






I. Technical Report Summary.

During this report period, from May through October,'1978, we concentrated

on four areas of study, in particular: (1) The development of asymptotic and

vpdal. wave propagation methods for the description of seismic wave propagation
effects in the near regional and teleseismic distance ranges; (2) The study of

the frequency dependence of earth's anelasticity as a function of depth and

geologic province; (3) The development of theoretical relaxation source repre-

sentations for seismic sources in non-homogeneously prestressed media and inver-

sion procedures for such sources and; (4) The development of advanced methods
for seismic (vector field) signal detection and analysis. The major results of
this work are: (1) We have developed and applied full-wave asymptotic methods,
which employ the Langer approximation in the frequency domain, and in a systematic.
comparative study with the Cagniard method have demonstrated that there is general
agreement in the predictions of both methods when they can be compared. However,
in some distance ranges, observable differences occur, notably in the regional

distance range from l0°-20. In these cases convergence of results from the

two methods only occur when multiple reflections, within finely layered zones
in regions of large velocity gradient, are included in the Cagniard method.

Other observable differences occur when anelasticity is included, particularly
ifra frequency dependent intrinsic Q factor is considered, since the Cagniard
approach cannot directly treat anelasticity except in an approximateincomplete
fashion. On the other hand, the frequency domain full-wave theory incorporates
anelasticity directly and all the effects of a frequency dependent intrinsic Q
parameter can be computed. We have also applied the full wave theory to the
synthesis of complete seismograms in the near field distance range and developed
the analytical relations required to compute synthetics. This theoretical develop-
ment has also been extended to provide a basis for the computation of synthetics
at the source anti-pole. In both cases we have computed seismograms based on
the theoretical results. Comparisons, between mode superposition methods on the
one hand and observations on the other, indicate that the method is both accurate

and fast computationally. (2) We have developed a mode superposition approach,
which has been descriptively termed the "Locked Mode Approximation Method", for
the generation of complete synthetic seismograms (P-SV and SH). The method is
applicable in both the near and regional distance ranges, using a layered half
space as the model, and can easily be extended to a spherical earth for tele-
seismic studies. The method is approximate in the sense that a high velocity

layer at depth is introduced to trap the modes so that P and S waves can be
synthesized. The method has been completely formulated, with general source
representations included, and has been tested computationally for accuracy
(relative to an exact result without the artificial high velocity layer) and
speed of computation. Complete P-SV seismograms, for explosion sources for
example, over the distance range from 50 to 500 km and the frequency range from
0 to 2 Hz have been generated for a layered crust-upper mantle model, with all the
P wave reflected and refracted arrivals obtained conforming in arrival time with
ray theory predictions and similarly for the SV body phases. Initial comparisons
with asymptotic wave theory results and known analytic solution show good agree-
ment in wave form and arplitude as well. This modal superposition method, in
addition to giving complete results in the distance and frequency range of

interest, with stable results having been obtained up to 25 Hz, is capable of
incorporating complex medium moduli (or complex velocities), so that anelastic
effects may be directly treated. In addition, it is ideally suited to source

studies since the modes need only be computed once for a particular ,earth model
and these results can be combined with source representations, corresponding to
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any source hypocentral depth and source type, to obtain theoretical seismograms
at all distances and azimuths, for a variety of source configurations, by means
of a very simple and fast mode excitation computation. (3) A frequency dependent
"absorption band model" for the intrinsic Q (quality factor or dissipation function)
in the earth has been introduced into the theoretical wave propagation methods.
Based on comparative studies of predictions using this anelastic model with
observations, we have concluded that such a frequency dependence is appropriate
for the earth's upper mantle in particular, and that the variation of the
intrinsic Q and its frequency dependence is such that the resulting teleseismic
mean dissipation function, Qm (the Q function averaged over the ray path) is
such that a high % "window" exists at relatively high frequencies (in the range
from 1.5 to about 4.5 Hz, with the peak at about 3 Hz). This result has im-
portant implications for source property and magnitude studies (mb) and event
detection work, as well as conquences with respect to the earth's thermal and
mechanical properties. (4) The creation of a spherical cavity in a prestressed
medium has been used in the past as a model for the tectonic release effects
from explosions as the fundamental generating solution for relaxation models
of earthquakes. An exact solution is given for the seismic radiation from the
sudden creation of a spherical surface in an arbitrarily prestressed medium.
The radiation for the case of pure shear is worked out in detail and compared
with previous solutions to show how previous solutions approximate the exact
solution. The most important results consist of the spectra and waveforms com-
puted for inhomogeneous stress fields. It is found that failure in an inhomo-
geneous prestress environment results in a radiation pattern which is not pure
quadrupole in nature, The inhomogeneous case also caniead to a low frequency
far field spectral peak with the magnitude of the peak varying as a function of
the angular coordinates. (5) An elastodynamic source of radiation is most
generally and compactly expressed in terms of a Green's function integral
equation and this representation serves as a convenient analytical form in the
generation of an inversion scheme designed to provide estimates of source prop-
erties from observed radiation. A principal difficulty with this approach is
specification of a sufficiently general Green's function in an appropriate
analytical form. In this regard we have derived suitable layered space Green's
functions expressed as eigenfunction expansions in the frequency domain. These
functions are then used in the integral solutions for a relaxation source
representation of the radiation field from an earthquake. The resulting field is
shown to have an analytical structure which allows field variations
to bee"pressed in integral relations similar to those for the field itself.
These results serve as the basis for the systematic inversion of observed earth-
quake radiation field data for source properties and, in particular, we show
how spatially variable tectonic stress changes due to failure can be estimated.
(6) Narrow-band filtering can be used to generate well-defined magnitude data
from seismic time series; these magnitudes being measures of energy arriving at
particular group arrival times. Sets of variable frequency magnitudes have been
computed for both observed and synthetic seismograms, where the latter results
have been used to provide a theoretical framework for tlu, interpretation of the
observed data. These magnitude data can be associated with particular phases
(P, S, or surface waves) and used in a manner similar to the ordinary mb and
M data. In particular, the data can be used to discriminate between under-
ground explosions and earthquakes and to provide estimates of the tectonic stress
changes produced by earthquakes as well as failure zone dimensions. The use of
very high-frequency magnitudes along with relatively low-frequency magnitudes is
however, a more powerful and sensitive means of identifying explosions than is the
odinary versus M criteria, as is shown by a comparative study of a large
group of seismic events. Further, the inference of tectonic stress levels
using thi3 approach provides estimnates of th struss chinge; produced near the
point of failure initiation, and this information is probably more pertinent to
the description and understanding of an earthquake failure process than is the
gross average stress drop estimates obtained by most other methods.



3 -

II. Applications of Full Wave Asymptotic Theory to the Prediction of
Elastodynamic Source Fields in the Near, Regional and Teleseismic
Distance Ranges

A. P Wave Interactions with Upper Mantle Structure: Full Wave-Cagniard
Comparisons - Vernon F. Cormier

INTRODUCTION

, - >Waveform modeling at distances less than 40 degrees can predict the

large effects that both rapid velocity variation and anelasticity have on

the waveforms of seismic body waves. Because the effects of non-planar layers,

lateral heterogeneity, and the frequency dependence of the radiation pattern

of the source all become more difficult to predict as the wavelength of

seismic radiation decreases; waveform modeling has generally been more

successful at longer periods of seismic radiation (00-10 sec.) than shorter

periods (5- .1 sec). Earth models derived from the study of body waves of

long period are nonetheless valuable in providing simple starting models

for the study of short period data valuable to the seismic discrimination

problem.

One such long period model, T7, for P wave velocity in western North

America has been given recently by Burdick and Helmberger (1978). In

extending the full wave theory summarized in previous technical reports

(Cormier, 1978, 1977) to practical earth models for P waves, we have begun

by examining the theory's waveform predictions for the T7 model (Figs. 2a-e)

compared to the predictions given by the Cagniard-de Hoop method of synthesis

used by Burdick and Helmberger. In completing this comparison we hope to

(1) resolve whether the assumption of primary ray multiples in the

SCagniard-deHoop method, which has been shown to be a problem for body waves

fit'
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interacting with a strong velocity discontinuity such as the core-mantle

boundary (Cormier and Ruff, 1978) is inadequate near weak velocity

discontinuities postulated for the earth's mantle and to demonstrate the

applicability and efficiency of the full wave theory to regions of

complicated ray interactions.

°N
NETHOD OF SYNTHESIS INCLUDING AN EARTHQUAKE SOURCE

A synthetic seismogram of a body wave at teleseismic (farfield)

distances commonly is described by the convolution of several time domain

operators:

G(tA) = I(t)* S(t,A)* C(t,A)* A(t,A)* M(t,A) (1)

(e.g., Burdick and Helmberger, 1978), where the function I is the seismograph

response to an impulse in displacement; S the time behavior of the source

and often for shallow focus earthquakes the free surface and crustal inter-

actions near the source; C the impulse of response of the crust under the

receiver station, A a time domain operator describing the effects of

anelasticity, and 14 the impulse of response of the earth model below the

crust. It is important to note that each convolution operation except

that of the instrument function represents an approximation valid only in

the far field and only when a sufficiently small cone of take-off angles

of seismic rays can describe the model response M. A frequency domain

method of seismogram synthesis may avoid all of these approximation by

including the effects of source, receiver crust and attenuation in the

integrand of an Integral [r] over horizontal wave number or ray parameter
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p having the form:

U( o t) . 1 1/2 t
u (A 0  - flW2 Reff iwjdp d ) (2)

! r

The simplest approximation that can be avoided in such a full wave

theory is that of the time domain attenuation operator A. We may incorporate

attenuation via a c6mplex velocity profile, as in Cormier and Richards (1976),

using the Q model SL8 (Anderson and Hart, 1976) but neglecting the

dispersive effect of linear attenuation. (iWe will later include tests

of the dispersive effects on long period waveforms as we have already done

for short period waveforms as reported by Lundquist.)

It would be quite simple to incorporate a finite number of free surface

and receiver crust interactions in the composition of the response function

f and phase function J of eq. 2. We shall later use this procedure as a

check against the results obtained from separation of functions S and C

from the ray parameter integrand. Initially, the effects of the source time

function, free surface interactions and receiver crust, however, have been

separately modeled and convolved in the time domain.

Model studies generally do not require the physical rigor of source

theories that seek to obtain precise estimates of such properties as stress

drop, moment, or source multiplicity. A sufficient theory can reproduce

the waveform of a body wave bottoming in a structurally smooth region such

as the lower mantle. Thus a simple box car time function (e.g., Mikomo,

1969) can adequately model the body phases of deep-focus earthquakes. A

trapezoidal time function combined with the effects of a double-couple
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radiation pattern and near receiver reflected and converted phases can

usually model the source function of body waves in the pass band of the

long period instruments of the WWSSN and SRO seismic networks (Helmberger,

1974). Such a procedure has been used by Hermann (1975) to invert long

period P waveforms for focal depth and focal mechanism. Following

Helmberger and Burdick (1978), we employed this procedure to model the

source function of the Oroville, Borrego, and Truckee earthquakes using

the source parameters reported by Burdick (1977).- When the directivity

effects of source finiteness must be modeled (long period S waves for

example), a separate source function S may still be defined using a simple

propagating line dislocation source model, as in Langston (1978).

Using the approach outlined above to incorporate an earthquake source

and the uniformly asymptotic theory, using contours r to evaluate the ray

parameter integral in eq. 2 as described in Richards (1973, 1976) and

Cormier and Richards (1977), we synthesized seismograms of the P wave for

the Oroville, Borrego, and Truckee earthquakes in earth model T7 (T-A curve

shown in Fig. 1) of Burdick and Helmberger (1978). The results and comparison

with the Cagniard synthesis of Burdick and Helmberger are discussed in the

next section and summarized in Fig. 2a-e for the Oroville earthquake.

rA
.................................
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FEATURES OF SYNTHETIC SEISHOGRA14S 10-30*

10-20*

Synthetic seismograms for this distance range are shown in Figures (2a-b).

The phase of largest amplitude represents a ray bottoming above the 400 km

discontinuity. This phase also forms the apparent first arrival. An infinite

set of rays interacting with the high velocity lid above the low velocity

zone of T7 arrives earlier than the phase of maximum amplitude. Although

this study included the lid interactions, their amplitudes are too small to

be visible in the period range for which the model response was calculated

(64-2 see). Undoubtedly, in this period range seismic energy can efficiently

tunnel out of the 30 km thick lid of T7 and propagate deeper in the mantle.

The two smaller arrivals following the large apparent first arrival are

partial reflections from the 400 km and 670 km discontinuities. Note that

their amplitude increases slowly and continuously as distance approaches

the T-A cusps B2 and D2 for critical incidence on the 400 and 670

discontinuities. After convolution with a source function and an instrument

response it becomes difficult to identify these partial reflections in the

predicted waveform. The later positive peak of smaller amplitude in the

observed waveform at station SES may be associated with a 400 km discontinuity.

Note that the Cagniard predicted waveforms have a smoother secondary

peak for the source-convolved records than those predicted by the full wave

method. This apparent difference may either be due to (1) the different

procedure by which anelasticity was included;" to (2) the fact that the

Cagniard waveforms are constructed from the interference of only primary

rays in a stack of homogenous layers; or to (3) the fact that the seismograms

:1 i...
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are plotted in differing scales. If (1) can be demonstrated to effect

the partial reflection predictions, then the full wave results are to be

preferred because the different anelastic structure sampled by different

rays are propertly included. The Cagniard results, in contrast, applied

an average time domain operator to describe the effects of anelasticity

for all of the rays composing the seismogram. However, in view of the

fact that Burdick and Helmberger (1978) tested the assumption of the average

Q operator against that of a Q operator applied to individual rays in thin

layers and found insignificant difference in predicted waveforms, then

(2) or (3) may be a more likely explanation for the differences in the

results for partial reflections near the cusps of critical incidence.

