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The Derivation of a Multivariate
Probability Density Function Having an
Exponential-Type Bivariate Marginal Density

1. BACKGROUND

This report discusses the derivation of a multivariate probability density
having certain desired characteristics related to the statistical characterization
of terrain features, particularly for use in calculation of the scattering of elec-
tromagnetic waves from uneven terrain surfaces. A brief discussion of some
surface scattering aspects will serve to place this report in its over-all context.
The initial effort in this area is described in some detail in a report by Lennon
and Papa. 1 The application of the technique to the actual data base outlined in
that report and the subsequent use of the output in electromagnetic scattering
calculations have resulted in reasonable agreement with data. 2 The probabilistic
elements enter in the representations of terrain cross sections. Ruck et a13
give expressions for the average bistatic rough surface cross section o, which

(Received for publication 2 May 1980)

1. Lennon, J.F., and Papa, R.J. (1980) Statistical Characterization of Rough
Terrain, RADC-TR-80-9,

Papa, R.J., and Lennon, J.F. (1980) Statistical analysis of digitized terrain
maps and its application to predicting cross section of rough terrain,
Proceedings of the Second Workshop on Terrain and Sea Scatter, George
Washington University, Washington, D.C.

Ruck, G.T., Barrick, D.C., Stuart, W,D., and Krichbaum, C.K. (1970)
Radar Cross Section Handbook, Vol. 2, Plenum Press, New York,
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depend on the assumed two-point probability density function (PDF) relating
heights of involved surface elements: §

o, = prqlz J .

The height distributions affect J, the factor associated with the contribution from
specularly oriented surface slopes. For the case where the surface heights
(zl, 22) have a bivariate Gaussian relationship,

. 1\ V2ETE'D
pz 'z = = .17/%9 »
1’72 (2,,'52'1/2)
2, .2

2 2 E_+¢8

T T X
J = exp -( —) (-——2—1) .

(ozsf) 40° g

Alternatively, if the heights are assumed to share a bivariate exponential form

PDF,
1/2
3 -3¢z R;2)]
plz,, 2,) = —_— [ ¥
v (i, ) -
then
. 52+§2 1/2
_{ 3T T xSy
J'(if)e"p -(20)< )
" §, g,
where
o2 = variance of the bivariate PDF,

z
z = ( zl ) = two dimensional height vector,
2

= covariance matrix for the heights,

5
N
n L

correlation length for the surface, 'j.

n

sin 0i - 8in 88,

= 0.0,

M wm m
M

"

cos Oi -1.0.
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The second term of this cross section relation consists of the scattering matrix
elements qu. This becomes

{1+ cos 20) R, ()
Bw * “(cos Gi + cos 05)

(vertical polarization)

or,

a (1 + cos 2a)Rl(a) ( ) )
= horizontal polarization) .
hh = {cos Ui + cos 85)

In these expressions,

/ 2
c - - gt
Er 08 o Cr sin a

R @) =
€, cos "'M/‘r - sin2 a
and
cos o - ‘\/er - sin2 a
R l(a) =
cos o+ Ve, _ - sm2 a
r
where
0i = angle of incidence (with respect to surface normal),
68 = angle of scatter (with respect to surface normal),
and

~(0i+98)
a = ——'—2 .

Here, €. is the relative complex dielectric constant of the surface; the subscript
Il refers to the E-field in the plane of incidence; and the subscript | refers to the
E-field normal to the plane of incidence. These simplified forms of Ruck's
expressgions follow from the assumption that the receiver is far from the trans-
mitter so that the portion of the "glistening surtace"4 which contributes to the
diffuse multipath is a long, narrow strip extending between the trangmitter and

4. Beckmann, P., and Spizzichino, A. (1963) The Scattering of Electromagnetic

Waves from Rough Surfaces, Macmillan Co., New York.




receiver, This assumption allows us to make the approximation that the azi-
muthal scattering angle ¢s = 0.0, which leads to the simplified forms.

