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"EXACT" LOW GAIN FORMULATION OF THE FREE ELECTRON LASER -
INCLUDING TRANSVERSE VELOCITY SPREAD AND WIGGLER INCOHERENCE

The linear analysis of the bremsstrahlung free electron laser
was presented first by Madey [1), and was further elaborated by a
number of authors [2-4]. 1In this paper we will show that in the low

gain regime (which is of interest mostly for the application of oscil-

lators) it is possible to obtain an explicit gain expression for an
arbitrary transverse magneto-static pump and arbitrary velocity distri-
bution of the electron beam. As a special case we will use this expression
to find the effect of random perturbation in the periodic pump field and

transverse velocity spread on the gain of the free electron laser.

The analysis is based on the technique used by Sprangle et al [4]
to solve the free electron laser equations. The linearized Vlasov
equation is used to find the perturbation to the beam velocity
distribution function f(l) (p> 2, t) caused by the pump field Bo(z)

and the optical field E(r,t), B(r,t):

L e (1) 1) (1
of of e of
3t V232 T ¢ LXB@I. 5 =
) 1)
= e[E (z,t) + v x B (2,t)/c] %%

where f(o) (g,z) is the beam distribution function in the static

magnetic field Bo(z) in the absence of the radiation field.

The transverse magnetic pump field §o(z) can be described in terms

of a vector potential éo(z):
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B(2) = ¥ x A (2) @)
A,(2) = A, (=) & +A (& 3)

and following [4] we express Eq. 1 in terms of the three constants

of motion of the electrons in the static field éo(z):

alp,, 2) = py - % A () )
e
B(py. z) = Py "% Aoy(z) (5)

2 2)1/2

2
ulpopyop,) = By + Py + 0, (6)

where e = |e]. a and B are the x and y components of the canonical

momentum, and u is the total momentum of the electron. These variables

are independent of z. Eq. (1) then simplifies into

(D 1
-g'tx + Vz(a’B)“’z’) -g-s( -) e[g(!,t) + % !(Q.B’u’z) X E(.r,’t)?'
(o) (0) p(a,B8,u,2) .3_3(0)
9 a a8 A ]
[-a-§ s+ B e 4 - ==

7
where 8(0) (G.B,U) = f(O) (2,2)38(1) (a,B,u,z,t) = f(l) (E,z,t) and

Z(ﬂaB!uuz) - 2(“:33“:2)/[m°Yo(u)]o
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The detailed analysis in [4] indicated that the contribution of the

first two terms in the second parenthesis in Eq.7 is negligible in

comparison to the contribution of the third term. Hence, for the sake

of simplicity we will neglect them from now on (this approximation ig

implicitly used in all the other analyses [1-3].

AT A G R

We assume that the electron beam plasma is tenuous emough so that

the electrostatic potential § (z) due to space charge effects can be

neglected. We also assume that the electromagnetic field is uniform

T O ROV iy T e, et

across the electron beam cross section. The electromagnetic field can

be then expressed in terms of circularly polarized vector potentials

Z+(z) and A_(z)

3A - - _
E(z,t) = - %-3%-- %9 [A+(z)€+ + A_(z)é_]e lwt + c.c. (8)
‘ d - A~ d -~ A “iwt
B(z,t) = Y xA=1[-F-A(2)e + G-A_(2)é e + c.c. (9)

(e + iéy), e

where e, -

S T o T e, TSI A CETE L B g { T

N

= %(éx - iéy) are respectively the right and

left hand circular polarization unit vectors, and K+ = lx - ily , A_ = Kx + iﬂy.

With all these assumptions, Eq. 7 now simplifies into

-1“2(1)(0.,8,\!,2) + VZ(G.B,U.Z)%E(I) (a,Bu,z) =

3(0)(u,B.U) (10)

Q’lv
[

= ;—zﬂ [P_(GQB’ J,Z) l+(2) + P,.,(Q’B'u'z);-(Z)] -\]j

vhere g(l)(a,ﬁ,u,qs) H E(l)(a,ﬁ.u\,z)e-mt + c.c. and P, = P, + 1py.



The perturbation in the distribution function gives rise to a

transverse current

wt -iwt

J(z,t) = [3x(z)€x + jy(z)éyleﬂi + c.c. -‘[3+(z)é+ + J_(2)é_)e + c;c.