If (3) can be eliminated, it can be determined whether the primary

multiple assumption in Cagniard synthesis remains accurate near critical

T-A cusps. Tne response near a critical cusp has been shown to be the

effect of an infinite set of rays (Cormier and Richards, 1977) that can be

included in a full wave theory. Moreover it has been demonstrated that

higher order multiples in a stack of thin homogeneous layers must be

included in Cagniard seismogram synthesis for rays interacting with a

boundary having a strong velocity jump (Cormier and Ruff, 1978). Thus

(2) appears to be a likely possibility.

20-25* (Figs. 2c-d)

In this distance range phases due to two interfering T-A triplications

interfere to form a rather simple waveform after convolution with the

source function. *The most overwhelming feature of both the synthetics

and the data in this distance range is an increase in amplitude. This
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amplitude increase near 20' represents Gutenberg's "20* discontinuity"

that he attributed to a rapid but smooth velocity increase between 500

and 700 km depth. Discrimination between a smooth velocity profile in

these depth ranges and a velocity profile having one or more discontinuous

velocity increases really cannot be achieved by long period siesmic data

near 200. Fine scale features of the long period waveform at distances

less than 200 and greater than 250 may provide the resolution required,

but the effects of both source and crustal structure must be known so that

they can be convincingly eliminated as the explanation of the small scale

waveform features.

25-30* Fig. 2e

In this distance range several ray interactions with the 400 and 670 km

discontinuities begift to separate from the waveform containing the ray that

bottoms below the 670 discontinuity. These interactions in order of

increasing travel time are (1) the interference head wave along the under-

side of the 670 discontinuity, (2) a diffracted wave along the top side

of the 670 discontinuity from the Dl cusp, (3) an interference head wave

along the underside of the 400 km discontinuity, and (4) a diffracted wave

along the top side of the 400 km discontinuity from the BI cusp. Agreement

between the full wave predicted and the Cagniard predicted waveforms is

good for the first 10-15 seconds. Agreement between the methods for the

later portion of the waveforms must be checked by obtaining plots of the

Cagniard results at the same scale. Differences between the methods in

4 " this portion of the waveform will again bear upon the accuracy of the

primary multiple assutmption used in standard application of Cagniard
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synthesis. Stations SHA and INU exhibit the strongest indication of earth

t structure influencing waveform. The inflection in the negative slope of

the large pulse at SHA and the secondary peak at INU, arriving after the

large pulse, may be the combined effect of the four phases interacting

with the 400 and 670 discontinuities in T7. At all distances it can be

observed that the full wave and Cagniard synthetic waveforms agree with

each other better than either agree with the data.

SUNMRY

Good agreement has been obtained bewteen Cagniard and fullwave

synthesized waveforms of P waves interacting with a model of the earth's

upper mantle that satisfies travel times and approximately accounts for

the long-period waveforms observed at 10-30° . There are minor differences

in the waveforms that will not affect the interpretations that Burdick

and Helmberger (1978) used in deriving the T7 earth model for western North

America. These differences, however, should be resolved by careful

comparison of synthetic waveforms at the same scale in order that the break-

down in the primary ray assumption of Cagniard synthesis can be defined.

Future work will also be directed toward applying full wave synthesis

to determine upper mantle structure beneath central Asia. Several source

time functions appropriate for long period WWSSN stations have been derived by

Herrmann and Hewitt (1975) for earthquakes in the Tien Shan region for which we have

obtained seismograms from the Soviet seismographic station network (ESSN).

The seismograms obtained from Tien Shan earthquakes at the Soviet network

are in an ideal distance range for study of upper mantle structure (10-40 )
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and a preliminary survey of the available records from the SK broadband

instruments indicates that several of the Soviet stations may supplement

data available from the WWSSN network for the Tien Shan earthquakes. In

the course of this study we will wish to ascertain whether the sharp mantle

discontinuities suggested by the study of Burdick and Helmberger (1978) of

western North America and the study of King and Calcagnile (1976) of

Europe are also a required structural feature of the upper mantle beneath

central Asia.

i*
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B. Asymptotic Wave Theory Applied to the Synthesis of Complete Seismograms
in the Near Field - Vernon F. Cormier

INTRODUCTION

The mode sum seismograms described by Harvey in another section of this

report (Section IV) will provide an important constraint on near and regional

field descriptions of explosions and earthquakes. The method of synthesizing

these seismograms has relied on a description of the earth model with planar

homogeneous layers. Because we will be interested in modeling the seismograms

observed primarily on short period seismograph systems, the ability of

asymptotic solutions for the radial or depth eigenfunctions to approximate

the solutions for inhomogeneous layers in the limit of sufficiently high

frequency deserves investigation. Such solutions of the type recently

obtained by Woodhouse (1978) will allow a much simpler description of

complicated earth models with a small number of inhomogeneous layers and

with negligible additional computational cost for the layer eigenfunctions.

(Specifically, many fewer multiplications will be required in a simpler

description of the earth model.) The well-known beahvior of the uniformly

asymptotic solutions (Airy functions) to the depth eigenfunctions of an

inhomogeneous layer may simplify any search scheme for frequency-wavenumber

poles required to generate a mode sum seismogram (Garmany, personal

communication). Such a procedure may prove to be a necessity for an earth

model having regions of strong velocity and density gradient. In the

following discussion a procedure is outlined for application of such an

asymptotic wave theory to the P-SV propagation problem. Simple examples

are given for the SH problem.
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THEORY

By applying the vector representation theorem for a sphere, the seismic

displacement vector u may be written as

u = dweiwt U+ VBm +w_ (1)

where Pm, B , CM are the vector spherical harmonics defined by

-m m BYL, , V m

_ - x iYm(0,); (Q = ea + cosec )

(Morse and Feshbach, 1953). _r, , andj are unit vectors in the spherical

coordinate directions r, 0, *. The radial eigenfunctions U, V, and W

satisfy vector-matrix equations of the form

T T -1lt -R T T
a _;+W k .& (2)

for SH type body waves and toroidal free oscillations, and

fS = S -1 S -2 S S

rf =0 4i A +, )f(3

for P-SV type body waves and spheroidal free oscillations, when gravitational

effects can be ignored at high frequencies (Woodhouse, 1978). The stress-
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T Sdisplacement vectors f f are defined in terms of the radial eigenfunctions

as:

fT  " S 1/2f = , = where p [I(t+I)] /2w

W-

L p S

In the limit of infinite frequency w, p may be identified as a seismic ray

parameter or horizontal slowness.

A matrix E satisfying either eq. (2) or (3) in the column vectors fTV

fS is defined as a fundamental matrix (Gilbert and Backus, (1966)or

matricant (Gantmacher, 1959). As shown by Gilbert and Backus (1966) the

fundamental matrices of these equations allow a convenient and notationally

compact method of satisfying the boundary conditions at layers of an-earth

model having discontinuities in elastic moduli and/or density. The stress-

displacement vector f at a radius a is related to that at a radius r' -- n

through a propagator matrix . constructed from the fundamental matrix

for each layer:

f(a) = L(a,rn ) f(rn),n -n

where ?(a,r) = E(a) _-l (r ... E(r n_) _ f-(r )

The general solution to eq. (2) or (3) for the displacement-stress

vector f, including the effects of a source vector term S, can be written as
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f(a) =P(a,r) f(r_) + (a,_)S()d (4)

r
0

where r is some reference radius at which a starting solution f(r ) is

defined (Wasow, 1965). As an example of the application of the solution

above, consider the stress-displacement vector for SH type body waves:

W~a) W(r) I f
W T(a) W T(r)

We will define a source vector S of the form

-F6(r-r s)/ 2]

(A generalized source can be included by expanding its representation as

a vector of force density in vector spherical harmonics and incorporating

the appropriate coefficients for __ m C in the definition of S.)

We next assume that the radial eigenfunction W will be observed at the

earth's surface (r=a). Thus the vanishing of shear stress at the r=a requires

,W(a) = [P2 2(a,ro) Pl(a,r) - Pl 2(a,r) P 2 1(a,ro)] W(ro )

(5)

I. + [P 2(a,r) P22(a,r5 ) - P 2 2(a,r) Pl2(a,r)] Kr2/P 2 2(a,ro)
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At this stage the solution form given by eq. (5) is independent of

any representation of the earth model, e.g., planar homogeneous layers,

spherical inhomogeneous layers, etc. We will now assume that the earth

model is specified by spherical inhomogeneous layers and apply Woodhouse's

(1978) asymptotic solution to the propagator matrix for such layers,

namely

-- 1

(r2rI) = (r2) K- (r1)

r 2  R(r2) 1- + W-r2 T (r 2) (r2)G.(r2) (6)

where for SH type body waves

, =  -1/2 ] (7a)

13 i/2 0

o -sgn(3,O) I ar$ 1-1/2

=o Ai, _o/

Gc. 1r/2  (7c)
S1/6 A( /3) /6 23

L Ai-
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1/2 12/3

*=Isgn(_ -) 32fJ_ _ L drf (7d)

p

The matrix T describes coupling of up and downgoing waves, which is

important when the second order radial derivative of velocity is large.

2 2 2(rp is the turning point radius, that radius at which v /r 1/0 3. A

limitation of the Airy function solutions (Ai and Bi:) is that they must be

applied to an inhomogeneous layer in which only one turning point is

present, so a low velocity zone must be described by more than one layer.)

The solution form is the same for planar inhomogeneous layers with

p 2/r2 - k2 in the above formulae. (Thus little is gained by applying

an earth flattening transformation before specifying the velocity variation

in the inhomogeneous layers.)

We note also that the matrix solution G may contain any linear

independent set of Airy functions. The set Ai(-w 2/3), Ai(-e +2i/3W2/3)

can also be used to define the matrix G, and is preferred when the analogy

is made to the radial eigenfunctions, that is the spherical Bessel function

in and spherical Hankel function h1n . This choice of the linear independent

pair of Airy functions: (1) readily allows the identification of seismic

rays in the final solution form for displacement; (2) moves ray parameter

poles off the real ray parameter axis facilitating the evaluation of the

sum over 1, in eq. (1), by Watson transformation and numerical integration

and (3) generates sets of poles, the residues of which can be associated

with Rayleigh type surface waves, interference head waves, and Stoneley type

boundary waves (e.g., Uberall, 1975). Woodhouse's choice of the independent
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solutions Ai and Bi, on the other hand, is most useful in a mode summation

approach to the evaluation of eq. (1), because, in an earth model without

anelasticity, poles in the w plane will then be on the real w axis.

By substituting the results for the asymptotic propagator matrix

(eq. 6 and 7a-d) in the solution form given by eq. (5), it can be noted

that the problems of choosing a reference radius r and defining a starting

solution W(r ) resolve themselves automatically. We may assume a solution

2/3.form of W(r ) v, Ai(-2 /), allowing only an exponentially decaying solution

at a radius r 0 far below that of any turning point radius r . The rop p

domain corresponds to a domain in ray parameter needed to evaluate

eq. (1) at a particular distance. Thus we may imagine r to be very deep,

and set W(r ) = 0. Equivalently, it can be shown that the entire expression

in brackets multiplying i.(r 0) in eq. (5) approaches zero for r chosen

sufficiently deep. S etting Ai(-u 2/3 01 r = 0 or W(r) = 0 and applying
0

the Wronskian relation:

Ail a R 1i - Ailla Bil a const. (8)

it can'be shown for an earth model described by a continuously inhomogeneous

sphere, that:

W(a) = 2 w 1/3 a 1-Il sgn(a

s

2/3-- -- - -- - -- - -- - -- -
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where r is the radius of the source and C is a constant.

A feature that this solution must possess is a "ray-mode duality"

(Pekeris, 1948) ; that is, all possible seismic rays for SH waves in a

spherical earth must be contained in the solution. To see that this is

indeed so, we can asymptotically expand the functions A. and AI ' by using

the first term in asymptotic expansion of these functions for large

argumnt I-w2/3,I. Thus

,A(- 2/(1r Ao_230)a

ilT/ ji~~J1](10)

[.7T/4.-+iwa- 14 -i~i 2]
WQ e+. e 2 + e-i e

where:

Q=( P 1/2

1 r  Qdr

r
p

J2 Qdr.

r
p
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Now by performing a binomial expansion of the denominator of expression

on the right side of eq. (10), it can be shown that a resultant sum of

phasors corresponds to the accumulated T(p)-A(p) phase of the rays:

sS + S + sSS + SS + ..., including the effects of a w phase change upon

free surface reflection and a w/2 relative phase shift between those rays

having an even and odd number of turning points.