The preceding discussion related to a Gaussian two-point~height PDF which
is the ordinary case, and an exponential form found to give good agreement for
some cases. Both situations, however, require the use of statistical forms
describing the relation between heights on a two-point basis. In the initial attempt
to describe terrain height relations, 1 the emphasis was on consideration of a
maultivariate relationship for the surface heights. Each region of interest was
divided into a grid structure with ten points in each dimension; the observed
heights at these grid points were then considered as a single multivariate obser-
vation of an one hundred variate joint PDF. The variates are assumed to have
cqual means and variances. Determination of the type of multivariate PDF which
is more appropriate for the observed data set was made by a hypothesis test.

For the Gaussian case, there is no problem. It is well-known that the form
of the Gaussian is preserved, whatever the order of the multivariate PDF. Thus
the bivariate marginal density for an N-variate Gaussian (here N = 100) is always
a bivariate Gaussian. However, it is not clear what form would be required as
the multivariate PDF when an exponential form is the bivariate marginal density.
Unlike the Gaussian, the form of the PDF for that case is not preserved for suc-
cessive marginal densities. This requires some additional explanation.

In that basic report, 1 it is shown that an N-variate exponential PDF would
have the form

(N + nN/2 e-l(N“)(zTB'la)] 172

p(zl,...,zN) = N+1 E.-_l
2 2 @m 2 r (M) (g|Y/2

Note that this contains the gamma function, I'(x) ®= (x - 1)! It can also be shown
that the form for the general L-variate marginal density for this N-variate PDF
is (see Appendix A of this report for the derivation)

N+L-1 N-L+1
4 A A 2

N+1)

(2, .00 2y) = L' L ) (TRl
play,enzg) = (B2 77 (N3 &R 2

.1 . 1/2
X Ky_pL+1 (“N+1 ("8; ' >
N-L+1
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Here, Ky(u) is the modified Bessel function of the second kind, of order v. Thus
an N-variate exponential PDF corresponds to a bivariate marginal density

N+3 Y N-1
) 2 12\ 2
N+1 173 T,-1
p(z,, z,) = — (zR z] >
rz s (8 ) ar (N5 N2 ¥

XKy.1 <m ('g;'2) 1/2>
2
and not to a simple bivariate exponential PDF, Since the form of the N-variate
PDF that would have the exponential bivariate marginal density was not immed-
iately evident, the initial assumption was that the surface heights were either
multivariate Gaussian or exponential in distribution. The question of the form
for a multivariate PDF which would reduce to the bivariate exponential marginal
density was left for future consideration,

In this report, the derivation of the general N-variate PDF having a bivariate
exponential marginal density is presented.

2. APPROACH

This section will describe the basic approach used to establish a general
form for a multivariate PDF having a bivariate exponential marginal density.

The results are based on extrapolation from lower to successively higher order
variates until a trend is evident, In the following section, the hypothesized form
for the N-variate PDF will be verified.

Prior to the specific analysis, some comments of a general nature should be
made. In the original report, 1 it was shown that, for convenience, the correlated
form of the quadratic form appearing in the PDF can be replaced by an uncorre-
lated form through a linear transformation of the variates. A further simplifica-
tion in variates was introduced which reduces the form to one having unit variance.
This procedure will be adopted here, leading to the equivalent relations

( , -[cg(zl, cees zN)Tg'l(zl, cee, zN)] 1/2 |
p(zy,...,2y)=c @
1/2

2 2 2 2
oty e e .-[cz(hlyl+hzy2+. . .+XNyl\ﬂ

1’ .o 0, N - 1

1/2

2, .2, 2 2
. weye .-[cz(wx+w2+. cotwig))
PlWgreenWN'2 4
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The results are the same for the nonzero mean case, The Xi values are the
eigenvalues of the inverse of the covariance matrix, The value of the quadratic
form is unchanged by these transformations. In the determination of the appro-~
priate functional forms (as distinct from the actual calculations of PDF results)
the uncorrelated (02 = 1) form will be considered directly,

One additional point which should be discussed is that, in the above relations
and in the remainder of this report, the covariance matrix R and consequently
its inverse are positive definite symmetric. This is a requirement of the prop-~
erties of probability densities. For the present case, it is satisfied by our
assumption that the correlation p has a Gaussian spatial dependence and that the
elementszof the corresponding covariance mat{ix, o4 ‘[Rij] have the form
0i = PO - In the report by Lennon and Papa® it was shown that when the ele-
ments have that form, the conditions for R to be positive definite are satisfied.
Once R is positive definite, then so is B_"l. This result assures convergence
for the distribution integrals.