(11)

3+ (z) = -e I f j 'P_u%gd’g—'—?:—’z')v_'_ (G’st“‘»z)i(l) (a,B,u,2) (12)

- ’ - . o z ' - ’ T
Py o _

Y+ T Y(uw (13)

(14)

2
pm Wl - @+ -+

The exact solution of Eq. 10 is

z 2z z"
° Vz(a.ﬁ,u,z) o A vz(a,B,u,z") z P

vhere H(a,8,u,z) stands for the right hand side of Eq. 10, and we assumed
g(l)(1q 8u,0) = 0, (no prebunchingof the electron beam).Substitution of (16) in (12)

gives

2z
®o oz exp[-1 = — dzlexp(-1 L}——C;-(g—u—irr)- dz")
3 ez I I dadBdudz" ° vz(a,B,u,z) oz
B af —— A}
Jf(Z) 135% f I pz(a,e,u,z) pz(a,ﬁ,u,z')
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P+(G.B,U,Z) [P_(Q:Bouyz")z,',(z") + p+(a.8,u,z")x_(g")] g—u 8(0)((1.8,“) « (17)
The electromagnetic field induced by the current is given by

2 2 ~
d @y 2 - i
= v P A @ =-I, @) (18)
dz ¢ - -

This second order equation can be reduced to a first order equation if
we assume that there is only a forward going wave propagating with a wave
number -~w/c , and there is no coupling to a backward going electromagnetic

1 wave. We can then reduce (18) into

& -1 93, @ - "Tiit (2) (19)

3 which can be readily transformed into an integral equation:

zi_ (z) = ;t (o)e ¢ e 3+ (z')dz' (20)

W w oz w
i~ 2 i~ 2 -j= 2z
+ %}1 e © ! ¢
o

Equations (17) and (20) are a set of two coupled integral equations,
which can be used to sol» for the linear evolution of the electromagnetic field.
These equations can be solved by an iterative process. To zero order (no

interaction) we have A, (z) = ;+ (o)exp(iwz/c). We substitute the zero order

iteration in (17) which is in turn substituted in (20) to yield the expression

for the electromagnetic field to first order in R+ (o). The iterative process

Nl

may be continued in this way to higher orders.
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At present we assume small gain and find ;+ (z) to first order:

z z'
dadBdudz ' f dz"g—u g(°) (a,B,u)

o

z z
expli f (v‘: -4 )d;']exp[-il( (v—‘:.r - Yazm

W
~ - i- z
_Pélp: A (o) + p] A_(0)]le ¢

(21)

The primed and double primed parameters P,» P, are all dependent on

a,8, u and z' or z" respectively, v; = vz(a,B,u,E'),v: = vz(a,S,u,;").
The Poynting vector power density of the fields in Egqs. 8, 9, is found

to be given by:

s-8, 2 L2, L (@) +A_(2) 4% (2] + cec.

We assume that in (21) the expression in the curled parenthesis varies

very slowly with z in comparison to exp(iwz/c) , hence instead of (22)

we caﬁ write
s=8, 2 @2 a6+ i@

Let us assume now that the incident electromagnetic wave is right hand

circularly polarized (R_(o) = 0), The power gain of this wave K+(z) after

an interaction distance £ 1is




Lttt At A

AR, (2) AW R ;o
P, (o) - A, (o) I - c f [ f dudBdudz'j dz
~ -® 00 A
3 (o) o F P z" @
‘ ° P = - z' - ”
au 8 (@Bl g °’“’“I (%: - &) Fm exl-t f (‘;": £dz"] + c.c.
° o

This 18 a general expression for the linear gain in the low gain limit
which within the limits of the assumptions used during the derivation is
applicable for arbitrary three dimensional beam velocity distribution and

arbitrary transverse field pump which can be written in the form (3).

We may now apply Eq. 24 to the case of the Stanford free electron laser

experiment [5] where we assume a pure right hand helical magnetic field

Ao(z) - Aocoskoz e + Aosinkoz & (25)

We also assume that the electron beam has negligible transverse velocity
spread, and zero transverse canonical momentum. The equilibrium electron

distribution function can, therefore, be written as

8 (@,8,0) = n 8(e)6(8)g, (w) @6

In this case we get from (14), (15)
. Py " - % A e; o (27
p. = (2 - (&a)Hy/2 (28)
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and we see that p , v, are no longer functions of z. Equation (24)

simplifies into

o *
&p.Q) w2 eA z dg (u)

+ P m _0,2 du () W oW -
P+(o) 2 ¢ ( c ff sz'[.dt du cos ( k)T
oo P °

21 w w _
02 _ eA y d(u)smi("z-" kot
-2 B0y Id_“ g (29)
4 c(c 2 du
l w w 2
o Pz ['5'(;-~Z-k)]

In the cold beam limit

v
zth A
T << 8.3 (30)
20
where V.th is the beam velocity spread in the 2z direction and
B oo™ vzo/c, we may substitute into (29) go(u) = 6(u—u°). Equation 29
then reduces to the conventional gain expression [1-4].
P, (L
é_*'i_) =1 1 (_“2)2 (Pﬁ)zi"_ 223._"_(m_% 2 (31)
I,+(0) 8 Y YZ V2o Pso Pzo © do 6 )
o'zo ° o
where
= (L. _ v _ (32
o (v c ko) /2 )
zo
- & e
Pio= ¢ Ao T Bo/ko (3
- 7.2 2 \1/2
P, = (2 -p2 )Y (34)
8

e e Tt T




v, 2 (- HH?

z0 (35)

The gain curve (31) obtains its maximum value at 60 = -1.3.

