiency will be 0.96 or higher for five of the seven distribu-
tions in Figure 2. The asymptotic efficiency for the normal will be
one. Second, the fact that only one parameter is being estimated
from the data means that §* should be stable for even fairly small n.
Working with the scale factor essentially allows us to change the
shape of the influence curve adaptively without adapting {. The
influence curve transforms smoothly from nearly linear (small A) to
quickly redescending (large )).

For skew-symmetric Y the asymptotic variance V(A; ¥,F)
depends on X only through the distribution of [X-—G[. If we assume
that F is symmetric, it is reasonable to let the estimated variance
%(A) depend only on

2
(7.1) v, = [xi-Ml for i=1,2,...,n0

where M is an estimate of 6. So that it may be computed directly, we
have let M equal the sample median. Other robust estimates could

also be used. A choice of particular interest is the M-estimate sol-
ving Z?=l W[K(xi-M)] = 0. Unfortunately, since it depends on A, the
calculation of A* is made more difficult. Replacing (X-0) by Y and

integrals by summations in (6.2), we get

=]
i ™M

WOy ?
2
12 (Kyi):[

20

(7.2) V) = —i=1

A

i Mg

i=1



Figures 5-7 show %(A) for samples of size 20 from each of the
triefficiency distributions. In each case Y is the bisquare, and the
range of A (in terms of the sample MAD) is twice that of Figure 2.
Starting with the normal distribution in Figure 5, the first observa-
tion to make is that G(A) often has multiple relative minima. This is
caused by the extreme instability of %(k) as A increases. The six
graphs fairly well represent the likely pattermns of %(A). After
having a relative minimum (usually at or near A =0), the estimated
variance may rocket to unreasonable heights (in the hundreds or
thousands) before plummeting, often below its original minimum. The
volatility of %(k) is caused mainly by the large relative changes
which can occur in I w'(lyi) as that sum becomes small. Similar pat-
terns appear in the graphs for the 1WN and slash. It is clear that
past the first relative minimum the estimated variance in small sam-
ples cannot be trusted. Thus any subsequent relative or absolute
minima must be considered spurious.

In contrast, the behavior of %(A) up to the point of the first
relative minimum is usually quite reasonable. This is because %(A)
generally has a relative minimum before I w'(Ayi) becomes small enough
to make %(l) unreliable. This is not to say that Q(X) will be an
accurate estimate of V(A) for n as small as 20. TFortunately, that is
unnecessary. What is necessary is for the shapes of %(A) and V(A) to
be similar enough so that A* adequately approximates AO'

These considerations lead us to modify the original proposal

* A
and to let A be the smallest A > 0 such that V()}) has a relative



Figure 5

Graphs of 6(1) Versus A*MAD Using wbs for Random

Samples of Size 20 From the Normal Distribution
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Figure 6

Graphs of G(A) Versus A°MAD Using wbs for Random
Samples of Size 20 From the One Wild Normal
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Figure 7

Graphs of G(X) Versus A°MAD Using wbs for Random

Samples of Size 20 From the Slash Distribution
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minimum at )\*. We note that A* must exist for redescending | since
% w(kyi) eventually goes to zero, at which point ﬁ(l) goes to +,
Examination of the graphs in Figures 5-7 shows that there is some-
times a relative minimum at A = 0. 1In those cases 6* is the sample
mean. In all other cases ?7'()\) has a relative maximum at A = 0. This

fact is verified by expanding Q(A) in a Taylor series about A = 0.

Using Al-A6 on equation (7.2) gives

o omshy #2232 + ok )2
7.3 V) =3 1.2 2 212
A+ 2% y2ymo) + 002 ]

1.2, 2 o4 1 23] 2
sryi i day - d1yhY v @ +e0d

3n i

Thus we have

~ n n
(7.6) V) =% 3 y? -1 35 & -m? ,
n . 1 n . 1
i=1 i=1
(7.5 V'(0) =0 ,
and
~ n n
(7.6) 9"(0) =§qum Ly -m*o3t 3 (x. -m?|?
Mi=1 t T=1 t

Since {7'(0) = 0, there is a relative minimum at A =0 (except

for a set of measure zero) if and only if ?7"(0) > 0. Since P"'(0) < 0

1 4
- Z(xi—M)

%
by A6, A = 0 if and only if K(x) = - 3< 0. The

1 2,52
[; Z(Xi-M) ]

quantity K(x) might be referred to as the sample kurtosis about
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the median. In samples of size 20 from a normal distribution, K(E) is
negative about 67 percent of the time. Thus two-thirds of the time 6

is simply the sample mean. From Figures 6a and 7d it can be seen that
A* = 0 sometimes for samples from the IWN (16 percent of samples) and

slash (4 percent) as well. While this is expected for the 1WN, it is

at first alarming for the slash. Closer inspection shows that con-

ditional on samples from the slash with K(x) < 0, the sample mean is

certainly worse than more resistant estimators, but not disastrously

so.