SUMMARY

In the theoretical section above it has been shown how the asymptotic

propagator theory developed by Woodhouse (1978) may be applied to the

synthesis of a complete seismogram containing all possible ray interactions

and surface waves. The example given was that for SH type body waves in

an unlayered (continuous) inhomogeneous earth. Application of the theory

to P-SV type waves in general earth models will follow the outline of

procedures outlined above. In future applications we wish to determine

whether a mode summation scheme or a ray parameter integral scheme is more

efficient for the evaluation of eq. (1) and the synthesis of seismograms in

the distance range from 0 to 200 km from the source. In applications to

practical earth models, we see no reason to include more than five

inhomogeneous layers to describe the velocity variation in the crust and

upper mantle having a low velocity zone. The argument of the Airy functions

required in the propagator matrix evaluations can be rapidly calculated

when the earth model is described in each inhomogeneous layer by the function:

ln(r) P(rn) (11)
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where P represents a polynomial in the parameter ni = (Richards,v(r)

* Garmany, personal comimunications). Furthermore, anelasticity can be

* incorporated by allowing the polynomial coefficients in the above formula

to be complex.
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C. The Horizontal Wave Fumction in Antipodal and Near Source Representations
.of Seismic Displacement

Vernon F. Cormier

(Submitted to the Geophysical Journal of the Royal Astronomical Society)

ABSTRACT

Representations for seismic displacement are given for the antipodal

and source regions on a sphere. Representations on a flattened sphere are

found by transforming relevant spherical formulae. Asymptotic forms of

the horizontal waveftuaction in these representations are examined for their

domains of validity. These domains are expressed as functions in frequency,

ray parameter, and angular distance from the source or its antipode. The

first two terms of the uniform asymptotic expression for the Legendre

function by Szego remain valid for arbitrarily small values of radian

distance (A) and radial order number (wp). The first term in the asymptotic

separation of the Legendre function P (cos A), or the Bessel functionn

J 0 (kx), into traveling wave components becomes accurate to within 0.1% at

IWPAI or IkxI equal to 10.
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INTRODUCTION

Calculation of seismic displacement from an asymptotic wave theory

often requires the inversion of an integral transform in space. In a

layered half space this step involves the evaluation of the Sonmmerfeld

integral (e.g., Ewing et al., 1959) or in a sphere the evaluation of an

integral over the horizontal wavenumber derived from either a Watson or

Poisson transform of a partial wave series (e.g., Scholte, 1956). The

integrand in the wavenumber integral in both planar and spherical coordinates

contains as a factor a horizontal wavefunction that represents the solution

to the horizontally separated part of a Helmholtz equation for potential.

Replacement of the horizontal wavefunction in the integrand by an asymptotic

representation simplifies the evaluation of the wavenumber integral. Care,

however, must be taken that the asynptotic representation chosen is valid

in the desired domain of frequency, wavenumber, and distance. This research

note specifies rules as functions of frequency, wavenumber, and epicentral

distance for choosing one or another asymptotic representation of the

horizontal wavefunction. These rules allow appropriate asymptotic

representations for the horizontal wavefunctions to be chosen for seismogram

synthesis in both the source and antipodal regions.

DISPLACEMENT REPRESENTATIONS

Consider the Fourier-transformed displacement potential X observed

on a homogeneous sphere of radius r due to art explosive point source at

r < r and radian distnace A . X may be expended in terms of spherical

Cl) (2)Hankel functions h and h ,(
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(1) X(r,w,A) = S (n + 1/2) h (Kr) [h () (Kr ) + h(2) (Kr Pn(COS )

n" nn S )n(

where K - W/v and S incorporates constants for source normalization and

strength. S can be generalized to be a function S(w,$,p) of frequency

w azimuth 0 * and ray parameter p to describe the far field radiation

pattern and spectrum of any multipole point source (Minster, 1973).

The step required to generalize eq. (1) to an inhomogeneous sphere

basically consists in substituting generalized vertical wavefunctions g(1)

((2)2 (1)and g for h(1)  and h(2) . Asymptotic wave theory takes g and

g(2) as asymptotic solutions to the radial part of the Helmholtz equation

satisfied by X in an inhomogeneous sphere. Asymptotic expensions for

(1) and g(2) have been discussed by Langer (1949), Olver (1956), and

Richards (1976). In the application of asymptotic wave theory it is also

convenient to convert by either a Watson or Poisson transform the discrete

sum over radial order number to an integral over continuous radial order

number y or, as in Richards (1973), to an integral over ray parameter p

where

n = v - 1/2 = wp - 1/2

The angle of emergence e can then be defined in terms of ray parameter p

and S(w,0,e) incorporated in the ray parameter integrand.

The Watson and Poisson transforms are equivalent. The Poisson

transform, however, can be more readily interpreted in terms of traveling

*[ waves on a sphere and its contour along the real p axis simplifies the
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discussion of any contour deformation required to efficiently solve a

particular wave propagation problem. Thus we introduce two possible

Poisson transforms of eq. (1)

C62 m+l1/2
(2a) x(rfA) = '- - f pS(w,op) M(rowp)

O

" Pn (cos A) exp(2i mirwp)dp

2
(2b) x(rf,A) - . (_)f pS(w,Op) M(r,w,p)

* Pn (cos A') exp [i(2m + l)rirp]dp

where A' 1T - A M(rwp) g(1) (r s)"  (I) ( (2) (r)]=~ ~ ~ ~ ~ w-/ s1 - w lr p gp_!/2(r +bp-1/2 ,

In a sphere having one or more discontinuities, M can be taken to be the

product of generalized reflection-transmission coefficients representing

one term in a ray expansion (Scholte, 1956; Richards, 1973). More generally

H can be taken as a reflectivity function for a stack of layers having

spherical boundaries (Frazer, 1977) analogous to the reflectivity function

Fuchs and Muller (1968) defined for planar layers.

Equation (2a) follows from applying the Poisson transform,

(n) -T f ( f (v) exp(21mTrv)dv
n=o m0- W 0
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directly to eq, (1). Eq. (2b) follows by substituting the identity

PA) =(-)osP (cos A) in eq. (1) and then applying the PoissonPn n

transform (Nussenzweig, 1969).

The terms in m 0 0 in eqs. (2a-2b) can be interpreted as

traveling waves making m circuits about the earth's center. For

example m = 1 at the distance for which the seismic phase PK4KP

has a caustic surface (420*). In most applications to seismic body

waves m - 0 .

For A measured from the source (O A < 7r) and m 0 0

eq. (2a) properly describes the seismic radiation directly above the

source. Eq. (2a) is also correct for m = 0 , provided the source

can be adequately represented by its far field term at A = 0 for

frequency w . For A' measured from the antipode (0 < A' < v)

evaluation of eq. (2b) will properly describe the antipodal focusing

of seismic radiation, examples of which have recently been given by

Rial (1978). Far from either the source or antipode, the Legendre

function in either eq. (2a) or eq. (2b) can be asymptotically expanded

(1 (2)
into traveling wavefunctions Q and Q . The next section will

consider the domain of validity of this expansion and more general

asymptotic expansions of Pn

PRACTICAL EVALUATION OF THE HORIZONTAL WAVEFUNCTION

The defining formula

The Legendre function P (cos A) can be defined in terms of

an infinite series,

5-
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C O (..ptl/2)(WP-l/2)s I -_cos A s

(3) Pn(cos = l 2 )

r(s + l)s!

where (a) = 1 and

(a) a(a + 1)a + 2) . . . (a+s-1)

A truncated formula (3) may always be calculated but rapidly becomes both

inefficient and imprecise as the individual terms in the series become

large. In a computer having a 60 bit word length the precision becomes

worse than I% when

(1 -cos A) . (op)2 > 2

which can be used as a practical criterion for abandoning the use of

eq. (3) for calculating Pn(cos A)

Szego's uniformly'asymptotic formula

We next examine Szego's (1934) uniform asymptotic expression for

Pn (cos A) , generally valid for large jwpj and uniform in the

sense that it remains continuously accurate as cos A - 0 . The

complete asymptotic expression is

(11A 12 p A (-A 2)

Pn (cos A) / j(Wp )  s
sin =O (Wp) 2s

Ap-1 B (-A 2 )

-p j(tpA) E s + R

s=O (wp) 2 s p



where truncation of terms of order less than (Wp)- 2 p leaves a

remainder Rp

The first two terms in this series are given by

(4) Pn(Cs A) 1~)/2 (WA

+ (cos A - i/A) 8wp

The term in J can be included simply in most Bessel function calculation

schemes. In practice, however, values of wp are usually such that

the J1 term is small at both large and small A

^(1) ^(2)
The traveling wavefunctions nn

To derive an expression for Pn in terms of traveling wavefunction

Q(1) and (2)
Qn a n Q , we first separate Jo and J1 in eq. (4) into

Hankel functions:

()(2) (p)

J 0 (pA) = 0[Hl) (wpA) + 0 (WPA)]

J1 (WpA) -'iH3l) (wpA) + H( 2 ) (JpA}

The functions Q(1) and Q(2) may then be defined by substituting
asymptotic expressions for HM and R (2) valid for IWpAI >> I

and separating the terms in H0,I  and II . Thus

(5a) P(cos n ) + Q 2I~~ A
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where for retention of only the first term of the asymptotic expansion
.of R

0,

(1)
(Sb) ( 2) =1 eiwpA-+i ir/4

2pTrsin A

(5c) P AU 2 cos(wpA - T/4)

V psin A

An apparently more general definition of the functions by

asymptotic series in H j2 (bP A) and H 1
2  p A) can be obtained as

in Gilbert (1976). These series, however, offer little advantage over

the simpler formula (5) when A - 0 because the functions H have a

logarithmic singularity for zero argument. Equivalently stated, a fully

uniform expansion of the horizontal wavefunction as A 0 does not

permit its separation into functions representing waves traveling

opposite directions.

Comparison of formulae for Pn(cos A)

Figure 1 compares the formulae (3), (4), and (5c) for Pn(cos A)

for a range of real p and a sequence of distances A . From Figure 1

it is apparent that the first two terms of the Szego asymptotic eq. (4)

approximates Pn(cos A) well everywhere in the chosen domains of wpA

This may appear surprising when it is noted that the terms in the asymptotic

series by Szego contain factors in negative powers of wp that apparently

diverge as wp -% 0 . Instead the second term, for example, can be shown

to be regular as wp - 0 because the coefficient B1 1l/wp while J I Wp

The point in WpA space at which the asymptotic representation

8'*
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1.2
I
I

1.0 \

.8 -

CO) .6
0

- .4-

o !- '/

0 2 4 6 8

wpA

Figure 1. Behavior of asymptotic approximations to the Legendre function

Pn(cos A) as a function of the non-dimensional product WpA .

The defining formula eq. (3) is shown by the solid line - the

first two terms of the Szego asymptotic formula eq. (4) by the

dotted line . * and the asymptotic form given by eq. (5c)

by the dashed line

-I
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given by eq. (5c)-begins to approximate the Szego formulae (4) within

0.1% occurs at IWPI = 10 . Thus the separation of Q(l) and Q(2)

as defined by eq. (5b) becomes accurate to within this error only if
pAC > 10 . If Q1) and Q are defined in terms of the Hankel

functions H1 as in Gilbert (1976), then one must be careful when

I pAI is much smaller to sum the contribution to displacement calculated

and) (2)from the Q and Q traveling waves in order to cancel the logarithmic

singularity in 0HE

Representations far from the source or antipode

Far from the antipode or source (IwpAj >10) * any term m in the

displacement representations (2a-2b) can be written as

~2

(6) Xm(rwA) (-1)m+i/2 - f pSM Q(2)(cos A)ei2 mh mp dp

0

for A measured 's the shortest great circle distance between source and

receiver. When the distance is measured from the antipode. the expression

becomes either

o

for zero or even numbers of anitpodal passages, or

(l-- (-1) (2) (co A(2mi+ l)wp dp

0

for odd numbers of antipodal passages.

KIt
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The above expressions can be compactly stated for A measured from

source to receiver and including any antipodal passages or circuits

about the earth's center as

(W3 eir/2 1A/7] 112SM e i N(,-v/4) dp(8) y(1r,wA) = 87sin AJ e e

0

where 1[ xli is the greatest integer 5 x.

As noted by Wait (1960) and Brune (1961), each antipodal passage

shifts the phase of a traveling wave by w/2 . Intrinsically the phase

shift is as much the consequence of spherical geometry as it is of the

properties of any asymptotic expansions of spherical wavefunctions.

FLAT EARTH REPRESENTATIONS

By recognizing the earth flattening transformation to be simply a

variable change,-flat earth representations for displacement potential

valid in the source and antipodal regions can be derived from eqs. (2a)

and (2b).

Given the relation of horizontal distance as measured on the surface

of a sphere of radius R to distance x measured on a flat surface

(9) RA = x

and the flattening transformation of velocity from Muller (1971)

R
vf - vr s
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then it follows that

Wr sin(i) A = w sin(i) x.
V V

or

(10) wpA = kx

Substituting (9) and (10) above into eq. (4) gives a flattened form of

Szego's asymptotic P as either

1/2 Jk
(11) Pn(cOs ) i(x/R x)R R 8kx

I o- 11

Eq. (2a-2b) become

(12) X(z,.,x) = m s1-/2R) 1

f k S(w, ,k) M(z,wk) J,(kx) exp(2imwRk)dk

0

for x measured from the source, or

(13) X(z,wx) -* 
msin~tiR ]

f k S(pu,$,k) M(z,w,k) J 0 (kx) exp[i(2m+l)wRkjdk

0
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for x measured'from the antipode. The J1 term has been dropped

for the reasons previously mentioned. Far from the source or antipode

we have eq. (8) in the flattened form:

(14) XCZ,,x) I sin ( R) 0

The flattened representations above have been obtained by variable

mapping rather than by any limiting process on radius R . These

expressions ought then to be valid in the domain of (rA) equivalent

to that'of (z,x)

The function m in either spherical' or flattened coordinates is a

function of velocities, densities, layer thicknesses, and

cosines , where

P /2 1l/2 2 21/2
Tj = 1 2 = ( 1 _

r

Waves bottoming at and near the earth's center

The vertical slownesses in both the spherical and flattened cases

remain regular as r - 0 and z - because whenever such evaluations

are required p and k + 0 . Any other functions of velocity in the

flattened M can be expressed as velocity ratios that remain finite as

z - . Any numerical difficulties in dividing zero by zero in the M

calculation are minimized by the fact that k or p is a factor in the

integrand. The limiting value of the integrand at zero p or k must

therefore be zero. Thus the earth flattening transformation, as used in
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the evaluation of integral representations of displacement, would

remain valid even for body waves bottoming at the earth's center. The

k integral must, of course, be evaluated along a path sufficiently

close to the origin; the proper form of the horizontal wavefunction in

the displacement representation must be chosen; and any approximation of

the velocity profile by homogeneous layers must be sufficiently accurate

in the frequency domain of interest.