' It is worth noting that the simplified form of Eq. (29) is due to the
fact that in the limit of an ideal helical pump field and a = B = o, the
longitudinal momentum P, (Eq. 28) is a constant of the motion and is
independent on z. If for instance the pump field was not helical pyt
linearly polarized (Ao(z) = Aocoskozéx instead of (25)), then P, and v,

in Eq. 24 would be still dependent on z in a periodic way (see 15).

The integration over z' z" 1is then not immediate. We will not elaborate
on this case beyond noting that the gain spectrum for this pump will be

ri{ch with harmonics.

We now will examine the effect on the gain of transverse momentum
spread of the electron beam and of irregularities in the helical magnetic
pump field. Of course, if the magnetic pump field go(z) is known exactly
(e.g., measured directly in a specific experiment), then it is possible to

find Ao(z) by integrating Eq. 2. If alsc the beam velocity distribution

3°(u,6,u) is knowm explicitly, then the gain can be calculated "exactly"

s a2

using the general gain expression (24). In practice we are interested in

estimating the effects on the gain due to a transverse momentum spread and

E irregularities in the helical pump field even if we do not know exactly ﬂ
. the beam velocity distribution and the exact form for the pump field. We will,
therefore, find the conditions in which the effects on the gain of transverse
momentum spread and of irregularities in the pump field are significant

enough so that (26) and (25) and consequently (29), (31) are not valid.
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Irregularities in the helical field can be described as amplitude

and phase modulation of the ideal helical field, so that
éo(z) = Ao(z) cos[koz + ¢(z)]ex + Ao(z) sinIkoz + ¢(z)_]ey (36)

instead of (25). The amplitude Ao(z) is randomly modulated around an

average value <5A°(z) > = th The term ¢(z) is a random phase deviation

of the vector potential field éo(z). It should be pointed out here that
¢(z) and Ao(z) are not related in a simple way to the phase and amplitude

modulation of the magnetic field Bo(z). They can be evaluated only after

integrating Eq. 2.

With Eq. (36) and without assuming (26) we have from (14) .

- ik z + ¢(2)] (37) .
P, = aFiB - TA (e °

and by expanding (15) to first order in GAo(z), o and B8

1 - pJ—o
@ p@ (1T
z

[GpLo(z) +a cos(koz + ¢(z) + B sin(koz + ¢(z) 1} (38)

1 - 1 pa.o
v,(z) v (v) 1+ 2 R
4 pz

[Gp*o(z) +a cos(koz + ¢(z))+ B sin(koz + ¢(2) ]} (39)

10
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A (2) = A+ 8A () (40)

sl pag o
-

i

8p.o(2) T < 8A (2) (41)

Ty

We see immediately that we may set a =B = o in Eq. 37 and set

F ik z +
by = S (e et T ¢ @2)

This is true for two reasons: (a) The transverse momentum spread Gp is assumed

to satisfy LY < <f1>_,_o and,therefore, the additive contribution of a F 18

to (37) and in turn to (24) is negligible, (b) ¢ and B do not have periodic

z dependence like A+(z) » therefore, they will not contribute a synchronous

term in the integrand of (24) and thus will have a negligible contribution. Om

the other hand we cannot set a =8 = o in (39) without careful examination,
because vz(z) appears in the exponents of Eq. 24 and small deviations i
in vz(z) may have a significant effect on the integral and spoil the

synchronism condition which 1led to the"resonant" expression in Eq. 29 or
31. As for pz(z) (Eq. 38) we can(t.o zero order)approximate it by pz(z) = pz(u) 1
in (24). Again the reason is that the contribution of the first order correction

is additive and small. j

We then get from (24)

1
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AP, (£) 2 ® @ @y .
A PLENICINRY: w_1l 3 (o)
gl(o) c ( Ao) [ [ f f dodBfdudz’ f dz ;3?:;' 3o 8 °) (a,8,u)
-00 =00 00 2
[N} w ' " ] "
cos [( ;;z;y =T k)G =2 4 oy’ - y(2')] (43)

where

L _w P f - _ _
¥(2) V@ ;3—- Iv<$p*°(z) +acos[k°z + 9(2)] + esin[koz + 6(2)1Mz - ¢(z)
Z (¢}

(44)

Using the last expressions, we will first examine the effect of transverse
velocity spread on the gain. For the sake of simplicity we assume now an
ideal helical field Ao(z) = Ao, $(z) = 0 and a Maxwellian transverse

momentum spread of the electron beam.

