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1. Introduction. IDst £eca

Let X be a non-negative random variable having distribution function

F such that its nth moment ' about the origin is finite for all posi-

tive integers. Then {f'} is a moment sequence associated with F. The
n

study of moment sequences has received considerable attention (see, e.g.,

[1], [61, and [10]), including determination of criteria (a) for a se-

quence of real numbers to be a moment sequence and (b) for the sequence

{p } to determine F uniquely. Interest here is focused on the beha-

vior of the ratio P'i/1n of moments as n ++00 and, in particular,
n+lpn

the construction of distribution functions having a "suitably" prescribed

growth rate.

It is well-known [10] that a sequence of real numbers 1, P1, I, ... ,

is a moment sequence of a non-negative random variable if and only if the

quadratic forms

n n
(1.1) O xi xj and Q, PiZ "' xi xji,LO 

i 
=0O 

i+J+l j 0

are positive semi-definite for all n > 0 and for every sequence of

real numbers x0, X1, ... , Xn " An elementary consequence of (1.1) is

that the sequence fu' "'l is non-decreasing. If F is a finite dis-
n+ln n

tribution function (i.e., b -inf{x: F(x)- l} <00 then lim(U') 1/n. b
n



(see Boas [21). By a well-known theorem this implies that lim ;+1/.n b

Consequently, the study of the growth rate of the ratio n/' for

finite distributions is "uninteresting".

If the support of F is unbounded, i.e., F(x) < 1 for all x > 0,

then lim 'Ii/'n +o . To see this, suppose that the limit L is finite.

Then (n)/n L . Let A > 0 be an arbitrary but fixed number. Then
n

- 0 xn dF(x) > x dF(x) > An[I-F(A)]

1/nand hence lim inf In > A . Since A was arbitrary, we conclude that

(n)l +1/ , a contradiction.

Thus, we see that distributions of non-negative random variables

with finite and unbounded supports may be distinguished in terms of the

behavior of the ratio of their (n+l)st and nth moments. Further con-

sideration of the study of such ratios is in the direction of exhibiting

distributions of non-negative random variables for which the ratio asymp-

totically behaves in a suitably prespecified manner. Before proceeding,

however, we give several examples which illustrate the behavior of moment

ratios and "suggest" how to carry out the construction just referred to.

Example 1. F(x) =l-p 0 < x <}

Here, n' P an /Pn  C . For 0<C<l, C=l,C>l,

0, 1, +- , the ratio is equal to C independently of n

.Example 2. F(X) x/C 0 < x <C

1 x>c
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In this case, V' = Cn/(n+l), /n+lPnj (n+l)C/(n+2) C ; as in Example
n

1, 01n- 0 0, 1, or +- , according to whether C < 1, C - 1, or C > 1
n

r0 x< 0
Example 3. F(x) jjx y e-I y/ dy/r( }

It is easily seen that p.i' r(n+c)Bn/r(a) and - (n~a); also,] / n  n

Example 4. F(x) }

, n+B ,,i, ( 1/B
A simple calculation shows that pn = r(,) and "+l" n 1/

Thus, pn+l/nl/ p' - C, 0 < C < In particular, if 8 1 1/k , k
'k , k f 8 = i 2 , U

an integer, then p ,J/n k P, k . If 8 - 1/2 , "i' - r(2n+l) (2n)!
nn

for n > 1 , while if 8 = 1/4 , V' - r(4n+l) = (4n)! for n > 1 . If

8-1/2 then •i' /v' - 4n2  while ni' /1vn' 256n4  for 8=1/4s n+l n ni x n
Example 5. F(x) (= e -l nx 2 >

n _n2/ A ,/,_e(2n+l)/4
It can be shown that pn e / en+lpn e

Example 6. Let X be normally distributed with mean zero and variance

a - a 2/2 and put Y = e , so that Y has a log-normal distribution.2 e(2n+l)ct

Then it can easily be shown that ' - E(Yn) - e an and +l/i-emn

Thus, asymptotically, the distribution in Example 5 and a log-normal

2
random variable with parameter a - 1/4 (corresponding to a - 1/2)

have moments such that the ratios of the (n+l)st and nth moments ara

equal.
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2. Assumptions and Statement of Results.

Examples 3, 4, and 5 illustrate the fact that the more "slowly"

1- F(x) - 0 as x 4 + the more "rapidly" Il/Pi' tends to +- with

n . The strength of this "inverse relationship" between 1- F(x) and

u' /I is reflected in the examples. Thus, if -ln[l-F(X)] = x
n+l n

then lI' I/' = [(n+B)/S]I 1s while if -ln[l-F(x)] (inx) 2  then

/, = e (2n+l)/4n~

We assume that the distribution function behaves in a "smooth" manner.

Explicitly, we assume that the log of the "tail" of F is the inverse of

either a regularly varying or a rapidly varying function (but not "too"

rapid). Before stating our assumptions and results, we recall the defi-

nition of "regularly" varying functions and list several properties. For

a complete exposition on the subject, see Seneta [7].

Definition 2.1. A function * is said to be regularly varying at in-

finity if it is real-valued, positive and measurable on [A,-) , for some

A > 0 , and if for each x > 0 ,

lii (tx)/(t) x P

t-w

for some p in the interval -- < p < p ; is called the index of

regular variation.

Definition 2.2. A function L which is regular varying, with index of

regular variation p - 0 , is called slowly varying.

Every regularly varying function * is necessarily of the form

#(x) a x0 L(x) , with L slowly varying. For slowly varying functions,

we have the following results (from Seneta [7]):

-a 4



(2.1) lim L(tx)/L(t) - 1 uniformly for x in closed intervals

[a,b], 0 < a < b <

(2.2) For any y > 0, xY L(x) + and x- Y L(x) 0 , as xoo.

(2.3) ln L(x)/n x - 0 as x o

(2.4) If L , defined on [A,o), A > 0 , is slowly varying, then

there exists a positive number B > A such that for all x > B,

L(x) - exp 7 X) + f t) dt

where n is a bounded measurable function on [B,-) such that n(x) - C

finite, and e is a continuous function on [B,-) such that c(x) - 0

as x -o . Conversely, any function L having the above representation

where n and e have the properties stated is slowly varying.

(2.5) If L is a slowly varying function which is eventually non-

decreasing (non-increasing), then the continuous e(t) in its repre-

sentation for sufficiently large values may be taken as satisfying

EW(t) > 0 (< 0)

(2.6) For a given slowly varying function L on [A,-) , there

exists another, infinitely differentiable, slowly varying function L

with the following properties:

(a) Ll(x) ~ L(x) , as x w

(b) L (n) - L(n) for all integers n sufficiently large;

(c) If L is ultimately monotone, then so is L I

(d) If L is ultimately convex, then so is L

(2.7) If L1 and L2 are slowly varying, then so are L1 L2

and for OLOO, i-1, 2.1 +L 2



(2.8) If * is a regularly varying differentiable function of

dx

The results which we present here are generalizations of Example 3

and 4. Explicitly, we consider two cases:

(i) -ln[l- F(x)] - -1 (x) , where 0 is a monotonically increasing

twice differentiable regularly varying function of index p > 0 , so that

O(x) - x L(x) ; we assume In L(X) - fx[(y)/y]dy , where c is also

assumed to be slowly varying. If p - 0, In L(x) increases to +- as

x - 4- ; in this case, c(x) > 0 and decreases to zero. In order for F

to be a distribution function, ¢- (x) 4o , so that O(x) also must

increase to 4.