If %'(A) is piecewise continuous, then
(7.7) A* = 1nf{A>0: V' (1) >0}
where

2n

(7.8) V'Q) = 3
AT [Z ¥ Qy;)

3 [FAyg¥ 0o Gy -3y 0

Iy ()ori)2 LAy, 9" Qyy)

Iy’ Ay

Of course, the positive factor before the brackets in (7.8) is
unnecessary in defining K*. The function %'(A) depends on the second
derivative of Y. Because of the discontinuity of wgs at x=1, 6'(1)
has positive jumps at A = l/yi, for i=1,2,...,n. These jumps often
cause X* to equal 1/yi for one of the larger values of y; even when
the general trend of G(A) is downward in that neighborhood. The
result is that 6* does much worse for fhe long tailed slash than it

N
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would if y were smoother. For that reason, as well as for mathemati-
cal considerations, we will limit further considerations to functions
Y with several derivatives everywhere. There does not appear to be
any practical loss in doing so. The infinitely differentiable func~-

tions used in the Monte Carlo study are

x2 P 1
(7.9) wp(x) = x|1 + 7o -1 for p > 3
and
x°/2)
(7.10) P (%) = lim Y _(x) = xe .

p—)OO

The maximum of wp always occurs at x = 1. As p increases, wp
redescends more quickly with Y  resembling the bisquare (see
Figure 8). Monte Carlo results are reported for p=1.5, 2.0, 3.0,
and ®,
A simple algorithm is sufficient to compute A

1. Check if K(f) < 0; if so, A* = 0 and 8* = x.

2. If not, calculate e'(k) for A = yzi], y}i_l],... until it
becomes positive.

3. Do a binary search between the last two values of A until X*
is known within acceptable tolerance limits.

4; Approximate A* by linear interpolation.
Although steps 2 and 3 are not guaranteed to find the first time
G'(k) becomes positive, the algorithm rarely misses A* by much. 1In

fact, for large n the cost might be cut safely by skipping some of the
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Figure 8

Graphs of wp for p=1.5, 2.0, 3.0, « and of wbs
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evaluations in Step 2. Because of the complexity of V'"()A) relative to
V'(X), gradient methods do not seem to offer much of an improvement

over the above algorithm. The listing of a FORTRAN program which

A

*
finds A (with a modification discussed in the next section) and 6

(1

appears in Appendix A.

*
8. Modification of A

The choice of l* defined by (7.7) leads to an M-estimator
which performs poorly on small samples from short tailed
distributions. For n =20 the absolute efficiencies of 6?1) on the
normal and 1WN are at most 0.85 and 0.80, respectively, while we
. would like each to be at least 0.90. Conversely, the efficiency on
the slash is excellent. This evidence suggests that K* tends to be
too large on average. The simplest attempt to correct this problem,
replacing A* with ck* for some ¢ < 1, does not work. While decreasing
¢ improves the performance of 6?1) on the normal, the simultaneous
loss of efficiency on the slash is too great. Furthermore, no choice
of ¢ adds more than 2 or 3 percent to the efficiency on the 1WN.

The graphs of G(A) help to explain why the last idea is
unsuccessful. Most of the time A" is fairly close to AO’ but
occasionally %(A) has a continual downward trend very far past XO.
For wbs this phenomenon is illustrated in Figures 5f, 6f, 7c, and 7e.
Although a local minimum sometimes occurs before the general downward

trend terminates, the presence of such a minimum is very sensitive to

o *
small changes in V. When no local minimum occurs, A 1is too large to
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be satisfactorily corrected by a multiplicative factor without over-
compensating on other samples.

This problem is more pronounced when wB.O is used. Figure 9
shows %(A; ¢3_0) for the same 1WN samples used for Figure 6. The
horizontal axis has been rescaled to account for the different scal-
ing of ¢3.o and wbs' Because ¢3.0 is smoother and returns to zero
faster than wbs’ these graphs of %(A) are much less volatile than
those in Figure 6. 1In particular, G(A) is often very flat for moder-
ate sized A. While A" = 0.15/MAD in 9d, a slight change in ¥ could
move A* to 1.0/MAD or more. It is easier to understand the behavior
of A* by viewing graphs of G'(A) since A* is the point at which the
graph first breaks above the horizontal axis. The lower function in
each graph of Figure 10 is G'(A; ¢3.0) for these same 1WN samples.

In Figure 10e 9'(%) bends away from zero enough so that it doesn't
become positive until almost ZXO. In Figure 10f 6'(A) stays below
zero until A is very much too large. A method is needed which sub-
stantially reduces A* in these extreme cases but has little effect on
A* the rest of the time.

The best explanation for why 6'(%) sometimes lingers below
zero for so long seems to involve 1l/n Z}Kyiw"(Ayi). While eéch sam-—
ple average in Q(X) converges to the corresponding expectation in
V(}), the convergence of 1/n Zlyiw"(kyi) appears to be the slcowest.
This is because the function x YP'"(x), shown in Figure 11, has a rela-
tively large total variation in comparison to the other functions in

V'(A). If a larger number of v than expected are in the range where
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Graphs of %(X) Versus A-MAD Using ¢3 0 for Random

Figure 9

Samples of Size 20 From the One Wild Normal
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Figure 10

Graphs of 6'(A) and Q'(A) + gn(l) Versus A°MAD
Using ws 0 for Random Samples of Size 20
From the One Wild Normal
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Ay w"(kyi) is maximized and fewer than expected where it is
minimized, then-% X Xyi W"(Ayi) will overestimate
EA(X-0)YP"[A(X-06)]. 1In this case %'(A) may remain negative well
past AO. The estimator is improved substantially by replacing
234y, W0y, 1n (7.9) with 22Dy, 90y - Oy w0y,
where c is a constant depending on the sample size n. The function
x2 lp(x)2 is also shown in Figure 11.

We redefine»A* by
(8.1) A* = inf{A>0 :%'(x)-+gn(x)>-o}
where

on 3 w(Ayi)z 2 Oyl voy)”

iz yroyp P

(8.2) g (M) = ¢,
Figure 10 shows some examples of the effect of gn(k) on A* for sam-
ples from the 1WN. In each graph the lower function is %'(X) and the
upper one is %'(X) + gn(X) for Cog = 1.0. In the first four samples
A* given by (7.7) is either less than AO or very near it. In each of
these cases, the presence of gn(k) has almost no effect on K*.
However, when A* given by (7.7) is much larger than XO’ the effect of
~using (8.1) is substantial. 1In particular, it is by far the greatest
in situations like that of 10f. The value of c can be used to tune
the adaptive estimator. Increasing c, improves the estimator for the
normal and 1WN at the cost of increased variance for the slash. For

sample size 20 a value of c¢ of about 1.0 gives a reasonable balance

20
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between short and long tailed distributions. If c =+ 0 as n > o,
then the effect of 8, is asymptotically negligible. Also the pre-
sence of gn(l) does not affect whether or not A* = 0 since
gn(k) = 0(13) as A > 0.