n 2 2 2
g<°) (a,B,u) = _é)— e-(a + B/ en go(u) (45)
2 (¢)
th
AP+(2') f;_ m er 2 1 du 2’
w3 1 S e
) P, o
w Pro Ptn 1 2
-[ v K 7 sinE ko't]
zZ 0 "2 Z (46)
woL ¥
cos(vz ko)r
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Purther investigation of the integral in (46) will not presently be carried
out. We only note that besides reducing the gain, the transverse momentum
also generates harmonic frequencies in the gain spectrum. We may also find
from (46) that the condition at which the neglect of the transverse momentum

w Peo ath

V2 oko P

< <1. Using the synchronism condition

spread is allowed is
z0 pzo

0 . L
i kc, this can be written as
20
a
pth < < 1 > (47)
z0 (1+ Bzo)YzOB‘-o

where B‘-os p-‘-o/pzo = eBo/ (Yoncvzoko). In the relativistic limit (y °> > 1)

this condition is

’gch el (48)
gc\_ Zy: OB‘O

When (47) or (48) are well satisfied we may set in (46) a . = o and

th
recover (29).

It is interesting to compare conditions (47,48) with condition (30)

for the longitudinal momentum spread,which can be written in the forms:

Fth 2 ) (49)
P << BZOYZO -E
Z0

or in the relativistic limit

Ezth 2

A
< <
o Y20 ¥ (50)
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1 1
7 <1 ({— —7 < 1 - relativistic) we find
Q+8,08, 8.

zZ0' 20 oz 28-‘oYoz

L
In the regime 3

that the condition on the transverse momentum spread (47) is more stringent than ‘
the condition on the longitudinal spread. With high energy beams this may

easily be the case and conditions (47,48) may be of practical concern. It is

easy to verify, that condition (48) and (50) are reasonably well satisfied

for the parameters of the Stanford experiment.

We now consider the effect of irregularities in the helical pump field,

and this time we assume for simplicity a he 0 (Eq. 26). Equation 43 then

t
simplifies into

- -] !' ' 1] "
f e} ] u p,z) p,(z")
cos [(:—z - % - k) (' - 2" +V(z") =¥ ("] (51)
wvhere
A b4
W =& & 3 I 6A (2)dZ -4(2) (52)
z pz []

Notice that the phase deviation y(z) is effected not only by the phase
deviation of the helical field vector potential ¢(z) but also by the

amplitude deviation 6A°(z).

The condition that Ea. (51) be vreduced to (29) and the effect of

imperfections in the helical field be neglected is

|¥(2)]) <<n (53)




I
£
B

for any o <z < . In this condition it is possible to expand the integrand
in (49) to first order in Y(z) and the first order term will be small
compared to the zero crder term (29). Condition (53) way be quite a stringent
condition when the interaction length is long. For example, to appreciate

the effect of changes in the field amplitude GAO(z) , assume that it is

changing linearly throughout the interaction length 2, then inequality (53)

gives
SA
o0 | << 22 % (54)
o Bro *

For A =10um , ¢ = 4m , 8*0 = 0.05 , Bzo =1 this requires that

sA_(9)
o << 1073,

[«

We can now appreciate the significance of inaccuracies in the periodicity
of the helical field. Small local deviations in the field period will not

cause major change in the gain expression (29) as long as there is no

cumulative phase deviation throughout the interaction length £ which
violates (53). In other words, the long range coherence of the periodic
structure is important. We may add that similar conditions probably

would apply also to the problem of Compton and Raman scattering from

electron beams [6,7] where the coherent length of the scattering wave may
limit the obtainable gain. This may be an important consideration especially
vhen the scattering (pump) wave is produced by a low coherence source like

a high power laser or a wide band microwave source.

16




In the case where condition (53) is not satisfied the free electron laser
gain curve may differ substantially froem (31). For any specific laser structure
with pump field which deviates from the ideal helical dependence (25), the
integration of (51) would result different gain curve. A statistical
analysis may be carried out to estimate the quantitative effect of random

perturbations of the pump field on the laser gain [8]. Such an analysis can

yield expressions for the average laser gain which for a static pump is
essentially an ensemble average over many randomly perturbed free electron
lasers, For an electromagnetic pump (stimulated Compton scattering) the

statistical analysis would yield a time average of the laser gain.

Detailed statistical analysis of the laser gain in the regime where
(53) does not hold is beyond the scope of the present article. We will only
point out that the gain in this case depends basically on two parameters .

of the pump field random perturbation - the phase modulation index

<¢12(z) > and the pump coherence length’ lc. Whenever <w2(z) > < <1
or lll?.c. << 1 the average gain curve is close to (31). In the limit
of short coherence length the average gain curve changes substantially and

is reduced by a factor of about (I!,/li'c)2 relative to the unperturbed free

electron laser gain.
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