(ii) -ln[l- F(x)] - X-1(lnx) , where X is a monotonically increas-

ing twice differentiable regularly varying function of index 0 < p < 1

Thus, X(x) - xP L(x) , with 0 < p < 1 . If p = 0 , then L(x) + +- ,

so that the e(x) in the representation of L is a positive function

decreasing to zero as x- +- . If 0 < p < 1 , then e(x) is either

strictly monotone or is taken to be identically zero. Finally, if p - 1

then L(x) decreases to zero as x - 0 , so that £(x) < 0 . It is

assumed also that e(x) is slowly varying. If p - 0 , we assume *(x)

varies rapidly, to avoid overlap with case (i).

We prove the following two theorems, corresponding to the two cases.

Theorem 1. In case (i), there exists {Tn 1 , satisfying

(2.9) Tn " n[p + E(Tn)]

such that

6



at

(2.10) lin'/,'2iT g n(T) 1
n nn

where

In gn tn  ) -n) n

(2.11) lim n+i/(n 1

Theorem 2. In case (ii), there exists {T n }  satisfying

n-n

(2.12) Tn = n[p + E(Tn)] X(Tn )

such that

(2.13) lim ln/V27 Tn/(l-P) gn(Tn) ' 1 if 0 < p < 1
n--c

(2.14) lim uni/V-2w Tn/S(m) gn(Tn) = 1 if = 1

n/ n) n n)1n
with In gn( n) ,,n X(Tn ) - Tn .

(2.15) lrm ln[;+1/vni /Xn (T) 1 , if 0 < p < 1 

or if p I and T n+I /T -

(2.16) lim n[i'1/tn'/[-C(Tn+I) A(Tn+l)] - (L-1)/L , if P 1

and T +I/T n L > 1 . If T n+i /T , then the limit in (2.16) is 1.

7



Examples where Tn+/T n  converges to 1, L(<-) , or +o are given.

3. Proof of Theorem 1.

We have -in[i-F(x)] = -lr(x) , so that F(x) 1 - e- - l  and

f", xn dF(x) = n xni [I-F(x)]dx = n xn- 1 e' (x)d

Let y (x) , so that x = (y) . Then

(3.1) Pn - n [,(y)]n-I 0'(y) e-Ydy f [,(y)]n e-Ydy

on integrating by parts. Let

(3.2) gn(y) = ln[O(y)]n e - y  W n in y + Y A(du} - yf l u U

Then

d(3.3) dyin gn(y) - n[p + E(y)J/y - 1

and

d 2 y C ' (Y) I
(3.4) in g (y) - P + (y)

Both e(y) and y £'(y)/c(y) - y -!d lnle(y)I tend to 0 as y -

(noting (2.8)), so that for y sufficiently large, the right hand side

of (3.4) is negative. Thus, the right hand side of (3.3) decreases as

8



y increases and there exists a unique positive real number Tn  such

that in gn(y) attains a maximum at y = ." From (3.3), it is seen

that T satisfies n[p + E(T n)] = Furthermore, the sequence {T nn n n

increases monotonically since n[P + E(y)]/y decreases as y increases

(if 'n+l were less than Tn , then we'd have
1 1

- [p + E(T )]/Tn > [p + (T n)]/t = - , a contradiction). Thus,
n+l n+l n+l n n n

T n L . Suppose L < -. Then C(T)+- (L) as T - L . If p = 0

we would have 1/n - Ekr')/T -* E(L)/L ,which is nonsense. If p > 0
n n n

then T n/n = P + C(T n )  P so that T n : nO + Finally, we claim

that Tn+l/T n  . If P= 0 , we have

_ --. 00 < Tn+/T - 1 = (n+l) E:(Tn )/n E(rn)]- 1 < (n+l)/n-i 0

using the fact that e(y) + 0 monotonically if p = 0 . If p > 0

T n+P/ n  [p + C(T n+l)]/[P + E(Tn )] + I .

Now let 6 > 0 be arbitrary (but less than 1) and write

CO 4
(3.5) 1' I gn(Y)dy - Tn gn(Tn y)dy I Inj

n 0 J=l

where

1nl - Tn gn(Tn y)dy , In2 = Tn fi-6 gn(Tny)dy

In3 ' Tn1+, gn(tn y)dy , In4 = Tn 4 gn ( n y)dy

9



We shall show that

(3.6) lim In2 /2-T n gn(n) 1
n-

and

(3.7) liim I /.'2rT gn(T) f 0 , for j = 1,3,4

To prove (3.6), we proceed as follows. Expanding in g(Tn x) in

a Taylor's series about x = 1 , we get

(3.8) in gn(Tn x) in gn(Tn) + {n[p + (Tn)] - Tn}(x-l)

- nLA-2 in (T x)] x=e(x-1) 2 /2
n

in gn(Tn) - n rn (On)(X-) 2/2

where

(3.9) rn (n) [P + E(Tn 0 n) S(Tn 0n)]/0
2

with S(x) = 1 - x c'(x)/c(x) 1 as x - . Thus,

t g~) v1+6(0)x)

(3.10) In2 = Tn gn(T exp{-n rn(0n)(X-l)2/2}dx

with 1 - 6 < 0 < I + 6 . If p > 0 , we have

10



n r n (0n)< np + JE(T n n) S(-1n 0n) l

nr(O) IE(T n 6) S ( n di

T n - Tn (16)2 (1-6)2P+E(Tn ) ]

and

n rn(0 n) no k(Z en) S(tn 0)

'Unz - ' (1 6 )2 ) 2 [

so that

-2 nr(e n) n rn(n) 2(3.11) (1+6) < lim inf < urn sup T -
n n

If p = 0 , then

n rn(O) n e(T n  n ) n)[(1-6) [+]
= 02 S(T n  n ) < [1 + Ju(T n 6)11

n n (1-6) C(T)

where

(3.12) u(x) = - S(x) = x'(x)/E(x)

-22
so that lim sup n r n (On)/T n < (16

2 .Similarly,

lim inf n rn (0n)/T n > (1+6) so that (3.11) holds for all p > 0

From (3.10) and (3.11) it follows that

1 n n2 I n2-- < lira inf < lira sup - < 2-

-n gn(Tn )  n n )

Since 6 is arbitrary, (3.6) follows.



As for (3.7), we first show that In1 /2lT gn(Cn) 1 0 . We have

(3.13) 'nli < (1-6)Tn Rn [(1- 6)T] - (1-) na

21T n gn(Tn) r2- , gn(T)

where

T

n a = n (u) du - 6 T - In T -n ln(-6)n (16T u n 2 n

If p = 0 , then E(u) > 0 and

an  - - - in T -T [ln(1-) - 1 - - In
-2 n n

> -1n 2 / 2 - In T n/2 Tf zn 621[1 - (In T n)/-rn 61/2 *4o

If p > 0 and e(y) > 0 , then

n an > n C( n ) ln(-) -  - 6 Tn - (in Tn)/2 - n p in(-6)

= n[P + e(Tn)]Iln(-6)- 6 Tn + (in T)/2

1i - n T 62 T 62

= Tn[ln(1-6)--] - (in Tn)/2 > T 6211- (In Tn)/T 1/2

If p > 0 and c(y) < 0 , then

12



n a > n in(I-6)-I - 6tn - (In T )/2

= n{p In(l-6) - 
- 6[P + E(Tn)]} - (in Tn)/2

> np{ln(1-6) - 6} - (In Tn)/2

> np 6 2/2 - (in T n)/2 > Tn 62 [1- (in T n)/Tn 62 1/2 co

Thus, the r.h.s. of (3.13) converges to zero.