From the appearance of k or p as a factor in the integrand, it

can also be concluded that it should never be necessary to deform the p

or k integration path into the left half of the p or k plane. The

integration path may be simply terminated at the origin whenever there

are pole, saddle, or branch cut contributions in its neighborhood.

CONCLUSIONS

Integral representations in the far field for the potentials of

seismic displacement have been obtained in both the antipodal and source

regions. Flattened representations follow from simple variable mappings

of the spherical formulae. The asymptotic separation of the horizontal

wavefunction into traveling wave components does not become valid unless

jWpAj or IkxI are sufficiently large.
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11. Time Domain Studies of Frequency Dependant Anelasticity in the
Earth's Upper Mantle: The Mantle Impulse Response - Gary Lundquist

The generation of an Earth mantle impulse response must be accomplished

by numerical modelling. Q, TI, T 2 (the relaxation times for an absorption band)

and v (the frequency dependent effective wave velocity)all vary as functions

of depth, with discontinuous behavior likely at several depths. Thus the

impulse response is a path property resulting from the average of widely

varying medium properties.

The method used in this work is a uniformly asymptotic full wave theory

(Richards, 1976). This theory was developed to solve problems beyond the

scope of ray theory, such as are met with at caustics and in diffraction.

In particular, the reflection and transmission coefficients of rays at near

grazing incidence are frequency dependent. A full wave theory thus inherently

includes the ability to model frequency dependent Earth properties, such as

the complex modulus needed in this work.

The derivation of complex modulus for the specific rheology in which

absorption and dispersion are determined by a distribution of independent

relaxation mechanisms in a standard anelastic solid is given by Liu et al.

(1976), and can be written:

C(t) = 0(t -- I - n + ic tan 1 1 2

where MR is the relaxed modulus.
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This may be written interms of medium parameters, in particular; ve, the

-1relaxed phase velocity; and Q * corresponding to the maximum level of
M

absorption band, by using:

e (2)

2
WQm

Note that this formulation is referenced to a low frequency, or relaxed

modulus rather than to a high frequency, or unrelaxed modulus. In that T2

determines the high frequency "roll-off" point, it is the critical absorption

band parameter, and it seems best to reference dispersion to a low frequency

limit. In the numerical computations, dispersion will be normalized to be

independent of the choice of velocity models. For the purpose of this

discussion, both Qm and v may be considered to be referenced to the samee

low frequency (i.e., free oscillation models).

The complex velocity for an absorption band material is obtained by

substituting (2) in (1) and using VC(W) = )/P where M(W) is the complex

modulus, so that:

l-.~2T2  1/21wr [ 1 In ta - (3)r-'2

c 2 Qm 1+W 2Tl2

Note that in the Earth Ve Qm T and T 2 may all be functions of radius.
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Other Q laws may be obtained from equation (3). For instance, a

constant Q is obtained from an absorption band by letting T1 approach infinity

and T2 approach zero. In the limit as T11 << W << T-1, the inverse tangent

function approaches a value of W/2, and the logarithm become-

1 22 2'_
n w ,r 1 In ,T

Thus v reduces to
C

c = V (4)

If Qm is large, that is, if attenuation is small, then application of the

binomial theorem reduces (4) to

c e Qm I 2Q m

If dispersion is ignored, as it often has been in the past,

vc = V i- ] (6)

and the case of an elastic Earth is given by

V e e' (7)

I
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Note that "elastic Earth" as it is used here implies an Earth with no

attenuation and no dispersion. The choice of a low frequency velocity model

to represent an elastic Earth may otherwise seem contradictory.

The complex velocity is, of course, a pointwise property. With the

specification of the depth dependencies of ve, QmTI and T2 , the pointwise

structure may be used in an integration over ray path to get the mantle

impulse response. For the purpose of an example, the velocity model PEMC

(Dziewonski et al., 1977) and the Q model SL8 (Anderson and Hart, 1977)

were adopted. T1 was assumed constant at 1000 sec, using Minster's (1977)

study as justification. A T2 structure with variable T2 in the asthenosphere

was taken from combined microphysics and frequency domain studies (Lundquist,

1978). The Q and T structures are shown in Figure 1.

A representative sample of the frequency dependent Earth properties

is shown in Figure 2, with constant-Q and equivalent-elastic-Earth models

noted. The upper curve is normalized modulus, which is a direct measure of

dispersion. The increase in phase velocity with frequency is normalized in

this case to 0.005 Hz because the PEM velocity models are appropriately

referenced to 200 sec (Dziewonski, personal communication). Note that S waves

willbe much more dispersed than P waves, simply because Q. is smaller than

Q0"

Note that variation in T2 is much more critical to absorption than to

dispersion. The absorption band begins to decay from a constant Q-1 more

than a decade in frequency before w lt 2. The dispersion, on the other

hand, decays from a constant slope; so that a 1 Hz wave has nearly the same

dispersion relative to, say, the .001 Hz component of a wave, whether Q is

constant or frequency dependent, at least for the case shown. The predicted
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impulse response behavior, then, is that the arrival times of waves

propagated through constant Q or absorption band models should be nearly

the same, but the frequency content should be markedly different.

This result, by the way, means that a base line shift between travel

times computed from free-oscillation and body-wave inversions is not diagnostic

of the existence of a corner T2, in the absorption. Such a comparison means

only that 2Tr2 is less than or near the period or the peak of the instrument

response. For instance, the T structures shown in Figure 1 both give base

line shifts similar to those reported by Anderson and Hart (1977).

The impulse response is calculated in the frequency domain by performing

critical parts of the propagation separately for each frequency. The resulting

amplitude and phase responses for a distance of 500 are shown in Figures 3

and 4. Clearly, the "elastic"-Earth and constant-Q models represent limits,

with all intermediate possibilities generated by a variation in 2 . it must

be emphasized that the absorption band models used differ only in the value

of -2 between the base of the crust and the base of the asthenosphere.

Note that the constant Q model gives an amplitude response which decays

at the maximum possible rate for a causal function. The Paley-Wiener criterion

requires that the amplitude spectrum of a causal function cannot be zero over

a finite frequency band; and thus that the spectrum cannot decay faster than

a function of exponential order (Lathi, 1968). The Q filter is an exponential

defined by

-wT/2Q
A=A e (8)

where T is travel time and QE is averaged or effective Q over the travel path.

T".u, if Q is frequency independent, (8) d-scrrbe-4 a maximuim decay rat,.
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Figure 3. Mantle amp]Ltudc response-vs-frequency.
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As a corollary, if Q has a frequency dependence, it must increase with

frequency as w becomes very large.

The impulse response functions for different Q models, at 50, are

shown in Figure 5 as a function of reduced time. Here the "elastic" response

is a delta function defining reduced time t = 0. The other impulse response

functions shown arrive earlier because the equivalent "elastic" earth is

representative of a low frequency velocity model, and because the arrival

time is determined by the high frequency waves. (i.e., The relaxed, low

frequency, moduli are less than the unrelaxed moduli.) Note that the

introduction and shifts in the value of T2 change the arrival times only

slightly. However, the difference in arrival time between a purely elastic

case and any of the anelastic cases is quite large.

Variation of T does significantly change the frequency content,

however. Simply put, peak amplitude is a rapidly increasing function of

T2, just as demonstrated by Minster. Again, a continuous variation in pulse

shape may be obtained, between the delta function and the constant-Q case,

by changes in T2 alone.

Observations of this type of behavior must be considered in terms of

the other frequency dependent processes in the system, including the source

and the instrument. Examination of Figure 3 shows that long-period instruments

will not be sensitive to the frequency dependence of a typical mantle

transfer function. Only short-period observations will be able to determine

the existence and relative position of r2.

Figure 6 shows source spectrum approximations which may be crudely
-2 -3

related to w and wL models of the seismic source, corresponding to

the source-time functions!
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y te - t  -2

, ( dependence)

y = t e-, (- dependence)

The curves shown are scaled, very crudely, to surface wave magnitude 5 or 6

(Aki, 1967). It is apparent that the Q filter and the source function have

corners in the same frequency range. Thus the apparent frequency content

difference between constant Q and absorption-band Q responses should be

reduced in the real world, simply because the high frequencies are already

reduced in the source spectrum, for the commonly observed magnitude 5 to

6 events.

Figures 7 and 8 show simple synthetic P-wave seismograms for t-2 and
-3

W source models, respectively. The instrument response used was the tRSM

short period response which peaks at about 3 Itz. The small a causal portions

of the signals result from truncation of the insturment response at

5.4 Hz, the highest frequency used in the synthesis.

Figures 7 and 8 cemonstrate both the effects of anelasticity and the

well known problem of tradeoff. It is not possible, just from the seismogram,

to determine whether the frequency content is a result of the source function

character or the Q filter. Clearly, reduction of seismic data to Q and T2 -vs-

depth "structures" requires knowledge of and/or elimination of the source

filter from the problem. This critical activity is currently being intensely

pursued using explosion sources with well constrained ("known") source

functions and through the use of spectral ratios between appropriate points

of observation.
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IV. Seismogram Synthesis Using Normal Mode Superposition: The Locked Mode
Approximation Method - D. Harvey

A mode superposition approach, aside from its great accuracy and

"completeness", has a number of distinct advantages compared to the asymptotic

wave methods such as the time domain Cagnaird method, or the frequency domain

Full Wave Theory. In particular: (1) Depth and frequency dependent intrinsic

anelastic effects can easily be incorporated, since the procedure is a

frequency domain method. (This is true of the Full Wave Theory also.)

Anelasticity can, in fact, be incroporated either directly, usin& complex

material moduli in Haskell matrices, or indirectly using a perturbation of the

results for the ideal elastic case. Both of these cz thods will be used

to include anelastic and scattering effects. (2) Once the modes are

computed for a given earth model, they can be used to generate

seismograms for any source type, configuration or depth, at any distance

and azimuth. That is, the modes need only be computed once and, since

they are independent of source, distance and azimuth, they can be used

with a wide variety of source models to generate synthetic seismograms

for inversion purposes. (In fact the cost of generating seismograms

is so low as to allow simple trial and error procedures to be used

for source property inversion.) This is in contrast to the asymptotic

methods that utilize "take-off" angle data to compute seismograms and

so are source dependent, and thus a different source model requires

a complete recomputation from the beginning. This complete recomputation

also is required to obtain results at different distances from the source'

This makes the ray theoretical approaches extremely awkward and costly

for prediction of radiation from different sources and for source inversion

work.
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The mode superposition approach is extremely well suited to systematic,

quantitative inversion procedures and the theoretical framework of this

inverse theory has been worked out. On the other hand, no systematic

approach has been given for the asymptotic wave theory results - other than

trial and error with visual matching to observations in the time or frequency

domains

Since a mode superposition method has many advantages in source

inversion studies, and in addition, can be used to generate the entire

seismogram, with frequency dependent anelastic and scattering effects

included as well, we have devised a computational method that enables

us to obtain model eigenfunctions at essentially any frequency and to

any mode number of interest (Harvey, 1978). That is, we can compute

the eigenfuncitons for P - SV or S11 modes associated with mode

dispersion curves throughout the wave number - frequency plane

from zero to, for example, 10 km/sec phase velocity and from zero

frequency to 30 Hz, for example. (This range is probably the extent

to which it is necessary to obtain eigenfunction results for regional

distance ranges.) The procedure involves:

(a) Introduction of a "cap" layer as the half space layer at the

bottoma of a layered half space earth model. This special half space

region is required to have very high compressional and shear wave

velocities (non-physical). The inclusion of the high velocity half space

is to be made at a depth sufficient that reflections/refractions from the
boundary appear well outside the time window of interest. The effect of

the half space "cap" is to move the branch point in the k plane, which

is introducted by the half space, close to the origin at k = 0 and therefore

to minimize the contriibutions from the branch line integral, which runs

L
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from the origin at k f 0 to the branch point. The movement of the branch

point toward the origin leaves in its "wake" a line of poles corresponding

to trapped higher nodes, which were formerly on the lower Riemana sheet and

represented leaking rodes. In less mathematical terms then, introduction

of the high impedance half space acts to trap the energy in "locked"

modes (as opposed to leaking modes) and these modes will represeat both

P and S body phases. The only energy not represented will be that which

has horizontal wave number close to zero, that is propagating waves with

nearly vertical incidence. This contribution can, however, be made as

small as desired, with the exception of the reflection/refraction from

the half space boundary itself, which will be spurious but can always be made

to be well separated in time from arrivals of interest.

(b) Computation of the dispersion relation using the matrix

partitioning described by Abo-Zena (1978), or equivalently by, for example,

Schwab and Knopoff (1970) among 6thers. (Abo-Zena's particular formulation

was followed most closely.) This approach,with some refinements, gives

a dispersion relation which is accurate to essentially arbitrarily high

frequency and phase velocity and can incorporate arbitrary anelastic

behavior for the medium.

(c) Compute the eigenfunctions using the regular Thomson-Haskell

propagator matrices, but supplemented by a "constraining relation". between

the displacements and stresses which states that the eigenfunctions decay

exponentially to zero in the half space. This supplemental relation

insures that small round-off errors, inherent inthe computations using

-the propagators alone, are not propagated in an additive fashlon'to

depth. (Commonly the eigenfunctions diverge at depth at high frequency
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and for high mode number because of the round-off error propagation.

The constraining relation described eliminates this problem completely

and all eigenfunction computations are stable to arbitrary frequency

and mode number.)

Figure 5 shows modal dispersion curves computed by Harvey (1978), using

this "locked mode" approach for the layered model SC-l, shown in Figure 4.