One final modification has been made to the definition of k*.
Despite utilization of the function gn(l), occasionally the procedure
breaks down to the extent that X* is greater than the reciprocal of
the sample MAD. To avoid ever having more than half of the data
points fall on the redescending part of the influence curve, we make
the restriction X* < 1/MAD. This restriction effects less than one

percent of samples of size 20.

9. Asymptotic Optimality of 2

In this section we show that for most common symmetric
distributions, Az is asymptotically equivalent to the best scale
factor Ao. Under certain restrictions--mainly on the smoothness of
Yy—--Theorems 2 and 4 establish the consistency and asymptotic normal-
ity of X:, when AO is positive. The asymptotic normality of @:, with
best possible limiting variance using Y, is proved in Theorem 5.
Finally when F is normal, Theorems 6 and 7 establish the asymptotic
efficiency of 82. First, however, we show that é* and @?1) are 1o§a—

tion and scale equivariant.

A

Theorem 1. For X* given by either (7.7) or (8.1) the M-estimator 8%

A

. * . . .
and one-step M-estimator 6( are location and scale equivariant.

1)
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Proof. We only need to show that for a > 0, k*(ax-Fbl) = A*(x)/a.
We have immediately from (7.8) that %'(X; ax +bl) = §'(k; ax) =

a3 %'(ah; x). Thus the infimum of A such that G'(A;kx) > 0 is exactly

a times that for %'(k; a§-+b}), and A*(ag-kb}) A*(f)/a for A¥
defined by (7.7).

Since gn(k; a§-+b}) = a3 gn(aA; g), it follows that the
theorem is also true for A" given by (8.1). E

In Theorem 2 we establish conditions under which Az converges
almost surely to the value of A which minimizes V(A; {,F)--subject to
the requirement that the first relative minimum of V(M) is also the
absolute minimum. Fortunately, this restriction seems to be unimpor-
tant in practice. Conditions (i), (ii), and (iii) on V'(A) and V"(A)
are necessary to eliminate certain pathological cases from
consideration. Condition (iv), which requires a mement for the third
derivative of i, is probably stronger than necessary. However, the
class of functions satisfying (iv) apparently includes an ample
choice of shapes for Y(e.g., wp given by (7.9)). Furthermore, the
results in the next section suggest that a very smooth function ¥ is
preferable when A is chosen adaptively. Conditions (v) and (vi)
appear to be satisfied easily.

The property to follow is used in Theorems 2, 4, and 5. Let
h(A,q3x) be a real valued function for Ae:R+ and q,xe R. For
k=0,1,... and Ac:R+ define h(A,q;x) to be in the set Hk(A) if there

exists some { > 0 such that
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3
(9.1) E sup iLT h(A,q;X) < » , for 0<j<k+2
AeA, |q-8]<z a7

8j+l
(9.2) E sup ; h(A,q;X) < =, for 0<j<k+1
AeA,]q—6|<§ and aq

and

aj+2
(9.3) E sup —_—

5 h(A,q;X) < > , for O
AeA, |q-6]<z aad 3¢

A
G,
In

=

Theorem 2. TFor symmetric F, let { and AO > 0 be such that the condi-
*

tions to follow hold. Then An defined in (7.7) converges to AO

almost surely as n + %,

(i) v'(xo; ¥,F) = 0 and V"(Ay; ¥,F) > 0.

(ii) For all § > 0, sup v'(A; V,F) < 0.
65}5}0—6

(111) If E(x-8)2 < ®, then [E(X-0)21% < 1/3 E(X-0)" < + o,

(iv) For all 6 > 0, hy(A,q; ) = v (x-q)1% and hy(,qs x) =

P'[A(x-q)] are elements of BO[(G,W)].

(v) There exists a constant T > 0, such that lp(x)4 and
[max (" (%), O)]2 are less than or equal to T-Y(x) [P(x) -xp'(x)] for

all x.

(vi) M converges almost surely to 0.

%
Proof. Since A* is location invariant (i.e., A¥(x + b+1) = A (%)),

we may assume that 0 = 0.
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The proof consists of showing that for any € > 0, there

exists a § > 0 such that with probability one,
events occurs only finitely often:

*
(a) An > XO + g,
*
(b) 6<>\n<)\0-e.

() 0< A <8.

*
n

each of the following

All subsequent statements of convergence of random variables

or events refer to almost sure convergence as n - o,

*
We note that for A E-An’ z w'(kyi) > 0. Otherwise the con-

tinuity of ' would imply that 6(2) was unbounded for % < A and that

*
A: < A. Since I w'(Kyi) >0 for A < kn’ we can write

(9.4) A: = inffA>0:W_(1) > 0}

where

1 3 o
E;z v <xyi>] koS
2A

(9.5) wn(x)

1
= 1
A4

=N

1

1 2 1]
a5 20 R DS S O\yi)}

IY0y) T I Y0y Dy, 91Oy -v0y,)]

Suppose that h is any of the functions which are summed in

(9.5)——i.e., h(t) = P(£)2, v(r) [td' (&) -¥(B) ],

etc. TFor fixed A > 0

and sufficiently small £ > 0, condition (iv) implies that
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E sup |8/8q h[l(X-—q)]l < », By the strong law of large numbers we
lal<z
have that 1im 1/n £ sup |3/dq h[k(xi-q)]l < ® almost surely, which

e lal<z
implies that 1lim 1/n I sup Ih[l(xi-q)] —h(lxi)[ + 0 as ¢+ 0.
e qi<g

Since [Mnl + 0 =0 as n > ®, application of the strong law of large
numbers to 1/n Zh(lxi) gives us that 1/n Zh(kyi) + Eh(AX). Thus for

any fixed A > 0 such that E $'(AX) > 0, we have
(9.6) Wy » ERORT o
: n 2)

(a) Let € > 0 be fixed. By (i) there exists some A, KO <AL
AO + €, such that V'(A) > 0 and E w'(AX) > 0. Thus Wn(X) is eventu-

ally positive, and Ai is eventually less than AO + €.