Next we show that In3 / /T g(n) 0 . We proceed as in (3.8)-proee as nn (38)
(3.10), but with In2 replaced by In3 and i - 6 < n < 1 + 6 replaced

by i + 6 < 8 < 4 . It then is easily seen that for p > 0 ,

n r (0 )/T > (np/16 T ) - S(T n)I/(+6)2[P+E()] 1n n- n n n 16

while if p = 0

n(4"-n) 11 > cu(4-r n JU(T+OM
n rn(n)/n > 16 (Tn) n 16-

using (2.1). Thus, for all n sufficiently large,

T f4 -Tn (x_1)2/64
n3//2 n gn (Tn) < e dx - 0IT

n3 n n 2n1+6

Finally, we show that In4/Vr2T n gn (T n) 0 . But

13



T

n

00
In4/,' Tn gn(n )  ff [g n(T n Y)/gn(Tn)d,

and

ngn(Tn y)/gn(Tn) T n  [p n In y +fTy E(u) d - Yjn) nTn_ Ul n

kTn y n [p-C (u)I du 
dT 

yu n
T

n

n T U

TT [Pn n)

f -in Y kn(Y)

whereT

f nY y f Ux du

k (y) n y n P+ C(u) du 2 I - T n 2
kn(Y T n Y IT n  u [04C(Tn)]y

if d(x) > 0 cthen kn(Y) > 1 -e -  since -kn(i e cn y/y < e-

for all y .if c(x) < 0 , then

1 - k (y) < {p in y/[P+(T n)]y} < 2 in y/y< 2 e - 1  for all y,

provided we choose n such that C(T n ) > -P/2 (which we can do, noting

that if e(x) < 0 , then p > 0 and C(Tn) - 0). Thus, for all y and

n sufficiently large, kn (y) > 1 - 2 e- . Hence,

14



T TTn -kTny -1/2 (1-4k) n
I /.2nT gn(T) < e e dy (2w kT e 0
n4 n n n An j 4  n

since 1 - 4k < 0 .

This completes the proof of (3.7) and hence of (2.10). To prove

(2.11), we have

n /v n 4(T (TT /T 1/2  [g n (Tn+ )/g (T ) Vb(T )] = A e

with A =(Tn+i/Tn/2 1 and

Bn = ln[gn+l(Tn+l)/gn(T n ) (T n ) ] = (n+l)[iln (T n+l)-in *(Tn )I- (T n+l-T )

(n+l) In n+i + f n+1 (n+l) ['+F-(Tn+,) n[p+e (T

Tn 
ITnn

To show B n 0 , we note thatn

in 4(y) - P in y + f u du In *(y) - [p+c(y)]/y1i u ' dy

and

d2 In (y) 1 {[P+c(y)]/y - (y)}
dy2

so that

15



- ° li d2  n____-
y - in (y)dy T n P+E(y) E'(y) dy

I dy 2  T Y
n n

Tn+
1

( n1in B-n + f 1) dy [(Tn+,)- E(Tn)]n T Yn)

n

(n+l)- B n + (n+l)-l[P+E(T n)].

Hence,

T n+l d2B= -(n+l) y in P(y)dy - [p+ (rn) ]
fT n dy2

However,

[Tn+l d2 ITn+l d 2
yn-i in 0(y)dy < - Tn+ - in 0(y)dy

fTn  dy2  T n dy2

T
TIn "(y)n+l Tn+ /n(n+l)ff n+1 [y Tn n ny)

Similarly,

- n+iy in 0(y)dy > Tnn(n+l)

T dy
n

Thus,

0 < Tn/n - [p+(-n)] < Bn < T+I/n-[P+C(T)] 0

This completes the proof of (2.11) and hence of Theorem 1.

16



4. Proof of Theorem 2.

We have -ln[l-F(x)] X-1 (in x) , so that F(x) -e (In x)

and

n = n-i e- x- 1 )( n  . enYl(A - )Idy
n n00dx n

(4.1)
n fnX)(y) e n X  enX(y)-Ydy

0 0

the last equality being obtained through an integration by parts. Let

(4.2) In gn(y) - nX(y)-y = nyp exp { Fu) du} -

Then

(4.3) d g(y) nX'(y) - ] = n[p+c(y)] X(y)/y - i
.)dy n

and

-- in gn(y) - nX"(y) nX(y) {y '(y) - [p+(y)][I-p-c(y)1}

dy2  y
(4.4)

-nX(y)[P(I-p) +b(y)1]/y
2

where

(4.5) b(y) - c(y)[1- 2p-c(y) - u(y)]

17



(u(y) is given by (3.12)). Since c is slowly varying, and c(y) 0,

it follows from (2.8) that b(y) - 0 as y o If p 0 , then

c(y) > 0 and b(y) > 0 . If 0 < P < 1 , then for y sufficiently

large b(y) < -P(l-P) . If P = 1, E(y) < 0 and b(y) < 0 . Thus,

d 2/dy2 in gn(y) is negative for all y sufficiently large for 0 < p < 1

Hence, d/dy In gn(y) decreases monotonically (to zero) as y - - and

so there exists a unique positive real number Tn  at which (4.3) vanishes

and In gn(y) attains a maximum at y = Tn . Clearly, Tn  satisfies

Tn = n[p+c(rn)](Xn ) "

Since d/dy in gn(y) decreases monotonically, it follows that {Tn)

increases monotonically (for if Tn+1 were less than Tn , we'd have

-1 EWc(n)]X( n)/Tn < [P+C(Tn+l)IX(Tn+l)/Tn+i ' (n+l)-l). It is easy

to see that Tn - - . The asymptotic behavior of {Tn } and

max In gn (y) = n X(Tn) - Tn depends on p , as follows:
y

(4.6) If p =0, Tn nE(Tn)(n) ; Tn X(T L(T 0 (using 2.2);

and T-1[n A(T )-T I = [I - e(T )]/E(T ) + +.
n n n n n

(4.7) If 0 < P < 1, Tn - n[p+e(T )](T ) ; t )(1n) - n-l [P+(T ) ] 0
nn n n n n

and T1 [nA( T)-n-r [I--C(T )]/[P+e(Tn)] * (i-p)/p
n n n n n

(4.8) If p - 1, Tn - [l+e(Tn)]X(T) ; -  X(Tn) + 0 • and

TrI n X(Tn)- Tn] - -(Tn)/[l+C(Tn)] 0 . However,

18



n X(n) - n -C(Tn)-In/l+E(n)] , using (2.2), recalling that
c(x) is slowly varying.