The initial extrapolation from a bivariate exponential form was the result
of manipulations associated with determining coefficients for the N-variate
exponential PDF, 1 This involved transformation of coordinates to an (r, ) space,
Consider the function:

NV % )

_ 2, 2, .2 _2-1/2 “%VV¥
i(wl, Wo, Wg, w4) = cl(wl + wy + wo + w4) e

This is reduced to a function of two variables by integration:

A 2,°1/2 —ep/wit. .+l
f(wl,wz) = ¢y f f (w1+ cen t W) e dwg dw, .
-0 -0

Now let
r2=w§+wi and aa.2=\av1+w2 .
Then
o 27 . -c.‘,(rzﬂaz)l/2
twy,wy) = ¢, [ [ & arde
e cl0 0 “r2+a2 ’




and setting

2-1/2
+a”) r dr

2 2

u=r"+a du=(r2

gives

2 ° (2wc ) -cz‘\/ w2+w2
(-]

-c,u
- 2 _
flw,, wy) = ¢y f de f e du =

° 2

a

This shows that a function of the agsumed type reduces after integration to an
exponential function in two variates. Since the major interest in the first terms
is the progression to more complex forms, the determination of the coefficients
required to produce a PDF from the general functional form at each level will be
discussed in Appendix B.

The form that reduces to the bivariate exponential is a combination of a
rational function and an exponential term, This four-variate relation suggests
the assumption that subsequent forms also consist of combinations of such terms,

The six~variate form is assumed to be

) t 1
€1%9

€1
+
2 2732 ./ 2 2')3
1+...+w6) < w1+...+w6)
ot /2 2>
c2 w1-4f-‘..+w6

f(wl,wz, cee,We) =
(v

X @ .
Then
© o0 c’
: 2 1
Fw ., W, W, Wa) = C .f j' ¥
DA A (/o2 2)2 (/52 2\3
-0 =0 w1+...+w6 w1+"’+w6

13
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a0

or with the same change in variables

n

def ) . 1
0 |(V2e2)? (VELEP

2
f'(wl,wz,ws,w4) = c'l f
0

-c 1‘24»32
X @ rdr
where
2 _ 2 2 2_ .2 2 2 2
r -w5+w6 and a -w1+w2+w3+w4 .
If we now let u = 1"2+a2 we have
oo ' 00 '
ot v .2 "CoM v -3 %24
t"(wl,wz,w3,w4)-21¥c1 f coue du + f cou e du ;

P(wy, Wy, Wg, W) = 21rc'l c'2
10 1 2 .
+27cjc, [—Ei (-cZ\/a-\)] ;
1 1 2, 2 2 2
21l'cl > .-c2-~/w1+w2~l-w3+w4

fHwy, Wo, Wg, Wy) = ( 72 2. 2
We + Wq t W, + W
1t Wt Wyt Wy

This verifies that the assumed form is appropriate, These integral relations and

those used below are all found in Gradshteyn and Ryzhik..5
Intermediate order forms (P = 3, 5) can now be determined by simple single

integrations of the corresponding higher ones { p = 4, 6). As before, consider:

° o -Cyn /w§+w§+w§+wi n
f(wl, Wou w3) = f T @ dw4 .
-0 »\/VE + wg + w;‘; + WZ

5. Gradshteyn, 1.S.,, and Ryzhik, I.M. (1965) Tables of Integrals, Series, and
Products, Academic Press, New York.

L
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Then, with r2 = wi +a, and a2