(b) Let § > 0 be fixed and define £ = sup
6_<_>\_<_)\0—e

By (ii) & < 0, so that for any finite set {Ai} such that § = Al <

Ey' ol v
2\ *

Ay < woo <A =A,-€, sup W (A,) < £/2 < 0 for sufficiently large
2 k 0 1<ick B 1

n. Condition (iv) and the SLLN imply there is a constant C such that

lwn'(x)[ < Cfor all X > §. Thus if max (A, -A,) < £/C, then

1<i<k-1  t1
lim sup W (A,) < &£/2 implies lim sup W (M) < 0, which implies
me 1<i<k © T wo SO -€

Xz is in the interval (8, XO-S) only finitely often.

Note that (a) and (b) imply that there is at least one root
of V;(K) = 0 consistent for AO’ We will proceed to show that there
are no roots in a small neighborhood of zero.

(c) We note that Wn(k) may be written as

12 1 2
b(A;yi)—; z c(k;yi)g z d(k;yi) ,

(9.7) Wn(l) =
1 i=1 i=1

3 |~
T =]
=N
n~1o

a(Asy,)
1=1 Ty
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where

(9.8) O algy) = o ia?
(9.9 bQy) = Ay Y OW/AL
(9.10) c(hy) =v'Qy)
and
A

We need to show that there exists some § > 0 such that for n suffi-

ciently large, sup Wn(k) < 0.
0<A<$ o '
Let p > 0 be arbitrarily small. Since ¥ (0) = 1 and § is

continuous at zero and bounded below, there exists some § > 0 such

that lim-l Z?_ c(X; y.) > 1 - p uniformly for A < §. Thus since (v)
ey i=1 i’ — —
implies d(Aj;y) > 0, we have that

1 auy ) L T bOuy) -(l-p) L3 d0uy.)
n ’yi n . Y4 n 35

(9.12) W_Q\)
n i=1 i=1

| A

n

for A < § and n sufficiently large.

At this point we separate each of the summations in (9.12)
into two parts according to whether vi < B (for a large positive
number B). Along with the condition on § from the previous paragraph,
we require that § < n/B wheren > 0 and B are constants to be deter-

mined later. Thus for sufficieéntly large n
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9.13) W) <2 oz aty) +1 oz a(sy,)
y.<B v.>B
i 1

1y b(Asy.) +1 3 b(Asy.)
n i n i%
y<B y;>B

y,<B "y, >B

_(1-9)[_ I dsyp +E oz d(x;yi)]
i

Since vi < B implies that Ayi < 8B < n, Taylor expansions of the

terms in (9.13) for Y4 < B give

(9.1 W) < fi+omHE z y2 4+l g a(‘,\;yi)]

1 n
< >
y;<B y;>B

"y 2 _]; 2 _]__ .
M@ +omDIT I oyi+ S T by

1 2,41 4
-(1-p>[[——3—w ©+0mHI= T yi+

=R

)3 d()\;yi)
y;<B y;>B

for sufficiently large n. Remember that ¥"' (0) < 0.

Finally we must consider separately the cases EX2 < © and

EX2 = + o, First suppose EX2 < o, Then for sufficiently large n, we
have
(9.15)  sup W) < [L+0mDHE = o+l oz 4t
0<A<s ™ y.<B y.>B
-~ i- i
2 1 2
@I romdHE 3z yE+l o1y
n i n i
y;<B y;>B

- A= 3@ +0HE Ty,
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For fixed B, the same reasoning which leads to (9.6) implies that the

summations 1/n X 1/n T y?, and 1/n % converge to
yi>B i y

2
y,<B Vi’ 5B Vi
T 1xl:

2 2 4 ,
<B x” dF (%), IIXI>B x~ dF(x), and IIXISB x dF(x) respectively as

n*>o, As B > o, the three integrals converge to EXZ, 0, and EX4.

4

Finally since 1/3 EX > (EX2)2, choosing p and n sufficiently small,

and B and n sufficiently large, implies that sup W_(A) < O.
0<A<$
2

Now suppose that EX = + ®, By reasoning similar to that

above we can choose p, M, and B, in such a way that if B > B

0
2

yi and

0 , then

there exists some Y > 0 for which Zyi>B a()\;yi) f_ Y Zyif_B

<B yi implies sup W (A) is eventually
Vi~ 0<A<S

negative. Thus we only need to worry about those n and A < § such

y on PRV <Y 2

that one of the inequalities fails to hold.