As in the proof of Theorem 1, let

OD 4
(4.9) - = gn(Y)dy - Tn I gn (Tny)dy I '

but with I3 Tn )dy and 4 g0(Ty)dy
n

will be specified later. Let

(4.10) hn(x) = In gn(Tnx) = n X(TnX) - T n X

then

h'() =n -- (T X) - T n[P+E-(T )]X(T x)/x -T

(4.11)

h(x) -- n Xi nX:P(1P) + b(TnX)}/X 
2

(noting 4.5). Note that hn(1) In gn( n) and h'(I) - 0 . We will

now show that

n2 1 if 0<P<l

2w T n/(l-p) gn (T n)
(4.12)

In2 1 if P - 1.

T n/C(T n ) gn(Tn)

From (4.11), we see that

(4.13) 1n2 - (Tn 1 ++6 exp{hn(0n)(xl)2/2}dx
n2-n gn(Tnx) = n gn(n )  n-n

. . . l l ll I . . . . . . . . .. . .. . .. i m . . . II . .. . . .. . .. . . .- .. . . ... .. . . . . .. . .



with 1 - 6 < O < 1 + 6 • To prove (4.12), we first show that

-2 [-h"(0n)] [-h"(0 )1

n" n- n-

(4.14) (1+6)-2 < ln inf ~< lim sup < (1-6)-2
n T

If p - 0 , from (4.5) and (4.11), we get

-h"(O) - n X(T 0 )0n 2 :(T 0 )[1- (TO0) - U(Tn )]
n n n nn nfin n n n

216) s[(1-6)Tn][1- E(n 0n) - Un0)]

(1-6) nTn  n [I-+(T) Un] 0
(162 X(Tn [-( n  n ) - n0)

so that

lim sup[-hn(0 )/Tn ] < (1-6)2 using (2.1) and (2.8).

-2
Similarly, lim inf[-h"(0 )/T ] > (1+6)-n n n -

If 0 < p < 1 , then

-h"( ) < n X[(1+6)T ]{p(I-p) + b(T 0 )}/(1-6) 2

nf n- n n

n %( -n )  X[(I+ 6)Tn ] r
(1-6) 2{p(1-p) + br n 0n)}

n  X[ (I+6) n ]I+(Tn) { p(l--p) + b(@n 0 n)
[ P~te(rt')J](1-6) 2 r)

so that
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lir sup[-h"(8 )/T < (1-P)(1-6)
-2

n n n -

Similarly, lim inf[-h"(0 )/T ] > (1-p)(l+6)- 2

If p - 1 , then from (4.5) and (4.11), and proceeding as above,

n X[(l+6)T ]E[(1-6)T I
-h"( ) < - 2 [l+:(T 0 )+U ( n)]2 nfnl

T n C(t n )  n ']E[(1-))T n ]
(6)2[E(t) A[( n) [1+()tn [l+( n 0n)+U( no)]

(1-6 d1~( ] A (-r n) E:(T)

so that

lir sup[-hn(0n)/-T E(Tn)] < (1-6)2

Similarly, iim inf[-h"(0 )/--r E(t)] > (1+6) . This establishes (4.14)
nf n n n -

for all p e[0,1]. (4.12) now follows easily from (4.13) and (4.14),

noting that h"(e ) - uniformly for 0 cil-6, 1+6 as n or

hn(On)/hn(1) I uniformly as n * If 0 < p < 1, hn(l) = -(l-P) n

while if p - I we have h"(1) =T er n) . But, also, h"(1)-nA"(Tn),
n n n nn

so that (4.12) can alternatively be asserted as

lim In2/ctn  1
n-

where

(1-O)-, 0 < P 1

(4.15) a T n-21T/nX"( ) gn(tn), with n )"( )  }
21 n n = 1



Next we show that I n /an  0 , for j = 1, 3, 4. We have

I nl/a n 4 n1 [n"(r ) ] ]1/2 gn[ (l_0) n ]/Y27 gn (Trn)

- exp(-n){X(n) X I (I-)T n ] -6 n/n- in[-n X"(n)]/2n}

with c = (1-0)/27 . Let a denote the quantity in brackets. Thenn

na n n X( n) {I - n - T/In X(Tn)] - in[-n X"(Tn)]/2n X(Tn)}

with

(4.16) (1 = A[(-6)T ]/X(T) (1 6 )P ex( -) d)

If p = 0 , then

T

nan = n - 'n Y C( - -C(T )In TEn/2 TIIInn = (T n ) [- n(6 - (n ) -(n)n Tn2 n ]

> (n ) [1- exp{e(T )ln(1-6)} - 6 C(Tn)- E (Tn)lnTn/2T]

> - 1 2 -T 16 in T /I + 0.
2 n[[l - n(T)]6 n n

using (i) the fact that yn(6) < exp[c(Tn )ln(1-6)] , which is valid

since C(x) + 0 in this case, and (ii) the inequality

(4.17) 1 - (1-x)a - ax > a(l-a)x 2 /2
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If 0 < p < 1 , then

nan nP+e(n  ] U n(6)- p+e(tn) - p+(t ln(-P) n/2Tn

n
-> [+ nn ( - [P+( f)]P+e()ln[(l-p)T 1/2Tn

> [+n ]n [p(lp)6 2 _ [P+,E(Tn)]ln[ (1-P)Tn]/T n + Vn

using (4.17) again and where

V = -[ +(Tn )16 + [(2p-1)+8 n]B n 62/2 n = C[(1-P)Tn ]n n nnn /2 * [1-)

Finally, if p = 1

T
nan = [I+(- Vn  - (6) - [1I+E(T )]6 - [l+e(r )Iln[-Tn C(Tn)] / 2Tn }

Tn  1+C(T n )[l+(Tn)] - (1-6) - [1+(T n )16- [1+e(Tn ) ] I n[-n T n E(Tn )1 / 2 T n

T
>- n )6 2 - [1+e(T )Iln[-T C(T )]/T n }

2 n n n n n

Cu) {62 _ [1+(T n)]ln[-Tn E(Tn )]/[-Tn  (Tn)] 0

on noting that in this case (i.e., p - 1), E(x) t 0 and recalling (4.8).

This completes showing that Inl/an - 0 , for 0 < p < 1

We now show that In4/an + 0 . From (4.9), we have
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0o

n4/ICE= n (Tn/n]I gn1(TnX)dx

n

-n X"t -)/2nr e f exp[n{X(TX) -A (T)- TXjdX "

C n

Write

n1{X(T n X) (T) a - Tn X - n x{1 - n[X(-nX) - X( n  /-nx }

-T -nx k n(X)

where

1-kU(x) n[X(T nX) - X(Tn)j/TnX

-~ ~ n P~ [~x expJ~t C (u du~ 1JP+C (T]x
X) (T) 11 u

We shall bound kn (x) from below.

If p - 0 , then c(u) + 0 , so that

c (rn)lnx c (T)

-k n(x) < [e - lj/x e(T n ) - [x - l]/x C() f n(x)

lIE (Tn) ,

The maximum value of f (x) occurs at x' = [1-E(T )] , at
n n n

which f n(Xn) n 1-/ ) /[I-C( n)] -o- -e . Thus, for any

n > 0 there exists a N such that for all n > N , 1-kn(x) 
< e + r),

i.e., k n(x) > l-e-1-n , so that if we take n - 1/2 , say, then
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1 -l

k (x) >- e = k > 0 ,at least for n > N . Then
n 2

T T n nT k
In4 /an < e dx

n
IT -n (kC n-1) "/F _.