For the locaked mode approximation, a high velocity (Vp = 20 km/sec) half space

was introduced at 350 km. All the modes with phase velocities from 0 to

8.5 km/sec in the frequency range from 0 to 1 cps were computed. At one

Hertz this amounted to some one hundred and fifty modes. For synthesis

of regional and near field seismograms the computations will

be extended to around 15 Hz. In the figure only the first 10 modes are

actually shown and the plot is truncated at somewhat over 5.5 kmlsec,

since the modes are so closely spaced theyare difficult to plot. However,

the essential features are shown in this partial plot, in particular,

the flattening of the modes at phase velocities corresponding to refracted

body wave arrivals, such as at 4.3 km/sec and 4.7 km/sec. On these flat

portions of the mode curves, the phase and group velocities are equal

and constant. Hence all the flat sections on the mode curves when taken

together (i.e., superposed) define a wave with nearly constant group and

phase velocity (minimally dispersed) as a function of frequency - this,

by definition being a body wave.

The eigenfunctions associated with the high mode numbers at high

frequencies have been, up to now, essentially impossible to obtain.

Figure 6, however, shows higher mode eigenfunction variations with depth

at 10 Hz. The mode eigenfunctions are, in fact, the important results,

since convolution with a source function and summing produces the synthetic

'ciroIrm s
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DISPERSION CURVES FOR "rHE 68
FIRST TEN MODES IN THE

FREQUENCY RANGE OF 0 To 1 HERTZ

5.0

4.5-

0J. . I

E

c)4.0 -

~~3.5 -1

0 0.25 0.5 0.75 1

Frequency (Hertz)

Figure 5. Fundamental and higher mode dispersion curves over the zero to one Hertz
range. Sixty-four frequency samples were computed in this range. All the modes
"filling" the entire phase velocity-frequency region from 0 to 8.5 km/sec in phase
velocity and 0-1 Hz in frequency were obtained for mode superposition. Only the
first ten modes are shown here. At 1 Hz approximately 150 modes were obtained in
the phase velocity range from 0-85 km/sec. The "flattening" of all the higher mode
dispersion curves, near 4.3 km/sec for example, represents an S wave refraction whicl
when the modes are summed, will have a nearly constant group velocity (of about 4.3
km/sec) corresponding to the composite sum of all the flat portions of the higher
mode dispersion curves at this phase velocity. This is an expected characteristic
of the dispersion curves which shows how they add to give body wave arrivals.
Compressional waves arise similarly but at the higher phase velocity values in

f'" this plot.
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(The eigenfunction computations have proved to be very stable, and

we have computed some out to 25 11z by way of testing this stability, with

good results. The structure of the higher modes (that is their variation

with depth) of ten is of the form shown in Figure 6. That is they

appear as "leaking plate modes", with 'the "plate" in this case being

one of the earth r-odel layers. In Figure 6, this layer is in the zone

from 5 to 10 km, and the higher modes look like plate modes that appear

to "leak" from the layer in an oscillatory fashion to the free surface.

(However, while oscillatory between the layer and the free surface, the

mode is, of course, trapped due to the free suface itself.) The "leaking"

to greater depth does not occur, or rather the leaking is exponentially

damped with depth. Thus the large amplitude portions of these modes

are confined to a single layer, with "leakage" primarily to the free

surface. This is, in fact, how the individual mode eigenfunctions L.ok

for one of the-modes composing a refracted body wave. Of course not

all the higher mode eigenfunctions behave in this rather simple manner,

but the most important of them, in terms of body wave representations at

least, do have this sort of variation rith depth.

Inclusion of a source at some depth is accomplished by a simple

inner product of the source function with the eigenfunctions for the

medium. (In terms of a Green's function representation, the Green's

function corresponds to a particular, known, sum of the eigenfunctions

and a representation of the radiation field from an arbitrary source

is then given by the convolution of the Green's function with the source

/i
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function in space and tine. That is, the "inner product" referred to

is an integral convolution, or a Hilbert space inner product.) Thus,

with summation over the modes, this yields a theoretical seismogram,

at any desired distance and azimuth from the source.

Figure 7 is a theoretical seismogram synthesized in this manner,

where a simple explosion source at 1 km depth was used. The result is a

complete seismogram with all body wave phases and lower order surface

waves included. The "ripple", proceding the P wave arrival time indicated,

is the noise level due to truncation of the mode sum over wave number

and frequency. Numerous other seismograms, using different phase velocity

and frequency windows and filtering have been generated. Figure 8 and

Figure 9 are two examples. Comparison of the results leads to the

conclusion that the theoretically generated seismograms are not highly

sensitive to the truncation of the wave number (or phase velocity)

range, so long as the cut-off value for k is small (or high for the

phase velocity). The truncation noise, preceding the seismogram in time,

can however be reduced by proper tapering by the wave number or phase

velocity filter. Moving the cut-off value of the filter to higher

phase velocity values, however, moves the truncation noise to earlier

times - so time separation of truncation noise and the actual seismic

arrivals can be controlled. Thus both the level and the time position

of the noise due to wave number truncation can be predicted and controlled,

and presents no serious problem.

I
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Once the modes are computed for a given structure then theoretical

seismograms can be rapidly computed at any distance range for which reflections

from the half-space "cap layer" are not within the time window of interest

(e.g., in the direct S to P time window). For the structure used in the

previous computations, where the cap layer is at 350 km, essentially exact,

complete seismograms can be obtained to several hundred kilometers from

the source, without contamination from the "spurious" cap-layer reflection.

In addition, different sources may be used, with the same mode set, to obtain

a variety of source generated synthetics.

Figure 18 illustrates a series of theoretical seismograms over the distance

range from 75 km to 200 km, from a (vertical) vector point force. In this

case the S wave is better developed than in the previous examples, where a

pure explosion source was used. The theoretical seismograms shownare only

part of the synthetics generated, the surface wave portion being omitted

because of the large amplitudes. Various theoretical (ray theory) body wave

arrivals are indicated by travel time curves in the figure and the synthetics

clearly indicate theoretical pulses at these times. The pulse "arriving"

along the time line denoted by the "T", is due to truncation of the modes

in the w-k plane (or, frequency - phase velocity plane) and is of course

spurious. It is clear that the truncation effect becomes much less important

with distance form the source. In any case it can be filtered out of the

results by simple time windowing since it does not overlap the earliest

arriving P phase. At closer distances (less than 75 km from the source), a

larger value of the "cut-off" phase velocity must be used to avoid contamination

by this truncation noise.
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V. Seismic Source Theory

A. Seismic Radiation from the Sudden Creation of a Spherical Cavity in an
Arbitrarily Prestressed Elastic Medium - J.L. Stevens.+

An earthquake can be considered to result from the creation of an

external boundary in a prestressed elastic medium. Similarly, the anomalous

radiation from an explosion can be considered to result from the creation

of a shatter zone in a prestressed medium. We examine in general the

problem of the sudden creation of a stress free surface in an arbitrarily

prestressed medium. This problem contains most of the essential characteristics

of the earthquake and explosion induced tectonic release problems. This

problem may be treated as an initial value problem or, equivalently, as a

stress pulse problem.

We solve this problem exactly for the case of a spherical cavity

using vector spherical harmonics in the elastic Green's tensor integral

equation in the frequency domain. The result is a relatively simple solution

for the radiation field involving nothing more than the inverse of a number

of two by two matrices and an inverse Fourier transform. The solution is

valid for any arbitrary homogeneous or inhomogeneous prestress. The case of

inhomogeneous prestress is particularly interesting since almost all previous

source models have used the boundary condition of homogeneous shear or its

equivalent. Actual stress fields in the earth are likely to be highly

inhomogeneous. The main effect of the inhomogeneous prestress is the

appearance of considerable seismic energy at frequencies slightly greater

than the usual quadrupole corner frequency resulting in a low frequency

spectral peak especially at locations near the quadrupole nodes.

+ Stevens, J.L., Seismic Radiation from the Creation of a Spherical
Cavity in an Arbitrarily Prestressed Medium, Submitted to Ceophys. J.
Roy. Astron. Soc., 1979

C',
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Basic Relations

The Green's tensor integral equation for the general case of growing

phase boundaries is given by Archambeau and Minster (1978). For the case

of the sudden creation of a cavity it reduces to:

U(Xt) f ft [GT(u) u-T()]-ni dk,

(1)

a t L dV

T(u) represents the stress operation Cijk9 ku

The transformed equation is given by:

'i~r,,W) = uTG - GTu]' dA.

(2)
- o*' dV°

0

V

where u is the initial displacement from equilibrium caused by the creation

of the cavity.

The entire displacement from equilibrium is a step function at t=O

since the cavity is created "instantaneously", so that the transform is

given by:

u rw) = -u*(r)
i t--(3)
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If the newly -created surface is stress free, the above equation

reduces to:

'i ~urTcG) - dA - wj ~u dV()

V

The dLfficulty with this formulation is that u must first be

evaluated and then the volume integral must be evaluated over all space.

This can be transformed to a boundary value problem in the following way.

~ 0 
(5)

The dynamic Green's tensor satisfies

LC+ 2 C - I 6 (x-x) (6)
LG~p~a ~~~~ 0 ,

Multiplying (5) by C and (6) by u* subtracting and integrating

over V we have:

u*(x) W2f u*xGx )dV

+ [£'Lu* - -] dV (7)

L fV



79

We observe that

G- u* - u*.-LG V-( G-T(u*) u*-T()) (8)

and use Gauss' theorem. Then

- 2 f P*.G dV u*+f [U*,(G) -G .() n dA (9)

This is the initial value term in equation (4). Substituting

and rearranging terms,we have for the case of a traction-free cavity of

arbitrary shape:

(u-u*) -J (u-u*) T(G)-'n dA -J GT(u ) ' dA (10)

This relation is also valid for an arbitrary initial stress field.

The initial value term is now reduced to a surface integral. This

means that to solve for the relative displacement field u-u* we need to

know only the initial normal tractions on the surface of the cavity rather

than the initial value field u* over all space.

L[
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Solution for Arbitrary pre-stress

We can extend the results of the previous section to the solution

of the radiation field for the sudden creation of a spherical cavity in an

arbitrarily prestressed medium. To do this we use expansions in vector

spherical harmonics. We need to solve the equation

u f u -T(Q) An dA + UI 11

Here 'n is the outward normal e at the spherical surface.r
I

u may be either the initial value term:

I P 2 2 *.
u initial value =- u*-G dV (12)

V

where V is the volu=' external to the sphere, or the stress pulse term:

U stress pulse G T u*)- dA (13)Jv

In general the stress pulse term will be easier to evaluate. It is only

necessary to evaluate the initial value term if u* is not really the difference

between two equilibrium states. This would be the case, for example, if u*

was caused in part by body forces which varied with time.

Any vector function can be expanded in the following way:

r0,) a( I ) (r) P ~m(0 , ) + (r) B£(0 ,) (14)

+ ,.,, 3)( ) , .( ,.):
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P B C are vectors defined by (see Morse and Feshbach (1953) or

Ben-Menahem and Singh (1968)):

er

(.15)

/ S(m+1) C~4ee. sie a6 e YIM (610 )

YL(O, ) = PIM(cos 0) e

where Pm (x) is the associated Legendre function. These vectors have the

following orthogonality relations:

flt .B ,Mdfl =fPimCmd'f -,, m iitd*

(16)
and

A 4w (91-m)!I M" 29,+1 (L-m)!

Either by inspection or by using the orthogonality relations we can

expand uI in the form:
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1=0 M~-1 M1

+ 2r~w B, (e, ) + Cq

We can also expand the unknown displacement field uin the form

+ b 2 (r.W) B' (, ) + b3(,a
LM b 1 (rM IM(,

The Green's tensor for this problem is given by:

ikr 21+1 (I-rn)! rC -c- -0 41T11 F- Il) in)! L'1ZIr

(19)

+ N (r )N (r) + L(Z+1) lL(r ) L r
Imo - km . j.Ino0 L..r)

In terms of the vectors P, B, C~ we can write (Ben-Menahem and Singh (1968))

N~ I (L+l) P f I ()+ v1(t1+1) B ±(Y) + ) (20)

+ +1 fxWF fP WTx + A 1(L+1) B
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where y =kr , x k r

and f± are spherical Bessel (+) and outgoing Hankel (-), function.

The orthogonality relations (16) can now be used to reduce the integral

equation (11) to a set of algebraic equations. In fact, since the integrals

for each value of 9 uncouple, there are only two simultaneous equations

to solve for each order of I . The solution is therefore inexpensive

to compute. Figure I shows the spectrum for a homogeneous shear field.

The sharp peaks correspond to free oscillations at the cavity. Figure 2

shows the far field pulses computed using the equivalent stress pulse

(equaiton 13) alone and the exacC solution. The effect of the exact

solution is to stretch out and increase in magnitude the stress pulse

solution.

We want to consider the radiation from a stress free sphere spontaneously

created in a prestressed elastic medium. This should be a good model for

predicting the tectonic release from explosions. It should also be a good

model for spontaneous rupture in an inhomogeneous stress field since the

material inside the failure zone has little effect on the motion of the

cavity surface. The geometry is not very good for an earthquake, of course,

but the general features of failure in an inhomogeneous stress field are not

likely to be highly dependent on the failure geometry.

The first question to be answered is the nature of different kinds of

prestress which are physically acceptable. We regard the initial and final

stress fields as due to some complicated distribution of body force due

primarily to dislocations in the medium. The initial field satisfies
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uf f ahd the final field satisfiesolu 1 = f so the difference field

satisfies 'yu 0 the static elastic equation with no body forces acting.

This difference field must be finite at infinity. Since we are interested

in the region outside r = R , the solution need not be finite at r - 0

The most general displacement field at this form can be written (Ben-Menahem

and Singh, 1968):

S[amr -(+l) r - -2 + c1 mL(Ll B

+ where 0 r" + ratio

+ f( r-- C(1

2(X+21j) 2a 2
,Y 4(1 -a) = - 2=

2 22

where a is Poisson's ratio.

The I 1 terms are forbidden by conservation of energy and angular

miomen tumn.