_ .2 2 2
~w1+w2+w3

8

<3 ~cyr
f(lw,, w,, W ) =2 —— [ ] dr
1*722 "3 2 2
r a
or
“wl'WZ' w3) = ch K (c2 w2+w2+w2 )

where Ko is the modified Bessel function (MBF) of order zero.
Before addressing the case of p = 5, we first note that f(w

Ve Vs
also readily expressible as an MBF:
1/2
2cf Cy
f(wl, Wo w3,w4) = > 5 B
I«Avl+w2+w3+w4

2, 2, 2 2‘)
XKl/z(cz‘\/wl+w2+w3+w4

and after some manipulation, so is f.(wl, oo, w6):

c
f(w 2

1» wz, W3, W4, wsp WG) = '/ﬁ>3/2
<02 w1+... +w6

' 2 2
X K32 <°2 Wyt *‘”s)

(Note, o is the constant resulting from the changed form.) Then

[ -}
[
- [o]
f(wy, Wy, W3, Wy, Wg) = f T T \i/2
-0 (cz W1+.-c +W6>

/2 2‘)
XK3/2<c2 w1+...+w dw6 .

6

15
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The substitutions a2 = wf +...+ wg and x = (wf;/a2 + 1) give

< 3/2
By, Wo, Wy Wy, W) = [(az)'l/2 (cp)"3/2 %] [« /2

1
2
X Ky (<} AT 0x®) ax
and
ey V2r A 2
f(wl,wz,w3,w4,w5) = . > Kl Coa/wit ... +wp ).
c! w1+... +w5

At this point, functional forms have been constructed starting with the
bivariate exponential and progressing through stages to that for the six-variate
case. If specific forms for the corresponding PDF relations (as evaluated in
Appendix B) are now introduced, an extrapolation to the general term of the pro-
gression can be estimated. Note that the correlated form of the variates is now

used:

‘\@Qngl.\z_)l/z

33/2 Tp-1,1/2
plzy, 2p2g) = (W) %o ("5'2 B'9" )

2 -1/2
3 Tp-11/2
Por ety e ” <z3f2 A% g I172> (B0
4

X K, (Js‘ "R}y 1/2)
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45/2 oy 2\
Plz, 23, 25, 24, 25) = ?_,3'|R_5|177 (‘ﬂ”i Bs 2! )

x K, (\@@ngly‘/?)

3 1/2\73/2
3 Tp-1
p(zln 22. 23, z4p 25. zs) = ( 25/2 '7/2 lﬂ ll/z ) (\’3 (~z 56 z'] )
6

X Ky (Js“f{g;‘y 1/2)
Based on these forms the hypothesis is advanced that the general form is:

N-3
3N/2 > '( z )
Plzy, 29,000, 2)) = N-1 N+1

2'2— s 2 'E|1/2

x Ky (2 &l t?)

2

It now remains to be shown that this satisfies the criteria for an N-variate PDF,
and that it has the desired bivariate exponential marginal density.

3. MULTIVARIATE PROBABILITY DENSITY FUNCTION

In this section, the general multivariate form will be shown to satisfy require-
ments for a probability density function (PDF). As discussed, the covariance
matrix is positive definite symmetric and hence the quadratic form Lz_Tg'lg'] is
always positive; so ig the function. It remains to be shown that the integral of
this function is unity.

This involves evaluating the integral:

[ [ ]
I = f f p(zl....,zN)dzl...dzN
)
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or
N-3
aN/2 |g|t/2 ‘(T) o o N-3
R 3 1 2
IO = N‘l N+1 f e f /_2_—__2\
2_2_”—2"|§|1/2 - —w \ /W] .. Fwy

2 2
XKN-S (\/5 wyt... +wN> dwl... dwN

Again, forr = (wi o0t wf\l)l/2 the variables transform to

N+3 2% x
_ 3 . N-2
Io = “N-1_ N+T f dgN-l f sin 6N-2 dON_2 ces
2 2 5 2 o o

4

[}
fsinaldol f’
o

(o]