= e + 0'T

if we choose c such that k c n  1 >0, i.e., if n >1/k We

take c = 2/k .

If 0 < p < 1 , then

n( n X1-n(X = ( n P+(n) x"" '[n] (xP-l1) / x = f (x) ,il

nI

since X varies regularly with exponent p. The maximum value of f(x)

occurs at x =  / /,hP (-0)i/Pf/(i-p) < I for

0Ijlp 0 at which f(x 0)=<1

0< p < I . Thus, for all x > x0 and n sufficiently large,00

1-kn(x) < f(x0 ) + n , or kn(x) > i-f(x O )- n
> 6>0 if we take

< i1-(ip)i/P/(i-P) - 0 Then

n (I-)T n Tn  -TnX
a4/1n <n e e dx

cn

n -r(1-6c n)

j 2r n e-0

if we choose 1-0 c 0 , or c > 1/0 Take c = 2/0; we can let

O - [1-f(X0 )]/2
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x

Finally, if P - 1 , let x be such that in L(x) n E(Y) dy -n y

= In[(1-6)/n] ; this is possible since )~x) = x L(x) -$* with L(x) 4 0

as x 4 We prove the following lema about {xn} .

Lemma 4.1. {x } t + and {x /T +0 0 .
nnn

Proof. We have

T= nfl+E(T )]X(Tn) = n[l+E(Tn)ITne p { (Y) d

which implies that

jn (Y) dy -ln{n[1+C(Tn)]W

1 n

Thus,

x x T
f (Y) dy = C-(Y) dy - E(Y) dy = ln(l-6) + ln{[l+E(Tn)n} < 0

T Y 1 Y f1 Y

n

which implies x > T since c(y) < 0 . Clearly, fT x n dy ln(l-6)
n n T yn

as n -4  . But

Xnx

x( )I 2< CY d. ~ I xS

n T n
n

Let 0 < y < -ln(1-6) , so that ln(1-6) + y < 0 . From above it follows

that there exists N such that for all n > N

x
C(Tn)In --I! < ln(1-6) + y

n Tn
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Ki
_n ln(l-6y , since C(T n ) + 0 Thus, x /T

i.e., in n n

We now show that In4Ic n 0 if we choose cn  x/T . We have

T n c°  gn (TnX~d
n4/ n = n t nP tn )dx

- v - - gn(-TX)dx = . . .n gn(TnX)dx

[l+E(Tt) 1 f en X (x )- x dx

/-n  ( n) Znx

[l+c( n)] ne-6x = [+E(T n ) ]  -6Xn 0

T /-27T T En (T Jx 6 T /-2 -n E(Tn)
n n n n n n

using gn(Tn) - n X(Tn) - Tn = -Tn (Tn)/[l+e(Tn)] (see 4.8), and the

fact that for all x > x

n X(x)-x - n x exp E(y) d - x < n x exp c(Y) d = -6xfi Y "1 - Y1

This completes showing In4/an - 0 for 0 < p < 1

At this point, we summarize the choices of cn in I and I

2/k - 2/[.5-e -1  if P = 0

c n 2/0 - 4 /[1 -(i-p)p/l- ] if 0 < p < 1

ni,X /Tn  if P -1

We still need to show that In3 + 0 . If p 0
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then c = 2/k and

2/k T 2/k h"(0)(x-1)2/2
n3/an T n gn(TnX)dx f e n dx

2- gn n(Tn) 1+6 1+6
nn f

on paralleling the calculation of In2 in (4.10), (4.11), and (4.13);

now, 1 + 6 < 8 < 2/k . As for h"() we have
n n n

-hn(0n) > k2 n X[(I+6)Tn I [2Tn/k]{S(Tn On)-E(Tn 8)}/4

k2 X(T) E(Tn)1 A[(l+6)T] c(2Tn/kJ

f 4 X(-r )  C(T n [1+o(1)

so that lim nnf{-hn(0 )/T > k2 /4 Hence, for all n sufficiently

large, h"(6 ) < -k T /2 , so that
n n - n

T 2/k -k2 (x-_ )2 /8

In3/an < f1+6 e dx 0.

A similar calculation shows that In3/an - 0 for 0 < P < 1 . If

p I , we need to show that

-T- X n T nh"(0 )(x-l) 2/2

.( C /Tne n 2
27e dx

where now 1 + 6 < 8< x /T . We first show that h"(e)-® ,
n n n n n

uniformly for e C[1+6, Xn/T n  . We have
n
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--h"(n) 0 -n )(T )(+l (T )+u( o ) ]/62

nnnn nn n nf

Clearly, w n - l+e(rn n) + U(T n n) -n for n = 1+6 and x n /T n

and is bounded above and below by its values at these two points. Thus,

-h"(O ) > 2[(1+6)T2 -E (x )}[1+0(1)] 2 /x2
n n-n n nyn

- (*X E(x)Mx /T) n(1+6) exp f(l+6)Tn EF) d}n n n/_x n f(Xn )(Z a

> [-x :(xn)](1-6) 2  z , z=

Here, we used the fact that for all n sufficiently large, xn > (1+6)Tn

(which follows from Lemma 4.1) and

n(l+6) exp EjJ) d > n(l+6) exp E(y) dy = 1-62

Hence,

Xn /T n  z 2(x1) 2 /2
I-n n e / dx

n3/n 2w 7 1+6

F2

T Tn(r) fz e

- Xn E(xn) 
dnu

since -x E(x) varies regularly and is easily shown to be monotoni-

cally increasing, so that 1-in _(n ) ] < [-xn c(x )] .

This completes the proof that In3/a n + 0 for 0 < P < 1 and

hence of (2.13) and (2.14).
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To prove (2.15) and (2.16), we proceed as follows. Suppose

Tn+I/Tn - 1 (we will show later that this is the case if 0 < p < 1

and for a class of slowly varying functions L in X(x) - x L(x)).

If 0 < P < 1 , then from (2.13) we have

ln[ i/ ] -(n+ l)X(T n l -n X(T n  (T T ~ - n
n+l n n+l n n+l- n

= n[( n+1)-X(Tn)] - (Tn+I - Tn) + A(Tn+ )

= n[X(T n+l)- X(Tn {n[p+c(T n+l) )(Tn+l )]

- n[p+C(n)]X(Tn)} + [+-P-1(Tn+I)]X(Tn+1

= n(l-p){X(Tn+1)- X(T) - n{E(Tn+1 )X(T n+1 )-E(T n)X(T)}

+ l-p- C(Tn+) (Tn+I)

T

-n f x A"(x)dx + [1-P-C(T n+)]X(T n+l)
T
n

The latter equality is obtained as follows. We know from (4.3) that

x X'(x) = fp+e(x)]X(x) and from (4.4) that
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x X'(x) = lx E'(x) - p+E(X)]l'-P.-E(X)IA(x)/x

E I WX X N)- lp- E: WI [P+c:(X)JA(X)
x

= '(X) X(X) - 1-P-E:(X)]X'(X)

=[c:'(X) A(X) + C(X) A'(X)I - (1-p) X'(X)

d

The equality now follows on integrating x X"(x) from T nto T n 4 .