We are now in a position to compute the radiation field. The easiest

way to do this to use the stress pulse solution

u f . p. 1d (22)
aJ .( ) dv~
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where

iLL (GT'U dA (23)

It is not difficult to compute the tractions T(u ) . . They again

are a sum of vector harmonics P, B, C. We can now compute the radiation from

the most general possible stress field. Each value of 2 has three waves

associated with it - two coupled P-SV (spheroidal) waves and one uncoupled

SH (toroidal) wave. All of the higher modes are oscillatory.

The waveforms for higher L values have more and more oscillations.

An example is given in Figure 3 for the Z = 4 waveforms. The result of this

is that the spectra become more and more peaked for higher order I values

and the maximum frequency increases slightly for each increment in t..

Figure 4 - shows the individual P1 spectra for . = 3, 4, 5 and 6 . The

magnitude of these peaks will vary with angle as the corresponding vector

spherical harmonic. It will therefore vary more rapidly with angle than

pure shear.

These results shed some light on the old argument about low frequency

spectral peaks in relaxation problems. Archambeau (1968) solved the problem

for the radiation from a spherical cavity in pure shear, but he made an

approximation for a more localized stress field by truncating the volume

integral (see equation 2 ) at a radius Rs . This always leads to a low

frequency spectral peak in the far field. Minster (1973) discussed this

problem in some detail. Snoke (1976) showed that this approximation leads

L



88

1-4 WAVEFORMS-FAR FIELD
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to acausal results in the time domain and concluded that the approximation

was incorrect and that the spectral peaks were therefore spurious. Our

results are somewhat different from those of Archambeau's Rs spectral

peak. That approximation removed energy from the low frequency part of the

spectrum at wavelengths greater than R. Our results show that a spectral

peak can in fact exist, but the effect is to add in additional energy at

frequencies slightly above the "corner frequency" defined by the pure shear

spectrum. Also, the magnitude of the spectral peak will vary with angle.

If the radiation is predominantly pure shear, then a spectral peak will be

observed only near the quadrupole nodes. If the stress were more inhomogeneous

then the peak might be observed at all or nearly all angles of observation.

It should be possible to use data from explosions to invert for the local

tectonic stress field if there are a sufficient number of observation points.

........
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Fig. 4. The effect of an inhomogeneous prestress is to add in energy at
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Conclusions. -

We have developed a simple general method for computing the radiation due

to the instantaneous creation of a spherical cavity in an arbitrarily

prestressed medium. Vector spherical harmonics are found to be convenient

for solving the Green's tensor integral equation in the frequency domain.

Previous solutions to this problem which have been used as earthquake source

models were examined and found to contain either dangerous approximations or

contained the implicit assumption that the elastic space is infinite and

uniform even within the sphere. Solving the elastic equations with the use

of vector harmonics simplifies the interpretation of the solution, since

potentials are never introduced and only the physical quantities of dis-

placement and stress are used. Although the spherical geometry used here is

not the ideal geometry to use for an earthquake source, it should be an

improvement over previous spherical sources, and should be a good model to

estimate the radiatiotdue to tectonic strain release by explosions.

Almost all earthquake source models in the past have assumed the

unphysical condition of uniform shear. The method given here can be used to

investigate the radiation from more complicated initial sress fields. We

have shown that the radiation field due to more complicated stress fields

tends to be oscillatory rather than one-sided in nature. Failure in a

sufficiently inhomogeneous stress field can therefore result in a complicated

angular distribution of radiation and may produce a low frequency far-field

spectral peak. The magnitude of the peak will vary with angle and may exist

at all angles or only at the quadupole nodes depending on the amount of

inhomogeneity in the stress field.

ii-
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B. Normal Mode Excitation from Relaxation Sources with Applications
to Source Parameters Inversion Studies - C.B. Archambeau,
J.L. Stevens and K. Wyss.

The integral equation expressing the general elastodynamic dis-

placement field for an inhomogeneous (and possibly anelastic) medium

(Archaw.beau and Minster, 1978) can be written in the compact form:

4r(x) I<fIN1>v + iw<pa t u -H <[ n~ H <U Ill1 >

ci-- 8 vo z o - o
0ru1 xM J1P 0 V0 13V0 O 00

(1)
where uV (x,w) is the Fourier transform with respect to the observers

time t of the displacement field at a point of observation at x

Similarly, H (x;x ) is the Fourier transform with respect to t of the

Greens displacement function for the medium, and H is the associated

stress tensor,so that with n the normal to a surface 3V then
0

+
IF na  is the (transformed) traction

Here 0 Is the Fourier transform operator with respect to the

time variable t (source time variable), so that, for example:

Repeated indices are summed over,in all tensor relations.
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(

t[u(, to)] f u( Cx to)CiWto dt°

The notation <flg>V denotes an inner product in the function space
0

to which f and g belong (a Hilbert spaCe), over the region V 0

Here Vo E V(to ) is 'a spatial volume, which may depend parametrically on

the source time variable to.  (This occurs in the case when a moving

boundary is present, such as during a spontaneous failure process,

so this case is of greatest interest here.) Thus for example:

o (')  t x;.x d3<Pf > V fPC ~ O0o 2

The notation av represents the external boundary of vo, that is the
0

bounding surfaces of the linear region. (v does not contain a failure
0

zone, since puch a zone is a nonlinear region. Hence, a failure surface is an

exterior boundary of vo.) Therefore, terms in (1) of the form (fjg >
represent surface integrals over the external boundaries of vo.
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Finally, the various "source" terms in (1) are pf the body force

associated with external force fields (p is the density) and p D u the
t h

relaxation source term associated with changes in the equilibrium field UO

within'the medium. The latter can be dependent parametrically on the source

time to ;.for example if a failure surface extends Itself vwih time

within an initially stressed medium. The surface integral terms over

involve u (x0 t) , the dynamic displacement field on the boundaries

of V and T(x N t ) the traction on these same boundaries. These may

-be known functions, for example, at the earth's surface the tractions

T_. vanish and the associated terms in (1), on this part of the external

boundary of Vo, will therefore vanish. (Further the Green's function

traction, nc, can be also constructed to vanish at the earth's free

surface, as will be seen below, and so the integral term involving the

unknown displacement u in (1) will also vanish on the free surface.)

On a failure surface however, the dynamic tractions rnC L n and displacements

u may be unknown and it is not usually possible to construct 0r H1

to vanish there. Thus both these terms are present on the part of 3V

corresponding to the (growing) failure surface. Therefore they are required

parts of the solution for the radiation field from an earthquake source.

They are generally recognized as boundary scattering terms and usually

neglected in what is called the "transparent boundary approximation"

(e.g. Archambeau, 1968, 1972). 11ore recently, methods have been suggested

for incorporating them in a complete solution of (1), in particular, by

At
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Archambeau and Minster (1978). Stevens (1978), using this approach,

has recently obtained a closed form solution of (1) for the "cannonical"

problem of instantaneously created tractionless spherical failure zone

in a arbitrarily stressed medium. le showed that these terms, at least

in this rather extreme special case, can be quite important. Consequently,

we retain them in our current work on source radiation representations

and inversion studies. (We expect the contributions to be quite small

for true earthquake geometries and for finite failure zone growth rates

however.)

Thus (1) can be used to provide the complete formal representation

of the radiation field from an earthquake, the problem is to solve this

rather difficult integral equation. The first difficulty is to obtain

an appropriate form for the Green's function Uv(x;x )Indeed, if a

proper form for 1 can be found, the solution of (1) might be quite

straightforward. We have, in fact, obtained what appears to be an ideal

form for the purposes of formulating the inverse problem, designed to

deduce source properties (spatial stress changes, rupture rate, etc.),

as well as for solving (1) in the forward direction, to predict the

radiation field _U (x,w).

Our approach, in this regard, is to observe that a Greens function

can, at least in part, always be expanded in terms of the eigenfunctions

for the medium corresponding to the modes of free oscillation. Only

in an unbounded medium is such a modal expansion incomplete, .and even

In that case leaking modes can be included, by suitable manipulations,

lei
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to provide a complete representation of the Greens function in terms

of mode eigenfunctions. In the case of a finite medium, the" mode eigen-

functions will, of course, give the complete Greens function and so for

a spherical earth model there is no problem with completeness. However,

layered half space earth models are clearly useful, if not necessary,

for prediction of wave propagation effects at near and regional distance

ranges. Therefore we have considered modal eigenfunction expansions

for both layered spherical earth models and layered half space models..

From the discussion of the half space mode approximation in

Section IV it is apparent that the Greens function for an

unbounded half space problem can always be written in the form:

HV (xp (X ~ x x+i(x; x (2)

where C (x;x) is the response function for the medium corresponding

to its resonances or "trapped" modes of oscillation and h corresponds

to free waves propagating to,or from,infinity. The existence of bC is,

of course, due to the fact that the model medium is unbounded. In the

case of a spherical earth model, hP is identically zero.. -a

For a half space model ha can, at least in part, be represented byat

leaking modes; that is by "resonance modes" that leak energy to infinity,

in which case the dispersion relation or functional relation between

frequency w3 and wave number k is complex, with k itself being a complex

t... . . .. . . . . . . . . . . . . . . . . ....
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number. In general EV is represented by integrals over the wave number

k (i.e., branch-line integrals),whereas I corresponds to a residue sum.

However, in the context of the previous discussion of the mode theory

approximation, it is possible to reduce the contributions of terms

in (1) associated with hxa to an arbitrarily small level relative to those

arising from &. As was described earlier, this is achieved by inserting

a strongly "opaque" boundary at a large, but finite, distance from the

source region. In this case the medium is effectively bounded and appears

as a quasi-finite model, such that the trapped modes describe.afl the

significant wave propagation in the system. The use-of a remote "non-

transmitting" boundary insures that contributions to the complete medium

response function, HRa fromh a are small and, in any case, that what

contributions do arise are at times that are well removed from those

of H, and outside the time window of interest. (This time shift

is assured by the distant placement of the opaque boundary from the

source region. In particular, if d represents the boundary coordinates,

then the contributions from h1 will be outside the time window when

x-x_01< jd-x a, where x is a source coordinate and x a receiver coordinate.)

Therefore, for a half space in which an opaque boundary has been

inserted at an appropriately remote depth, then H is accurately

represented by the modal Green's function G.. This Green's function

for a layered half space, can be expressed in the form (Archabeau



98

and Stevens, 1978)+:

1O)

Ru )gUp (oW i R))12 w2(k)

(3)

Ou - _.L iV11 (-X. k)O

WL(*) (a. waL(k)

where aR(k) and WL(k) are the Rayleigh and Love mode eigenfrequencies,
Which are known function of the wave number k, and ; . and

the corresponding eigenfunctions. The notation meaas the complex

( conjugate of R'*As was illustrated in the previous section (A), the

eigenfrequencies and eigenfunctions can be computed at all frequencies.

The symbot S is used to represent a generalized sum- (e.g. an

integral or discrete sum, or both). Here, if F(w;o ,k ) is a function

of frequency w(associated with the reciever time t), the mode frequency

W V and mode wave number k's, then when k' is considered the independent

variable in the dispersion relation Wl' - w(kl):

S F(o;W'k,) fdk' EF(;R(k').k')

wR(k') o

n(R(k')

+Here only Greek indices refer to tensor components while all latin
indices still be used for all other kinds of indices - such as mode
nui.bers, etc. Therefore the summation convention applies only to
Creek indices.
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When ' is considered the independent variable in the mode dispersion

relation k' k (w') = 63/ncR(01), thenn R
S F(tj;wl~kt) Jd W j F~w; W, cR (w')) /nUR Wj)

WR(k') fi

n f dW; n (4b)

1 n ) nUR (WY F(W;2 ancR

with similar representations for the Love modes with eigenfrequeucies

wL(k'). All the forms in (4a) and (4b) are equivalent since either

w' or kt can be considered as the independent variable, and the other

as dependent. Here U(W') is the group velocity:

dw,U( ) = dk

The integers {n) are the mode number indices and the discrete sums in

(4a) and (4b) are over the modes. This, of course, arises from the

fact that for a particular value of the wave number k', the dispersion

relation wR(k') has a whole set of allowed values. The integrals

-"k* where k' is considered the independent variable,

denote-integration along the dispersion curve defined by w ,'n- (kl)

in the .- vs k' plane, appropriate to the nth mode. Similarly,

J dW' means a frequency integration along the curve cR(Wt') in

the phase velocity versus frequency plane.

tW . .
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The expressionson the right side in (4a) (or (4b)) simply say:

add up the modes and then integrate over wave number (or frequency),

or equivalently, integrate over wave number (or frequency) along the

allowed mode curve and then add up the modes. The only difference

in (4a) and (4b) is the presence of the group velocity as a weight

function in (4b).

The expression of the Green's function in a layered spherical

earth model is given exactly by the mode expansion, as opposed to the

approidmation of (2) by the half space expansion in (3), and is

formally of the identical form as (3). That is, for the sphere:

*W s2 s2

T T 1 (5)+ S T ji n a-o_
-T2 T 23

5 Ts

uhere n , and n are the spheroidal and toroidal oscillation frequencies.

Here the integer I (the "mode number") is- analogous to the wave number

k in the infinite half space, while n (the "overtone number") is the

same as the mode index n for the half space. For this case, the mode

sum represented by S corresponds to a discrete summation over the

I and n Indices. In particular

S n( ;tV) - in (6)
n W 

n

... . ... . . . .. .... .. ...a.. ,......) . . . . . =... . ,r , '- .
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The eigenfunctions li, andV!naeofcusxpsedi
a T ar

spherical coordinates, rather than in cylindrical coordinates as are

10and ipm n-particular, j) and 1 may be expressed in closed formR ct L a ca T

in terms of vector spherical harmonics for a layered sphere, while Ra

and T !Va may similarly be expressed in terms of vector cylindrical

harmonics for the layered half space (Archambeau and Stevens, 1978).