)
Ky_3 31 eN1 gy
T

and thus
N+3 N-2
T T | N
_ 3 (27) A -z
L=\ F1r [r(N/z) ]f r * KygW3ndr
2_2- r 2 o -z
Then
N+3
N-1 N+3
s & ( )

LE l‘(N/2)I‘(3/2)J
2 2 Jr r(N/2)

and so
[ ] [ ]
f f p(zl, e, zN)dzl... dzN=1
-0 -0

as required,

18
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This result confirms that the general multivariate form actually is a valid repre-~
sentation of a PDF,

The demonstration that this PDF does have a bivariate marginal density can
However, an approach which leads to a more general result

be shown directly.
The expression for an arbitrary-order marginal density

will be employed here.
will be derived and subsequently evaluated for the bivariate marginal case.

The L-variate marginal is given by

N-3
e % N/2 B T)
3 Tnp-1_,1/2
P(Zl,...,ZL)‘-‘ f cee f N-1 N+1 (\/?[“Z' R ] / )
-0 -0 2 2 7 2 |R|1/2
T,-1_711/2
XKNs(J?[g R 'zl )dzN'“dzLH .

After coordinate transformation and the substitution

2_ 2 2 2 2 _ 2 2 2
ST rwytwy gt bWy, and at =witwo Ll twp

ATV W o NeL-2
f ON-L-1 f sin ON-L-2 9¥N-L-2 """

p(wl,...,wL)= N-1 N+l
ZT . 2 o o
. . N-3
1 2
P f sin 8, d6 f ——
1771 2 3
o o V3 s  +a
X KN-3 (s/fi ‘Vsz + az> sN-L'1 ds .
z

The introduction of a normalized variable X = (sz/a2 + 1) leads to

T W

N-L N-2L-3
NSy a2 a ?
p(wlp eee, WL) = N-1 N+1 (N_L) N-3
2—2_ s 2 r\=—— ST
N-3
o0 N-L-~1 =5
xf {x ~ 1) e (—l—) KN-3 (‘\/ 3a2 x) —ax
1 Jx 5 2./x -1
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After simplification, this becomes

N+3 N-2L+3
3 4 VA A ¢
Plwy, .., W) = N-T N+ 1
0T ()

0 N-3 N-L-1
x [T xon 2 ok, (V52R) x
i T

Then
N+3 N-2L+3
T S, (.2 N-L
(w w,) = 3 e B Tl [P(N-L)zT
PiW g ooy Wy, N-1 N+1 p)
2—2' ,Tr (Iié_l:)
-(N-L
X(\/Saz, ( 2 )KL_3(J§ */a?)]
=z
or
%_3 3-L
3 Jll "AL (a )T ( \/?)
PWy, «oe, wp) = 0 3 K3 \V3 Va
2‘2" ,"2‘ 2
and finally,
( ) 3 M RE 1
PiZgs ceer Zp) = L-1 L+1 T.-1.,1/2
e il VleTRy 2

x Ky (W10 2)
L3
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This is the expression for the L-variate marginal density of the given PDF,
To confirm that it has the desired bivariate form, let L = 2, Then,

3 VA2 1 "1/ o To-1_,1/2
= 2 {
p(zy, ’2) B (‘@ '3%2 )( g[zTgélz} UZ) K’l/z (\3 ¢ Ry z} ) ’

When the relations K _ “(x) = K“(x) and K1 /z(x) = (ﬂ/2x)l/ 2 e ¥ are introduced,
this becomes

s S 1/2

. 1
P‘zl'zz"( 57

o~ ~

-B1zTR; 2)
L

If we take |g_2\1/2 = (xl 12)'1/2, then we can see that this is the desired bivariate
marginal form, and the general multivariate PDF does indeed satisfy all the

requirements.