But

-n j ~ x A"(x)dx < -n Tn~ T. n+X(x)dx -n T {'T )X

n n
(4.18)

nln+l n =r n+l)

Similarly,

tn+l
(4.19) -n f X"(x)dx > T /(n+l)

n

Therefore,

1/U < n+1 -- C
A(rnl (i$l)A(rT1  11+1 +1
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since Tn+i/[(n+l)X(Tn+l] P+C(T+ 1) . Also,

;nl% > n l-P-E: (Tnl
X( ('n+1 ) (n+l))X(Tn+I)

Tn [P+E (Tn+I 1) ]
- t+ + 1-p-c( tn 1 ) + p3+1-p " 1.

T n+l l

Now suppose p - 1 and Tn+I/T n - 1 . From (2.14), we have

f t 1

ln[ in /, ]J (n+I)X(T+ I) - n X(r) - (Tn 1 - T ) + In c
+l n + l  

n

T +l
i -n X A"(x)dx - E(Tn+)A(T+I) + In c

T
n

where cn T en+1 C( n)/T n eC(T ) . Since E(x) is a slowly varying

function, it can be represented as E(x) - a(x) exp{fx VII) dyl where

a(x) a < and v(y) 0 as y Therefore,

n (Tn+I) a(T+ I) +(y)
in )  n + dy 0

n

since a(Tn+l)/a(Tn)+ 1 and 2n+1 v(y) dy < f n+i 12171 dy
1n n -- Tn

< max[V(Tn), V(Tn l)]In Tn+l 0 if T /T converges to a finite-- n T n+Il n

n

limit. Thus, in C(Tn )/E(Tn+I) 0 ;clearly, In Tn+i/Tn - 0 . It

follows from (4.18) and (4.19) that in[vIi/un]/X(T I  1
I 1 d / L , n n d

If p -1 and T +l/n L > 1 , then from (2.14) and (4.8),
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lnhi'+1 /P'1 (n+1) -(n, n X(T ) -(T n+T n+ lnc n

T nI T 1ii+1T (T- -T + '

1CTn+1 1ICn) n+1

Tn+1 E Tn+1 Tn (Tn) 1
= +E(T +l) +1+E(T n +2lln

so that

inti i' T E(t) in c
n+1/ n 1 n n n

-T +I C(Tn+1) 1+E(T +1) T n 1 E(T n+l)t?1+C(T n)] 2 T n~ E(T +l)

Consider

0- I n T +1 n)

-Tn1EJ ~) n E(1 -~ )djf d y~yId

n~

T T

fn+1 1 [ Ir n+ l

= (Y) ~~dy,/f {_:(Y)}[1 + YE' jY)] dy

n nl

where u(y) =y c'(y)/E(y) -0 as y -~;u~y) < 0 .Thus, for any

6 >0 there exists N such that 1- u(y) < 1+ 6 and I +u(y) > 1- 6

Also, -y c(y) t so that for T n < y < nl

T T n CrTn) <-y C(y) < -Tn+1 C(Tn+l) , so that
-T n E(T )/y < -c(y) < -rn~l E(Tn+l )/y Therefore, for n > N

33



In c n/(-T n 1 e(T rl)1 < (l+6)/[-rn C(Tn)J~-) 0 as n .

If 11M T tl hn L < ,then it is easily shown that

C(-1 r )/C(T ) -~ 1 , so that Tn E(T + )/Tn C(T n) L . In this case,

l: +I Lu we~~t+) cli thtTnlCTnl)TnCTn40 also. To

seethswe have

1 Xrn+l ) e( n+l) Tn+l ': ( l) exp T n+1 l Y/l

a nA(TnC@ T n E(T)n exp [() Y
n

=exp {f'~l [. + C( + EY
fT y Ey) y)I

exp Tl~ '[+1E(Y) +- [ -Y dj

where a n - (n+l)[1+e(T n+l )/nfl+c(T n)] 1 . Both e(y) and

y c'(y)/c(y) are negative and converge to zero as y + ,so that for

any 6 > 0 there exists N such that

l+c(y) + y e'(y)/c(y) > 1- 6 for all n > N ,for T n< Y ~

Thus,

X~jr)e(T) > an exp{(l-6) ln[T~ 1  ] /T a (T +/T) + .

But
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(T T T n+}
n+) n a exp E(Y) d - as n 00
X(T) Tn+l n T 1

so that X(T )/A(t) ~ T /T . This proves the claim above. Thus,
n+ n n+1 n

if T /Tn  0
U+l x

ln[I'+i/nJ'/[-n (/[-T)] + 1

This completes the proof of (2.15) and (2.16) and hence of Theorem 2.

5. Examples.

To illustrate the application of the results here, we now present

several examples.

A. Slowly Varying Functions.

We let (x) - exp{ffx dy} where e(y) + 0 as y -- . AsIy

examples we have

1. *(x) - (lnx)B E(x) = $/lnx for x > e and 0 for x < e

2. *(x) - (in lnx)B -- ( x) 8 '  (x) = B[(lnx) (lnlnx)] - 1 , x > a2

2

and 0 for x < e 2

3. O(x) - (z k x), c(x) = 0/[(lnx)(ln lnx)... (ln I ... lnx)]

- 8/[Z 1 x)(t2 x)...(zk x)], for x > e(k)

4. (x) - exp{(lnx)B } , C(x) - B/(lnx) - B , for x > e and 0<$< 1

If (x) is a slowly varying function, then Theorem 1 applies; we have

T n n[p+c(Tn)] n c(Tn)

35



-T

"n gn(7T T g n n

and

Pi' hiP' O(T n)n+1/n 'n

from (2.9)-(2.11).

To use Theorem 1, we need to approximate T ; the following lemma

is useful in this regard.

Lemma 5.1. Let O(x) = exp{]l E'Y) with c(y) 4 0 as y

and Tn = n (T) Let Tnl - n. Tn2 - n (T nl) ... , Tn = n E(n,kl)

Then for all k > I, Tn2k < Tn- n,2k-

Proof. Let f(x) = n e(x)/x . Then f(n) n c(n)/n = e(n) < 1

so that < n = T T 2  n c(n) < n T n1 , so that

f(T 2 ) -n C(T2 = E(T 2 )/c(Tn) > 1

and hence T > Tn2 Continuing, T n e(Tn 2 ) > n E(Tnl) T

so that

f(Tn3 ) n (Tn3)/Tn 3 =n (Tn3)/n (T n2) < 1

and hence T n  Tn3 * Continuing in this manner, it can be shown that

(a) Tnl > Tn3 > ... > Tn,2k+l , (b) Tn2 < Tn4 < ...< Tn,2k ' and

(c) for any k, Tn,2k < Tn,2k+l " Also, by induction, we can show
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that f(Tn, ) < 1 f(Tn ) > I * The result follows from thesen,2k+i n,2k

facts.

Example 1. O(x) - nx , so that 1(Y)- ey  and -F(y) = ee

also e(y) - 1/ny and Tn  satisfies Tn = n E(Tn) = n/in Tfn  By

Lemma (5.1), we have Ti n. T n/in n, Tn n/mn- =

= n/tin n - in in n], Tn4 ' n/[ 1n - £2 n + £3 n), ...