. > .
Suppose, for example, that Zyi>B a(k,yi) Y ZyiﬁB i Let

the random variable P equal the number of v; > B. Then (v) implies

: - .2
that 1/n Zyi>B d(syy) > (p/t) 1/p Zy a(Asy)" 2

.>B
i

2 42 . .
pn/Tn[llpn Zyi>B a(A,yi)] = n/tp_[1/n Zyi>B a(k,yi)] . It is possi

ble to choose B large enough so that P(IXi|i>B) < y/6t. 1In that case
pn/n is eventually less than Y/3T which implies that
2 2

1[1 1
= ¥ day)) > B oa(hy)| > oy, = I a(iy,) .
n y.>B i Yin yi>B i YifB in yi>B i

=

21 .
Zyi>B b(X,yi)

1
.<B yi n
Fa

Similarly we get that 3n Zyi

1
>g dsy) > Zy

1 .
>B a(l,yi) a Zyi>B b(l,yi). Since
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these inequalities hold for all A€ (0,8) (for large enough n), we

*
have sup W (A) > 0 only finitely often and thus A_ < § only
0<a<s M n

finitely often. [I
~%

The desired consequence of Theorem 2 is that /H(en-e) has a
limiting normal distribution with variance V(AO; Y, F), the best pos-
sible asymptotic variance using Y. Before proving that result, as
Theorem 5, we need to study the rate of convergence of X: to lo. In
Theorem 4 we show, under slightly more restrictive conditions than in
Theorem 2, that /E(A:-—ko) has a limiting normal distribution. With
the use of this intermediate result, we are able to obtain the asymp-
totic optimality of A: as a scale factor when AO > 0. The most
interesting case for which AO = 0 occurs when F is the normal distri-
bution function. Theorems 6 and 7 give the asymptotic optimality of
X: and Gz when F is normal.

Theorems 4-7 share several common elements. In each theorem
we study the limiting behavior of the root of an implicit equation in
the presence of a nuisance parameter which converges to a constant in
probability. 1In Theorems 5 and 7, where the implicit equation is the
defining equation for an M-estimate, the results are rather familiar.
Because the defining equation for A: is more complex, Theorems 4 and
6 require a more general framework. Theorem 3 is a central limit
theorem in this more general setup. No attempt has been made to find
the most general conditions under which the theorem is true. AsAa
consequence, Theorems 4~7 may call for more derivatives of P than are

absolutely necessary. However, for the same reasons that precede the
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statement of Theorem 2, this limitation should have little
significance.

Theorem 3 requires the following definitions. As before,
suppose that Xyseoes X is a random sample from F, and let q, be a
real valued function of X such that qn(f) converges in probability to
the constant 99 Given the real valued functions aj(t,q;x), for

j=1l,...,4; let

1 2 1 2
(9.16) Un(t) =3 .Z al(t,qn;xi)-H .Z az(t,qn;xi)
i=1 i=1
13 atasxd X T oa (g sx)
n . R R A N ') R §
i=1 i=1
and
(9.17) U(t) = Ea,(t,q,3X)Ea,(t,q43X) +Ea3(t,q0;X)Ea4(t,qo;X) .

Lemma 1 gives the limiting distribution of Tn’ a consistent root of

the equation,

(9.18) Un(Tn) =0 .
Finally, define

(9.19) g” = o Da

where

t
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and D is the covariance matrix of (al(to,qo;x), aZ(tO’qO;X)’

Theorem 3. Under the conditions Cl-C6, there exists a consistent

sequence Tn of eventually unique roots of (9.18) econverging to t0 as

n > @, and Ja(T, - t) 2o 800,02/ [0 (£ ) 1%).

(c1) u(ey = 0.

(€2) U'(ty # 0.

(€3) q,=gq,*+ op(n'l/z).

(C4) E 8/3q a;(ty,qps%) =0 , for j=1,....4.

(C5) There exist neighborhoods T of ty and Q of 4 such that

E sup]82/3t2 a.(t,q;X)], E suplaz/ataq a.(t,q,X)[, and
T,Q J T,Q J

E suplaz/aq2 aj(t,q;X)l are finite for j=1,...,4.
T,Q

(C6) The covariance matrix D is finite.

Proof. The first step is to show that vn Un(to) has a limiting nor-

mal distribution. Expanding aj(to,qn;xi) in a Taylor series about

q, = 9, sives

i n
(9.21) o E

1 1.9 )
. -aj(to,qn,xi) —nZaj(tO,qO,xi) +(q ~qq) 72 3q aj(to,qo,xi)

1

2
21. 3 .
pX 2aj(to,rn,xi)

1
+ Z(qn-qo) n 3
q
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for some r such that ]rn-qol f_lqn-—qol. Since

sup [1/n = 82/8q2 aj(to,rn;xi)|
lr —agl<la ~q,]

<1/nZ su I32/3q2 aj(to,rn;xi)l, (Cc3), (c5), and the
lrn-qOIi qn_qO

law of large numbers imply that 1/n X 82/8q2 aj(to,rn;xi)'= Op(l) as
n * ®, Using C3 again implies that the last term of (9.21) is
Op(n—l) = op(n—%). By C3, C5, and the law of large numbers the
second term is also op(n—%). Thus the multivariate central limit

theorem implies that

1

(9.22) vn : 9 ¥,(0,)

1 . )
n L 2, 5%,) - E a,(£,,q,3;%)

Condition Cl now implies that

(9.23) /a u_(t,) -2 N00,0%

We next consider the behavior of U;(t) in T, the neighborhood

of t. mentioned in C5. We can write

0
1.3 1.9 .
(9.24) o X Y aj(t,qn,xi) =3 z 3t aj(t’qO’Xi)
2
1 3 .
+ (qn"'qo) a z 3tdq aj (t’rn’xi)