In both cases the normalizations of the eigenfunctions (such that their

inner products are delta functions -with unit coefficient) contain

factors representing frequency derivatives of the characteristic equation,

which are regular (analytic) functions of the eigenfrequencies ck) or UW1.

For both' (3) and (5), it is clearly reasonable to suppress the mode

name designations (i.e., Rayleigh and Love, spheroidal and toroidal)

and simply- write w for the set nRW(k), w (k) and Ufor { i9" 1vt),
nI n R L cc Ra N

* with similar notation for the layered spherical model. Here the index n

on w will serve to remind us that to is a prescribed function of k in

the half space model, and a prescribed function of I in the spherical-

model.

With these conventions the Creen's function for layered spherical

or half space models may be expressed compactly as:

RW(x,x ;td) S *"(x;wa .j(x a)()Q,' n - -o

n

where S is the generalized sum over both m and 63 i.e.,
i n

S - s This representation is exact for the layered sphere

Uk)M W
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and an approximation, in the sense previously described, for the layered

half space.

It is worth noting that it is the separability of this Creen's

function representation, in x and x , that makes this expansion form

so powerful, as will be demonstrated below. Further, the eigenfunctions

themselves are easily shown to be separable in the coordinate components

1 2
(.e.g Archambeau and Stevens, 1978) and to be such that, with x • ,

3
x representing components of the general coordinate variable x (i.e.,

either spherical or cylindrical coordinates),

'(x;w)D(x ;w)nP (xx ;w)n

1 2 3 1 2 3+ E(x;W) (X ,x;W) + F(x; )c(,x ;to (8)
nn n n --m n

The M in and C *are the vector harmonics (spherical or cylindrical)

2 3
and are themselves separable in x and x , while the functions D. E

and F are independent of m, and are functions of the coordinate x , along

which the medium properties vary. (For the spherex 1 corresponds to the

radial coordinate r, and for the half space x is the vertical coordinate

z.) Here the Rayleigh (spheroidal) eigenfunctions are represented by

P and B terms, while the Love (toroidal) modes are represented by

the C term.
-M
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Thus in general we have+

H(x'x Mw SM,(j )2 - 02-

U

D(x1;W P 2 3

+ E(x I;Wzi BV(X 2 'X 3;

F(x; ') c(x:,x ,w)j

+ E(xI;W ) Ba(x 2 ,x 3 ;(d )

n .o o n

+ F~x1  2 3\
0 n T o o n/

+ F(X ; &(Xx ;W

The wave field u in (1) can now be represented as:

n

with

A E ( S (9b)

MI n (x m '?n + ~ mMCO

where E m can be termed the mode excitation function; due to body .forces and
Svi the scattering functiondue to the internal

+Note that, for example, in iom and P m" only the greek indices represent

wit

m in
vector components.



104 /

-W. >V<f~~N + iWP tui;~ (90)
M a 0  to > "-

where we have introduced tractions T(U) and defined by:

B ". .

T (u) =.Tt1( Cyst U "a(x)1 (10)

T op)=BI

_ Here C is the elastic tensor, which is a function of the coordinates. In

the case of the.layered half space or sphere, then C ya is a function of

x only; however (9) holds in general, that is for any medium in which

eigenfunctions can be found+ .

Now we have, in fact, show-n that Z has a simple form when expressed in

terms of the eigenfunctions *; that is, it has the form given in (9a) where

A is just some unknown coefficient. lie may use this. fact to advantage in
m

reducing the integral equation for i to a solution. Specifically,

recognizing that the eigenfunction expansion for applies to the integral

terms in (9c), then after transforming Z to the time domain we may use it

in the scattering integral S * We have therefore, for u.(x,t):

+It is quite important to note,for all the eigenftmctions expansions introduced
in this development, that we define them to be the eigenfunctions for an earth
model with an inclusion zone, such as a failure zone, included In the model.
These eigenfunctions are defined by a perturbation series of the regular "simp]
layered earth eigenfuncLions t:ithout the incluston zone. Mhe cigcnfunctions
used here therefore dnpen¢d on the effective cla,;Lic properties of the inclu.ion
zone aterial, anong other aterial properties.
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440

f j~t A ,(W'W') M1
Or Ua ex) dw '2w - ('

'a nJ

or, using the fact that A , is an analytic function of w (i.e., neglecting

inclusion zone resonances and forced oscillations due to externally applied

forces) and applying the residue theorem to evaluate the integral over w,

we have:

u (Ax,t)= S [m sin w t (x;wl)

Now inserting this in S using the expansion for u11 on the left side of

(9) as 'wellj then rearranging terms allows equation (9)" to be expressed as:

S r ~~~w~ S A,(Wwt)i
n n n . < 0

<- (p)in sin W&, t, 0.~ (12)
U 0

In this expression

0 0

o o :~*



where J is the bilinear concomitant of and , and is Lte

surface normal-to 3V . (That is, the combination:
,("' 0

T Tjj3' T ' by definition of J3 for the elastic

operator. See, for example Archambeau and Minster, 1978.)

Now, when transformed to the time domain this result takes the form,

again using the analyticity of the functions of 0 in (12):

S V %) - E( ) - S *M no >a.o

* sin wt }] (x;w sin Wnt 0
n on

n

Here the notation o means the Fourier transform with respect
In

to to with the transform variable w evaluated at w = to

Since the im(x;w )sin w t form a complete orthonormal basis, then
ji -n n

this expression can vanish only if each coefficient of the sum over

m and w vanishes separately. Thus we have that:

A ( w ) E ( w A S( ' M n t( - IO > s in ) Itl win 0i i ~ n
I'I
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If we write out- the "sufn-nation" operator over m' and Wi', we have:

In

A~~~~~ n.i, (t_, En (woe)).h +' ' ___

n h mI n' [ ,

sn 't](13)
0 m 1 i ~ 0 dws

Here we again note that the integral over frequency to' is along a particular

mode curve, with mode number n', the curve being characterized by its phase

velocity c , as a function of to'. We have taken explicit account of the

fact that the coefficients A , depend on W' and the phase velocity function

c(n (W') as well, in writing out the summation operation.

The critical factor in this expression is the'surface integral term

over 30 T'10 * his term accounts for the exchange or scattering of energy

from the eigenfunctions (x; n c) into the eigenfunctioas.vl (xc' ,cn),

due to .the interaction of the elastic wave field, characterized by the

; ncn), with the surface 2v(t0). However, we know that this

"scattering" process is linear, so that the frequency of the scattered
,in

field due to V(x;,c c) must be ton. That is, by any linear process. we

obtain coupling between modes 1 and :m' only when W' W . However,

this is the only general restriction and coupling can occur for all m'

and between all modes n' at the frequency w . This means then, that the
ii
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+P
surface integral term has the forn:

- ' > s i J (W PC;w'c 0 6W-(
t o 1 n sx n C n

0 n

Use of this result in (13) therefore reduces the frequency integral

over ta' to a single contribution at to' w n and we have:

, n n n c)

(15)

This can be written more usefully in a compact matrix form obtained by

writing, A (wn B A etc. That is, we have in matrix notation:
m n a n

(A) = (E ,mn + Wn,) ( ) (16)

where the product sum is over (the repeated indices) in' and n'. Ulerei -

Vina W a
,,. Inn nt -

* with i? given by (14) and U(to) the group velocity of the n'th made

atthe frequency to
n

+This Is ordinarily shown by direct computation.
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The ratrices E and S can be termed the excitation and scattering

natrices. It is assun-ed that E involves all knomn integral terms in
3m

the original Green's function integral equation for u including knotwn

surface integral terms. This can change the definitions of E and S

given here slightly, but obviously the same analysis applies.

To solve the problem completely for u , we need to obtain the A

functions from (16). Formally the solution is:

A,. I (im .- e

with

• I'n'= m' n'
m M n

A more useful form is obtained by iteration, which can give both

exact closed form and series solutions, as well as approximate solutions.

In particular, take (i) to be an iteration index and, in (16), take

(A()) (E
rM Un

as the zeroth order solution. Then the first order solution is:

)  + n(0) in(A (E + (A I + " (n'

unM Mn U
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or:

^o (E,.,).se.)
M n

(An i , +. n

Here it is important to remember that is independent of A . Likewise

(2)
for A we have:

(2)) ,Inz n'.
(A = (E) + .A( ,)

or, substituting for API"
a n

(A2 ) vil ignst miiznt(A (E (E,.,)(SP + (E,(S ,)(S

Continuing this process, we get:

- (ri+] +)(
inn, mini

where we assume convergence in the limit, so that:

Iirn Mi* (A )4(A ).

Here:

(mfn \o min.

m n 0  m no

*(Srnp+np+JL )P (+np+_) (s m P n ) .... 7
mln1  np m n .-n- /  mlnl )p -



and we use the convetion m E m and n E n.

The results (18) or (17) provide complete solutions, in that,

using (17) or (18), then u1A can be prescribed in the form (9-a). Here

we need to compute the E and Smnv matrices using the definitions
inn mn

(9-b) and (14). For prescribed material properties and initial stress

conditions, then the integrals in E and S can always (in principle)mn mn

be evaluated.

Special applications of these results have been considered; in

particular the case of the instantaneous creation of a spherical cavity

in an arbitrarily prestressed medium (Stevens, 1978). In this important

special case a series result equivalent to (18) was found to be sumable,

so that an exact closed form result was obtained for the radiated displace-

ment field u . The solution showed that the spectrum of u , in the far

field, was in general peaked when the initial stress field was not

homogeneous, the peak becoming more pronounced when the initial stress

was more strongly inhomogeneous spatially. However, the spectral peaking

Iwas azimuth and "take-off" angle dependent, so that the degree of peaking

would be variable. This result clearly suggests, however, that earth-

quake radiation fields will, in general, also be peaked spectrally when

failure occurs in an inhomogeneously stressed medium. This of course would

be the expected initial stress state, so that the effect should ordinarily

prevail, although with angular variations.

The results obtained also can be used directly for source inversion

studies. In particular, we need only note that the various coefficient

mint
matrices, A mn, En and S ,

m n ' will depend on the fundamental source

parameters, such as the initial stress magnitude and orientation and a

variety of material parameters, including those describing failure. If we

let these parameters be denoted by the set {pk )  then we can write

..................................... , .- ,



W iv- --

=A S )sn (19)
p V , W n

n

for the variation in the displacement field u due to a variation in "source"

parameters pk' Hence "P-variations" in u are described in terms of variations

in the coefficient matrix A alone. For inverse studies, we can consider

a starting solution u.0 )  obtained by some initial "guess" for the source

parameters p ,ad associate 6pu with the difference between this starting

solution u (0 ) and the observed field u Thus we have:u..

(0) = 6 u S P lp(x;,) sin w t
Pi VJ Mh n W n ~i n n

Now, given 6 u as an observed difference, we want to solve for
Sp~o

6P P -k the change in the source parameters implied by the difference

6 U u However, this is equivalent to solving for Pkfrom;

- A (0) -- A (p(0) + 6p -A (P°(0)Amn M M. kk U

where, by A on the left,we mean that coefficient matrix associated with

(0)
the observed displacement u and by A we mean that matrix computed using

(0) A :A -A °

the starting values (. Here we can define 6 A A A- In
pkrp r t -. M nT

?I
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(There are a number of ways to proceed with this inversion for the

In the linearized approach one e:xpznds A (p( 0 ) + 6pk aud

(0L keeping only the first two terms in the expansion. This gives:

6 A ~A A ) 6 (20)

where (aA / 3 p) ~ is the partial derivative with respect to the kth

parameter pk holding all others constant.

Observations of 5 A Wnfor a range of.=a and n values provides a set of

equations of the form (20), which can be written as the matrix equation:

6 A Ap (21)
p

with

3-l

where' the indices m and n are treated asacomposite colun index, 1, in A.

The explicit values of the derivatives appearing as elemrents in A

are obtained from (18) by differentiation. Thus

un In 1 i+l i-1-
ak / jk 0 k i-o vuini

. Plk
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Both E and SIfn  can be expressed analytically in terms of the parameters
mn

Pk" Further, the scattering series can so'iietimes be su mmed and in'most

cases truncated after, at most, a few terms. Therefore the derivatives in

(22) can be expressed analytically, so that the riatrix A is knoun.

The solution for the required parameters is. therefore given by:

P(0) + A (23)

where A1 is an appropriate generalized inverse (e.g. Bjerha~r, 1973).

Of course, once these new values of Pk are obtained from (23), then a new

prediction u(1) can be obtained using them, and the process can be repeated

until SA is sufficiently small to justify the conclusion that a good fitimn

has been achieved with some final set of source parameters. It is clear

that a wide variety of procedures are available to solve for the "appropriate"

source parameters by minimizing the "difference" in the observed and computed

values of A i The choice of generalized inverse A71 prescribes in what

sense this difference is "small", and hence the accuracy with which the

source parameters are obtained.

Our present approach in this respect is to "filter" the observations

u yielding limited observational data which depends strongly on only a few

of the source parareters. This data would then be used in an inversion

to obtain -reliable estimates of some of the source paraceters, (An *example

of a "first-cut" filter would be one that just yielded arrival times of major

energy pulses contained within u . Then, of course, the inversion of this

data alone would yield source hypocentral location parameters.) Vith these
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later parameters fixed, then a second filter operation would give additional

limited observations, dependent on these plus additional parameters

and the new parameters could then be obtained by formal inversion.

(eg. Hypocentral stress field and/or failure plane orientation using first

motion data, with the hypocentral location fixed.) This process can be

continued until a good "starting" model for the source is obtained. The

procedure can also be formalized in ters of specified matrix operations.)

At this st.age the full formal joint inversion, for all the source parameters

together, could be performed, using (22) -(23) and the entire observed

data set represented by Am.