4. CONCLUSION

The multivariate probability density function (PDF) which would have a
bivariate exponential marginal density has now been determined. At this point,
the digitized terrain data can be analyzed with the new multivariate form, replac-
ing the original multivariate exponential PDF in the hypothesis testing procedure,
In addition, this PDF can be employed in alternative future terrain characterization
techniques. Finally, there still remains the question as to just how much the elec-
tromagnetic relations for terrain scattering are affected by the use of this form,
as opposed to the multivariate exponential PDF.
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Appendix A

Determination of the L-Variate Marginal Density of a
Multivariate Exponential Density

The purpose of this section is to determine the general expression which
specifies the marginal density of any order for an N-variate exponential probabil-
ity density function. The procedures are similar to those of the Appendices A
and B of the report by Lennon and Papa. 1

The multivariate correlated exponential PDF is:

N/2 Tgo-1,,1/2
_ (N+1) -/ N+1 (2 z)
Plzy, ooy 2y = N-] p ° 'R
N 2 N+l 1
2N v 2 (M) Igl
To obtain the L-variate marginal we integrate over (N - L) variates:

® @®

P(zl, ve e, zL) = f coe f p(zl, eve, ZN) dzN dzN’l cee dzL+1 .
“00 ]
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Then

(N + I)N/2 v‘xl XL
N-1
2Ny 7 r(N)

p(wl, ...,wL) =

© . \/N+1‘(w§+w§+. ) .+w§)” 2

xz fe

hat-

dw dw

N L+1 °

This represents coordinate transformations to an uncorrelated set of variates

with 02 = 1. The integration next uses the Jacobian relation to transform to an
2_ 2 £ 2

(r, 85, ...y Oy _y) BPace. Letr® =wyi+wg  +...+ Wy 41 then

lav-Ly] = pNLe1 gipNL-2 sinN L3 ¢

2 .
N-L-2 N-L-3 *** sin 62 sin 01

and we have

(N+1yN/2 VN
p(wl, coe, WL) = —ﬁ_l

N "7 [N+l

N * e (%)

27 T
. N-L-2
X f oy 1y fsm Onpez ¥napop - e
o o
L ®
. N-L-1
fsm 61 de1 f r
[+] o
1/2
NPl v ewd) /
X e dr .
For the purposes of integration we have
27 4 P N-L
fde fsmN'L‘ze do f ing, dg, = 21
N-L-1 N-L-2 ON-L-2 *+* J 800 By = /NI (N- )
o o o 2
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22 repate

RPN Lo ke

and

; 1/2
f M e-u(r +u?) ar = 211-1/2 1-1/2“1/2-11 uu-l~1/2 ) Ku+1/2(““)

where

M+l
v="3

Then for our case

2_ .2 2 2 -
u —wl+w2+...+wL and v (-—2-—)

and the result becomes

N-L
ERLILVA v WA B
p(wl, cee, WL) = N=-1
Nt N-L
N x 2 p (M) r (85%)
N-L-1
N-Lod N-L#1
« V2 r(%5) [ /2, +w2‘] 2
2wy N-Lo1 1 L

(v )

L+1

which reduces to

2 Rl...lL

-
p(wl,...,wL)= (NZI) m
X [‘VW€+... +wi

]N-L+1




and when transformed to a set of correlated variates

N+L+1 N-L+1

(z z. )= (—-—) * 2 KI.“ XL [ TR'lz)l/zl
P(zy, ooy 2 7 Sz N | YE Bz

X Knop+1 (" N+1 @Tﬁilé)l/z)
N-L+l

[OPRORS N

[
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Appendix B

The Transformation of Functional Forms into
Probability Densities

The purpose of this section is to determine values for the coefficients that
will satisfy the requirements for a probability density function for the functional
forms with successively two through six variates, The procedures are similar
to those used in the report by Lennon and Papa1 involving the zeroth and second
moment integrals. In addition, the comments on R and the modified Bessel
function properties also apply in general and will not be discussed for each
particular case. For each case, Bi and its associated eigenvalues () are the
appropriate ones for that order.