T nk = ni /[Ek-i (-I)i k. n] In particular, we have
ff1 i <ntnn-i nn

Tn2 n/in n < T n < n[in n I In in] i n3

and

1 < Tn/[n/in n] < n/[in n- In inn] in n/[n n-in In n1- 1n- In/in n]

so that Tn - n/In n . Thus,

in' V2 n/in n {In[n/in n]}n -n/in n

and

i'/t' = O(Tn ) = ln[n/in ni = in n - in In n = In n

ey

Example 2. O(x) = In In x, *-(y) = e , C(y) = [(ln y)(In In y)]
2

for y > e ; Tn  satisfies Tn  n c(Tn) = n/[(ln T n)(in In Tn

By Lemma 5.1, we find that
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n/[(ln n)(ln In n)] < T n < n/[ln n-9P2 n-Z 3 n][ln{ln n-X 2 n-k 3 n}'

so that rn - n/[(ln n)(ln in n)] . Thus,

Ln' =v2ff n/[(in n)(ln in n)] fln n/[(ln n)(In in n)}n e
-n/[ln n][ln in n]

and

'l /" ' = in ln{n/[ln nl[ln in n]} = in in n

Example 3. 4(x) = 2 k(X) = In in ... in x , for x > ek and 0 for

x < ek * (y) [(Z 1Y)(P'2 Y)'..'(Xkk 0)-i 1  and T n = n E(rn); by Lemma

5.1 we find that Tn  lies between Tnl and Tn2 with T = n E(n)

and T n2 n s('rnl) with Tn !rnl 

As a generalization of Examples 1 and 2 above, we find

Z g n = In in ... Inn

n+i n k

- I ey

It is easily seen that (y) = ek(y) where e1 (y) = e
y , e2 (y) = ee

and, in general, ek(y) = ekil(ey )

Example 4. (x) eIn x) 0 < a < 1 ; e(y) = /in x)

Tnl - n £(n) = n B/(ln n) I - , Tn 2 - n E nl[) - n /[ln nB- (l-)lnnn] I - B

and;<Tn/Tn ;"+ 1 ,so *r ~ • Also,
and T nl < T n <Tn2 T Tn ' OTn T nl Alo

-l~) e~n y)/B _(in y)i1/8

e (In y)1 /a, so i-F(y) e -e . In this case,

;+l -" exp(in n) a ) .I=3



B. Regularly Varying Functions.

We let (x) M xP exp{fx E(y) dy} ,with P > 0; C(y) +0 as

y - 0 n  satisfies T = n[P+C(y)] and T n/n 4 p-T n

SV2n 4(Tn) and p' /' O( )
n n n n+l n )

Example 5. O(x) = xp  (so that e(y) ' 0); -1 (y) - Yl/P, so

that l-F(x) = e We have (exactly)

P, = 0 [O(x)]n e- y dy = I x(l-P)/P ex dx = r(np+l)

the asymptotic approximation gives

n ,2- np (nP)nP e
- np

which is the same as Stirling's approximation to the gaumma function. It

is easily seen that ;+/'n = (np)p .

Example 6. (x) =xP/(ln x) , with p > O, -c < < ; also,

0-l yl/(ln y)-"P and Tn  np . Finally,

1+" /P' n (np)p(ln np)a - (np)p(ln n)a

Examples 1 through 6 show that p ' /I' can be asymptotically
n+l n

equal to the following:
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k n, k-i n, .... R 2 n = In in n, k n I in n

n/in n, n/in In n, ..., n/Z k n,

2 k n p>O

...,nn 2, ..., n ,..., (>)

n In n, n in in n, ... , n Zk n, ... etc.

We could take (x) = exp{[ k xB 1, -- < 8 < o , if k > 2 , for example.

C. Rapidly Varying Functions.

We let O(x) - exp[X(x)], where X(x) - xp exp{fx : dyl with

0< p < i ; if p > I , the moments p1' are infinite for all n . If
n

p = 0 , C(x) + 0 ; if 0 < p < 1 , then E(x) - 0 ; and if p - 1 , then

E(x) t 0 . For * varying rapidly, Tn  satisfies Tnf n[p+e(Tn)]X(Tn)
-T

On' = V2r Tn/(l-p) [M(xn)]fn e n if p < 1 and
-t

P' = Y-2T Tn/( n  [(n 
n

Ln n/E T ) e if p - I , etc. (See 4.8.)

Example 7. -(x) = expX(x)1 with X(x) - exp{ff 'Y dy}Y

(In x) > I

Here, E(x) - 8/In x and E(x) X(x) - (ln x) ; t satisfiesn

Tn = n C(Tn)n(r n)  n $(in Tn) . To approximate Tn , define

Tn1 ' n C(n)A(n) - n (ln n)8 -1 , and, successively, Tnk ' n[ln(Tn,k-l)]8- 1 ,

k = 2, 3, .... It is then easy to show that the sequence {r nk} is

monotonically increasing with Tnk < T , for all k , and that
*

n < T' n B[ln n + In n/In In n]B-i . (To show this, we let

f(x) - n c(x)X(x)/x . Then f(T) > 1, f(T) < 1 .) Therefore, in
Ak n

particular, Tnl < T < T and
n n
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1-lim n n < lin < lrmn - - I
n- TnI - Tnl - T

so that T T Thus, TnIl /T 1 , C(Tn )/E() I 1 , and
n nln+1 n n+1 n

In -2rn S(ln n)B - exp{n[ln T Tnl]
n ni n1

-,w n (ln n) 1 exp{n(ln n)
8 )

and ln[1i.w] X() -  X( ) (In n)

Finally, we note that X- (y) = exp{y l I} , so that

X-1 (in x) - exp{ (in x)I /8 } and hence

l-F(x) - exp{-exp[ln x]I/B}; if 8 - 1, 1-F(x) e- x

Example 8. (See Example 5, Section 1.) Let l-F(x) - exp{-(lnx) 2,

x > 1 . We evaluate P; directly and then compare it with the asymptotic

approximation. We have

n n J xn-1 exp(-(ln x)2}dx -n (2y) exp{n,,-y}dy

- n exp{n z-z 2}dz - n exp{-(z-)2 }dz0, 0

2r

where O(x) - f-O (2)-Il/2 exp{-z 2 /2}dz ; clearly, 4(-v2-n) * 0 as

n - , so that

41



n 2 n14
p;nt n e .

As for the-asymptotic approximation, we have

1-F(x) e- (in x)2 . e-X-(1n x) = X 1 Wx 2 X(y) -

Thus, X is a regularly varying function of index p - 1/2 , with

e(y) 0 ; Tn satisfies Tn n[P+E(Tn)]X(Tn) = !IT , so that

T= n 2 4 ;(T A - n/2 A ; T - n  2 /2 - n2 /4 - n 2 /4

and '27r T n/(1-p) - n . Thus, from (2.13), we obtain

PnAIf exphn ,/4} so that the asymptotic approximation is "asymp-

totic" to the direct value.

More generally, if 1-F(x) exp{-(ln x)6) , with B > 1 , we

find, following the calculations above, that

p' Ai 8(n/$)81(8-)/(B-1) exp{n(-l)(n/8) / }1

and

lnh +1/ n  -() - (n/)1(B-1)
% n

If we set 0 1 + 1/k , k a positive integer, then

ln[p+l/Pn'] - [k n/(k+l)]k -_ (nk e-1) , for k large.