- < - . '
for some new value of r such that [rn qol_an qol For te T, the
_1
second term on the right is Op(n 6), so that a further Taylor expan-

sion about t = t0 gives

46



1.9 . 1,0 .
(9.25) o % 5t aj(t’qn’xi) =3 X Nt aj(to,qo,xi)
82 }
- 2 __ . e
+ (t to) ) atz aj(vn,qo,xi) + Op(n )

for some vns:T. Near repetition of the steps following (9.21)

implies that

1. 9 ) - O .
(9.26) I % aj(t,qn,xi) = E 37 aj(to,qO,X) + o<|t-tO[) + op(l) ,
e
and consequently
1
(9.27) UL () = U(e) + 0(|e-ty]) + o, (1)

where O(It-tol) does not depend on n.
Thus for any € > 0, there exists some § > 0 such that

|t-t0| < § implies that

(9.28) p(|u (£) -u' (e ] > e) >0

as n > ©, By choosing € < [U'(to)l, we can find an interval around
t0 such that the probability of multiple roots converges to zero.
Furthermore, (9.23) insures that the probability of there being a
root in the interval converges to one. Finally, (9.28) implies that
for any € > 0

Un(to)

€ [
G2 P S T T a tey < T T O

as n > ©. Thus vn (Tn-to) must have the same limiting distribution

as —v/n Un(to)/U'(tO). D
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Theorem 3 reduces the proofs of Theorems 4-7 to little more
than condition checking. We note the complementary relationship
between t and q. In each theorem the random variable of primary
interest is t. In Theorems 4 and 6, when t is the scale factor (or
its square), q is a location parameter--the median. In contrast,
when t is a location estimate, q is a function of the scale factor.

We define several functions and constants in preparation for

Theorem 5. Let )
@
(9.30) @ (®) = ¥lA Gx-8)1
(9:31)  Qy(®) = A (x-0)y" [\ (x-0)]
(9.32)  Qu(x) = 9"\ (x-0)], and

(9.33) Q) = w[xo(x-e)]{xo(x-e)w" [xo(x-e)] - w[xo(x-e)]} .

Then define

(9.34) o’ = % pa
where
(9.35) o = (EQ,(X), EQ (%), EQ,(X), EQ;(X)"

and D is the covariance matrix of Q(X). Also define

1.3 ' 3 "
(9.36) w=73 AO{Ew D\O(X—e)]} V' (Ag)

Theorem 4. Suppose that Y, F, and AO satisfy the conditions below in

addition to those of Theorem 2. Then for X* given by (7.7)
n
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/o * 8 02
(9.37) R 02 £ e, &
(iv') For some & >0, hl(l,q;x) = wfl(x'-q)]z, hz(k,q;X) =
P'A(x-q)], and h3(k,q;x) = P[A(x~q)] are elements of

W =6, A+ 1.
' ] — —;/
(vi') M =8+0 (n H.

(vii) EQj(X)2 < o, for =1,...,4.

Proof. Let Tn=A:, t0=AO, q =M q0=6, al(t,q;x) = w[t(x—q)]z,
a,(t,q3%) = -t{x - QY" [t(x-q) ], a,(t,q3%) = P'[t(x-q)], and
a,(t,q3x) = Plex-) Ht(x-9' [e(x-q)] -¥[t(x-q)]}. We note that

Un(t) = 1/2 t3{l/n X IP'[t(xi--Mn)]}3 6'(t), so that indeed Un(Tn)==O.

Also U'(ty) = 1/2 tg{Ell)'[tO(X-e)]}3 V'(t)), so that U'(A)) =w. Thus
if conditions C1-C6 hold, application of Theorem 3 gives the desired

result.

Cl and C2 each follow from condition (i) of Theorem 2. C3 is
implied by assumption (vi'). C4 follows from the fact that, for each
i, 9/3q aj(to,qO;X) has a symmetric distribution centered at zero.
Finally, C5 and C6 are both assumed in the hypothesis of the

theorem. D

Theorem 5. Under the assumptions of Theorem 4, there exists a con-

a%k
sistent sequence of roots Sn with limiting distribution

(9.38) /a (63-9) 2, N(O,V(Ay3¥,F))
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Proof. The proof follows the same line as the last one with Tn = en

*

t0 = 0, q, = ln

> 9y = AO’ a; = Ylg(x-t)1], a, =1, and a; =a, = 0.

Conditions Cl-C6 are all verified easily.
Theorem 6. Let F be a normal distribution function. If ¥ has four
1
bounded derivatives on the real line and Mﬁ = Op(n 6), then
*

1
- -4
An = Op(n ).

EEEQE- The proof relies on Theorem 3 and some reasoning specific to
this case. Let t0 = 0, q, = Mn’ and 9y = 8. For t > 0, let

a, = W[tl/z(x—q)]/t, a, = -tl/z(x—q)w"[tl/z(x—q)J/t, ag = I x- @ 1,
and a, = $[e*0e- @ HeH - Q¥ [ -] -y [3x- ) 1}/e2. For

t =0, let a,(0,q:%) = (x-a)7, 2,(0,q%) = 4" (0) (x- )7,

a3(0,q;x) = 1, and a4(0,q;x) = 1/3 W"'(O)(x-q)4. We would like to
set Tn = (l:)z, but it is not always true that Un[(K:)z] = 0. That
is true only when Un(O).i 0. However, when Un(O) > 0, X: is zero and
the conclusion of Theorem 6 is trivial. Thus we only need to worry
about the times that Tn = (A:)z. If conditions Cl1-C6 hold, them the

theorem is true.