This approach is basically that used in classical seismology. In

the current study we include stress magnitude and fault plane dimension

estimates using the %(f) data obtained by time domain filtering of u.,

as well as location and "fault plane solutions". At this stage, after

obtaining estimates of location, fault plane orientation, stress magnitude

and orientation plus fault plane dimensions by this procedure, we intend

to apply the formal joint inverse method just described to selected events

in order to obtain more precise estimates as well as quantitative estimates

of resolution and trade-offs among the parameters.

1i
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VI. Signal Detection and Analysis by Quasi-Harmonic Decomposition (QHD)

Metrhods - C.H. Archambeau

Analysis of the seismic data from numerous small events at regional

distance ranges poses some special problems, in addition to those ususally

encountered. In particular, in view of the shear numbers and diversity of

seismic recordings to be analyzed, it is necessary to apply largely automated

analysis methods to the data that are: precisely defined, fast and that, of

course, yield data that is both simply interpreted and highly discriminatory with

respect to event type.

In this regard we have devised a signal analysis method that is very

fast computationally and that, most importantly, decomposes the observed

seismic time series into a form that allows (automated) selection of spectral

data (amplitude and phase) that is associated, one to one,with particular

seismic phases, the phases being defined by their group arrival dispersion

curves. This decom psition, in both frequency content and time, allows us to

select particular seismic phases along with their associated spectra,. and

to use this seismic phase related spectra for source identification.

The analysis approach is similar to the usual time varying spectral

estimation methods that simply employ a moving time window over which the Fourier

spectrum is computed, but the approach we use avoids time window truncation

effects and is not dependent on an arbitrary choice of a time window length.

Further, the approach we use gives much better time resolution, more accurate

spectral estimates and,.perhaps most important, can be analytically formulated

in a manner allowing noise and interfering signal pulse corrections to be made

(Archambeau, 1978; Savino and Archambeau, 1976).
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The method we employ is simply to use a large set of ultra-narrow band

filters whose output. is a nodulated sinusoid, with peaks in the modulation

function that occur at the energy arrival time (group time)*for a signal

"pulse") or coherent wave trainwith amplitude equal to the spectral amplitude

at the filter center frequency. Thus, both the group time and the spectral

amplitude are obtained from the modulation or envelope function of a particular

filter output and both these quantities can be associated with the center

frequency of the filter. Use of a large set of such filters at different

center frequencies thereardefines the dispersion of the seismic signals,

their time of arrival (smallest group arrival time over the recorded frequency

range)., and their amplitude spectrum. In addition, the phase of the modulated

"carrier" sinusoid can be measured (relative to some reference point) at the

group arrival time, and in fact at all times as well, to provide an "instan-

taneous phase" determination as a function of time, and in particular at the

time of the seismic phase group arrival time. Thus we obtain both a spectral

amplitude and phase as a function of frequency, that is the complete spectral

definition, at the group arrival time. Further, if two (or three) spatial

components of the seismic vector wave field are available,.then by computing

the instantaneous phase on two or more components we can determine the polariza-

tion of a signal. Finally, since the instantaneous phase is obtained as a

function of time for the duration of the time series, we can compute thd in-

stantaneous frequency by taking its time derivative; this also, then, being

obtained as a function of time.

This processing of the seismic event reciever data which we call quasi-

harmonic decomposition (QHD), produces a large amount of information about

the recorded signals that can be used both to isolate the individual signals

i I
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making up a given reocrded time series and to describe them in terms

suitable for source identification. The procedure, in fact, produces

a great deal of redundant data about the source, and we have only made use

of the first arrival compression wave (P) data. However, in later

studies we intend to use much more of the available results.

Some results of an application of this automated signal processing

toatual data is illustrated in Figure 1. The Figure 1-a is the computer

generated envelope (or modulation function)of the filter output at 15 Hz,

where the peaks at P1 , P2 and P3 are signed arrivals in the narrow band

of frequency around the center frequency of the filter.

The filter Q value (where Q Af/f with Af the half band width at.

the half power point )is selected as optimal in the sense that both tiue

and frequency resolution are adequate and with such a Q value at this

frequency, the filter output gives an amplitude at a peak in its envelope

that is very close to the true spectral amplitude at 15 HZ. The lower trace
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shown, in (b), is the instantaneous frequency, w It is apparent that the

sharp peaks or spikes in w serve to delineate time intervals within

which coherent signals arrive, and that spikes at I1 , 12, 13 alternate with

the peaks in the envelope function. Thus the instantaneous frequency trace

provides information regarding the onset time of a (new) coherent signal

pulse, in a background of noise, while the envelope function gives the group

or energy arrival time and spectral amplitude of the signal.

The seismic time series is processed through a set of filters, each

giving results such as those in Figure 1, and these are then combined in

order to obtain a complete definition of signals making up a wave train.

Figure 2 illustrates how this is currently accomplished. This figure

shows the computer plot of the group arrival time, tg, obtained versus

filter center frequency, f, with the amplitudes at the peaks in the

envelope functions )which occur at the times t, providing a basis for

contouring the amplitude variations with time and frequency. It should be

understood, however. that the amplitudes along the contours are the spectral

amplitudes of signals only at the points of intersection of the signal

dispersion curve and the amplitude contours. Hence in the example shown in

Figure 2 the computer is coded to search for body waves are minimally

dispersed signal pulses in this t. vs f plane. (This is accomplished by a

pattern recognition procedure.) The straight line denoted t in the figure~g

is the (first order) dispersion curve selected by the computer as a body

phase dispersion curve. The spectral amplitude of this identified seisuic

signal (and similarly for the spectral phase) is obtained by measuring the

amplitude values defined by the contours, along this dispersion line. This

is also done automatically by the computer.

(1L
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Thus, for each identified seismic phase, the computer obtains a spectrum

as well as timing information by this process. In addition, noise corrections

based on the background amplitude levels, as well as corrections for inter-

ferring signal contamination are made automatically.

The spectral results generated by this processing have been used success-

fully in the discrimination of earthquakes and explosions at teleseismic

distances. In this case we have used the spectral amplitude associated with

the first arriving teleseismic compressional wave to compute frequency

dependent body wave magnitudes, mb(f). Figure 3 shows variable frequency

magnitude data for a small California earthquake as generated by the QHD

analysis.

The discrimination approach is to make use of the theoretically predicted

differences in the amplitude spectra btween explosions and earthquakes;

specifically the prediction that explosions having the same low frequency

or maximum spectral level as a comparison earthquake , will have a higher

corner frequency and a less negative high frequency slope (Archambeau, 1974).

Thus for a comparable explosion-earthquake pair, the explosion will be "richer"

in high frequencies. This prediction can be exploited (and tested) by

considering explosion and earthquake populations in "mb(f) planes", these

defined by a low frequency mb(f) plotted against a high frequency mb(f)

value for the first arrival compressional wave from the individual

events.

As an example of the use of the mb(f) discrimination approach, Figure 4

and Figure 5 show the map location of a number of Eurasian events and the

population distribution of these events in the mb(f) plane, where z b values

at .45 and 2.25 Hz were used. These mb(f) values were not corrected for

.. . .. . . . . ..
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noise, but in any case the explosion and earthquake populations separate

quite well down to low magnitude levels. (These low magnitude events are

around the ordinarily defined mb of about 4.0). With noise corrections

applied however, we find that the two populations are better separated,

with no convergence at the very low magnitudes.

I
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20. Abstract

During this report period, from May through October, 1978, we concentrated
on four areas of study, in particular: (1) The development of asymptotic and
modal wave propagation methods for the description of seismic wave propagation
effects in the near regional and teleseismic distance ranges; (2) The study of
the frequency dependence of earth's anelasticity as a function of depth and
geologic province; (3) The development of theoretical relaxation source repre-
sentations for seismic sources in non-homogeneously prestressed media and inver-
sion procedures for such sources and; (4) The development of advanced methods
for seismic (vector field) signal detection and analysis. The major results of
this work are: (1) We have developed and applied full-wave asymptotic methods,
which employ the Langer approximation in the frequency domain, and in a systematic
comparative study with the Cagniard method have demonstrated that there is general
agreement in the predictions of both methods when they can be compared. However,
in some distance ranges, observable differences occur, notably in the regional
distance range from 10 *-20 *

. In these cases convergence of results from the
two methods only occur when multiple reflections, within finely layered zones
in regions of large velocity gradient, are included in the Cagniard method.
Other observable differences occur when anelasticity is included, particularly
if a frequency dependent intrinsic Q factor is considered, Jince the Cagniard
approach cannot directly treat anelasticity except in an approximate,)incomplete
fashion. On the other hand, the frequency domain full-wave theory incorporates
anelasticity directly and all the effects of a frequency dependent intrinsic Q
parameter can be computed. We have also applied the full wave theory to the
synthesis of complete seismograms in the near field distance range and developed
the analytical relations required to compute synthetics. This theoretical develop-
ment has also been extended to provide a basis for the computation of synthetics
at the source anti-pole. In both cases we have computed seismograms based on
the theoretical results. Comparisons, between mode superposition methods on the
one hand and observations on the other, indicate that the method is both accurate
and fast computationally. (2) We have developed a mode superposition approach,
which has been descriptively termed the "Locked Mode Approximation Method", for
the generation of complete synthetic seismograms (P-SV and SH). The method is
applicable in both the near and regional distance ranges, using a layered half
space as the model, and can easily be extended to a spherical earth for tele-
seismic studies. The method is approximate in the sense that a high velocity
layer at depth is introduced to trap the modes so that P and S waves can be
synthesized. The method has been completely formulated, with general source
representations included, and has been tested computationally for accuracy
(relative to an exact result without the artificial high velocity layer) and
speed of computation. Complete P-SV seismograms, for explosion sources for
example, over the distance range from 50 to 500 km and the frequency range from
0 to 2 Hz have been generated for a layered crust-upper mantle model, with all the
P wave reflected and refracted arrivals obtained conforming in arrival time with
ray theory predictions and similarly for the SV body phases. Initial comparisons
with asymptotic wave theory results and known analytic solution show good agree-
ment in wave form and amplitude as well. This modal superposition method, in
addition to giving complete results in the distance and frequency range of
interest, with stable results having been obtained up to 25 Hz, is capable of
incorporating complex medium moduli (or complex velocities), so that anelastic
effects may be directly treated. In addition, it is ideally suited to source
studies since the modes need only be computed once for a particular earth model
and these resttlts can be combined with source representations, corresponding to
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any source hypocentral depth and source type, to obtain theoretical seismograms
at all distances and azimuths, for a variety of source configurations, by means
of a very simple and fast mode excitation computation. (3) A frequency dependent
"absorption band model" for the intrinsic Q (quality factor or dissipation function)
in the earth has been introduced into the theoretical wave propagation methods.
Based on comparative studies of predictions using this anelastic model with
observations, we have concluded that such a frequency dependence is appropriate
for the earth's upper mantle in particular, and that the variation of the
intrinsic Q and its frequency dependence is such that the resulting teleseismic
mean dissipation function, Qm (the Q function averaged over the ray path) is
such that a high Q "window" exists at relatively high frequencies (in the range
from 1.5 to aboutm 4 .5 Hz, with the peak at about 3 Hz). This result has im-
portant implications for source property and magnitude studies (,ab) and event
detection work, as well as conquences with respect to the earth's thermal and
mechanical properties. (4) The creation of a spherical cavity in a prestressed
medium has been used in the past as a model for the tectonic release effects
from explosions as the fundamental generating solution for relaxation models
of earthquakes. An exact solution is given for the seismic radiation from the
sudden creation of a spherical surface in an arbitrarily prestressed medium.
The radiation for the case of pure shear is worked out in detail and compared
with previous solutions to show how previous solutions approximate the exact
solution. The most important results consist of the spectra and waveforms com-
puted for inhomogeneous stress fields. It is found that failure in an inhomo-
geneous prestress environment results in a radiation pattern which is not pure
quadrupole in nature. The inhomogeneous case also canlead to a low frequency
far field spectral peak with the magnitude of the peak varying as a function of
the angular coordinates. (5) An elastodynamic source of radiation is must
generally and compactly expressed in terms of a Green's function integral
equation and this representation serves as a convenient analytical form in the
generation of an inversion scheme designed to provide estimates of source prop-
erties from observed radiation. A principal difficulty with this approach is
specification of a sufficiently general Green's function in an appropriate
analytical form. In this regard we have derived suitable layered space Green's
functions expressed as eigenfunction expansions in the frequency domain. These
functions are then used in the integral solutions for a relaxation source
representation of the radiation field from an earthquake. The resulting field is
shown to have an analytical structure which allows field variations
to be expressed in integral relations similar to those for the field itself.
These results serve as the basis for the systematic inversion of observed e'rth-
quake radiation field data for source properties and, in particular, we show
how spatially variable tectonic stress changes due to failure can be estimated.
(6) Narrow-band filtering can be used to generate well-defined magnitude data
from seismic time series; these magnitudes being measures of energy arriving at
particular group arrival times. Sets of variable frequency magnitudes have been
computed for both observed and synthetic seismograms, where the latter results
have been used to provide a theoretical framework for the interpretation of the
observed data. These magnitude data can be associated with particular phases
(P, S, or surface waves) and used in a manner similar to the ordinary mb and
MH data. In particular, the data can be used to discriminate between under-
ground explosions and earthquakes and to provide estimates of the tectonic stress
changes produced by earthquakes as well as failure zone dimensions. The use of
very high-frequency magnitudes along with relatively low-frequency magnitudes is
however, a more powerful and sensitive means of identifying explosions than is the
ordinary mb versus M criteria, as is shown by a comparative study of a large
group of seismic events. Further, the inference of tectonic stress levels
using this approach provides estimates of the stress changes produced near the
point of failure initiation, and this information is probably more pertinent to
the description and understanding of an earthquake failure process than is the
gross average stress drop estimates obtained by most other methods.