Example 9. Let X(x) - x/(l+ln x)A , with A > 0 . Then
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E(x) - -A/(l+ln x) . In this example, P - 1 and T satisfies

A

T n[l+E(T n)]A(T) n[l+E(T n)]T n/(+ln T )A

so that T satisfies
n

n[l+e(T n)]/(l+ln Tn )d = I = n[1 A/(l+ln Tnd ] .

(i) Suppose A - 1 and let u n l+ln T Then we haven n

n[r-1/u] -= 1 or un2 n un +n 0
n

from which we find that u n  [n+ 4 n4n]/2 Then T n  exp{un-}.

We next show that in T n+l 1 , so that Tn+1/Tn - L- e . We have

in T n+/T n  un+1 - u. - (n+l) + (+1)2

+ (2n-3)/2[ (n+l) 2  4(n+l) + P -4n 1

Hence,

X(Tn ) T /(l+ ln T) un
1 ex{u -}.

Also,

in gn(Tn) d n A(Tn ) -T n = (n-u u n) exp(u n-1)

. un
2 exp(un-l) ,
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and

-2
-Tn C(T) un  exp(un-1) and -T n/C (T) un exp(u n-1)

Consistent with (2.14) and (2.16), we find that

Vn' - [-21r Tn/C(Tn)] 1/ 2 gn(T n)

= 2rr e n nl)1/2 exp{u-2 exp(u-l)}

and

n / -+1 (T+ 1 ) = (I- -2

' ] = - e )u 1n+ exp(u n-1)

(ii) Suppose that A 01 . T now satisfiesn

n[-A/(l+1n T ]/(1+in ) I - n( -A/U )/uA

n n n n

where u - I + In Tn n

Let f(x) - nil - A/x]/x A . Then

f(nI/A) - n(1-A/n IA ] 
- < I (true for all A > 0)
n

and, for all c > 0

f(n-c) I/A I n[l-A/(n-c) i/A /(n-C) > 1

if A < 1
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1/A 1/A
Thus, if A < 1, (n-c) - 1 < In T <n -1 . If A > 1 and c > 0n

is chosen so that c < 1/A , then

f(n I /A ) - n[l - A/ni/A- ]/n1-A c > 1

so that for A > 1 ,

1/A-c 1/A
n 1 < In T < nn

We can now show that /Tn - e - L if A > 1 and T n+i/T n  if

A < 1 , using the inequalities above. More precise bounds on In T

are necessary to approximate Pn' and ln(n+l/'n') - we content ourselves

here to have shown that it is possible for Tn+l/Tn * L > I finite and

Tn+I/T n - 0 .

Example 10. Let X(x) - x exp{-(1+ in x) I/2  . Then

c1 x)-1/2 , and satisfies

-Vn
n[l - 1/2V]e -l

1 -x
where V A + In Tn  Let f(x) - n[l--]e . then

n n2x

f(ln n - ) < 1 and f(ln n - ) > 1
21n n in n

so that

1 1
n n --- < V n< In n 2 1
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or

(i 1n 12 -llT <1 2(Inn - ln )  I < In -1.n 21n-n

Using this inequality, it can be shown that Tn+1/T n

Summarizing, Examples 9 and 10 demonstrate that T n+i/Tn  can

converge to 1, e, and -, if p = I . Whether or not other limiting

values are possible is unknown; we conjecture that these are the only

ones possible.

Example 11. Recalling that 9. x - In x, 2 x - In in x , etc.,
1 '2

x x
and e x e , e2 x - exp(e ), etc., we let X(x) - Z x for

1 2 k

x> ek() .Then

C x W -[(2, 1 X) (Z2 x) '"..(9.k 
x ) 1- I

and Tn  satisfies the equation

n(l+c(Tn)]X( t) n1l - {(t1 T)(M2 Tn . . 9k T)-l 11 k Tn 1

Letting f(x) - n[l+i(x)]/t k x , it is not hard to show that

f(t k(n)) < I and f[t k{n[l+E(n)]}] > 1

so that
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Tnl ekI[ - (t1 n)(9 2 n)]}(k n) < T n k(U)

In fact, if we define Tn2 ' ek n[l+e(Tnl)] , ... , Tnkinek{nh[l+(n,kl)},

then the sequence {T nk} is monotonically increasing with Tnk < ek(n)

for all k ; this fact can be used to approximate T n arbitrarily closely.

The inequalities above are, however, sufficient for our purpose here,

which is to provide a lower bound for V' and -T n+ (Tn ) . We have

n n n+l

In gn(Tn) - n X(Tn )- Tn  Tn[ (n/tk T )-l] T n[n-i T l/k Tn

>Tnln- nil- n, k n ''.(k kn k1n-k

- Tnl R191 n)(9 2 n) ...( k n)]..

Also, -T n/[(Tn )] > T nl[(1 Tnl)(-2 Tn). k TnI)] and

-T n  (Tn ) > T nl/[(ln n)(ln in n)... (t k n)]

Thus,

"1- n/C(Tn) gnn

> V2w T nl[(t 1 T)... (tk Tn TnI/W(I n)... ( k n)]

and
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n 1; ' -' n (T n+ l)  > T nll[(91 )( 2  n) ( k n)

For example, if k = 3 , we have, explicitly,

1
n[i - (in n)(ln In n)(ln in In 01
ee

In[ +l /n| (In n)(In in n)(in in in n)

6. Some Comments.

Additional examples of growth rates may be constructed, noting the

following. Suppose Yi , i = 1,...,k are random variables with distri-

bution functions F4 such that the moments of FYi have growth rates
'YiiT )  i Yi hamoet

P;* + n - Then the random variable Y - Hk Y has moments
n) i-i i

(Y)/Pn = I  if the [Yi ) are independent. For example,

let 1-Fy(y) - exp{-e y } , corresponding to having Pn+i/Un- In n= 1(Tn),

and l-FY (y) - exp{-(ln y)21 , leading to P' /' = exp{2n+l} . Then
2 +

Y - Y1 Y2 has moments such that '+i/u = (in n) exp{e 2n+ l  .

Distribution functions F which have moments which grow "relatively"

fast are frequently cited as ones where the moment sequence {p } fails

to determine F uniquely. For example, the distribution function F

in Example 5 of Section 5 when p - 1/4 has moments Un' - r(4n+l) .

It is known that this sequence does not determine F uniquely - it can

be shown, for example, that

xn exp{-x1/4 }dx xn[l - sin(x /4)] exp{-x l/4dx
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and 1-F(x) - [1- sin(x /)] exp{-x I/4  corresponds to a distribution

function having the same moments as F Furthermore, if 1-F(x) is

1/4such that 1-F(x) > exp{-xI , then F cannot be determined by its

moments since we can then add [1- sin(x 1/4) exp{-x I/4 } to 1-F(x)

to get another distribution function having the same moments as F

Thus, if 0 is a monotone increasing regularly varying function such

that - (which is also necessarily at least slowly varying) has index

of regular variation 0 < p < 1/4 or is slowly varying (o - 0) , then

1-F(x) - 0-1(x) cannot be uniquely determined by its moments. For

example, if O(x) - exp{X(x)} , with X(x) - x0 L(x) , 0 < p < 1

then 1-F(x) - exp{-- (x)} , is not determined by its moments. Thus,

we have introduced here a class of distributions not determined by its

moments, thereby explicitly adding to the existing store of such

examples.
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