Expanding U(t) in a Taylor series about t = 0, yields

(9.39)  U(t) = - " () {[E(x-0)2]% - % E(X - 0) %}
+ t{Tls-[lP"' 012 [E(x-0)° - 38(x- 6) 2 E(x-0)*]

+ % v 0y [E(x-8)8 - sE(x - 8)E(X-8)*1} + 0(tD)
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Since the kurtosis of the normal is zero, U(0) = 0 which implies CIl.
Because the consistent root must be positive when Un(O) < 0, it is
necessary that U'(0) > 0 (rather than just # 0). For the normal
u'(0) = 1/3[¢"‘(0)]2[Var(x)]3 > 0, so that C2 holds. ‘The rest of the
conditions are verified easily by using the hypotheses of the
theorem. We note that the slightly weaker condition on the deriva-
tives of ¥ is made possible by the fact that all moments of the

normal distribution are finite. D

Theorem 7. TUnder the conditions of Theorem 6,
A% 39
(9.40) vn (6_-0) —=— N(0, Var(x))

* *_ 2 L
Proof. We let T = Gn, t,. =6, q, = (An) » g = 0, a, = Plg*(x-1t)],

a, =1, and a, = a, = 0. Again, Cl-C6 are verified easily. []

2
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10. Monte Carlo Results

In this section we present results demonstrating the
performance of the adaptive one-step M-estimator on the triefficiency
sampling situations described in Section 2. Numerous preliminary

Monte Carlo runs were done in the developmental stages to determine

the exact form of 6?1) and appropriate parameter values. The basic
estimator and the variations which are presented here were decided
upon before the final Monte Carlo study was done. Details of the
design of the study may be found in Appendix B.

Table 1 contains the main results of this section. The two
main estimators being compared are:

~k
1. basic adaptive one-step M-estimator, 6(1), given by (5.4)

%
where A = A is defined by (8.1). The influence curve is ¢3 O(x),
and Coo = 1.0. Other functions Y and values of Cyo are used in
Tables 2 and 3 respectively.

2. nonadaptive one-step bisquare, given by (5.4) where

A =1/(6.4*MAD). This estimator (for constants 7.4, 8.2, and 9.0)

is used in a Monte Carlo study of confidence interval robustness by
Gross (1976). The c;nstant 6.4 has been chosen to produce fairly
equal performance (in terms of relative efficiency to the best known
estimators) for the normal and slash. The efficiency of the bisquare
on the 1WN is especially good. This estimator is also used in the
triefficiency study of P-estimators by Johns (1979). We shall see
that the particular choice of the constant is not especially impor-

Ak
tant since the value of 50 serves to tune 6(1) in practically the

same manner.
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TRIEFFICIENCY OF BASIC ADAPTIVE ONE-STEP

TABLE 1

M-ESTIMATOR FOR p=3.0, c20=1.0, n=20
Normal 1WN Slash
Number of samples 10,000 20,000 100,000

Ak

Variance of 6( x 20

1)

Relative efficiency
to "best known"

Relative efficiency
to bisquare

Relative efficiency
to nonadaptive

one-step; w3 0’
A =0.35/MAD

1.070 (0.003)

93.5 (0.3)
105.0 (0.20)
103.1  (0.20)

1.197 (0.003)

94.2
98.9 . (0.14)
98.3 (0.14)

6.172 (0.025)

92.7
103.5 (0.17)
101.8 (0.17)

The second line of Table 1 lists n =20 times the variance of

the basic adaptive estimator.

ances appear in parentheses.

Standard errors of the estimated vari-

In the next line those variances are

compared with the best known variances of location and scale equivar-

iant estimators.

variance 1.

very difficult to calculate.

1.127, reported in the Princeton study for a Hampel, 25A.

For the normal the best estimator is the mean, with
For the other two situations, the true best estimator is

For the 1WN we have used the variance

For ﬁhe

slash, the best variance which we could find is 5.72 for the best

Ak
one-step bisquare in Figure 3. The relative efficiency of 6(1) is
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in the neighborhood of 93-94 percent for each of the three diverse
situations.

A more realistic test of a new estimator is comparison
against a single estimator with known good properties. Relative

A

efficiencies of 6(1) to the bisquare are given in line four of

Table 1. These show that 6?1) substantially outperforms the bisquare
on the normal (105.0) and slash (103.5) while sacrificing little on
the IWN (98.9). This is typical of the performance of the adaptive
estimator. It does best for extreme distributions, where the loss
from compromising is the greatest. For moderate tailed distributions,
where there is little to be gained by adjusting A, the adaptive esi-
mator does not do as well.

In the last line of Table 1 3?1) is compared to a nonadaptive
one-step with the same function w3.0, instead of wbs' While the
adaptive estimator still seems to offer an improvement, the gain is
not nearly so striking. This is because w3.0 uniformly dominates the
bisquare for these three situations. This fact strongly suggests
that for nonadaptive M-estimators anbinfluence curve which asympto-
tically returns to zero is preferable to one which is zero for all
but a finite interval of x values.

Tables 2, 3, and 4 give Monte Carlo results for modifications
of the basic adaptive estimator. This allows us to examine how cer-
tain parameters affect 6?1). Each of these results is based on a 20

percent subset of the samples used to create Table 1. By using a

carefully chosen subset of samples, we have reduced the standard
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errors of most of the entries well below what they otherwise would
be. Furthermore, the sténdard error of the difference between two
entries in the same column is usually smaller than either standard
error. Thus patterns appearing in the columns of the tables should
closely reflect the truth. For more details on these points, see
Appendix B.

~%k

In Table 2 we study the effect on the triefficiency of 6(1)

of using various shaped functions P. We use the family wp in (7.9)
and (7.10) for p = 1.5, 2.0, 3.0, and . Remember that as p

increases, wp(x) redescends more quickly from its maximum at x = 1.0.

