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A CLASS OF SCQUENMTIAL INPUT ADAPTIVE SYSTEMS
INTRCRUCTION

The sequential input adaptive system theory introduced in a previous
publication (2) is gencralized to nth grder systems in this paper. A com-
narative study is made of the first, second, and third order systems.

In the new theory it is assumed that a living controller, through condi-
tioning, accommodates to the input and the controlled plant so that the total
system has basic mathematical properties. In this contreclier-centered theory,
predictions are made instantaneously and tracking movements are governed by
the strateqy.

The sequential theory describes and predicts manual control - tracking
behavior in a complex antiaircraft artillery (AAA) man-machine system (2).
For this system, the sequential theory gives a description of mean tracking
behavior that has a closer correlation with the cxperimental data than does
the description given by the optimal control approach of Kicinman et al. (4).
Furthermore, the sequential theory applies to the human eye tracking system
(3). '

In this paper the basic optimal process is first presented. This process
is then sequentially applied to represent first, sccond, and third order input
adaptive systems. Finally, the theorctical tracking descriptions are compared

with tracking data from an AAA man-machinc system.
THE DASIC OPTIMAL PRCCLSS

The basic optimal process is defined by an nth order differential cqua-
tion in projected error with paramcters determined such that a cost functional

is minimized. Properties of the basic optimal process are presented for

first, second, and third order systems.
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Fiqure 1. The input adaptive system.
The internal system C-? is the controller-plant. It is assumed that in the
nth order system the controller

1. estimates the system error state at discrete times tj (tgp < t; <

eee { tn) of the tracking interval

m

e(ty) =i(t]) - m(t]) (1)
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e(n-1)(ty)
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2. predicts the input at each t; by n terms of a Taylor series repre-
sentation of the input, and

3. effects systematic open-loop control over the intervals (tj, tj+q)
to reduce the error relative to the predicted input.
There is no time deltay in the prediction-control process. The input is
assumed to be piecewise n-1 times difforentiable and such that the onc-sided

limits in equation 1 exist.
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The prediction-control process is represéhted by the repcated application

of a hasic optimal process. In the hasic optimal process, the system input

i{t) is predicted at time tj by

(t - ti)d  t>t; (2)

T VS PR E R N

and an error response to this predicted input, e(t) = i(t) - m(t) where m(t)

is the system output, is determined by

elmM(t) + Zn ajé("-i)(t) =0t ty (3)
j=1

where (aj) arc constants that minimize the associated cost functional

e i, P,

e [0 @z ) (85e(n-3)(t))2|dt (4)
t =1

for given nonnegative constants (Bj) with 8, > 0. The constants (8;)
are denoted the strategy.

Justification for the forms in equations 3 and 4 follows from that given
in reference 2. The basic operation in defining the variational problem is

the extension of the upper limit in the cost functional and the continuation

of the projected crror through all future time.




In the basic optimal process for n = 1, 2,

are uniquely determined by the strateqy (B8;).

unique minimum when
(!1 = Bl-

Cost functional Jo has a unique minimum when

ay = (812 + 26p)1/2

QZ = 320

Cost functional J3 has a unique minimum when

1

@ =

where

z

A

a3 = B3

and 3, the parameters (aj)

Cost functional Jj has a

(5)

(peheB)1/2 + {2p - (B) + 2 Ep Liwenz 2 (A-B)ﬂm 2 )

= (p+A+B)L/2 + {2p - (A+B) + 2 Ep - L ()2 4 % ([\-é)ﬂl/zplz (9)

(10)
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Critical points for Jy, Jp, and J3 may be obtained by direct com-
putation (evaluation and differentiation of the cost functional) or by other
variational methods (1). The cost functionals may be shown to have mininums
at the critical points defined by equations 5-10 through a consideration of
quadratic forms (see reference 5).

Cost functionals Jy, Jp, and J3, evaluated for wunit step inputs
applied at t = 0 with zero initial conditions on the system output, are given
for reference in the Appendix.

The strateqy parameters (Bj) have physical meaning: they indicate the
importance the controller gives to each quantity in equation 4. The manner in
which the strategy affects fhe system response is clearly illustrated in the
second order system when the input is a step function. For this input, the
system output response 1is overdamped when g1 >> B (so that 812 >
28p) and is underdamped when By >> B (so that 812 << 28p).