The bivariate exponential case is known as

3
plz,,2,) = [———3) e
1“2 (2" |52|1/2>

The case for N = 3 starts from:

_ Tg-1 1/2)
Kz, 2y, 23) =c Ko(b[z_ Rs zl

29

s, R -

% PR )

PP

o, o R

W T

SR

Ca, R R

A IRRNAM Y

o 3 O R JPRR

DT T g

B Pt i he




S B L A et o

L Etep i

Then as before, the first moment is equal to unity or

@ [ 4 0

) 2, .2 2 1/2>
thzhs = f f f c Ko <b[w1 +wy + w3] dw, dw, dw,

2
- = -0

or, after transformation,

-
VLRWIE fde f sing, do, fKo(br)rzdr .
o
Similarly, for the second moment
el 2
llhzha(?’o)-cf f f -xl—+-r2+—r3
-0 =

2, 2 21/2)
XK, (b[w1+w2+w3] dw, dw, dw

These integrals lead to,
2 13 2 15
,/Xlkzla = 27% /b and ,/7&1)\2&3 = 61°c /b
respectively, or
3/2
b= \/é and c = ﬁ
27° | By

and finally

33/2 To-1_,1/2
P(2y. 25, 23) = (W) Ko(‘rs‘(% Ry 2 ) y

For N = 4, the form is

-1/2

Nz 25, 23.2) = ¢ ('éTi‘;lé]l/z) K12 (bLTﬁ‘ 1/2>
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The two moment integrals here are

1/2

Vs

/2 2
XK1/2 (b w1+...+w4) dwldwzdwsdw4

Sppx s [ f J f( w3+'l._+ 2>

and
1/2
9 w o @ w2 w2 ( 1 /
- 1 4 2 2
A1A2A3h4 (40°) = f f f f 11+”.+ . .\/wl+...+w4

- =00 ~00 =0

2
X Kl./Z (b«/w1+... +w4)dwl dw4 .

93) space and evaluating

N

Again introducing a change in variables to an (r, 91, 02,

the two integrals, we obtain

7/4
_ - 3
b=v3 and c (23/2 5]2 |§4|1/2>

which results in

-1/2
J:‘alsTﬁllzll/z) '

] 32 (
plzy, 29, 23, 24) = 3312 $512 |54|1/2

x &, 1, (BT )

TR e,

[P

For N = 5, the form is

-1
1/2 1/2
:(zl,zz,zs,z4,zs)=c(Lng;‘y / ) Kl(blg_TB;l;J / ) :

PRSI
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The corresponding moment integrals are
© ®

. 1
/xlxzxsx4a5‘ = e f f

-a0 -0 w1+...+w

/2 2}
><Kl (b w1+.-. +w5) dwl... dw5

and

0 © w2 w2 .
2 . D S 1
ARt e [ f RIS - =
-00 -0 w1+.'o +w

/2 2
XKl<b w1+--. +w5>dwl... dw5 .

The evaluation of these integrals leads to

2
b=v3 and c=-|——=2——
(22 3 I.lel/z)

and

-1
5/2 1/2) ( 1/2)
_ 3 T,-1 T,-1
P(zy, Zy, 24, 2, z) = 53 7 (J:?[g R.'z] K, V3lz R, z] .
2 ° |g,|

Finally, for N = 6 the form is

T, -1
U2y, 25, 25, 240 25, 2g) = °(‘£ Bg 2

T P et e LI N R e R A

——
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The moment integrals are

e,

and

®© 0 2 2 1
2 Y1 Ve
AA ... A (66°) = ¢ f +aee + )
A/ Mtp e R (60 / (ﬁ X, @f+~-+wg
Q0 ~a0

/2 z‘)
XK3/2(b w1+...+w6 dwl-o-dw6 .

After the same type of evaluation sequence, the results are

9/4
b= 3 d = 3
an c (25/2 ,7/2|56|1/2)

and

-3/2

] 33 (oTrsta )
P(zy, 2y, 23, Z4, Zg, 26) = 572 1/2 1/2 z Rg 2
2°/% 7%/ % | gl

-1, 1/2 :
X K3/2 (JE[&TRGI_g] ) . _' ,.)

This completes the sequence of successively higher order variate terms used to

extrapolate to the general N-variate form of the PDF.
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