Ak

Although the value of p has some effect on the performance of 6(1)

(at least for the normal and slash), the adaptive estimator is not

overly sensitive to changes of p in this range. However, the

TABLE 2

~k
RELATIVE EFFICIENCY OF 9(1) TO THE BISQUARE

FOR VARIOUS FUNCTIONS {; c20==l.0

Normal 1WN Slash
wp » P =1.5 105.7 (0.3) 98.5 (0.3) 102.6 (0.2)
wp » P=2.0 105.4 (0.2) 98.8 (0.2) 103.4 (0.2)
wp » p = 3.0 105.0 (0.2) 98.9 (0.14) 103.5 (0.17)
wp s P=® 104.4 (0.4) 98.8 (0.2) 102.2 (0.3)
wbs 104.7 (0.5) 100.0 (0.4) 87.9 (0.5)
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moderate values-~2.0 and 3.0--do appear to be slightly superior to
either p = 1.5 or p = =,

~k

'The last line of Table 2 shows the performance of 6( ) using

1

wbs (rescaled to have a maximum at 1.0). The relative efficiencies

to the bisquare are good for the normal and 1WN but disasterous for
the slash. The apparent reason for this problem is that w;s is dis-
continuous at # V5 (for this scaling). This topic was discussed in

Section 7.

Table 3 demonstrates the effect for p = 3.0 and n = 20 of o
which appears in formula (8.2) for gn(k). The relative efficiencies

in the first line (where ¢ = 0.0) correspond to defining A* without

20

the function gn(k). As we stated in Section 8, the results are

TABLE 3

~k
RELATIVE EFFICIENCY OF 9(1) TO THE BISQUARE
FOR VARIOUS VALUES OF o0’ p=3.0

Normal 1WN Slash

Cpg = 0.0 94.8 (1.0) 88.1 (0.7) 109.4 (0.4)
Cpp = 09 104.4 (0.2) 98.5 (0.15) 104.3 (0.2)
cpo = 1.0 ~105.0 (0.2) 98.9 (0.14) 103.5 (0.17)
Cpp = 11 105.6 (0.3) 99.6 (0.2) 102.7 (0.2)
Cpg = 13 106.6 (0.3) 100.5 (0.3) 100.8 (0.2)
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unacceptable for the normal and 1WN. Values of 50 in the interval
(0.9, 1.3) all appear to be reasonable choices. As 50 increases in
this range, the efficiency of g?l) improves for the normal and 1WN.
At the same time the efficiency for the slash decreases. We see that
¢, can be used to tune 8(1) to allow for prior assessment of the
likelihood of very long tails. There is an essential relationship
between c, and the scaling of Y. Different members of the family
wp(x) gave similér results for a single value of 50 because each of

these functions has its maximum at x = 1.0. If wp is rescaled to

have a maximum at t, then ¢ should be divided by t4.

20
In Table 4 we present results of an ad hoc modification which

Ak
uniformly improves 6(1) for the three sampling situations. We noted
in Section 7 that %(X) is least reliable as an estimate of V(M) when

1/n Z P'(A yi) is small. The modification places a lower bound on

1/nZ Y'(A yi). If this bound is reached before G'(K) becomes

TABLE 4

A
RELATIVE EFFICIENCY OF 6?1) TO THE BISQUARE FOR VARIOUS

1 1 . p= =
LOWER BOUNDS ON = I y'(A y,)5 p=3.0, ¢, =1.0
Normal 1WN Slash
190y > 0.0 105.0 (0.2) 98.9 (0.14) 103.5 (0.17)
Izvay)y 2040 1052 (0.2) 99.4 (0.2) 103.7 (0.2)
2T Py > 0.45  105.6 (0.3) 100.0 (0.2) 103.1 (0.2)
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*
positive, A

is set equal to the point at which this happens.

For a

lower bound of 0.40, small improvements of 0.2 to 0.5 percent are

registered for each of the triefficiency situations.

Increasing the

bound to 0.45, produces larger gains for the normal and 1WN, at the

expense of decreased efficiency for the slash.

Even so, the estimated

efficiencies are all greater than or equal to those in Table 3 for

c = 1.1.

20

Lower bounds much larger than 0.45, however, seem to

cause too much harm on the slash to be an appropriate tuning method.

We note that the modification discussed in this paragraph adds only

*
one line of code to the computer program which finds A .

To this point our Monte Carlo study has been limited to sample

size n =

should be an important factor in its performance.

20.

A

By the adaptive nature of 6(1), however, the sample size

We have argued

previously that as n increases, the performance of the adaptive

TABLE 5

~k
RELATIVE EFFICIENCY OF 0

(1

TO THE BISQUARE

FOR n=15 AND n=40; p=3.0

Wild
Normal Normal Slash
n =15, c15==1.15 105.2 (0.3)}97.7 (0.4)|100.8 (0.4)
n =15, 015=1.15, %pr'o\yi)zo.z;o 105.5 (0.3)198.3 (0.2){101.0 (0.4)
n=15, c15=1.15, %zw'(xyi)zo.z;s 106.1 (0.3)(99.1 (0.2)]100.4 (0.3)
n =40, c40==0.80 (2WN) 106.6 (0.3){99.8 (0.3)(106.1 (0.6)
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estimator should improve relative to that of the nonadaptive one. We
iilustrate this quantitatively in.Table 5 for n = 15 (about the
smallest n for which 6?1) might prudently be used) and n = 40. For

n = 15, the 1WN consists of 14 standard normals and one N(0,100) in
every sample. For n = 40, we used a "two wild normal''--38 standard
normals and two N(0,100).

~k
Even for n = 15 (and ¢, = 1.15), 6(1) performs comparably to

15
the bisquare. Since it is substantially better for the normal and
substantially worse for the 1WN, there is no clear-cut winner.
Placing a lower bound on 1/n I ¥'(X yi) produces incremental changes
similar to those illustrated in Table 4. Even with those improve-
ments the advantage of g(l) over the bisquare is probably not large
enough to warrant its use. |

By sample size n = 40, the advantage of the adaptive estima-
tor is certainly significant. While it is comparable to the bisquare

Ak
for the 2WN, 9(1) beats the bisquare by at least 6 percent for both

"N

%
the normal and slash. Thus 6(1) quickly approa