Two additional properties of the variational problems are given. First,
any solution to equation 3 generated by the variational process tends to zero
as t becomes large. This follows from the existence of the cost functional
(equation 4). Second, the relationships that minimize Jp (n = 2 or 3) also
ninimize Jp.1; for if B is set equal to zero in these relationships, then
the parameters (aj) that minimize Jn_y are obtained. (For n = 3, this is
most easily shown using the necessary conditions for J3 to have a minimum as
given in the Appendix.)

In the basic optimal process the input is predicted hy n terms of a
Taylor series representation of the input. An error response to the predicted

input is determined by the strategy and the initial conditions through an nth

order differential equation.




THE ARAPTIVE PROGPAM

The basic optimal process 15 sequentially applied in the tracking
algorithm called the adaptive program. In option 1) of the adaptive program
the basic optimal process is applied at constant increments of time &tc. In
option 2) of the adaptive program the basic optimal process is applied when
the absolute value of the system error exceceds the system error threshold
£1, but is applied such that tj4; - t3 > Tg where Tg is the minimum
period for a sequential problem. (The criteria in option 2) can bec gener-
alized to include threshold conditions on derivatives of the system error.)
The adaptive program predicts the input over successive time intervals by a
sequence of steps, ramps, or parabolas (for n = 1, 2, or 3, respectively) and
produces nth order error responses (dependent upon the strategy) to the
components of the predicted input. The system output and the system error are
defined over each subinterval (tj, tijyq) by m = i ; and e = i - m,
respectively.

CONTINUNYS MODELS

Suppose that the input i(t) is n times differentiable for t > tp and
the strateqy is constant. If the time intervals between successive applica-
tions of the basic optimal process are small, then the sequence of differen-

tial cquations 3, solved in the adaptive program, is approximated by

e(mM(t) + Z;Ll ae(m=3)(t) - y(n)(t)  t> tg (11)
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= i(n-1)(tg) - m{n-1)(ty).




This result uses the identity ¢ =i-1+e. The initial value problem (11)
is an approximate continuous representation for the sequential theory.

Associated with equatinn 11 is a feedbhack control system with unity feed-
back and open-loop transfer function X;—l 05S'j. This feedback control system
is another continuous model.

Fquations 5-10 qualitatively describe how the stratcqy (Bj) requlates
the parameters (aj) in these models.

The transition froem a higher order system to a lower order system is
examined for the special case where the input is n times differentiable for
t > tp. Consider the system (equation 11) or the associated feedhack con-
trol system and n = 2 or 3. Let (aj) be formally defined in terms of (8;)
by eguations 6-10. As g8, tends to zero, the steady-state solution to the
nth order system approaches the steady state solution to the n-1th order
system with the same input. (This is most ecasily scen using Laplace trans-
forms.) Therefore, thore is a regular transition in the steady-state solution

through the strateqy from a higher order system to a Tower order system when

the input is properly differentiable.

ANTIATPCRAFT ARTILLEPY MANZPACHINE TRACKING SYSTE™
The sequential theory s applied to manual control tracking in an AAA
system., The theoretical tracking descriptions provided by the first, sccond,
and third order input adapitive systems aro compared with the experinental
data.
The tracking experiment is described in a previous publication (2). Two

well-trained operators manually tracked targets eonoa sirmlated AAA syston,




One operatnr controlled the systen in azimuth and the other operator con-
trolled the system in elevation.

In the present comparative study, only the Trajectory [ tracking task is
considered and only option 1) of the adaptive program is used. The azimuth
and clevation components of Trajectory 1 are given in Fiqure 2. Time his-
tories of ensemble averages (15-12 runs) of the experimental azimuth and ele-
vation tracking errors are given in Figure 3.

In the analysis it is assumed that the strateqy of each operator is
constant throughout the tracking task. The adaptive progran is applied sepa-

rately to each azimuth and elevation tracking task. For convenience, the

initial conditions used in the adaptive program are e(0) = (.. = E (”'1)(0) =
n.

The parameters used in the adaptive program for the second order system
are those which were previously identified from the AAA tracking data (2).
For the purpose of comparison, the 8, component of the strategy is held
fixed for the first, second, and third order systems. The paramweters used in

the adaptive progran for each nth order system are

[ 1 1¢j<n
Bj =
10 J=n
and at. = .1 s. For cach system the strategy is primarily to minimize the

nrojected crror.
The adaptive proqgram system tracking errors on the azimuth and elevation

components of Trajectory [ are given in Figure 4 for the first, second, and

PP
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third order systens. The option 1) tracking erreors for the qiven strateqics
hecome smaller as n increases. This reduction in tracking error is consistoent
with the improved predictinng of the iaput fequalion 2) as n increases.  The
ath order system tracking errors are proportional te the nth derivatives
of the input. The sccond order system tracking errors are characteristic of
the experimental data. As is shown in reference 2, the option 1) second order
system tracking errors on all trajectories have a closer correlation with the
experimental data than those of the optimal control approach (4).

The first order system with its single strategy parameter does not
represent the tracking bchavior in the AAA system.  First, the first order
system tracking errors considerahly differ in amplitude and profile from the
experimental tracking crrors. Second, the identified parameter B8 in the
second order system is such that B8y = ap > 0 and therefore the tracking
response s characteristic of at least a scecond order systen.

Properties of the continucgus model (equation 11) are used to classify the
AAN tracking response. Although the trackina rosponses in Fiqure 4 wero
conputed as sequences of transient respenses, they cessentially represent
steady-state solutions to equation 11. (Mhen the exact initial conditions are
used or when the input is discontinuous, the transient response may dominate
the steady-state response (2).) As noted carlier, there is a regular transi-
tion in the steady-state solution through the strategy from a higher order
system to a lower order system. Therefore, a third order system responsc
corresponding to strategy (1, 10, €) wherc e is npositive and sufficiently
small approximates the second order system response corresponding to strateqy
(1, 10) (provided i(t) is properly differentiable). This demonstrates that a

third order system can also represent the tracking behavior in the AM systen.

17
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Further information is known about the AAA systen. The subjects were
trained to minimize mean-square tracking error (2). This suggests that the
Bn component of the strategy should be large. Thus, a third order systenm
with strateqy (1, 10, ¢) and e positive and small is not appropriate. It is
further noted that a third order system with small B3 strategy component
would be ineffective in reducing the tracking error associated with the
sudden, initial appearance of the target. In addition, third order system
descriptions with 83 > 8, and 83 >> By, as illustrated in Figure 4,
are not characteristic of the tracking data.

The second order system is the lowest order system of this class that
describes the mean tracking behavior in the AAA system. The scecond order
system description with strategy Bz >> 8; is consistent with the manner

the subjects were trained.

DISCUSSINN

A mathematical theory was presented for first, second, and third order
sequential input adaptive systems. In these systems, a theorctical controller
predicls the input at instants hy n terms of a Taylor serics representation of
the input and effects open-loop control over intervals to obtain nth order
projected error respenses.

The second order system is the Towest order system of this class that
produces a description characteristic of the mean tracking hehavior in the AAA
man-riachine system. Higher order systeom descriptions may not be appropriate
in this application. In a third order system, for example, the controller
would have to regularly infer the target acceleration from the visual display
and control using this information, stressing or exceeding human capabili-
ties. Third order system descriptions with small 83 strategy component arc

not appropriate because the subjects were trained to minimize mean-square

13




tracxing error. Therefore, the second order system is the most plausible
system consistent with limitations of the human controller and the manner the
subjects were trained,

A distinctive feature of the new theory is that it represents the overall
system tracking response by a sequence of transient responses. The scquential
theory provides a broad nonlinear description for tracking systems with living

controllers.
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APPENDIX
Cost functionals Jy, Jp, and J3, evaluated for wunit step inputs

applied at t = 0 with zero initial conditions on the system output, are

1 2 2
e o]
1
_ 1 3 2 2 2 2
U2 = o= Jag" * B ay t By [ ot “2}
172 v
_ 1 3, 2. 3 2 2 2 2 2
J3 _m E3 x2+ B1 a3 + 62 alaa + 63 {al (13 + alaz - a2a3]’:| .
172 73 §

Necessary conditions for J3 to have a minimum are

a3 = By

e £ T R 7 T TR TN

with a; and ap such that

2 2 2 2
np t A [31 | ) t2uyByt By = 0

2 2 2 ?
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